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Operations with polynomials

EXERCISE 11

1 State which of the expressions below are polynomials.

If they are polynomials, state the order of the polynomial.

Expression Polynomial Yes / No? Order

sjeiwouldjod yum suonesadp

23

X7 + 2.1:15

+1

x> —2x* -l-ﬁ

x* +/2

54 x+ x4

1 - 3x




P2

Algebra

2 Find the values of the constants A, B, Cand D in the following identities.

i) x’-4=(x-1)(Ax* +Bx+C)+D

OCR MEI Further Concepts for Advanced Mathematics FP1 4755/01 June 2007 Q3

(ii) 2x*-3x2+x-2=(x+2)(Ax2+Bx+C)+D

OCR MEI Further Concepts for Advanced Mathematics FP1 4755 June 2006 Q2

Simplify these expressions as much as possible.

i) Bx*+4x2-2x-1D+(xP-2x2+7x+1)

(i1) Gxt-xP+6x—-11)—-2x*+x2—-4x—12)

(iif) (x*-50Gx*-2x+1) (iv) (x+ 3)(x2 - 2)(x® — 4x)

(v) (o — 1) —{x*— 2)° {wvi) (x4 2)(x°— 1% — x(x>— 1)



4 Use long division to divide the polynomials, giving the quotient and remainder.

i) x+2)x2+3x-1 (ii) x-1)x3—4x+3 _
2
=]
?
s
ﬁl
-
=

(iii) 2x+1)2x* — x3 + 15x2 + 12 (iv) 3x—2)9x>+ 17x + 8 ;.
=]
gl
5
L

i 321 (vi) 4X°=7x°+8x+14

x*+1 x*—2x+1

x4+x3— 3.:1'2 +2x—4

5 Find the quotient and remainder for the division 3
x“—x

3
6 In the division b i the remainder is 2. Find the values of a and b.

x*—b




P2 Solution of polynomial equations

EXERCISE 1.2

1 (i) Find the remainder when f(x)=x>— 3x%—6x + 8 is divided by each expression.

(a) x+1 (b) x-3

Algebra

(c) 2x+ 1 (d) x-1

(ii) Using your answers to part (i), fully factorise f(x).

(iii) Hence solve f(x) = 0.

2 (i) Show that x + 1 is a factor of the polynomial h(x) = 2x> —5x% —4x + 3.

(ii) Hence factorise h(x) fully.

e FE SRR
(iii) Solve h(x) = 0. 24

(iv) Sketch the graph of y = h(x). -7+




3 Find the value of the constant p given that x — 4 is a factor of x> —3x* + px.

.lg

4 Find the value of the constant m given that 2x — 1 is a factor of

flx)=2x*—=5x3 + mx? — x + 4.

Hence factorise f(x) completely.

suoinjenbs |eiwouljod jo uoiinjog

5 When the polynomial f(x)=x* —6x> + 7x* + px + g is divided by x + 1 the remainder
1S Zero.

When f(x) is divided by x + 2 the remainder is 72. Find the values of p and g.




6 Find the values of pand g if x — 2 and x + 1 are factors of f(x)=x*+ px® +9x*+gx —12.

P2

Algebra

7 When the polynomials h(x)=x* —8x® + kx*— 6x—9 and g(x)=kx> +3x> +7x +13 are
divided by x + 1 the remainder is the same. Find the value of k.




8 The polynomial 2x? + 6x? + ax + b, where a and b are constants, is denoted by p().

It is given that when p(x) is divided by x + 3 the remainder is —25 and that when p(x) is
divided by x — 2 the remainder is 55.

(i) Find the values ofa and b.

(ii) When a and b have the values found in part (i), find the quotient and remainder

when p(x) is divided by x* +1.

P2

suoinjenbs |eiwouljod jo uoiinjog




? +ax® + 3x be a polynomial, where a is a real number.

P2 9 Letp(x)=x
When p(x) is divided by x — 2 the remainder is 26.

Find the remainder when p(x) is divided by x + 4.

4
=
<

10 When x* — 2x3 — 7x2 + 7x + a is divided by x? + 2x — 1, the quotient is x? + bx + 2 and
the remainder is cx + 7. Find the values of the constants a, b and c.




The modulus function

EXERCISE 1.3

1 (i) Sketch the graphs of the following }é A
on the grid. 7 -
_ 61 +
y=lx+2| 51 3
af £
y=|x| +2 34 4
2+ -
y=|2x] 1} 3
—_— — "3“-
y = 2| 8-7-6-5-4-3-2-19] 1 2 34567 8x =

30l

y==2|x| 31

-4 +

454

_,6 4

Wi 218

-84

(ii) Describe what effect the constants a, b, ¢, d and ¢ have in these equations.

Equation Description

y=|x+al

y=|x|+b

y = |ex]

y = d|x]|

y = —e|x]|




2 Sketch the graphs.

P2

(i) y=|3-x

y=[2x-1]

(1)

A

1@

B

=y

T mM

T
et
s U R

I

[

1+ m

I

T

+ W0

I

*X

1w

+ N

+ =

Tm

T~
L] |} ¥ ! I U- ] I I 1 LI
un M N ~— ™~ m wn WO
R T _ _4 A

R

1T

T

!

eiqab|y

=2|x + 1]

(i) y

-

1 23465 6x

-6-5-4-3-2-10]

123456«

:_1:0

£5. 437

(vi) y=2—|x—1|

(v) v=|3-2x|+1

10




'3 The graph of y = sin x is shown for -2m = x = 2m.
On the axes sketch the graphs of the equations given.

(i) y=|sinx]

(ii) y=sin|x]|

.'g

uoouUNy sNjNpow ayj|

11




P2

Algebra

12

4 Solve the following equations.

i |x-1]=2

(iii) 7 - |3 +4x| =2

(v) |2x—1|=|x+ 3|

Solve the inequalities.

(i) |x+2|<5

(i) |x+ 1] < |x- 2|

(v) |4x] = |3 - x|

i) |2x+3|=7

(iv) |x+4|=|x-2|

(vi) |3x+4|=[4 - x|

i) [3x-1|=8

(iv) |2x-3|> |x+ 3]

(vi) 3|x+2|<1-x



6 (i) Solve the inequality |2x+ 1| = |x - 3|.

(ii) Given that x satisfies the inequality |2x + 1| = |x — 3|, find the greatest possible
value of |x + 2.

OCR Core Mathematics 3 4723/01 June 2010 Q5

7 Solve the equation |3x + 4a| = 5a, where a is a positive constant.

OCR Core Mathematics 3 4723/01 January 2011 Q1

8 Given that a is a positive constant, solve the inequality |x — 2a| < |x + a|.

.lg

uoouUNy sNjNpow ayj|

13




P2 | Stretch and challenge

1 When the polynomial f(x)=x>—ax?+12x + b is divided by g(x) =x +5 the
quotient is x>+ 10x + ¢ and the remainder is 150.

Find the values of a, b and c.

£
=
<<

2 The solution to the inequality |ax — b| < |cx — d| is 0 =< x =< 2, where a, b,c and d
are constants.

Find three different sets of values for a, b, ¢ and d that make the inequality true.

2x+1

x—1

3 Solve = 2.

14




4 The formula for the roots of a general quadratic equation ax? + bx + ¢ = 0 is well
—b + J b? — 4ac
2a '

A similar formula for the roots of a general cubic polynomial ax’+bx® +cx+d =0
is more elusive!

lkknown as x =

(i) Given that one root of the cubic is x = r, show that
ax>+bx? +cx+d
X—7

= ax2+(b +ar)x+(c+br +ar’ ),

(ii) Hence solve the quadratic factor of the polynomial to obtain a formula for the
other two roots of the cubic in terms of a, b, c and r.

P2

abusjjeyo pue yojeng

15




5 The numbers a, b and c satisfy the following three equations.

a+b+c=5 a’l+b:+c2=9 l-l-l+l=,2.

a b c
(i) Find the value of ab +ac + bc and abc.

4
=
<<

(i) Show that a, b and c are the roots of the equation x> —5x*+8x—4=0.

(iii) Find the values of a, b and c.

6 A polynomial f(x) of degree 45 has a remainder of 4 when divided by x - 1, a
remainder of 7 when divided by x — 2 and a remainder of 25 when divided by x — 4.

Find the remainder when f(x) is divided by (x — 1)(x — 2)(x — 4).

16




- Exam focus P2
1 The polynomial p(x) is defined by p(x) = ax> — x* +8x+a—1, where a is a constant. _
[2]

(i) Given that x + 2 is a factor of p(x), find the value of a.

SN20j wexy

(ii) When a has this value:

(a) factorise p(x) completely [3]

(b) find the remainder when p(x) is divided by x — 3. [2]

2 The polynomial ax’—8x*— 2x — a is denoted by f(x). When f(x) is divided by x — 2 the
remainder is —15.

(i) Find the value of a. [3]

(ii) When a has this value find the quadratic factor of f(x). [3]

17




P2 3 Solve the inequality 4|x — 1| = |x + 2|. (4]

Algebra

4 (i) Find the quotient when the polynomial 6x? + 13x% — 14x + 10 is divided by

3x2 + 8x — 3 and show that the remainder is 7. [3]
(ii) Hence, or otherwise, factorise the polynomial 6x* + 13x? — 14x + 3. [2]
5 Solve |a — x| < 2|x + 3al. [4]

18




Logarithms and
exponentials

Logarithms and exponential functions

EXERCISE 2.1

1 Write an equivalent logarithm statement for each of these.

(i) 2*=16 (i) 3°=27

' 2 Write an equivalent index statement for each of these.

(i) log, %= -1 (ii) log;9=2

(iii)

(iii)

'3 Find the value of each of the following (without using a calculator).

. S 1
(i) log,8 (i) logém
{i\f} 10310100 (V) lﬁglg 0.1
(vii) log,¢ 4 (viii) log;5+/5
(x) log ;54 (xi) logg2
T i) 8

log?2 log27

4 Find the value of the unknown in each equation.

(i) log,a=5 (ii) logsb=-2
(iv) log,8 :% (v) log: -ilg =g

(iii)

(vi)

(ix)

(xii)

(xv)

(iii)

(vi)

log%27

log-1

10g30 30

logy /3

log0.2
log25

log.27=3

log,c 6=

\

suoijouny jenuauodxe pue swyiebo
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Logarithms and exponentials

20

5 Evaluate these logarithms.

(i) log,a (ii)  log, b’ (iii) log,1
(iv) log,3/d (v) logeé (vi) logf-j-—?-

Write each expression as the logarithm of a single number.

(i) log5+log4 (ii) logl4 —log2 (iii) 3log4
(iv) {log36 (v) 2log3+3log2 (vi) 1logl100- 2log5
(vii) log8— log2 + log5 (viii) 2log5 ++log64 — Llogl21

Ifa =log2and b =log3, write the following in terms of a and b.

(i) logé (i) logl2 (iii) logs

(iv) log8 (v) log0.2 (vi) 105\—%



(i) log,oA=2log,zb+1

Solve these equations.

(i) 2*=12

(iii) 6°*=4*"

(v) log,x+3=log,(x+3)

(vii) log, (x+4)— log; (x—4)=1

(ii)

(ii)

(iv)

(vi)

8 Write the following equations without logarithms.

2logs D =logs (E—1) + log 3

3x+1 24

I

2%"13* _ 16

log:(x—1)=log: x—1

(viii) log,(x—1)=log, x—1

(x)

7x+2 ] 7x+72

.'E

suoljauny jenuauodxe pue swiyiebo
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Logarithms and exponentials
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10 Solve the inequalities.

(i) 4¥*2-2<18 (i) [3%-2|=1
11 Find the values of a and b from the graphs below.
(i) y=a(2*)+b (ii) y=logy(x+a)+b
YA
(2, 14) 24

(12, 2)

R T S R T S R T s B el S i s S i i
=y 9 4 6 8 10 12 14x

b= d = b:

12 The magnitude (M) of an earthquake is measured on the Richter scale using the formula

M :]ggm-i:, where [ is the intensity of the earthquake and S is the intensity of a

‘standard’ earthquake.

In 2010 an earthquake in Christchurch, New Zealand registered 7.1 on the Richter
scale and in 1985 Mexico City experienced an 8.3 magnitude earthquake.

(i)

How many times greater was the intensity of the Mexico City earthquake than the
New Zealand earthquake? Give your answer to the nearest whole number.



(ii) Find the magnitude of an earthquake that would be half the intensity of the
earthquake in Mexico City.

(iii) Find the magnitude of an earthquake that would be double the intensity of the
earthquake in Christchurch.

13 The loudness of a sound (L) is measured in decibels (dB) according to the formula

I = ZD]ogm[Pﬁ), where P is the power (or intensity) of the sound and P, is a fixed

Q
reference power.

A rock band registers at 110dB and a plane taking off is 125 dB.

How many times greater is the intensity of the sound of the plane compared to the
rock band?

' 14 Solve simultaneously.

2logio x +logyo y=2
xy* =80

\

suoljauny jenuauodxe pue swiyiebo
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Modelling curves
P2 v

EXERCISE 2.2

1 (i) Show that the equation y = kx? can be written in the form log y = plog x + logk.

(ii) Hence state the gradient and y intercept of the straight line on the graph of
logy against log x.

Logarithms and exponentials

2 The equation of the line of best fit for a set of data on the graph of log;; ¥ against x is
logip ¥y =0.7x +3.5.

Find a suitable model for the data in the form y = A(b)".

3 The average weight loss (Wkg) of a large group of people on a diet is measured after
1, 2,5 and 10 months () on the diet.

It is proposed that the average weight loss after m months on the diet can be modelled
by an equation of the form W = Am®, where A and b are constants.

(i) Complete the table.

m w log,,m log,, W
1 8.00
2 5.66
5 3.58
10 B
24




(ii) The graph of log,, W against log,,m
is shown on the axes.

Use the graph to determine the
values of the constants A and b.

(iii) Based on this model:

(a) calculate the average weight loss
at 12 months

(b) find when the average weight
loss will be less than 1 kg.

4 The average length (L cm) of male babies
born in Karachi is measured at regular
intervals.

Let ¢ be the age in months of the babies.

A doctor proposed that the data can be
modeled with an equation of the form
L=Ab', where A and b are constants.

(i) Complete the table.

logW

A log W against log m
1.00 4
0.90 4
0.80
0.70
0.60
0.50
0.40 -
0.30 4
0.20
0.10
I | I | | 1 I I 1 I*
0 0102030405060708091.0
logm
t L log,, L
0 >0
5 57
10 66
15 77
20 87
36 128

(ii) Show that the equation L=Ab' can be reduced to linear form by taking logarithms

of both sides.

\

sanino Buljjepo
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(iii) The graph of log;y L against t is shown. Use the graph to determine the values of

A and b.
log [ against t
25 4
- ®
PRERET ERAL JamEb
2 18
g 4
0.5 -
] ] ] | 1 I ] |*‘
0 5 10 15 20 25 30 35 40
t {(months)

(iv) What does the model predict the height of an average 18-year-old man will be?

Is your answer reasonable? Why or why not?

The line with gradient -2 and y intercept 1 fits the points on the graph of
log;o v against log;yx.

The equation y= Ax” models the relationship between x and y.
(i) Find the values of A and b.

(ii) Find the value of y when x = 20.



6 The variables x and y satisfy the equation y =kb™*, where k and b are constants.

The graph of log,, ¥ against x is a straight line passing through the points (1.3, 3.4) and
(4.2, 0.7).

]Dg*]o_y A

0

Find the values of k and b correct to 2 decimal places.

7 A golfer wants to model the distance she hits the ball (D) as a function of the loft in
degrees (L) of the club.

To do this she hits 100 golf balls and finds the average distance the ball travels for

each club.
The graph of log;, D against L is shown. - 4  Distance against Club loft
(i) Two models are proposed initially: 5. .\\
Model A: D=kI[? and o 1.54
Model B: D =k(p)" = 5
where k and p are constants. i
Based on the graph, which model is i 0 10 20 30 40 50 60 ?lﬂh

correct? State a reason. Club loft (L)

P2

sanino Buljjepo

27




P2 (if) Find the values of k and p.

(iii) Using this model find the loft that would be needed to hit the ball 120m
on average.

Logarithms and exponentials

(iv) Discuss the limitations of the model.

8 The variables x and y are related by the equation y* =mx", where m and n are
constants. The graph of log,, ¥ against log;, x is a straight line passing through
(0, 0.25) and (4, 5).

Find the values of m and n.

28




The natural logarithm function

EXERCISE 2.3

1 Solve the following equations, giving your answer exactly.

i) %=y (ii) In2x =-é—lnl6 +-§~1n8
(i) In(x+1)+1=3 (iv) e**+e*=30

(v) Inx—Ind=In(x—-4) (vi) 3e*+1=2e*

(vii) Inx =In(x +1)+1 (viii) e** —e?* =2¢*

' 2 Write these equations without logarithms.

(i) InA=3InB+2In3 (ii) -%lnP—-an=31nR+1

.lg

uoljauny wiypiebo] jeinjeu ay|
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3 Simplify.
P2

4 The variables x and y satisty the equation Iny A
y = AxP.

Given that the graph of Iny againstInxisa (8.1, 12.3)

straight line passing through (1.2, 0.5) and
(8.1, 12.3), find the values of the constants

Logarithms and exponentials

Aandd : (1.2, 0.5)
-
0 In x
5 The number of bacteria in a colony, 2. A
N, can be modelled by the equation
N =1000e"#, where ¢ is time in hours o~ 12000 -
since measurements were started. % 10 000 -
" " e g - X S 8 000 -
(i) Whatis the initial size of the colony? &
2 6000 -
=
2 4000 -
=
2 000 4
(ii) Find the number of bacteria after
] I I | | | ]
5 hours. O 1 2 3 4 S5 6 7

t (hours)

(iii) Calculate how long (to the nearest minute) it took for the bacteria to double in number.

30




(iv) Find how many hours it would take for the number of bacteria in the colony to

pass 1 million.

6 Find the x co-ordinate of the point of intersection of the two curves y =e*'and y=e™*.

X

7 The diagram shows the curve y = ek~ — g, YA

where k and a are constants.

(i) Sketchthe curve y =‘«=.l-"':Jr - a‘ on the

axes,

(ii) Given that the curve y =|ekx - a‘
passes through the points (0, 13) and

=Y

(In 3, 13), find the values of k and a.

8 Itis given that p = ¢80 and g = 390,

OCR Core Mathematics 3 4723/01 January 2009 Q7

"
(i) Uselogarithm properties to show that ln[ i] =261.

q :

(ii) Find the smallest integer n which satisfies the inequality 5" > pq.

OCR Core Mathematics 3 4725/01 June 2012 Q2

.'E

uoljauny wiypiebo] jeinjeu ay|

31




P2

Logarithms and exponentials

32

Stretch and challenge

1 Evaluate these expressions.

(i} 10g4 15’%

e Inm
(iii) e'™®

(ii) lﬂgz

(iv) 367183

2 For the following equations state whether they are:

Always true Sometimes true Never true

Explain your reasoning.

(i) log,b=log,a

(iii) log,a=0

loga
logh

(v) =loga— logh

(vii) log, x +log, x =log,, x

(ii) log,a=1

a

(iv) log,(log,a)=1

(vi) log,log,log.c=0



3 Solve the equation 3(2*)—4* =2.

4 Solve log; x +log, x —1=1log. x.

5 Show thatif3log, ¥ +3log yXx =10 then y = X ore=y.

6 If2log(x—2y)=logx +logy find the possible values of f ;

\

ebusjjeyo pue ysjens
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7 The average speeds of cars (Skm/h) along a stretch of highway have been measured

OVEer many years.

Year 1990 1995 2000

2005

2010

104.5 106.3

Average speed, S 103.2

108.5

112.4

A model of the average speeds is given by S =100 + ab’, where ¢ is years from 1990

and a and b are constants.

(i) By drawing a suitable graph for 0 = t = 20, find the values of a and b.

34
o
T
Ly
B
0 I 1 I 1 I | I I 1 I T I 1 I I I I*
0 4 8 12 16 20

t years from 1990

(ii) According to the model, what will the average speed of cars be on the highway

in 20307

(iii) Discuss any limitations of the model.

8 The variables x and y are related so that when xy is
plotted against x2, the result is a straight line passing
through the points (4, 6) and (9, 21) as shown.

(i) Find the value of y when x = 6.

(ii) Find the two possible values of x when y = 7.

Y A

(4, 6)

(9, 21)




9 Solve the equation 3'%80* = 2(3!+1080% ) 4 57

ae™

10 Find all real solutions of e <1, where a is a positive constant.
e —

NZQA Scholarship Calculus 2011 Qla

\

ebusjjeyo pue ysjens
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P2 . Exam focus

1 The variables x and y are related by the equation y = Ab* where A and b are constants.
The graph of In y against x is a straight line passing through the points shown.

g g (5.9,9.4)

:

s

=

=

: .

.a 0 =

S Find the values of A and & to 3 significant figures. [6]

2 Solve the equation 6" = £ 16 giving your answer correct to 3 significant figures. [4]

36




(i) Show that the equation log,(x — 4) = 2 - log, x can be written as a quadratic
equation in x. [3]

(i) Hence solve the equation log,(x — 4) = 2 - log, x giving your answer to 2 decimal
places. [2]

Solve the inequality |8 —3*|=15. [3]
Solve the equation In(3x + 2) = 2Inx + In 2. [4]
Solve the equation 5% =72*71, [4]

i-u
A%

SN20j wexy
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Trigonometry

Reciprocal trigonometrical functions

EXERCISE 3.1

Trigonometry ! 3

1 The graphs of y=sinx, y=cosx and y = tanx for -2 = x = 21w are shown below.

Use these to sketch the following graphs.

. 1
(i) y=cosecx=—
sin x

38




(1) y=secx=

COS X

1

ii) y= -
(i1i) y=cot x —

_ CoSx
SN X

o
a4t

2 Find the exact value (without using a calculator) of the following.

(i) cosec150°=

(iii) cot 300° =

(v) secl20°=

i) sec T =

4

(iv) cosec4—n .

g 31T
vi) cot —=
(vi) n

.lg

suoijouny |esrgawouobis jesosdisay
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Trigonometry

3 Starting with the identity sin’6 + cos’8 =1, show the following.

(i) tan?@ +1=sec’@ (i) 1+ cot’0 = cosec’O

4 Eliminate 6 from these equations.

(i) x=2cosec® y=3cotf (i) x=sin@-cosf@ y=sinf+cosd

5 Solve the following equations over the given domains.

(i) cosec® =4 for 0°=80 = 360° (ii) sec %9 =4 for 0°= 60 = 360°

(iii) tan S =7cot B for 0°< 3 <180° (iv) tanxtan2x=4for 0°= x=180°

(v) tan@ +cot@=—4 for— =6=



6 Given that sec@ =3 and 0°=60 = 90°, find the exact values of the following.

(i) cosé (ii) siné@

(iii) cosec@ (iv) cot@

7 Prove the following identities.

(i) . 4 —=sin@ cosd (ii) sec®@ + cosec’O=sec?0 cosec’0

tan@ + cot@
(iii) sec*6—tan*6=sec’d + tan’0 (iv) (tan@—sind)” +(1—cos)” = (1-sech)’
(v) (cosec’0—1)(tan’@ +1)=cosec’@ (vi) _C€0s6 sin@  _ 1

1—tan® 1—cot@ cosO—sind

\

suoijouny |esrgawouobis jesosdisay
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1+cos@
M = —
sin@

(i) Show that 1 _1—cos€
ey siné@

8

\;

Trigonometry

(ii) Find an expression for cos @ in terms of m only.




Compound-angle formulae

.lg

EXERCISE 3.2

1 Find the exact value of the following.

(i) cos75°=cos(45°+30°) (ii) sin15°=sin(60°—45°) ‘g’
=
z
=
2
2
3
i=]
)
)
=
=
o
z

(i) tan 105° (iv) secl15°®

2 Simplify each of these as much as possible.
M) sin(0- 30°) i) cos(5-0)

(iii) tan(0 + 60°) (iv) cosec(26 + 120°)




\;

Trigonometry

(v) cos A +cos(-A) (vi) c0s(30°+ A) — cos(30°— A)

sin A —sin(—A) sin(30°+A)—sin(30°— A)

Write each of the following expressions in the form sin(A + B) or cos(A + B).

(i) sin@cos2fB +sin2f cos@ (ii) cos360 cosO +sin36 sinf

(ii1) sin & CcOS z sin Z_ COS = (iv) <c0s280°cos 20°—sin 280°sin 20°

Use the diagram to find the exact value
of sin(x + y).




5 The angles Pand Q are both acute with cos P=% and tanQ =%.

.lg

Find the exact value of the following.

(i) cos(P-Q) (ii) sin(P+ Q)

aejnwuo} ajbue-punodwon

' 6 Given that A is an obtuse angle with sin A= 1 and B is an acute angle with sec B=4,
find the exact value of each of these.

(i) sin(A - B) (ii) cot(B—-A)

7 Solve the equations.

(i) sin(45°—0)=cos(30°+8) for —180°=80 =180°

45




Trigonometry

(iii) tan(8 +45°)=1—2tan@ for 0°=0=90°

8 Provecos(A + B)cos(A — B) = cos?A — sin?B.

9 A and B are acute angles with tan A =1 and tanB=%.
Find the exact value of the following.

(i) tan(A+B) (if) cos(A — B)




10 A is an acute angle and B is an obtuse angle such that tan A =-§- and tan(A — B) = 5.

.lg

(i) FindtanB.

(i1) Hence show that the exact value of sin(A + B) is L .
V650

aejnwuo} ajbue-punodwon
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P2 Double-angle formulae

EXERCISE 3.3

1 Use the double-angle formulae to find the exact value of the following.

TR o 2 2
(i) smT (ii) cosT (iii1) tanT

Trigonometry

2 Given 6 from the triangle shown, find the exact value of each of these.

(i) sin26 (ii) cos26

3cm

4cm

3 Given that sin@ =-% and 3? =@ =2 , find the exact value of the following.

(i) sin26 (i1) cos26 (i1i) sin460




4 Find an expression for cos46 in terms of cos8.

.lg

aejnwiio} ejbue-sjgqnoq

'8 Starting with sin36 = sin(26 + 6), find an expression for sin36 in terms of sin 6.

6 (i) If5+4sec?®=12tan®, find the exact value of tan@.

(ii) Hence find the exact value of these expressions.

(a) tan(6 +45°) (b) tan28€




7 Solve the equations.

\;

(i) sin28=sin@ for0=6=2 (ii) cos20—5sin@ =3 for 0°= 0 = 360°

Trigonometry

(iif) 3tan20 +2tan@ =0 for —180°<@ <180° (iv) 2cos2@ =1+ cos@ for 0° <6 < 360°

1—sIn@ —cos28 1
v =1for0°=0 = 360° vi) tan2é = for - =6<
(v) cosB —sin260 o (vi) 1+ tan@ =

50




8 Prove the identities.

.lg

(i) sin(45°+6)sin(45°-8)s%cos‘29

§
=
4]
o
-
Q
@
(=]
3
=

Gi) 2sin@ cosf - E-

cos*@ —sin@
(i) sin30  cos36 _ )

sin@ cos@

9 (i) Prove the identity cot8 + tanf =2 cosec 26.

(ii) Hence solve the equation cot@ +tanf=8for0=60<=2 .

51




10 (i) Prove the identity sin26 + 2tan 20 sin‘6 = tan 26.

Trigonometry ! 3

(ii) Hence solve sin26 + 2tan 26 sin0 =7 for 0° = 0 = 180°

11 Ifsin25° = k, where k is a positive constant, express the following in terms of k.

(i) sin50° (i11) cos50° (ifi) tan155°

52




12 The value of tan 10° is denoted by p. Find, in terms of p, the value of

.lg

(i) tan55°

(ii) tan5°

aejnwiio} ejbue-sjgqnoq

(iii) tan®, where 0 satisfies the equation 3sin(@ + 10°) = 7cos(6 — 10°).

OCR Core Mathematics 3 4723/01 January 2010 Q9
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Trigonometry

54

13 By writing tan 3x = tan(2x + x), find an expression for tan3x in terms of tan x.

14 It is given that 0 is the acute angle such that sec 8 sin 8 = 36 cot 6.

(i) Show thattan® = 6.

(ii) Hence, using an appropriate formula in each case, find the exact value of

(a) tan(@ — 45°) (b) tan 26.

OCR Core Mathematics 3 4723/01 June 2012 Q3



The forms rcos(6 = a), rsin(0 + o)

EXERCISE 3.4

1 Write these expressions in the form given where r > 0 and 0° <& <90°.

(i) sin@—3cosH (i1) 12cos@ +5s1n@

in the form rsin(@ — o) in the form rcos(0— )
(11i) 6s1nH +8cosH (iv) 7cosf@—24s1n6

in the form rsin(@ + o) in the form rcos(6 + o)

' 2 (i) Express 2cos@ +sinf in the form rcos(@— o) where r > 0 and 0° <o <90°,

(ii) Hence solve 2cos@ +sin@ =1 for 0° = 8 = 360°.

.lg
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P2

Trigonometry

56

(iii) Sketch the graph of y =2cos8 +sin6 YA

on the axes. .
(iv) Find the greatest and least value of 24
2cosB +sin@ +5 as O varies. T

D 1 : | | | | L -

I T 3n 2n @

1 2 g 23

_2 A
= N

3 (i) Express4sinf—3cos@ in the form Rsin(6—a) where r > 0 and 0° < o < 90°.

(11) Hence solve 4sin@—3cosB =3 for 0° = 8 = 360°.



(iii) Find the maximum and minimum value of 4sin@— 3cos@ + 6 as @ varies and give
the smallest positive value of 8 where the maximum and minimum occurs.

' 4 The expression T(8) is defined for 6 in degrees by
T(0) = 3cos (6 - 60°) + 2cos (0 + 60°).

(i) Express T(0) in the form Asin 6 + Bcos 6, giving the exact values of the constants
A and B.

(ii) Hence express T(6) in the form Rsin(0 + o), where R > 0 and 0° < a < 90°.

(iii) Find the smallest positive value of @ such that T(@) + 1 = 0.

P2

(0 ¥ gluiss ‘(D F §)s0o4 swI0} 8y
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P2 5 (i) Express3sin® +4cosBin the form Rsin (6 + o), where R > 0 and 0° < o <90°,

(i1i) Hence

Trigonometry

(a) solve the equation 3sin@+ 4cos @ + 1 =0, giving all solutions in the interval
—180° < 6 < 180°

(b) find the values of the positive constants k and ¢ such that
—37= k(3sin@ + 4cos@) + c = 43 for all values of 6.

OCR Core Mathematics 3 4723/01 June 2012 Q8

6 (i) Express J2cos@ ++/7 sin@ in the form R cos (@ — ), where R > 0 and 0° < & < 90°.
Give the value of & correct to 2 decimal places.

58




(ii) Hence, in each of the following cases, find the smallest positive angle 8 which
satisfies the equation.

(@) V2cos8 ++/7sin@=—1 (b) ﬁcos%—& B ﬁsin%ﬂ =2

P2
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Trigonometry

60

Stretch and challenge

1 A projectile is fired from a sloping hill that makes an angle A with the horizontal.
It is fired with velocity Vm/s at an angle B to the hill as shown.

The range, R, that the projectile can travel is given by

Zoa
R 2;;0:;“ AB cos(A +B)

where g = acceleration due to gravity = 10 m/s2.

(i) Express R as a function of B given that A = T

(ii) If the projectile is fired at a speed of 40 m/s, find the angle B it should be fired
at to hit a target with a range of 150 m.



2 Square 12cm x 12cm floor tiles in the design shown are laid at an angle @ to Pz
the vertical.

The tiles are laid in strips that are 15 cm wide. 15 cm

(i) Find the value of 8 and hence find the

overlap, wcm between the tiles.

g
3
[1]
=
5
o
(1]
g
i

(ii) Another tiler wants to make the strips wider than 15cm.

Find the maximum possible width of the strips that will work with the
12cm % 12cm tiles.

61




Pz '3 Forall values of x for which the terms are defined, it is given that

tanx-—tan-};x: smkxl .
COSXCOSHX

Find the value of the constant k.

Trigonometry

4 IfsinA +cosA =1.5, find the value of sin® A + cos’A.

62




5 Ifcos@=0.1and0=6<= %, find the value of log,,(tanB) — log,,(sin®).

6 An amusement park has a giant double Ferris wheel as shown in the diagram.

- 40m —»

Seat position

Main support

\

abusjjeyo pue yojeng
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The double Ferris wheel has a rotating arm 40 metres long attached at its centre

to a main support 35 metres above the ground. At each end of the rotating arm is
attached a Ferris wheel measuring 30 metres in diameter, as shown in the diagram.
The rotating arm takes 4 minutes to complete one full revolution, and each wheel
takes 3 minutes to complete a revolution about that wheel’s hub. All revolutions are
anticlockwise, in a vertical plane.

Trigonometry

At time t = 0 the rotating arm is parallel to the ground and your seat is at the
3-o'clock position of the rightmost wheel.

Find a formula for h(f), your height above the ground in metres, as a function of
time in minutes.

NZQA Scholarship Calculus 2007 Q2b

7 A rectangular piece of paper of width 8 cm has one corner folded down so the
corner rests against the opposite longer side as shown.

4 A
sin@cos? @

Show that x =

8cm

64




8 Two half-angle formulae for trigonometry are given below.

o 1+ cosex i 1—cosex
—_— = =+
cos(2) i\/ > Sm(z) \/ 2

Given that tan® =20+/6 and 0<8 < %, find an exact value of tan (%).

Simplify your answer.

NZQA Scholarship Calculus 2011 Q3b
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P2 . Exam focus

l 1 Solve the equation sin(x—45°)—cos(45°—x) =1 for 0° = x = 360°. [4]

Trigonometry

2 Solve the equation 2sin(x + 30°) = cos(x — 45°) giving all solutions in the interval
0°=6 =180°. (4]

3 (i) Prove the identity 2cosec 28 =sec@ cosec 6. 3]

66




(ii) Hence solve the equation sec@ cosec 8 =4 for 0° = 6 = 180°. [3]

SN20} wexy i O
N

4 Solve the equation 4cosec’6—7 =4cotf for 0°< 6 <180°. [4]

5 (i) Express 8sin@ +15cos@ in the form Rsin(6 + o) where R >0 and 0° <o <90°. [3]

(ii) Hence solve 8sin@ + 15cos@ =14 for 0° = 6 = 360°. [4]

67




P2 (iii) Find the range of values of the constant k such that the equation

8sin@ + 15cos@ =k has no solutions. [1]
e
®
g
g 2
i . ; i - ey lANT@=3
= 6 (i) Prove the identity tan(€+60°)tan(@ —60°) = [4]

1—3tanZ@

(i) Solve, for 0° < @ < 180°, the equation tan(8 +60°)tan(@ —60°) = 4sec’ - 3, giving
your answers correct to the nearest 0.1°. [5]

68




(iii) Show that, for all values of the constant k, the equation tan(6+60°) tan(8—60°) = k*
has two roots in the interval 0° < 8 < 180°. [3]

OCR Core Mathematics 3 4723/01 June 2007 Q8

7 (i) Expresstan2ain terms of tan o and hence solve, for 0° < & < 180°, the equation
tan2o tan o = 8. [5]

(ii) Given that B is the acute angle such thatsin8 = 2, find the exact value of:

(a) cosecf [1] (ii) cot?p. [2]

OCR Core Mathematics 3 4723/01 June 2008 Q5
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Differentiation

70

>,

=
b
g
1
@
=
s
Q
.
o
-

The product and quotient rules
EXERCISE 4.1

1 Differentiate the following functions.

E = — ; 2 il =....'x_

i) y=(x—2)(x+3) ) p=e—

i) y=x(1-2x)* iv) y=2%2
X

. 2%
6x—1

' 2 Find the equation of the tangent to the curve f(x)=4x(x— 3)5 at the point (4, 16).




2x—1

l—x2

3 Find the equation of the normal to the curve g(x)= at the point (2, —1).

4 Find the x values of the stationary points on the curve h(x)= x? (x + 3)3.

2x—1

5 A curveisdefined by y = —
X -

(i) Find the gradient of the curve at the point where it crosses the x axis.

(ii) Does the curve have a stationary value? Why or why not?

6 A curve is given by f(x)=(x—1)*(x + 2)**, where k is a positive constant.

(i) Two stationary points on the curve are at x = -2 and x = 1. Find the x co-ordinate
of the third stationary point in terms of k.

.'E

sa|n4 uaijonb pue jonpoad ay)
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Differentiation

72

(ii) The third stationary point occurs when x =--31-. Calculate the value of k.

xz-x+2

x+1

7 The graph shows the curve y =

[~

a . i ELP
(1) Fmda.

Y

4
I

i
i

(ii) Find the co-ordinates of the stationary points on the curve.



Differentiating natural logarithms and exponentials

EXERCISE 4.2

1 Differentiate the following functions, simplifying your answers as much as possible.

(i) y=In(x+4)
(i) y=e'™

v) y= 3ln{xf1
(vii) y = xe*™?
(ix) y-= llj:_z
Y e 1n:x_-11)

(ii) y=In(3x?)

13+l

(iv) y=3e

(vi) v= 5].11(1 + \E)z

3
(viii) y =>—
V=

(x) y= \[szz?ln.t\':2

(xii) y=In(1+e**)e ™

.lg

sjenjuauodxa pue suniuebo) jeinjeu Bunyenyusiayi(]
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Differentiation

74

2 (i) The diagram shows the graph of y =——for x > 1.

Inx
YA
A
0 X
g
Find cl_y and d_y
dx dx?

(i1) Hence:

(a) find the exact co-ordinates of the stationary point A on the curve

(b) find the exact co-ordinates of the point where the gradient is a maximum.



3 The graph of y = x%e™ is shown. Y A

2
(M Find Y anad2
dx daxc?

(ii) Find the exact co-ordinates of the stationary point A on the curve.

q2
(iii) Find the x values of the two points on the curve where E}; =0,

What do these points represent on the graph?

X
34+2Inx

Find the exact co-ordinates of the stationary point on the curve.

4 A curveis defined by y=

\

sjenjuauodxa pue suniuebo) jeinjeu Bunyenyusiayi(]
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Differentiation

76

5 Find the exact co-ordinates of the stationary point on the curve y = x> Inx for x > 0.

6 The diagram shows the curve y =2x—xInx, where x> 0.
The curve crosses the x axis at A, and has a stationary point at B.
The point C on the curve has x co-ordinate 1.

Lines CD and BE are drawn parallel to the y axis.

YA 3

Not to
scale

xY

rn -

[:J e o e e

(i) Find the x co-ordinate of A, giving your answer in terms of e.

(ii) Find the exact co-ordinates of B.

(iii) Show that the tangents at A and C are perpendicular to each other.

OCR ME! Structured Mathematics C3 4753/1 January 2006 Q7



L y
7 The diagram shows the graph of y=(x+ l)ezx..

(3 Find
dx

-/

A

(ii) Hence find the exact co-ordinates of the minimum point A.

=Y

.lg

sjenjuauodxa pue suniuebo) jeinjeu Bunyenyusiayi(]
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P2 Differentiating trigonometrical functions

EXERCISE 4.3

1 Differentiate the following functions.

E (i) y=3sin2x (ii) y=cos(1+3x)
o
=
=
(iii) v = tan(x?) (iv) y:x3sin 4.
cos5x . sin” x
(v) = = (vi) =—
(vii) y=e""** (viii) y =In(tan2x)

(ix) y=sin(In3x) (x) y=tan(e™ )
(xi) y=+/cos2x (xii) y= sin® (2e*71)
(xiii) y = cos* [ln(sin e* )] (xiv) y=e sin’ (In.x)

78




2 (i) Differentiate y = x*sinx.

.'E

(ii) Hence find the equation of the tangent to the curve at x =1.

3 Given that f(x)= 2sin? 3x, find the exact value of f’(%).

suoijauny jesiewouochisy Buizennusiayiq

2x
for x > 0.

4 Consider the equation of a curve Y=
COSX

() Find 9
dx

(ii) Hence find the x co-ordinate of the stationary point of the curve for 0 = x = m.
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5 The diagram shows the curve y = 3sin’x cos’x for0 = x = % and
its maximum point N.
Y A
Find the x co-ordinate of N.
0

COS2X
EZx

6 Thecurve y= has two stationary points for 0 = x = m.

Find the x co-ordinates of these stationary points.



7 Consider the curve defined by y =In(cos2x) +2x for 0 = x = 2m.

(i) For what values of x is the function undefined for 0 = x = 21t?

(ii) Find the x co-ordinates of all the stationary points on the curve.

(iii) Determine the nature of each of these stationary points.

.lg

suoijauny jesiewouochisy Buizennusiayiq
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82

Implicit differentiation

EXERCISE 4.4

1 Differentiate the following with respect to x.

M 2y (i) 3x>-5y*-38
(iii) sin2x +cos2y (iv) e”

(v) 4x2y (vi) In(xy)

(vii) tanxy? —e” (viii) (e5"7)

2 Differentiate the following with respect to x and find an expression for% in terms

of x and y.
i) y*-2x>=5 (ii) x*y=siny
(iii) 2y +x=4xy (iv) e —2x=12



3 Find the equation of the normal to the curve In(2xy)+ y*=1 at the point (-i-, 1) ;

4 The diagram shows the graph of the ellipse
4x* + y2 =8.

Find the co-ordinates of the points on the
ellipse where the gradient is 2.

.lg
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5 Find the co-ordinates of the point(s) on the curve x* + 6y* — 2x + 8y =39 where the

tangent to the curve is parallel to the x axis.

6 A curveis defined by 8 + x> =2xy + y°.

(i) Find the co-ordinates of the stationary points on the curve.

(ii) Show that slope of the curve is never parallel to the y axis.

7 Find the co-ordinates of the points on the curve x*+ yz —2x +4y—4 =0 where the
tangent to the curve is parallel to the y axis.



8 The equation of a curve is 5x* —2xy +3y* =70 =0,
dy y—5x
dx 3y—-x

(i) Show that

(ii) Find the co-ordinates of each of the points on the curve where the tangent is

parallel to the x axis.

(iii) Find the co-ordinates of each of the points on the curve where the tangent is

parallel to the y axis.

.lg
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P | 9 The diagram shows the curve defined implicitly by YA
2 yz +y =x7 +2x.

(i) Find the co-ordinates of the points of intersection of
the curve and the line x = 2.

Differentiation

(ii) Find o in terms of x and y and the gradient of the curve at these two points.

OCR ME! Structured Mathematics C3 4753/1 May 2005 Q7
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10 Find the equation of the normal to the curve x* + 4x%y + y* = 6 at the point (1, 1),
giving your answer in the form ax + by + ¢ =0, where a, b and c are integers.

11 The equation of a curve is x* + y3 = 6xy.

(i) Find % in terms of x and y.

. d SO
lies on the curve and that == =0 at this point.

dx

4 5
) reogill]|
(ii) Show that the point 23,23 |

Y,

P2
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P2

Differentiation

(iii) The point (a, a), where a > 0, lies on the curve. Find the value of a and the gradient
of the curve at this point.



Parametric differentiation

EXERCISE 4.5

1 Find &Y i terms of t or O for these curves defined parametrically.

() x=2t
y=t*

(iii) x =6 +sinf

y=0-co0s20

(v) x= 3ef

y=t—eH

2 A curveis defined parametrically by x =

. .1 dy
Find ==
(i) in 4

(i1i) x=2cosO

y=3sino

(iv) x=2¢

y=(2t +1)

(vi) x=2secH

y=5tan@
g T
= 1A

.lg
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Differentiation

20

(ii) Hence find the co-ordinates of the stationary points on the curve.

3 The parametric equations of a curve are x =1n(2—-3t), y = % for t <O0.

. dy 4-—6t
(i) Showthatdx= -

(ii) Find the exact co-ordinates of the only point on the curve where the gradient is

equal to 4.

18
2—e*

(iii) Show that the cartesian equation of the curve is given by y =



2t

4 A curve has parametric equations x = e*, y = .
L +¢

Find the gradient of the curve at the point where ¢ = 0.

OCR MEI Applications of Advanced Mathematics C4 4754/A January 2010 Q3

5 The graph shows the curve given by the YA
parametric equations
x = 2sinf + cosH,

y=sinf +2cosO ,

(i) Find the equation of the tangent to the

curve at the point where g = Z.

(ii) (a) Show that for any point of the curve x* + y* =5 + 4sin 26.

.lg
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Differentiation
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(b) Hence find the greatest and least distance of a point on the curve from the

origin.

6 This logo is defined by the parametric equations
x=3snt;
y =3cos3t

where t is time in seconds.

A point on the logo is illuminated at every
moment of time t.

(i) Give the co-ordinates of the point when t = 2.

(ii) Label the point M (3sinl, 3cos3) on the diagram.

(iii) How long does it take for the point to trace out the entire logo?

(iv) Find the slope of the curve when ¢ = 1.

(v) Find the co-ordinates of the maximum point A shown on the curve.



(vi) Speed is defined as

%‘ Find when the speed is a minimum the second time.

7 The parametric equations of a curve are x =2t—Int, y =t* —Int* for t =0.

(i) Find % and hence find the exact co-ordinates of the stationary point on the curve.

(ii) Find the co-ordinates of the point where 4 =2

dx

P2
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Differentiation
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8 The parametric equations of a curve are x =260 +sin28, y =4sin@ and part of its graph

is shown.

YA A

(i) Find the value of 8 at A and the value of @ at B.



(i1) Show that % =secH.

(iii) At the point C on the curve, the gradient is 2.

Find the co-ordinates of C, giving your answer in an exact form.

OCR Advanced Mathematics Core Mathematics 4 4724/01 May 2008 Q9

9 Inatheme park ride, a capsule C moves in a vertical plane (see diagram).
With respect to the axes shown, the path of C is modelled by the parametric equations
x =10co0s@ +5c0s268, y=10sin0 +5sin286,

where x and y are in metres.
dy  cosf +cos26

i) Showt ;
(M S dx sin@ + sin 20

.lg
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P2

Differentiation

96

(ii) Hence find the exact co-ordinates of the highest point A on the path of C.

(iii) Express x> + y? in terms of 6.

Hence show that x2 + y2 = 125 + 100 cos 6.

(iv) Using this result, or otherwise, find the greatest and least distances of C from O.

OCR ME! Applications of Advanced Mathematics C4 4754(A)/01 June 2007 Q8



Stretch and challenge

1 The path traced out by a point on the circumference of a circle of radius r as the
circle rolls along a straight line is called a cycloid.

YA

4
-
a
o
-
o
o
=
=
g

O D(r @, 0) X

A is a point on the circumference that starts at the origin O.
The diagram shows the position of the circle after rotating through 6 radians.
(i) Show that the parametric equations of a cycloid are given by:

x=r(6 -sinB), y=r(l-cosf) 0=6=2m.
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Differentiation
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s dy... .10
(ii) Showthata—cat(z).

(iii) Find the equation of the tangent to the curve at the point where y

ta]—

r.



(iv) The speed of the point is given by s = J (

Find and simplify an expression for the speed of the point.

{v) Given that acceleration, a, is given by a =

the acceleration of the point.

dx
d6

K

d9 , find and simplify an expression for

a
de

)2_

\
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Differentiation
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2 The parametric equations of a curve are x = £, y = 12,

(i) Show that the equation of the tangent at the point P where t = p is
3py — 2x = p3.

(ii) Given that this tangent passes through the point (-10, 7), find the co-ordinates
of each of the three possible positions of P.




3 A ladder is being manoeuvred around a corner in
a house.

One hallway is 2 m wide, the other hallway is 3 m

< 2 M —

wide.
(i) Find an expression for the length of the 3Tm
ladder in terms of 6. J’

ot
9 @6‘5

(ii) Hence find the maximum length the ladder can be so it will fit around the

corner.

\
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Pz 4 When atry is scored in a rugby game the kicker, K, must attempt a conversion from
a point directly back from where the try was scored.

The distance between the
posts is 5.6 m and a try is
scored 30 m to the right of the < 30m x

5.6 m
right-hand post. Al<—|B C

Find the value of x (how far

back the kicker should go) so
that the angle 6 between the
posts is a maximum. " X

Differentiation

5 A three-dimensional solid has a surface made of two types of triangle, Type A and
Type B.

The area of a Type A triangleis A, = \/Zkz —2k+1

‘E(kl—k +1).

The area of a Type B triangleis Ap ==

102




Find the value of kK which minimises the total surface area, and show that this value
gives a minimuim.

NZQA Scholarship Calculus 2011 Q1b

6 The nautilus 1s a marine creature that lives
around coral reefs.

The mathematical model of a nautilus shell is
an equiangular spiral.

Equiangular spirals have equations of the form
r = Ae*®, where k is a constant.

At every point P, the tangent to the curve makes
the same angle, a, with the line OP from the
point P to the origin (or pole), O.

The size of the angle a depends upon the number
k in this mathematical model where r = Aek®.

(i) Using the parametric equations for the

cartesian co-ordinates (x, y) of the point P

in terms of 6, find ﬂ-)-i

dx

P2
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Differentiation

104

(ii) Hence, or otherwise, find the value of « in terms of & for this model.

NZQA Scholarship Calculus 2004 Q5

7 The graphs of the two functions f(x) =3sin2x and g(x)=2cosx are shown.

YA




(i) The function h is defined by
h(x) = k + 2cosx for 0 = x = 2m, where k is a positive constant.

Find the x co-ordinates of all the points at which the graphs of f(x) and h(x)
have the same gradient.

(ii) The graph 0fp(x)=—a(x—b}2 —cfor0= x= 2n, wherea>0,b>0,and c> 0,
intersects each of the graphs of f(x) and g(x) at exactly one point only.

The x co-ordinate of the point of intersection with f(x) is 2.575 and the vertex
of p(x) lies on g(x).

Find the values of a, b and c.

\
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Differentiation

106

(iii) Find the range of values of k for which f(x) and h(x) intersect at exactly two
points.

Note: k > 0 and both f(x) and h(x) have domain 0 = x = 2m.

NZQA Scholarship Calculus 2007 Q3



. Exam focus
1 The diagram shows the curve y =4/3 + x’e

%

Find the x co-ordinates of the stationary points on the
curve. [4]

B
2
g
&

. 7 .
2 The curve shown is y= (nx) : 4
X

Find j_y and hence find the exact co-ordinates
%

of the maximum point M. [4] !

3 |
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3 The equation of a curve is y =sin2x + x.

P2

Find the co-ordinates of the stationary points on the curve for 0 = x = m, and

determine the nature of these stationary points. [5]

o
i
8
=
g
<
E
o

4 The equation of a curveis x* + y* —xy—48 =0.
(i) Showthat & _2X—Y (4}

dx x—-2y

(ii) Find the co-ordinates of the points on the curve where the tangent is parallel to

[3]

the x axis.

108




(iii) Find the co-ordinates of the points on the curve where the tangent is
parallel to the y axis. [3]

i-u
A%

SN20j wexy

5 The equation of a curve is 2x2 + xy + y? = 14,

Show that there are two stationary points on the curve and find their
co-ordinates. [6]

6 The parametric equations of a curve are x = 3&:4 , ¥ =3In(3t +4).
(i) Express 3_}' in terms of ¢, simplifying your answer. [4]
X

109




(ii) Find the gradient of the curve at the point for which x = 2. [2]

P2

Differentiation

110




Integration

Integrals involving the exponential
and natural logarithm functions

EXERCISE 5.1
'1 Find the following integrals.
(i [e*dx i) [ dx
(iii) J.de (iv) Jidx
4 3
(v) jeix+3dx (vi) _[2x+1 x
4x
+1
(vii) je e: dx (viii) [ 9e ¥ dx
- {a¥'—1)"d : + 1 dx
(ix) .[E - > ) |3 T—2x

' 2 Find the following definite integrals, giving your answer exactly.

2 ¢ 2
(i) L 3e** dx (i) 2?ﬁdx

% 2

ol
13 Showthatj B okl e B
1 € e

\
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Integration

112

1
4 Show that j

xc =1

9

o, | 1-3x

2
6 Find |2X—7X%
Ix+2

dx.

dx =In8.



and the x axis

7 The area between the curve y = vem—
xX —

between x = k and x = 1 is exactly 1. Find the exact value
of k.

YA

1

xY

.lg
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Integration

114

8 Given that

In4 1
——X
j {ke3x+(k—2)e 2 ]dx=185

0
find the value of the constant k.

OCR Core Mathematics 3 4723/01 January 2010 Q6



Integrals involving trigonometrical functions

EXERCISE 5.2

1 Find the following integrals.

(i) Isin 4xdx (i) _[cos(Bx —1)dx
(i) [ sec22xdx (iv) | 2sinlxdx
(v) _[ (4cos-%—x + l)dx (vi) I(cos 2x —sec’3x+ 4)dx

2 Find the exact values of the definite integrals.

(i) Esin2xdx (ii) L}_ﬁ(l—coszlx)dx

. | " 7
(iii) f_sec -E-xdx (iv) _[04ta.n xdx
3

3 Find the area enclosed between the curve y = cosx, the

line yzé and the yaxis for 0 = x= __.
2

.lg
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Integration

116

Find the area between the curve
y =sinx and the line y _2,

for x = 0.

Find the integrals by using a trigonometric identity.

(i) _[sinzxdx (i1) Icaaz 2xdx

(ii1) J4sinxcosxdx (iv) _[t:r::-SZZ:Jlr:—s.in2 2xdx
(v) _I.sin4 xdx (vi) J(sinx— cosx)> dx
(vii) _[(sin4xcosx —cos4xsinx)dx (viii) _[cos4 xdx



6 Show that jIJl +cosdxdx = % -
0

7 The diagram shows the curve y = 2sin x for
0 = x= mwand theline y = 1.

(i) Find the area enclosed by the curve and the
line.

5
&
g
5
.
S
<
=
o
g.
3
<
=
=
g
z
z
:
o

(ii) The region enclosed by the curve and the line is rotated 360° around the x axis.

Find the volume of the solid generated.
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Integration
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8 (i)

(i)

9 (i)

Show that cos3x = 4cos” x— 3cos x.

Hence find the exact value of Jlfcc:;s?’ xdx.
3

Given that 5cosx — 3sinx = A(cosx +sinx ) + B(cosx — sinx) for all values of x, find

the values of the constants A and B.



% q, 2 5cosx—3sinx
(ii) Hence find the exact value of J .
o COSX+sinx

' 10 By expressing cos 2x in terms of cos x, find the exact value of J

dx.

1

—

3
1

6

COs2x

coszx

dx.

.lg
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P2

Numerical integration

EXERCISE 5.3

1 The values of x and f(x) are given in the table below for 0 = x

= 2.

o
'E X 0 0.5 1 1.5 2
g
E f(x) 2.1 0.8 1.5 1.9 3.8
i . : ; Vi
Use the trapezium rule with 4 strips to find an estimate for _[0 f(x)dx.
2 The function f(x) is defined by f(x) =—
x> +1
(i) Complete the table of values for f(x) .
X 0 0.25 0.5 0.75 1
f(x) 1 0.5
(ii) Use the trapezium rule with 4 strips to estimate the Y A
area between the curve and the x axis
between x = 0 and x = 1.
+ E
0 : 2

(iii) Using the graph, determine whether the answer to part (ii) is an overestimate or

underestimate of the true area under the curve.

120




3 The diagram shows the cross-section of a certain section of river.
The depth of the river is measured as shown.
The measurements are made 0.5 m apart.

-
s
3
o
8
5
g
=
2.
=

(i) Use the trapezium rule to find an estimate of the area of the cross-section.

(i) If the river is flowing at a constant 3km/h, find the volume of water in m?
passing this point of the river every minute.

X

4 The diagram shows the curve y :‘e—2 for0 < x < 5.
X ¥
Use the trapezium rule with strip widths 0.5 to find an estimate for E—zdx correct
to 2 decimal places. L %
Is your answer an underestimate or overestimate of the true area?
Y A
o b
14
34 X 1 1.5 2 2.5 3
, 1 _
y 2.718
‘| =
- L -
Ol 1 2 3 4 5«
2
5 Use the trapezium rule with two intervals to estimate -S—E—E-dx.
0 o+ o€

121




6 The diagram shows part of the curve y =4/1 +x°. YA

\;

(i) Use the trapezium rule with 4 strips to

: - , .8
estimate _[0 1+ dx, giving your answer

correct to 3 significant figures.

Integration

TN e i e

<Y

(ii) Chris and Dave each estimate the value of this integral using the trapezium rule
with 8 strips.

Chris gets a result of 3.25, and Dave gets 3.30. One of these results is correct.

Without performing the calculation, state with a reason which is correct.

OCR MEI Applications of Advanced Mathematics C4 4754(A)/01 January 2007 Q2
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Stretch and challenge

1 The length of a curve between x = b and x = a is given by the formula

L= ["J1+[f0) dx.

3

Show that the length of the curve y = -:Fa- + - betweenx = 2 and x= 1 is 17,

2X

2 Show that jfsinz xcos® xdx = oL

12

\
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3 A curvein polar form is given in terms of its distance from the origin (r) and the
angle made with the positive x axis ().

A point with r=2 and 6= = is given in polar form by (2, E)

Some polar curves are shown below.

r=2

YA

(i)

The diagram shows the polar curves
r=k0,0=mandr =1t (wherek, mandt

are constants).

If point P has polar co-ordinates (3?, BT}

determine the exact values of k, m and t.




(ii) If r=p(@), the length of a polar curve is given by

2 .
= J' Jr@P+[r @ de-
0
Find the length of the cardioid r =1+ cos8.

(iii) The parametric equations of a cycloid are given by:
x=r(@-sin@), y=r(l-cos@) 0=0=2 .
Find the length of the cycloid which is given by:

[ T T

<Y

\
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The Moeraki boulders are natural
stone spheres sunk into the sand of
Moeraki Beach between Oamaru and
Dunedin.

The angle between the surface of
the water and a tangent plane to the
boulder is ¢, as shown.

Find the proportion of the volume of

the boulder which is below water level.

water

NZQA Scholarship Calculus 2011 Q3¢



- Exam focus

1 (i) Showthat fz -
Jo 2x+1

2

(ii) Find the value of k such that J. - dx =0

k2x+1

2 (i) Show that (2cosx + sinx)® can be written in the form
asin2x + bcos2x +c, stating the values of a, b and c.

(ii) Hence find the exact value of ‘[E(zcosx +sinx ) dx.
0

4
2
g
&

[4]

[4]

[4]
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3 Show that tan® x +sin?® x = sec” x—%cuszx—% and hence find the exact

P2

[6]

value of j ® (tan? x + sin? x)dx.
Jo

Integration

4 The diagram shows a part of the curve YA
y=+4—cosx for0 = x = 1. 2'/

(i) Use the trapezium rule with two intervals
to estimate the value of j Ja—cosxdx
0

correct to 3 significant figures. [3]

T
3 T X

LI 1
4 2

(ii) Explain, with reference to the diagram, why the trapezium rule may be expected
to give a good approximation to the true value of the integral in this case. [1]

5 (i) Differentiate e™ (sin2x— 2cos2x), simplifying your answer. [3]
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1

(ii) Hence find the exact value of JE e* sin2xdx.

6 (i) Expresscos@ ++/3sin@ in the form Rcos(6—a) where R > 0 and o is acute.
Express o in terms of 7.
3
(i1) Hence show that J 1 - - de =£ )
o (cos@ ++/35ind) 4

(3]

[3]

[4]

SN20} wexy i O
N
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Numerical solution
of equations

Interval estimation - change-of-sign methods

| EXERCISE 6.1

1 The diagram shows the graphs of y =e* ™ and y = x°.

To find where the two curves intersect, we solve the

equation e* 3 = &7

(i) Rearrange the equation so it is in the form
flal=n

(i1) Show that the root of f(x)=0 lies between 0 and 1.

(iii) Show that the root of f(x) =0 lies between 0 and 0.5.

{(iv) Find the two values of x, correct to 1 decimal place, between which the root lies.



Y

2 The graph of the curve f(x)= x> —2x? —4x +6 is shown. o0 A ’
Using the change of sign idea, find the integer bounds
for each of the three roots of the equation f(x) =0.
0
;

_ 4
3 For the curve g(x) = z_+ s

g(0) = -4 and g(2) = 6.
As there is a change in sign between x =0 and x = 2, there must be a root
of the equation g(x) = 0 between x =0 and x = 2.

State, with a reason, why this statement is false in this case.

4 (i) By drawing a sketch, show that the equation 4 — x =Inx has only one root.
) A

6 -+

4 i B

3L

xY

4. =2 0 2 4 6 8 10

(ii) Rearrange the equation 4 — x =In x so it is in the form f(x)=0.

.'E

spoyjaw ubis-jo-abueys - uonewWIsSs [BAISIUY|
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(iii) Find the integers a and b such that f(a)>0 and f(b) <0 or f(a) <0 and f(b) >0.

\

Hence state the integer bounds between which the root of f(x)=0 lies.

(iv) Verify by calculation that this root lies between 2.9 and 3.0.

Numerical solution of equations !

5 (i) Show that the equation x? =3% has a root ein the interval =0.7 <@ <—0.6.

(ii) Sketch the graphs of y = x*and y = 3" to verify there is just one root of
the equation x* =3,
f) A
4 -
34
2+
{4

x Y

3 -2 -1 0[ 1 2 3
-1 4
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Fixed-point iteration

.'E

EXERCISE 6.2

1 The equation x> — 2x + 3 = 0 has one root.

(i) Sketch the graphs of y =x” and y = 2x— 3 on the grid below. E
flx) A 1;
12+ g
10+ =
@
ot 3
61 g.
alt
24
f i -
o = o 0
3 2 a4 f 1 2 B
4+
64
_8__
-104
AP4

(ii) Use your graph to find the integers between which the root lies.

(iii) Use the iterative formula x,,,; =3/2x, — 3 to find the root correct to
4 decimal places.

(iv) Suggest two other arrangements of the form x,,,; =f(x,,) that could be
used to find the root.
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2 The equation 4— x =Inx has a root & where 2.9 < & < 3.0,

Use the iterative formula x,,,; =4—Inx,, with initial value xy =2.9 to find
the value of & correct to 3 decimal places.

Give the result of each iteration to 4 decimal places.

'3 (i) Show that the equation x” — x* =15 has a root between x = 2 and x = 3.

(ii) Use the iterative formula x,,,; = %/15 +x,° with x5 = 2.5 to find the root
correct to 3 decimal places.

D

4 (i) Show that if the iterative formula x,,,; = converges to the value a,

*n

then & will be a root of the equation x> +x —3=0.



(ii) Use the iterative formula with x5 =1.5 to find the value of e correct to
2 decimal places.

Iy
2
°
Q.
-
-+
=|
1]
P
=
(=]
=

5 The diagram shows a shaded segment of a circle centre O radius r.

(i) Show that the area, S, of the segment is given by
§=1r*(6—sing).

(i) The cord AB divides the area of the circle in the ratio 1 : 5.

Show that @satisfies @ :% +sin@.

(iii) Use the iterative formula

6,.,=1 +sind,

n+ 3

with &, = 1 to find @correct to 2 decimal places.
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6 The equation x* =3" has a root @ in the interval —0.7 < & < —0.6.

Show that each of these three possible arrangements x,,.; = f(x,,) fail to
converge to the root.

N xp= 31,, (ii) xn+1:10g3(xnz)
xﬂ

(§ii) X, ==
xﬂ

7 (i) Given that J:(6e2x+ x)dx =42, show that g :%ln(ls—%az).

(ii) Use an iterative formula, based on the equation in part (i), to find the value of a
correct to 3 decimal places.

Use a starting value of 1 and show the result of each iteration to 4 decimal places.

OCR Core Mathematics 3 4723/01 June 2007 Q6



'8 The sequence defined by

R N {*/31—%xn
converges to the number a.

(i) Find the value of & correct to 3 decimal places, showing the result of each iteration.

(ii) Find an equation of the form ax?® + bx + ¢ = 0, where a, b and ¢ are integers,
which has & as a root.

OCR Core Mathematics 3 4723/01 January 2008 Q2
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Numerical Solution of Equations

Stretch and challenge

138

1 The secant method is another way to
find the root of an equation.

It requires two starting points, x, and
X,, but they need not be on opposite
sides of the exact solution.

A straight line is drawn through the two
points (x,, f(x,)) and (x,, f(x,)), and the
next estimate is taken as the point at
which this line cuts the x axis.

(i) Develop an equation for x_,

fx) A

in terms of x, and x, .



(ii) Use the secant method to find x, for the equation f(x)= e** — 3, given that

x;,=1 and x, = 0.

\
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| Exam focus
The line y = x intersects the curve y =+/4—cosx at the point M.

sl

Use the iterative formula

Xpe1 =+J4—cOSX,
with x, = 5 to determine the x co-ordinate of M correct to 2 decimal places.

Give the result of each iteration to 4 decimal places.

1 7
2 Acurveisgivenby y=e % /3 + x2,

(i) The sequence of values given by the iterative formula

X1 =2In(48 +16x,°)

with initial value x;, =14 converges to a certain value e.

State an equation satisfied by e and hence show that & is the
x co-ordinate of a point on the curve where y = 0.25.

[3]

[3]



(ii) Use the iterative formula to calculate the value of e to 2 decimal places.

Give the result of each iteration to 4 decimal places.

B
2
g
&

3 The diagram shows the curve

y= xd—4x+4x* +2x- 7

: J
which crosses the x axis at the points (e, 0) and (5, 0) X
where ar < S.
It is given that & is an integer.
(i) Find the value of a. [2]
(ii) Show that S satisfies the equation x = Q/sz —9x +7. [3]
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(iii) Use an iteration process based on the equation in part (ii) to find the value of £

P2 correct to 2 decimal places.
m Show the result of each iteration to 4 decimal places. [3]
£
Q
-
i
=
Ll
®
S
k=
=]
m
E:
‘=
4
£
=
=
4 The diagram shows the curve y = Cf iix ¥
24
The x co-ordinate of the maximum point M is M
denoted by a. / |
1
(i) Find g and show that « satisfies the equation ol @ X
dx 1
=14
= ; 4
tan2x > 5 x [4]
(ii) Show by calculation that e lies between 0.3 and 0.4. [2]
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(iii) Use the iterative formula x, , =%tan_1 (——-——2 12 ) to find the value of & correct to P2
3 decimal places. ey ,

Give the result of each iteration to 5 decimal places. [3] _

SN20j wexy

The diagram shows a circle radius r centre O
with the radius OB extended to meet the
tangent to the circle at A at the point C. The

shaded area is the same as the area of the
sector OAB.

(i) Show that &satisfies the equation
20 =tan#@. [2]

(if) This equation has one root in the interval 0< 8 < =
Use the iterative formula
6, = tan"'(26,,)
to find the root correct to 2 decimal places.

Give the result of each iteration correct to 4 decimal places. [3]
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P3 7 Further algebra

The general binomial expansion

EXERCISE 71

Further algebra

1 Find the first 4 terms, in ascending powers of x, in the expansions below.

In each case state the values of x for which the expansion is valid.

i) (1+x)?2 (i) (1-2x)7"

(iii) (1+4x)2 iv) (1-9x)3

2 Expand each of the following in ascending powers of x, as far as the term in x2.

Give the values of x for which each expansion is valid.

i @+x)™ i) (9—3x)%
o 1 . 3x
Ll e Sl v
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3 The first three terms, in ascending powers of x, in the expansion of (1 + ax)? are
1 — 10x + 75x2.

(i) Find the values of a and b.

(ii) State the values of x for which the expansion is valid.

uoisuedxa jeiwoulq |eeuab ay| ' -ﬂ
W
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4 (i) Find the first three terms, in ascending powers of x, in the expansion of ]

*Jl—zxzi

3

State the set of values of x for which the expansion is valid.

1+x

\!1-2x2

(ii) Hence find the first six terms, in ascending powers of x, in the expansion of

Further algebra l

5 In the expansion of (1—3x)", the coefficients of the x and x? terms are the same.

(i) Find the value of n.

(ii) When n has this value obtain the expansion up to and including the term in x3,
simplifying the coefficients.
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6 When (1 — 3x)(1 + ax)~2, where a is a constant (a = 0), is expanded in ascending powers
of x, the coefficient of the term in x* is zero.

(i) Find the value of a.

(ii) When a has this value, find the term in x* in the expansion of (1—3x)(1+ ax)2,
simplifying the coefficient.

7 (i) Expand(1- 3x)_% in ascending powers of x, up to and including the term in x°.

(ii) Hence find the coefficient of x? in the expansion of (1—3(x + x° ))_%.

uoisuedxa jeiwoulq |eeuab ay| I -U
o%}
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(v1]
Ty
[ 1]
S

Expand (1 + ax)™ in ascending powers of x, up to and including the term in x2.

3

(ii) The coefficients of x and x? in the expansion of (1 +bx)(1+ ax) *are 1 and -2
respectively.

Given that a > 0, find the values of a and b.

Further algebra l

9 (i) Expand (a+ x)~? in ascending powers of x up to and including the term in x2.

(ii) When (1— x)(a+ x)2 s expanded, the coefficient of x? is 0.

Find the value of a.
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- where x <+ show that, assuming x = 0,

y=—é(dl—2x ++/1—x).

10 (i) Giventhaty:Jl =
—2x

(ii) Hence find the coefficient of the x term in the expansion of y.

uoisuedxa jeiwoulq |eeuab ay| ' -ﬂ
W
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Further algebra l

150

Algebraic fractions review

EXERCISE 7.2

1 Simplifty the following expressions.

o 3a. 8b

(i) 437){9.112
2

(i) _éf .

f°—6f+8

(i) Gc‘zd;].Sdz
5¢  25¢2

3g+1>( g+1

(iv) 5
3g° +4g +1

2 Write each of these expressions as a single fraction in its simplest form.

(i) 2 3

m 4m

Gii) P—2, p+2
p 3

(\f) r+5 3 2
4t 5S¢ ¢

(ii) 5]1‘_.”'}‘1
3 A

(iv) 24 4

g+l ¢g-1

2
(vi) s "]“‘4_ s
s* =0 5=3



Partial fractions

EXERCISE 7.3
1 Express the following quotients as the sum of partial fractions.
. - Sx+7 - 2x+14
W e+ i &+
=2 G R
x“—4 X-+Hx—5
. —10
(v) -24 - (vi) ; 1
x“—x 2% —5%=3

suonoey jenied [ ©
W
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P3 (Vii) 47 =18« (Viii) 5':!‘.'2 +20x—32

(x+1)(x—2)(x—4) x> —16x

=

S

=

(-]

2

=

2
Sy Genl e - S

() £ 50 —2—7 (x) 3Xx"+2x-20
x"—2x-3 x‘?‘ MY, |

(Hint: Divide out first.) (Hint: Divide out first.)

2 Express the following fractions as the sum of partial fractions.

2 2
(i) x“+3x-—1 (i) 3x“+2x-—3
x2(x—1) (x —1)(x+1)?
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(iii)

'3 Write the following fractions as the sum of partial fractions.

(i)

(iii)

Jr:(;n:'"-——l)2

1

(x+1)(x2 +1)

10

(x—4)(x*+4)

i x—1
o (x+1)°

(i) 2x% +3x+1
(x—1)(x?%+2)

—2x+4

e (xz +1)(x— 1)2

suonoey jenied [ ©
(¥})
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l

P3 Using partial fractions with the binomial expansion
EXERCISE 7.4

1 (i) 2= = A <2 B , find the values of A and B.
1+2x)(2—x) 142x 2—x

Further algebra

(ii) Expand L as far as the term in x2.
1+2x

Give the range of values of x that the expansion is valid for.

1
2—%
Give the range of values of x that the expansion is valid for.

as far as the term in x2.

(iii) Expand

(iv) Hence find the first three terms, in ascending powers of x, in the expansion of
2—-11x
(1+2x)(2—x)

, giving the values of x for which the expansion is valid.
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2 Express the following in partial fractions and hence find the first three terms of the
binomial expansion, stating the values of x for which this is valid.

" 8—x

W T+

G x2+9x+2
(1-2x) (1+ x)*

e 2x2—3x43

(iii) =
(1+x)(1+x")

-
W

uoisuedxs jenuoulq syl yum suonoseuy jeised buisn I
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P3 3 () Express c g in partial fractions.
(1=-2)2+x)(1+x)

l

Further algebra

4x +14

(ii) Hence obtain the expansion of
(1-x)(2+x)(1+x)

in ascending powers of x, up to

and including the term in x2.

4 (i) Given that
342x2 A B e

- = + =+
(1+x)°(1—4x) 1+x (1+x)* 1-4x
where A, B and C are constants, find B and C and show that A = 0.
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(ii)

Given that x is sufﬁciengly small, find the first three terms in the binomial
3+ 2x

(1+x)°(1—4x)

expansion of

OCR MEI Structured Mathematics C4 4754(A) June 2006 Q2

uoisuedxs jenuoulq syl yum suonoseuy jeised buisn ' -ﬂ
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P3 | Stretch and challenge

1 (i) Expand +/4—3x in ascending powers of x up to and including the term in x2,
simplifying the coefficients.

l

Further algebra

(ii) Find the value of the constant a such that the coefficient of the x2 term in the
1

expansion of (1+ax)(4— 3x)7 is e

(1+3x)? i

2 The coefficient of the x* term in the expansion of ;
(1+kx)

s 105.

Find the value(s) of the constant k.
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3 In the expansion of (1 + x)", where » is any rational number, for what values of n is
the coefficient of the x* term less than the coefficient of the x* term?

4 (i) Given the binomial expansion (1+ ax)b —1—x+2x%— ... find the values of @ and b.

(ii) Hence state the set of values of x for which the expansion is valid.

P3

'

abusjjeyo pue yojeng
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 Exam focus

v
W

1 When (1 + ax)~3, where a is a positive constant, is expanded in ascending powers of x,
the coefficients of the x and x? terms are the same.

(i) Find the value of a. [4]

Further algebra l

(ii) When a has the value found in part (i), obtain the expansion up to and including
the term in x?, simplifying the coefficients. [3]

2 — 4x— 32

2 (i) Express in partial fractions. [5]
(2—x)(2+x?)
- . ; : 2—4x—3x2 . _ :
(ii) Hence obtain the expansion of s— in ascending powers of x, up to and
(2=22+x")
including the term in x°. [5]
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Further integration

Integration by substitution

EXERCISE 8.1

1

Use the given substitution to find the integrals.

(i) _[(2x+1)dx u=2x+1 (ii) jzx(x2+1)4c1x u= x2+1
2
(iii) _[x 1-x2dx u=1-x2 (iv) J 3 dx u=3+2x°
(3+2x7)
(v) J'2x4x+4dx u=x+4 (vi) j(42x)5dx Uu=4—x
- X

(i) [ 2Vx—Tdx  wu=x—1

9
W

uoizmiisgns Aq uoneisbajuj
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3

Further integration !

2 1
: (1+—)
3 Use the substitutionu=1+ = to evaluate J ‘: dx.
X

162

2 Find the following definite integrals using a suitable substitution.

2
M [,V +1dx (ii) -

1 (2+I)3
(iii)J';(4x-1)J2x3-x+1dx Gv) [ —x+1 4.

1 (IZ+2I)S
(\f_) Jlﬁxz'(xz—l)ﬁdx ('\fi) Jﬂﬁxs xz_l_ldx




4 The diagram shows the curve y=x./4 + x.

(i) Find the co-ordinates of the point A.

(ii) Find the area of the shaded region using the substitution u = 4 + x.

=Y

-
W

uoizmiisgns Aq uoneisbajuj
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Substitution with exponentials and natural logarithms

P3

EXERCISE 8.2

1 Find the integrals using the given substitutions.

5 M [ 8xe*3dx u=x2+3 (i) fl‘z’g i u=x—x*
@ X—X
o
E
2
5
(W8
Ex x 3x
(iii) jex—ldx u=e —1 (iv) | e ——dx P
(14+e)
1
eX 2
b 1 = 6x 3
(v) 5dx U=— (vi) J dx u=1-3x
J’I x ' 1-3x°
(vii) _l'el_cmx sinxdx u=1—cosx
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X
2x+1

1 ;
1
2 Using the substitution u = 2x + 1, show that J.o dx= 2(2—11‘1 3).

OCR MEI Structured Mathematics C3 4753/1 May 2005 Q5

In2 :
3 Find the exact value of JD 32e?* (14 e**)* dx using the substitution u=1+e**.

e

dt -

4 Use the substitution u = 2 + Int to find the exact value of j 1
1 tH(2+1Int)?

-
W

swiyysebo] [einjeu pue sjeijuauodxe Yum uoininsqng
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P3

!

Further integration

166

2x

5 The diagram shows part of the curve y=———.
l+e

The curve crosses the y axis at the point P.

(i) Find the co-ordinates of P. YA

x Y

(ii) Find _;lx}_f. , simplifying your answer.

Hence find the gradient of the curve at P.

(iii) Show that the area enclosed by the curve, the x axis, the y axis and the line

| 2
x=1is %ln(l"-e ]

2

OCR MEI Mathematics C3 4753/1 June 2010 Q89



Integrals involving trigonometrical functions

EXERCISE 8.3

1 Find the following indefinite integrals using the given substitution.

(i) Ixsin(:cz)dx u=x* (ii) Jcos?-x(1+si113x)3 dx wu=1+sin3x
(iii) _[sinx & dax U=COSX (iv) J-cotxdx u=sinx
(v) _[tan4xdx u=cosdx (vi) _[cossxsinxdx U=COSX
(vii) _|.25in3 3xcos3xdx u=sin3x (viii)J. i de u=20

cos” 26

‘g
W

suoijosuny |esrsyawouocbisy Buiajoaw sjeibajuy
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P3

Further integration

168

2 Using the substitution u=1-cosx, find Isinxcos x(1—cosx)’ dx.

3 Calculate L:«M— x* dx using the substitution x =2sin8.

1
2
4 Find the exact value of [ ——=——dx using the substitution x = cos#.
oN1— x?



1
: _ /l—x 3 2
5 (i) Use the substitution x =sin’@ to show that ’[ T3 dx= 02 2cos“0de
0

1
1_
(i1) Hence find the exact value of j Tx dx
5 .

1
6 Find | ————=dx using the substitution x=2sec#.
j x2yx? -4

-
W

suoijosuny |esrsyawouocbisy Buiajoaw sjeibajuy
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P3

Further integration

170

3 2

7 Use the substitution x =tan@ to find the exact value of J. =

1 1+_x'?‘

i . 1 — . 1
8 (i) Given that x=—, show that J dx= —j dy
y xJ 2% =1 ;il— y2

(ii) Hence find J; dx.

xﬂxz—l

X _dx.



Partial fractions in integration

EXERCISE 8.4

1 Use partial fractions to find these integrals.

7X+8
W f(x+2)(x 1)

tis) 5x2+12§+ll dx
(x+3)(x“+1)

, where A and B are constants.

2 (i) Express 2x+1 in the form _4 + b

(x—3)> x=3  (x—3)?

10 2x+1
(i) Hence find the exact value of j X+

4 (x=3)*

a + blnc, where a, b and c are integers.

dx» giving your answer in the form

-
W

uonesbajul Ul suoljaB Ay [BIjIEd
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3

Further integration !

W

172

Cx+D

3 2
(i) Express 2X" +3x" +9x +12 5 the form Ax + B +———, where the values of the

x2+4

X" +4

constants A, B, C and D are to be stated.

(ii) Use the result of part (i) to find the exact value of J

Calculate the exact value of

2

0 sin“@—5sin@+6

H . 2

2X" 4+ 3x +9.:fcw|—12‘:1
5 X

x“+4

1

OCR Core Mathematics 4 4724/01 June 2007 Q7{ii), (iii)

cos@

dé using the substitution u=siné.



5 (i) Show that the substitution # = /x transforms J-; dx to j € du.

(ii) Hence find the exact value of j
S x(1+\/_ )

o
8

!'n.:
3
2,
o

3

o

5 L]
=
E

2,
S

3

OCR Pure Mathematics 3 2633 January 2005 Q7

| 2
3
6 Leu=f — 3 i
J1 x+2—x

(i) Using the substitution # =+/2— X, show that | =

1

6u o
o (2—u)(14+u) '

(i1i) Hence show that I=21n 2,

173




P3

Further integration

174

Integration by parts

EXERCISE 8.5
1 Use integration by parts to find the following integrals.

() [ xsinxdx (i) [axe*dx

(i) [ x%Inx dx

2 Evaluate these definite integrals.

M) [ @x-1e*dx i) [ oxcos2xdx

(i) | *2xInxdx



3 The diagram shows part of the curve y=xcos3x. y,
The curve crosses the x axis at O, P and Q.

(i) Find the exact co-ordinates of P and Q.

Ee] P\/O X

(ii) Find the exact gradient of the curve at the point P.

(iii) Find the area of the region enclosed by the curve and the x axis between O and P,
giving your answer in exact form.

OCR MEI Mathematics C3 4753/1 January 2010 Q8

‘g
W

sysed Aq uoneibajuy

175




P3

Further integration

176

4 Find the exact value of _[lex4 Inx dx.

5 (i) State the derivative of e**°*,

iy
(ii) Hence use integration by parts to find the exact value of _[c:nccusx sinx e“*** dx.

6 Show that J;I(xz +5x+7)sinx dx =n% +51T+10.



7 (i) Differentiate ln_f, simplifying your answer.

X

(ii) Using integration by parts, show that

8 Letl= Iex sinx dx.

Show, by using integration by parts, that I =

lrl—;“:c:lx=——l(1 +Inx)+c.
'3 X

X[ -
e (31113' Cosx)—l-c.

-
W

sysed Aq uoneibajuy
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3

Further integration

Stretch and challenge

178

1 3
1 (i) Usethesubstitution u = 1 + x to find the exact value of lx_ dox .
0 ==X
(ii) The diagram shows the curve y = x*In(1+ x). YA
(a) Find .
dx
9) x

(b) Using integration by parts, and the result of part (i), find the exact area
enclosed by the curve y = x?In(1 + x), the x axis and the line x = 1.

OCR MEI Mathematics C3 4753/1 January 2011 Q8



2 It is given that, for non-negative integers n, I, = J :nx.” cosx dx.

(i) Provethat, forn =2,1,= (-%-m:)n —n(n—1)1,_5.

(if) Find I, in terms of 7.

3 () Show that [ ‘f(x)dx= [ *f(a—x)dx.

9
W

i
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3

Further integration

4 (1)

180

(ii) Hence, or otherwise, calculate the value of the following integral, showing
clearly the steps in your working:

T

J'GE

sin” x

sin” x+cos” x

The function y is defined by y=

dx, for any integer, n.

x2

1+x

4l
0.6+

0.5¢

0.4+

0.3¢

0.2+

-

0.1¢

NZQA Scholarship Calculus 2004 Q3(b)

The gradient at the point x = 1 is 4.

-1 0.8 06 04 -02 9|

2

—— T
02 04 06 08 1 X

Hence show that there is a point with % <X -:Ji , where the gradient is also %



(ii) The shape of a wooden ornament is made by rotating the area between the
graph of the function

(x—1)°
1+(x—1)*

OD=x=2

y:

and the line y = -% through an angle 27t about the line x = 1.

Find the volume of this wooden ornament.

NZQA Scholarship Calculus 2004 Q3(a)

aBusjjeyd pue ys3ens i "‘g
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 Exam focus

2 ,
dx” +4x-17 i partial fractions, show that

1 By first expressing
2x% +5x -3
45 [10]

2
4x* +4x-17
5 dx=2-In—
2x° +5x -3 4

v
W

1

Further integration !

2 (i) Show that -i—(sec x)=secxtanx. [2]

dx

(ii) Use your answer to part (i) to find J. x% secx” tanx” d x, using the

substitution u= x°. [5]

|
(iti) Show that I?(secx +tan x)?‘ dx=2(/3+1) —13':-. [5]

182




3 The diagram shows the curve y=4sin® xcos” x. YA

(i) Find the x co-ordinate of the maximum
point M. [5]

x Y

SN20} wexy ' O
W

(ii) Using the substitution u=sinx, find, by integration, the area of the shaded region
bounded by the curve and the x axis. [5]

4 (i) Given that
A(sin 8 +cos 8 ) + B(cos 8 —sin 8)=4sin 8,

find the values of the constants A and B. [2]

183
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1 :
(ii) Hence find the exact value of J“ 4sino de, giving your answer in the form

ek o sin@+cos@ (5]

Further integration !

1

5 Use the substitution x = sin 0 to find the exact value csz ( : 5 )3 dx. [5]
g =2

184




6 The diagram shows the curve y = x+4/Inx. YA

The shaded region between the curve, the x axis
and the line x = e is denoted by R.

(i) Find the equation of the tangent to the curve

sN920} wexy ' O
W

R
at the point where x = 2, giving your answer
in the form y = mx + c. [4] o >
(ii) Find by integration the volume of the solid obtained when the region R is
rotated completely about the x axis. Give your answer in terms of w and e. [7]
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P3 9 Differential equations

Forming differential equations
EXERCISE 9.1
"1 Form a differential equation based on each situation described.

Do not solve the differential equations.

Differential equations

(i) The rate of change of the velocity of a car is constant.

(ii) The rate of growth of the number of bacteria is proportional to the number of
bacteria.

(iii) The rate of change of the height of a tree is proportional to the cube root of the
age of the tree in years.

(iv) The rate of change of the volume of water in a leaking tank is proportional to the
square root of the volume of water left.

186




(v) The rate of change of the radius of a balloon as it is blown up is inversely
proportional to the square root of the radius of the balloon.

(vi) The rate of change of the number of people hearing about a new product is
proportional to the number of people who have not heard about the product.

(vii) The rate of change of the volume of water in a swimming pool due to evaporation
is proportional to the surface area of the pool.

{viii) The area of a circular oil slick is increasing at a rate proportional to the square of
the radius of the oil slick.

-
W
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P3

Differential equations

188

Solving differential equations

EXERCISE 9.2
1 Find the general solution to the following differential equations.
. dy .n dy 4x
(i) H;—I—Zx (ii) .(-]-;_7
(i) SX = xe™ (v} S2=0014
dy . . dy cos®y
(v) =Y~ ysinx (vi) G g

2 Find the particular solution of these differential equations.

5 d}’__ X+y __ . .= 2 d.y_ . _
(i) Pt x=0, y=2 (i) (1+x )dx—2xy =0, w=g



sec’y dy f

3 (i) Find the general solution of the differential equation
cos® 2x dx

(ii) For the particular solution in which y = %ﬂ: when x = 0, find the value of y when
X =47,
6

OCR Core Mathematics 4 4724/01 January 2007 Q89

4 The height, k metj;es, of a shrub f years after planting is given by the differential
: dh 6-—
equation = :
dt 20
A shrub is planted when its height is 1 m.

(i) Solve the differential equation to find an expression for f in terms of h.

(ii) How long after planting will the shrub reach a height of 2m?

(iii) Find the height of the shrub 10 years after planting.

(iv) State the maximum possible height of the shrub.

OCR Core Mathematics 4 4724/01 June 2007 Q8
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5 A liquid is being heated in an oven maintained at a constant temperature of 160 °C.

P3 It may be assumed that the rate of increase of the temperature of the liquid at any
m particular time, t minutes, is proportional to 160 — 8, where @ °C is the temperature of
the liquid at that time.

When the liquid was placed in the oven, its temperature was 20 °C and 5 minutes later
its temperature had risen to 65 °C.

Find the temperature of the liquid, correct to the nearest degree, after another
5 minutes.

5
o
:
s
E
5
+
(]

s
6 (i) Find the general solution of the differential equation % = [')xi] , glving your
answer in the form y = f(x). |

(ii) For the particular solution in which y = 1 when x = 2, find the value of y when
x = 8.

OCR Pure Mathematics 3 2633 January 2005 Q6

190




7

(i) Find the quotient and the remainder when x? —5x + 6 is divided by x —1.

(ii) (a) Find the general solution of the differential equation

x—1 dy
= y—>5.
[x3—5x+6]dx 3

(b) Given that y =7 when x = 8, find y when x = 6.

-
W
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P 8 Paraffin is stored in a tank with a horizontal base. At time f minutes the depth of
3 paraffin in the tank is xcm. When t =0, x = 72.

There is a tap in the side of the tank through which the paraffin can flow. When the
tap is opened the flow of the paraffin is modelled by the differential equation

d 1
d—'::=—4(x— 8)?.

(i) How long does it take for the level of paraffin to fall from a depth of 72cm to a
depth of 35cm?

Differential equations

(ii) The tank is filled again to its original depth of 72 cm of paraffin and the tap is
then opened. The paraffin flows out until it stops. How long does this take?

9 (i) The number of bacteria in a colony is increasing at a rate that is proportional to
the square root of the number of bacteria present.

Form a differential equation relating the number of bacteria, x, to the time, t.

192




(ii) In another colony the number of bacteria, y, after time t minutes is modelled by

the differential equation <o

dt \/j

Find y in terms of t, given that y = 900 when ¢ = 0. Hence find the number of
bacteria after 10 minutes.

OCR MEI Structured Mathematics C4 4754(A) June 2006 Q4

10 (i) Express

TSR PTEY in partial fractions.

(ii) A curve passes through the point (0, 2) and satisfies the differential equation

dy _ y
de  (2x+1)(x+1)

4x +2
x+1

Show by integration that y =

OCR MEI Applications of Advanced Mathematics C4 4754(A)/01 January 2007 Q6
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11 A skydiver drops from a helicopter. Before she opens her parachute, her speed v ms™

P3

after time t seconds is modelled by the differential equation % T

Whent=0,v=0.

(i) Find v in terms of t.

Differential equations

(ii) According to this model, what is the speed of the skydiver in the long term?

She opens her parachute when her speed is 10 ms-1. Her speed t seconds after this is

wms™, and is modelled by the differential equation = = ——1~(w —4)(w+5).

dt 2

(iii) Express in partial fractions.

1
(w—4)(w+5)

w—4
w+5

(iv) Using this result, show that — 0.4 4L,

(v) According to this model, what is the speed of the skydiver in the long term?

i OCR MEI Applications of Advanced Mathematics C4 4754/01A May 2008 Q89




12 The forensic team at C.S.1. discover a dead body at 4pm in a shallow stream of water.
At that time the man’s temperature is 16 °C and the temperature of the water is 6 °C.
One hour later, the man’s temperature has dropped to 8 °C.

Can you help the team determine the time the man died?

(The team understands Newton’s law of cooling which states that the rate of change of
temperature of an object is proportional to the difference between the temperature of the
object and the surrounding temperature. The normal human body temperature is 37 °C.)

13 A cylindrical water tank has developed a leak at the bottom of the tank. It is known
that the rate that water leaks from the tank is proportional to the square root of the
volume of water remaining.

If the tank had 900 litres in it initially and after one day 59 litres were lost due to the
leak, how long will it take for the tank to empty?
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Differential equations
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14 During a chemical reaction, substance A is converted into substance B at a rate that is
proportional to the square of the amount of A.

When f =0, 60 grams of A are present, and after 1 hour (f = 1), only 10 grams of A
remain unconverted.

How much of A is present after 2 hours?



Stretch and challenge

1

Some years ago an island was populated by red squirrels and there were no grey
squirrels. Then grey squirrels were introduced.

The population x, in thousands, of red squirrels is modelled by the equation

= ﬂ-k , where t is the time in years, and a and k are constants.
1+kt

Whent=0,x = 2.5.

2
) Sheoe t.hat% =-’%.

(ii) Given that the initial population of 2.5 thousand red squirrels reduces to
1.6 thousand after one year, calculate @ and k.

(iii) What is the long-term population of red squirrels predicted by this model?

The population y, in thousands, of grey squirrels is modelled by the differential

equation o =2y— yZ.

dt
Whent =0,y = 1.

(iv) Express in partial fractions.

2
2y—-y

(v) Hence show by integration that ln( - Y ]: 2t.
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(vi) What is the long-term population of grey squirrels predicted by this model?

3

OCR MEI! Structured Mathematics C4 4754(A) January 2006 Q8

700

2 In a bush reserve the number of possums, P, is given by the formula p =

f
d 4 - . "'2"
where ¢ is time in years from today. >+2e

(i) How many possums are there in the reserve today?

Differential equations

(ii) Find the long-term number of possums that this model predicts.

f
(iii) By expressinge 2 in terms of P, show that <— ‘j]f = g (I-Tﬁ%}

(iv) Hence find the instantaneous yearly rate of change of the number of possums
in the reserve today.

m+1

3 Find all functions y = f(x) which satisfy —— f:]l.x , where m is a non-zero constant.

Show that these functions also satisfy a( ¥ )y=ny" ™"

NZQA Scholarship Calculus 2011 Q1(c)
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4

(i)

During a penalty conversion attempt a rugby ball may be considered to be

a particle that moves as a projectile. Hence you may ignore the effects of air
resistance, etc. Initially, before the ball is kicked, the particle is considered to
be at the origin, O, relative to a horizontal x axis and a perpendicular y axis.
Assume that the particle moves only in the plane of the x-y axes.

YA

O

The acceleration of the particle after the ball has been kicked, measured
relative to these two axes, is given by:

where g is the acceleration due to gravity.

The particle leaves the ground with a speed of V metres per second at an angle
of ar to the x axis. By using integration, or otherwise, find the equation of the
path of the particle.

g
3
[1]
=
5
o
(1]
g
g
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3

Differential equations

200

(ii) On a particular conversion attempt the co-ordinates of the centre of the
goalpost crossbar are (kh, h).

(a) Show that there are two possible paths by which the particle may hit the
centre of the crossbar if V? > gh (1 +4/1+k? )

(b) In this case, show that for these two possible angles &, and 5,
oty + 0t = tan "t (—k).

NZQA Scholarship Calculus 2004 Q6



5 The typical population growth model assumes the rate of growth of the population
is proportional to the size of the population. Other models take into account
factors that limit the growth. This question describes a type of growth model called
a Gompertz growth model. This model assumes that the rate of change of y is
proportional to y and the natural log of L 7 where L is the population limit.

A population of 10 tigers has been introduced into a national park. The forest
service estimates that the maximum population the park can sustain is 180 tigers.
After 2 years, the population is estimated to be 30 tigers. If the population follows
a Gompertz growth model, how many tigers will there be 12 years after their
introduction?
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3

Differential equations

202

A tank contains 40 litres of a solution composed of 80% water and 20% alcohol. A
second solution containing half water and half alcohol is added to the tank at the
rate of 4 litres per minute. At the same time, the tank is being drained at the rate of
4 litres per minute. Assuming that the solution is stirred constantly, how much
alcohol will be in the tank after 15 minutes?



- Exam focus

1

(i)

(1)

: d
Show that, if y = cosec x, then Ey can be expressed as —cosec x cotx. [3]

(ii) Solve the differential equation %x}_ =—sinxtanxcott, given that x=1 whent=1% .
[4]
Express S Yy in partial fractions. [2]

(ii)

In a chemical reaction the amount, x grams, of a substance present at time
seconds is related to the rate at which x is changing by the equation

dx _ k(3— x)(6 — x), where k is a constant.

dr
Whent =0, x=0and whent =1,x = 1.

(a) Show thatk = -;-ln %. [6]

i-u
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(b) Find the value of x when t = 2. 3]

1
W

Differential equations

3  Solve the differential equation e*” % + tan x =0 given that when x =0, y = 0.
Give your answer in the form y = f(x). [6]
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4 A biologist is investigating the spread of algae in a lake. At time  weeks after the start
of the investigation, the area covered by the weed is A m2. The biologist claims that the
rate of increase of A is proportional to \/3A—2.

(i) Write down a differential equation representing the biologist’s claim. [1]

(i) At the start of the investigation, the area covered by the algae was 6 m? and 4 weeks
later the area covered was 17 m2.

Assuming that the biologist’s claim is correct, find the area covered 8 weeks after

the start of the investigation. [9]
. ; : : d
5 Given that y = 0 when x = 2, solve the differential equation xy~ a%= y° =1
obtaining an expression for ¥ in terms of x. [6]
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P3 1 0 Vectors
10

The vector equation of a line

Vectors

EXERCISE 10.1
1 Find an equation of the following lines in vector form.

(i) The line going through the point (3, —1) parallel to the vector —2i + 5j.

(ii) The line passing through the points A(-2, 1) and B(0, 8).

(iii) The line passing through the point with position vector 4i — 3j + k in the same
direction as the vector i — 4k.

206




(iv) The line passing through the points A(1, 9, —5) and B(2, 0, —1).

(v) The line passing through the points C(2, 3, 0) and D(-3, —4, 5).

8

(vi) The line going through the point with position vector 2i + 3j — 2k parallel to | -2 |.

A

(vii) The line going through A, parallel to DC (where points A, C and D are those
given in parts (iv) and (v)).
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P3 2 Determine if the following points lie on the line given.

2 o
m (i) (7,-7,4) r=|-1|+A4|-2
] 1 1

8

£
. -
i) 0,2,-8) r=| 0|+u|—2
—6 1

3 The straight line [ has the vector equation r = 3i — 4j + 2k + t(i + 3j — k).

Given that the point (a, b, 0) lies on the line, find the values of @ and b.
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The intersection of two lines

EXERCISE 10.2

1 Find the point of intersection of the two lines given.

If the lines do not intersect, state whether they are parallel or skew.

4 2 3 -5
(i) r=|-1]|+A|-2 and r=|-3|+u| 2
1 3 7 0

(ii) r=i—j+3k+sQ2i+4j+k) and r=5i+2j+k+t(-i+3j+2k).

1-21 ) 44 )
(iii) r=| 34 and r=| 1-5u
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| 1 4 1 =3
P3 (iv) r=|8[+A|-1| and r=| 0 |+pu| 2|

o) | 2 12 4

wn
S
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(v) r=(-4-35i +4j+(-5+39k and r=0C+110i+(1-30)j+ B+ k.

210




2 The vector equations of two lines are
r=(5i—-2j—-2k) +s(3i —4j + 2k) and
Prove that the two lines are:

(i) perpendicular

(ii) skew.

3 The equations of two lines are given by

r = (2i — 2j + 7k) + t(2i — j — 5k).

1) (-1 0 10
r=| 2|+A] 2 and r=|6|+u| 0|
-1 3 3 k—2

Find the point of intersection of the lines.

-
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| 21 i
P3 4 Show that the straight line with equation r = | =3 | +f| 4 | meets the line passing

through (9, 7, 5) and (7, 8, 2), and find the point of intersection of these lines.

Vectors

5 Relative to an origin O, the points A and B have position vectors 51 + j + 3k and 7i + 4k

respectively.

(i) Find a vector equation of the line passing through A and B.

(ii) Find the position vector of the point P on AB such that OP is perpendicular to AB.
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6 The points P, Q, R, and S have position vectors, relative to the origin O, given by the —_—
following. P3
3 13 & 10
e — |, —
OP=(4| 0Q=|9| OR=(2| OS=|*k
i 2 6

3

The lines PQQ and RS intersect at the point A.

(i) Find the value of k.

Saul] OM] JO UOI}28SIa3ul 8y |

(ii) Find the co-ordinates of A.

7 Lines !/, and [, have vector equations r = j + k + £(2i + gj + k) and
r = 3i — k + s(2i + 2j — 6k) respectively, where t and s are parameters and a is a
constant.

(i) Given that [, and [, are perpendicular, find the value of a.

(ii) Given instead that /; and [, intersect, find the value of a.
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8 The lines I and m have the following equations.

P3

r=-3i+2j+3k+Ai+2j+k) and r=7i+3j+3k+ uai+ bj-2k)

(i) Given that/ and m intersect, show that a — 10b = 38.

Vectors

(ii) Given also that/and m are perpendicular, find the values of a and b.

(iii) When a and b have these values, find the position vector of the point of

intersection of I and m.
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The angle between two lines

‘g
W

EXERCISE 10.3

1 The equations of two lines are given by

; T . 1
r=| 2|32l 2| and T=|6/|+u| O
-1 3 3 —2

Find the acute angle between the lines.

saul] om} usamiaq ejbue ay]|

2 (i) Thevectoru=3i+ bj+ ckis perpendicular to the vector 4i + k and to the vector
41 + 3j + 2k.

Find the values of b and c.

(ii) Calculate, to the nearest degree, the angle between the vectors 4i + k and 4i + 3j + 2k.
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P3

Vectors

216

3 Find the acute angle between the line with equation
r=(2i-j-3k)+s3Gi-5 +2k)

and the line passing through the points (9, 7, 5) and (7, 8, 2).

4 The co-ordinates of the vertices of a triangle are given by
A(l, 3, -2), B(8, -2, 4) and C(5, -1, a)
where a is a constant.

Find the value(s) of a such that angle ACB is 90°.

5 The diagram shows a square-based pyramid OABCD
with base lengths of 1 unit and a height of 1 unit.
The point D lies directly above the midpoint of the
diagonal OB.

Find the angle between the vectors OD and OB.




The perpendicular distance from a point to a line

EXERCISE 10.4

1 Find the shortest distance from the given point to the given straight line.

In each case find the co-ordinates of the point on the line that gives this minimum

distance.

(i) A(0,-7, -3)

(ii) B(-1,-6,7)

(iii) C(1,1,-2)

1 -3
r=|-1|+t] 4
1 2

r=(4i-2j+ 1)+ AQi—j - 2Kk)

0 [ 5
r=1|1[+s| —1
3 —a

-
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| 3 1
P3 2 The equation of a straight linelisr= |1 |+t| —1 |. O is the origin.

1o ST

(i) ThepointPonlisgivenbyt=1.

Calculate the acute angle between OP and 1.

Vectors

(ii) Find the position vector of the point Q on I such that OQ is perpendicular to L

(iif) Find the length of OQ.
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3 The position vectors of the points P and Q with respect to an origin O are 51 + 2j — 9k
and 41 + 4j — 6k respectively.

(i) Find a vector equation for the line PQ.

The position vector of the point T is i + 2j — k.

(ii) Write down a vector equation for the line OT and show that OT is perpendicular
to PQ.

It is given that OT intersects PQ.

(iii) Find the position vector of the point of intersection of OT and PQ.

(iv) Hence find the perpendicular distance from O to PQ, giving your answer in an
exact form.

P3
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P, 4 A plane takes off at 10am from the point (1.2, 0.8, 0) and heads in the direction
3 —2i — j + k. All units are in kilometres. The control tower is located at the origin.

(i) Find the closest distance the plane gets to the control tower.

Vectors

(ii) Find the height of the plane above the ground at this time.
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5 An eagle, initially located at the point with position vector —10i + 20j + 50k, spots P |
a rabbit on the ground at the point with position vector 5i + 20j. | 3

Immediately, the eagle swoops down with velocity 5i + j — 10k and the rabbit takes off m
with velocity 2i + j.

The rabbit’s burrow is located at 25i + 30j. All the units are metres.

(i) How long would the rabbit take to reach its burrow travelling at 2i + j metres
per second?

(ii) Determine if the eagle catches the rabbit.

aul| e 03 Julod e wouj ssuelsip jejnoipuadiad ay)
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P3 The vector equation of a plane

EXERCISE 10.5

1 Write the following planes in cartesian form ax + by + cx = d.

(i) r.Qi+4j-k =4

Vectors

(i) (r—4j).Gi-2j-k) =9

(iif) r=3i+j-k+AQ2i+ k) + u(5i + 2j + 3k)

2 Write the equation of the following planes in scalar product form r.n = k.

(i) 5x-2y+2z=10

(ii) r=1+2j—2k+ A0i+3j) +uQ2i-j+k)
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3 Find the distance of the following planes from the origin.

(i) x-5v-32=70

(i) r.(5i-2j-3k) =19
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P3 4 Find the equation of the following planes in cartesian form ax + by + cz = d and scalar

product form n.r=kxk.

(i) The plane which is perpendicular to the vector 2i + j — 3k and contains the point
(3, —4, -1).

Vectors

(i) The plane which goes through the origin and is perpendicular to the vectori + 4j + 5k.

(ifi) The plane which is parallel to the plane 3x — y — z = 12 and contains the point (-1, 4, 1).

(iv) The plane which contains the lines r = (51 — 2j + 2k) + s(3i — 4j + 2k) and
r = (5i + 2j + 3k) + t(-2i + 4§ — k).
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(v) The plane which contains the point (3, —1, 0) and the line
r=(4i+j+2k) + tli —j — 3k).

(vi) The plane which contains the points A(2, 3, —1), B(-8, -2, 1) and C(1, -1, 6).

(vii) The plane which is perpendicular to the plane 2x — y + 3z = 5 and contains the
points (1, -1, 2) and (4, 0, 1).
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P3 5 Write down a vector equation of the line through (2, 0, 2) perpendicular to the plane

2=y +2=0

Find the point of intersection of this line with the plane.

Vectors

6 In each case, determine whether the given line is parallel to the plane, lies entirely in
the plane or intersects the plane at one point. If it does intersect at one point, find the
co-ordinates of the point of intersection.

™ i

(i) r=|-2|+t] -2 and 2x+y+2z=28
3 -1
3 4 1

(i) r=| 2 |+s5 2 and r.| 2 |==7
-1) (-3 -3

226




(iii) r=G-j+2k)+t(Bi—-j+k) and x+y-2z=-4

-1
iv) r=4-5i+3j+(-2+s5k and r.| 4 |=10
3

7 Find the angle between the given line and plane.

0 2
(i) r=|-2|+t|-2| and 2x+y+z=28
3 —1
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(ii) r=2+5)i+B3-4s)j+(1+s)k and r.| 1 [=12

wn
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(iii) r=(2i-3j+Kk)+t(2i+j+3k) and 5x+y+3z=8

8 In each of the following find the co-ordinates of the foot of the perpendicular from the
point to the given plane and the minimum distance from the point to the plane.

(i) (2,-3,4) and x+2y+2z=13
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Il

i) (2,1,1) and r.| 2

20

(iif) (-2,1,-1) and x-2y+3z=0

F AL 2 3

9 Theline/hasequationr=| 3 |+A| 3 |and the plane p has equationr. |-7 |=k.

-2 5 3

(i) Given that [ lies entirely in p, find the value of k.
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(ii) Find the co-ordinates of the point on p which is closest to the point A(4, 10, —11).
Find the shortest distance from p to A.
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(iii) Find, in the form ax + by + cz = d, where a, b, c and d are integers, the equation of
the plane which contains both 7and A.
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The intersection of two planes

-
W

EXERCISE 10.6

1 For each of the following find the equation of the line of intersection of the given
planes and the acute angle between the given planes.

(i) 2x+2z=4 and 2y-z=6

sauejd om) jo uoI328s IBIUI BY |

{2 1
(ii) r.|-3|=6 and r.| 2|=-4
1 -5

(iii) 3x—y+2z=6 and x+2y—4z=9
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2 The equations of two planes are given by

P3

prx+3y—-2z=5 and m-x—-3y+2z=1.

(i) Show that the planes are parallel.

Vectors

(ii) Show that the point A(5, 2 ,3) lies on p and the point B(4, -3, —2) lies on 7.

(iii) Find the vector AB and the length from A to B.

(iv) Find the angle between the normal to the planes and AB.

(v) Hence find the distance between the planes.

(vi) The normal to the planes through A intersects the plane m at the point C.

Find the co-ordinates of the point C.
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(vii) Find the distance between A and C. (This should be the same as your answer
to part (v).)

6

3 The planes m, and m, have equations 3x — 2y + z=kandr.| 2 [=18 respectively.

-1
1Y =1
The line I is defined by r=| 2 |+ A| 2 |and the point A is (4, 2, 0).
-3 3

(i) The distance of the plane 77, from the origin is Jf Find the value of k.

(i1) Find the acute angle between 7, and 7.

(iii) Calculate the shortest distance between A and the plane m,.

P3
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(iv) Find the position vector of the point of intersection of l and =,.

P3

Vectors

(v) Find the equation of the plane containing the line | and the point A.

4 Three points have co-ordinates A(1, -8, —-2), B(9, 2, 4) and C(-3, 2, 10).
The plane p contains the point B and is perpendicular to the line AB.
The plane g contains the point C and is perpendicular to AC.

Find the equation of the line of intersection of p and q.
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5 Find the distance between the two planes 2x—y+2z+4=0and 2x -y + 2z + 16 = 0.

Find also the equation of the plane that is equidistant from both planes.

6 The planes ax + 3y + z=k and x + by + 2z = d intersect along the line with equation

2 9
r=|—-1|+A| -7 |
0_ c

Find the values of the constants a, b, ¢, d and k.

P3
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P3 7 The diagram represents a D

house. All units are in metres.

B(-1, -7, 11)

The co-ordinates of A,.B, C E(15, —20. 6)
and E are as shown. BD is |
horizontal and parallel to AE. A, 0. 6)

C(-8, -6, 6)

Vectors

(i) Find the length AE.

(ii) Find a vector equation of the line BD. Given that the length of BD is 15 metres,
find the co-ordinates of D.

(iii) Verify that the equation of the plane ABC is —3x + 4y + 5z = 30.

Write down a vector normal to this plane.
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4)
(iv) Show that the vector | 3 | is normal to the plane ABDE.
2 )
Hence find the equation of the plane ABDE.

(v) Find the angle between the planes ABC and ABDE.

OCR MEI Structured Mathematics C4 4754(A) June 2006 Q7
8 The point A(-1, 12, 5) lies on the plane P with equation 8x — 3y + 10z = 6.
The point B(6, -2, 9) lies on the plane Q with equation 3x — 4y — 2z = 8.
The planes P and Q intersect in the line L.

(i) Find an equation for the line L.
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The lines M and N are both parallel to L, with M passing through A and N passing

P3 through B.

(ii) Find the distance between the parallel lines M and N.

Vectors

The point C has co-ordinates (k, 0, 2), and the line AC intersects the line N at the point D.

(iti) Find the value of k, and the co-ordinates of D.

OCR MEI Further Applications of Advanced Mathematics FP3 4757 June 2008 Q1(i), (i), (iv)
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Stretch and challenge

1 Two mineshafts follow straight-line paths given by the equations

—1 0 -2 —1
r=|—=2|+t| =1 and r=|—-4|+t|-=3|.
| —1 L —1 -1 -3

The units are in kilometres.

A vertical ventilation shaft needs to be constructed at the point where the distance
between the mineshafts is as small as possible.

abusjjeyo pue yojeng

(i) Find the co-ordinates of the points in both mineshafts where the shaft will be
constructed.

(ii) Find the length of the ventilation shaft.
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P3

Vectors

240

2 A computer-controlled machine can be programmed to make cuts by entering the
equation of the plane of the cut and to drill holes by entering the equation of the

line of the hole.

A 20cm x 30cm x 30 cm cuboid is to be cut and drilled. The cuboid is positioned
relative to the x, y and z axes as shown.

‘4 R— F(-30, 20, 30)
D(0, 0, 30) == 1Bauc-— Sl
i . | B0, 20, 30)
1 by
1 \\ i i
A
|
S e T ' B(-30, 20, 0)
o=
X A(0, 20, 0) y

drill line
A G \7
- — F(-30, 20, 30)
D(0, 0, 30) o=
LG s
I P
i -
i
:
Ty Gt B(-30, 20, 0)
£l
> A0, 20, 0) ¥

First, a plane cut is made to remove the corner at E. The cut goes through the
points P, Q and R, which are the midpoints of the sides ED, EA and EF respectively.

(i) Write down the co-ordinates of P, Q and R.

—3
Hence show that PQ =

(ii) Show that the vector

(' D (—15 )
s— |
10 and PR=| 10 |
flSJ \ 0 /
(2

3 | is perpendicular to the plane through P, Q and R.

|2

Hence find the equation of this plane.



A hole is then drilled perpendicular to triangle PQR. The hole passes through the
triangle at the point T which divides the line PS in the ratio 2 : 1, where S is the
midpoint of QR.

(iii) Write down the co-ordinates of S, and show that the point T has co-ordinates

(~5,16%,25)

(iv) Write down the vector equation of the line of the drill hole.

Hence determine whether or not this line passes through C.

OCR ME]| Structured Mathematics C4 4754(A) June 2005 Q8
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P3 3 When alight ray passes from air to glass, it

m is deflected through an angle. The light ray

ABC starts at point A(l, 2, 2), and enters a
glass object at point B(0, 0, 2).

The surface of the glass object is a plane
with normal vector n. The diagram shows a
cross-section of the glass object in the plane

Vectors

of the light ray and n.

(i) Find the vector AB and a vector equation
of the line AB.

The surface of the glass object is a plane with equation x + z = 2. AB makes an
acute angle 0 with the normal to this plane.

(ii) Write down the normal vector n, and hence calculate 6, giving your answer in

degrees.
0 -2
The line BC has vector equation r=| 0 |+ #| —2 |. This line makes an acute angle
¢ with the normal to the plane. 2 =

(iii) Show that ¢ = 45°.
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(iv) Snell’s Law states that sin € = ksin ¢, where k is a constant called the refractive
index. Find k.

The light ray leaves the glass object through a plane with equation x + z = —1.
Units are centimetres.

(v) Find the point of intersection of the line BC with the plane x + z = —1. Hence
find the distance the light ray travels through the glass object.

OCR MEI Applications of Advanced Mathematics C4 4754/01A June 2009 Q7

-1} 2
4 The minimum distance from the point P(1,4,4) to theliner = | a |+f| —1 is——-
Find the value(s) of the constant a. 3 ) =1

-
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P3 . Exam focus

m 1 The points P and Q have position vectors, relative to the origin O, given by
OP=-5i—j+3k and OQ=i+2j+4k.

E The line [ has vector equation

Q

il

- r=0+0i+(3-20j+(5+2)k
(i) Show that / does not intersect the line passing through P and Q. [4]
(ii) Find the co-ordinates of the point A on / such that angle AQP is 90°. [4]
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2 The straight line / has equation r = (2i — j — 3k) + s(31 — 5j + 2Kk).
The plane p has equation (r — 15i). (i — 2j + 2k) = 0.
The line [ intersects the plane p at the point A.

(i) Find the position vector of A.

(ii) Find the acute angle between I and p.

(iiif) Find a vector equation for the line which lies in p, passes through A and is
perpendicular to L

5
W

[3]

SN20j wexy

[4]

[5]

245




P3 3 With respect to the origin O, the points A, B and C have the following position vectors.
1) 3 (—2)

-

=3 6 =1

The plane p is parallel to OB and contains A and C.

w
S
-
9
=

(i) Find the equation of p, giving your answer in the form ax + by + cz = d. [4]

(ii) Find the length of the perpendicular from B to the line through A and C. [3]
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2 3 11 -1
4 Two lines have equationsr=| k |+A| 2 |andr=| -4 |+u| 1| wherekisa
1 2 -1 5
constant. The lines intersect.

5
W

(i) Find the value of k and determine the co-ordinates of the point of intersection. [4]

SN20j wexy

(ii) Find the equation of the plane containing the two lines, giving your answer in the
form ax + by + cz = d, where a, b, c and d are integers. [5]
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P3 1 1 Complex numbers
11

EXERCISE 11.1
1 Simplify the following.
(i)

Complex numbers

(iif) —2i°

(v) (3i%)2

2 Simplify the following.
(i) 4+3i—2+6i

(iii) 31 x4

(v) (5+2i)(3—1)

(vii) (6 + 51)(6 — 5i1)

(i) z22+9=0

248

(ix) Q+31)0+H3-=-2)i)

'3 Solve the following quadratic equations.

Working with complex numbers

(i1)

(iv)

(vi)

(ii)

(iv)

(vi)

4i4

5i5

#oPait=ij

4(2—-1)—3(2+1)

(7 + 1)

(2 — 3i)?

(viii) i(2 — D(1 + 1)

(i)

22— 2x+2=0



(iii) 2z2—-6z2+5=0 (iv) z242iz—5=0

-
W

ssoquinu xajdwoa yum Bunjiop)

4 The complex numbers z and ware given by z=5—2iand w= 3+ 7i.

Giving your answers in the form x + iy and showing clearly how you obtain them,

find the following.
i) 4z-3w (i) z"w
OCR MEI| Further Pure Mathematics 1 4725 June 2009 Q3
(iii) z*z (iv) Re(z—2z%)
(v) ww* (vi) iw+iz
(vii) w* +w (viii) Im[(w*)?]
(ix) (izw)? (x) [(*+w)*]?
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P3

Complex numbers

250

5 Show that for any complex number z:

(i) zz*isareal number

(ii) z+ z* is a real number.



Dividing and finding square roots of complex numbers

EXERCISE 11.2

1 Express these complex numbers in the form x + iy.

(i) -

1

T
(iin) :

(vii)

(2-3i)°

(i) (1__5)2

1

2+ 3

5+31

Wi 4+ 31

L 2+ 31

(2 =1)*

P3

si1aqunu xa|dwod jo sjoos aienbs Buipuly pue Buipiaig
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P3 2 Find real numbers a and b that satisfy the following.
(i) (a+bi)=-5-12i (ii) (a+ bi)?=-24+ 10i

Complex numbers

'3 Find complex numbers in the form z = x + iy that satisfy the following.

(i) 2z—-z'=3+61 (ii) (1-1)z=2+8i

(iii) iz+ (2 +1)2z*=10-2i (iv) Q+1)z+ (3 —2i)z"=32

4 Find all the complex numbers z that satisfy iz? = 4z*.
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b

5 Find the values of a and b such that a.+ -=1421.

l—1 141

4i
a—3i
Express u in the form x + iy, where x and y are real.

6 The complex number u is defined by u =

-
W

si1aqunu xa|dwod jo sjoos aienbs Buipuly pue Buipiaig
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P3 Representing complex numbers geometrically
and finding the modulus

EXERCISE 11.3

2 1 Represent each of these complex numbers on the Argand diagram.
E (i) 4i Im A
51
2 (i) 1-i
£
S (iii) -5+ 2i 3}
(iv) 3+4 -5 &
(v) —4 & °=
. ; I f I I f i I f 1 —a
(vi) —4-3i1 5 4 -3 2 101 1 2 3 4 5
| | _1 4 | |
o
e
o, 1
ve 2
2 Given that z=1 + 2i, plot the following points on the Argand diagram.
(i) =z Im A
5 4
(1i) z+2
4 4
(iv) z* 2 1
(v) iz i | o
— —
(vi) iz? 5 4 -3 -2 .10 1 2 3 4 5
o i 1
s, 12 3
-3 +
44
o -2 8
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3 Given thatz=2—1and w=-3 + 2i, represent the following complex numbers on the

Argand diagram.
(i) =z
(ii) w

(i) z+w

(iv) w—=z
(v) zw
{vi) z¥ —w

4 Find the modulus of the following complex numbers.

(i) 3-i

(iii) 4i

(i) 5+12i

(iv) —/2 ++/5i

P3

snjnpow ay3 Buipulj pue Ajjesinawoab siequnu xe|dwos Buiyuasaidey
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3

Complex numbers

256

Given that u = 1 + i, v = —4 — 3i, w = 2i, find the following.

@ ol

(iii) |u+v|

(vii) [ X

Simplify.
(i) |3-4i

(i) |(x+1)+i(y +1)|

i) |v|

(iv) |u— w|

(vi) |[u*+v-—w

(viii) |uv|

(ii) |x—1+i]

(iv) Icosﬂ +isi116‘|



Loci with complex numbers

-
W

EXERCISE 11.4

1 Sketch on each Argand diagram the set of points z represented by the equation
or inequality.

5
(1]
i) |z|=3 (ii) |z-2]|=2 -3
-
e Im ch Im o
i g
a4l 44 o
2 21 g
Re F Re o
——t 5t = T T O > &
-6 4 -2 2 & 6 -6 -4 -2 |4 2 .4 6 =
22 42l
+4.1 a]
lel el
Gii) [z+i|=3 (iv) z-Q+i)|=2
6.klrﬂ 54‘:'”"'
41 41
-+ 1
| L i 1 i i | | 1 IRPE_ 1 1 1 1 1 | L 1 IH;PQ_
5 14 .2 (0 3 [ al6& & 4 1320 13T 41¢g
a2 42
4] 4
lsl 16
(v) |z+1-i|=2 (vi) z+2+2i|=2
cA M &A Im
4 4
2 2]
6 -4 -2 1013 T alg bl lmg Ol 12| & | g
42 A5
-4 -4
-6 16!
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2 Sketch on each Argand diagram the set of points z represented by the equation or

P3

inequality.
m i) |z|=|z-2] (ii) |z-2i|=|z+2]
: chIm cAIm
E 4: 4:
3 2. 2
E' iy Re T Re
Q t } i} T T | ST T e - —t T et T = +—t -
O 5 el V3 T e T Al g 6 /-4 21U 121416
13 2.
4] 4]
6l P
(iii) |z+1|=|z+3-1i| (iv) z-2-i|=|z+4+1i|
g4 Im chIm
4 4l
2 2]
i Re T Re
e e
6 -4 (-2 9 2| 4|6 6 =4 |2 19N 2 a4 8
—2 20
i _al
g lel
v) |z+2+3i|=<|z-3-2i] (vi) |z+4+i|<|z+3i]|
cAIm gh Im
4 al
2. 2]
7 Re T Re
UYWAY SO S S b L
b -4 1 (9 '3 1 A1 & i e =2 18 13 & g
-2+ A% 3 B
4] Lal
_5: -6+
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3 Explain what the difference would be in the loci sketched in questions 1 and 2 if the —_—
inequality signs used had been > or < rather than = or =. P3

5
£,
4 The complex number w is defined by w=1 — 2i. g
(1]
(i) Showing your working, express w? in the form x + iy, where x and y are real. E
Find the modulus of w2. &
:
Alm
10% T
I :
=4
64+
(ii) Shade on the Argand diagram o [
the region whose points 1
represent the complex numbers 5 il Re
whi isf S S e e e
z which satisfy FEEEE I EEA NS AR AL
|z — w?| < |w2|. Ll
41
G+
-8t
—104+

5 On the Argand diagram sketch the loci z and find in each case the greatest and least

values of |z|.
6) |z-3-2i|=2 (i) Jz+1-i|=3

Sélm 6“,.Im

4] 4]

24 2]

i Re T Re
bttt ettt
&4 219 13T hTg P 7 O T ) O T P

421 it |
lal 14
tel e
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o

Complex numbers

260

6 On the Argand diagram sketch the locus of points

EA Im
z such that |z | = |z — 2 — 2i | and find the minimum Al
value of |z | for this locus. 1l
R R R
12l |
_al
16l
7 Sketch the locus of points z represented by the following.
(i) arg(z)=— (ii) arg(z—1)=—
3 2
ch Im cAIm
al 4]
2] 2]
L | | 1 1 1 1 ] | | ! 1 Bhe, | | [ | | | 1 1 | 1 BE_
FEPEESLEERP AR W
Azl +21
4] 4l
6] 16l
SERE ¢ i 3 - -
(iii) arg(z—31)=—T (iv) arg(z—1+2i)=
gA Im gh Im
a] 4
Al 2
T R’E T Re
S —— e e
% 4 2 [0 13 [ alg 6 -4 -2 (N 21216
i3 —2-
4] 1]
6] lg]




(v) arg(z +i)=— (vi) = arg(z —2)= =

-+

ghIm chlm
4 4. &
L - £,
24+ 2. <
T T T T I I T T T 11 Re T T I I T I T 11 [ Re &
I L} 1 1—1 ! 6. I .I I 1 T IF 1 L] 1 |--.| 1 G I 1 1 1 Li |F n
FEPEENCREEPRF: G -4 =2 (9 T2 5@ 2
121 12 3
-4l 4] &
: 2
-6} 6 =
3
-

8 Write down the equation of the locus represented in the Argand ImA

diagram shown. I

OCR MEI Further Concepts for Advanced Mathematics FP1 4755 January 2009 Q4

9 (i) Write down the equation of the im A
locus represented by the perimeter 1
of the circle in the Argand diagram.

(ii) Write down the equation of the 2i 4 £
locus represented by the half-line € I
in the Argand diagram.
0 T e

(iii) Express the complex number represented by the point P in the form a + bi, giving
the exact values of a and b.

(iv) Use inequalities to describe the set of points that fall within the shaded region
(excluding its boundaries) in the Argand diagram

OCR MEI Further Concepts for Advanced Mathematics FP1 4755 June 2009 Q8
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10 (i) On the Argand diagram, show the im A

region where —%( arg(z—Z—-i)::% . a+

3

(ii) Determine whether the point 34
43 + 47i lies within this region. 21

Complex numbers

OCR MEI Further Concepts for Advanced Mathematics FP1 4755 January 2010 Q8(b)
11 (i) Sketch the locus |z—3— 4i|= 2 on the Argand diagram.

(ii) On the same diagram, sketch the locus arg(z —4) =%

(iii) Indicate clearly on your sketch the set of points that satisfy both |z —3—4i|=2
and arg(z—4)=1%

Im A

MW B W o = 00
— T

—
B - LB -5 <4 B <> o4 0O 1 2 3 4 5 6 7 8

ot

OCR MEI Further Concepts for Advanced Mathematics FP1 4755 June 2005 Q5
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12 (i)

(i)

(iv)

13 (i)

(i)

Sketch on an Argand diagram the locus,
C, of points for which |z —4| =3.

By drawing appropriate lines through
the origin, indicate on your Argand
diagram the point A on the locus

C where arg z has its maximum value.
Indicate also the point B on the locus
C where arg z has its minimum value.

Given thatarg z=a at A and arg z=f3 at

B, indicate on your Argand diagram the

set of points for which f = argz = a and
|z—4|=3.

Calculate the value of a and the value of f3.

-8 -6

-4

OCR MEI Further Concepts for Advanced Mathematics FP1 4755 January 2012 Q8

Shade the region in the complex plane satisfied by

|z-—2i|$2andarg(z—2i)3;and Im(z)=3

where Im(z) denotes the imaginary
part of z.

Calculate the greatest possible value
of Re z for points lying in the shaded
region, where Re z denotes the real
part of z.

' 14 The complex number 3 — 3i is denoted by a.

(i)

Find |a| and arg a.

Im A
44
34
2.. K
1
Re
} } } ; I o
4 =3 2 4 9 1
<=k
=, 1
3.1
__4.__

-
W

siequnu xajdwos Wypim 1207
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(ii) Sketch on the Argand diagram the loci gk Im

P 3 given by the following. =4
. (b) arg(z—a) = — >
® 2 . T Re
- S e
'E () |z—al|=|z— 6| -8 614 .32 Ol 121416]!38
e i
3 (iii) Indicate, by shading, the region of the T
3 Argand diagram for which |z'—.:1| < 34/2 and _4::
=
< Oiéarg(z—a)ﬂ-i- and|z—a|£=ra|z—6|. -6:
__B_I_

OCR ME! Further Pure Mathematics 1 4725 June 2009 Q6

15 The complex number w =3—1. Im A
S £
(i) Sketch the locus of point z such
that |z—w|=2.. il
- |
21
14
Re
-

(ii) Given that |z—w]|=2, find the maximum and minimum value of the following.

(a) |z] (b) |z-3] (c) arg(z)
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Modulus—-argument form and exponential form

EXERCISE 11.5

1 Write these complex numbers in modulus-argument (or polar) form,

z=r(cos@ +isin@), wherer>0and — =6 =

i) —2i (ii) 4-—3i
(iii) —5 + 12i (iv) 1++/3i
(v) 8 (vi) —1—1

2 Write these complex numbers in the form a + bi.

(i) 2(cos45° + isin45°) (i1) cos(—g)—f—isin(—?)

(iii) lz(ccs%A-isinzT) (iv) 0.5(cos(—90°) + isin(—90°))
_ l

(v) 6 cos(%)ﬂsin(%) ' (vi) 2(cos135°+isin135°)

-
W

uuio} jenyusuodxe pue wuo} yuswnbie-snjnpoyy

265




P3 Note that z = r (cosO + isin8) can be written in abbreviated form as z = r cisé.

'3 The complex numbers u, v and w are given by
u = 4cis30°, v = 2¢cis60°, w = cis(—90°)

Find the following, in modulus-argument form, rcisé.

-
f- I Gl ks (G e

-
=
3
(=8
£
S

(iv) uxw (v) uxw (vi) 5

) u ok i 1

(vii) — (vin) - (ix) —

v v v

) iu i) WA txii) %

4 For any complex numbers z, and z, decide if the following statements are true or false.

(D) |z125| =|z1| % |29 GGi) |z, +2,| =|21| +|23]
(i) |2,|* <[z, iv) 12l |zl

|2a] |22l
(v) ‘21‘|:|zi| (vi) argg—;zargzl—argzz
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5 Two complex numbers are oz =-/3—iand B =4 cis-é—.

Find the modulus and argument of each of the following complex numbers, giving
the argument in radians between —m and 7. Illustrate these 4 complex numbers on an
Argand diagram.

W im A

(ii) p 3¢+

(iii) o 5 4 3 -2 10 1T 2 B 4 5

(iv) £

-
W

uuio} jenyusuodxe pue wuo} yuswnbie-snjnpoyy
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P3 6 Itis given that m=—4+ 2i.

(i) Express }-}; in the form a + bi.

Complex numbers

(ii) Express m in modulus-argument form.

(iii) Represent the following loci on the gAIm
Argand diagram. =1
(a) |z--m|=3 al
(b) arg(z—m) = — 21
4 ] Re
o - >
(c) |Z“M|—|2-21| 8 64 20 T3T2lgla
0. N |
(iv) Hence shade the region that satisfies 1
- 4
|]z—m|=3and 6]
0 < arg(z—m) < £ and 8

|z—m|?|z—2i|_

OCR ME! Further Concepts for Advanced Mathematics FP1 4755/01 January 2007 Q8

7 Show that for any non-zero complex number z, 1 _ z”

2 -
‘Il
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8 This question introduces an alternative method for finding the square root of

a complex number.
The complex number z is such that z*=5-12i.

(i) Write z2 in modulus—argument form rcis 6.

1
(ii) Take the square root of both sides of the equation z*=rcis@ giving » — (rcis@)2-

1 1

(iii) Find one possible value of z using that fact that (rcisﬂ).i = r2¢is (-}2-9) = Jrcis (-%9)

(iv) Find the other value of z using the fact that the other complex number satisfying
z? =5 — 12i can be found by rotating the first value by 180° around the Argand
diagram.

(v) Convert both values for z to the form x+ iy.

Use the method described in question 8 to find /21—20i.
[Hint: start with z2 =21 — 20i.]

-
W

uuio} jenyusuodxe pue wuo} yuswnbie-snjnpoyy
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P3 10 The complex number u is defined by u = 5 3 = where the constant a is real.
o

(i) Express u in the form x + iy, where x and y are real.

Complex numbers

(ii) Find the value of the constant a such that:

(a) arg u =

(b) |u|=+2.

11 Convert these complex numbers to exponential form, z = re'®.

(i) m% (i) —1+i

(ii1) 2 - 31 (iv) 5i
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12 Write these complex numbers in the form x + iy. Plot each one on the Argand diagram.

P3

6B & m A
5+
44
3 s
(ii) 2e 2l g
&
11 .
Re E
- } 1 : : =
e 5 4 -3 2 10l 1 2 3 4 5 3
(iii) 4e'™ -1+ 5
e, ol 3
2
8 o
e %
(iv) 3e © g §
i ;
5
)
-

13 (i) Find 4e3 x 3cis(g) in exponential form.

(ii) Find —2i+ 2cis(g) 1n:

(a) the form x + iy

(b) polar form.
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P3 Complex numbers and equations

EXERCISE 11.6

1 The cubic equation 2z* — z2 + 4z + k =0, where k is real, has a root z=1 + 2i. Write
down the other complex root. Hence find the real root and the value of k.

Complex numbers

OCR MEI Further Concepts for Advanced Mathematics FP1 4755 June 2070 Q3

2 Given that z=6 is a root of the cubic equation z* — 10z + 37z + p = 0, find the value of
p and the other roots.

OCR MEI Further Concepts for Advanced Mathematics FP1 4755 January 2012 Q3
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3 (i) Find the solutions to the equation iz? — z+ 2i= 0.

-
W

(ii) The roots of the equation are NOT a conjugate pair. Why not?

suoljenba pue siaquinu xajdwon

4 (i) Find the solutions of z*— 16 = 0.

Im A
(ii) Plot the solutions on an Argand a-k
diagram. What do you notice? .
24
1 =
Re
_ ' —— —— >
(iii) One solution of the equation 4 -3 2 19 1 2 3 &
o kig =141 K2
-2+
Find the value of k and the other three 2
solutions to the equation.
=k

5 The equation x* + Ax*+ Bx*+ Cx+ D =0, where A, B, C, and D are real numbers, has
roots 2 + 7 and —21.

(i) Write down the other roots of the equation.
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P3 (ii) Find the values of A, B, C, and D.

Complex numbers

OCR MEI Further Concepts for Advanced Mathematics FP1 4755 June 2005 Q9

6 You are given that the complex number a = 1 + i satisfies the equation
z3 + 3z2 + pz + q =0, where p and q are real constants.

(i) Find a? and o in the form a + bi . Hence show that p =—8 and g = 10.

(ii) Find the other two roots of the equation.
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(iii) Represent the three roots on an Argand diagram.

Im A
5 A 12
4 = 1
3+ &
=
21 =
e
1 3
Re =
L] : I 1 ] ]I 1 il 1 I P w
<5 el =8 =g f D 1 2 3 4 5 5
i &
a
. L2 &
af a
5.4

OCR ME! Further Concepts for Advanced Mathematics FP1 4755 January 2006 Q8

7 The cubic equation x* + Ax? + Bx + 15 =0, where A and B are real numbers, has a root
x=1+ 2.

(i) Write down the other complex root.

(ii) Explain why the equation must have a real root.

(iii) Find the value of the real root and the values of A and B.
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P_ 8 (i) Show thatz=3is aroot of the cubic equation z° + z2 — 7z =15 = 0 and find the
3 other roots.

5
(-
z
3
(=8
£
Q
o
(ii) Show the roots on the Argand diagram. im A
4 il
e
ol B
‘I o
Re
bt | : e

OCR MEI Further Concepts for Advanced Mathematics FP1 4755/01 January 2008 Q3
9 Two complex numbers, @ and 3, aregivenbya=1+iand f=2—1.

(i) Expressa+ f, aa* and af in the form a + bi.

(ii) Find a quadratic equation with roots a and a*.
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(iii) « and f are roots of a quartic equation with real coefficients.
Write down the two other roots and find this quartic equation in the form
z4+ Az*+ Bz2+ Cz+ D=0.

-
W

OCR ME! Further Concepts for Advanced Mathematics FP1 4755 January 2008 Q9

suoljenba pue siaquinu xajdwon

10 The complex number z satisfies z" = a + bi. When plotted on an Argand diagram,
two adjacent roots are given by Cisﬂ and cis % Find the value of n and the exact

values of a and b.
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P3 | Stretch and challenge

1 Solve the equation e*™ =3, where x and y are real.

Complex numbers

2 The complex number z is defined by z =co0s8 +isin@.

(i) Show that z" +L= 2cosnB and z" —s 21sin#0 .
H H
z z

4
(ii) Expand (z +—i—) using the binomial theorem.

Hence show that cos*8 = %(cos 46 +4c0s20 +3).
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1

(iii) (@) Show that tan =—2—% .
i(z+2z7")

1—tan’@
1+tan29

(b) Use this result to prove that cos26 =

3 De Moivre’s theorem states that (rcis@)" =r"cis(n8).

(i) Use De Moivre's theorem to find w'? given that w = S5

9
W

abusjjeyo pue yojeng
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P3 (ii) By writing 351 in polar form, use De Moivre’s theorem to find

the solutions to the equation z” = 1.

Complex numbers

(iii) (a) Expand (cos@ +isin®)’ using the binomial theorem.

(b) By equating imaginary parts and using De Moivre’s theorem,
show that sin50 =16sin°@ —20sin>0 +5sin6 .

(c) Hence solve the equation 16x°—20x>+5x—1=0, giving your answers in
exact trigonometric form.
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4 (i) The gamma function I' extends the factorial function to all of the real
numbers except for the negative integers and zero.

It takes values of the factorial function at positive integers: I'(n + 1) = n!
and has the property that for any values, I'(x) = (x — DI'(x — 1).

A formula useful for finding other values of the gamma function is Euler’s
reflection formula: I'(z)I"(1— z) =

sin(mz)
Find the exact value of " (-;—) , and hence the exact value of I” (.%) :

(ii) Consider the equation x6 + (2 —k)x* + (25 — 2k)x? — 25k =0,
where k is a real constant.

Given that ¢ =+/2 ++/3i is a root of this equation, find the other five roots.
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P3 (iii) The vertices of a regular octagon, shownon  1m A

| the Argand diagram, represent the roots of ° *
m a complex degree 8 polynomial. One root is
shown at the point A, 1 + 0i. 7 -
.E Write the polynomial in the form
2 p(z) =(z— (a+ bi))" +q. o ®
L
> A(1 + 0i)
=] & L 4 T
& Re

NZQA Scholarship Calculus 2011 Q5

5 (i) Ifz =\/-2L(a +afa’ +b2) + i\/-%(—r.w NI +bz) is a complex number,

with i? = —1 and a, b real numbers, find z2 in the form p + iq.

The Mandelbrot set is constructed by plotting in black all complex numbers,
¢ = a+ ib, such that:

if f(z) = 22 + c then

£"(0)| <2 forallne {1,2,3, ..}
£ (z)‘ represents the modulus of the complex number f(f (F(F(-f (z))))) ;

L

where

282




That is, f2(z)=f(f(z))=(z% +¢)? +¢c. The sequence starts with z= 0, so f(0)=c,

£2(0)=c?*+c, etc.

(i) Use the definition of the Mandelbrot set above for f(z) =z + ¢ beginning
with z=0, so f(0)=c.

(a) Show that c= 1+ 2i is not part of the Mandelbrot set, but ¢ =1 is.

(b) For f(z)=z%+c, with c= \/-%(a+\/ﬂ2+bz) +i\/-%(—*ﬂ+\/ a’ +bz), and

b* =3a?, find f*(0) in terms of a.

Hence show that when a= 18-, ‘fz(O)I =i-\/(5 +2:/3).

NZQA Scholarship Calculus 2007 Q4
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 Exam focus

1 The complex numbers 1 — 2i and 3 — i are denoted by z and w respectively.

(i) Showing your working express each of the following in the form x + iy.

(a) z—3w (b) zw
1 w
) — (d) —
w z
z2
(ii) The complex number u is given by u= =

(a) Express u in the form x + iy, where x and y are real.

(b) Sketch on the Argand o
diagram the locus of the a4l
complex number z such that 5
2 — ul = |ul 3 2

[8]

[4]




2 The complex numbers u and w satisfy the equations # — w= 61 and uw = 13. P3

Solve the equations for u and w, giving all answers in the form x + iy,
where x and y are real. [5] m
¥
-]
3
o
(1)
&
Alm
3 (i) On asingle Argand diagram, sketch the locus 4
of each set of points. o
2 -
(a) |z—3i|=2 [2] T Re
S RERRERD RS
(b) arg(z+ 1) =im [2] i
B
—b -

(ii) Indicate clearly on your Argand diagram the set of points for which
|z—3il=< 2 and arg(z+1) = 4m. [2]

(iii) (a) By drawing an appropriate line through the origin, indicate on your Argand
diagram the point for which |z — 3i| =2 and arg z has its minimum
possible value. [2]

(b) Calculate the value of arg z at this point. [2]

OCR ME! Further Concepts for Advanced Mathematics FP1 4755/01 January 2008 Q8
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4 The complex number 1 + 2i is denoted by u. The polynomial x* —3x”+5x*— x—10 is

P3

denoted by p(x).
m (i) Showing your working, verify that « is a root of the equation p(x) =0,
and write down a second complex root of the equation. [4]
&
£
2
k-
(=8
£
Q
O
(ii) Find the other two roots of the equation p(x) = 0. [6]
5 (i) Withoutusinga calculator, solve the equation iw? =(—3+ 3i)2. [3]
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(ii) (a) Sketch on the Argand diagram the region R consisting of points
representing the complex numbers z where |z -3+ 3i| = 2.

Im A

5.1

44

3_-

ZH-

1.
Re
e

(b) For the complex numbers represented by points in the region R,
itisgiventhatp < |zl = gand a < argz = .

Find the values of p, g, « and .

5
W

[2]

SN20j wexy

[6]
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6 The polynomial p(z) is defined by p(z)= 23 — 22 + kz — 27, where k is a constant.
It is given that (z — 3) is a factor of p(2).

O
W

(i) Find the value of k. [2]

Complex numbers

(ii) Hence, showing all your working, find

(a) the three roots of the equation p(z) =0 [5]

(b) the six roots of the equation p(z?) = 0. [6]
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PAST EXAMINATION QUESTIONS P2

1 Algebra

1 The polynomial x*+3x*+a, where a is a constant, is denoted by p(x).
It is given that x? + x + 2 is a factor of p(x). Find the value of a and the
other quadratic factor of p(x). [4]

2
a
@
5
o
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................................................................................................................................
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2 Solve the inequality | x—2|> 3| 2x +1]. [4]

................................................................................................................................
---------------------------------------------------------------------------------------------------------------------------------
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3 The polynomial 4x* — 4x2 + 3x + a, where a is a constant, is denoted by p(x).
It is divisible by 2x? — 3x + 3.

(i) Find the value of a. [3]

.........................................................................................................................

--------------------------------------------------------------------------------------------------------------------------
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4 Solve the inequality |x — 3| >|2x|. [4]
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5 Solve the inequality 2|x—3|>|3x +1|. [4]

1% 3 NS S EE SRS EES S SN NSNS S ED S SANEAN GEE FAE NS EEAEN Y AS S NS EPEETLE NSNS NS PN EYENTEL EEET NS NN IS EY SN NS EEALEE R NS EASAEEEAER NN A
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6 The polynomial x? + 4x? + ax + 2, where a is a constant, is denoted by p(x). It is
given that the remainder when p(x) is divided by (x + 1) is equal to the remainder
when p(x) is divided by (x — 2).

(i) Find the value of a. [3]

2
a
@
5
o

.........................................................................................................................
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(ii) When a has this value, show that (x — 1) is a factor of p(x) and find the
quotient when p(x) is divided by (x — 1). [3]

.........................................................................................................................
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7 The cubic polynomial p(x) is defined by
p(x) = 6x* + ax®* + bx + 10,

where a and b are constants. It is given that (x + 2) is a factor of p(x) and that,
when p(x) is divided by (x + 1), the remainder is 24.

(i) Find the values of a and b. [5]

R R I e o e I T I T T O I O T R T R R T N T I O I R R T R T R R
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(ii) When a and b have these values, factorise p(x) completely. [3]

aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa
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8 Solve the inequality |x + 2| >|-%x—- 2|. [4]
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9 The polynomial ax?® — 3x? — 11x + b, where a and b are constants, is denoted by p(x).
It is given that (x + 2) is a factor of p(x), and that when p(x) is divided by (x + 1) the
remainder is 12.

(i) Find the values of @ and b. [5]
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(ii) When a and b have these values, factorise p(x) completely. 3
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2 Logarithms and exponentials
1 (i) Express4* in terms of y, where y = 2*. [1]

(ii) Hence find the values of x that satisfy the equation
3(4*)—-10(2*)+3=0,

giving your answers correct to 2 decimal places. [5]

B L T T T T T T T I T T S e T T T e R L T T B i e e R e R R e
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--------------------------------------------------------------------------------------------------------------------------
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2 Solve the equation

In(x+2)=2+Inx,

giving your answer correct to 3 decimal places. [3]

oA Ed dEE o Ed E EE e EE R Ed el Ea R NE RS S EE N Rd R R B R RN RS NN E S R R E R B R R E N d A MR RS NS R RS E R R NE N W N B d N R RN RS R Ed A s Ed R W AN RS EEE R
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3 Solve the equation In(2 +e™* ) = 2, giving your answer correct to 2 decimal places. [4]

.................................................................................................................................

------------------------------------------------------------------------------------------------------------------------------------
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x+2

4 Solve the equation 3" =3% 4+ 37, giving your answer correct to 3 significant

figures. [4]
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5 (i) Given that y = 2% show that the equation

2% 4 3027 = 4

can be written in the form

-4y +3=0. [3]

-------------------------------------------------------------------------------------------------------------------------
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(ii) Hence solve the equation

2% 4 3(2) = 4,

sjenuauodxe pue swyiiebo

giving the values of x correct to 3 significant figures where appropriate. [3]
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6 Solve the equation
In(1 +x2)=1 + 2lnx,

giving your answer correct to 3 significant figures. [4]
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7 The variables x and y satisfy the equation y = A(b¥), where A and b are constants.
The graph of In y against x is a straight line passing through the points (1.4, 0.8)
and (2.2, 1.2), as shown in the diagram. Find the values of A and b, correct to
2 decimal places. [6]

Iny A

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr
D B o e e T R S e B R T B B L T S B e O e T e R I T S R R R B O R T i

Fed rm e Fe Ak ER e PR PR YRS N PSS A FY S PA N Ed R E R RN R @Y s Ed P ESEFN E PR R P PEd Rl N RS RS R TR PN R Ed R NP R R WA EAN PR R R R EY s WY N FY N R R EA R RN R

Cambridge International AS & A Level Mathematics, 9709/23 November 2010 Q5

=2x+2

8 Use logarithms to solve the equation 3% , glving your answer correct to

3 significant figures. [4]
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3 Trigonometry
1 (i) Prove the identity

cos46 +4c0s20=8cos*@—3. [4]
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(ii) Hence solve the equation

cos40 + 4cos260 =2,
for 0° = 0 = 360°. [4]
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2 (i) Prove the identity

tan(x + 45°) — (tan 45° — x) = 2tan 2x. [4]

-------------------------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------------------------
.........................................................................................................................
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(ii) Hence solve the equation
tan{x + 45°) — (tan 45° — x) = 2,

for 0° =< x = 180°. [3]

.........................................................................................................................
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3 (i) Express5sinx+12cosx in the form Rsin(x + o), where R >0 and 0° < o < 90°,
giving the value of o correct to 2 decimal places. [3]

.........................................................................................................................
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(ii) Hence solve the equation

551n28 +12cos28 =11,

giving all solutions in the interval 0° < 8 < 180°. [5]
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4 Solve the equation secx =4— 2tan"x, giving all solutions in the interval
0° = x = 180°. [6]
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5 (i) Express3cosx +4sinx in the form Rcos(x —o), where R > 0 and 0° < o < 90°,
stating the exact valuae of R and giving the value of & correct to 2 decimal
places. [3]

-----------------------------------------------------------------------------------------------------------------------------

.........................................................................................................................
nnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnn

-----------------------------------------------------------------------------------------------------------------------

.........................................................................................................................

A8 B d N BSOS Ed R Ed S S RN Ed RSN EA R EdE RS B NS RS RS @ EE W R NS ES B B B S ES M Ed S S NS B RS RS Nd S S E Ed d EE S EE N RSN SR Nd NS N N e A BN EdE EEE K




(ii) Hence solve the equation
3cosx +4sinx =4.5,

giving all solutions in the interval 0° < x < 360°, [4]
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(i) Show that the equation tan (x + 45°) = 6 tan x can be written in the form
Gtanzx—-Stanx+1=0. [3]
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Solve the equation
sin@ =2cos260 +1,

giving all solutions in the interval 0° = 6 = 360°, [6]
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8 Solve the equation
cos (0 + 60°) = 2sindb,

giving all solutions in the interval 0° = 8 = 360°. [5]
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9 (i) Prove that sin?20(cosec? @ — sec? ) = 4cos 26. [3]
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(i1) Hence

(a) solve for 0° = x = 180° the equation sin? 26(cosec? 6 — sec?0) = 3, [4]
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4 Differentiation

1 The equation of a curve is y = xsin2x, where x is in radians. Find the equation of

the tangent to the curve at the point where x = + 7. [4]
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2 The parametric equations of a curve are
x=a(20—sin20), y=a(l—cos20).

Show that d_y = coté. [5]
dx
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3 The diagram shows the curve y = x2V(1 — x2) forx = 0 YA
and its maximum point M.

Find the exact value of the x-coordinate of M. [4]
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4 A curve has equation y = e?**tanx. Find the x-coordinates of the stationary

points on the curve in the interval -—%IT. < <:%‘n: . Give your answers correct
to 3 decimal places. [6]
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5 The equation of a curve is

x2%y + y? = 6x.

(i) Show that &Y B 23':') [4]
dx x +2y
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(ii) Find the equation of the tangent to the curve at the point with coordinates
(1, 2), giving your answer in the form ax + by + ¢ = 0. [3]
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\/ 1—x . YA
6 The diagram shows thecurvey =+v|7;x | |
I
) I
I
(i) By first differentiating i :x’ obtain an i p
X | \
expression for % in terms of x. Hence show that _ 0 X
the gradient of the normal to the curve at the
point (x, ¥) is (1 + x)V(1 — x2). (5]
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(ii) The gradient of the normal to the curve has its maximum value at the point P
shown in the diagram. Find, by differentiation, the x-coordinate of P. [4]
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7 The diagram shows the curve y = x*Inx and its YA
minimum point M.

Find the exact coordinates of M. [5]
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8 The equation of a curve is

x?+2xy —y*+8=0.

(i) Show that the tangent to the curve at the point (-2, 2) is parallel to the x-axis. [4]
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(ii) Find the equation of the tangent to the curve at the other point on the curve
for which x = -2, giving your answer in the form y = mx + c. [5]

Past examination questions
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9 The parametric equations of a curve are
x =In(tant), y =sin<t,

where Oqtq%n.

. dy .
(i) Express 2 in terms of ¢. [4]
dx
(ii) Find the equation of the tangent to the curve at the point where x = 0. [3]
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10 A curve has equation x? + 2y? + 5x + 6y = 10. Find the equation of the tangent
to the curve at the point (2, —1). Give your answer in the form ax + by + ¢ =0,
where a, b and ¢ are integers. [6]
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11 The parametric equations of a curve are

x=1+2sin*6, y=4tané.

—_ dy 1
(i) Show that = \ [3]
dx sin@cos’@
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(ii) Find the equation of the tangent to the curve at the point where 8 = 4,
giving your answer in the form y = mx + c. [4]
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2
12 The equation of a curve is _€ " Show that the gradient of the curve

4 e**

at the point for which x =1n3 is .
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1

5 Integration
g . o 4 6L
(i) Given that y = tan2x, find Ey [2]
(ii) Hence, or otherwise, show that
im
J sec? 2xdx :%\"3,
0
and, by using an appropriate trigonometrical identity, find the exact value of
in
Io tan®2xdx. [6]
(iii) Use the identity cos4x = 2cos?2x — 1 to find the exact value
t Jﬁ dx. 2
0 l4cosdx 2]

2
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(i) (a) Prove the identity

. 1+sinx
sec?x + secxtanx =—
Cos“x

.................................................................................................................
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(b) Hence prove that

seclx + secxtanx = —
1—sinx

.................................................................................................................
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dy

(ii) By differentiating , show that if y = sec x then — = secx tanx. [3]

3 The diagram shows the curve y = V(1 + 2 tan2x)

for 0 éxﬁzaé-m

(i)

COS X dx
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e
T

Use the trapezium rule with three
intervals to estimate the value of

I\

e

J-“lr V(1 + 2 tan?x)d x, >

0 O " X
giving your answer correct to
2 decimal places. [3]
The estimate found in part (i) is denoted by E. Explam, without further
calculation, whether another estimate found using the trapezium rule with
six intervals would be greater than E or less than E. [1]
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4 (i) Prove the identity cos40 — 4cos260 + 3 = 8sin* 6. [4]
(ii) Using this result find, in simplified form, the exact value of
3
sin*@ de.
i [4]
a
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; d
£O3X  show that if y = cotx then 2~ _cosec?x. [3]
sinx dx

5 (i) By differentiating

--------------------------------------------------------------------------------------------------------------------------
--------------------------------------------------------------------------------------------------------------------------

------------------------------------------------------------------------------------------------------------------------

(ii) By expressing cot? x in terms of cosec? x and using the result of part (i), show

I 4
that g cot"xdx=1- -}i—ﬂ: . [4]
T

.........................................................................................................................
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(iii) Express cos2x in terms of sin?x and hence show that

1
1—cos2x

can be

expressed as % cosec?x.

Hence, using the result of part (i), find

J L d«. 3]
1—cos2x
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Using the expansions of cos (3x — x) and cos (3x + x), prove that

% (cos2x — cos4x) = sin 3x sin x. [3]
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7 The diagram shows the curve y = V(1 + x3).

Region A is bounded by the curve and the lines
=0, x=2and y =10,

Region B is bounded by the curve and the lines
x=0andy=3.

" . . . -
(i) Use the trapezium rule with two intervals to %
find an approximation to the area of region A.
Give your answer correct to 2 decimal places. [3]
(ii) Deduce an approximation to the area of region B and explain why this
approximation under-estimates the true area of region B. [2]
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8 Find the exact value of the positive constant k for which

_[;ed‘x dx= _[;kex dx. 6]
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6 Numerical solution of equations

1

(i) By sketching a suitable pair of graphs, show that the equation
2-x=Inx
has only one root. [2]

-------------------------------------------------------------------------------------------------------------------------
........................................................................................................................
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(iii) Show that this root also satisfies the equation

=-§'(4+x - 2Inx). [1]

.........................................................................................................................

-------------------------------------------------------------------------------------------------------------------------

(iv) Use the iterative formula
1 .
X,.,=3@4+x,-2lnx),

with initial value x1 = 1.5, to determine this root correct to 2 decimal
places. Give the result of each iteration to 4 decimal places. [3]
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2 The diagram shows the curve y = x2?cosx, for0=x < 'é"ft, and its

maximum point M.

(i) Show by differentiation that the YA "
x-coordinate of M satisfies the '
. 2
equation tan x = o [4]
-
......................................................... .D 1
i
(ii) Verify by calculation that this equation has a root (in radians) between
1 and 1.2. [2]
R -1] 2 OB
(iii) Use the iterative formula x, ., = tan” ' | — | to determine this root correct to
| X,
2 decimal places. Give the result of each iteration to 4 decimal places. [3]
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3 (i) By sketching suitable graphs, show ¥ A
that the equation 31
4x2 — 1 =cotx i
1 4
has only one root in the interval
0 < x < %n‘ [2] _;E 1 O L) i ! ,It ! 3ln 1 2|n§
2 - 2 A

-2 1
apd
Y

\
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(ii) Verify by calculation that this root lies between 0.6 and 1. [2]
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(iii) Use the iterative formula

K= %\f(l +cotx,)

to determine the root correct to 2 decimal places. Give the result of each
iteration to 4 decimal places. [3]
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4 The sequence of values given by the iterative formula

X =7x”+ 2,

n+l 4
8 2x

with initial value x, = 1.7, converges to o,

(i) Use this iterative formula to determine & correct to 2 decimal places,
giving the result of each iteration to 4 decimal places. 3]
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