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An swe rs 5 Quotient x2 +2x -1 Remainder x — 4

6 a=2,b=-5

Chapter 1 Algebra

Exercise 1.2

Exercise 1.1 1() (a) 10
1 (b) -10
8
2x - x? Yes 2 (d) 0
(ii) fx)=Ex-Dx-4)(x+2)
X 2
7% No (iif) x=—-2orlor4
2 (i) h(-1) = 2(-1)3 = 5(-1)2-4(-1) + 3
0 Vos 0 ) =2(=1)° = 5(-1)*-4(-1)
=-2-5+4+3
x23 +2x1% 41 Yes 23 =0
(ii) h(x) = (x+1)(2x-1)(x-3)
x3—2x% +x No
(i) x=-lorior3
x2+2 Yes 2
(iv) h(g()
B+ x+mx® Yes 45 .
1-3x Yes 1
1
_: _: 10 t p
2() A=1,B=1,C=1,D=-3 TN
(i) A=2,B=-7,C=15D=-32 »
3 (i) 4x®+2x% +5x j
i) x*-x®-x?+10x+1 ;;
(i) x°-2x"-14x> +10x-5 .
(iv) 3x%+3x° —6x* -18x> +8x% +24x
(v) 2x2-3 3p=-
(vi) 7 +2x6 — 3x% — 4x3 + 2x + 2 4 m=-12 and f(x) = 2x - D(x + 1)*(x - 4)
4 (i) Quotient x + 1 Remainder -3 5p=10,9=-4
(ii) Quotient x* + x - 3 Remainder 0 6 p=-6,q=4
(iii) Quotient x> - x% +8x Reminder 12 — 8x 7 k =%
(iv) Quotient 3x% +2x +7 Remainder 22 8 (i) a=8,b=-1
(v)  Quotient 3 Remainder 5x — 4 (ii) Quotient 2x + 6 Remainder 6x — 7

(vi) Quotient 4x + 1 Remainder 6x + 13 1



v
N

Answers

928

10a=5b=-4,c=-1

Exercise 1.3

1 (i)

(ii)

2 (i)

(i)

8 -7 65 -4-3-2 -1

y=-2Ix|

Equation Description
y=|x+a| Shift a units to the left
or right
y=|x|+b Shift b units up or down
y=|cx]| Makes the line steeper or
shallower
y=d|x]| Makes the line steeper or
shallower
Makes the line steeper
y=-e|x| or shallower and turns it

upside-down

(i)

(iv)

(v)

(vi)

3 (i)

6 -5-4-3-2-10] 12 3 4 5 6 X

24
34
-4 +
51
6+




(ii) v
/V\
N3 oo O m oA\ 3o
2 41 2
(iii) y
14
-2n -3n -m I 0 T n 3n
2 2 4 2 2

(ii) x=2orx=-5
(iii) x=
(iv) x=-1

(v) x=4,x=-2

(vi) x=—-4o0rx=0

(i) x=3or x<—%
(iif) «x<
(iv) x<0 or x>6

(v) 4<xs§

vi) _Z _5
(vi) r<x<-2

Stretch and challenge
1 a=-15b=-40,c=-38
2 Onesolutionisa=3,b=4,c=1,d=4

<1
3 x=y

4 (i) ax® +(b+ar)x + (c +br +ar?)

x-rlax® + bx® + ox +d

1
N

—(ax3 - arxz)

(b+ar)x® + cx

—((b+ar)x? - r(b+ar)x)

o .

(c+br+ar’)x+d

—((c+br+ arz)x —r(c+br+ ar? )

d+rc+br? +ar’

_—(b+ar)+ \/b2 —2abr -3a’*r? - 4ac
*= 2a
5 (i) ab+ac+bc=8, abc=4

(i)

(if) If g, b and c are the roots then
(x—a)(x-b)(x-¢)=0
x> —(a+b+c)x*+(ab+ac+bc)x -abc=0
Hence by comparing coefficients,
a+b+c=5, ab+ac+bc=8 and abc=4

(as above)
(iii) a=1,b=2,c=2

6 2x>-3x+5

Exam focus
1(G) a=-3
(i) (a) p) =(x+2)(2-3x)(x-1)
(b) -70
2@ a=3
(ii)  3x*+2x-6

3

sx=2

(6]}

4 (i) 2x-1

(i) 6x°+13x* -14x+3=Bx-1)(x+3)(2x-1)

5 x<-7a or x>—%a
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Chapter 2 Logarithms and
exponentials

Exercise 2.1

1 (i)
(i)
(iii)

2 (i)
(i)
(iii)

3
(i)
(iii)
(iv)
(v)
(vi)
(vii)
(viii)
(ix)
(x)
(xi)
(xii)
(xiii)
(xiv)
(xv)

4 (i)
(i)
(i)
(iv)
(v)
(vi)

(ii)
(iii)
(iv)
(v)
(vi)

log,16 = 4
log,27 =3
log, #==-2

-1_ 1
2_2

M=

[SY[eY)

A=

N

3

2
3

M=

6 (i) log20

(ii) log7
(iii) log64
(iv) log6
(v) log72
(vi) logZ
(vii) log20
(viii) log(1%)
7 (i) a+b
(ii) 2a+0b
(iif) 2b-2a
(iv) 3a
(v) a-2b

(vi) 2a-1b

8 (i) bﬁz:lo or A=105

(ii) D>=3E-3

9 (i) 3.8

(i) 1.89
(iif) -0.631
(iv) 1934

3 1
V) g5 0r 333

(vi) =2
(vii) 8
(viii) 2
(ix) 0 ord
(x) 0.0106
10(i) x<0.161
(ii) x<Oorx=1
11(G) a=3b=2
(if) a=-2,b=1
12 (i) 16
(i) 8
(iii) 74
135.62

14x=5y=4



Exercise 2.2
1 () y=k«?
log y :log(kxp)
log y =logk +logx?
log y = plogx +logk
(if) Gradient is p, y-intercept is log k.

2 y=3160(5.01)*to 3 sf

3 @ m w log,,m log, W
1 8.00 0 0.903
2 5.66 0.301 0.753
5 3.58 0.699 0.554
10 2.53 1 0.403
(ii) A=8,b=-05
(iii) (a) 2.31kg
(b) m>o64
4 @ t L log,,L
0 50 1.70
5 57 1.76
10 66 1.82
15 77 1.89
20 87 1.94
36 128 2.1
(i)  L=Ab
logL = log(Abt)
logL =log A +logb’
logL =tlogb +log A
logL =(logb)t +log A
y=mx+c
(iii) A=50,b=1.026
(iv) 128 m. The answer is clearly unreasonable
because the model does not account for the
fact that the rate of growth changes as we
age. This model may only be useful from
birth to 36 months.
5 (i) A=10,b=-2
(i) y=0.025

6 k=40770.39,b=8.53

7 (i)  Since the graph oflog D against L is a straight

line, the appropriate model is D = k( p)L.

8 m=10,n=19

Exercise 2.3

1

(i) k=377,p=0968

1
N

(iii) L=35.2°

4

o .

(i)
(ii) x=8
(ifi) x=¢e>-1
(iv)
(v) x=%
(vi)
(wvii) x:é
(viii) x=In2
i A=9B
JP

(ii) - eR’ or equivalent

(i) ln(e“}')2 =2x+2y

(i) 23y —x%y

(iii) ZInW:x—y

A =0.212 (3sf), b= 1.71 (3sf)
i N,=1000

(ii) N =7390 (3s)

(iii)
(iv) 17hr 16 mins

1hr 44 mins

X =

=

(i) y

(ii) a=14,k=3
i) p=e""=1np=280

g=¢" =1Ing=300

2
ln[%]z Ine+2Inp-Ing

=1+2x280-300
=261

(if)  Smallest integer is 361
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Answers .

Stretch and challenge

1 (i)
(iii)

2 (i)
(i)
(iii)
(iv)

(v)

(vi)

(vii)

7 (i)

(i)
(ifi)

8 (i)

-3 ) -6
b (iv) 2
Sometimes, e.g. if a = b or when b =é

(provided both a and b are positive)
Sometimes, e.g. when a = 1

Never

Sometimes, e.g. when a = 1

Sometimes e.g. if the logarithm is base n then a
solution is a = n*, b = n2.

log, n* _4log,n )
logn nz 210gn n

3 x=0orl

4 x=2.69(3sf)
5 3log, y+3log,x=10

Lett:logxy:%:logyx

3t4+3=10
t
32 +3=10¢
3t2 210t +3=0
(3t-1)(t-3)=0
=% or3

1
log, y=3=y=x3=y=Yx=x=y
logxy=3:>y=x3

3

X X
log, n* -log, n* =4log, n-2log, n=2 6 ;:1 or;:4
Never
Sometimes e.g. when x =1
A
3 -
— 2 T
‘T .
%
= [
=
0 T T T T T T T T T T T T T T T T T T T T >
0 4 8 12 16 20
t years from 1990
a=32,b=107
147.9km/h

The model predicts that the speeds will keep
increasing whereas they will probably taper off.

y=17

Exam focus
1 A=0.00128,b=15.2

2 x=1.10 (3sf)

3 (i)

log, (x-4)=2-log, x

log, (x-4)+log,x=2

(i)

log, x(x-4)=2

x(x—4):42
x2 - 4x-16=0
x =647

(i)
9 x =100

- _2
X = 3or3

10 x>In or x> -In(2-a), 0<a<2

4 x=2.85

- _1
5 x= 3

positive values of x, the only solution is x = 2.

or 2,butsince Inx is only defined for

6 x=0.147 (3sf)



Chapter 3 Trigonometry

Exercise 3.1

1 (i) y
4+
34
24
14
. . . .
4 A 4 -
4 A 4 A
, . 4 .
4 \‘ N ’ N \
* t +
—2n -3 _7?\ = '(? s T“\
5 \ 2 e 2 .
A 4
-~ .
14
L RN
(i)

(ii)

2 (i)

(i)

(ii)

(iv)

(v)

(vi)

3 (i)

(i)

4 (i)
(i)

5 (i)
(i)

cosec150° =2

sec %Z\/z

cot300°= -

-

23

cosec4—7c =—-—
3 3

sec120° =-2
cot3—7t =-1

4
sin?@ +cos’0=1
sin?0  cos’6 1

2 25 2
cos“0 cos“O cos“ 6

tan’0 +1=sec’

sin0 +cos’0=1
sin’0 cos*O _ 1
sin’@ sin’0 sin’O

1+ cot® @ =cosec’6

9x% - 4y* =36
x* +y2 =2
6 = 14.5° or 165.5°

0 =151.0°

(ifi) B =69.3°or 110.7°

(iv) x=39.2° or 140.8°

(v)

6 (i)

(ii)

(ifi) cosecO =

(iv) cotf=

7 (i)

T 5t 7/m lim

127 127127 12

cosb =

sinf =

W | —
w|&

38
8

=[&

1
tan@ + cot@
LHS:
_ 1
" sinf | cosf
cos@ sin6
- 1
sin?6 +cos> 6
~ sinfcosf
1
1
sinfcos@

=sinfcosO

=sinfcosO
=RHS

1
N

o .
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Answers .

(i)

(ii)

(iv)

(v)

sec?0 + cosec?0 = sec’Ocosec0
LHS:

_1
cos’6  sin’0
B sin® 0 +cos* 0
 sin®@cos26
~ 1
~ sin®Q cos? 6
1 1
0520 sin’@
=sec’0 cosec’0
=RHS

sec*@ - tan® 6 =sec’0 + tan’ 6

LHS:

=(sec?0 - tan” 0)(sec6 + tan>0)

= (tan20 +1- tan29)(sec29 + tan29)
=(1)(sec’6 + tan’6)

=sec’0 + tan’6

=RHS

(tan@ - sin9)2 +(1- cosQ)2 =(1- sec0)2
LHS:

=tan’6 - 2tanBsin® + sin’ @ + 1 — 2cosB + cos” O

_sin’@  2sin’6
C082 0 cosf

_l—cosze_ 2(1-cos? 6)

-2cosf+2

-2cosO+2
COSZQ COSQ cos
1 2
=— -1-——+2cosO -2cosO +2
cos“ 6 cosB
2 1
=1- +
COSG COSZQ
2
-2l
cosf
=(1—se<:(9)2
=RHS

(cosec29 - 1)(tan29 +1)= cosec?6
LHS:
=1+ cot?6 - 1)(sec29)
= cot? Bsec’0

cos’0 1
“sin?0 cos’0

1

B sin6

=cosec’6
=RHS

(vi) cosb B sinf  _ 1
1-tan@ 1-cot@ cos@ -sinf

LHS:

_cosB sinf

_1_ sin@ _1_c059
cosf sin@

_ cosO sin@

~ cosO-sinf  sin6 - cosO
cosf sin@

_ cos’@ - sin® @

" cosB-sinf sinf - cosb
cos’6 sin’6

" cosO—sin@ ' cosO - sinb
cos? 0 +sin’ 0
= cosO-sinf
1
~ cosO—sind
=RHS
1+cosf
" sind

8 (i) m

1 __sinf
m 1+cosf
sin@ 1-cos@
“Ttcos® 1-cosO
_sinB(1 - cosO)
- 1-cos’6
_ sinB(1 - cosB)
- sin’ 6

_1-cos6

sin@
m? -1

m? +1

(if) cosO=

Exercise 3.2

-2

1 (i) 1
L 62
(ii)
4
(i) 2-3
(iv) J6-2
L o 3. a1
2 (i) sin(6-30 )—TSan—Ecose
(i) COS(E—9)=£COSO+£S&H9
4 2 2
tanf ++/3
0 +60°) = —————
(iii) tan(6 +60°) -3 and
2

(iv) cosec(20+120°)= m

cosA +cos(-A)
sinA -sin(-A)

(v) =cotA



cos(30°+ A)-cos(30°-A) 1

(vi) sin(30°+ A)-sin(30°- A) /3

3 (i) sinOcos2f +sin2fcosO =sin(0 +2

(ii) cos30cosf +sin30sinf = cos26
7T 77 4T i

. 4T . .
(III) SIN—COS— —SIN—COS—— =SIn—
3 6 6 3 6

(iv) €05280°¢c0s20° - sin280°sin20° = cos300°

2 | sin(x+y)=%

6+7+21
. p_oy 27Vl
5 (i) cos(P-Q) 5758
3421 +14
.. (P _3v21+14
(ii) sin(P+Q) 5758
6 (i) sin(A—B):sinAcosB—cosAsinB:%
J8-/15
i B-A)="2 Y2
ot~

7 (i) 6=-375°or 142.5°

(if) 6=1.14 or 3.05
(iii) 6=0° or 634°
8 cos(A + B)cos(A-B)= cos’A - sin’B
LHS:
= (cos Acos B — sin A sin B)(cos A cos B + sin A sin B)
= cos?Acos?B — sin?A sin’B
= cos2A(1- sin?B) — (1- cos?A)sin?B
= c0s2A— cos?Asin?B - sin?B + cos?Asin?B
= cos?A - sin’B
=RHS
9 (i) tan(A+B):%

2l

8

(ii) cos(A-B)= =

—_7
1o(i) tanB——Z

(ii) sin(A+B)
=sinA cosB + cos A sinB

1 4 3 7
= X — + X
J10© Jes V10 es
__ 4 21
V650 /650
_ 17
V650
Exercise 3.3
1 (i) sinz—TC:ﬁ
3 2
. 2n 1
(i) cos TR

(iii) tan%’“:-ﬁ

2 (i)

(i)

3 (i)

(i)

(iii)

. _24
s1n26—2—5 PZ
_7

sin2g=_ 45 >

9 2
c052(9=l EE';

9 ®

sindg=_ 85

81

4 cos46=8cos*0 - 8cos’0 +1

5 sin36 =3sin6 —4sin>0

6 (i)
(ii)

7 (i)
(ii)
(i)
(iv)
(v)
(vi)

8 (i)

(i)

tan@ =%
(a) tan(@+45)=-5

(b) tan20= —%

T 5T
9:0)_)_;
3°3

0=210°330°

21

0=0°063.4°-116.6°,-63.4°116.6°
6=138.6°2214°

6=135°315°

0=0322,-2.82,3% _T
4’ 4

sin(45° +6)sin (45° - 0) =1 cos 260
LHS:

=(sin45°cos6+cos45°sinf)(sin45°cos@-cos45°sin6)
= (ﬁcose + ﬁsin@) (ﬂcose - Qsin@}
2 2 2 2
= %cosze - %sinze
= %(cosze - sin’6)
_1
= 5c0529
=RHS

2sinfcosf

=tan20
‘o

cos* 0 - sin
LHS:
sin26

(60829 — sin%0)(cos6 +sin’0)
_ sin26
- (cos’6 - sin0)(1)
_ sin26

cos260
=tan260

=RHS
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(ii)

9 (i)

(if)
10 (i)

(i)
11 (i)

(ii)

(iii)

sin360  cos36 N
sin@  cosO

LHS:

3sin@-4sin’0  4cos° - 3cosO
- sin@ - cosO
=3-4sin’0 - 4cos’0 + 3
=3 4(sin%0 + cos>0) + 3
=3-4+3
=2
=RHS

cotO + tanO =2cosec26
LHS:
_ cosf . sin@
sinf@ cos@
a c0s20+sin’0
sinf@cosO
I S
sinfcosO
-2
2sinBcosO
_ 2
sin26
=2cosec26
=RHS

60=0.126,1.44,3.27,4.59
sin20 + 2tan20sin*0 = tan 20

LHS:
=sin20 + 2tan 20 sin’@
=2sin6 cosb + 25in26 X sin20
cos26
=2sin6 cos6 + wxﬁnz@
1-2sin“0
=2sin6 cosO + 4sinfcosd s1n6c0250 X sin’6
1-2sin“0
_ 2sin6 cosH(1 - 251n29) +4sin°6cosO
1-2sin%0
_ 2sin6 cos6 - 45in’0 cosO + 4sin>0 cosh
1-2sin’0
_ 2sin6 cos@
1-2sin’0
_ sin20
cos20
=tan20
=RHS

0=40.9°130.9°

sin50° = 2k+/1- k2
c0s50°=1-2k*
tan155° = —— K

V1-k2

12 (i)

(i)

(i)

13 tan3x =

14 (i)

(ii)

1+p
1-p
—1+4/1 +p2
p
7-3p
3-7p
3tanx - tan’x
1-3tan’x
secOsinf =36¢cotl

1 . cosf
sinf =36
0s6 sin@

sin” @ =36c0s°0
sin’0 B
=
cos 60
tan0 =36
tan@ =6

36

(ignore tan@ = - 6 as 6 is acute)

(a)

(b) =12

|

Exercise 3.4

1 (i)
(i)
(iii)
(iv)

2 (i)
(i)
(iii)

(iv)
3 (i)

(i)

(iii)

4 (i)

(i)
(iii)

sin@ - 3cosO =+/10sin(0—71.6°)
12cos6 +5sin@=13cos(60—22.6°)
6sinf +8cosO=10sin(0 +53.1°)
7c0s0 —24sin@=25cos(0+73.7°)
2c0s6+sinf=+/5 cos (6 — 26.6°)

0=190.0° 323.2°

y
4+

T[ 3 2n X

I
2

24

/5 +5<2c0s0 +sinf +5<+/5 +5
4sin0 - 3cosO@=5sin(0 —36.9°)
0 =173.8°180.0°

Minimum value: 1 at 6 = 306.9°
Maximum value: 11 at 0 = 126.9°

T(0)= écos@ + ﬁsin@
2 2
S, 5

A=Y2 =2
2

T(0)= %sin@ + %cose = ﬁsin(e +70.9°)

Smallest positive angle is 131.3°.

[\



5 (i) 3sinf+4cosf@=5sin(6 +53.1°) 3 (i)  2cosec20=secHcosech

1
N

LHS:
(ii) (a) 0=-64.6°138.4° 5 -
(b) c=3k=8 " sin26
6 (i) x/zcos(9+\/7sin9E3cos(9—61.87°) =+ 4
2sin@cosO g
(ii) (a) 0=171.4° B 1 e
(b) 0=274° " sinfcosh ¢
B lex'le
cosf  sin
Stretch and Challenge 3
=secBOcosecH
. 2v? . b _
1 (i) Rszchos B+Z =RHS
(ii) B=0.272=15.6° (ii) ©6=15°75°
2 (i) 60=171°,w=28.31cm 4 6=33.7°116.6°
(i) 17cm 5 (i) 8sinf+15c0s8=17sin(0 +61.9°)
-7
3 k=g (i) 6=3535°627°
4 sin3A+cos3A=% (i) k<-17 or k>17
2
51 6 (i) tan(9+60°)tan(9—6o°)sw
1-3tan“0
6 h(t):35+20sin(§t)+15sin(%“t) LHS:

tan (6 +60°)tan (6 - 60°)
_( tan@ + tan60° J( tan@ - tan60° J

1-tanOtan60° )| 1+ tanOtan60°
_ tan0+\/§ tanf@- \/5
1—\/§tan6 1+\/§tan9
3 tan’6 -3
1-3tan’0
. AB . .
sinf =—— = AB=xsin6 and BD = xsinf = RHS
x
ZABF = Z/DBF =90° - 0 (ii) 6=37.2°142.8°
2
ZCBD =180° —2(90° - 0) = 20 (i) w: i
1-3tan” 6
cosZO:E: B,C = BC =xsinfcos260
BD  xsinf tan®6 - 3=k*(1- 3tan’6)
AC=AB+BC 5 5 5
. . tan“60 -3=k"-3k" tan“0
8 =xsin0O + xsinfcos20 R ) R
8 =xsinO(1 +cos20) (1+3k%)tan"0 =3 +k
2
8=xsinB(1+2cos’6 -1) tan29:3+—k2
1+3k

8 = xsinfx2cos>0

2
4 =xsinfcos’0 tan@ =+ 3+—k2
4 1+3k

xX= 2
; 2 3+k
SmQCOS 6 Since k2 > 0, 5 =0
1+3k
0_1 .
8 tanz = 7 so there are two roots of the equation.

7 () tan2a=—280C
1-tan“o

Exam focus
1 x=135°225°

2 x=164.1° (ii) (a) cosecf=%

(b)  cot’f=1 11

o =41.8°138.2°



R
Answers N

Chapter 4 Differentiation

Exercise 4.1
1() 3x2+8x-3

(i) x2(2x-3)
(x-1)°
(i) x*(1-2x)°(3-14x)
(iv) _(x+4)
3x°
) 6x (1+5x)
J1+4x
(vi) 6x-2
(6x-1)’
2 y=384x-320
3 y=—%x+2
4 0’_3)_%
5 () 038
dy 5

(ii) No, since ==

dx (x+ 2)2 ’
than zero, hence no stationary value.
. 1-k
AT
(i) k=4
-1
7 () (x-1x : 3)
(x+1)

(i) (-3,-7) or (1, 1)

Exercise 4.2

. 1
10 x+4
Gi) 2

X
(iii) -

3
(iv) 9x2ex +1

3
W - x(x-1)
(vi) 10 5

x+2x Jxtx

(vii) e* 2 (1+x)

2
(Viii) xzex(?)—x)_x (3—x)
2x X
e
(ix) ¥ -2e* " ef-e -2
ix =
e?¥_2e" +1 (l—e_x)2

2 (i) =7

which is always greater

1
(x) ezx (lnx + %)
x
3(e¥ -1)
3x-1

[ln(3x - 1)]2

s 2e7x 5x 2x
(xii) ———-+5¢ In(1+e™)
l1+e

d_y_lnx—l dzy_(Z—lnx)

3e3* In(3x-1)-

(xi)

dx (1nx)2’ dx? x(lnx)3
(ii) (a) (e 0

(b) (e 4e?)

d2y

3 (i) jx—yzxe_x(z—x),@=—e"x(x2+4x+2)

(i) (2,;12}

(iii) x=-2++/2. These points represent the x values
where the gradient is a maximum or minimum.

6 (i) x=¢2
(ii) (e e
(iii) %Zl—lnx

2

atA,jx—y=1—lne =-1

atB,jx—y=1—lnl=1

Since my X m, =-1 tangents are perpendicular.

1

7 () 1e? (3+x)

2

3
(i) [—3, —2e 2] or (—3,—%]
e

Exercise 4.3
1 (i) 6cos2x

(ii) -3sin(1+3x)
(iii) 2xsec2(x2)

(iv) x>(3sin2x +2xcos2x)



—5x2sin5x — 2xcos5x _ —5x sin5x — 2cos5x

x* x>

(v)

. sin® x(3xcosx —2sinx)
(vi) 3
x

(vii) cosx eSn* !

4
sin4x
cos(In3x)

(viii)

(ix)
X

2 2
(x)  2xe™ sec’(e*)
sin2x

b} - \Jcos2x

(xii) 6e*'sin® (26)‘_1 ) cos(2e*™)

(xiii) —4e” cote* cos’[In(sine™)]sin[In(sine*)]

2sin(1 1 sin”(Inx)
(xiv) sin(Inx)cos(Inx)e or can be simplified
x
further to sin(Inx?)-e"" (Inx)
x
2 (i) x(2sinx+xcosx)
(i) y:—n2x+ﬂ:3
333
4 (i) e* (2cosyzc+sinx)
cos” x
(i) 2.03 (3sf)
5 0.685
_3. 7
6 X—gﬂ:, gﬂ:
7 (i) E$x<3—n and 5—n<x<7—n
4 4 4 4
. ~m 5t 9m 137w
(") X=—y — — ———
8 8 8 8

(ifi) All of the points are maximum points.

Exercise 4.4

. dy
1 257
(i) o6y i
. dy
_200°
(i) 6x-20y o
(i) 2cos2x-2sin2y Y
ydx

d
- 3y 4y
(iv) 3e ix

dy
4x2 2
(v) S8Sxy+4x i
D11y
(vi) x+ydx

(vii) secz(xyz)x[y2 +2xy%]— ey%

(viii) e*5"Y X(siny + cosy%xx)

20 Y6 3
dx 2y y
. 5 2xy
@) ==—
dx cosy—x2
Lo dy 4y -1
(iif) ==
dx 6y2—4x
iv) Y__2
dx xexy X
3 y=3x+1

4 (1, -2)and (-1, 2)
5 (1,-%) or (1,2)
6 () (22 and(-2,-2)
(i) 2x:(2y+2xjx—yJ+2ij—y
2x-2y=(2x+2)) L

d_y_2x—2y_x—y
dx 2x+2y x+y

Slope parallel to the y axis = x+y=0=y=-x
8+x’= 2x(-x)+ (—x)2

8+x2 =—2xz+x2

There are no real numbers that satisfy this
equation, hence the slope of the curve is never
parallel to the y axis.

7 (-2,-2)and (4,-2)

8 (i) 5x2—2xy+3y2—70=0
dy dy

10x—| 2y +2x=% [+6y—==0
X (y+ xdx)+ Y3y

10x—2y—2x%+6y%=0
(6y—2x)gx—y=2y—10x

dy 2y-10x _y-5x
dx  6y-2x 3y-x

(i) (1,5) or (-1,-5)

P2

o .
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Answers .

(iii) (\/ﬁgj or (—\/E,—@J

3

9 (1 (2,-4)or(2,3)

d_y_3x2+2

() dx  2y+1

dy 3x2*+2 14
at (2,-4) =—=——=-"=-2
@) e car1 7

dy 3x2*+2 14
at (2,3) =272 T2 _ 14,
( )dx 2%x3+1 7

10 7x-11y+4=0

2
1mG 2=

yz -2x

i [][HI]

24427 =6x2’
LHS:16+32=48
RHS:6x2° =48
So the point lies on the curve.

5 4
2023 |-| 23 8 8
2 3_93
d_y=2yx_ _2°-2 0

dx y2_2x (s 4 07
7 [23 _2[23] 23 -23

(iii) a=3

2
At the point (3,3), d_y:2><3—3 -3
dx 32-2x3 3

Exercise 4.5
1) ¢

(ii) —3cotd

(i) 1+2sin20
" 1+ cos@
2(2t +1)

3¢
1-2e%

3e!

1

. 5
(vi) —cos__>
2st 2sinf
cosf

(iv)

(v)

after cancelling by cos 0

2G) Q@i+, (%)2; t#-1

i) (-2,-4),(0,0)

36 __6dr 3

dy _dy dt 6 2-3t
dx dt dx 27 3
_2(2-3t)
t2
_4-6t
t2

(ii) (In8,-3)

(iiii) )’=g:>f=

41
5 () y=2x-3
(ii) (a) x>=(2sin6 +cosh)?
=4sin* 0 + 4sinHcosO + cos’ O
y? :(sin0+2c059)2
=sin® @ + 4sinHcosB + 4cos” O
x%+y? =4sin” 0 + 4sin@cosH + cos” 6
+sin® @ + 4sinHcosB + 4cos’ O
=5sin” 6 + 8sinfcosO + 5cos” O
=5(sin29+cos2 0) + 8sinfcosO

=5+4(2sinBcos0O)
=5+4sin20

(b) Least value is 1, greatest value is 3

6 (i) (3sin2, 3cos6)

(i) y




(iii)
(iv)

(v)

(vi)

7 (i)

(i)

8 (i)

(i)

2T = 6.28 seconds

~0.784 (3sf)

[3\/5 ]
_,3
2
1.05s

dy 2°-2
dx  2t-1

(2-1n2, 1)
(2v/2 -1n2+/2, 2-1n2)

AtA, 9=T
2

AtB, =21

dx
do de

& _dy do

dx do” dx

=4cosOx 1

_ 4cosf
2+2cos20

__ 4cosf
2(1+cos20)

_ 4cos0

2(1+(2c0s26-1))

__ 4cosb
2(2cos29)

_ 4cosf

4cos’ 6
1
~ cosO
=sech

x=10co0s0 +5c0s20, y=10sinf +5sin20

dx

do
dy_dy do
dx d6 dx

=10co0s0 +10co0s20 X

_ 10cos6 +10cos26
~ -10sin@ -10sin26
_ cosf +cos20

~ —sin@ -sin20

_ cosf +cos20

B ~(sin6 +sin26)

2+2co0s20

== =2+2c0s26, b _ 4cos6

= -10sinf -10sin 26, j—g =10cosO +10co0s20

1

-10sin@ -10sin26

__cosf +cos26
~ sin6 +sin26

i) Ais F@j
2’ 2

(iii) x> + y* =100cos® 6 +100c0sOc0s26 + 25cos> 260
+100sin” @ +100sinHsin 26 + 25sin” 260
= 100(cos2 6 + sin® 0)+100(cosBcos26 +sinBsin26)
+25(cos® 20 + sin? 20)

=125+100(cos(20 - 6))
=125+100cos6

(iv) Least distance is 25m, greatest distance is 225m.

Stretch and challenge

1 (i) The x co-ordinate of any point on the curve
=0D — AB
=10 -rsin@
=r(0-sin0)
The y co-ordinate of any point on the curve
=CD-CB
=r-rcosf
=r(1-cosB)

i) dx_ r-rcosf=r(1-cosh), j_)é =rsin0

de
dy_d_yxde

dx d6~ dx

1
r(1-cos0)
_ rsin@
r(1-cos0)
sin@

(1-cosB)

sin@ 1+cos@
(I-cosf) 1+cosO
_ sinB(1+cosH)

" 1-cos6
_ sinf(1+cosb)
- sin0

_ (1+cos0)

=rsin@x

sin@
0820 =2c0s> 0 — 1= cosO = 2cos> (%) -1

cosf +1=2cos> (g)

sin260 =2sinfcosf = sinf = ZSin(%)cos(g)

2(0
 (1+cosh) Zcos (E)

sin@ "2 . (9) (e)
SIn| — |COS| —
2 2

1
N

o .
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Answers .

W

(iii) » :\/gx +r(2 —@j
(iv)  s=r2(1-cosb)

rsin@

v) a=———nm—+
2(1-cos@)

2 () x=8,y=¢

dx 2 dy

d_32 Yy

at at

dy dy_ dt 1 2
— T — _:2 —_—
o dt a5 Ty

Equation of the tangent att = p:

y:mx+c:>pz:3l><p3 +c

3py=2x+p3
3py—2x:p3

(i) (64, 16), (-1, 1), (125, 25)

- 2 3
3 = _—
@ l cos@ sinf
(if) 8.13m

4 x=32.7m

5 The second term of % is always positive, so the only

PRl . . _l
critical point is at k=7

Whenk:O,d—T:—nA—nB§<0 and when k=1

dk

dT
dk 2

(ksin6+cos0)

(kcosO—sin6) [tan(0+2)]

6 (i)

(ii) cos2=kandsin2=1

:>tanoc—l
k

o=tan (%)

7 (i) x=0.920 or 2.22 or 3.82 or 5.60 (3sf)

for0sx<2m

3 .
— =1y +n3£>0, so we have a minimum.

(if) a=223,b=m,c=2

(ifi) 1.68<k<4.4887

Exam focus
1 x=1or3

2 d_y _Inx(2-Inx)
de 52

M is (ez,iz)
e

3 Stationary points at x = %’ S?TC
. .
x =7 isa maximum.
ST .
x == isa minimum.
4 (i) x>+t —xy-48=0

2x+2ij—y—(y+x%)=0

(2y—x)jx—y=y—2x

dy y-2x
dx 2y-x
_2x-y
_x—2y
(ii) (4,8)and (-4,-8)
(iii) (8,4) and (-8,-4)
5 dy -4x-y
dx  x+2y
dy 0

Stationary points where v
-4x-y=0=y=-4x
2x% + x(—4x) +(-4x)* =14
2x% - 4x* +16x° =14
14x% =14

x2=1
+1

X

Y
Points are (1,-4) and (-1,4)

dy 27t+36
8

T4

6 (i)

&

(i) -

W\



Chapter 5 Integration

Exercise 5.1
2x

1) Je™+c
i) -le' ¢
(ii) Lln|x|+c

(iv) 2In|x|+c

(v) -———+c
(vi) %ln|2x+1|+c
(vii) le -—tc

(viii) -27e 5" +c

(ix) %ez" 2"+ x+c¢

(x) In—% +c

2 (i) 32efet-1)

(i) ln% or2ln (%)

X X
3 J'ooe +2 . e 2
1 2x — 0 2% T ax
€ € €

1 9 1

4 J_lmdx=[—3ln|l—3x|]_l
=[(~3In|1-3x1]) - (-3In|1 - 3x~1])]
~[(-3In|-2)) - (-3In| 4])]
=[-3In2 +3In4]
=[1112’3 + 1n43:|
=[ln%+ln64]
=1n(§><64)
=In8

5 In|x+1|+c

2
6 %—3x+21n|3x+2|+c

7 k:2e+1
3
_17
8 k—7

Exercise 5.2

1 () -—fcosdx+c
([i)  Lsin(3x-1)+c
(i) Jtan2x+c
(iv) -6cos3x+c

(v) Ssin%x +x4¢

(vi) %sian - %tan3x +4x+c¢

26 3
Gi) T V2
16 8

v
N

o .
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Answers .

2 8 (i) cos3x=cos(2x+x)
(iii) 2-—
\/g =C0s2xcosx — sin2xsinx
(iv) 1—% =(2cos? x —1)cosx — 2sinx cosx sinx
=2c0s> x - cosx — 2sin” xcosx
3 0.342 or (? - %) exactly =2cos’ x - cosx—2(1- cos? X)Cosx
=2c0s> x - cosx — 2cosx+2cos’ x
T
4 I—Z =4c0s’ x - 3cosx
=RHS
5 (i) 1, _1g 2x +
SX —gsin2x +c (i) §_3f
(ii) gsindx +3x+c
(ifi) -cos2x+c 9 (i) A=1,B=4
(iv) Lsindx +c (i) g
(v) 3?x—isin2x+3izsin4x+c
. 10 ln_&
(Vi) x+lcos2x+c 3 3

2

(vii) —%cos3x +c

Exercise 5.3
(viil) Lgingx+1sin2x+3x+c
32 4 8 1 3.575

T
6 J()Z\/l+cos4x dx 2 (i)

n x 0 (025 |05 075 |1
= J04 \1+ (2cos2 2x-1)dx
n f(x) |1 0.9846 | 0.8888 | 0.7033 | 0.5
= IO4 2cos? 2x dx
r ii 0.832 (3sf
= j04 2cos2xdx (i) (3sf)
) x (ifi) Underestimate
=2x lsian] 4
- 0 3 (i) 59m?(1dp)
L2 4 2
=2 %_ ()] 4 4.13 (3sf). This is an overestimate.
_V2 5 0.25 (2dp)
2
6 (i) 3.28 (3sf)
(if) Chris is correct.

7 (i) 2\6—2?“

2
(i) 12.0or 2% ++/3 mexactly true area.

The answer from (i) is an overestimate of the

Increasing the number of strips would decrease

the value fo

und.



Stretch and challenge L[E
=3 f04 (1-cos4x)dx

3
1 dy 1.2 1
10f =2 4+ = 2,2 1
Vo6 T dx 27 o2 R
= %[x - ism4xE

(2 P
L= 1+|:lx2——12:| dx E—lsin4><£)—0:|

J 2 x 4 4 4

Il
L
— )
[3S)
_
—
+
—
N
=
S
|
N
+
&
x| =
'
N—
o,
=
1l Il
o |—= oo
—

Il
E

ﬁ
o

W

[\

= %x4+%+L4 dx
J1 4x 3 (i) k:z,m=3—n,t=n
(2 2 4
B N =S P (i) 8
2 X2
Jq (iii) 8r
2
= (lx2+%)dx
J1 2 2x 3
_ 4 L(cos’¢-3cosg+2)
N ESN
| 6 2x
i 2 1) E_L} Exam f(z)cus
(6 2x2)|6 2x1 1) J 2 _dx=[2In|2x+1|]
- 0 2x+1 0
s 1y 11
6 2) 672 =[2In|2x2+1|-2In|2x0+1]]
_13 ( 1) =2[In5-1n1]
12 3 =2In5-0
_17 —1In52
=5 =In5
=In25
(ii) xk=-3

T T
2 J04 sin® xcos® xdx = j04 sin? x(1 - sin” x)dx
. 2 (i) (2cosx+sinx)2

2 .4 . .
= J-04(s1n x—sin” x)dx =4cos” x +4sinxcosx +sin” x

=3c0s> x + 4sinxcosx +sin’ x + cos> x
cos2x =1—2sin’ x =2cos’ x -1 2 .
=3cos” x +4sinxcosx +1

in2y=1(1—
= sin”x =3(1-cos2x) =3(%(cos2x+1))+2(2sinxcosx)+1

sad 10 2
= Sin x—4(1 €0s2x) :%c052x+%+25in2x+1

=4 (1-2cos2x + cos? 2x) —26in2x +3cos2x + 3
2 2
:i(1—2c052x +%(cos4x +1)) a=2, b=%, CZ%
1 1 1 1
= —>CO0S2X +-COS4xX + =
172 8 8 i) ">
:%—%cos2x+%cos4x 4

T
-[04 (sin® x - sin* x) dx

T

- J(}(%(l —cos2x) - (% - %cost + %cos4x)) dx

1
N

o .
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Answers .

3 LHS:tan’x +sin’x

=sec’x-1 +%(1 —-C0s2x)

=sec2x—1+%—%c052x

=sec’x-Lcos2x -1

2 2
=RHS

503 1

£ 2 .2
JO6(tan X +sin x)dx = CYRRT)

4 (i) 6.26 (3sf)

(if) The first trapezium will overestimate the area

from 0sx=< g but the second trapezium will
underestimate the area from §< X=<T,Ss0
taken together the trapezium rule will give a

good estimate of the true value of the integral.

5 (i) e*(5sin2x)

(i)

if—
o
=
+
(51}

6 (i) cosO+ \/gsinH = 2cos(0 - %)

1

3" 1
ii dée
(i) Jo (cos@ ++/3sinH)*

(=T
- 1 d6
Jo (ZCOS(G—R)JZ
3
x
- ST
Jy 4cos’ (9—%)

e
S W=
w»
@
a
N
—_——
>
|
w|a
-
[l
(e}

- 1
tan(9 - E)] ’
- 3o

onf -5 -nfo-5])
an0 - tan - )|

e L R R e

T
()
|
|
&
—_

[



Chapter 6 Numerical
solution of equations

Exercise 6.1

1 (i)
(i)

(ii)

(iv)

f(x)=e""-x>
f(0)=e">-0’=e7>0
f(1)=e'-1’=e?-1<0

Since there is a change in sign, the root must lie
between 0 and 1.

f(0)=e"7-0’=e>0
£(0.5) =€ -0.5°=-0.0429<0

Since there is a change in sign, the root must lie
between 0 and 0.5.

The root lies between x = 0.4 and x = 0.5

2 The first root is in the interval [—2, —1]

The second root is in the interval [1, 2]

The third root is in the interval [2, 3]

3 The statement is false because the curve is not

continuous between x = 0 and x = 2.

4 (i)

(i)
(i)

(iv)

5 (i)

Either4-x-Inx=0 or Inx+x-4=0
The integer bounds are 2 and 3.

£(2.9)=1n2.9+2.9 - 4=-0.0353
£(3.0)=In3+3-4=0.0986

Change in sign

= Root lies between 2.9 and 3.0
£(-0.7)=(-0.7)* =377 =0.0265

f(-0.6)=(-0.6)* -3 "¢ =-0.157
Sign change = Root in the interval [-0.7, —0.6]

(i) f(x)

3 2 1 0 1 2 3 X

Exercise 6.2
1 (i) f(x)

(ii) The root lies in the interval [-2,-1].

(iii) x,=-1.8933
. I, 3 2 3
(iv) xn+1=§(xn +3) or )

2
n X,

2 2.849 (3dp)

3() xP-x?=15=x>-x2-15=0
f(x):x3—x2—15
f(2)=2°-2*-15=-11<0
f(3)=3’-3*-15=3>0
Change in sign
= Root lies between 2 and 3.

(ii) x,=2.770 (3dp)

2 3-x
x°=—=
X

X =3-x

x* +x-3=0

(i) x,=121

1
N

o .
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5 (i) Area of sector = LrZQ Stretch and challenge

. f(x,1)x, —£(x,)x,_
Area of triangle OAB = —r 25in@ 1 (i) Ingeneral,x,, = ’%(; ?)_f(; )n :
n-— n

Area of segment It can also be shown that

2 2 . f(x,)[x, —x,_
=1y 9—%1’ sin@ Xy =X, - ;(;)E_nf(x nll)]
=1r*(6-sind) ! "

D[ —

. 2
(i) x,=
’ e?-1
(if)  Area of segment = %TCI’Z Exam focus
ir2(9—sin0)=—
1 2.13 (2dp)

3r? (6 -sinf) =nr*
2 (i) Anequation satisfied by o is

3(0-sinf)=m
(6-sin6)=Ln o =2In(48 +160%)
3
0= %n +sin® Starting with the original equation,
l
(i) 6,=197 4 34 x2
6 (i) Iterations diverge. 1_e }1x [
(if) Iterations do not converge to a single value. ¢
(ifi) Iterations do not converge. (i)z — (e %x 34 x> )
7 (i) ja(662x +x)dx =42 5
0 - %:e 27(3+x7)
2x | X
{3(3, +7} =42 L _16G+xY)
X

0 e 2

2 2 1
{(38%%} [Seo+07ﬂ=42 2" =48 +16x2

1x=In(48+16x%)

2
2a , 4 _
3T +=--3=42 x=2In(48 +16x7)
3020, @ _ys (ii) 16.87 (2dp)
2
az 3 (i) o=-1
e +L4 =15
6 (i) If a=-1 isaroot of the equation f(x)=0, then
eZ“:IS—i (x+1) isa factor of f(x).
6
5 Using polynomial division,
In(e**)=In|15-2- 44,3 2 _
X X7 +4x" +2x 7: 3 5,2 4957
x+1
2
a
2a:ln[15—?j coxtoax® raxt 1 2x-7
11 (15 ) :(x+1)(x3—5x2+9x—7)
a==In|15->a
2 To find § we need to solve
(ii) a,=1344 (3dp) (x+1)(x® =5x2 +9x-7)=0
8 () x,=2.877(3dp) x=-1lor
(i) 2x3+5x-62=0 x?-5x% +9x-7=0

x> =5x%-9x+7

x=35x2-9x+7



(iii) 2.54 2dp)

4 (i)

dy  -2sin2x +2xsin2x +cos2x

dx (1-x)?

dy

Maximum when —==0

dx

-2sin2x +2xsin2x +
sin2x(2x - 2) +
sin2x(2x - 2)

cos2x =0

cos2x=0

cos2x 0

COS2x

COS2X COS2X

tan2x(2x-2)+1=0
tan2x(2x - 2)= -1

tan2x =

_1 B 1
2x-2 2-2x

(i)

(ii)
5 (i)

(i)

£(0.6)=(2-2x0.3)tan2x0.3 - 1=-0.042

£(0.8)=(2-2x0.4)tan2x0.4 ~1=0.236
Change in sign = Root lies between 0.3 and 0.4

0.315 (3dp)

1,2n0_1 1,2

57 O—Erxrtane—ir 0
1,29_1,2 1,2

3T 9—5r tan9—5r 0
O=tan6 -6

20 =tan@

117 (2dp)

v
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o .



P3 Chapter 7 Further algebra

Answers

Exercise 7.1

1 () 1-2x+3x%-4x>+...
Valid for | x|<1

(i) 1+2x+4x?+8x> +...
Validfor|2x|<1:>|x|<%

(iii) 1+2x-2x" +4x° ...
Validfor|4x|<1:|x|<%

(iv) 1+3x+18x% +126x° +--.
Validfor|9x|<1:>|x|<é

i L _lyy54,2
2 (i) e gX T 35X

Valid for ‘%x‘<1$|x|<2

i 1 1 .2
(i) 3-1x-Lx -

Valid for |$x|<1=>]x (<3

i) LaLys 3,24
([ii) S +ex+six+e +

Valid for Hx‘<1:>|x|<4
P 3. 3.2
(IV) 5x—zx 4.

Valid for ‘%x’<l=>|x|<2
3(i) a=50b=-2
(ii)  Valid for [5x|<1=|x|<1
4 (i) 1+x2+%x4+...
Valid for |2x2|<1:>|x|<\/%

(ii) 1+x+x2+x3+%x4+%x5
5 (i) n=

(i) 1-x-x —%x .
6 (i) a=-2

(i) -4x3

7 (i) 1+x+2x2+%x3+...

- 17
(i) 3
8 (i) 1-4ax+10a°x*—...
i azlpo?
(i) a—3,b_3

o 12 3 2
9 (i) 7 a3x+a4x +
(i) a:—%
- 1
o -
o6y J-2x - J1-x
_ 1 ><(./1—2x+ 1—x)
J1-2x - \1-x (Vi-2x+1-x)
(./1—2x+ 1—x)
T 12x-(1-x)
(1/1—2x+ 1-x)
B - X
_ 1 -
= x(,/l 2x +./1 x)
i) 3

Exercise 7.2

. 2b
1 (I) g
== 5626
@ =
(i) %
(iv) i
2h(h+2)
v ==
(vi) (j+k)?
L1l
2 (I) a
. 17n-3
Gi)  —
i) P2 +5p=6
3p
) -
) L7ri+25r-40
201’3
) 4-3s
W) GG+

Exercise 7.3

16 2 +2
x+1 x+2

e 4 2
(§i) x-1 x+3
i) 42
X-2 x+2



2 5
(iv) —_ —
x-2 x+3
4, 4
(v) x x-1
wi) 3 1
2x+1 x-3
. 4 1 3
(vii) x+1_x—2_x—4
ceey 2 4 1
_+—_
(‘"")x x-4 x+4
(ix) 2x+i+i
x-3 x+1
3 1
(x) -—
XxX+2 x-2
2 1 3
2 (i B e
@ x x2 x-1
(i) 1 + > + 12
2(x-1) 2(x+1) (x+1)
(i) —+——
X (x-1)
(iv) - - 2 2 3
(x+1)° (x+1)
1 1-x
3 (i)

2(x+1)  2(x%+1)
(ii) 2 . 3
x-1 x242

(i) 1 x+4
[11] -
2(x-4) 2(x*+4)
2x +1 1 2

(iv)

+ —
2 +1 (x-1?% (x-1)
Exercise 7.4
1 (i) A=3B=-4
(i) 1-2x+4x>-...
Valid for |2x| < 1= x| < ;—
1,1 1.,.2
(iii) THTX X e
Valid for |x|<2.
(iv) 1—7x+2—23x2

Valid for |x|< .

. 2 3
2 (i -
® x-2 x+1

5, 13,2
—4+5x—7x
Valid for | x| <1

3.1 2
1-2x  1+x (1+x)?

(i)

24+9x+7x% -
Valid for [2x|<1=|x|<3

4 2x+1
(iii) —-
I+x 14+x2

3-6x+5x° .-

Valid for | x* |<1=|x|<1

3 (i) 3 2 + >
1-x 2+x 1+x

H 3 31,2 _ ...
(i) 7-3x+X

4 (i) B=1,C=2

x2 terms=>2=-4A+C=A=0

(ii) 3+6x+35x> +...

Stretch and challenge

1) 2-3x-2x%-..

64
(ii) a=—%
2 k=-4o0r8
3 n>7

4 (i) a=3,b=—%

(ii)  Valid for [3x|<1=|x|<3

Exam focus

1(G) a=-1
(i) 1+3x+3x%+..
20 -+ 3

1
W

o .



p3 Chapter 8 Further integration = 2 u=2x+1=du=24x

x=1=2u=3 x=0=u=1

- Exercise 8.1 uol
160 Lex+1)?+c ' u=3 5 du

dx:
f02x+1 Ju=1 u 2

: (1) :
S
i) -1J1-x2) +c :i_l-f(l—%)du
(iv) %ln|3+2x3|+c =i[u_1nu]f
v WGy 16’ —[G-1n3)-(1-1n1)]
\"} - C
5 3
_Lra1na)
(vi) - 2 T+ 2 e _4[(3 In3)-1]
34-x) (4-x) 1(2 In3)
==(2-In
wiiy 20 G-t 2 4
vi 7 5 3 ¢ 3 9897.6
2 (i) 0305 (3s) a1
5
(i) 7
H 56 (0.)
(i) 42 i
(iv) 0.00154 or 2k (i) d_yzkizxz
(v) 0134or3 dx (1+e™)
(vi) 1428 Whenx=0 Y -1
3273 dx 2
- 2x
4 (i) (4,0 (iii) Area:j1 S
(i) 8.53 Ol+e

. Letu=1+e>* = du=2e>*dx
Exercise 8.2

1 () 4e" P4c

1
(i) In|x—x2|+c e™ _ uslve’ e dy
dx =
1+e* u=2 u e

x=1:>u=1+ez,x=0:>u=2

(iii) In|e™ -1]+c 0

1 2
1 =lj e ldu
Telre R 27

1
(v) -e*+c

(iv)
1 1+¢’
=5[1n | u |]2

1 2
==|In|1+e"|-In|2|
(vi) —%ln|1—3x3|+c 2[ :I

2
1 1+e
=y l-cosx ==In
(vii) -e +c 2 [ 2 ]

")



Exercise 8.3 8 i) x=—=>dx=—i2dy
1) -lcos(x?)+c y y
.. (1+sin3x)* ;dx
(i) — -1
(iii) —e“*+c S S (—%dy]
(iv) In|sinx|+c =11 (l_lj y
2
(v)  -JIn|cosdx|+c 7\
6 r 1
(vi) —COS6 L e dy
=_ 1
.4 y (2_1
(vii) S 3x y
vil) =——" ¢ J
6
(viii) 1tan26 +c L4
ShEd
2 (1-cosx)* ~ (1-cosx)’ e J y2
4 5
r 1
f3om dy
3 7+ 3 __ 1—)/2
Y
I J Y
4 4
5 (i) x=sin’0= dx=2sinfcosOdO _ %d)/
1-
x:1:>sin29:1:>9:§, J Y
x=0=>sin’0=0=6=0 (ii) _Sinfl(l)ﬂ
X
1 1-x
dx -
-[0 x Exercise 8.4
0=E P 2 - _
:J'g_oz 1 .5121 0 5 inBcos0do 1 (i) 2In|x+2|+5In|x—-1|+c
) sin”0 (ii) In|x+3|+2In(x*+1)+c
n 2
=J2 #ZsinGCOSOdG 2 (i) 2 7
0 1 - 4
sin” 6 X3 (x_3)
T
= [20595Gngcosodo (i) 2ln7+6
0 sin@
n 3 2x+3+—
=J022c0529d9 x°+4
A=2,B=3,C=1,D=0
i =
2 (i) 14+ln\/¥

6 lsin(cos_1 %) +c
4 X

7 §+1—\/§



P3

Answers

4 ln%

5 (i) u=+x=du=—"dx=dx=2Jxdu
24x

1 1
L dx=|———2Jxd
Jx(1+\/;) Ju2(1+u)2\/; !

=J 3 1 2udu
u“(1+u)

2
:Ju(l+u)du

(i) ln%

1

6 (i) =J2-x=>du=-——dx
u X u o
dx=-2v2-xdu

w=2-x=>x=2-u’
x=2=u=0,x=1=u=1

2
3
[=| ——dx
J1x+\/2—x
u=0 3
=j ————(-2v2-x du)

u=1 2-u"+u

0
1 2-u"+u

0
12-u"+u

! 6u

- 0(2-u)(1+u)d”

! 6u

0(2-u)(1+u)d“

1
=“i-ijdu
0 2-u l+u

=[-4In(2-w)-2In(1+w)]

=[(-4In(2-1)-2In(1 +1))
—(-4In(2-0)-2In(1+0))]

=[(-41n1-2In2)-(-4In2-2In1)]

=[(0-In4)-(-1n16)]

=Inl6-1In4

=In4

=2In2

(i)

Exercise 8.5

1 (i) -xcosx+sinx+c
(ii) 4xe* -4e* +¢
3 3

(iii) %lnx —% +c

2() e
(i) 37r_1
(iii) 9In3-4
. . (T . (T

3 (i) Pis (E’O) Qis (—,0)
(i _T
(iii) T-2

q 4€+1

25

5 (i) (-sinx)e™” (i) 1
6 u=x>+5x+7 v =sinx

u=2x+5 v=-cosx

T, .
jo (x*+5x+7)sinxdx

2 Y
=—(x +5x+7)cosx—j0 (2x +5)X-cosxdx

T
=—(x2 +5x +7)cosx +jo (2x +5)cosxdx
u=2x+5 v'=cosx

u' =2 y=sinx

=_ (x2+ 5x+7)cosx+((2x+5)sinx —J.OTCZsinxdx)

=|:—(x2 +5x+7)cosx +(2x +5)sinx +2cosx];t
=[—(1t2 +5n+7)cosT+ (2T +5)sinT+2cosT
—(—(0% +5%0+7)cos0 +(2x 0 +5)sin0 + 2cos0)]
:[(n2 +5n+7)—2—(—7+2)]
=n’ +51+10
7 (i) 1-2lnx
e

(ii) wu=Ilnx v'=L2

X
s 1 1
UW=— yv=——
X X
[
X

:—llnx—ﬂlx—l)dx
x X X

=Ly +J(L2)dx
X X

1 1
=-=Ilnx-=+¢
X X

:—l(1+lnx)+c
x



8 u=e* v =sinx

u/:ex

V=-CosX

I :Jex sinxdx
=_e" cosx—J.—ex cosxdx
=—e“cosx +_[ex cosxdx

u=e* v =cosx

’

u =e* v=sinx
=—e“cosx +(e* sinx—J.ex sinxdx)
=—e“cosx+e sinx-I+c

2] =-e*cosx +e*sinx +c

2] =e*(sinx - cosx)+c¢

e (sinx —cosx)
s ke

I=
2

Stretch and challenge

P 5
1 (I) g—lnz
2
(i) (a) 2xIn(l+x)+—
2 5
(b) §1n2—ﬁ
2 (i) u=x", v =cosx
u' =nx ’1, y=sinx
1.
Jz "cosxdx
0

=x"sinx - J.nx”_1 sin x

=x"sinx —n[(x"’1 X—COSX)— f(n ~1)x"? X—cosx}

1

AT
=|:x" sinx +nx" " cosx —n(n-1) f X2 cosxdx:l2

0

- (%n)n +0—-n(n-1) J.O%nx"_z cosxdx

= (%n)n -n(n—-1)I,_,

(i) %n‘* 3% +24

3 (i) ConsiderI= _[: fla-x)dx.
du
Let u =a — x then =— I =-1,

and when x =0, u =ag; whenx=a, u =0, so
1= *~f(u) du
1= [ fdu= [ "f(0)dx

OR
Let F(x) be an antiderivative of f

Jf0dx =[BT, =Fa) - F )

j;f(a ~x)dx=[-F(a- X)]: =-F(0) +F(a)

and hence result.

(i)

1A

4 (i) dy 2x(1+x) 2x3 2x i
dx (1 +x2)? (1+x )
When dy:l
2
_2x 1
1+x%)* 2
X +2x2-4x+1=0

but x = 1 is a solution, so by division or otherwise
(x= D+ x2+3x-1)=0
and any other solutions are from x> + x2+ 3x—1=0

Let g(x) = x>+ x2+ 3x — 1, then

(1)=1+4+48—64 =_£<0
64 64

4

1+2+12-8
g(l) :—:Z>O
2 8 8
Hence there is a root in the interval [i, %]

1 1
g(x) = 0 for some T<X<3.

(i) n(ln(2)-1)

Exam focus

4x* +4x-17 __ 6x+11
2x% +5x-3 2x% +5x-3
6x +11

C(2x-1)(x+3)

4 1
=2 +
2x-1 x+3

4 1

2x-1 x+3

=2-

j24x +4x-17
1 252 +5x-3

2
:j 2- 4 1 dx
1 2x-1 x+3

[2x-2In(2x ~1)-In(x +3)]7

dx

[2x-(In(2x-1)? +1n(x+3))]
[

2x - (In(2x -1) (x+3))]

=[4-1In(9%5)-(2-1In(1x4))]
=[4-1n45-2+1n4]




2 (i d _d( 1 3 (i) x=0.685(3sf)
P3 (i) dx(secx)_dx( )

s 3
COSX (ii) 3
- 0xcosx —(—sinx)x1
- 2 a(i) A=2,B=-2
" cos” x
g = X (i) Llr-In2
7] 2 2
- cos” x
_ 1 ><smx 5 1
COSX COSX \/g
=secxtanx
6 (i) 2In2+1 1
1 = X -
(i) isecx’+c N PR ™y
n . 2¢7 +1
(i) j03(secx+tanx)2dx (i) =« 5

T
= IOS (sec” x + 2secx tanx + tan” x)d.x

T
= _[03 (sec? x + 2secx tanx + sec> x —1)dx

T
= _,.03 (2sec’ x +2secxtanx —1)dx

ud
=[2tanx +2secx-x];

:[(ZtanE +ZSCCE—E)—(ZtaHO+2$€C0—0):|
3 3 3
:(2\/§+2x2—§)—(2)
=23+2-2
3
=2(3+1)-%



Chapter 9 Differential
equations

Exercise 9.1

1G6) dv_
dt k

dB _
dt

dh 3
dt_k\/?

v
E_k\/V
dr _k

drJr

4 dP
(vi) I =k(1-P)

(ii)
(iii)
(iv)

(v)

o dv
(vii) E_ks

o dA
(viii) dt-kr

Exercise 9.2

1) y=x-x"+c
@ yoei e
leZt
(iii) x=Ae2
(iv) A=KeoU
(v) y=Aex+cosx
(vi) y=tan™ (- +0)
2 (i) y=-In(-e*+e?+1)
i)  y=201+x%)
3 (i) tany=gsindx+x+c
4 (i) t:-zolnﬂ‘
(i) 4.46 years
(iii)) 2.97m
(iv) 6m
5 109°C
6 (i) —
4 1-cx
o 8
(i) s
7 (i) (x—4)+i
x-1
x2
HH 2 “—-4x
(i) (a) y=A(x-1)%e2 ~+5

(b) 5

V3, 2m

3

gy

8 (i)
(i)

9 (i)
(i)

10 (i)

(i)

11 (i)
(i)
(iii)

(iv)

(v)

2.625 mins

1
W

4.5 mins

dx _
a_k&
3150 (3sf)

2 1
2x+1 x+1
Y_ y
dx Qx+1(x+1)

o .

1 1
I_dy:J(zHl)(xH)dx

J_ :j(2x+1 ﬁ)dx

In|y|=In|2x +1|—In|x +1|+c

| 2x+1|
‘ x+1 |

lnl y| =In +c

x=0,y=2=In2=Inl+c=c=In2

2x +1
In|y|=In e +1n2

2 1
x+1 +1In2

bl = .in

2x +1
x+1

In| 2
y=e xe!

_y 2x +1 3
r= x+1 )

_1
v=20-20e 2

4x+2
x+1

20m/s

11
Iw-4) 9(w+5)
dw

Ez——(w 4)(w+5)

:J(w 4)(w+5) J_

1 1
ij[%w 4) 9(w+5)} w=[-3d

= $In(w—4)-

—_1
51n(w+5)— St+c

NS et PR PO
9 w45 2
Whent=0,w=10:c=%ln%=%ln%
—4
S Y E 2 im2
w+5 2 5
2
—4 —Zt+In= = -~
/Rl 522¢ 2 gt
w+5 5
4m/s



P3

Answers .

12 42 minutes ago = 3:18 pm

13 30 days

14 545g

Stretch and challenge

1 (i)

(i)
(ifi)

(iv)

(v)

(vi)
2 (i)
(ii)

(ii)

x=a(1+kt)71
& a4k
x 2
uf
a
ka
T a
a=2.5, k=05625
0
1 1
2y 2(2-y)

JZ}/ y - Idt

JEE=RRE

=1lny-JIn(2-y)=t+c
When t=0,y=1=0-0=0+c=¢=0
=Iny-In(2-y)=2t

:>lnL:2t

2-y
J —e?t
2-y
:>y=262t —yeZt
2t

:>y+ye2t:2e
= y(1-e*)=2e*

27 2
1+e2t 1+e"2t

=)=

Differentiating wrt ¢,

p2
700

(iv) 14.3
1

_le-% __350dP
p? dt
350 dP

(@ _ E) dar
p2 dt

a6l P 2

dp_p_P?
dt 2 280
dp P( P )
1-—
dt 2 140

3y
S Wtk —x)

Using the

i( n):i
Ty

4 (i) vy

y
(i) (a)

=xtano -

chain rule,

( n)d_y:n n-1 m+1: n+m

&’

= xtanor-"—sec’ or or
2V

2

2
&2(1 +tan? o)

If the centre passes through
the point (kh, h),
then from the above

h=khtane - 8 n’
272

(1+ tan? o)

which is a quadratic in tan ¢,
so rearranging

g(kh)2 tan? o~ 2V khtana + 2V 2h
+g(kh)*=0and, h#0

ghk?* tan® o2V ktanor +2V2 + ghk* =0

This has two distinct real solutions
if and only if b? - 4ac>0

(2V2k)? - 4ghk* 2V + ghk*)>0
4V4k - 4ghk* 2V + ghk*)>0
Vi_2ghVEi-g*hk* >0 (k*>0)
The LHS of which is a quadratic in V2,

and has the form (V?-a)(V%-b)
where a, b arise from

Ve 2gh+ \/(Zgh)2 +4g°h*k?

2
V2_ghigh«/1+k2

-
V2 =gh(1i,/1+k2) but 1-4/1+k* <0

s0 4V -8ghV? - 4g*h*k* >0 when

V2 >gh(1+\/1+k2)

ny ", asrequired.



(b) Use

g(kh)* tan® -2V *khtano + 2V 2h + g(kh)*=0

Let tanoy, tancr, be the two roots, then by
the sum and the product of the roots:

2 2
tanoy +tana, = % 2V
gk“h
and
2V2h + gk*h?
tanoy Xtano, = ———=——
gkh
_2V2 4 gk?h
gk*h

and, since
tan(oy + o) =

2?2

tano +tano,
1-tanoy Xtana,

1 2V2 + gk*h
gk*h
2kV?

- gPh-2V? - gkh

=-k
and oy + o, =tan"' (k).
5 117

6 17.3 litres

Exam focus

1 (i) y=cosecx=—
sinx

dy —cosx 1 _ cosx
== —— X
dx  gin?x sinx  sinx

=-cosecxcotx

- TS| 1
(i) x=sin [ln|sint|+2J

2 (i)

| S S
33-x) 3(6-x)

dx— p— —
(a) E—k(3 x)(6-x)
1 _
J(S—x)(6—x)dx_ Jkdt

1 1 B
K3(3—x)_ 3(6—x)]dx_ Jkdt

-3In(3-x)+1In(6-x) =kt +c¢

1[In(6-x)-In(3-x)] =kt +c

l|:ln(6_x)}=kt+c
3L (3—x)

t=0,x=0 ﬂ%[lng]:kx0+c

=c=1In2
t=1,x=1=In5]=k+1In2
= k=1{In3]-1In2
= k=1[In3-1n2]
=k=1In2

(b) 1.59

3 y= %ln(ln(cos2 x)+1)

4 (i) %:k\BA—Z
(ii) 34 m?
3
5 y3:%+1

1
W

o .
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Answers .

Chapter 10 Vectors

Exercise 10.1

o ]
o ()40

4 1
(iii) r=|-3|+A0
1 4
1
(iv) r= +2| -9
-1 4
2 -5
(v) r=3|+A| -7
0 5
2 8
(vi) r=| 3 |+A| -2
-2 1
1
(vii) r=| 9 | +4
-5 -5

2 (i)  The point lies on the line.
(ii) The point does NOT lie on the line.

3a=5b=2

Exercise 10.2

1() B,-57)

(ii) The lines do not intersect.
Since the direction vectors are not multiples,
the vectors are skew.

(i) (=7, -9, -1)

(iv) There is no point of intersection.
The direction vectors are multiples of each
other so the lines are parallel.

v) (-8,4,7)
2 (i) (Gi-4j+2k).Qi—j-5Kk

=3%x2+-4x-14+2%x-5
=0

(if) Equatingi, j, and k components

5+3s=2+2t @
—2—-4s=-2-t @
-2+2s=7-5¢ ®

Solving (1) and (2) simultaneously gives

_3 412
S= g, t= ?
Substituting into (3),

3_ 12
—2+2><g—7—5><?

Hence there is no point of intersection.
The lines are not parallel so the lines are skew.

3 (-1,6,5)

4 Line through (9,7, 5) and (7, 8, 2):

7 9 -2
Direction={8 |-| 7 |=| 1
2 5 -3
-2
r=|8|+s| 1
-3

Equating i, j, and k components
2+t=7-2s @
—3+4t=8+s @

5-2t=2-3s ®

Solving (1) and (2) simultaneously gives

t=3,s=1
Substituting into (3),

5-2x3=2-3x1
1=-1

So the lines intersect.

7 -2 5
r=(8|+1| 1|=| 9
2 -3 -1

Point of intersection is (5, 9, —1)

5 2
6 (i) r=(1]|+1 -1
3 1

(ii) Pis@,3,1)
7 () k=8

(ii) (7,6,5)



8(i) a=1
(if) a=-2

9 (i) Equatingi, j, and k components

3+A=7+au @
2+2A=3+by ©)

3+A=3-2u ®
@—@gives
-6=4+(a+2)u
-10=(a+2)u

10
a+2

@—Zx@gives
—4=-3+b+4)u
-1=(b+4)u
L
M__b+4
_10 1
a+2 b+4
10b+4)=a+2
10b+40=a+2
a-10b=38

(ii) a=8,b=-3
(ifi) r=-i+6j+5k

So

Exercise 10.3

1 33.2°

2 (i) b=4,c=-12
(ii) 36°

3 42.5°

4 a=—-40r6

5 54.7°

Exercise 10.4

1 (i) (4,-5,-1) Shortest distance= V24

(ii) (0,0,5) Shortest distance =/41

(iii) (2.5,-0.5,2) Shortest distance =

2 (i) 35.3°
7
. .1
(ii) le§5
-1
i) V3
3
5 -1
3 (i) r=| 2 [+t] 2
-9 3

(i)

(ii)

(iv)
4 (i)

(ii)
5 (i)

(ii)

0 1
OTisr=|0 |+s| 2
0 -1

-1 1

2 |.| 2 |=0= Lines are perpendicular

54

0.611km
32 seconds
10 seconds

The eagle catches the rabbit.

Exercise 10.5

1 (i)
(iv)
(ifi)

2 (i)
(i)

3 (i)
(i)

4 (i)

(i)

(ii)

(iv)

(v)

(vi)

2x+4y-z=4
3x-2y-z=1
2x+y-4z=11
r.(5i-2j+k)=10

r.3i—j-7K) =15

J140 = 11.83
V9.5 =3.08
2
2x+y-3z=5r-.| 1 |=5
-3
0.53 km
3
3x-y-z=-8r.|-1|=-8
-1
4
dx+y-4z=10;r.|1 |=10
-4
4
4x-5y+3z=17r.|-5|=17
3
=27
—27x+ 68y +35z=115r.|68 |=115

35

1
W

o .
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Answers .

2
(vii) 2x-1ly—-5z=3;r. | -11|=3
-5
2+22
5r=|-4 ,0,1,1)
2+ A
6 (i)  Theline is parallel to the plane.
(ii) Point of intersection is = (-1, 0, 2)
(ifi) The line lies in the plane.
(iv) Point of intersection is (2, 3, 0)
7 (i) 7.8°
(ii) 10.9°
(iii) 64.6°
8 (i) Pointis (3, -1, 6); distance is 3.
(ii) Pointis (4, 5, —3); distance is 6.
(iii) Pointis (-3,0,3); distance is 1.87.
9 (i) k=-24
(ii) Pointis (7, 3, —8); distance is 8.19.

(ii)

-62x +33y +5z=27

Exercise 10.6

1 (i)

(i)

(ii)

2 (i)

(i)

(ii)

3 -1
r=| 2 |+A| 1 |;Acuteangle=78.5°
-2 2
0 13
r=| 2|+A]|11];Acuteangle = 64.0°
=5 7
3 0
r=| 3 |[+a| 2 |;Acuteangle=659°
0 1
1 -1
n,=| 3 |ny=-3
-2 2

Since n, = n, the normals to the planes are

parallel, hence the planes are parallel.
p:5+3x2-2x3=5
T:-4-3X-3+2%x2=1

-1
H
AB=|-5; |AB|=4/51
-5

(iv) 103°or77°
(v) 1.60
wi) ($.3.%)
(vii) 1.60
3G) k=7
(if) 57.1°
(iff) 1.56
(iv) (2, 0; _6)
(v)  x+2y-z=8
0 1
4r=|8|+A 2
6 2

5 4;2x-y+2z+10=0

6 a=14,

7 (i)

(i)

(ii)

(iv)

(v)

8 (i)

(i)
(ifi)

b=-3, c=-15, d=5 k=5

25
-1 15

BD:r=|-7 | +A| =20 [; Dis (8, -19, 11)
11 0

At A: -3(0) +4(0) +5(6) =30
AtB: -3(-1)+4(-7)+5(11)=30
At C: -3(-8)+4(-6) +5(6) =30

-3
Normal vector is | 4
5
4 4 15
H
31.AE=|3|.]|-20|=0
5 5 0
4 4 -1
H
31.AB=[{3|.[-7|=0
5 5 5
4
3 | is normal to the plane
5
60°
2 -2
r=| 0| +A| -2
-1 1
15

k =50; Dis (16, 8, 4)



Stretch and challenge

1 (i)
(ii)
2 (i)

(i)

(ii)

(iv)

(-1,0, 1) and (-1, -1, 2)
1.41km

P(0, 10, 30); Q(0, 20, 15); R(~15, 20, 30)

0 0 0
PQ=(20|-|10|=] 10
15 30/ |\-15
-15 0 -15
PR=| 20|-|10|=| 10
30 30 0
0) (-15) (150 2
10 | x| 10 |=|225|=75|3
-15 0/ (150 2
S2x+3y+2z=k

20X0+3x10+2%x30=90=k
S 2x+3y+22=90

-7.5
—
OS=|20

22.5

-7.5 0 -7.5
H
PS={20 |-|10 |=]|10
22.5 30 -7.5

— — —
OT=0P+PT

— 22—
=0OP+=PS
3
0 75
~l10 |+2| 10
3
30 -75
-5
_ 2
=|162
25
r=| 163 |+1(3
25 2
At C(-30,0,0)

5421=-30= A= _725 inconsistent

162+31=0=>A==30

So the line does not pass through C.

3 (i)

(i)

(ii)

(iv)
(v)

0 1 -1
R P3
AB=|0|-|2|=]|-2
JAIE -
0 1
—. 4
ABisr=|0 |+A|2 g
2] o 3

1
n=|0[;0="71.6°
1

-2 (1

2140 |=-24+0+-1=-3
-1) (1

-3=+/9%x/2 xcosa
soo=135°

0 =180-135=45°
k=134

Point is (-2, -2, 1); Distance is 3 cm.

4 qis any real number.

Exam focus

1 (i)

1 -5
PQ=|21|-|-1]=

[l CS I )

N
—

1 1
lisr=|3 |+t -2
5 2

To intersect,
1+6s=1+t Q)
2+3s=3-2t )
4+s=5+2t (3)

6+4s=8 2+

Substitute into @
1_ 1

= 1+6x1=1+(-1)
4#3

.. Lines don’t intersect.



b
Answers w

s

(i)

2 (i)

(i)

(ii)

-L71

5
Ais | _¢g
-1
23.2°
5 6
r=|-6+A|4
-1 1

3 (i)
(i)
4 (i)

(i)

14x+24y -3z=71

9.59

k = —5; point is (8, -1, 5)
2x -8y +5z=49



Chapter 11 Complex numbers Exercise 11.2

Exercise 11.1

1) -
(ii) 4
(iif) 2
(iv) 5i
v) -9
(vi) 0

2 (i) 9i+2

(ii) 8-4i-6-3i=2-7i

(iif) 12i2=-12

(iv) -1+7
(v) 17+i
(vi) —5-12i
(vii) 61

(viii) —1+3i
(ix) 2v3-2+(2/3-2)
3 (i) z=43i
(i) z=1=+i
(i) z=
(iv) z=

4 (i) 11-291

(ii) 1+41
(i) 29

(iv) 0

(v) 58

(vi) -5+38i
(vii) 6

(viii) —42

(ix) -1682i

(x) -17-144i

5 (i) Letz=a+bi, a,beR
zz*=(a+bi)(a-bi)
=a® - abi +abi-b*i?
=a® +b?
(ii) z+zt=a+bi+a-bi
=2a

13) -2i
(i) -225
(iii) 5+3i
ivi 3-3i
(v) -&+3i
i) 2-2i
(vii) =¥ -3%i
(viii) -5 +1Zi

(ix) $-2
2 (i) (a,b)=(2,-3)or(-2,3)
(i) (a, b)=(1,5) or(-1,-5)
3@ z=3+2i
(ii) z=-3+5i
(iii) z=5+6i
(iv) z=-4-4

4z=\/ﬁ—2i or —\/E—Zi
z=0+0ior4i

5a=3b=-1

-12 + 4a i

a’+9 a’+9

6 u=

Exercise 11.3

1 Im

4 ¢ 4i e3+4i

o -5+2i 2+

-4

5 4 3 2 10 1 2 3 4

o4 3] 31

- Re

siamsuy . 1
W

.
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Answers .

)

(i) x2-2x+2

2 Im
54
44
34
>l e .z+2
) p4
.IZ 11
5 4 3 2 -1 9 1 2 3 4 5 Re
T3
-2+ L
ez -3+
44
54
3 Im
ZW. 74
6+
51
44
W*Z. 31
Wo 2+
Z+V‘/ 11
7 % % 4 3 5 30 3 5 5 4 5 6 7R
-1 %z S w
24
31
41
51
-6 4
-7+
4 (i) 2
(ii) 13
(iif) 4
(iv) 7
5() 2
(i) 5
(i) V13
(iv) 2
(v) 2
(vi) /45
2
Vil —_—
(vii) 5
(viii) /50 or5+/2
6 (i) 5

(iii) \/x2 +y2+2x+2y+2

(iv)

1

Exercise 11.4

1 (i)

(i)

(iii)

(iv)

(v)

(vi)

Re




2 (i) Im

(i)

(ifi)

(iv)

(v)

(vi)

3 If the < or > inequality signs had been used, the
boundary curves or lines would need to be dashed,
representing the fact that the actual boundary curve
or line is not included in the region.

1
W

siamsuy .

5 (i)

Minimum value of |z|is~/13 -2
Maximum value of |z |is~/13 +2

(ii) Im A4

Minimum value of | z|is 3- /2

Maximum value of | z|is 3 +~/2

|z|=]z-(2+2i)]
Minimum value of |z |is /2
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Answers .

7 (i) (iii) P=4-V2+(2+2)i

(iv) 0<arg(z—4—21)<:% and [z-4-2i|<2

10 (i) Im
1 .
2-.
4 .‘.
. . . . : . Re
3 2 a0 ] i 3
(i) Ll
34 :
(i) The equation of the half-lineis y = x — 1.
1 When x = 43, y = 42 so the point 43 + 471 would
-t be outside the region.
11 m4
(iii) A
o
4t °
51
51
T Re
76-5432-10 1234567
-2+
A3 +
-4
_5 +
(iv) i} =1
4+
1 12 (i) (i) (iii)
:4:1 :,é :0“ t 2: t A:f :Re
—_— sl e
NI
(v)
(iv) a=486°
B=-48.6°
(vi)

13 (i) im 3/
yl

34

8 arg(z—2+21):§ “
9 (i) |z-4-2i|=2 i) 2

(ii) arg(z-4-2i)=0 14(i) |a|=V180r3v2

ar a:—E
84774



(i)

15 (i)

(i)

(a) Maximum value of |z| is J10 +2
Minimum value of |z| is J10-2
(b) Maximum value of |Z - 3| is 3

Minimum value of |z - 3| is1

(c) sin@ —2 9=3923°

Jio

tanor=1= or=18.43°

Maximum value of arg(z) is 39.23° - 18.43°
=20.8°

Minimum value of arg(z) is -(39.23° +
18.43%) = —57.7°

Exercise 11.5

1 (i)
(i)
(iii)
(iv)
(v)
(vi)

2 (i)

(i)

( T .. n)
2| cos——+isin—-—

2 2
5(cos-0.644 +isin—0.644)
13(c0s1.97 +1sin1.97)
2(cosE +isin£)

3 3
8(cos0+1sin0)
«/E(cos_3—7t + isin_3—n)

4 4

ﬁ+x/§i
1 3.

=i
2 2

(i)
(iv)
(v)
(vi)
0]
(i)
(i)
(iv)
(v)
(vi)
(vii)
(viii)
(ix)
(x)
(xi)
(xii)
0]
(i)
(iii)
(iv)
(v)
(vi)
0]

(i)

(i)

(iv)

-6+6431

-0.51

1
W

2.30 +5.54i

-1+1i

o .

w* =4cis(—=30°)

uxv =8 cis 90°

vxw=2cis(-30°)

uXw = 4cis(-60)

uxw* = 4cis120°
1.

Y_ ~cis30°
u 2

X = 2cis90°

v*

2 o 3 u2 o

u“=16¢is60 ;v :8(150+isin15);—3:2cis(—120 )
1%

w=cis90°

iu=4cis120°

| —

cis—60°

SR

,_.
<
o=

cis120°



P3

Answers

.

6 (i = . 21
@ m 5 10 13 (i) 12e
(i) m=+/20cis153.4° or /20cis2.68 i) (@) V3-i
. [—-TC
(iii) (iv) (b) 2 c1s(?)
Exercise 11.6
11-2ik=15k=3
2 p=-78
N Other roots are 2 + 3iand 2 — 3i.
ol 3 (i) z=-2iori
(if) The coefficients of the polynomial are not real
7 Letz=x+iy numbers.
1__1  x-y a (i) z=2,-2,2i,-2
z x+iy  x-liy .
. (ii) Im
__ Xy 31
S x- izy2 ze
= Al ly T Re
=72 P —t————t+———
X +y -3 -2 —1_1“ 1 2 3
= Z* =2
|z Sl
8 (i) z>=13cis(-1.176) or 13cis(-67.4°)

(i) z=(3cis-1.176)* -
(i) z=/13 cis (-0.588)

(iv) z=+13cis (2.554)
(v) z=-3+2i or 3-2i

5 (i)
(i)

6 (i)

9 5-2i or -5+2i

6 B 3a
4+a°

(ii) (a)
(b) a=+

10 (i)

4+a°
a=2

-

T.
=i
2

11 (i) 2e
3

(i) 2e4 (i)

(i) /13e7 0% (i)

T.
—1

(iv) 5e2

12 (i) %+§i

(i) 1.08-1.68i
(iii) -4
(iv) 33 3.

2 2

The solutions are all 90° apart.

k =-4; other solutions are -1+1,-1-1, 1 -1
Roots 2 +1, 2-1, -2i, 2i

A=-4, B=9, C=-16, D=20

2

o’ =2i o’ =-2+2i

2> +32° +pz+q=0
-2+2i+3(21)+ p(1+i)+g=0
-2+2i+6i+p+pi+g=0
(-2+p+q) + B+p)i=0

-2+p+g=0 8+p=0
-2-8+gq=0 p=-8
q=10
l1-iand -5
Im
54
44
34
24
14
JE | | Re
s 43210\ 23 45




7 (i) 1-2i 2 (i) Zn+%=zn+z—n
(i) The equation has 3 roots. Since roots occur in ¢ — (cisO)" +(cis®)™"
conjugate pairs, we have two roots so the other 510+ cis{nf
must be a real number. =cisn® +cis(-nd)
=cosnb +isinnb + cos(-nO) +isin(-n0O)
(i) x=-3 A=1 ,B=-1 =cosnB +isinnb + cosnb —isinnd
8 (i) 3*+3*-7x3-15 =2cosnb
=27+9-21-15 R S
— 0 Zn
3 isaroot = cisnb —cis(-n0)
o X =cosnb +isinnb — (cosnd —isinnb)
Z" +4z+45 =2isin(n0)
z-3|22+2*-7z-15 14 1 1
(ii) (z+— :z4+—+4(z2+—)+6
z A 22
z> +4z+5=0 A
(2c0s0)” = 2 cos 40 + 4(2c0s20) +6
(z+2)*=-1
e 16 cos*0 =2 cos 40 + 8cos 20 + 6
Z+2=44/-
49 — 1 1 3
=24 cos @ —8(‘,0549+2c0520+8
.. Otherrootsare -2 +iand -2 -1i = %( cos 40 +4cos 26 +3)
1
(i) im (i) (a) 7, 2isin®
3T ( l) i(2cos0)
ilz+=
24 z
o . _ 2sinf
3 50 | 5 3 2cos6
o =tan 0
-2 5
-3 1- z-z7"
) L-tan’e_ liz+z™)
9 (i) o+p=3

aa*=1+i)1-i)=1-i=1-(-1)=2
af =(1+i)(2-i)=2-i+2i-i* =3+i
(i) x*-2x+2=0
(iiif) o =1+iisarootso 1-1iisaroot
B=2-iisarootso2+iisaroot
z-62% +152%-182 +10=0

NE!
10 n=4,a=—b==
n a 2 2

Stretch and challenge

1 Ify=..-3n,-7%,m,3°,5%...

then (cos y =-1)(e*)=3 has no solutions

Ify=...—4m,—2m, 0,27, 47, 6%...

then cosy=1e*=3 = x=In3

25 2
1+tan” 6 . 7oz
i(z+z’1)

1=

iz(z2 +i2+2)
z

1+ 2c0s260-2
B 2¢c0s20 +2

B 1| 2cos26-2
2¢c0s20 +2

2¢08260 +2+2cos260-2
3 2¢0s260 +2
T 2c0820+2-(2c0s20-2)
2c0s260 +2
_ 4cos20
4
=cos 20
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Answers .

3 (i)
(i)

(ii)

4 (i)

(ii)
(ifi)

5 (i)

(ii)

4096
1 (n) 1 (1 ) 1.(97:) 1. 37:) 1.(77:)
—cis —cis |, —C1S{ — |, —CIS —CIS| ———
2 10 2 2 10/ 2 10) 2 10
(a) (cosO+isin6)’
=cos’ 0 +5icos” Osind
~10cos’ @sin’ 6
~10icos’ @sin’ @
+5cosOsin? @ +isin° @
(b) (cis.@)5 = cis560 = cos 50 +isin 50
. sin50 = 5c0s*0sin@ - 10cos’ Bsin> O + sin°
=5(1-sin%0)? sind
-10(1- sin29) sin’6 + sin°0
= 5(1—25in29 + sin49)sin9
~10sin>@ +10sin’ O +sin° O
= 5sin@—10sin>0 + 5sin’ O
~ 10sin°0 +10sin O + sin° @
= 16sin° 0 — 20sin>0 + 5sin° O
. T . T or -7 -3n
() x=sin—, sin—, sin=—, sin|——|, sin
10 2 10 10 10
r{4)-7
5\_3
r(3)=4Vn
C,—c,- ¢,k and -k
p(z)=(z—(a+bi))® +r*
1 .
=lz—|1+ 1+ il +2+2)*
( (e - ﬁ)) a2
22=82,8, u—a+1|b|
2 2
(@) f(0)=c=1++
2
i\ i
f2(0):62+c:(1+5) +(1+5
3i
f20)=2+=
©=7+3
and
|f2(0)|:i(1/49+36):@>2,
soz:1+%is not part of the set.
f(0)=c=i

£2(0)=c* +c=(i)* +i=-1+i
and |£2(0)|=+/2 <2, s0 OK so far.

£3(0) = (-1+1)* +i=—2i+i=~-1
and |£3(0)|=1<2, so OK so far.

£4(0)= (—i)2+ i=-1+1iand so the process
will loop continually with | {"(0)| <2 for
all n,and z =1 is part of the set.

f2(0)=a+\/£+i(a 3+\/EJ
2 2

Lpgel, (33,1
andwhena—s,f (0)—8+ 16+{ S +4)

(b)

1+2\/§+{\B+2j

8 8

s0 | £2(0)|=Ly/(1+243)% + (3 +2)°
—1J13+43)+(7+43)
—1J20+8V3)=1/5+23)

Exam focus

1() (a) -8 +i
(b) 1-7i
(€) F+i
U
(i) (@ -3-3i
(b) Im
3 4
2
1 4
2 u=2+3i, w=2-3i

u=-2+3i, w=-2-3i

3 (i), (ii) and (iii) (a) Im




(i) (b)

sin@ =%:> 0=418°

Sor=90°-41.8°=48.2°

4 (i) 1-2iis another root
(ii) x=-landx=2
5 () w==/18i

i) (a)  |z-(3-3i)|=<2

Re

1 2 3 4 5

(b)
‘q
"‘
p=\/§—20r3\/§—2
g=+18+20r3v/2+2
a=-73.1°
B=-16.9°
6 (i) k=3

(i) (a) (z-3)(z%>+22+9)=0
if(z2 +22+9)=0

= -2+./4-4(1)(9)

= 2
2+J4-36 2432
T2 T 2
—24+/32i%
s
_2+4i2
2

z=-1+22ior -1-2/2i
z=3, -1+ 242, -1-22i

(b) Roots are\/37, —\/5, 1+\/§i, —1—\/51,
1-v2 i, -1++/2i
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Answers .

Past examination questions

1 Algebra
1 a=4. Other factoris x*-x+2
2 -l<x<-1
3() a=3
i) x<-3
4 -3<x<1
5 -7<x<l1
6 () a=-7
(ii)  Quotient is x” +5x -2
7 () a=-1,b=-21
(i) p(x)=(x+2)(3x-5)(2x-1)
8 x<-8 and x>0
9 () a=2,b=6
(i) plo)=(x+2)2x-1)(x-3)

2 Logarithms and exponentials
1() 4=

(i) x=-1.58 or x=1.58 (2dp)
2 0.313 (3sf)
3 -1.68 (2dp)
4 0.107
5 (i) 2°+3(27)=4

3

2" +—=4
2

3
y+—=4
Y

y2+3=4y
y2—4y+3:0
(ii) x=0orx=1.58
6 0.763
7 A=111, b=1.65

8 342

1 (i)

(i)

2 (i)

(i)
3 (i)
(i)

3 Trigonometry

c0s40 +4c0s20=8cos* 6 -3
LHS

=(2 c03220—1) + 4(2<:os2 6-1)
=(2(2cos’0-1)> 1) +8cos*H -4

= 2(4cos4 6 -4cos’6 + 1)-1 +8cos’ 0 -4
=8cos*0-8cos* O +2-1+8cos* O -4
=8cos?H-3

=RHS

0=27.2°0r 332.8° or 152.8° or 207.2°

tan(x +45)-tan(45-x)=2tan2x
LHS

B tanx + tan45 tan45-tanx
" 1-tanxtan45 | 1+tan45tanx

_tanx+1 1-tanx

" l-tanx l+tanx

_ (tanx + 1)2 -(1- tanx)2
~ (1-tanx)(1+tanx)

B tan? x + 2tanx +1—(1-2tanx + tan” x)
a (I-tanx)(1+tanx)

4tanx

1-tan®x

( 2tanx )
=2 T2
1-tan” x
=2tan2x

=RHS
x=22.5° or 112.5°

5sinx +12cosx =13sin(x +67.38°)

0=274° or 175.2°

4 x=48.2° or 120°

5 (i)
(i)
6 (i)

(i)

3cosx +4sinx =5cos(x -53.13°)

x=78.9°, 27.3°

tan(x+45°)=6tanx

tanx + tan45°
1—tanxtan45°
tanx +1

=6tanx

=6tanx

1—-tanx
tanx +1=6tanx(1—tanx)

tanx +1=6tanx—6tan> x
6tan® x —5tanx +1=0

x=18.4° or 26.6°



7 0=48.6° or 131.4° or 270°
8 60=9.9° or 189.9°
9 (i) LHS
sin’ 29(cosec29 —sec? 0)
=Sin2 20 ;2—%)
sin“@ cos” 6
2 .2
cos” 0 -sin 9}

=sin® 20 3 3
sin“6cos” 0

=sin” 20 3 5
4sin“6cos” 0

4cos29)

sin” 20

4(cos® 0 -sin’ 0) J

=sin% 20

=4c0s20
=RHS

(ii) (a) 6©=20.7° or 159.3°

(b) 83

4 Differentiation
1y=x

2 x=g(20 -5sin20)

dx dy .
10 =a(2—2cos20) 30 =a(2sin20)

dy dy do_  2asin26
dx dO dx a(2—2cos20)
_ 2sin260
~ 2(1—cos20)

y=a(l-cos20)

__ 2sinBcosf
(1-(1-2sin%6))
_ sinfcosO
~ sin?6

cosO
~sin@
=cot0

3x:\/§
3

4 x=1.206 or 0.365

5 (i) x2y+y2:6

d d
2Y 0, Y
2xy +x +2y] 6

(x* +2y)%=6—2xy

dy 6-2xy
dx  x? +2y

(if) 2x-5y+8=0

Ja-x)1+x)?

1

Ja-2)1+x)(1 +x)?
1

Ja-x%)(1+x)

I S
JA-x*)1+x)

. Gradient of normal = (1 +x)V1-x

8 (i) 2x+2y+2xjx—y—2ij—y:0

At(-2,2)

2(-2)+2(2)+ 2(—2)jx—y - (2)jx—y =0

dy  dy
“4+4-4—2-4—2=0
Tt
dy
_8—:0
dx
dy
2o
dx

So tangent is parallel to the x axis.

(ii) y=2x-2
9 (i) % =2sin’tcos’t
i) y=3x+1

10 9x +2y-16=0

2

1
N

o .
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Answers .

11 (i) gx—9:4sin6cost9
dy_dy de
dx dO6 dx
Aeec2B. 1
= dsecd 4sin@cos6
41
 cos2@ 4sinBcosO
I S
sinfcos> @
(ii) y=4x-4
2
12 y: € ’
1+e**
d_y_Zer(1+er)_262x(er)
dx (1+e**)?
2e2%
(14622
When x =In3
d_y_ 2621n3
dx (1+6211’13)2
2eln32
- (1+eln32 )2
__209)
(1+9)?
_18
100
_9
50

5 Integration

1 (i) % =2sec’2x

1
(i) J()gn sec?2xdx

[tan 2x]0th

]

:%\/g

N =

D=

1
—-T
J06 tan” 2xdx

1
= jo6n(sec2 2x-1)dx

1

=[tan2x-x]¢

0
_1 1
_\/_3__1-5

(iii) iﬁ

d)’_ 2
d9—4sec 0

2 (i)

(i)

(i)

3 (i)
(i)

(a) LHS:
2
sec” x +secxtanx
1 1 sinx
2t ’
cos“x COSX COSx

1 sinx
= 5 =+
cos” x
1+sinx

COS2 X

=RHS

COS2 X

(b) sec’ x +secxtanx

_1+sinx

COS2 X

1+sinx

- (1- sin’ x)

1+sinx

- (1-sinx)(1+sinx)

_ 1
1-sinx

dx \cosx cosZ x

sinx
cos? x
_ 1 sinx
" COSX COSX
=secxtanx

n
f4 1. dx
o 1-sinx

= J.Z(secz x+secxtanx)dx
0

i( 1 ):0-cosx—(—sinx)~1

T

=[tanx+secx]4

0

:(tanE + secE)—(tanO +sec0)
4 4

1
=1+T—1

vz
=2

0.98

Using 6 intervals would be closer to the actual
value of the integral. Since the value from

(i) overestimates the true value, the value using
6 intervals would be less than E.



4 (i) LHS 6 (i) cos(3x—x)=cos3xcosx +sin3xsinx
=1-2sin” 260 - 4(1-2sin° 0) +3 cos(3x + x) = cos3xcosx — sin3xsinx
=1- 2(25in9c059)2 ~4+8sin’0+3 %(cost—cos4x)
=1-2(4sin?Ocos’0)-4 +8sin’6 + 3 :%[cos(3x—x)—cos(3x+x)]
=1-8sin’6(1-sin’6)-4 +8sin’6 + 3 =%[(cos3xcosx+sin3xsinx)—
=1-8sin?60 +8sin* @ -4+8sin”6 +3 (cos3xcosx —sin3xsinux)]

_3sinto =1[2sin3xsinx]|
= RHS =sin3xsinx
=RHS
(i) L2rn-3) !
—T
(ii) J3 sin3xsinxdx
- COSX 1
5 (i) y=cotx=—=— "
sinx
. 1n
dy _—SlnX'Slnx—COSX'COSX :j3 l(cosz_x_cos4x)dx
F 2 1.2
sin” x 5
—(sin® x + cos’ x) 1a
= _ 1| 1 1o 3
sin” x —5[5sm2x—zsm4x]l
1 6
= (L2 L4 Laindlo_ Lain2
Sin2X —(Zslngﬂ:—gSlﬂgﬁ)—(Zslngn—gslngn)
=-cosec’x | M3 N3 | ﬁ_ﬁ
8 16 8 16
- 2 2
i = -
(i) cot“x=cosec“x-1 NG
I s
-[12 cot? xdx
o 7 (i) 3.41(2dp)
1
1. ..
:Lz (cosecx —1)dx (i) AreaB=2.59 (2dp)
4 . Since the calculation of Area A overestimates
~[-cotx- x]§ the true value of A, this approximation will be
i‘rc an underestimate of the true value of B.
=(—cot%n—%n)—(—cot%n—%n) 8 k=13
—(0o-Llm)_(-1-1 - - -
=(0-3m)-(-1-4m) 6 Numerical solution of equations
=1-1
il 1 G)
(iii) cos2x=1-2sin’x
1 _ 1
1-cos2x  1-(1-2sin’x)
_ 1
2sin® x
L cosec’s (i) f14)=-0264 £(1.7)=0.231
wheref (x)=lnx+x-2
j 1 d _Jl 2
—————dx = | cosec xdx ) .
1-cos2x Change of sign so root is between 1.4 and 1.7.
=—Lcotx+c

(ii)

(iv)

x=%(4+x—21nx)

3x=4+x-2lnx
2x=4-2Inx
x=2-Inx

Inx=2-x

1.56 (2dp)

1
N

o .
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Answers N

2 (i)

(i)

(iii)
3 (i)

(i)

(iii)

y=x%cosx

jx—y =2XC08Xx + xz(—sinx)

.. M satisfies
2 .
2xcosx—x"sinx =0

2 .
2xcosx =x"sinx

2c0sx = xsinx

g:sinx

X COSX

gztanx

X
f(1)=-0.443 £(1.2)=0.905

where f(x)=tan x +_—2
x

Change of sign so root is between 1 and 1.2.

1.08 (2dp)

£(0.6)=1.022 f(1)=—2.36
where f(x)=cos x +1—4x>
Change of sign so root is between 0.6 and 1.

0.73 (2dp)

4 (i)

(ii)

5 (i)

(ii)
6 (i)

(i)

(ii)

1.82 (2dp)
Equationis x= %C + %
8x° =7x° +20
x°=20
x=3/20
Area shaded region

= Area triangle OCT - Area sector OBC

=14 _1,2
=5 rrtanx—5rox

=%r2(tanx—x)

L (tanx—x)=1mr?

2 2

tanx-x=T
tanx=x+T

1.35 (2dp)

f(1.1)=-0.018 £(1.2)=0.0987
Change of sign so root between 1.1 and 1.2.

1.11 (2dp)



7 Further algebra

1 (i)

(i)

2 (i)

(i)

3 (a)

1 2x
f(x)=1-—+
0 x-1 x?41

3
1—L+ 2x dx
5 x-1 x?41

=|x-In|x-1|+In|x* +1]
[ ]

3

2
=[(3-1n2+1n10)-(2-1In1+In5)]
=1+In10-1n2-1In5
:1+ln(%)—ln5

=1+In5-In5

=1

1, 4 2

fl)= x—1 x—2_x+1

f(x)=-(x-1)"+4(x-2)" —2(x+1)7"
=—(-1+x) " +4(2+x)" =21 +x)7"
= (1) 1-x)"+4
x(-2) (1-1x) " 214 )]
= (-2 -2(1-1x) " —20+2) !
(1= x) =14 (1)(=x) + (_1)2#(—)02

FEUEDED oy
3!

=l+x+x+x>+...

_2(1_%,()1_2(1+<_1>(_;x)

AL

+7<—1><—2><—3>(_1x)l...]

3! 2

:—2(1+%x+ix2 +%x3+...)

91,2 1,3
—2x2x e

20 +x)‘1=—2(1 +(-1)(x) +%xz

+7(_1)(_32!')(_3) x3 +.. )

35..)

=2(1-x+x*-x
=2+2x-2x2+2x3+...

f(x):—3)+2x—%x2 +%x3

. A Bx+C

(i) ——+
x+4  x243

(i) A B C
Xx=2 x+2 (x+2)?

3x _ A . B
(x+1)(x-2) x+1 x-2
3x=A(x-2)+B(x+1)
Xx=2=6=3B=B=2
x=-1=2-3=-3A=A=1

4 3x 4 1 2
e — = _+_
I3(x+1)(x—2)dx Iz[xﬂ x_z)dx

=[In|x +1]+2In|x-2|]3
=[(In5+2In2) - (In4 + 2In1)]
=In5+1n22-1n4

=In5+1n4 -1n4
=In5

(b)

1_3 342
4 g e X T ..

5 1-2x+6x2-20x3+...
5x-x2 -2 x+4
N + 2
Q+x)2+x7) 1+x 2+4x

6 (i)

- 5. 2.,7.3
(i) Sx-3x"+7x"...

7 (i) a=2
p(x) = 2x - D(x*+2)
(i) 8x-13_ -4 2x+5
p(x)  2x-1 X242

8 Further integration
1 () x°V1-x%>=0,wherex=0,1, -1
x=siné

dx
@—cosezdx—cose de

l1=sin0=6=

o a

0=sin60=60=0

A:I;xlel—xz dx

n

= IOZ sin0+/1-sin>6 cosO dO
n

= J.OZ sin0+/cos® 0 cosO dO
n

= J.OZ sin6 cos>0 d6
n

= joz i(ZsinQ cos0)* do

n
ﬂ.oz sin?26 do

1
W

o .
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Answers w

2 (i)

(ii) {

2

1 1

(x+1)(x+3)=x+1_x+3

2

2

(x+1)(x+ 3)}

11
x+1 x+3

1

2 1

Tt @D +3) (x+3)

C(e+1)? X+l x+3 0 (x43)

(x:n2_(
1

11 ) 1
x+1 x+3) (x+3)

1 1 1
+

i) ! 4

= J()l[(xﬂ)_z —L+L+(x+3)_2}dx

0 (x +1)%(x +3)?

15
3 41[12— 16

4 (i)

(i)

X

=2sin0

dx

x+1 x+3

1=2sin0= 6=

0=2sinf=>60=0

g=2c059

de
dx =2cos6d6

rl

JO 4
T

Pl

®  4sin

p—

.
6 4sin?

T
js 4sin’0

o 2cos

Jo \4—4sin’0
T
®  4sin’0

Jo \4(1—sin?6)
T
Jo \/4(cos2 0)

2
x

2dx
—x

2
6 2cos6deo

2cos0 do

6 2cos0 do

2cos6 db

n
= j06 4sin*6 do

T
3

3

2

o la

1

1
i1 —In(x+1)+In(x +3) [——x e

l

5 (i)

(i)
(ifi)
6 (i)

(i)

3, _ = Vv =e
A=I xZe ™ dx u=x
0 =2 X
y=—e
=—x2e ¥ - J.—er_x dx R
u=2x| |v'=e
=——xe ¥+ J’erfx dx |,/ =2 e
=—x%e* +[—2xe_x - J—Ze‘x dx]
3
=[—xze_x —2xe © —2e_x]0
—x/. 2 3
:[—e (x"+2x +2)]0
=[-e (3% +2x3+2)—{—€"(0% +2x0+2)}]
=[-e(17)+2]
17
_z_e_3
x=2
x=1
u=tanx

u:tangzl u=tan0=0

du=sec’xdx
du

Sesz

dx = = dx =cos’x du

r
J.04 (tan™"2x + tan"x) dx

T

= J04 tan"x (tan’x +1) dx
1

= .[0 u"(sec? x) cos® x du
1

= J u" du
0

1
:|:uu+1:|
n+1 0

1n+1 On+1

T n+l n+l
1

T+l

(a)

1
3

(b) 2

9 Differential equations

1 (i)

(i)

1000h =30=>h=0.03
dh

a?=003-kv%
0.02=0.03—kx~/1
k=0.01

. dh

9 _0.03-0.01VR
dt

=0.01(3-+h)

200( 2] 53]



(ii)
2 (i)

(i)

3 (i)

(i)
(iii)
(iv)
4 (i)
(i)
(iii)
5 (i)

(i)

4min 19s

dx
& 25
a

75 =k x 1000 - 25
100 = k x 1000

k=0.

dx =0.1x-25

dt
dx
—=0.1(x—-2

a 0.1(x —250)

x=250(1+3e%)

&k o-m
02=k(9-1)3
02=kx3/8
02=kx2
k=0.1
dh

1
S 9h_619-nys
a1

h=9—(4—%ﬁ3

9 metres after 60 years

19.1 years

N = 12550k sin(0.021)

k=10.010

N = 125¢0-5025in(0.020) least value of N is 75.7

Area APTN =1TN x PN

tanx = %TN X PN

2tanx

=TN
PN

r_y__ vy
dx TN 2tanx
PN

b

- 2tanx

Y

y2

" 2tanx

= %yz cotx

2

Y 1"In (2sinx)

. dA dA
6 (I) E

dA _dA _dr

X — A:4nr2:>%:8nr
dr

dt  dr ~dt
dr

dt
k><énr3 :871:r><g
3 dt
dr _ 4knr’®
dt 24mr

dr_k

kV =8mrx

k=12

Ldr 35 2
dt 6

——=0.08r

Gi)  r=1"01

(iii) 0=1t<25

. dy

7 — =kx

@ a7
4=kx1x2=>k=2

k
Y
n g

ji dy = ijdx

=2xy

In|y|=x*+C
In|2|=1*+C
C=Iln2-1
sIny=x*+In2-1

y:e(x2 +In2-1)

2
y:ex % eln2>< e—l
2,

y:2ex

(ii) -4

0.736

1
W

o .
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Answers .

8 (i) N=(40 - 30e-0-021)2

(ii) N=1600

10 Vectors

1 (i) Tointersect,
1+2s=6+t
s=-5-2¢
2+3s=4+t

B+s=-2

©OEO

=s=1,t=-3
Checkin (2),1 = -5 - 2(-3)

.. The lines intersect at

1 2 3
r=| 0|+1|1|=]|1 0r3i+j+k
) 3 1

(ii) 7x+y-5z=17
2 (i) 2x+3y-6z=38

(i) Nis(1,2,0)

|ST\I>| =\/(3—1)2 +(5-2)* +(-6-0)*

=49

=7
3 (i) Tointersect,

2+s=-2-2t @
—1+s=2+t ©)
4-s=1+t ®
3=3+2t @
St=0,5=3
Substitute into ()
2+3=-2-2(0)
5#-2

= the lines don’t intersect

+0

242 4
(ii) Pis|-1+2|=|1| or 4i+j+2k
4-2 2
-2-2t 2
(iii) IfQliesonm,| 2+t |=| O
1+t -1

4 (i)

(ii)
(ifi)

When t =-2
-2-2(-2)=2
24+-2=0
1+-2=-1
. Q lieson m
-2 -2
PQ=| 1-2 |=|-1
-5+2 -3
-2 -2

“1 [ 1 E-2(=2)+-1(1) +-3(1)
301

=4-1-3

=0

.. PQ is perpendicular to m.

2+-2(-1)) ( 4
Cis| 2+-2(2) |=|-2| or 4i-2j-k
1+-2(1) ) (-1

0=659°

|A—C>| —J(d-2) +(2-22 +(-1-1)?
=24

~.In AACD,

sin24.1°=£

V24
- AD =+/245in24.1°
AD=2
OR
Using the formula for distance from a point

xi+ y;j+zk toplaneax +by +cz=d

|ax, + by, +cz, —d|

Distance =
a+b* +c?

1) +-2(2) +2(1)- 6|
12 +(=2)%+22
2-4+2-¢|

J9

|
N

N W
&



5 (i)

(i)

6 (i)

(i)
(i)

7 (i)

(i)

(ii)
8 (i)

(i)
(ifi)

2 1
r=| 1+A -3
-2 3

or r=2i+j-2k+A(i-3j+3k)

3 1 5
Pis| 2 |+2|-5|=|-8 |or 5i-8j+7k
-3 5 7

To intersect,
1+s=4+2t
1-s=6+2¢
1+2s=1+t¢
2=10+4t
-8=4t
t=-2,s=-1
Checkin @
1+2(-1)=1+-2
~1=-1

.. The lines intersect

SCECNCXS)

0=74.2°
S5x-3y-4z=-2
1 2

r=2+Al 2
2 -2

Pis 1(2i+5j+7k)

2x+5y+7z=26

lis parallel to p if normal to plane and vector in
the direction of the line are perpendicular

4 2
ie 3.]-2 ] =4(2)+3(-2)+-2(1)
-2 1)=8-6-2

=0
a=4

a=13o0ra=-5

11 Complex numbers

1 (i)
(i)

(iii)

2 (i)

(i)

(ii)

3 (i)

(i)
(iii)

(iv)

1+2i

-4 -3 2 -

126.9° or 2.21

|z)|=1 arg(z;)=60° or g

|z,/=1 arg(z,)=-60° or —g

3
:(lcisE) = 1cis(—£)
3 3
=cisT =cis(-T)
u-v=-3+i
u 1 1.
Z==+=i
v 2 2
45° or &
4

OC and BA are equal in length and are parallel

ZAOB=argu-argv

ol

n
4

1
W

o .
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Answers .

a () k=20 5 () |u=22; argu=Z
- : 4
(i) -2-i

(ii) Im
(iii) |u|=+5 arg(u)=2.68 or153.4° at
34
(iv) mf 3, o
4+
3/: . . . .10“:‘
/_: T
] T
ybmmdelmm g mmmm e
| | | | : Re -2
4 3 290 1 2 33 -3
-1+ : ol
241 :
sl
Ll (iii) 7

6 (i) ‘w2‘=2 argw2=—

‘w3|= 22 argw3=

&3




