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Algebra P2 

Operations -w:ith polynomials 

1 State w·hlch of the expressions below are polynomials. 

If they are poly11omials, state th.e order of tl1e polynotniaL 

Expression Pol ynomial Yes I No? Order -· m -co 

2x-x2 

X 2 - - -
2 X 

0 

x13 + 2x1s +1 

x3 - 2x2 +.Jx 

x2 +..fi 

5 + X + TIX46 

1 -3x 



P2 
,2 Find the values of the constants A~ B, C and Din the following identitie . 

(i) x 3 - 4-(x-l)(Ax2 + Bx·+C)+D 

OCR MEI Further Concepts tor Advanced Ma,thematics FP1 4755/01 June 2007 03 

(ii) 2x3 - 3x2 + x - 2 = (x + 2)(Ax2 +Bx+ C) + D 

OCR MEJ Further Concep,ts for A ,dvanced Mathematics FP1 4755 June, 2006 02 

3 Simplify these expressions as much as possible. 

(i) (3x3 + 4x2 - 2x - 1) + (x3 - 2x2 + 7x + 1) 

(ii) (3x4 - x3 + 6x- 11) - (2x4 + x2 - 4x - 12) 

(iii) (x3 - 5)(3x3 - 2x + 1) C'iv) (x + 3)(x2 - 2)(x·3 - 4x) 

(v) (x2 - 1)2 - (x2 - 2)2 (vi) (x + 2)(x3 - 1)2 - x(x3 - 1) 



4 Use long division to divide the polynomials, giving the quotient and remainder~ 

fi) x+ 2)x2 + 3x - 1 

(iii) 2.x· + 1) 2x4 - x'3, + 1Sx2 + 12 

(v) 3x2 +sx-1 

x 2 +l 

(ii) x· - 1) x 3 - 4x + 3 

(iv) 3x - 2) 9x3' + 17x + 8 

x 2
- 2x+l 

4x3 -7x2 +8x+l4 (vi) 

4 3 · 2 

F. d h · d · d c } d' . . X + X - 3X + 2X - 4 5 111 t e quotient an rema111 er 1or t 1.e ~ 1v1s1011 
2 

• 
X -X 

6 I h d. · · x
3 

+Sx +a h · d ~ 2 p· d h I f d b .~ n t · e . 1v1s1011 
2 

t e remain er 1s ~ 1n t e va ues o a an . · . ., 
X -b 

P2 

-· m -co 



P2 Solution of polynon1ial equations 

EXERCISE 1.2 

1 (i) Find the retnainder wh en f (x) = x 3 - 3x·2 - 6x + 8 is divided by each expression . 

('a) X + 1 (b) x - 3 

(c) 2x + 1 (d) x - 1 

(ii) Using your answers to part (i), fully factorise f (x). 

(iii) Hence solve f(x) = 0. 

I 2 (i) Sl1ow that x + 1 i · a factor of the polyno111ial h (x) = 2x3- 5x2 -4x + 3. 

(ii) Hence factorise l1(x) fully. 

(iii) Solve h(x) == 0. 

(iv) Sketch the graph of y = h(x). 

h(x)· 
.5 

4 
3 

2 

1 

- 3 - 2 - !_ 10 1 2 3 4 X 

- 2 
-3 

-4 

- 5 
- 6, 

- 7 
....,g 

- 9 
- 10 



3 Find the value of the constant p given that x - 4 is a factor of x 3 
- 3x2 + px. 

,4 Find the value of the constant m given that 2x - 1 is a factor of 
f(x) = 2x4 

- 5x3 +:rnx2 
- x +4. 

Hence factorise f(x) completely. 

5 When the polynornial f(x) =x4 - 6x3 + 7x2 + px +q is divided by x + 1 the remainder 
. 
1s zero. 

When f(x) is divided by x + 2 the remainder is 72. Find the values of p and q. 

P2 

en 
Q e-.. -· 0 = 

"Cl 
0 
j 
0 a -· Iii -
! 
l: 

Is 

ll ..... 
Q 

= en 



P2 
6 Find the values of p and q if x - 2 and x + 1 are factors off (x) == x 4 + px3 + 9x2 + qx - 12 

I 7 When the polynomials h(x) = x 4 
- Sx3 + kx2

- 6x· - 9 and g(x) = k.x3 + 3x2 + 7 x + 13 are 

divided by x + 1 the re1nainder is the an1e, Find the value of k4 



8 The polyno1nial 2x3 + 6x2 + ax + b~ where a and bare constants, is denoted by p(x) .. 

It is given that ,vhen p(x) is divided by x + 3 the remainder is -25 and that ,vhen p(x) i 
divided by x - 2 the remainder is 55 .. 

(i) Find the values of a and b~ 

{ii) Wl1en a and b have th.e values found in part (i), find the quotient and remai11der 
when p(x) is divided by x·2 + L 

P2 

en 
Q e-.. -· 0 = 

"Cl 
0 
j 
0 a -· Iii -
! 
l: 
ll ..... 
Q 

= en 



P2 9 Let p(x) = x 3 + a.x
2 + 3x be a polynomial, where a is a real number. 

al 

When p(x) is divided by x - 2 the rernainder is 26.. 

Find the re111_ainder when p(x) is divided by x + 4. 

10 When x4 - 2x3 - 7x2 + 7x + a is divided by x 2 + 2x - l, the quotient is x2 +bx+ 2 and 
the re111ainder is ex+ 7 .. Fi11d the values of the constants a. b a11d c.. 



The 111odulus function 

EXERCISE 1 .. 3 

1 (i) Sketch th:e graphs of tl1e followi11g 

on the grid. 

y = Ix+ 21 
y = lxl + 2 

y == 12 xl 

Y = 2lxl 
Y' = -2lxl 

y 
8 
7 
6 
5 
4 
-3 
2 
1 

- 6 - 4· - 2 10 -8 -7 --< -5 - -3 - - I 

1 
- 2 
- 3 
-4 
- 5 
-6 
- 7 
-8 

l 2345678X 

(ii)· Describe what effect the constants a .> b'J, c, d and e have in these equations. 

quation Description 

y = Ix+ al 
y = lxl + b 

y = lcxl 

y = dlxl 
Y = - elxl 

P2 



P2 
,2 Sketch the graphs~ 

(i) y = l2x-tl 

y 
6 
s 
4 
3 
2 
1 

--6-5-4 - 3:-2-1 Q 1 2 3: 4 5 6 X 

(iii) y = 2lx + 11 

- 2 
- 3 
-4 
-5 
- 6 

V · 
~6 

5 
4 
3 
2 
1 

0 ~ - 5-4 - 3 - 2 - 1 
+ -2 

-3 
-4 
- 5 
- 6 

(v) y = I 3 - 2xl + 1 

y 
6 
5 
,4 
3 
2 
1 

123: 456X 

--6 - 5-4 - 3:-2-1 0 1 2 3: 4 5 6 X 

- 2 
-3 
-4 
-5 
- 6 

(ii) y = I 3 - xl 

I 
r 

y 
6r 
5 -

4 
3 
2 
1 

-6 -S -4 -3 -2 - 1 0 

I 

t 

( iv) y = lx2 
- I I 

- 2 
- 3 
-4 
-5 
- 6 

y 
i6 
5 
4 
3 
2 
1 

-

+ -

1 2 3 4 S 6X 

I 
l 
I 

- 6 -5 - 4 - 3 - 2 -1 0 1 2 3. ,4 5 6 X 

-2 
-3 
- 4 
-5 
~6 

(vi) y = 2 - Ix - II 

y 
.-6 
5 
4 
3 
2 
1 

I . 0 
-6 -5 - 4 -3 -2 -1 1 2 3 4 5 16 X 

- 2 
-3 
-4 
-S 
- 6 



3 The grapl1 of y = sin x· is shown for -2n ~ x ~ 2rt 

On the axes sketch the graphs of the equations given .. 

Ci) y = lsinxl 

-3Jt 
2 

(iii y = sinlxi 

-3:rt 
2 

(iii) y = lsi11lxH 

-3Jt 
2 

y 

1 

y 

1 

:n; -
2 

:Jig -
2 

y 

1 

:rt 

2 

P2 

X 

X 

X 

111 



P2 
,4 Solve the following equations. 

u> Ix - 11 ~ 2 (ii) I 2x + 31 ~ 7 

(iii) 7 - I 3 + 4xl = 2 (iv) Ix + 41 = Ix - 21 

(v) l2x- ll = Ix + 31 Cvi) l3x + 41 = 14 - xl 

5 Solve tl1e i11equalities. 

U> Ix+ 21 < s (ii) l3x- l l ~ 8 

(iii) IX + 11 ~ IX - 21 ,(iv) l2x - 31 > Ix+ 31 

(v) l4xl ~ 13 - .,4CI Cvi) 3lx + 21 < 1 - x 



6 (i) Solve the inequality l2x + II ~ Ix - 31~ 

(ii) ,Given that x satisfies the inequality l2x + l I ~ Ix - 31 ~ find the greatest possible 
value of Ix+ 21. 

OC'R Core, Mathematics 3 4723/01 June 2010 05 

7 Solve the equation l3x + 4al = Sa, where a is a positive constant .. 

OCR Core Mathematics 3 4723/01 January 2011 01 

8 Given that a is a positive constant, solve the inequality Ix - 2al < Ix + al. 

P2 



P2 Stretch and chql/enge 
1 When the polynomial f(x) = x 3 -ax2 + 12x +bis divided by g(x) = x + 5 the 

quotient is x 2 + I Ox+ c and the remainder is 150~ 

Find the values of a> b and c. 

2 The solution to the inequality lax - bi ~ lcx - di is O ~ x ~ 2) where a, b, c and d 
are constants. 

Find three different set of values for a,, b~ c and d that make the inequality true. 

3 Solve -2x+l ~ 2. 
x- 1 



4 The for1nula for th.e roots of a general quadratic equation a.x2 +bx+ c = 0 is well 

-b ± ..jb2 
- 4ac 

k11own as x = . 
2a 

A similar formula for the roots of a general cubic polynomial ax3 + bx·2 + LX + d = 0 

is 1nore elusive! 

(i) Given that one root of the cubic i x = rJ show that 

ax:3+bx2 +cx+d 2 2 
------....... =ax +(b+ar)x+(c+br+ar ). 

x - r 

(ii) Hence solve the quadratic factor of the polynomial to obtain a formula for the 
otl1er two roots of tl1e cubic in ter1ns of a,. b, c and r. 

P2 



- -

P2 5 The numbers a> b and c satisfy the following three equations. 

a+b+c=5 a2+b2 +c2 =9 l+.!.+l =2 
a b C 

(i) Find the value of ab + ac + be and abc. 

(ii) Show that a> b and c are th.e roots of the equation x 3 - Sx2 + Bx - 4 = 0~ 

(iii) Find the values of a)J b a11d c. 

6 A polynomial f(x) of degree 45 l1as a remainder of 4 when divided by x - 1, a 
remainder of7 when divided by x - 2 and a remainder of 25 when divided by x - 4 .. 

Find the remainder when f(x) is divjded by (x - l)(x - 2)(x - 4)~ 



Exam focus 
1 The polynomial p(x) is defined by p(x) = ax3 

- x 2 +Bx+ a - 1, where a is a constant. 

(i) Given that x + 2 is a factor of p(x), find the value of a. 

(ii) When a has this value; 

(a) factorise p(x) co1npletely 

(b) find the re1nainder when p(x) is divided by x - 3. 

[2] 

13] 

2 

2 The polynomial ax3 
- Bx2 

- 2x - a is denoted by f(x) .. Wl1e11 f(x) is divided by x - 2 the 
remainder is - 15., 

(i) Find tl1e value of a .. [3] 

(ii) When a has this value find the quadratic factor of f(x). l3J 

.... 
0 
n 
5 

2 



2 
3 Solve the inequality 4lx - II ~ Ix+ 21 .. [4 

4 (i) Find the quotient whei1 the poly11ornial 6.,,:3 + 13x2 - 14x + 10 is divided by 
3x2 + Bx - 3 and show that the re1nai11der is 7. 13 

(ii) Hence, or otherwise, factorise the polynomial 6x3 + 13x 2 - 14x + 3. (2 

5 Solve la - xl < 2lx + 3al. [4 

1a] 



Logarithms and 
exponentials 

Logarithms and exponential functions 

1 Write an equiva]ent logarithm statement for each of these~ 

(i) 24 = 16 

2 Write an equivalent index statement for each of these~ 

(i ii) 4 - 2 ;;;; .1-. 
16 

( ....... , l 2 1 
· Ill og4 = ]' 

3 Find the value of each of the followi11g (witl1out using a calculator). 

(i) 

(iv) log10 100 

(vii) log16 4 

(x) log../24 

( ••. 
1 

log8 
XIII l og2 

1·1·11 I 1 og6 216 

C.vJ log10 0~ 1 

(viii) log5 sJs 

Cxi) 1og8 J2. 

(xiv) log9 
log27 

4 Fi11d tl1e value of the u11known i11 eacl1 equation. 

U) log2 a = 5 

(v) log5 fs = e 

(iii) log.L 27 
~ 

(viJ log7 1 

(xii) log9 .J3 

(xv) log0.2 
log25 

P2 



P2 
5 Evaluate these logarith1n ~ 

(i) loga a (ii) 

(iv) logd ¥J. (v) 

6 Write each expression as the logarith1n of a single number. 

(i) logs+ log4 (ii) log14 - log2 

(iv) !Iog36 (v) 2log3 + 3log2 

(vii) log8- log2 +·logs (viii) 2 log5 +tlog64 - ~log121 

7 If a = log 2 and b = log 3> write the followi11g i11 terms of a and b~ 

(i) log 6 (ii) log 12 

(iv) log8 

(iii) log, 1 

(vi) log1 Jy 
~f 

(iii) 3log4 

(vi) !IoglOO - 2log5 

(iii) logt 

(vi) l og .f3 



8 Write the following equations ·without logarith1n ~ 

(i) log10 A= 2log10 b + I 

9 Solve the e equations~ 

(i) zx == 12 

(iii) 62x = 4 x - l 

(v) log10 x+3 ==log10 (x+3) 

(vii) log3 (x+4 )- log3 (x-4) = 1 

2 lix) 3- 4x = - x 4 

(ii) 2 log5 D = log5 (E- 1) + log5 3 

(vi) log5 (x -1) = log5 x - 1 

(viii) log2 (x- 1) = log2 x- l 

P2 

-



P2 

(I) -" ·-.. 
C a, 
C 
0 
a. 

= -a 
C 
CU 
(I) 

E .c .. ·-.. .. 
t,, 
0 

..:I 

1 O Solve the inequalities~ 

(i) 4X+2 - 2 < 18 

11 Find the values of a ar1d b fro1n tl1e graphs below . 

Ii) y = a(2x) +b (ii) y = log10(x+a) + b 

y y 
14 '{2J 14) 2 

( 12, 2) 
12 

10 

8 

- 2 0 12 14 X 

-1 

2 

-6 J -4 0 2. I 4 
-2 

6 X 

a = ____ b = ___ _ a = b = ---- ----
12 The 111agnitude (M) of a11 earthquake is 1neasured on the Richter scale using the for1nula 

M =log 10 f, where I is the intensity of the earthquake and S is the intensity of a 

'standard earthquake. 

In 2010 an earthquake in Christchurch) New Zealand registered 7 . .1 on the Richter 
scale and in 1985 Me ico City experienced an 8.3 magnitude earthquake. 

(i) How many times greater was the intensity of the Mexico City earthquake than the 
New Zealand earthquake·? Give your answer to the neare t whole number. 



Cii) Find the 1nagnitude of an earthquake that would be half the intensity of the 
earthquake in Mexico City., 

fiii) Find the magnitude ofan earthquake that would be double the intensity of the 
earthquake in Christchurch .. 

13 The loudness ofa sound (L) is 111easured in decibels (dB) according to the fortnula 

L = 201 g10 (-J;;} where P is the power (or in ten ity) of the sound and P,, is a fi ed 

reference power. 

A rock band registers at 110 dB and a plane taking off is 125 dB. 

HoV\r many tirnes greater is the inte11sity of tl1e sound of the plane compared to the 
rock band? 

14 Solve sin1ultaneously~ 

2 log10 x + log10 y ==2 

xy2 = 80 

P2 

-



P2 

(I) -" ·-.. 
C a, 
C 
0 
a. 

= -a 
C 
CU 
(I) 

E .c .. ·-.. .. 
t,, 
0 

..:I 

Modelling curves 

EXERCISE 2~2 

1 (i) Show that tl-ie equatio11 y = kx;P can be writte11 i11 the form logy = plogx· + logk~ 

2 

(ii) Hence state the gradie11t and y intercept of the straight line on the graph of 
logy against log x. 

The equation of the line of best fit for ·a set of data on the graph of log 10 y against x is 

log10 y = 0 .. 7x + 3.5 ~ 

Find a suitable model for the data in the form y = A(b)x. 

3 The average weight loss (Wkg) of a large group of people on a diet is measured after 
1, 2,, 5 and 10 months (m) on the diet. 

It is propo ed that the average weight loss after m 1nonths on the diet can be 1nodelled 
by an equation of tl1e for1n ltV =Amb, where A and b are constants. 

(i) Con1plete the table~ 

"' w log10 n, log10 W 
1·. 

1 8.00 

2 5 .66 

5 3.58 

10 2.53 



Cii) The graph of log10 lrV against log10 m 
is shown 011 tl1e axes. 

Use the graph to determil1e the 
values of the co11stants A and b. 

(iii) Based on this 1nodel:. 

(a) calculate the average weight loss 
at 12 months 

(b) find when the average weight 
loss will be less than 1 kg. 

4 The average length (L cm) of male babies 
born in Karachi is measured at regular 
intervals. 

Let t be the age in 11-io11tl1s of the babies .. 

A doctor proposed that the data can be 
n:-iodeled with. an equation of the forn1 
L ;;;;; Ab1

, where A and h are constants. 

(i) ·Complete the table. 

1.00 

0 .90 

0 .80 

0 .70 

~ 0 .60 
~ 

..2 0.50 

0 .40 

0.30 

0 .20 

0 .10 

0 0 . 1 0.2 0 .3 0.4 0.5 0.6 0. 7 0.8 0.9 1 .0 

llogirn 

t L loa10L 

0 50 

5 57 

10 66 

15 77 

20 87 

.36 128 

(ii) Show that the equation L=Abt ca11 be reduced to linear for1n by taking logarith1ns 
of both sides. 

P2 



P2 
(iii) The graph of log10 L again t t i' shown~ Use the graph to determine the value · of 

A and b. 

-.I 
Cl 

..2 

2.5 

2 

1.5 

1 

0.5 

0 

log L a,gainst t 

5 1 0 15 20 2S 3 0 35 40 
t (months) 

(iv] What does the model predict the height of an average IS-year-old man will be·? 

Is your answer reasonable? Why or why not? 

I 5 The lin.e with gradient - 2 andy intercept 1 fits the points on the graph of 

log10 y against log10x. 

The equation y = Axb models the relationship between x and y . 

(i) Find the values of A and b. 

(ii) Find the va]ue of y when x = 20. 



6 The variables x and y satisfy the equation y := kb-x,. where k and b are con · tants. 

The graph of log10 y against x is a straight line passing through the points (1. 3, 3.4) and 
(4.2~ 04 7)~ 

0 X 

Find the values of k and b correct to 2 decimal places .. 

7 A golfer wants to n1odel the distance she hits the ball (D) as a function of tl1e loft in 
degrees (L) of the club. 

To do this she hits 100 golf balls and finds the average distance the ball travels for 
each club. 

The graph of log10 D against L is shown. 

fi) T,vo 1nodels are proposed initially: 

Model A: D == kLP and 

Model B;D ~ k(p)L 

,vhere k and p are constants. 

Based on the graph., wl1icl-i model is 
correct? State a reason. 

Q 

..81 

2.5 

2 

1.5 

1 

0.5 

0 
0 

Distance aga~ns1 Club loft 

10 20 30 40 50 60 70 
CII ub loft (L 0 } 

P2 



P2 
(ii) Find the values of k and p., 

(iii) Using this model t1nd the loft that ,vould be needed to hit the ball 120m 

on average. 

(iv) Discuss the lin1itations of the model. 

8 The variable x and y are related by the equation y 4 = 1nx'1, where tn and n are 
co11stants. The graph of log10 y against .Log10 x is a straight line passing through 
(0, 0.25} and (4, 5). 

Find the values of m and n. 



The natural logarithm function P2 
EXERCISE 2 .. 3 

1 Solve the following equations, givi11g your ans,ver exactly. 

(i) e 2x+l = 4 (iiJ ln2x = tln16 +; ln8 

(iii) ln(x + 1) + 1 == 3 (iv) e2x + ex = 30 

Cv) h1 x - ln4 = ln(x - 4) 

(vii) lnx == b1(x + 1) + 1 

2 Write these equations without logarithms. 

(i) hi.A = 3lnB + 2 h1 3 {ii) {lnP- lnQ = 3lnR + 1 



P2 

(I) -" ·-.. 
C a, 
C 
0 
a. 

= -a 
C 
CU 
(I) 

E .c .. ·-.. .. 
t,, 
0 

..:I 

3 Simplify~ 

(i) ln(ex+y )2 (ii) e2]n.x+3luy 

4 The variables x andy satisfy the equation lny . 

A b y= X. 

Given that the graph of ln y against ln x is a 
straight line passing through (1 .. 2, O. 5) and 

(8.1,. 1243), find the values of the constant 
A and b. 

5 The nu1nber of bacteria in. a colony,. 
N, can be modelled by the equation 
N = 1000e0·4 t,, where t is time in hours 

since 1neasurements were started .. 

(i) What is the initial size of the colony? 

(ii) Find the number of bacteria after 
5 hours. 

0 

14000 

12 OOO ........ 
ro 

"i:: 
10000 QJ 

tj 
ll't, 

..Q 8000 
0 .... 
(l) i6 OOO ..c 
E 
::::, 

4000 c; ...... 
2: 

2000 

0 

~nx 

1 2 3 4 5 6 

t (hours) 

(iii) Calculate how long (to the nearest minute) it took for the bacteria to double in number. 

7 



(iv) Find how many hours it would. take for the nu1nber of ba teria in the colony to 
pass 1 n1illion. 

6 Find the x co-ordinate of tl-1e poi11t of intersection of the two curves y == ex-I and y == e-x~ 

7 The diagrarn shows the curve y ~ ekx - a,, 
where k and a are constants. 

(i) Sketch the curve y = lekx - a I on the 
axes. 

(ii) Given that the curve y = lek.( - a l 

passes tl1rough the points (0,. 13) and 
(ln 3,. 13), find the values of k and a. 

y 

X 

OCR Core Mathematics 3 4723/01 JanLJ,ary 2009 07 

8 It is given that p = e2so and q = e 3,00~ 

(i) Use logarithm properties to show that In( e:2 

) = 261. 

(ii) Find tl1e smallest integer n which satisfies the inequality 5,, > pq. 

OCR Core Mathemt:1tics 3 4723/01 June 2012 02 
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P2 Stretch and challenge 
1 Evaluate these expressions. 

(i) log s.132 
4\11024 

e
lin,e]nff 

(iii) Ju (iv) 36;-]og~.J§ 

2 For the following equations state whether they are: 

Always true 

Explain your reasoning_ 

log a 
(v) 

1 
b = loga-logb og 

Sometimes true Never true 

(ii) log 1 a = 1 
a 



3 Solvetheequation3(2x)-4x = 2. 

4 Solve log3 x + log4 x - 1 = log5 x. 

5 Sho,v that if3logxy + 3logyx = 10 theny = x 3 or x = y 3 • 

6 If 2log(x-2y) = logx + logy find the possib]e values of.!.. 
y 

P2 



P2 7 The average speeds of cars (S km/h) along a stretcl1 of higl1way have been tneasured 
over many years .. 

Year 1990 1995 2000 2005 2010 

Average speed> S 103~2 104.5 106.3 108.5 112.4 

A m del of the average speeds is given by S = 100 + abt:, where t i years from 1990 
and a and b are constants., 

(i) B,y drawing a suitable graph for O :s; t ~ 20, find the values of a and b .. 

3 

- 2 0 
C -l 
~ 1 -'= 

0+------~--------~--------~--------~---------~---------~-----------0 4 8 12 16 20 
t years f rom 1 990 

(ii) According to the 1nodel, what will the average speed of car be on the highway 
in 2030? 

Uii) Discuss any lin1itations of the modeL 

8 The variables x and y are related so that when xy is xy 
plotted against x 2 ~ the result is a straight line passing 
through the points (4) 6) and (9, 21) as sho,vn. 

(i) Find the value of y when x = 6. 

(ii) Find the two possible values of x ,vhen Y' = 7. 

0 



9 Solve the equation 310B10 x
2 

= 2(3l+log10x) + 27. 

X 

10 Find all real solutions of a: < l) where a is a positive constant. 
2e -1 

NZOA Scholarship Calculu.s 2011 01a 
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2 • Exam focus 
1 The variables x and y are related by the equation y = Abx wl1ere A and b are constants. 

The graph of 111.y against x is a straight line passing tl1rough the points show11. 

lny 

0 X 

Find the values of A and b to 3 sjgnificant figures~ [6] 

2 Solve the equation 6x = 6x- l + 6 giving your answer correct to 3 significant figures. 4 



3 (i) Show that the equation lo&(x - 4) == 2 - Io~x can be written as a quadratic 
equation in x. [31 

(i,i) Hence solve tl1e equation log4(x - 4) = 2 - lo&ix gi,ring your answer to 2 decimal 
places. [2] 

4 Solve the inequality Is - 3'taa, 15. 3] 

5 Solve the equation l11(3x + 2) = 2 ln x + ln 2. 4 

6 Solve the equation 5x-l = 72x-1 .. [4 

.... 
0 
n 
5 

2 



P2 Trigonometry 

Reciprocal trigonometrical functions 

EXERCISE 3 .1 

1 The graphs of y = sinx, y = cosx and y = tanx for - 21t ~ x ~ 27t are shown below. 

Use th ese to sketch. the following graph.s. 

(·1) 1 y=cosecx= . 

- 31'i 
2 

smx 

y 
4 

3 

2 

1 

-2 

-3 

-4 



( ·1·1) l y= secx= 
cosx 

- 2n 

y 
4 

3 

2 

0 

- 1 

-2 

-3 

( ·1·1 ·1) l cos X 
Y =cotx= = - . -

- 2:n - .3x 
2 

tanx smx 

y 
4 

3 

2 

- 2 

- 3 

-4 

2:n; X 

3x 
2 2 

.2 Find tl1e exact value (without using a calculator) of the following. 

(i) cosec 150° = (ii) 
1t sec - = 
4 

fiii) cot 300° = ·(iv) 41t cosec- = 
3 

fv) sec 120° ==: (vi) 3Jt cot ............. ==: 
4 

P2 

= a) 
n ,a· 
a 
a 
II! -.... 
'"Ill! -· U:11 
Q 
::. 
Q 

a 
i -· n ro -t :s 
~ s· 
ii 

139 



P2 3 Starting with the identity sin29 + cos26 = 1,. show the following. 

,4 Eliminate 9 from these equations .. 

(i) x = 2 cosec 8 y = 3 cot 8 

' 

.. , l 2.a 29 11 + cot u - cosec · 

(ii) x==sin9-cos8 y=sin9+cos9 

5 Solve the following equations over the given domain . 

(i) cosec () ;;;;; 4 for 0° ~ fJ ~ 360° (,ii) sec to= 4 for 0° ~ (J ~ 360° 

(iii) tan f3 =· 7 cot (3 for 0° < p < 180° (iv) tan xtan 2x == 4 for 0° ~ x ~ 180° 

(v) tan6 +cot9 ==-4 for- :s;; 9 ~ 



16 Given that sec8 == 3 and 0° ~ 6 ~ 90°,. find thee . act values of tl1e following .. 

(i) cos9 

(ii•) cosec9 

7 Prove tl1e following identities. 

UJ (} 1 
0 

- sin(} cos6 
tan +cot 

, .•. , 49 4{\ 29 2 .£\ ,111 sec ·~ -tan o=sec ~ +tan u 

(v) 

(ii) sinO 

(iv) cot6 

{iv) ( tan8- sin8)2 
+ (1-cos8)2 ~ (1- sec6)

2 

(vi) cose sin8 = 1 
1- tanO 1- cotB cos9- sin O 

P2 

-

-



P2 8 
1 +cos6 

m =-----
sjn8 

(i) Show that.!. = l - cos 6 . 
m sinfJ 

(ii) Find an expression for cos (J in terms of 1n only~ 

421 



Compound-angle for111ulae 

EXERCISE 3 .. 2 

1 Find tl~e exact value of tl1e foll owing. 

(i) cos 75° ~ cos(45°+ 30°) 

Iii i) tan 105° 

(ii) sin 15° ~ sin ( 60°-45°) 

(iv) sec 15° 

2 Simplify each of these as much as possible~ 

Ii) sin(() - 30 °) 

{iii) tan(B + 60°) (iv) cosec( 26 + 120°) 

P2 

n 
I 
"a 
0 = :I 
Q.. 

' :, 
r.ci rr .... 
0 .. a 
C -Iii • 
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P2 

441 

(v) cos A + cos(-A) 
sin A - sin(-A) 

(.vi) cos(30°+A)-cos(30°- A) 
sin(30°+A) ~ sin(30° - A) 

3 Write each of the followi11g expressio11s in the for1n sin(A + B) or cos(A + B). 

(i) sin8 cos2{3 + sin2~ cosfJ (ii) cos36 co 8 + sin36 sin8 

(iii) . 4 7 . 7 4 sm - cos-- sm - cos -
3 6 6 3 

(iv) cos 280° cos 20°- sin 280° sin 20° 

,4 Use the diagram to find the exact value B 

of in(x + y)~ 



5 The angles P and Qare both acute with c P= i and ta11Q =f. 
Find the exact value of the follovting .. 

Ci) cos(P - Q) (ii) sin(P + Q) 

6 Given that A is an obtu e angle with in A= f and B is an acute angle with ec B = 4, 
find the exact value of each of these .. 

(i) sin(A - B) (ii) cot(B - A) 

7 Solve tl1e equations. 

Ii) sin(45°-6) = cos(30°+ 8) for -180° :E; 8 :S; 180° 

P2 

n 
I 
"a 
0 = :I 
Q.. 

' :, 
r.ci rr .... 
0 .. a 
C -Iii • 
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(iii) tan(0+45°)= 1-2tan0 for0° ~ 0 ~ 90° 

8 Prove cos(A + B)cos(A - B) _ cos2A - sin2B. 

9 A and Bare acute angles with tanA ~! and tanB =f. 

Find the exact value of the follo,ving. 

(i) tan(A + B) (ii) cos(A - B) 



10 A is an acute angle and B is an obtuse angle such that tan A =! and tan(A - B) aaa 5. p
2 

(i) Find tanB. 

f ii} Hence show that the exact value of sin(A + B) is 17 . 
J65o 

n 
I 
"a 
0 = :I 
Q.. 

' :, 
r.ci rr .... 
0 .. a 
C -Iii • 



P2 Double-angle for111ulae 

EXERCISE 3.3 

1 Use the double-angle fortnulae to find tl1e exact value of the following. 

;a,. ,., . 2 1 •• 1 2 ( ..• , 2 
; 1 s1n3 11 cos3 111 tan3 E 
0 
ii: 
Q 
en ·-~ 

2 Given Bf rom the triangle sho,vn~ find the exact value of each of these~ 

(i) sin20 (ii) cos29 

3cm 

4cm 

3 Given that sin9 == -~ and 3, ~ 8 ~ 2 , find the exact value f the following. 
3 6-r 

(i) sin29 Ui) cos28 (iii) sin40 

481 



4 Find an expressio11 for cos40 in terms of cosO. P2 

-II 
5 Starting with sin 3 e == sin(29 + 6):i find an expression for sin3 9 in ter1ns of sin 6. " 

6 (i) If 5 + 4sec28 = 12 ta116, find the exact value of tan8. 

{ii) Hence find the exact value of these e press1ons .. 

(a) tan(O + 45°) (b) tan2lJ 

149 



P2 
7 Solve the equations., 

(i) sin20. = sinB for0 ~ 0 ~ 2 (ii) cos29 - 5sinfJ = 3 for 0° ~ (J ~ 360° 

(iii) 3tan29+2ta.n9~o for -180° < 9<180° (iv) 2cos29==1+cos9 for0°< 9 <360° 

(v) 1- sin fJ - cos 20 c . 0 .Lli 
6 

. 0 ------= l1orO :S; o- ~ 3 0 
cos0 - sin20 · 

1 (vi), tan26 = 
1 0 

for - ~6~ 
+tan 

sol 



8 Prove the identitie . 

(iJ sin(45°+6)sin(45°-0)e ~cos26 
P2 

-II 
(ii) " 

(iii) sin36 _ cos36 = 2 
sin() cos f)! 

9 (i) Prove the identity cot9 + tanO = 2 cosec 20. 

(ii), Hence solve the equation cot6 + tan6 = 8 for 0~ 6 ~ 2 . 

ls1 



P2 10 (i) Provetheidentitysin29+2tan26sin29-tan28. 

(ii) Hence solve sin2fJ + 2 tan 28 sin29 == 7 for 0° ~ 6 ~ 180° 

11 If sin 25 ° = k, where k is a positive constant, express the following in terms of k. 

(i) sin50° (ii) cos50° (iii) tan155° 



12 The va.lue of tan 10° is denoted by p., Find) in ter1n, of p, the value of 

(i) tan 55° 

(ii), tan 5° 

(iii) tanfJ, wh ere 8 satisfies the equation 3sin(6 + 10°) = 7cos(B - 10°). 

OCR Core Ma1them.atics 3 4723/01 January 2010 09 
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P2 13 By writing tan 3x = tan(2x + x}, flnd an expression for tan 3x in terms of tan x. 

14 It is given tl1at 9 is th.e acute angle such. that sec B sin e = 36 cot B .. 

(i) Show that tan 6 = 6~ 

(ii) Hence,, using an appropriate formula in each case;, find the exact value of 

(a) tan(0 - 45°) (b) tan 2(l 

OCR Core M ,athe,matics 3 4723/01 June, 2012 03 



The forms rcos(9 ~ a). rsin(9 :!: a) P2 
EXERCISE 3 .. 4 

1 Write tl1ese expressions i11 th.e form give11 wl1ere r > 0 a11d 0° < a < 90°. 

(i) sin8- 3cos8 (ii) 12cos8 + 5sin9 ;t 
tli 

in the for1n rsin(6-a) in the forn1 rcos(8-a) ..... 
0 .. 
:I • 
"'I 
n 
a en s 
r-1" 
g 
• .. 
Ull -· :Ii a 
l+ 

.a 

(iii) 6sin61 +8cos61 (iv) 7cos9-24sin9 
in the for1n rsin(8 + a) in the form rcos(8 +a) 

,2 (i) Express 2cos61 + sin9 in the for1n r cos( 9-a) where r > O and 0° < a < 90° ~ 

(ii) Hence solve 2cos9 + sin6 = 1 for 0° ~ 8 ~ 360° .. 

lss 



P2 
(iii) Sketch the graph of y == 2cos6 + in6 

on the axes. 

(iv) Find the greatest and least value of 
2cos8 + sin 8 + 5 as 6 varies. 

y 
4 

2 

0 

- 2 

2n e ff 'Jt 3,i 
2 2 

3 (i) Express 4sin0-3cos0 in the form Rsin(O - a) where r > 0 and 0° < a< 90°. 

Ci i) Hence solve 4 sin 9 - 3cos8 = 3 for 0° ~ () :S;: 360°. 



Ciii) Find the 1naximum and minimu1n value of 4sin9- 3cos9 + 6 as e varies and give 
the s11~allest positive value of B ,"1'here the 1naxi1num and 1ninimu1n occurs~ 

4 The e · pression T( 9) is defined for 6 in degree 

T(B) = 3 cos (9 - 60°) + 2 cos (8 + 60°)~ 

by 

(i) Express T(B) in the for1n A sin 6 + B cos 91 giving the ~xact values of the constants 

A and B. 

(ii) Hence express T(fJ) in the form R sin (9 + a), where R > O and 0° < a< 90°. 

Cii iJ Find tl1e stnallest positive value of 6 such that T( fJ) + 1 = 0 .. 

P2 

;t 
tli ..... 
0 .. 
:I • 
"'I 
n 
a en s 
r-1" 
g 
• .. 
Ull -· :Ii a 
l+ 

.a 



P2 

sa l 

5 (i) E pre 3 sine+ 4 cos e in the form R sin (8 + a), where R > o and 0° <a< 90°. 

(ii) Hence 

(a) solve the equation 3 sin B + 4 co e + 1 == 0, giving all solutions in the interval 
-180° < 6 < 180° 

(b} find the values of the positive co11stants k and c such that 
-37 =S; k(3sin0 + 4cos0) + c ~ 43 for all values of B. 

OCR Core M.athema'tics 3 4723/01 June 2012 08 

6 (i) Express J"2 cosO + ,J7 sinO in th.e for1n R cos (B - a), where R > 0 and 0 ° <a< 90°. 

·Give the value of a correct to 2 decimal places .. 



Cii) Hence) in each of the following ea es, find the smallest positive angle e wl1ich 
satisfies the equation. P2 

.. 
Ull -· :Ii a 
l+ 
g 

lss 



P2 Stretch and challenge 

sol 

1 A projectile is fired from a sloping hill that makes an angle A with the horizontal. 
It is fired with velocity V1I1/s at an angle B to tl1e hill as 11 wn~ 

The range,. R, that the projectile can travel is given by 

R 2v2 
sinB (A· B) ;;;; cos ' + .. 

gcos2 A · 

where g = acceleration due to gravity = 10 m/s.2.., 

(i) Express R as a f u11ction of B give11 that A = 4. 

(ii) If the projectile is fired at a peed of 40 m/s find the angle Bit should be fired 
at to hit a target with a range of 1501n. 



2 Square 12 cm x 12 cm floor tiles in the design show11 are laid at an angle B to 
the vertical 

The tiles a.re laid in strips tl1at a re 15 cm wide. 

u·, Find the value of 0 and henc-e find the 
overlap, wc1n between the tiles. 

(ii) Another tiler wants to make the strips wider than 15 crn. 

15cm 

Find the maximum possible width of the strips that will work with the 

12 cm x 12cm tiles. 

P2 



P2 3 For all values of x for wl-1ich the terms are defined, it is given that 
sinkx tanx-tanf x = 1 COSXCOS8 X 

Find the value of the co11stant k. 

4 If sin A+ cosA = 1 5, find the value of sin3 A+ cos3 A. 



5 If cos9 = 0.1 and O ~ 9 ~ %·find the value oflog10(tan9) - log10(sin9). P2 

6 An a1nusement park l1as a giant double Ferris wheel as show11 in the diagrarn~ 

"!!ill&: 40m Jli,-
_,.,,.---~ ... 

.,,,,._ ..... 
,/" ' 

t 
~ / ' · , 

\ I 
I \ 

3 10m • I' i 
T ' HI T 

+ 
\ 

, 
\ l . 

... - .... - ~ .... - ... - -...1------- Se.at po.s1tion 

·, 35 "' ' .. m..; ..... .,. -- __ ..... 
Ma ;n support - ---.--'""'ii 

, .. 



P2 The double Ferris wl1eel has a rotating arm 40 tnetres long attached at its centre 
to a main support 35 metres above the ground At each end of the rotating arm is 

attached a Ferris ,vheel measuring 30 metres in diameter, as shown in the diagram. 
The rotating arm take 4 1ninutes to complete one full revolution and each wheel 
tal<es 3 n:1inutes to cornplete a revolution about tl1at wheers hub. All revolutions are 
anticlockwise, 111 a vertical plane .. 

At time t = 0 the rotating arm is parallel to the ground and your seat is at tl1e 
3-o'clock position of the rightmost wheel. 

Find a formula for l1(t), your heigl1t above the ground i11, 1netres, as a function. of 
time in. minutes~ 

NZOA Scholarship Calculus 2007 02b 

7 A recta11gular piece of paper of width 8 cm has one corner folded down so the 
cor11er rests against the opposite longer side as shown. 

4 Showthat x= .. 2 . 
sinfJcos 8 

8cm 

I 
I 
I 
I 
I 
I 



-

8 Two 11alf:..angle for1nulae for trigonometry are given below. 

(a) 'l+cosa . (a)· 1
1-cosa 

cos 2 =±~ 2 sm 2 =+~ 2 

Given that tan9"" 20./6 and O < 9 < ; , find an exact value of tan(~} 

Simplify your answer. 

NZQA Scholarship Calculus 2011 03b 
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2 • Exam focus 
1 Solve the equation sin(x - 45°)-cos(45°-x) = 1 for 0° ~ x E; 360°. 

2 Solve the equation 2sin(x + 30°) = cos(x -45°) giving all solutions in the interval 
0° ~ 8 ~ 180°. 

3 (i) Prove the identity 2cosec 26 == sec 9 cosec 6. 

[4] 

(4] 

[3] 



(iii Hence solve the equation sec8 cosec 8 = 4 for 0° ~ 9 ~ 180°~ [3] 

4 Solve the equation 4cosec29-7 = 4cot8 for 0 ° ~ fJ ~ 180°4 [41 

5 (i) Express 8sin8 + 15cos0 in the form Rsin(e + a) where R > O and 0° <a< 90° . l3] 

(ii) Hence solve 8sin6 + 15cos81 = 14 for 0° Ei (J ~ 360°. [4) 

.... 
0 
n 
5 

[ 67 

2 



2 
(iii) Find the range of values of tl1e constant k such that the equation 

8sin8 + 15cos8 =k has no solutions§ 

6 (i) 
tan2 6-3 

Prove the identity tan(6+60°)tan(8-60°) == . 2 ~ 
I--3tan 6 

[1] 

[4] 

(ii) Solve, for 0° < e < 180°, the equation tan(B'+60°)tan(9-60°)= 4sec2 9- 3~ giving 
your a11swers correct to the nearest O~l 0 .. [S] 



(iii) Show that, for all values of the constant k, the equation tan(9+60°)tan(8-60°) = k2 2 
has two roots in the interval 0° < 6 < 180°. [3J 

OCR Core, Ma,thematics 3 4723/01 June 2007 09 

7 (i) Express tan 2a in terms of tan a and hence solve, for 0° <a< 180°> the equation 

tan 2a tan a= 8~ [5] 

(hi Given that f3 is the acute angle such that sinfj = ~, find the exact value of= 

(a) cosec/J {1] ( ii) cot2 /l. [2] 

OCR Cora Mathematics 3 4723/01 June 2008 05 
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C 
a 
·; The product and quotient rules ·­.. C: 
! EXERCISE 4.1 
G) 

~ 
ci 1 Differentiate the following functions. 

(i) y = (x - 2)(x +3)2 

(v) y = 3x2 .Jl +4x 

(ii) x3 
y= x-1 

(iv) X + 2 
y ~ 3x2 

(vi) y - 2x 
- .J6x-1 

2 Find. the equation of the tangent to the curve f(x) = 4x(x- 3)5 at the point (4> 16)~ 



3 Find the equation of the normal to the curve g(x) = Zx-i at the point (2, - 1). 
1-x'-

4 , Find the x valu.es of the stationary points on the curve h(x) = x 2 (x + 3)3
. 

5 A · d f . d b Zx- l .. curve 1s · e 1ne y y = ~ 

x+2 

(i) Find the gradient of the curve at the point where it cro . es the x a ·. is .. 

Ui) Does the curve have a stationary ,ralue? Why or why not? 

6 A curve is given by f(x) = (x- l)k (x + 2)k+l, where k is a positive constant. 

(i) Two stationary points on the curve are at x = -2 and x = 1. Find the x co-ordinate 
of tl1e third stationary point in terins of k. 

P2 



p
2 

(ii) The third stationary point occurs when x ;::;-t- Calculate the value of k. 

C 
a ·-; ·­.. C: 
GIi .. 
G) 

~ ·-Q x 2 -x+2 
7 The graph shows the curve )' == . 

1 
.. 

x+ 

(i) Find dy. 
d .. ); 

X=-1 

(ii) Find tl1e co-ordi11ates of tl1e stationary points 011 the curve~ 

• I 
I 
I 
I 
I 
I 
I 
I 

0 X 



Differentiating natural logarithms and exponentials 

1 Differentiate the following fu11ctio11s> sirnplifying your an s\vers as 1nuch as possible. 

(i) y = Jn( X + 4) 

(iii) y == e1-x 

(v) y = 3ln( x ) 
x-1. 

fvii) y = xex- 2 

.. l+ex 
hx) y = X 

1- e-

Jx 1 
I '") e -
1.XI y = - .-.--

ln(3x - 1) 

(ii) y = 1n(3x2
) 

3 
(iv) y = 3e x +l 

(vi} y=Sln(1+JXf 

3 
( 

. .... , X 
VIII y=­

ex 

(x) y =J;i ln x 2 

(xii) y = ln(l + e2x ) e5x 

P2 



P2 

C 
a ·-; ·­.. C: 
GIi .. 
G) 

~ ·-Q 

2 (i) The diagram sho,vs the graph of y = x for x > 1. 
lnx 

y 

0 X 

d1, d2y 
Find ...z.... a-nd . 

dx dx 2 

(ii) Hence: 

Cal find the exact co-ordinates of the stationary point A on the curve 

(b) find the exact co-ordinates of the point where the gradient is a maximutn~ 



3 The graph of y;;;;;: x 2e- x is shown. y 

(i) F i d dy d d2y 1n -an . 
dx dx2 

0 

(ii) Find the exact co-ordinates of the stationary point A on the curve. 

2 

(iii) Find the x values of the two points on the curve where d { = 0, 
dx 

What do these points represent on the graph? 

4 A cmve is defined by y = 
3 

\ . 
. +2 nx 

Find tl1e exact co-ordinates of the stationary point on the curve., 

P2 

C, -· = • .. 
! ,... -· m 

X 
,... -· = ea 
~ .. 
C .. 
11 --0 
u:. m .. -· ..... =-a en 
Cl 
:s 
CL 

I 
Q 
:I 

a ,... -· fl) -co 



P2 5 Find the exact co-ordinates of the stationary point on the curve y = x 3 ln x for x > 0. 

C 
a ·-; ·­.. C: 
GIi .. 
G) 

~ ·-Q 

6 The diagram sho,vs the curve y = 2x-xlnx, where x > 0. 

The curve crosses the x axis at A, and has a stationary point at B. 

The point Con the curve l1as x co-ordi11ate 1. 

Lines CD and BE are drawn parallel to tl~e y axis~ 

Y ' B 

Notto 
scale 

(i) Find the x co-ordinate of A, giving your answer in terms of e. 

(ii) Find the exact co-ordinates of B. 

(iii) Show that the tangents at A and Care perpendicular to each other~ 

OCR MEI Structured Mathematics C3 4753/1 January 2006 07 



1 - x 
7 The diagra1n shows the graph of y = (x + l)e2 . 

(i) F i ·d dy 1n 
dx 

(ii) Hence find the exact co-ordinates of tl1e 1ni11in1u1n point A .. 

A 

y · 

P2 

C, -· = • .. 
! ,... -· m 

0 
,... 

X -· = ea 
~ .. 
C .. 
11 --0 
u:. m .. -· ..... =-a en 
Cl :s 
CL 

I 
Q 
:I 

a ,... -· fl) -co 



P2 

C 
a ·-; ·­.. C: 
GIi .. 
G) 

~ ·-Q 

78] 

Differentiating trigono111etrical functions 

EXERCISE 4.3 

1 Differentiate th.e followi11g functions. 

(i) y ~ 3sin 2x 

(iii) y = tan(x2
) 

(v·) cos5x 
y = 2 

X 

(vii J Y = es.iux+l 

(ix) y = sin(ln3x) 

(xi) y =.Jcos2x 

CiiJ y = cos(l + 3x) 

(• ) 3 . 
1v y==x sm2x 

sin3 x (vi) y =--
2 

X 

(viii) y = ln (tan 2x) 

2 
Cx) y = tan(ex ) 

c·xi i) y = sin 3 (2ex- l ) 



2 (i) Differentiate y = x 2 sin x. 

(ii) Hence find the equation of the tangent to the curve at x = rt. 

3 Given that f(x) "" 2 in2 3x, find the exact value off'(·&-). 

2x 
,4 Co11sider tl1e equation of a curve y = -e for x > 0. 

cosx 
(i) Find dy. 

d:c 

(ii) Hence find the x co-ordinate of th.e stationary point of the curve for O ~ x ~ n:. 

P2 

-· f:11 
0 
:, 
0 

i 
=:--· a m -..... 
C = C, ,... -· 0 

= ea 



P2 
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so ] 

5 The diagratn shows the curve y ~ 3sin2xcos3x for O ~ x ~ ~and 
. . . N 2 its maximum point · . 

y 

Find the .. l:" co-ordinate of N. 

N 

0 X 

6 Th COS 2X h • · .C Q · e curve y = lx as t,vo stationary points 1or . ~ x ~ 1t~ 
e 

Find the x co-ordinates of these stationary points. 



7 Consider the curve defined by y = ln(cos2x) +2x for O ~ x ~ 21t4 

(i) For what values of x is the function undefined for O ~ x ~ 2n:? 

(ii) Find the x co-ord.inates of all the stationary points on the curve. 

(iii) Determine the nature of each of these stationary points .. 

P2 

-· f:11 
0 
:, 
0 

i 
=:--· a m -..... 
C = C, ,... -· 0 

= ea 

is1 



P2 
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Implicit differentiation 

EXERCISE 4 .. 4 

1 Differentiate th.e followi11g with. respect to x .. 

(i) 2y3 (ii) 3x2 - 5 y 4 - 8 

(iii) sin 2x + cos 2y (iv)· e31 

(v) 4x2 y (vi), ln(xy) 

(vii) tan.,'o/2 - eY 

2 Differentiate tl1e following with respect to x and find an e_."1(pression for dy in ter1ns 

f d ~ o x an .y. 

(i) 
2 3 ~ 

y -2x =5 

(iii) 2y3'+ X == 4X)i (iv) exy =2x = 12 



3 Find the equation of the normal to the curve In ( 2xy) + y 2
;;;; 1 at the point ( t ~ l) . 

4 The diagram shows the graph of the ellipse 

4x2 + y 2 = 8. 

Find the co-ordinates of the points on the 
ellipse where the gradient is 2~ 

- 3 - 2 - 1 

y 

4 

0 

-4 

1 2 

P2 

3 X 



P2 
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5 Find the co-ordi11ates of the poi11t(s) on the curve x 2 + 6y2 
- 2x +Sy= 39 wl1ere the 

tangent to tl1e curve is parallel to the x axis. 

6 A curve is defined by 8 + x 2 = 2X)' + y 2
~ 

(i) Find the co-ordinates of the stationary points on the ct1rve. 

(ii) Show that lope of the curve i neve1'" parallel to they axi ~ 

7 Find the co-ordinates of the points on the curve x 2+ y 2 -2x· +4y-4 = 0 where the 
tange11t to the curve is parallel to the y axis. 



8 The equation of a curve is Sx2 
- 2xy + 3y2 

- 70 = 0~ 

dy y-Sx 
(i) Sl1ow that - = ~ 

dx 3y-x 

Ui), Find the co-ordinates of each of the points on the curve where the tangent is 
parallel to the x axis .. 

(iii) Find the co-ordinates of each of the points on the curve where the tangent is 
parallel to the y axis. 

P2 

iss 
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9 The diagra1n shows the curve defined implicitly by 
y 2 + y=x3 +2x,, 

(i) Find the co-ordinates of the point of intersection of 
tl1e curve and the line x = 2ci 

(ii) Find ! in terms of x and y and the gradient of the curve at these two points. 

X 
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10 Find the equation of the ·normal to the curve x3 + 4x2y + y3 == 6 at the point (l, 1), 

giving your answer in the for1n ax + bJ, + c = 0.,. where a, b and care integers. 

11 The equation of a curve is ,:3 + y 3' = 6xy. 

(i) Find ! in terms of x and y. 

4 5 d 
(ii) Show that the point 23

, 23 lies on the curve and that : -- oat this point. 

P2 



P2 
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(iii) The point (a, a), where a > 0,, lies on the curve., Find the value of a and the gradient 
of the curve at this point 



Parame,tric differentiation 

EXERCISE 4 .. 5 

1 Find dy in terms oft or B for these curves defii,ed para1netrically. 
dx 

(i) X == 2t 

2 y = t 

(iii) x· = 8 + sin6 

y =6-cos29 

(v) X== 3et 

y =t - e2t 

(ii) x == 2cos6 
y ;;;;;; 3sin9 

(iv} X = 2t3 

y = (2t + 1)2 

(vi) x == 2sec9 

y ;;;;; 5 tan 0 

2 
.2 A curve is defined parametrically by x = t , y == t ., 

1- t l+t 

Ii) F . d dy 1n ................ - --- dx 

P2 

iss 
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so] 

(ii) Hence find the co-ordinate of the stationary point on the curve~ 

3 The parametric equations of a curve are x = ln(2 - 3t)~ y = ~fort < 0 . 
t 

( •
1
. > s··,h h dy 4-6t 

ow t at dx = t 2 ., 

(ii) Find the exact co-ordinates of the only point on the curve where the gradient is 
equa] to 44 

(iii) Show that the cartesian equation of the curve is given by y = . 
18 

x . 
2-e 



,4 A curve has para1netric equations x = eit,, y-= 2t .. 
l+t 

Find tl1e gradient of the curve at the point wl1ere t = 0. 

OCR MEI Applications of Advance,d Mathematics C4 4754/A January 2010 03 

5 The graph shows the curve given by tl1e 

parametric equations 

x ~ 2sin6 + cos6, 

y = sin6 + 2cos8 . 

(i) Find the equation of the tangent to the 

curve at tl'le point where 8 = ~-
2 

y 

(ii) (a) Sb.ow that for any point of the curve x 2 + y 2 = 5 + 4sin28. 

X 

P2 



P2 
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(b) Hence find the greate t and lea t distance of a point on the curve fro1n the 
or1g1n. 

6 This logo is defined by the parametric equations 

x = 3sint 

y = 3cos3t 

where t is time i11 seco11ds'" 

A point on the logo i illu1ninated at every 
1no1nen t of time t. 

(i) Give the co-ordinates of tl1e point when t = 2 .. 

(ii) Label the ·point M (3sin 1) 3cos3) on the diagram. 

(iii) How long does it take for the point to trace out the entire logo? 

(iv) Find th.e slope of tl1e curve when t =: 1. 

(v) Find the co-ordinates of the maxi1nu1n point A shown on the curve .. 

X 



(vi) Speed is defined as :: . Find when the speed is a minimum the second time. P2 

7 The parametric equations of a curve a re x == 2t - ln t ~ y == t2 
- ln t2 for t ~ 0. 

(i) Find -9-Y and hence find the exact co-ordinates of the stationary point on the curve. 
dx 

(ii) Find the co-ordinates of the point where! "" 2. 



P2 
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8 The parametric equations of a curve are x = 28 + sin 29, y-== 4sin8 and part of its graph 
is shown~ 

y A 

(i) Find the value of() at A and the value of(:} at B. 



(ii) Showthat !~ = secB. 

(iii) At the point Con the curve1 the gradient is 2. 

Fin.d the co-ordinates of C, giving your answer in an exact form* 

OCR Advance,d Mathematics Core Mathematics 4 4724/01 May 2008 Q9 

9 111 a the1ne park ride, a capsule C moves in a vertical plane (see diagram)., 

With respect to the axes shown., the path of C is 1nodelled by the parametric equati ns 

x == 10cos9 + Scos29~ y = 10sin9 + 5sin261

> 

where x and y are in metres. 

Sh . h dy - _ cose +cos20 (i) ow t at - - . 
dx sin9+sin29 

y 

P2 
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(ii) Hence find the exact co-ordinates of the highest point A on the path of C~ 

(iii) E , pres . x2 + y 2 in term of (l 

Hence show that x.2 + y 2 == 125 + 100 cos 9., 

(iv) Using this result> or otherwise> find the greatest and least distances of C from 0. 

OCR MEI Applications of Advance,,d Mathematics C4 4754(AJ/D1 ,Jun,e 2007 08 



Stretch and challeng_e 
'1 The path traced out by a point on the circumference of a circle of radius r as the 

circle rolls along a straight line is called a cycloid. 

y 

D(r9,0) X 

A i a point on the circumference that start at the origin 0. 

The diagram shows the position of the circle after rotating throt1gh 6 radians. 

(i) Show that the parametric equations of a cycloid ai·e given by: 

x =r(8-sin8), y = r(l-cos6) 0 ~ 8 ~ 2rc-

P2 



P2 
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981 

(ii) d.y' (8) Show that - = cot .- ~ dx 2 , 

(iii) Find the equation of the tangent to the cur~"e at the point where y == -!r~ 



-

(iv) The speed of the point is given bys '"' \ 

1

(; t +(:e f. 
Find and sitnplify an expres.sion for the speed of the point. 

(v) Given that acceleration, a, is given by a"" :, find and simplify an expression for 
the acceleration of the point 

P2 



P2 2 The parametric equations of a curve are x = t3>y = t2
• 

C 
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GIi .. 
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~ ·-Q 

1001 

(i) Show that the equation. of the tangent at the point P where t = p is 
3py-2x=p3 .. 

(ii) Given that this tangent passes through the point (-10, 7), find the co-ordinates 
of each of the three possible positions of P~ 



-
3 A ladder is being manoeuvred around a corner in 

a house~ 

One hallway is 2 m wide~ the other hallway is 3 m 
wide. 

(i) Find an expression for the length of the 
ladder in term of 6. 

3m 

(ii) Hence find the 1naxi1nu1n length the ladder can be so it will fit around the 
corner. 

P2 

r 



P2 4 When a try is scored in a rugby game the kicker1 K; must attempt a conversion from 
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a point directly back from where the try was scored. 

The distance between the 
po ts is 5.61n and a try is 
scored 30 1n to the right of tl1e 
right-hand post . 

~---30m----... 

Find the value of x (how far 
back the kicker should go) so 

that the angle 6 benveen the 

posts is a 1naximum~ 

C 

X 

K 

5 A three ... dimen ional olid l1as a urface made of two types of triangle~ Type A and 
Type B. 

The area of a Type A triangle is AA = ~ 2k2 
- 2k + L 

The area of a Type B triangle is A8 = .Jf (k2 -k + It 



Find the value of k which minimises the total surface area; and show that this value P2 
. 

gives a m1n1mum~ 

6 The 11autilus is a 111arine creature that lives 
around coral reefs. 

Tl1e matl1ematical i-nodel of a 11autilus shell is 
an equiangular spiral.. 

Equia11gular spirals have equations of the form 
r = Aek9, where k is a constant. 

At every poi11t P, tl1e tange11t to the curve 1nakes 
the same angle, a with the li11e OP from the 
point P to the origin (or pole) 0. 

NZQA Scholarship ca,lcu/us 2011 01b 

The size of the angle a depends upon the number 

k in this mathematical model where r = Aek6. 

(i) Using the parametric equations for the 

ca.rtesian co-ordinates (x~ y) of the point P 

in terms of (}, find ! . 
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(ii) Hence) or otherwise, find the value of a in terms of k for this modeL 

NZOA Scholarship Calculus 2004 05 

7. The graphs of the two functions f (x) = 3 sin 2x and g(x) = 2cos x are shown~ 

y 

3 

2 

1 

X 

_, 

-2 



- -

(ii Tl1e function l1 is defined by 

h(x) = k + 2cosx for O :e;: x :!6; 21tJ where k is a positive constanL 

Find the x co-ordinates of all the points at which the graphs of f(x) and h(x) 
l1ave the sarne gradier1t. 

(ii) The graph of p(x) =-a(x-b)2 -c for O ~ x ~ 21t, where a> 0, b > 0, and c > 0~ 

intersects each of the graphs of f(x) and g(x) at exactly one point only. 

The x co-ordinate of the point of intersection with f(x) is 2.575 and the vertex 
of p(x) lies on g(x). 

Find the values of a, b and c. 

P2 



P2 

C 
a ·-; ·­.. C: 
GIi .. 
G) 

~ ·-Q 

106 1 

(iii) Find the range of values of k for which f(x) and l~(x) intersect at exactly hvo 
points. 

Note: k > 0 and both f(x) and h(x) have domain O ~ x ~ 2rc. 

NZQA Scholarship Calculus .2007 03 



Exam focus 
X 

1 The diagram shows the curve y = ~ 3 + x 2 e - 4 . 

Find the x co-ordinates of the stationary point on the 
14] 

. (lnx)2 Y -
2 The curve shown 1s y = ----

x 
Find dy and hence find the exact co-ordinates 

dx 

of th.e maxi111um point M~ [4) 

rQ 

y 
3 

2 

1 

0 

M 

X 

X 

.... 
0 
n 
5 

2 



2 

C 
C ·-• '""" c • .. • tt: ·-Q 

10a] 

3 The equation of a curve is y ; sin 2x + x. 

Find the co-ordinates of the stationary points on the curve for O ~ x ~ 1t, and 
determine the nature of these · tationary points. (5] 

4 The equation of a curve is x 2 + y 2 - xy- 48 = 0. 

(i) Show that dy = 2x-Y 
dx x~2y 

(ii) Find the co-ordinates of the points on the curve where the tangent is parallel to 

14] 

the x axis~ (3 



(iii) Find the co-ordinates of the points on the curve ,vhere the tangent is 
parallel to they axis .. 

5 The equation of a curve is 2x2 + xy + y2 ;;;;; 14. 

Sho\-v that there are two stationary points on the curve and find their 
co-ordinates. 

6 The parametric equations of a curve a re x = 2t , y = 3 lt1 ( 3t + 4) ~ 
- 3t+4. 

(i) E . press dy in ter1ns of t1 simplifying your answer~ 
dx 

[31 

[6 

(4) 

.... 
0 
n 
5 

2 



2 

C 
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110] 

(ii) Find the gradient of the curve at the point for which x ::::; 2. [2] 



Integration 

Integrals involving the exponential 
and natural logarith111 functions 

1 Find tl1e following integrals~ 

(i) 

(iii) 

J e2x d x 

f 1 -dx 
2x 

f' 4 
Iv) e2x +3 dx 

f 
e4x + l 

(vii) ex d x 

(ii) J el- Jx d x 

(iv} f f dx 

(viii) f 9e -ix dx 

f 1 1 
(x) - + d x 

3x 1~ 2x 

2 Find tl1e following definite integr als, giv ing your answer exactly. 

(i) J4 2 
(··1 d x 
II 2 X+l . 

3 Sh ow that f 00 ex + 2 dx ;;;;; e + 1. 
1 e2x e2 

P2 

-:r 
i 
~ 

"" • 

-· m -m 
= CL 

i 
~ ... 
m --C, 

(Cl 
I} .. -· .... :::r 
3 
~ 
= a """. 0 
i 
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I 

4 Show that f 1 9 
. dx = ln8. 

- 1 l- 3x· 

. f x-1 5 Find 2 dx . 
. · X' -1 

6 Find s·3x
2 

- ?x d x« 
3x+2 



7 3 The area between the curve y = and the x axis 
3x - 1 

y P2 
between x = k a11d x - 1 is exactly 1. Find the exact value 
of k. 

-X :r 
i 
~ 

"" • -UJ -· :I 
~ 
Q -C: -· :, 

CCII .... 
:::r 
(I 

• I 
C, 
:II 
Cl 
a -· m -m 
= CL 

i 
~ ... 
m --C, 

(Cl 
I} .. -· .... 
:::r 
3 
~ 
= a 
I!""'. 

0 
:I 
ta 
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8 Given that 

Iln4

( ke3x +(k-2)e- 1"x }lx=185 

find the value of the constant k .. 

OCR Core Mathematics 3 4723/01 January 2010 Q6 



Integrals involving trigonometrical functions 

EXERCISE 5 .. 2 

1 Find tl~e following integrals., 

Ii) J sin4xdx 

(iii) f sec2 2xdx 

(ii) J cos(3x - l)dx 

(iv} J 2sin !xdx 

(v} J (4cosfx+l)dx (vi) J ( cos 2x - sec2 3x + 4)dx 

2 Find the exact values of the definite integrals. 

(i) J:"sin2xdx (ii) J[6°(1 - cos4x)dx 

(iv) J4 tan 2 xdx -o 

3 Find the area enclosed between the curve y = cosx.> the 

line y =l. and they axi for O ~ x ~ ~~ 
2, 2 

0.5 

- 0.S 

- 1 

P2 

-:r 
i 
~ 

"" • 
-· :I 
~ 
Q -C: -· :, 

CCII .... .. -· ~ 
0 
:, 
Cl a 
l .. -· C, 
II -

i 115 
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,4 Find the area between the curve 
. d l -1· 2 y = su1x an ti1.e 1ne y=-x 

for x ~ 0. 

y 

0 1t 

2 

5 Find the integrals by u ing a trigonometric identity4 

(i) f sin2 x dx (ii) J cos2 2xdx 

(iii) f 4sinxcosxdx (iv) J cos2 2x- sin2 2xdx 

(v) Jsin4 xdx {vi) J (sinx'-- cosx)2 dx 

(·vii) f (sin4xcosx - cos4xsinx)dx (viii) J cos 4 x dx 

1t X 



6 Show that ('i J1 + cos4x dx = .Ji · 
Jo 2 

7 Tb.e diagra1n shows the curve y = 2 sin x for 
0 E; x ~ 1t and the line y = L 

(i) Find the area e11closed by the curve a11d the 
line. 

y 
2 

0 1t 

2 
1't X 

(ii) The regio11 enclosed by tl1e cu r,re and the I ine is rotated 360° arou.nd tl1e x axis. 

Find the volu1ne of he solid generated~ 

P2 

-:r 
i 
~ 

"" • 
-· :I 
~ 
Q -C: -· :, 

CCII .... .. -· ~ 
0 
:, 
Cl a 
l .. -· C, 
II -



P2 

C 
a ·-; .. 
en • ! -

11a l 

8 (i) Showtl1atcos3x=4cos3 x-3cosx. 

(ii) Hence fi11d the exact value of J 2 cos3 xdx. 
3 

9 (i) ,Giventhat5cosx-3sinx=A(cosx+ inx}+B(cosx- inx)forallvaluesofx,fi11d 
the values of the constants A and B. 



.. 1 H __ dh 1 fJT5co· x -3sinxdx Ci1 ence fin t e exact va ue o · . . . 
_ 0 cosx+s1nx 

l 

10 By expressing cos 2x in terms of cos x, find the ex.act value of f; 
6 

cos2x d x. 
cos2 x 

P2 

-:r 
i 
~ 

"" • 
-· :I 
~ 
Q -C: -· :, 

CCII .... .. -· ~ 
0 
:, 
Cl a 
l .. -· C, 
II -
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Numerical integration 

EX ERCISE 5.3 

1 The values of x and f(x) are given in the table below for O ~ x ~ 2. 

X 0 0.5 1 1.5 2 

f(x) 2.1 0.8 1.5 1.9 3.8 

Use the trapezium rule with 4 strips to find an estimate for J: f (x )dx. 

2 The function f(x) is defined by f(x ) = / . 
X +1 

('i) Complete the table of values for f(x). 

X 0 0.25 0.5 0.75 1 

f(x) 1 0.5 

(ii) Use the trapeziun1 rule with 4 strips to estimate the Y · 

area between the curve a11d the x axis 

betweer1 x = 0 and x = 1. 

0 1 2 X 

(iii) Using the graph, deter1ni11e ,vh.ether the answer to part (ii) is an overestimate or 
11nderestimate of the true area under the curve. 



3 The diagra1n shows the cro s- ection of a certain section of river. 
The depth of the river is measured as sl1own .. 
The n1easuretnents are made 0.5 m a.part .. 

1.8m 
1.2 m 

2.1 m 
2.2 1m 2.3 m 

1.0 m 

(i) Use the trapezium rule to find an estimate of the area of the cross-section,, 

Ui) If the river is flowing at a constant 3k1n/h,, find the volume of water in m 3 

passing this point of the river every rninute. 

X 

4 The diagram show the curve y == e_
2 

for O < x < 54 

Use the trapezium rule with strip :idths 0.5 to find an estimate for (
3 e: dx correct 

to 2 decimal places. J 1 x 

Is you1· answer an underesti1nate or overesti1nate of the true area? 

y 
5 

4 

3 

2 

1 

a 

X 

r 

1 2 3 4 5,X 

1 1.5 2 

2.718 

U 1 . l . h . al . f 2 2 d 5 se t 1e trapezium ru e wit two 1nterv s to est11nate · x. 
o 8 + 3ex 

2.5 3 

P2 

2 
C a • -· a 
m -
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6 The diagram sho,Ns part of the curve y = J1 + x 3
. y 

(i) Use the trapezium rule with 4 strips to 

J2~ . 
estimate O vl + X dx, giving your answer 

correct to 3 significar1t figures. 

0 2 X 

(ii) Chris and Dave each esti1nate tl~e value of tl1is i11tegral using the trapezium rule 
with 8 strips. 

Chris gets a result of 3.25, and Dave gets 3.30. 011e of these results is correct. 

Without perfor1ning the calculation, state with a reason wl1ich is correct. 
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Stretch and challeng_e -.:~------------------- P2 
1 The length of a curve between x == band x == a is given by the formula 

L= J: ~l+[f'(x)]
2 dx. 

Show that the length of the curve y = x
3 

+ , 1 between x = 2 and x = 1 is 17. 
6 2x 12 

2 Show that JJ' in2 xcos2 xdx= 
32

. 



P2 
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3 A curve in polar form is given i11 ter1ns of its distance fro1n the origin (r) and the 
angle made with the positive x axis (0). 

A point with r = 2 and 9 = 6 is given in polar form by { 2, (j} 
Some polar curves are sho,vn below. 

X -2 -1 

l} = '!t 
4 

y 
2 

1 

0 

- 1 

-2 

(i) The diagram shows the polar curves 

r = kB, () = m and r ~ t (where k,, 1n and t 
are constants). 

If point P has polar co-ordinates ( 3
2 

, 3
4 

} 

determine the ~1:act values of k,, m and t 

1 2 X 

r = (} 
y 
4 

--6 

X 



-

(ii) If r = p(9), the length of a polar curve is given by 

L- f 
0

2 

~[r(9)]2 +[r'(9)]2de · 

Find the length of the cardioid r = 1 + cos9. 

(iii) Tl1e parametric equations of a cycloid are given by: 

x= r(O- sin6), y = r (1- cosO) 0 ~ 6 ~ 2 . 

Find the length of the cycloid which is given by~ 

[ r dx 2 (d )2 
L = ' (-) +I i dB dO d9 . . 

0 

I 
I 

- 1 

Yn. 
2 '" 
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P2 4 The Moeraki boulders are natural 
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stone spheres sunk into the sand of 

Moeraki Beach bet\veen Oamaru and 
Dunedin .. 

The angle between the surf ace of 
the water and a tange11t plane ta the 
boulder is (/,, as shown. 

Find the proportion of the volu1ne of 
tl1e boulder which is below water level. 

water 

boulder 

sand 
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Exam focus 
1 (i) Show that . ( 

2 
. 4 . dx = ln25 · Jo 2x +1 

2 

(ii) Find the value of k such that f k 2x ~ 1 dx = 0 . 

2 (i) Show that (2cosx + sinx)2 can be written in. the form 
asin2x + bcos2x + c,, stating the values of a,, b and c. 

(ii), Hence find the exact value of J 2 (2cosx + si11x )2 dx. 
0 

[3] 

[4 

[4 

[4] 

.... 
0 
n 
5 

2 



2 

-

12a] 

3 Show that tan2 x + sin2 x = sec2 x-tcos2x-t and hence find the exact 

v·alue of J6 
(tan2 x +sin2 x)dx. 

0 

4 The diagrarn sl-io,vs a part of the curve 
y = .J4 - cosx for O ~ x ~ 1t. 

y 
2 

(i) Use the trapezium rule with two intervals 

to estimate the value of J .J 4-cos x dx 
_ O 1 

correct to 3 significa11t figures. [3] 

7t 

4 
1t 

2 

[6 

1C X 

(ii) Explain, with reference to the diagramll why the trapezium rule may be expected 
to give a good approximation to the true value of the integral in this case.. [1 

5 (i) Differentiate ex (sin 2x - 2cos2x ), simplifying your ans\\rer. [3 



l 

(ii) Hence find the exact value of J4 e" sh~2xdx. 
0 

6 (i) Express cosfJ +J3sin9 in the form Rcos(8-a) where R > 0 and 1a is acute., 

[3 

Expres ,a in terms of Jt~ [3] 

l 

(·,··,)· H 1· 1. f 3 1 do·. -- _J?, . - ence s 10w tr1at o· 

- (cosB +./3sin6)2 4 
[4 

.... 
0 
n 
5 



P2 Numerical solution 

en 
C 

of equations 

.,: lnter,val estimation - change-of-sign methods 
ea = er 
m EXE'RCISE 6.1 

-
~ ·-D 
I: 
:II 

2 

X 3 3 1 The diagram sho\\rs the graphs of y = e - and y = x ., 

To find where the two curves intersect, we solve the 
· x - 3 3 equation e · == x s 

(i) Rearrange tl1e equation so it is in the form 
f(x) := O. 

(ii) Show that the root off (x) = 0 lies between O a nd 1. 

(iii) Show that the root off (x) ;;; 0 lies between O and 0.5. 

- 1 

y 

0.5 

0 

- 0 .5 

1 X 

(iv) Find the two values of x, correct to 1 decimal p lace) between which the root lies. 



2 The graph of the curve f ( x) == x 3 
- 2x2 

- 4x + 6 is shown. 

Using t he ch a11ge of sign idea find the integer bou nds 
for each of the three roots of the equation f(x) =0~ 

x+4 
3 For the curve g(x) = , g(O) = -4 and g(2) = 6. - x-1 -

As there i a change in sign between x == a atzd x = 2, there must be a root 
of the equation g(x) = 0 benveen x = 0 and x = 2. 

tate> with a reason) why this tatement is fa lse in thi case. 

4 (i) By drawi11g a sketch, show tl1at the equation 4 - x = 111 x has 01tly one root. 

i(x) 

6 

4 

2 

-4 - 2 0 
-2. 

-4 

-6 

2 4 6, 8 10 X 

(ii) Rearrange the equation 4- x = In x so it is in tl1e form f (x) = 0. 
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(iii) Find the integer a and b such that f(a) > O and f (b) < O r f(a) < O and f(b) > 0 .. 

Hence state the integer bounds between which the root of f(x) ==0 lies .. 

(iv) Verify by calculation that this root lies between 249 and 3.0. 

5 (i) Show that the equation x 2 = 3x has a root ain the interval-047 < a <-0.6 . 

(ii) Sketch the graphs of y =: x 2 and y = 3x to verify there is just one root of 
the equation x 2 

;;; 3x~ 

f(x) 

4 

3 

2 

1 

-3 -2 -1 0 
-1 

1 2 3 X 



Fixed-point iteration 

EXERCISE 6 .. 2 

1 The equation x 3 
- 2x + 3 = 0 l1as one root. 

(i) Sketch the graphs of y = x 3 and y = 2x - 3 on th.e grid below. 

f(x) 
12 

10 

8 

6 
4 

2 

- 3 - 2 - 1 0 1 2 3 X 
- 2 

-4 
- 6 

-8 

- 10 
- 12 -

(ii) Use your graph to find the integers between which the root lies. 

(iii) Use the iterative formula Xn+l ;;;; ~2xn - 3 to find the root correct to 
4 deci1nal places. 

(iv) Suggest two other arrangements of the form Xn+l = f (xu) that could be 
used to find the root.. 

P2 
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2 The equation 4- x = lnx ha a root a where 2 .. 9 < a< 3.0~ 

Use the iterative formula Xri+l = 4 - lnx.n with initial value x 0 = 2~9 to find 
the value of a cortect to 3 decimal place . 

Give the result of each iteration to 4 decimal places .. 

3 (i) Show that the equation x 3 
- x 2 = 15 has a root between x = 2 and x = 3. 

(ii} Use the iterative formula Xn+l = ~15 + x11 
2 with x0 = 2.5 to find the root 

correct to 3 decimal places. 

4 (i) Show that if the iterative formula Xn+l = ~ converges to the value a, 

tl1en a will be a root of the equation x 3 + x - 3 = 0. 



(ii), Use the iterative for1nula with x0 = 1 .. 5 to find the value of a correct to 
2 decimal places. 

5 The diagra1n shovvs a shaded seg1nent of a circle centre O radius r. 

(i) Show that the area, S,, of the segment is given by 

S = ir2(0-sin0). 

f ii) The cord AB divides the area of tl1e circle in the ratio 1 : 5. 

Show that 8satisfies 8 =f + in81 

.. 

(iii) Use the iterative for1n.ula 

.ll - l. · a 
Pri-t-l - 3 + S111un 

with Bll = 1 to find &correct to 2 decirr1al places~ 

P2 
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6 The equation x 2 =3x has a root a in tl1e interval -0 .. 7 <a< -0.6~ 

Show that each of these three possible arrangements x,,1+1 = f (xrt) fail to 
converge to the root. 

7 (i) Given that J;(6e2x+x)dx=42,showthata=!ln(1s-fa2 ). 

(ii) Use an iterative forn1ula, based on the equation in part (i), to find tl1e value of a 
correct to 3 decimal places. 

Use a starting value of 1 and sl1ow the result of each .iteratio11 to 4 decimal places. 

OCR Core Ma'themat1~cs 3 4723/01 June, 2001 06 



8 The sequence defined by 

x1 = 3, Xn+l = ~31- ~ Xn 

converges to the number a. 

(i,) Find the value of a correct to 3 decimal places, showing the result of each iteration. 

(ii)· Find an equation of the form ax3 +bx+ c = O> ,vhere a , band care integers,, 
which l1as a as a root~ 

OCR Core Mathem·atics 3 4723/01 J,anuary 2008 02 
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P2 Stretch and challenge 
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1 The secant method is another way to f(x) . 

find the root of an equation. 

It requires two starting points, x1 and 
x2~ but they need not be on oppo ite 
sides of th.e exact solution~ 

A straight line is draw11 through the two 
points (x1~ f(x1)) and (x2,, f(x2)), a11d the 
next estimate is taken as the point at 
which this line cuts the x axis. 

(i) Develop an equation for xn+l in terms of x" a11d xn- r 

X 



(ii) Use the secant method to find x3 for the equation f(x) = e2x - 3, given that 
x1 = 1 and x2 = 0., 

P2 



2 • Exam focus 
1 The line y = x intersects tl1e curve y = -'14- cosx at the point M. 

Use the iterative for1nula 

i Xn+1 = '14-COS Xn ... 
Cl ! with x 0 = 5 to determine the xco-ordinate of M correct to 2 decimal places. 

Give the result of each iteration to 4 deci1nal places. 

A . . b . -l.x 3 2 2 curve is given y y = e 4 · + x . 

(i) Tl1e sequence of values give11 by the iterative formula 
- 2 

Xn..-1 = 2ln(48 + l 6Xn ) 

with initial value x0 = 14 converges to a certain value a. 

State an equation satisfied by a and hence show that a is tl1e 
x co-ordinate of a point on tl1e curve V\rhere y = 0.25. 

I3 

[3 



{ii) Use the iterative for1nu.la to calculate the value of a to 2 decimal places. 

Give the result of each iteration to 4 decimal places. 

3 The diagra1n shows the curve 

4 4 3 4 · 2 2 7 )' = X - X + X + X - . , 

which cros.ses the x axis at the points (a,i 0) and (/J, 0) 

w}1ere a< f) .. 

It is given that a is an integerr 

(i) Find the value of a. 

(ii) Show that ft satisfie the equation x =~5x2 -9x + 7. 

y 

[3 

X 

[2 

(3 

.... 
0 
n 
5 

2 
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(iii) Use an iteration process based on the equation in .Part (ii) to find the value of p 
correct to 2 deci11-ial places. 

Show the result of each iteration to 4 decimal places. 

. cos2x 
,4 The d1agra1n shows tl1e curve y = . 

1-x 

the x co-ordinate of the maximum point Mis 
denoted by a. 

(i} Find :~ and show that a satisfies the equation 

1 
tan2x = 

2
_ 

2 
.. 

- X 
(4J 

(ii) Show by calculation tl1at a lies between 0 .. 3 and 0.,4. 

13] 

[2] 



(iii) Use the iterative formula Xn+l = ltan- 11( . 1 J to find the value of a ·correct to 
· 2 2-2x . 

3 decimal places. n 

,Give the result of each it.eration to 5 deciinal places. 

5 The diagram shows a circle radius r centre 0 
with the radius OB extended to meet the 
tangent to the circle at A at the point Ce The 
shaded area is th.e same as the area of the 
sector OAB~ 

(i) Show that 8satisfies the equation 
2fJ == tan fJ. (2) 

(ii) This equation has one root in the interval O < 9 < - . 
- 2 

Use the iterative for1nula 

en-t-1 ~ tan-1(26n) 

to find the root correct to 2 decimal places .. 

A 

Give the result of each iteration correct to 4 decimal places. 

13] 
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m 
Iii, g The general bino1nial expansion 

"'i 
t EXERCISE 7.1 .c 
t: 
LI! 1 Find the first 4 ter1ns,, in ascendinQ' powers of x) in th.e expansions below~ 

111 each case state tl1e values of x for which the expansion is valid. 

(i) (1 + x)-2 (ii) (1 - 2x)- 1 

(iii) (1 + 4x)! {iv) (1- 9x)-: 

,2 Expand each of the following i11 ascending powers of x, as far as the ter1n in x2• 

Give the values of x for which each expansion is valid4 

(i) (2 + x)- 4 

(iii) l 
,.J-4-x 

(ii) (9-3x )!-

(iv) 3x 
(2+x) 



3 The first tl1ree terms, in ascending power of x ~ in the e.:·pansion of (1 + ax)b are 
1 - IOx + 75x'24 

(i) Find tl1e values of a and b. 

f ii) State the values of x for which the expansion is valid. 

P3 

-



P3 4 (i) Find the first th.ree terms in ascending powers of x~ in tl1e expansion of 1 
4 

../1-2x2 

State the set of values of x for which the expansion is valid .. 

( ..... ) H fi d h f' . . d. f . h . f l + x ence 1n . t · e 1rst six terms, 1n ascen .. 1ng powers o · x~ 1n t e expansion o . . 
JI-2x 2 

5 111 the expa11sion of (1- 3 ... '\: )n, the coefficients of the x and x2 terms are tl1e same. 

(i) Find the value of n. 

(ii) When n has this value obtain the e-x:pansion up to and including the term in x3,, 

simplifying the coefficients. 



6 When (1 - 3x)(l + ax)- 2~ ·where a is a constant (a -:t:. 0), is expanded in a cending powers 
of x, the coefficient of the term in x2 is zero. 

(i) Find tl1e value of a,. 

(ii), When a has tl1is value, find the term in x 3 il1 the expansion of (1- 3x )(1 + a.,'tC ) - 2 , 

simplifying the coefficient 

[ 

7 (i) Expand (1- 3x)-3 in ascending po,vers of x, up to and including the tern1 in x3 .. 

fii) He11ce find the coefficient of x 3 in the expansion of (1-3(x +x3))-t. 

P3 

-



P3 
8 (i) E =pand (1 +ax)--4 in ascending powers of x,. up to and including the ter1n in x2. 

(ii) The coefficients of x and x2 in the expansion of (1 + bx)(l +axr4 are 1 and -2 

respective} yM 

,Given that a > 0~ find the values of a and b. 

9 (i) Expand (a+ x)-1 in ascending powers of x up to and including the term in x2 • 

(ii) When (1- x)(a+ x)- 2 is ~xpanded, the coefficient of x2 is 0. 

Find the value of a.. 



10 (i) Given that y = .J 1 .J . where x < -
2
1 

show· that~ assuming x -;;c 0, 
1-2.x- 1-x P3 

y=-..!..(~l-2x +..ri:::x). 
X 

-
(ii) Hence find the coefficient of the x term in the expansion of y. 



P3 Algebraic fractions revie\N 

EXERCISE 7.2 

1 Simplify the following expressions. 

(i) ~x Bb2 
4b 9a2 

(v) h3 -. 4h : h2 
- 4h + 4 

4 8 

CiiJ 6c
2
d . 18d

2 

Se • 25e2 

(• ) 3g + 1 g + 1 
' IV X l 

4 3g +4g+l 

(vi) j4 - k4 } + k 
j2+ k2 X j-k 

2 Write each of these ex.pressions as a single fraction in its simplest form. 

(i) l..+ 3 
m 4m 

(iii) p-Z+ P+ 2 
p 3 

(v) r+S+..2..-2 
4,2 Sr r3 

(ii) 5n _n + 1 
3 4 

('iv) 2q 4 
q+l q - 1 

2 
(vi) s + 4 s 

S2 - 9 S-3 



Partial fractions 

EXERCISE 7.3 

1 Express the followi11g quotients as the su1n of partial fractions. 
5x+7 2x+l4 

fi) (x + l)(x + 2) (ii) (x -1 )(x + 3) 

fiii) 3x - 2 
x 2 - 4 

fv) 
4 

2 
X -X 

16- 3x 
(iv) 

x 2 +x-6 

x-10 
(vi) 

2x2 -5x-3 

P3 

-



P3 (vii) 42 -18x 
(x + l)(x - 2)(x- 4) 

2 3 4 2 3 X - X -X-
(ix) ------

x2-zx-3 

(Hint! Divide out first.) 

,(viii) 5x
2 + 20x - 32 

x 3 -16x 

2 3x +2x-20 
2 

X -4 
(x) 

(Hint! Divide out first~) 

,2 Express the following fractions as th.e sum of _partial fractions. 

(i) x 2
+3x-1 (ii) 3x

2 
+2x-3 

x 2(x-1) (x - l)(x + 1)2 



(iii) l 
x(x -1)2 

(iv) x -1 
(x +1)3 

3 Write the following fractions as the sum of partial fractions. 
2 

f i) 1 (ii) 2x + 3x + 1 
(x+ l )(x2 + l ) (x-l)(x2 +2) 

(iii) lO 
(x-4)(x2 +4) 

-2x+4 
(iv) 

(x2 + l)(x-1)2 

P3 

-



P3 Using partial fractions vvith the binomial expansion 

EXERCISE 7.4 

1 (i) If- 2-llx 
(1+2x)(2-x) 

A + _ B , find the values of A a11d B. 
1 +2x 2-x 

(ii) Expand 1 as far a the term in x2~ 
1 +2x 

,Give the range of values of x that the expansion js valid for. 

(iii) Expand 1 as far as the term in x2 • 
2-x 

Give the range of values of x tl1at the expansion is valid for. 

(iv) Hence find the fir t three terms, in ascending power of x, in the expansion of 

2- 1 l x , giving tl1e values of x for which the expansion is valid. 
(1 +2x)(2-x) 



2 E "press the following in partial fractions and hence find the first three terms of the 
binomial expansion, stating the values of x for which this is valid4 

(i) 8-x 
(x-2)(x+l) 

x 2 +9x+2 (ii) 
(1- 2x) (1 + x)2 

- 2 
(iii) 2x - 3x + 3 

(l+x)(l+x2
) 

P3 
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P3 3 (i) E 4x + 14 . . If . press 1n part1a ract1ons .. 
(1-x) (2 +x)(l +x) 

( "'1 '"1) H b . h . f- 4 X + 14 . d. f ence o ta1n t e expansion o . 1n ascen 1ng powers o x, up to 
(1-x)(2+x)(l+x) 

and including the ter1n in x2~ 

I ,4 (i) ,Given that 

3+2x2 A B C ------= + +--
(l +x)2(1-4x) l+x (l+x)2 1-4x 

,vhere A;, B and C are constants> find B and C and shovv that A = 0. 



CiiJ Given that x is sufficiently small, find the fir t three terms in the binomial 
3+2x2 

expansion_ of 2 .. 
(l +x) (1- 4x) 
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P3 Stretch and challenge 

1sa l 

1 (i) Expand .J4-3x in ascending powers of x up to and including the term in x2 

si1nplifying the coefficients~ 

(ii) Find the value of the con tant a such that the coefficient of the x2 ter1n in the 
l 

expansion of(l + ax)(4-3x)1 is ~1f. 

2 The coefficient of the x2 term in the expansion of (1 + 3x )2 is 105. 
{1 + kx)2 

Fi11d the value(s) of the constant k. 



- -

3 111 tl~e expansion. of (1 + x)" ~ wh.ere n is any rational number, for wl1at values of n is P3 
the coefficient of th.e x 3' term less than the coefficient of the x4 term? 

4 (i) Given the binomial expansion (1 + ax)b = 1-x + 2x2 - ... find the values of a and bF 

(ii) Hence state the set of values of x for which the expansion is valid. 



• Exam focus 
1 When (1 + ax)-3, where a is a positive constant, is expanded in ascending powers of x,. 

the coefficients of the x and x2 terms are the same. 

(i), Fi11d the value of a. 14] 

(ii) Wl1en a has tl1e value found in part (i), obtain the expansion up to and including 
the term in x2, simplifying the coefficients. (3] 

2 (i) Express 2 - 4x- 3x
2 

in partial fractions. 
(2- x) (2 + x2

) 
IS 

2 
(·1·11 H b " h ~ f 2 - 4 x- 3x · d. f- d ence o ta1n t e expansion o _ 

2 
m ascen 1ng powers o x,, up to an 

(2-x)(2+x - ) 
inch1ding the ter1n in x3. (5 



Further integration 

Integration by substitution 

1 Use tl1e given substitution to find the integrals. 

(i) J (2x+ 1 )dx 

(iii) J x.J1-x2 d x 

u =: 2x+ l 

2 u= l -x 

(v) J 2x.Jx +4dx u=x+4 

I 2 fvii) x ~x-1 dx u=x-1 

(iv) X d f 
2 

(3+2x3 ) X 

(vi) f 2x ~ d-' 
(4-x)~ 

u= x 2 + 1 

3 u=3+2x 

u=4-x 

P3 



P3 

C 
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,2 Find the follo,ving definite integrals using a suitable substitution~ 

(i) r x3.J X4 +l dx (ii) J2 X dx 
o . 1 (2+x)3 

142 3 ? 6 
(v) x (x-~1) dx 

l 

(iv) J~ x+l dx 
1 (x2 + 2x)5 

3 Use the sub titution u= l +.!.to evaluate 
X 

- l 



4 The diagram sb.ows the curve y = x '14 + x. 

f i) Find the co-ordinates of the poi11t A . 

(ii) Find tl1e area of the shaded region using the substitution u ·== 4 -1- x. 

P3 

X 



P3 
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Substitution \Nith exponentials and natural logarithms 

EXERCISE 8.2 

1 Find the integrals usi11g the give11 substitutions. 

(iii) f :x d x 
e - 1 

(v) f 
! 

eX -
x2 d.x 

(vii) J el-cosx sin x d x 

u=x2 + 3 

l 
u == -

x 

u= l -cosx 

(iv) J--e_3x_- - dx 
, (l + e3x )3 

(vi) X 3 d.x f 6 2 

1-3x 

u=x - x 2 

u= l+e3x 

u = l - 3x3 



(t X . 1 
2 Using the substitution u = 2x + 1, show that J

O 2
x+ 1 dx= 4(2-ln 3). 

OCR MEI Structure,d Mathematics C3 4753/1 May 2005 05 

3 Find the exact value of fn2
32e2x (1 +e2

x )
4 dx using the substitution u= l+e2x. 

- 0 

4 Use the substitution u = 2 + In t to find the exact valu.e of J ·e 1 dt . 
1 t(2+ lnt)2 

P3 
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P3 
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e2x 
5 The diagram shows part of the curve y= 

2 
• 

l+e X 

The curve crosses they axis at the poi11t P~ 

(i) Find the co-ordinates of P. 

(ii) Find dy ~. simplifying your answer* 
dx 

Hence find the gradient of the curve at P. 

y 

0 

(iii) Show that th.e area enclosed by the curve 1 the x axis;l they axis and. the line 

x ==- 1 is l1n( 1 +e
2 

)· 
2 2 

X 
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Integrals involving trigonometrical functions 

EXERCISE 8 .. 3 

1 Find tl~e following indefinite i11tegr als u sing the given substitution. 

U) J xsin(x2 )dx u = x 2 (ii) f cos3x(l+ sin 3x)3 dx u = l+sin3x 

(iii) f sinx ecosx d x u==cosx 

fv) J tan 4xd x u=cos4x 

(vii) J 2sin3 3xcos3xd x u= sin 3x 

(iv) J cot x d x 

{vi) f cos5 xsin x d x 

(,viii) f . ; de 
i; cos 29 

. 
u=sm x 

u=cosx 

u=29 

P3 

-:r 
i 
~ 

"" • 
-· :I 
~ 
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CCII .... .. -· ~ 
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Cl a 
l .. -· C, 
II -



p3 2 Using the substitution u= I-cos x, find f sinxcosx(I - cosx)3dx. 

C 
a ·-; .. 
en • ! ·- 3 .. 
GIi 

Calculate f ~ .J4- x 2 d x using the substitution x = 2sin8. 
.c ..., 
!5 u. 

f
t 2 

4 Find the exact value of .J x 
2 

dx using the substitution x = cosO. 
o 1-x 



I 

5 (i) flt¥ 1-x -
Use the substitution x-= sin2 8 to show that O .. X dx= fo2 2cos

2 
9de. 

(ii) Hence find the exact value of J1 

~l x dx. 
O · X 

6 Find J .J 1 
d x using the substitution x-2sec0. 

x 2 0 ·x 2 - 4 

P3 
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.fj 2 

f 1-x 
7 Use tl1e substitutio11 x=ta118 to find the exact value of 2 dx~ 

1 l+x 

8 (i) . 1 . f 1 -J 1 G1venthatx=-.showthat .J .2 cl~- - ~ 2 dY. 
Y · X X - 1 . 1- y 

(ii) Hence find f 1 dx. 
- x.Jx2 - 1 



Partial fractions in integration 

EXERCISE 8 .. 4 

1 Use partial fractions to find these ir1tegrals. 

(i) s· 7x+8 d.x 
(x·+ 2)(x - 1) 

(ii) J 5x
2 

+ 12~+ 1 dx 
(x+ 3)(x- + 1) 

.2 (iJ Express 2x+ 1 in the foriI1 A. + B , ·wl1ere A and B are constants"' 
(x-3)2 x - 3 ( x -3)2 

fii) Hence find the exact value of J10 
Zx+I

2 
dx, giving your answer in the form 

4 (x - 3) 
a + b ln C, where a, b and C are integersm 

P3 
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-· :I -· a 
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3 (i) 2 3 3 2 9 12 · Cx+D -Express x + x + x + 111. the for1n Ax + B + . 
2 

. , where the values of tl1e 
X2 +4 X +4 

constants A, B, C and D are to be stated. 

f
3
2x

3 + 3x
2 + 9x + 12dx 

(ii) Use the result of part (i) to find t he exact value of 
1 

x2 + 4 

OCR Core Mathematics 4 4724/01 June 2007 Q7(ii), (iii) 

4 Calculate the exact value of ( "i" . 
2 

. cos~ d9 using the substitution u = sin9. 
Jo sin 9-Ss1n8 + 6 



5 (D Show that the substitution u = Jx transforms f 1./x dx to J (l 2 ) du. 
x(l+ . x) u +u 

Cii) Hence find the exact value off 9 1 ..fx dx. 
1 x(l+ x) 

OCR Pure, Mathematics 3 2633 January 2005 07 

6 Let I=f 2 
3 dx. 

1 x+'12- x 

fi) Using the substitution u =.,J2-x > show that 1 =f. 1 
6u du. 

0 (2-u)(l+u) 

(ii) HenceshowthatI=·2ln2 .. 

P3 
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Integration by parts 

EXERCISE 8.5 

1 Use integration by parts to find the following integrals .. 

(i) J x sinx dx 

(iii) f x 2 lnx dx 

2 Evaluate these definite integrals. 

(i) J/c2x- l)e2x dx 

(iii) J 3 2x lnxdx 
1 

(ii) J 4xex dx 

(ii) 
:re 

f 6xcos2xdx 
0 



3 The diagra1n shows part of the curve y= xcos3x .. y 

The curve crosse the x axis at 0 1 P and Q~ 

(i) Find the exact co-ordinates of P and Q. 

(ii), Find the exact gradient of the curv-e at the point P~ 

X 

Ciii) Find the area of the region enclosed by the curve and the x axis between O and P, 
giving your an wer in exact form. 
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P3 4 Find the exact value of r: x 4 lnx dx. 

C 
a ·-; .. 
en • ! ·-

5 (i) State the deri,rative of ecosx~ 

(ii) Hence use integration by parts to find the exact value of J ;'< cosx sinx ecosx dx. 

6 Showthat j1t(x2 +5x+7)sinx dx=:x2 +51t+ lO. 
- 0 



7 {i) Differe11tiate lnx )1 simplifying your a11swer. 
x2 

, .. , U . . . b } } J'lnx . 1 ( 1 ) ,n . s111g 111tegrat1on y parts, s ~ow t 1at · 2 dx = - - 1 + nx + c. 
X ' X 

8 Let I = Jex sinx dx. 
x( . ) 

Show, by usi11g integration by parts,1 that I== e sitix-cosx +c. 
2 

P3 
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P3 Stretch and chql/enge 

C 
a ·-; .. 
en • ! ·-

1 (i, Use the substitution u = 1 + x to find the exact value of (
1 

x
3 

dx. 
) 0 1+ x 

(ii) The diagram shows the curve y = x 2 ln(l +x)~ Y.,, 

(a) Find~. 
dx 

o, 

(b) Using integratio11 by parts, and the result of part (i), find the exact area 
enclosed by the curve y = x 2 11'l(l + x),, the x axis and the line x = 1. 

.x 

OCR MEI Mathematics C3 4753/1 January 2011 08 
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2 It is given that, for non-negative integers n, In ,.. ft x 11 cos x dx. 

(i) Prove that, fot n ~ 2, 111 = (f x )" -n(n-l)ln-2~ 

{ii) Find I 4 in terms of 'Jt~ 

3 fi) Show that f af(x)dx =fa f(a- x)dx. 
- 0 0 

P3 
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(ii) Hence, or otherwise, calculate the value of th.e follo,ving integraL showing 
clearly the steps in your working: 

1t 

12 sinn x . 
. .. dx, for any integer-;. n. . n n o sm x+cos x 

NZOA Scholarship Calculus 2004 Q3(b) 

2 
4 (iJ· The function y is defi11ed by y = x 

2 
- 1 ~ x ~ 1. 

l +x 

.Y 
o.,6 

- 1 -0.8 -0.16 -0.4 --0.2 0 0.2 0.4 0 .6, 0.8 1 X 

The gradient at the point x = 1 is t~ 
Hence show that there is a point with t < x < ! ~ where the gradient is also ! . 



(ii) The shape of a wooden ornament is 1nade by rotating the area between the 
graph of the function 

y= (x - l)2 O~ x >E; 2 
l+(x-1)2 

and the line y = 1 through ai1 angle 21t about the line x = 1. 

Find tl1e volume of this wooden ornament.. 

NZQA ,Scholarship Calculus 2 004 0 3f a) 
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• Exam focus 
1 By first expressing 4x

2 
+ 4x - 17 in partial fractions, show that 

. 2 2x 2 +5x-3 

I 4x
2 

+4x - 17 dx= Z-ln 45. 

1 
2x2 +Sx - 3 4 

2 Ci) d Show that dx (secx) = secxtanx. 

(ii) Use ·your answer to part (i) to find J x 2 secx3 tanx3 d x~ using the 
substitution u ;_ x 3 

1t 

(iii) Show that f 3 (secx+tanx)2 d x=2(,J3+1)-~. 
O · 3 

[10] 

(2 

(5] 

5 



3 The diagra1n shows the curve y == 4 sin 2 xcos3 x. 

(i) Find the x co-ordi11ate of the 1naxirnum 

pointM.. (5 

y 

0 

M 

X 

(ii) Using the substitution u= sinx, find, by integration, the area of the shaded region 
bounded by the curve and the x axis. [5] 

4 (i) Give11 that 

A(sin 8 +cos 8) + B(cos 6- sin 9)~4sin 8, 

find the values of the constants A and B~ [2 

.... 
0 
n 
5 



(i ii Hence find tl1e exact value off l n . 4 sine dO, giving your answer in the form 
a1t-lnb. .. 0 s1n8+cos6 IS 

·-

5 Use the substitution x ==sine to find the exact value of 1· ~ 1 
2 

i dx. 
o (1-x )z 

(5] 



6 The diagra1n shows the curve y = x.Jr;;;. 

The sh.aded region between the curve~ the x axis 
and the 1ine x = e is denoted by R~ 

(i) Find the eq11ation of tl1e tangent to the curve 

at the point where x -= 2,, giving your answer 
in the form y = mx + c. [41 

y 

0 

(ii) Find by integration the volume of tl1e solid obtained when the region R is 

X 

rotated completely about the x axis. Give your answer in terms of 1t and e. 7 

P3 

C"' 
I/Ill 

3 .... 
0 
n 
5 



P3 

en 
C 
Q 

·.;:ii 
ea = er 
Cli) -m ·-

Differential equations 

Forming differential equations 

EXERCISE 9.1 

'E 1 Farin a differential equation based on each situation described. 
Gil g; 
~ Do not solve the differential equations. 
Q 

(i) The rate of change of tl1e velocity of a car is constant~ 

(ii) The rate of growtl1 of the nu1nber of bacteria is proportional to the nu1nber of 
bacteria. 

(iii) The rate of ch ange of the h eight of a tree is proportional to the cube root of the 
age of the tree in years. 

(iv) The rate of change of the volume of water in a leaking tank is proportion a] to the 
square root of the volu1ne of water left 



CvJ The rate of change of the radius of a balloon as it i blown up is inver ely 
_proportional to tl1e square root of the radius of the balloon. 

(vi) The rate of change of the 11umber of people heari11g about a 11ew product is 
proportional to the 11umber of people who have not heard about the prod.uct 

(vii} The rate of change of tl1e volume of water in a swim1ning pool due to evaporatio11 
is proportional to the st1rface area of the pool. 

lviii) The area of a circular oil slick is increasing at a rate proportional to the square of 
the radius of the oil slick. 

P3 
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P3 Solving differential equations 

EXERCISE 9.2 

1 Find the general solution to the following differe11tial equations .. 

2 (i) dy = 1-2x (ii) dy = 4x 
~ ~ ~ y 
ea = er 
Cli) -m ·-1: 
Gil g; 
= ·-Q 

( ...... ,. dx 2t 
111 - = xe 

dt 

dy 
(v) -== y - ysinx 

dx 

dA 
(iv) dt = O~O lA 

dy _ COS
2Jl 

(vi) ----
dt et 

2 Find the particular solution of these differential equations. 

(i) dy =ex+y x = O, y = 2 {ii) (l + x 2 ) dy = 2xy x = O, y = 2 
dx dx 



,3 Ci) Find the general solution of the differential equation sec
2 

Y dy = 2. 
cos2 2x dx 

(ii) For the particular solution in whichy = f1t when x ~ 0, find the value of Y' when 
X - l.1t - 6 . 

OCR Cor($ MathBmatics 4 4724/01 January 2007 09 

4 The height) h m.ethes> of a shrub t years after planting is given by the differential 
equation dh == 6 - ,. 

dt 20 
A shrub i planted when its height is 1 m. 

(i) Solve tl1e differential equation to find an expression for t in terms of h. 

(ii) How long after planting will the shrub reach a height of 2m? 

{iii) Find the height of the sl1rub 10 years after planting. 

Civ) State the maximum possible height of the shrub. 
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P3 

-· = = a. 
::;.: 

i g 
.... -· Ill -
J r:: m ..... -· Q 

= en 



P3 

en 
C 
Q 

·.;:ii 
ea = er 
Cli) -m ·-1: 
Gil g; 
= ·-Q 

5 A liquid is being heated in an oven 1naintained at a constant temperature of 160 °C. 
It may be assu1ned that the rate of increase of the te1nperature of the liquid at any 
particular titne,. t tninutes, is proportional to 160 - 8J! ,vhere 8 °C is the tetnperature of 
the liquid at that ti1ne. 

Whe11 the liquid was placed in tl1e ove11, its temperature was 20 °C and 5 minutes later 
its te1nperature h.ad risen to 65 °C. 

Find the te1nperature of the liquid, correct to the nearest degree, after another 
5 minutes. 

6 (i) Find th~ general solution of the differential equation t = ( f) 2, giving your 
answer m the form y = f(x) . 

(ii) For the particular solution in which y == 1 when x = 2, find the value of y when 
x = B. 

OCR Pure Mathematics 3 2633 January 2005 06 



7 (i) Find the quotient and the remainder when x2 -5x + 6 i divided by x -1. 

(ii) (a) Find the ge11eral solutio11 of the differe11tial equatio11 

(
. x - 1 ) dy _ 

5 x2 - 5x+6 dx - y - · 

(b) Given that y = 7 whe.n x = 8> find y when x = 6. 

P3 
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8 Para.ffin i stored. in a tank with a horizontal base., At time t minute the depth of 
paraffin in tl1e tank is x cn1. When t = 0~ x = 72. 

There is a tap in the side of the tank through whjch the paraffin can flow. When the 
tap is opened the flov; of the paraffin is n1odelled by the differential equation 

dx + ~ =- 4(x-8) . 
dt 

(iJ How long does it take for the level of paraffin to fall from a depth of 72 cm to a 
depth of 35 c1n? 

(ii) The tank is filled again to its original depth of72cm of paraffin and the tap is 
then opened~ The paraffin flo'\\rs ut until it stops~ How long does this take? 

9 (ii The number of bacteria in a colony is increasing at a rate that is proportional to 

the square root of the nu1nber of bacteria present~ 

Form a differential equation relating the number ofbacterja, X-;, to the time, t .. 



fii) In another colony the nu1nber of bacteria~ y, after time t minutes is modelled by Pl 
th d ·f:c . I . dy 10000 e i 1erent1a equation - = r:: .. 

10 (iJ 

(ii) 

dt ")' 

Findy in term oft given thaty = 900 when t == D~ Hence find the number of 
bacteria after 10 1nin utes4 

OCR MEI Structured Ma,thematics C4 4754/A) June 2006 04 

Express ( . ~( ) in partial fractions. 
2x+l x+l 1 

A ct1rve passes through the ·point (0.), 2) and satisfies the differential equation 

dy y 
dx = (2x +l)(x + 1) 

Sh b . . h 4x + 2 . ow y 1ntegrat1on t at y == .. 
x+l 
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11 A skydiver drops from a helicopter .. Before she open her parachute, her speed v ms-1 

after time t second is modelled by the differential equati n !: = lOe -ft. 

When t ;;;;;; 0, v :;;;; 0. 

.,: (ii Find v in terms of t ~ 
ea = er 
Cli) -m ·-1: 
Gil g; 
= ·-Q 

(ii) According to this model> what is the speed of the skydiver in the long term.? 

Sh.e opens her parachute when her speed is 10 ms-1. Her speed t seconds after this is 

w rns-1, and is n1odelled by tl1e differential equatiot1 ddw == - l(w - 4)( w + S). 
t 2 

(iii) Express ( )\ ) in partial fractions. 
w-4 w+5 

(iv) Using this result, show that w- 4 ;;;;;; 0.4e 4 ·5t~ 
w + 5 

(v) According to this 1nodel, wl1at is the speed of the skydiver in the lo11g term? 

OCR MEI A.ppUcations of Advancs,d Ma,thematics C4 4754/01A. May 2008 09' 



12 The foren ic team a.t C~S . .I., discover a dead body at 4pm in a sl allow strea1n of water~ 
At that time the man.,s te1nperature is 16 °C and tl1e te1nperature of the water is 6 °C .. 
One hour later, the tnan's temperature has dropped to 8 °C . 

Can you help the tea1n determi11e tl1e ti111e the 1nan died? 

(The team understands Newton' law of cooling whicl1 states that the rate of change f 
te111perature of an object is proportional to the difference bet,,veen the te1nperature of the 
object and the surrounding temperature. Tl1e normal hurnan body temperature is 37 °·C.) 

13 A cylindrical water tank has developed a leal at the bottom of the tank. It is known 
that the rate that water leaks fro1n the tank is proportional to the square root of the 
volume of water remaining. 

If the tanl<had 900 litres in it initially and after one day 59 litres were lost due to the 
leak,, h.ow long will it talce for the ta11k to e1npty? 
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14 During a chemical reaction, substance A i converted into ubstance B at a rate that i 
proportional to the square of the amount of A .. 

When t == 0, 60 grains of A are present~, and after 1 hour (t = 1)~ only 10 gram of A 
re1nai11 unconverted. 

How much of A is present after 2 hours? 



Stretch and cha/leng_e 
1 Some years ago an island was populated by red squirrel and there were no grey 

squirrel . Then grey quirrels were introduced. 

The population x,. in thousands> of red squirrels is modelled by the equation 
x = a ,. where t is the time in year , and a and k are constan ~ 

1 +kt 

vVhen t = 0, x = 2~5. 

( '"1) S-h h dx kx2 _ ow t _at dt = - a . 

(ii) Given that the initial population of 2.5 thousand red squirrels reduces to 
1 .. 6 thousand after one year,, calculate a and k. 

(iii) What is the long-term population of red squirrels predicted by th.is model? 

The populatio1'1 y, in thousands, of grey squirrels is modelled by the differential 
. dy1 2 

equation dt == 2y - y . 

When t = 0, y = l. 

(iv) Express 1 in partial fractions. 
2 2y-y 

(v) Hence show by integration that In(. Y J = 2t. 
2- y 

P3 
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""' ~ = ·-Q 

2 

(vi) What is the long-ter1n population of grey squirrels·predicted by this 1nodel? 
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700 In a bush reserve the number of possu1ns,, P, is given by the for1nula P = t 

where t is time in years from today. 

(i) How many possums are tl1ere in the reserve today? 

(ii) Find the long-tertn number of possums that this model predicts. 

(
•
1
•
1

•
1
) . _!_. dP P ( P ) B,y expressing e 2 ui. terms of P~ show that d = - 1-. . . 

_t 2 · 140 

- -
5+2e 2 

(iv) Hence find the in tantaneou yearly rate of change of the number of possums 
in the reserve today. 

3 Find all functions y = f(x) which satisfy ! = ym"'"1
, where m is a non-zero constant. 

Show that these functions also satisfy! (y'')= nyn+m. 

NZOA Scholarship Calculus 2011 01(c) 



4 (i) During a penalty conversio11 attempt a rugby ball may be considered to be 
a particle that moves a"8 a projectile. Hence yot1 may ignore the effects of air 

resistance; etc .. Initially before the ball is kicked> the particle is considered to 

be at the origin;, 0, relative to a horizontal x axi and a perpendicular y a ~i ~ 

Assume that th:e particle moves only in tl1e plane of the x-y axes. 

y 

0 

The acceleration of the particle after the ball has been kicked, measured 
relative to these two a es, is given by: 

d2x = 0 d2y and . 
2 

= -g 
dt2 dt 

where g is the acceleration due to gravity. 

Th.e particle leaves the ground ,vith a speed of V metres per second at an angle 

of a to the x axis§ By using integration, or other,vi e, find the equation of the 
patl1 of the particle. 

P3 
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2001 

(ii) On a particular conversion attempt the co-ordir1ates of the centre of the 
goalpost crossbar are (kh, h). 

(a) Show that there are two possible paths by which the particle may hit the 

centre of the crossbar if V 2 > gh(1 +~1 +k2 
)· 

(b), In this case~ show that for these hvo possible angles a 1 and rx21) 
o:1 +a2 =tan-1(-k). 
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5 Tl1e typical population growth model assumes the rate of growth. of the population 
is proportional to the size of the population. Other models take into account 

factors that limit the growth. This question describes a type of gro,vth model called 
a Gompertz growth model Thi model assumes that the rate of change of y is 
proportion.al toy and tl1e 11atural log of!:., wl1ere Lis the population limit~ y - -

A populatio11 of 10 tigers has been introduced into a national park4 The forest 
service esti1nates that the 111.axi1num population the park can sustain is 180 tigers. 
After 2 years, the population is estimated to be 30 tigers. If the population follows 
a Gompertz growth model, how many tigers will there be 12 years after their 

introduction? 

P3 



P3 6 A tank contains 40 litres of a solution composed of 80% water and 20% alcohol. A 
second solution containin·g half water and half alcohol is added to tl1e tank at the 

rate of 4 litres per minute. At the same time) the tank is being drained at the rate of 
4 litres per minute. Assu1ning that the solution is stirred constantly1 how 1nuch 

2 alcohol ,vill be in the tank after 15 minutes? Q 
·.;:ii 
ea = er 
Cli) -m ·-1: 
Gil g; 
= ·-Q 



Exam focus 
1 (i) Show that, if y = cosecx, then: can be expressed as -cosecxcotx. [3] 

2 

(ii) Solve the differential equation'!; =-sinxtanxcott>given thatx=f whent=,t . 

[4] 

(i) Ex.press ( {c ) in partial fractions. 
3-x 6-x 

(ii) In a chemical reactio11 the an1ount, x grams, of a substance present at titne t 
seconds is related to the rate at which x is changing by the equation 

dx = k(3-x)(6-x), where k is a constant. 
dt 
When t = 0, x = 0 and when t = l, x = 1. 

(a) Showtl1atk=flnf. 

[2] 

[6] 

.... 
0 
n 
5 
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= er 
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(b) Find the value of x when t == 2. [3 

3 Solve the differential equation e2Y ;t + tanx = O given that when x = 0, y = O. 

Give your answer in the formy = f(x). 16] 



4 A biologist is investigating the spread of algae in a lal<e~ At time t weeks after the tart 
of the i11vestigation,, tl1e area covered by the \Veed is A 1n2. The biologist claims that the 
rate of increase of A is proportional to .J3A- 2 .. 

{iJ Write down a differential equation representing the biologists claitn .. (1 

(ii) At the sta-rt of the investigation, the area covered by the algae was 6 m2 and 4 weeks 

later the area covered was 17 m2 • 

Assuming that the biologist"s claim is correct find the area covered 8 weeks after 

the start of the investigation~ [9] 

5 Given that y = 0 when x = 2, solve the differential equation xy2 :!:: = y 3 - 1 

obtaini11g an expression for y s in ter1ns of x. l6] 

.... 
0 
n 
5 



en 

~ The vector equation of a line 
~ 

EXE'RCISE 10 .. 1 

1 Find an equation of the follolAring lines in vector form. 

(i) Tl1e line going tl1rough tl1e point (3, -1) parallel to the vector -2i + Sj~ 

(ii) Th.e line passing through the points A(- 2, l) and B(O.) 8). 

(iii) The line pa sing through the point with positio11 vector 4i - 3j +kin the ame 
direction as tl1e vector i - 4k. 



Civ) The line passing through the points A(l, 9 -5) and B (2, 0 ,, -1)~ 

(v) The line passing through the points C(2,, 3,. 0) and D(-3, -4,, 5).. 

8 

Cvi) The line going through the point "\-Vith position vector 2i + 3j - 2k parallel to - 2 . 

(vii) The line going through A~ parallel to DC (vvhere points A,, C and D are those 
given in parts (iv) and (v)). 

1 

P3 

--· :II a 



P3 

2oal 

,2 Determine if the following point lie on the line given. 

I 2 
(i) (-71t -7, 4) r = -1 

I i 

1 

(ii) (01 2 .. - 8) r = 0 

- 6 

I -3 
+A -2 

1. 

I 

+ µ - 2 

1 . 

I 3 The straight line 1 has the vector equation r = 3i - 4j + 2k + t(i + 3j - k) .. 

Given that the point (a,, b., 0) lies 011 the line> find the values of a and b. 



The intersection of t1No lines 

EXERCISE 10 .. 2 

1 Find tl'le point of intersection of the two li11es given .. 

If the lines do not intersect, state whether they are parallel or skew. 

4 2 3 - 5 

(i) .r = -1 +..:t - 2 and r = - 3 +1,1 2 . 

i I 3 7 · 0 

(ii) r = i - j + 3k + s(2i + 4j + k) and r = Si+ 2j + k + t(- i + 3j + 2k). 

1-2.A., 

fiii) r = 3;t 

2 +A 

- 1+4µ 

and r = l -5µ .. 

-3 + µ 

P3 

-· 
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P3 
1 4 1 1-8 

(iv} r == 8 +A - 1 and r== I 0 +µ 1 2 ~ 

l 12 0 2 4 

(v) r == (-4 - s)i + 4j + (-5 + 3s)k and r == (3 + l lt)i + (1 - 3t)j + (8 + t)k~ 



2 The vector equations of two line are 

r = (Si - 2j - 2k) + s(3i - 4j + 2k) and r = (2i - 2j + 7k) + t(2i - ; - Sk). 

Prove that the two lines are: 

f i) perpendicular 

(ii) kew~ 

3 The equations of two lines are giv·en by 

1 - 1 lo 
I 

1 

r = 2 +it 2 and r = 6 +µ 0 . 

- 1 3 3 -2 

Find the point of intersection of the lines. 

P3 

-· 
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P3 2 1 

4 Sho,v that the straight line with. equatio11 r = - 3 + t 1 4 meets tl1e line passing 

5 -2 

through (91 7, 5) and (7, 8~, 2), and find the point of inter ection of these lines .. 

5 Relative to a11 origin O'.) the points A and B have position v·ectors Si + j + 3k and 7i + 4k 
respectively. 

(i) Find a vector equation of the line passing through A and B~ 

(ii) Find the position vector of the point Pon AB such that ,Qp is perpendicular to AB. 



6 The points P, Q , R) and S have position vectors, relative to the origin 0, given b·y the 
following., 

3 13 

OP =l4 1 OQ~ 9 

7 2 

I 1 
~ -

OR ~ 2 
3 

10 
~ k 
OS = 

' 6 

The lines PQ and RS intersect at the point A .. 

H) Find the value of k. 

(ii) Find the co-ordinates of A. 

7 Lines 11 and Zi have vector equations r == j + k + t(2i + aj + k) and 
r = 3i - k + s(2i + 2j - 6lc) respectively,, where t and s are paratneters and a is a 
constant 

fi) ·Given that 11 and 12 are perpendicular" find the value of a. 

(ii) Given instead that 11 and 12 inter ect, find the value of a., 

P3 
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P3 
8 The lines land n ·1 have the following equations., 

r = -3i + 2j + 3k + A(i + 2j + k) and r = 7i + 3j + 3k + µ(ai + bj - 2k) 

(i) Given that 1 and m intersect, sl1ow that a - IOb = 38. 

(ii) ,Given also that land m are perpendicular, find the valt1es of a and b. 

(iii) When a and b have these values> find the position vector of the point of 
intersection of l and 1ti. 



The angle bettNeen t1No lines 

EXERCISE 10 .. 3 

1 The equatio11s of two li11es are given by 

1 -1 0 1 

r= 2 +IL 2 and r = 6 +µ 0 . 
-1 3 3 - 2 

Find tl1e acute angle between the linesF 

,2 (i) The vector u == 3i + bj + cl i . perpendicular to the vector 4i + k and to the vector 
4i + 3j + 2k., 

Find the value of b and c~ 

{ii) Calculate, to the nearest degree, the angle bet\\reen the ,rectors 4i + le and 4i + 3j + 2k. 

P3 

--· :II 
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P3 
3 Find the acute angle between the line with equation 

r = (2i - j - 3k) + s(3i - s; + 2k) 

a11d the lir1e passing tl1rough. the points (9, 7> 5) and (7, 8, 2). 

I 4 The co~ordinates of the vertices of a triangle are given by 

A(l, 3) -2), B(8, -2, 4) and C(S, -1, a) 

" rhere a is a constant. 

Find the value(s) of a such_ that angle ACB is 90°. 

5 The diagra1n shows a quare-based .pyramid OABCD 
witl1 base lengtJ1s of 1 unit and a height of 1 unit. 
The point D lies directly above the midpoint of the 
diagonal ,QB. 

Find the angle between th.e vectors on and OB. 

D 



The perpendicular distance from a point to a line 

EXERCISE 10 .. 4 

1 Find tl'le shortest distance from tl1e given point to the given straight line .. 

In each case find the co-ordinates of the poi11t on the line that gives this 1nini1num 
distance. 

1 · -3 

(i) A(O, - 7') - 3) - 1 + t 1 4 

1 I 

r = 

2 . 

(ii) B(-1, -6, 7) r = (4i - 2j + k ) + ;t(2i - j - 2k) 

0 5 · 

(iii) C(l, l, -2) r := 1 +s - I 

3 -2 

P3 
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P3 
3 1 

,2 The eqt1ation of a straight line l is r = 1 + t - 1 ~ 0 is the origin. 

l 2 
(i) The point P on l is given by t == 1. 

en 

~ ,Calculate the acute angle between OP and l. 
0 

~ 

(ii) Find the position vector of the point Q on l such that OQ is perpendicular tot 

(iii) Find the length of OQ. 



3 The position vector of the points P and Q ,vith respect to an origin Oare Si+ 2j - 9k 
and 4i + 4j - 6k res.pectively .. 

(i) Find a vector equation for the line PQ .. 

The po ition vector of the point Tisi+ 2j - k~ 

(ii)· Write down a vector equation for the line OT and show that OT is perpendicular 
to PQ~ 

It is given that OT intersect PQ~ 

(iii) Find the position vector of the point of intersection of OT and PQ. 

(iv) Hence find the perpendicuJar distance from O to P·Q, giving your answer in an 

exact form~ 

P3 
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P3 
4 A plane take off at 10am from tl1e point (L2,. 0 .. 8) 0) and head in the direction 

-2i - j + k. All units are in kilon:1.etres. The control tower is located at the origin~ 

(i) Find the closest distance the p]ane gets to the control tower .. 

(ii) Find the height of the plane above th.e ground at thi ti111e. 



5 An eagle, initially located. at the point with position vect r -lOi + 20j + 50k,, spots 
a rabbit on the ground at the point with position vector Si + 20j. 

Immediately, the eagle swoops do\-vn with velocity Si + ; - 10k and the rabbit takes off 
with velocity 2i + j. 

The rabbit's burrow i located at 25i + 30j. All the unit are 1netres. 

(i) How long would the rabbit take to reach its burrow travelling at 2i + j metres 
per second? 

Iii) Determine if the eagle catches the rabbit. 

P3 
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P3 The vector equation of a plane 

EXERCISE 10.5 

1 \\7rite the following planes in cartesian for1n ax +by+ ex = d. 
en 
'3 (i) r. (2i + 4j - k) = 4 .... 
0 

~ 

(ii) (r - 4j). (3i - 2j - k) = 9 

(iii) r = 3i + j - k + J(2i + k) + µ (Si + 2j + 3k) 

2 v\Trite the equation of the following planes i11 scalar product form r. n = k. 

(i) Sx - 2y + z = 10 

(ii) r = i + 2j - 2k + .l(i + 3j) + µ (2i. - j + le) 



3 Find the distance of the following planes fro1n the origin .. 
P3 

(i) x - Sy - 3z = 70 

fi i) r. (5i - 2j - 3k) = 19 



P3 
,4 Find the equation of the following plane in carte· ian form ax + by+ cz == d and cala.r 

product for111 n. r = k4 

(i) The plane which is perpendicular to the vector 2i + j - 3k and contains the point 
(3, -4, -1). 

(ii) The plane wh.icb. goes through the origin and is perpendicular to th.e vector i + 4j + Sk. 

(iii) The pla11e which is parallel to the plane 3x - y - z = 12 and contains the poi11t (- 1, 4, 1). 

(iv) The plane whicl1 contains the lines r = (Si - 2j , - 2k) + s(3i - 4j + 2k) and 
r = (Si + 2j + 3k) + t(- 2i + 4j - k). 



fv) The plane which contains the point (3,, -1, 0) and the line 
r = (4i + j + 2k) + t(i - j - 3k). 

lvi) The plane which contains tl~e points A(2, 3, - 1), B (-8 > - 2> 1) and C(l, - 1, 6). 

(vii) The plane which is perpendicular to the plane 2x - y + 3z == 5 and contains the 
point (1, -1,, 2) and (4" 0,, 1). 

P3 



P3 
5 Write down a vector equation of the line through (2,. 0;. 2) pet·pendicular to the plane 

2x -y + Z= 0~ 

Find the point of intersection of thi · line \Vith the plane. 

6 In each case) determine whether the given line is parallel to the plane, lies entirely in 
the plane or intersects the plane at one point. If it does intersect at one point ;, find the 
co-ordinates of the point of inter ection. 

0 2 

(i) r = - 2 +t - 2 and 2.,\" + y + 2z =· 8 

3 - 1 

3 4 1 
I 

(ii) r = 2 +s 2 an.d r. 2 =- 7 
- 1 - 3 - 3 . 



Ciii) r == (i - j + 2k) + t(3i - j + k) and x + y- 2z == -4 

-1 

(iv) r ~ (4 - s)i+3j + (- 2+s)k and r. 4 = 10 

3 

7 Find the angle bet·vveen the given line and plane. 

Ii) 

0 
I r = - 2 

3 

I 
2 

I 

+t - 2 
I _ 1 I 

and 2x + y + z = 8 

P3 



P3 3 

(ii) r = (2 + s)i + (3 - 4s)j + (1 + s)k and r. 1 = 12 

-2 

(iii) r = (- 2i - 3j + k) + t{2i + j + 3k) and 5x + y + 3z = 8 

8 In each of the following find the co-ordinates of the foot of the perpendicular fron1 the 
point to the given plane and the minimum distance from the point to the plane. 

(i) (2, - 3> 4) and x + 2y + 2z = 13 



1 

(ii) (2, 1, 1) and r. 2 I = 20 

~2 

(iii) (-2, lj, - 1) and x - 2y + 3z = 0 

1 2 3 

9 The line l has equation r = 3 +J. 3 1 and the plane p has equation r. -7 = k .. 

- 2 5 . 3 

Ci) Given that I lies entirely in p, find the value of k. 

P3 



P3 
(ii) Find the co-ordinates of the point onp which is close t to the point A(4, 10;. -11}. 

Fi:nd the shortest distance from p to A. 

(iii) Find> in the form ax +by+ cz;;;; d, where a, b) c and dare integers:, the equation of 
tl1e plane which contains both land A~ 



The intersection of t1No planes 

EXERCISE 10 .. 6 

1 For eacl1 of the following fi11d the equation of th.e line of intersection of the given 
planes and the acute angle between the give11 planes. 

(i) 2x + z = 4 and 2y - z = 6 

2 1 
(ii) r. l -: 1=6 and r. 

l 

2 I ; -4 

-5 

fiii) 3x-y+2z = 6 and x+2y-4z = 9 

P3 

-· 
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P3 
2 The equations of two planes are given by 

p: x + 3y- 2z == 5 and n: -x - 3)l + 2z == 1. 

(i) Show that the planes are parallel. 

(ii) Show that the point A(S~ 2 ,3) lies on p and the point B(4 -3, -2) lies on n .. 

----+ 
(iii) Find the vector AB and the length from A to B. 

. ~ 

(iv) Find the angle between the normal to the planes and AB. 

(v) Hence find the distance between the planes .. 

(vi) Tl1e norn1a.l to the planes thr ugh A intersect the plane n at the point C4 

Find the co-ordinates of the point C. 



{vii) Find the di tance between A and C .. (This should be the sa1ne as your answer 
to part (v).) 

6 

3 The planes rr1 and 1r2 have equations 3x - 2y + z a;; k and r .
1

1 

2 = 18 respectively. 

- 1 

1 - 1 

The line l is defi11ed by· r = 2 + ;t, 2 and the point A is (4, 2, 0). 

(i) 

-3 3 

The distance of the plane n1 from the origin is .Jf4. Find the value of k. 
2 

(ii)· Find the acute angle between rr 1 and rr2. 

(iii) Calculate the shortest distance between A and the plane rc2 .. 

P3 

-· 

-· 0 
:I 
0 

""" i ,, -ai = I 



P3 
(iv) Find the position vector of the paint of intersection of l a11d n2 ., 

(v) Find tJ1e equation of the pla11e containing tl1e line l and the point A .. 

4 Three points have co-ordinates A(l, - 8, - 2), B(9, 2,. 4) and C(- 3,. 2, 10). 

The plane p contains tl~e poi11t B and is perpendicular to the li11e AB .. 

The plane q contains th.e point C and is perpendicular to AC. 

Find the equation of the line of intersection of p and q. 



5 Find tl1e distance between the two planes 2x - y + 22' + 4 == O and 2x - y + 2z + 16 == 0. 
P3 

Find also the equation of the plane that i equidistant fro1n both planes. 

-· 

-ai = 
6 The planes ax + 3y' + z = k and x + by + 2z = d intersect along the line with equation I 

2 9 

r = - 1 +A -7 . 

0 C 

Find the values of tl1e consta.nts a, b, c, d and k. 



P3 
7 The diagra1n represent a 

house~ All units are in 1netres., 
The co-ordinates of A, B, C 
a11d E are as shown. BD is 

horizontal and parallel to AE. 

(i) Find the length AE. 

E(15, - 20, '6) 

D 

C(-8. -6, 6) 

(ii) Find a vector equation of the line BD. Given that tl1e length of BD is 15 111etres, 
find the co-ordinates of D. 

(iii) Verify that the equation of the plane ABC is - 3x + 4y + 5z ;; 30. 

Write down a vector nor111al to this plane .. 



4 

(iv) Show that the vector 3 is normal to the plane ABD·E. 

5 

Hence find the equatio11 of the plane ABDE. 

(v) Find tl1e angle betw·een the pla11es ABC and ABDE. 
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8 The point A(-1:, 12] 5) lies on the plane P llvith equation Bx - .3y + 102 == 6. 

The point B(6, ~2, 9) lies on the plane Q with equation 3x - 4y - 2z = 8. 

The planes P and Q intersect in the line L. 

Ci) Find an equation for the line L. 

P3 
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P3 
The lines Mand N are both parallel to L, with M :passing through A and. N pa sing 
tl1rough B~ 

(ii) Find the distance between the parallel lines Mand N. 

The point Chas co-ordinates (k, 0,, 2),, and the Hne AC intersects the Line Nat the point D. 

(iii) Find the value of k, and the co -ordinates of D. 

OCR MEl Further Applica,tions of Advanoed Mathematics FP3 4757 June 2009 01(0, (iiO, (iv) 



Stretch and cha/leng_e 
1 T\\10 mineshafts follow straight-line paths given by the equations 

· - 1 0 - 2 - 1 
I I . . I 

and r = -4 
1
+ t

1

- 3 
1

. 

-1 . - 3 

r = - 2 +t - I 

I - 1 -1 

The units are in kilometres. 

A vertical ventilation shaft needs to be co11structed at the point where the distance 
between the mineshafts is as small as possible. 

(i) Find the co-ordinates of the points in both mineshafts where the shaft will b_e 
constructed. 

(ii) Find the length of the ventilation shaft. 

P3 



P3 2 A computer-controlled rnacl1ine can be programtned to make cuts by entering tl1e 

equation of the plane of the cut and to drill holes by entering the equation of the 

line of the hole. 

A 20 cm x 30 cm x 30 cm cuboid is to be cut and drilled .. Th.e cuboid is positioned 
relative to the x, y and z axes as shown. 

z z 
-........-----....-~ F(-30, 20, 30) F(-30, 20, 30), 

D(O, 0, 30) D(O, 0, 30) ~=---.!.t---=-nrR 
... 
' ' 

B(- 30, 20, O) 

A(O, 20, 0) Y y 

First, a plane cut is made to remove the corner at E. The cut goes throt1gh the 
points P) Q and R, which are the midpoints of the sides ED,. EA and EF respectively~ 

(i) Write down the co-ordinates of P, Q and R. 

0 ---4 1- 15 
and PR = 10 

~ 
Hence show that PQ = 10 

-15 0 

2 

(ii) Show that the vector 3 is perpendicular to the plane through. P, Q and R. 

2 

Hence find the equation of tl1is plane~ 



-

A hole is th.e11 drilled. perpendicular to triangle PQR~ The l1ole passes througl1 the 
triangle at the point T which divides the line PS in the ratio 2 : 1, where S is the 

midpoint of QR~ 

(iii) Write down the co -ordinates of S,. and show that the point T has co-ordinates 

(-5, 16-f, 25} 

(iv) Write down the vector equation of the line of the drilJ hole. 

Hence determine whether or .not this line passes through C. 

OCR MEI Structuried Mathem,atics C4 4754(A} June· 2005 QB 
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P3 3 When a light ray passes f ram air to glass, it 
is deflected through an angle. The light ray 

ABC starts at point A(l, 2, 2), and enters a 
glass object at point B(O 1 0 2). 

The surface of tl1e glas object is a plane 
with normal vector n. The diagram shows a 
cross-section of the glass object in the plane 
of the light ray and n .. 

(i) Find the vector AB and a vector equation. 
of the line AB. 

c 
__ .... 

I -

n 

B 0 

---- -,-

The surface of the glass objec is a plane with equation x + z = 2M AB 1nakes an 
acute angle fJ l\rit~1 the normal to this plane. 

-A 

(ii} Write do,vn the 11ormal vector 11, a11d hence calculate e, giving your answer in 
degrees. 

"0' 1 / - 2 

The line BC has vector equation r = 0 + µ 1

1 

-2 . Tl1is line makes an acute angle 
</) with the normal to the plane. 2 -1 

(iii) Show that cp = 45°. 



(iv) Snell ,s Law states t}1at sin fJ = k sin q,, where k is a constant called t~1e refractive 
index .. Find k. 

The light ray leaves the glass object through a plane with equation x + z ; - 1. 

Units are centimetres. 

(v) Fit1d the point of intersection of the line BC with the plane x + z = - 1. Hence 
find the distance the light ray travels through the glass object. 

OCR MEI Applications of Advanced Mathematics C4 4754/01A June 2009 07 

4 The tnini1nu1n distance f ro1n the point P ( 1, a, 4) to the line r === 

Find the value(s) of the constant a. 

-1 

a +t 
3 1 

2 
i I . ../14 

- I lS 2 . 
-1 

P3 



• Exam focus 
1 The points P and Q have position vectors, relative to the origin 0,. give11 by 

--+ ~ 
OP = -Si - j + 3k and O·Q = i + 2j + 4k. 

The line l has vector equation 

r = (1 + t)i + (3 ~ 2t)j + (5 + 2 t)k. 

(i) Show that l does 11ot intersect the line passing through P and Q. (4 

(ii) Find the co-ordinates of the point A on l such that angle AQP is 90°. [4] 



2 The straight line l has equation r ~ (2i - j - 3k) + s(3i - Sj + Zk). 

The plane p has equation (r - 15i) .. (i - 2; + 2k) = 0. 

The line l intersects the plane pat the point A. 

{i) Find the position vector of A. (3] 

(ii) Find the acute angle between I andp. [4 

{iii) Find a vector equation for the line which lies in p, passes through A and is 

perpendicular to l. (5) 

.... 
0 
n 
5 



lfJ 

3 With respect to the origin 0, the points A;) B and C have the following position vectors. 

~ 

OA= 

1 3 -2 
~ ---+ 

2 , DB = 
1 

-1 , o,c = I 4 

-3 I 
1 6 -1 

t3 
'S The plane p is parallel to OB and co11tains A and C. 
~ 

(i) Find the equation of p, giving your answer in the for1n ax + by+ cz =.d.. [41 

(ii) Find the length of the perpendicular from B to the line through A and C. [3] 



2 

4 , Two lines have equations r = k +A 
1 I 

constant~ The lines intersect. 

3 

2 andr = 

2 

11 

- 4 +µ 
I - 1 

-1 

1 I, ,vhere k is a 

.2 

Ci) Find the value of k and determine the co-ordinates of the point of intersection~ [ 4] 

(ii) Find tl1e equation of the plane containing the two lines, givir1g your answer in the 
form ax + by + cz = d) where a ) b), c and d are integers. (5 

P3 
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Complex numbers 

Working 'With co1nplex numbers 

EXERCISE 11.1 

1 Simplify the following. 

(i) j3 

(iii) -2i6 

(v) (3i3) 2 

2 Simplify the fol] wing .. 

(i) 4 + 3i - 2 + 6i 

(iii) 3i X 4i 

(v) (5+ 2i)(3 - i) 

(vii) (6 + Si)(6 - Si) 

(ix) (1 +~i) (1 +(~ -2) i) 

3 Solve the following quadratic equations. 

(i) z2 + 9 = 0 

(ii) 4i4 

(iv) 5i5 

(ii) 4(2 - i)- 3(2 + i) 

(iv) i(7 + i) 

(vi) (2 - 3i)2 

(viii) i(2 - i)(l + i) 

(ii) z2 - 2x+ 2 = 0 



Ciii) 2z2 -6z+ 5= O (iv) z2 + 2iz - 5 ~ a 

,4 The complex nu1nbers z and ware given by z =:: 5 - 2i and w = 3 + 7i. 

Giving your answers in the form x + iy and h wing clearly how you obtain the1n, 
find tl1e following .. 
(i) 4z - 3w (ii) z*w 
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(iii) z*z (iv) Re(z - z*) 

(V) WW~ (vi) iw + iz 

(vii) w + w (vi iii Im[(w )2] 

(ix) (izw)2 (x) [(z* + w) ]2 

P3 



P3 

en 
ll 
1 
= C 

I -Q. 
E 
Cl 
u 

5 Show that for any complex number z: 

(i) zz* is a real number 

(ii) z + z* is a real number. 



Dividing and finding square roots of co1nplex numbers 

EXERCISE 11 .. 2 

1 Express these co1nplex numbers in the form x + iy. 

(i) : (ii) ( ¥-f 

(iii) 3 
1-i 

2i 
(v) 3-i 

(--··i (2 - 3i)2 
VII 

3 
. 

+1 

(ix) 4- 3 . 
l 2- 1 

1 (iv) 
2 + 3i 

5+3i 
(v ·1) 

4 + 3i 

(viii) 2 + 3i 
(2-i)2 

P3 
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,2 Find real numbers a. and b that satisfy the foUowing. 

(i) (a + bi)2 = - 5 - 12i (ii) (a + bi)2 = - 24 + lOi 

I 3 Find co1nplex number in the forn1 z = x + iy that satisfy the following~ 

(i) 2z - z* == 3 + 6i (ii) (1 - i)z= 2 + Si 

(iii) iz + (2 ·+ i)z* = 10 - 2i (iv) (2 + i)z + (3 - 2i)z* = 32 

4 Find all the complex numbers z that satisfy iz2 = 4z . 



5 Find the values of a and b such that 
1 

a . + 
1 

b . == 1 + 2i . 
- 1 +1 

6 The complex number u is defined by u = a ~i
3
i . 

Express u in the form x + ry, where x andy are reaL 

P3 



P3 Representing co111plex nun1bers geo1netrically 
and finding the modulus 

EXERCISE 11 .. 3 

5 1 Represent each of these comple . nu1nbers on the Argand diagran1 .. 

1 
= C 

I -Q. 
E 
Cl 
u 

(i) 4i I Im 

s 
[ (ii) 1 - i 

4 
(iii) - 5+2i 

3 

(iv) 3 + 4i 2 

(v) - 4 1 

(vi} - 4 - 3i - 5 - 4 - 3 - 2 - 1 0 1 
- ·1 

- 2 

-3 

--4 

-5 

,2 Given that z = 1 + 2i, plot the following points on the Argand diagram. 

(i) z Im 

5 
(ii) z+ 2 

4 

(iii) z- 3i 3 

(iv) z* 2 

(v) 
. 1 1Z 

(vi) iz2 -5 4 - 3 -2 -1 0 1 
- 1 

- 2 

- 3 

-4 

- 5 

Re 

2 3 4 5 

Re 

2 3 4 s 



3 Given that z = 2 - i and w = - 3 + 2i~ represent the following complex numbers on the 
Argand diagrain. 

(i) z 

(ii), w 

fi ii) z+w 

(iv) w-z 

(v) zw 

{vi) z*-w 

I 
l 

Im 

8 

7 

6· 

5 

3 

2 

11 

--8 -7 -6 ~s -4 -3 --2 -1 o 
- 1 -

-2 

- 3 

- 4 

- 5 

- 6 

_., 

1 2 3 4 5 6 7 6 

4 Find the modulus of the follo,-ving co1nple .. numbers. 

(i) J3- i (ii) 5 + 12i 

{iii) 4i (iv) -.JI + ,Jsi 

Re 

P3 

n 
Q 

3 
"a 
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5 Given that u == 1 + i, v = -4 - 3i, w == 2i find the following. 

(iii) lu + vl (iv) lu - wl 

(v) lw *I (vi) I u* + v - ·w I 

(vii) u 
w * 

(viii) luvl 

6 Simplify. 

<i> I 3 - 4i 1 (ii) Ix - 1 + i I 

(iii) l(x + 1) + i(y + l ) f (iv) lease + i sine 1 



Loci \Nith co111plex numbers 

EXERCISE 11.4 

1 Sketch on each Argand diagra1n the set of points z represented by the equation 
or inequality. 

(i) lzl = 3 

f i i i > I z + i I E; 3 

Im 6 

4 

-4 

- 6 

'6 Im 

4 

2 

~ --4 -2 0 
- 2 

-4 

- 6 

(v) lz + 1 - i I !6'; 2 

6 .. Im 

4 

2 

-6 -4 - 2 0 

- 2 

-4 

- 6 

Re 

2 

2 4 6 

Re 
2 4 6 

<ii> lz - 2 I == 2 

6 Im 

4 

2-
R@ 

-"6 -4 -2 O 2 4 6 
~2 

-4 

--6 

(iv) lz - (2 + i) I E; 2 

Im 6 

4 

2 r 

..-6 -4 -2 O 2 
- 2 

-4 

-6 

( vi) lz + 2 + 2 i I ;a; 2 

6 Im 

4 

2 

,_,.1fj, - 4 

--4 

- 6 

Re 
4 6 

Re 
4 16 

P3 
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2sal 

,2 Sketch on each Argand diagra1n the set of point · z represented by the equation or 
inequality .. 

li > 1 z I == I z - 21 

6 Im 

4 

2 
Re 

-

-2- a -6 -4 2 4 6 
--2 -

-4 

-6 

(iii) lz + i I ~ lz + 3 - i I 

16 Im 

4 

2 
Re 

- 6 '-4 - 2 0 2 4 6 
-2 

-4 

-6 

(v) lz + 2 + 3i I E; lz - 3 - 2i I 

- 6 -4 

Im i6 

4 

2 

-4 

-6 

Re 
4 6 

< n > I z - 2i I == I z + 21 

4 

2 
Re 

- - - -

-6 -4 -2 ° 2 4 6 
-2 

-4 

--6 

(iv) lz - 2 - i I ~ lz + 4 + i I 

6, Im 

4 

2 
Re 

-6 -4 - 2 a 2 4 ' 6 
-2 

-4 

-6 

(vi) lz + 4 + i I ~ lz + 3i I 

6
, Im 

4 -

2 

Re 
- 6 -4 2 4 6 

-4 

-6 



3 E "plain what the difference ,vould be in the loci sketched in question I and 2 if the 
inequality signs used l1ad. been > or< rather than ~ · or :E;~ 

4 The comple · nu1nber w is defined by w = 1 - 2i. 

Ii) Sho~ving your workingl' express w2 in the form x + iy where x and y are reaL 

Find the modulus of w 2• 

10 
Im 

8 

6 

4 

2 
Re 

{ii) Shade on the Argand diagram 

the region whose points 
re.present the complex numbers 
z which satisfy 0 -10 -8 --"6 -4 - 2 2 4 6 8 fO 
lz- w21 ~ lw21. -2 

-4 

-6 

-8 

- 10 

5 On the Argand diagram sketch the loci z and find. in each case the greatest and least 
values of lzl. 

CiJ lz - 3 - 2i I = 2 (ii., lz + 1 - i I = 3 

6 Im 
6 · Im 

I 
4 4 

2 2 
Re Re 

-
-

-6 ..-4 -2 4 6 -6 --4 2 4 6, 
- 2 

-4 --4 

-6 --6 

P3 

r-
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6 On the Arga.nd diagram sketch the locus of points 

z such that lz I ~ lz - 2 - 2i I and find the 1ninin1u1n 

value of lz I for this locus* 
4 

2 

-6 -4 - 2 -o-

7 Sl<etcl1 the locus of points z represented by the following. 

(i) arg(z ) ~3 

,6 Im 

4 

2-

- 6 -4 - 2 0 

-2 

-4 

--6 

(---, ( 3') 3 111 arg z - 1 = - 4 

6 Im 

4 

2 

Re 
2. 4 i6 

Re 
-6----4- 2-- 0 ---2-- -~4----6 

- 2 

-4 

--6 

(ii) arg(z -1) ~ -:-
2 

6 

4 

2 

- 6 -4 - 2 
-2 

- 4 

-!6-

(ivJ arg(z -1 + 2i) = 

i6 

4 

2 

-6 -4 -2 
- 2 

-4 

--6 

-2 

-4 

- 6 

Im 

2 

Im 

2 

Re 
2 4 

+ 

Re 
4 6 

Re 
4 6 



(v) arg(z+i) ~ 4 (vi) -6~ arg(z - 2) ~ z 

6 Im 6 Im 

4 4 

2 2 
Re 

- - -

0 
-

-6 -4 -2 2 4 6 -6 -4 - 2 0 
~2 -2 

- 4 -4 

_,5 -6 

8 Write down the equation of t'he locus represe.nted i11 the Arga11d 

diagram shown. 

2 4 6 

Im 

- 21i 

OCR MEI Further Concepts for Advanced Mathematics FP1 4755 J,anuary 2009 04 

9 (i) Write down the equation of the Im 

locus represe11ted by the perimeter 
of the circle in the Argand diagram. 

(ii) Write down the equation of the 
locus represented by the half-line .f 
in the Argand diagram,, 

0 

e 

4 Re 

(iii) E press the complex nu1nber repre ented by the point Pin the for1n a+ bi, giving 
tl1e exact values of a a11d b .. 

Civ) Use inequalities to describe the set of points that fall within the shaded region 
(excluding its boundaries) in the Argand diagram 

OCR MEI Further Concepts for Advance,d Mathematics FP1 4755 June 2009 QB 
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10 (i) On the Argand diagram,. show the 
1t . 1C region where-- < arg(z-2-i)< - ~ 
2 4 

Im , 

4 

(ii) Determine ,vhether the point 3 

43 + 47i lies within this region. 2 

1 
Re 

-4 - 3 -2 - 1 0 1 2 3 4 
- 1 

- 2 

- 3 

-4 

OCR MEI Furthe,r Concepts for Advanced Mathematics FP1 4755 January 2010 QB(b) 

11 (i) Sl<etch. the locus lz - 3- 4 il ~ 2 on the Argand diagra1n . 

(ii) ,Qn the same diagram, sketch the locus arg(z - 4) = t . 
(iii) Indicate clearly on your sketch the set of points t hat satisfy both lz - 3--4i I~ 2 

and arg(z -4) ~ ! . 

r 1lm 
r 8 

f 
7 

f; 

5- · 

4 

3 

2 

1 

- 8 - 7 - 6 - 5 -4 - .9 - 2 - 1 0 2 3 4 '5 6 7 8 _, 

- 2 

-3 

-4 

- 5 

-6 

- 7 

-8 

Re 

OCR MEI Further Concepts for Advanced M ,athe,maitics FP1 4755 June 2005 05 



12 (i) Sketch on an Argand diagram the locus) 
C, of points for which lz -41 ~ 3. 

(ii), By drawing appropriate lines through 
the origin, indicate on your Argand 
diagra1n the poi11t A on the locus 
C where arg z has its maximum value. 
Indicate also the point B on the locus 
C where arg z has its minimum value. 

(iii) Given that arg z= a at A and arg z = f3 at 
B, indicate on your Arga11d diagra1n the 
set of points for which f3 :s; arg z :E; a and 

lz- 41~ 3. 
(iv) Calculate the value of a and the value of /J. 

4 

2 

-8 - 6 - 4 - 2 0 
- 2 

-4 

-6 

- 8 

Re 

2 4 6 8 

OCR M EI Further Concepts for Advanced Ma'thematics FP1 4755 January 2012 08 

13 (i) Sl1ade the region in th.e complex pla11e satisfied by 

lz - 2il ~ 2 and arg(z - 2i) ~ 4 and Im(z)~ 3 

where Im (z) denotes the imaginary 
part of z., 

Iii) Calculate the greatest possible value 

of Re z for points lying in the shaded 
region, where Re z denotes the real 
part of z. 

14 The complex number 3 - 3i is denoted by a .. 

(i) Find lal and arg a~ 

Im 
4 

3 

2 · 

1 -

-4 -3 -2 -~ 0 
-1 

-2 

-3 

- 4 

Re 

1 2 3 4 

P3 

r-
0 
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(ii) Sketch on the Argand diagra1n the loci 
given by the following. 

,Ca) lz- a I= 3J2 
(b) arg(z - a) = 4 
(c) lz-al ~lz- 61 

(iii) Indicate, by sl1ading, the regio11 of the 

Argand diagra1n for which. lz-al ~ 3-Ji and 

0 ~ arg(z-a.) ::;; t and lz-a l ~ lz-61~ 

Re 

-8 -6 -4 -2 O 
-2 

-4 

OCR MEI Furthe,r Pure· Mathematics 1 4725 Jone 2009 06 

15 The complex number w = 3- i. 

(i) Sketch'. the locus of point z such 

that lz - w I = 2~ 

- 5 -4 - 3 - 2 - 1 

lm1 

5 

4 

3 

2 

1 
Re 

0 1 2 .3: 4 s 
- 1 

-2 

-3 

-4 

-5 

(ii) Giv-en that lz - w I= 2, find the 1naxii11un1 and minimum value of the following~ 

<a> I z I (b) lz- 3) (e) arg(z) 



Modulus-argument form and exponential form 

EXERCISE 11 .. 5 

1 Write these cornplex nu1nbers in modulus- argument (or polar) form> 

z==r(cos6+i in8)>wherer>Oand- ~ 8 ~ ~ 

(i) - 2i (ii) 4 - 3i 

(iii) - 5 + 12i (iv) 1 +./3i 

(v) 8 (vi) - 1 - i 

2 Write these co1nplex numbers in the form a+ hi. 

(i) 2(cos45° + isin45°) (ii) cos(-3) + isin(-3) 

(-.. · 1 1· 2 ( 2 . . 2 ) 111 - COS.::..._ + l Sl n .::..._ 
3 3 · 

(iv) 0.5 (cos(- 90°) + isin(- 90°)) 

(v) 6 cos(
3
8 

) + isin(
3
8 

) : (vi) .Jz (cos135° + isin135°) 

P3 

-...... 
0 .. a 



p3 Note that z = r (cosB + isin6) can be written in abbreviated form as z = r cisB. 

I -Q. 
E 
Cl 
u 

3 The complex numbers u}, -v and w are giv·en by 
u = 4cis30°, v = 2cis60°, w = cis(- 90°) 

Find the following> in 1nodulus-argument form, rcisO .. 

(i) u* 

(iv) ux w 

( .. , u 
VII -

V 

(x) iu 

{ii) U >< V 

(v) u x w* 

2 
( ... , u 
VIII -

3 
V 

{xi) w4 

(iiit V X W 

(vi) .!:. 
u 

(ix) 1 
V 

. 
( '"'") lV XII -

~ u 

4 For any complex numbers z1 and z2 decide if the following statetn .ents are true or false. 



5 Two coniplex numbers are a= -.J3- i and f3 == 4 cis ~ ~ 

Find the modulus and arguinent of each of the following co1nple numbers, giving 
the argu1ne11t in radians between -1t and 1t. Illustrate these 4 complex 11u1nbers on an 
Argand diagra1n,. 

(i) a 

(ii) f3 

liii) a/3 

(iv) a 
/3 

-5 --4 -3: -2 -1 

Im 

5 

4 

3 -

2 

1 
Re 

0 1 2 3 4 5 
-1 

-2 

- 3 

-4-

-5 

P3 
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6 It i given that m = - 4 + 2L 

17 

(i) Express i in the form a+ hi. 
m 

(ii) Express m in modulus- argument form. 

(iii) Represent the follov,ing loci on th.e 
Argand diagram. 

(a) lz-m l=3 

(b) arg(z ---- m) = -
4 

(c) lz-ml=lz- 2i I 
(iv), Hence shade the region that satisfies 

lz-ml ~ 3 and 

O < arg(z - m) < 4 and 

lz-ml ~lz-2il. 

im 
8, 

6 

4 

2 

~ - 6 ~ - 2 0 
- 2 

-4 

2 4 6 a 
1 

OCR MEI Further Concepts for Advanced M,ath,e,matics FP1 4755/01 January 2007 QB 

Shovv that for any non-zero complex number z, .!. = z * . 
z lzl2 



8 This question introduces an alternative metl1od for finding the square root of 
a complex number. 
The complex number z is sucl1 tl1at z 2 =5- 12L 

(i) Write z 2 in modulus-argun1ent for1n rcis e. 

1 
(ii) Take the square root of both sides of the equation z 2 = rcis8 giving z = (rcis6) 2 . 

1 1 

(iii) Find one possible value of z usi11g that fact that (rcis8)2 = r 2cis (18) == Jrcis (18). 

(iv) Find the ther value of z using the fact that the other complex nu1nber satisfying 
z2 = 5 - 12i can be found by rotating the first value b·y 180° around tl~e Argand 
diagram .. 

{v) Convert both values for z to the fortn x+ iy. 

'9 Use the method described in question 8 to find ../21 - 20i . 
(Hint: start with z2 = 21 - 20L] 

P3 
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10 The complex number u is defined by u = 
2 

3 
. , where the constant a is real. 

. + a1 

(i) Express u in the form x + iy, where x and y are real. 

(ii) Find the value of the constant a such that: 

(a) arg U
14 = -

4 

·(b) lul = .J2. 

11 Convert these comple.x numbers to exponential form~ z= rei9 ~ 

(i) 2 
. 1t 

CIS-
2 

(iii) 2 - 3i 

(ii) - 1 + i 

(iv} Si 



12 Write these co1nplex number in the form x+ iy~ Plot eacl1 one on the Arg:and diagram. 
~i 

(i) e3 

(ii) 2e-i 

Im 
5, 

4 

3 

2 

1 

(iii) 4ei1t 
-5 -4 -3 -2 -1 0 

- --i 
(iv) 3e 6 

13 (i) Find 4e 3i x 3cis( 6) in exponential form. 

(ii) Fin.cl -2i + 2cis( 6) in: 

(a) the form x + iy 

(b) polar form. 

- 1 

-2 

- 3 

~ 

- 5 

Re 

1 2 3 4 5 

P3 

-...... 
0 .. a 



P3 Complex numbers and equations 

EXERCISE 11.6 

1 The cubic equation 2z3 - z2 + 4z + k = O> where k is real, l1as a root z = 1 + 2i. Write 
en down the other complex root. Hence find the real root and the value of k. 
ll 
1 
= C 

I -Q. 
E 
Cl 
u 

OCR MEI Further Concepts for Ad\lanced Mathem,atics FP1 4755 June 2010 03 

,2 Given tl1at z = 6 is a root of the cubic equation z3 - 10z2 + 37z + p = 0,, find the value of 

p and the other roots. 

OCR MEI Further Concepts for Advancsd Mathematics FP1 4755 ,January 2012 03 



3 Ci) Find the solution to the equation iz2 - z + 2i === 0. 

(ii) The roots of the equation are NOT a conjugate pair~ Why not? 

4 , (ii Find the solt1tions of z 4 - 16 = 0~ 

(ii) Plot the solutions on an Argand 
diagra1n. Wh.at do you notice? 

Hi i) One solution of tl1e equation 
z4=k is z== 1 + i.. 

Find the value of k and the otl1er three 
solutions to the equation. 

llm 
4 

3 

2 

1 

4 - 3 - 2 - 1 0 
- 1 

-2 

- 3, 

-4 

1 2 3 4 

5 The equation x4 + Ax3 + Bx2 + Cx + D = 0, where A, B,> C,, and D are real nu1nbers, ha 
roots 2 + i and -2i .. 

(i) Write down the other roots of the equation. 

P3 

Re 
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(ii) Find the values of A~ B C and D,. 

OCR MEI Further Concepts for Advanced Mathe,matics FP1 4755 June 2005 09' 

6 You are given that tl1e complex number a = 1 + i satisfies the equation 
z3 + 3z2 + pz + q = 0, where p and q are real constants. 

(i) Find a2 a11d a 3' in the for1n a + bi .. Hence show that p = - 8 and q = 10. 

(ii) Find the other two roots of the equation~ 



Ciii) Represent the three roots on an Argand diagram .. 

Im 

5 

4 

3 

2 

1 
Re 

- 5 -4 - 3 -2 -1 0 1 2 3 4 5 
-1 

- 2 

-3 

-4 

-5 

OCR MEI Funhe,r Concepts for Advanced Mathematics FP1 4755 Jan,uary 2006 QB 

7 The cubic equation x3 + Ax2 +Bx+ 15 = 0, where A and Bare real nu1nbers> l1as a root 
x = 1 + 2i. 

{i) Write down the other co1nplex root~ 

(ii) Explain why th.e equation must have a real root. 

(iii) Find the value of the real root and the values of A and B~ 

P3 
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8 (i) Show that z = 3 is a root of the cubic equation z3 + z2 - 7z - 15 ~ O and find the 
other roots. 

(ii) Show the roots on the Argand diagra1n. Im 

4 

3 

2 

1 

-4 - 3 - 2 - 1 0 1 2 3: 4 
-1 

- 2 

-3 

--4 

Re 

OCR MEI Further Concepts for Advanced Mathematics FP1 4755/01 January 2008 03' 

9 Two con1plex nu1nbers> a and /3> are given by a = 1 + i and f3 = 2 - i. 

(i) Express a + /3, aa* and af3 i11 the for1n a + bi~ 

(ii) Find a quadratic equation with roots a and a . 



Ciii) a and f3 are roots of a quartic equation with real coefficients~ 
Write dow11 the two other roots and fi11d this quartic equation in the for1n 

z4 + Az3 + Bz2 + Cz + D = 0 .. 

OCR Mf=I Further Concepts f:or Advanced Mathematics FP1 4755 January 2009 09 

10 The cotnplex nutnber z satisfies zf1 =a+ bi. Wh.en plotted on an Argand diagra1n, 

two adjacent roots a1~e given by cis- and cis 13 . Find the value of n and the exact 
. 24 24 

values of a and b. 

P3 



P3 Stretch and challenge 

en 
ll 
1 
= C 

I -Q. 
E 
Cl 
u 

1 Solve the equation ex+iy = 3, where x and y are real. 

2 The complex number z is defined by z = cosO + i sin 8 . 

(i) Showthat zn+ 1 =2cosn8and zn- 1 =2isinn8. 
R n z z 

(iii 
4 

Expand { z +-;) using the binomial theorem. 

Hence show that cos4 9 = i(cos49 +4cos29+ 3). 



z-z-1 
(iii) (aJ, Show that tanO = 

1 
. 

i(z +z- ) 
P3 

- - . . 1-tan2 8 
(b) Use this result to prove that cos2fJ = - -

2 
• 

1 + tan fJ 

3 De Moivrels theorem states that (rcisB)" = r11cis(n6). 

(i) Use D,e Moivre,s theorem to find w 12 given tl1at w = J3- i. 



P3 

en 
ll 
1 
= C 

I -Q. 
E 
Cl 
u 

(ii) By writing izi in polar form~ use De Moivre>s theorem to find 

the solutions to the equation z 5 = "J'iL 

(iii) (a), E pand (cos8+isin6)5 using the bino1nial theorem. 

(b) By equati11g i1nagir1ary parts and using De Moivre's theorem, 
show tl1at sin58 = 16sin58 -20sin30 +5sin8. 

(cl Hence solve the equation l 6x 5 
- 20x 3 + 5x -1 = 0, givi11g your answers in 

exact trigonotnetric form. 



4 (ii The gamma function r extends tl-1e factorial function to all of tl1e real 
numbers except for the negative integers and zero. 

It takes values of the factorial function at positive integers: r(n + 1) = n! 
and has the property that for any values, r(x) = (x - 1)r(x - 1). 

A formula useful for finding other values of the gamma function is Eulees 

reflection formula: r(z)r(1- z) = . 7 ) . 
Sill 1tZ 

Find the exact value ofr(!), and hence the exact value ofr(!). 

(ii) Consider tb.e equation x6 + (2 - k)x4 + (25 - 2k)x2 - 25k ~ 0,. 
where k is a real constant 

Given that c = .Jz + .J?,i is a root of this equation, fi11d the other five roots. 

P3 
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(iii) The vertices of a regular octagon, sl1own on 11m ,-. 

the Argand diagram, represent the roots of • • 
a compl~"<: degree 8 polynomiaL One root is 
shov1n at the point A 1 +OL 

0 • 
Write the polynomial in the form 
p(z) = (z - (a + bi))n + q~ 0 • 

- A(1 +00 
..- ~ -- -- ~ 

Re 

NZQA Scholarship Calculus 2011 05 

5 (i) If z="'J
1

t(a+~a2 +b2 )+ i~1

J(-a+~a2 +b2
) is a complex number, 

with i 2 = -1 and a, b real numbers~ find z2 in the form p + iq. 

The Mandelbrot set is constructed by plotting in black all complex numbers) 
c = a + ib> such that: 

if f(z) - z2 + c then If" (o)I < 2 for all n E {1, 2 3, ... } 

where lfn(z)I represents the modulus of the complex number f(f (f(f( ... f (z))))).. 



T11.at is,, f 2 (.z) = f(f(z)) ==(z 2 + c)2 +c. TJ1e sequence starts witl1 z= 0, so f (O)== c, 
f 2 (0) = c2 + c, etc~ 

(ii) Use the definition of the Man·delbrot set above for f(z) =z2 + c beginning 
with z= 0, so f(O) = c. 

(a) Show that c = 1 + 2i is not part of the Mandelbrot set, but c = i is. 

(b) For f(z) = z 2 +c , with c = 'J
1

f(a+ ~a
2 
+b

2
) +i~t(-a+~a2 

+b
2 

). and 

b2 == 3a 2,. find f 2 ( 0) in te rm.s of a. 

Hence show that when a = t, If 2 
( O) = iJ(s + 2../j). 

P3 
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• Exam focus 
1 The co1nplex numbers 1 ~ 2i and 3 - i are denoted by z and w respectively .. 

(i) Showing your wor1 ing e · press eacl1 of the following: in the forin x + iy. IB] 

(a) z-3w 

(c) 1 
w 

_2 

(ii) The complex number u is given by u = ~­
w 

(ti) zw 

w 
(d) z~ 

(a) Express u in the form x + iy, where x and y are real. 

lb) Sketch on the Argand 
diagram the locus of the 
complex number z such that 

lz - ul - lul"" [3] 

....,4 - 3 - 2 - 1 

Im 

4 

3 -

2 

1 

0 
- 1 

-2 -

-3 

.....4, 

(4 

1 2 3 4 



2 Tl1e co1nple nu1nbers u and 1v satisfy the equations u - vv = 6i and uw = 13~ 

Solve the equations for u and ·w, giving all answers in the form x + iy, 
where x and y are reat 

3 (i) On a single Argand diagram, sketch the locus 
of eacl1 set of points. 

(a) lz - 3il - 2 

6 
· Im 

4 

2 

---- ---

[5] 

R,e 

(b) arg(z + 1) = }1t 

[21 

[2] 
-6 -4 -2 0 2 4 16 

-2 

-4 

-6 -

(ii) Indicate clearly on your Argand diagram the set of points for which 

lz - 3il ~ 2 and arg(z + 1) ~ !n. 12) 

(iii) (a,) By drawing an appropriate line through the origin, indicate on yoW' Argand 
diagra111. the point for which f z - 3il = 2 and arg z has its minimum 
possible value.. 2 

(b) Calculate the value of arg z at this poi11t. [21 

OCR MEI Further Concepts for Advance,d Mathematics FP1 4755/01 January 2008 08 

.... 
0 
n 
5 



4 . The complex nun1ber 1 + 2i is denoted by u. The polynomial x 4 
- 3x3 + 5x2

- x-10 is 
denoted ·by p(x). 

(i) Showing your ,vorking> verify that u is a root of the equation p(x) = 0:, 

and write down a second complex root of the equation .. 

(ii) Find the other two roots of the equation p(x) = 0 .. 

5 (i) Without t1sing a calculator, solve the equation iw2 ;;;; (-3 + 3i)2
. 

4] 

[6] 

[3 



(ii) (a) Sketch on the Argand diagram the region R consisting of points 
representing the co1nplex nui11bers z where f z - 3 + 3i I~ 2 .. 

Im 

s 
4 

3 

2 

1 

-5 -4 - 3 - 2 - 1 0 
- 1 

-2 

- 3 

-4 

-5 

Re 

1 2 3 4 S 

(b) For the complex nu1nbers represented by points in the region R, 
it is given that p ~ lzl ~ q and a E; arg z E; ~. 

Find the values of p, q, a and /l 

[21 

[6] 

.... 
0 
n 
5 



6 The polynomial p(z) is defined by p(z)= z3 - z2 + kz - 27J where k is a constant. 
It is given that (z ~ 3) is a factor of p(z)._ 

(i) Find the value of k. 12 

(ii) Hence,, showing all your working.,, find 

(a) the three roots of the equation p(z) = 0 [5) 

,lb) the six roots of the equation p(z2) = O. [6] 



PAST EXAMINATION QUESTIONS 

1 Algebra 
1 

2 

The poly.nomia.1 x 4 + 3x 2 + a.,, w here a is a co.nstant 11 is d en ot ed by p(x ). 

It i given that x 2 + x + 2 is a factor of p(x). Find the value of a and the 
other quadratic factor of p(x). 
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(4] 
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Solve the inequality Ix- 21 > 3l 2x + 11. [4] 
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P2 3 

4 

5 

The polynomial 4x3 - 4x 2 + 3x + a, where a is a co11stant,. is denoted by p(x). 
It is divisible by 2x2 - 3x + 3. 

(i) Find the value of a. 13] 

-- · · "!•· .. ·· ---· ·I"· ------- .. - --- ·- .. - "! ..... . ... . .. ... .. .......... _ .. . .. ... ........ .. .. .. ... ....... . .......... . . .. .. . _ • ., ..... . .......... .. ... .. .. .......... ....... . . ,. ... .. 

(ii') When a l1as this value, solve tl1e inequality p(x) < 0, justifying your answer. (3) 

Cambridge International AS & A Level Mathematics, 9709/03 November 2008 05 

Solve the in~equality Ix - 3 I > I 2x I- (4) 

Cambridge International AS & A L,sve/ Mathematics, 9709102 Novem1ber 2008 0 1 

olve the inequality 21 x- 3 I > I 3x + 11. [4] 
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Cambridge lnternationa'i AS & A Level Mathematics, 9709/31 Nove1mber 2010 01 



6 Tl1e polynon1ial x3 + 4x2 + ax + 2> "'here a is a constant, is denoted by p(x) .. It is P2 
given that the remainder when p(x) is divided by (x + 1) is equal to the remai11der 
when p(x) is divided by (x - 2). 

(i) Find th.e v·alue of a. I3J 

.... , ...... ... ... i, ,o .. ... .. ......... .... . .... . .... ....... .... .. ... .... . ,i .. ..... . ,. .... ... .. ... "' .. .... 1, ,. .. . - ...... . .. . ,. ........... .. .... . .......... . .... ..... , ... ............... . .... .. ... , ............ .. .. 

(ii), When a has this va]ue, show that (x - 1) is a factor of p(x) and find the 
quotient when p(x) is divided by (x - 1).. [3] 

• "'• 1 • P 1 • .. .., .... • P<i • ,.,. "'•1 • P1 •-• I • 1 P ;, .. • • • •1 • "'1 • ~i- I • 1 P ,. .. r "''" •1 • .. 4 • .... .. .. ,. 1 ,. .. P "' '" • ;, .. • r• .... 1 .. ., 4 f' '" • .. .. • r • • P •"' •1 • P1 r • • .... • P'll • P • "' •1 "'•1 •"''" I • 

Cambn'1dge lnternationa'I AS & A Level Mathe,maticsl 9709/23 November 2010 03 

7 The cubic polyno1nial p(x) is defin.ed by 

p(x) = 6x3 + ax2 + bx + 10, 

where a and b are constant ~ It is given that (x + 2) i a factor of p(x) and that, 
wl1e11 p(x) is divided by (x + 1),, the remainder is 24 .. 

(i) Find the value ·fa and b. [5J 

........................................................ ... ................ ............ ......... . .......... 11 ...... . . .............. . 



P2 (ii) When_ a and b h ave th.ese values, factorise p( .. ,;) co1npletely. (31 
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Cambridge International AS & A Level M athe,matics, 9709/22 May/June 2011 07 

8 Solve tl1e inequality Ix+ 21 >lt x- 21. 141 
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Cambri,dgie international AS & A Level Mathematics, 9709/22 November 2011 01 

9 The polynomial ax3 - 3x2 - llx + b, where a and b are constants, is denoted by p(x)~ 
It is given that (x + 2) is a factor of p(x), and that when p(x) is divided by (x + 1) the 

remainder is 12.. 

{i) Find the values of a and b. (5) 
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(ii) Wh en a and b have these values, factorise p(x) con1.pletely. 13] P2 
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P2 2 Logarithms and exponentials 
1 (i) Express4xintermsofy,wherey=2x. [1] 

.......... .... .... ........... ..... .. ....... .. .. . ...... . .. ..... ...... .... - ~ .. .......... ............ - .. .. .. .. .. .. .... .... ,i .... .. .... .. .. .. .. . .. . - - ...... .. ...... .. .. .. .. .. .. .. .. .. .... .. .... . .... .... .. .. .. .. .. .... .... .. .... .. .. .. ...... .. 

(ii) Hence find the values of x that satisfy the equation 

3(4 X )-1Q(2X) + 3 ~ 0~ 

giving your answers correct to 2 decimal places. [5] 
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Cambridge International AS & A Level Mathematics, 9709/02 Novembe,r 2006 02 

2 Solve the equatio11 

ln(x + 2) = 2 + In x,. 

giving your ans,-ver correct to 3 decimal p]aces. [3] 

ca,mbridge International AS & A Level Mathematics, 9709103 Noy,embeif 2008 01 

3 Solve the equation 111(2 + e-x) = 2, giving your answer correct to 2 decimal places., [4] 

Cam,bridge International AS & A Level Mathematics, 9709/3 Ma,y/June 2009 01 

4 Solve the equation 3x+2 = 3x + 32
, g iving your answer correct to 3 significant 

figures . [4] 

Cambridge International AS & A Lsvsl Mathematics, 9709/31 NovembBr 2009 02 



5 (i) Given that y = 2x, show that the equation 

2x + 3 (2- x) :::: 4 

can be written in the for1n 

y2 - 4y + 3 = 0. 

(ii) Hence solve the equation. 

2x + 3(2-x) = 4, 

[3] 

giving the values of X ' correct to 3 significant figures where appropriate. [3] 

Cambridge lnte,mational AS & A Leve,/ Mathematics, 9709/21 May/June 2010 Q.5 

6 Solve the equation 

ln(l + x2) ~ 1 + 2lnx, 

giving your answer correct to 3 significant figures~ [4] 
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P2 7 

8 

The variables x and y satisfy tl1e equation y = A(bx),. "'rhere A and b are constants .. 
The graph of ln y against x is a straight line passing tl1rough tl1e points ( 1.4) 0~8) 
and (2.2, 1.2),. as shown in the diagra1n. Find the values of A and b, correct to 

2 decimal places. [61 

lny 

0 X 
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Cambn'dge, International AS & A Level Mathematics, 9709/23 Novem·.ber 2010 05 

Use logarithms to solve the equation 3x 

3 significant figures. 
2x+2 - . , g1v1ng your answer correct to 

[4J 

....................................................... . ........ . ........................ . ... . .... . ............ . .. . .... . ............ 
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3 Trigonometry P2 
1 (i) Prove tl1e identity 

cos46+4cos26 8cos48-3L [4] 

••••••II••• all II•• I Ill II •11 II al a•• II Ill• al 1111 I 1111 I•• I Ill II 1111 II Ill II 11111111 I Ill I Ill ii•• I Ill II Ill a 1111 II Ill Ill II Ill I 1111 I Ill I 1111 II Ill II 1111 II Ill Ill I Ill 1 11 1 I Ill II 1111 II Ill II Ill II II 

(ii), Hence solve the equation 

cos40'+4cos20 2) 

for 0° ~ B ~ 360°. [4]1 

.............................................. ., ........ "''! .... . ..................... .. .,., .... . .. .. ..................... . ...... . ..................... ....... .... . .... ... ........................ . .................................... .. 
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2 (i) Prove the identity 

tan(x + 45°) - (tan 45° - x) 2 tan2x. [4] 

(ii) Hence solve the equation 

tan(x + 45°) - (tan 45° - x) 2, 

for 0° ~ X ·~ 180 °., [3]1 

Cambridge International AS & A .LevBI Mathem·atics, 9709/02 NovembBr .2006 04 
297 



P2 3 {i:) E press Ssinx + 12cosx in the forni. Rsin(x +a), where R > 0 and 0° < a < 90°,, 

giving the value of a correct to 2 decirnal places.. {3] 

I ••• II •• II LII • 11,i II • . II• ......... L• II 11,i II 1111II 11 111111II 11 .1111111 II 1111II1111111!11II11 !11 1111111111 II 1111 II 1111 II•• i, 1111111111II111111 11 II 1111 II 111111111 .. II 1111 II 1111 II .1111 II I. Ill l!ol II 11 1 II 11 11 II iill II 111111..IJII II II 
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(ii) Hence solve the equation 

5sin 26 + 12cos28 = 11> 

giving all solutions in the interval 0° < fJ < 180 °. [5] 

Cambridge International AS ,& A Level Mathem,atics,. 9709/03 November 2008 06 

,4 Solve the equation secx ==4- 2tan2x, giving all solutions in_ the interval 

0° :S; X ~ 180°. [6] 
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5 (i) Express 3cosx +4sinx in the form Rcos(x - a), where R > 0 and 0° < a < 90 °, 

stating the exact valuae of Rand giving the value of a correct to 2 decimal 

places. [3] 
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6 

(ii) Hence solve tl1e equation 

3cosx +4 inx = 4~5, 

giving all solutions in the interval 0° < x < 360°. [4]1 

Camb,ridge International AS & A Level Mathematics, 9709/22 November 2009' 06 

(i) Show that the equation ta11 (x + 45°) 
6tan2 x-5 ta11 x + 1 == 0. 

6 tan x· can be written in the form 

(ii), Hence solve the equation tan(x + 45°) == 6 tan x, for 0° < x <180°. 

[3] 

I3J 

,. "' P tt • "' • '" ., • "' • '" t, ,. "" ., 'I !" -, ,. "' P 'I • .. • • • I ,. t, "' • ., 1 ,. "I ,t • i, '!I ,oi "' - • • ,. f' • • °' ., • "I '" • "' ,j ,. "' • " • • '!I • • l' "' • "I f' ,. • o, !" • ,. 1 • • '!I • • • "' • ,. P '" • l' ,. " I" It "' "' '!I "' I• • ., '" • I' .. ,. f' ,. "I r ,. "' ., ,j • " • • ., 

Cambridge International AS & A Level Mathematics, 9709/21 May/June 2010 03 

7 Solve the equation 

sin6 = 2cos28 + 1 , 

giving all solutions in the interval 0° ~ 9 ~ 360°. [6 
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P2 8 Solve the equation 

cos(0 + 60°) 2sin9, 

giving all solutions in the interval 0° ~ e ~ .360°~ [5] 

P!II 4 P'I •I' '" • . .. "' r'I II l''I t' P 9 P'I • r •'" 11• 'I P'I • P'I I' P li •"''I• P!I 11 '1 't t''I • l''I '" ... "'"' 'I II P'I II l' 'I r P'I t' 'I • "'•!I P'I 'I t''I iii l''I P P't I! II '" "'ii !I P!I 'I f'!I II l''I II P't" .. ,. "'P't II f''I P'I II t!'I II t' '" • ii •"' P!I II t' 'I r P 
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9 (i) Prove tl1at si112 2 fJ( cosec2 8 - sec2 fJ) 4cos 26. [3] 

(ii) Hence 

(a) solve for 0° ~ x ~ 180° the equation sin2 2B(cosec2 fJ - sec2 6) 3, (4 

(b) find the exact value of cosec215° - secl 15°. [2) 

• • ,. 1 io .... I' •· oi o! .. ,. t, ,t • P • • I' • • • ,t • .. 't ._ • • t, ,f • I' 'I , Ji, ,. .. .. ,f .. .. 1 • • "' f, r .. ., r .. • • 1 ,. ,f • .. 1 • .. 1 t, r • r o, .. • t,, .. .. ,f ~ r It • ., 1 ,f p • ~ r .. • t, ,. .. .. • t r ,f • .. ,f "' • oi !' .. - t, .. .. r • r I' 1 i. t, 

!III •• f' ... "" 'I 119 't ... !t 1111 tl 11 11 I' .. . t' 11!1 I' ..... .. !1111191'!11 "I ... I' 11!1 I'"" II .... II 11!1 "" 'I ... 'I"" !II l! 'I ill PII ll l!!t l'I ... r • 'I" " If l! 'I II f'tt '.'I l!!I ll ... r ll !t II ll!I .... Ill ll!t '.'I l'l lf 'I .... r l!!t II 1111 II r 
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4 D ifferentiation 
1 The equation of a curve is y = x sin 2x, where x is in radians. Find th.e equation of 

the tangent to the curve at the point where x· = t1t . [4] 

Cambridge intsmational AS & A Level Mathe,matics, 9709/03 May/JunB 2007 03 

2 The parametric equations of a curve are 

,3 

x == a(28- sin26), y == a(l - cos28). 

Show that !: "" cot8. 15] 

Cambridge lnte,mational AS & A .Lev,el Ma,rhem,atics, 9709/03 November 2008 04 

The diagran1 shows the curve y = x 2V(l - x 2 ) for X ~ 0 

and its maximum point M. 

Find the exact value of the x-coordinate of lvl. [4 

f''t !I P!I I!' 11• I! 1!11 "'t l!!I •11 !I f''I !I l''t 9 PII I llll It f'!I II f''t f' t,9 f''I • l' !I II l!tf 'I f'!I II tl't f' t.11 I 11!1 I l''I ,:,t 'I 1!'11 I 11'1 II 11' !1 II 1111 I l!'I I! t''I f''I 

., .i ,f i. !" i. "' .. • .. ,. • f '! .... oi ., .i 't 5 ,. '! ,- .. '" P .i i. io ,j ., f '" .. r • o, ,. 'I "' .... f' 't .. "' 1 ., i. oi ., r '" • ., ,. • o, -ii f' 't .. • ,i ,. p 1 .... • • • • • o, "' .. i. ,. ;. -, 

Y H 

0 

M 
---- . 

~ 
I -
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P2 4 A curve has equation y = e -3x tan x., Find the x-coordinates of tl1e stationary 

points on the curve in the interval ...... !1t < x < tn. Give your a11swers correct 
to 3 deci1nal places. [6J 

............. .. - ...... ... .... .. .. .. .. .. ..... ....... ... .. .. .............. .. .. .. " .. .. .. .. .. .. .. .. .... .. ...... .. . p "'"I ...... .. .... .... ...... .............. .. .. - .. .. ...... .. ........ ,i .. .. .. .. .. ... .. .... .. ........ ... .......... 't .. .... .. .. .. ........ . .. . 
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5 The equation of a curve is 

x2y -r- y2 6x. 

Show that dy 
dx 

(i) [41 

(ii) Find the equation of tl1e tangent to the curve at the point with coordinates 
(1:> 2), giving your answer in the for1n ax· +by'+ c = 0. 

t • !l'I I'.,,. .,"''" I'.,!'""' "''" '"!I 'I !I '" ,t "''"•"' '" I' • I"' f' I! '"'" f'• !l'"l 11 "' '"• "' '" 'I P I! I' I' '" • "''" !I "''f "''" I"'.,,. 'I PI!• "I '"• I' '" -, "''I "' • • "' !11 PI! '" • •'" I' '" I!"' '"'" PI""' "!'t I" .,,. •"' '" P'" I! "''t'" "' 'I 'I ~'t P 00 •"' "''" t, • 

.Jl!tP'!l"P'f.,r1rrof!o-.!1111'!11r-t1r1•r1rt,,tr .. art ... ,.of1r1.!r1'!t>1t'"'""!""".!"ll!,.,.,.,. .... ,..., ... ,.,jr!--!rll! .. ,.,. ............ ,.i1"'!"1l! .. ,.,.,.r,.1tr•t1•"'.!'ll!'",jt,9t,r•!r•rt 

• • t .. ., r • • ,. 1 io • ,t ,. •· oi o! .. ,. t, ,t 4 P • • ,. • io • ,t .. .. • ._ • • t, ,f 4 r 't , Ji, ,. .. .. ,f .. .. 1 • • "' t, ,. .. .. r .. • • 1 ,. ,t • .. 1 .... 1 t,, r • r "' .. io t, .. .. ,f ~ r It • .. 1 ,t r • ~ r .. io t,, ,. .. .. .i t t' ,j • .. ,j "' • oi !' .. - t,, .. .. ,. • r t' • • t, 

.! '! ... r ll!l!t II! 1111 f' ... P!t 't ll!!t '! ... !t 1111 II! 1111 II! .. . I' 11111 t' ,.. ... .. !f 1111 !t I'll 'I ... I' 1111 t' "" ..... II! 11!11 "" 'I ... ,t ""'!I"" ill r11 ll "" tl .'I ... 'I tll!t If"" II f'II !f ""I! ... r lll!t II 1111 .... II 11!'1 !f ll! lf '! .... r 11!1 II l!!t II r 
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6 The diagram shows the curve y = ~( ~: = J 
(i) By first differentiating 1 - x, obtain an 

. d . l+x ~ 
ex:press10n for t 1n terms of x. Hence show that 

the gradient of the normal to the curve at the 

point (x1 y) is (1 + x)~(l - x 2). 

-1 

y 

p 

0 1 X 

[51 

....... ,..,P'll''l'tr'l lil''l•P •'" ll .. l'P'I II P 'll' P Sl''l•t' '"'" i, 'l'IP'l l'P'IPPS '""''l •f''lill 'l'lf''l• t!'l ,."'•"'"' !l•f' 'l ill''IP 'I St!'l .. ., !i'tP't 'll''l illl' 1tl''ll' . '""' !il'll'!l 'I P'llit! 'I Pt''IPit '"•t !IIIPtt 

........... .. ......................... -- ............. ., .............. "'"" .. .. ................ ........ l.p .......... .. I" ... - -- ... .. r.. "' '! .. ................... .. .,. .. .. "''! .. .... .... ,. ...... .... ...... .. ·'!I .... .. .... .. ., .. ...... .. !"' 

(ii) Tl1e gradient of the norn1al to the curve has its 1naximu1n value at the poi11t P 
shown in the diagram. Find, by differentiation, the x-coordinate of P. [4] 

• • • !11 r .. .. • •'" .... I! .... ••• 'I !l'I • .... • .... I! • I! "''!• • !I 'I !I - • .... • .. .. " !"'I! I' l!I • • .... loi • 'I ... • .. .. 1 PI!• .., .. • .... !I "' " .... '" .... • rl'i ...... '" . .. !I ...... .. .... !I • " '" .. .. .... ... I!' ...... "' '" .. "'" • .... "' .... !' 

•• • •• • 11• •••• • • IA •••••• II 111 • I•••••• I ••••••• 11• I••••••••• 11• • • • 11• ,_ •11 • ••••••II • II •.t 11• A •11 • •• • •• • t.• • II 111 • • •II • •II•••• t.• ••I Ill•••••• 11• l •• • 

Cam,btidge International AS & A Level Mathematics, 9709/31 May/June 2010 09 

7 The diagra1n sl1ows the curve y = x 3 ln x and its y 

mini.mum point M . 

Find the exact coordinates of M. [5 

j .,,t,.p,., ........... f ...... ,., ..... .. t!" .. '" Wl'""'f'" !" !"1.,1-11P•l••"!lr,. ,.t!" P.,i• .. ••••i•<lr••:t"! • "li .. •• ••• 11.,<ii-P'" 2 X 0 M 

••111•1111 ........................................ . .......................................... .. 
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P2 8 The equatio11 of a curve is 

x 2 + 2xy - y 2 + 8 = a. 

(iJ Show that the tangent to the cttrve at the pojnt (-2;) 2) is parallel to the x-axis .. [4] 
en 
C 
Q 

'.pi 
en 
G) 
:I 
I;" 

~ 
0 ·-.. 
ID 
C: ·-E m (ii) :JiC 
mi 

Find the equation of th.e tangent to th.e curve at the other point on the curve .. 
(i9 

ea 
for ,vhich x = -2, giving your answer in the form y· = mx +c. IS] 

a. 

" '" t,oo '"I f'l!I "I l!'!I II !!of •Lt • 11 •'" ,. • • t'!I ., ,. . II 11 ,t"' "' II I'!' tll!I P ,t II f''t '"' l!''!t 1" "!of"' "' II P 11 1!1 t' ti lt f' 11 "" !!'!I !I "',t l!l "" 9 '!t 11!1 f, 91(1 f' II '" 11 f',. "''t '!I "' II 't ll !I of f!I! 1!111 '" II .. .. "IP•'"' 11' '1 91 11 '!I l!! I! !I" '" '9 io !" "I f'II'"' 1!'1 111! 

. ................. ,j ................... 1 .......... .. ........................ .... ......... " .............. .. ........ .... ...... .. .... " .. .I ...... ...... .. " ............ - .. ,I .. i, .... .. .......... .. .......... .. .... .. .... .... .. .. .. .. - ......... .. 
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9 The parametric equations of a curve are 

x = ln (tan t), y = sin 2t, 

where a< t < t1t . 
(i) Express Z in terms oft. [4] 

(ii), Find the equation of the tangent to the curve at the point where x = 0~ [3] 

. .. ,.. • .......... ,. ,. ., ,. .......... ,.,t ., .... "' .. .. .. ,.., .. "' "!! .... ., ,. ,. ., .... '! .................... ., ,. ,. ........ • • .. "'" .. .... • .. ., r ,. .. ........ ,. .... ., .. ,. .... .. ., ., r - .. ~ - .. ,. ................ ., ., "' '! .... .. ., ,. ,. .. .... ,. .... rt, 
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1 D A curve has equation x 2 + 2y2 + Sx + 6y = 10. Find tl1e equation of tl1e tangent 
to the curve at the point (2, - 1). Give your answer in the fortn ax + by+ c = 0, 

where a , h and c are integers. [61 

11 

'I f' 'I 'I r 'I r P 'I r P '!I l' r 'I 'I" 'I 'I r 'I 1 f' 't 'I f' '"' !f f' '! l' P 'I to r 1 'I" I" 'I f' 1 1 f' • 'I f' 1 'I r 'I 'I" f' 'I 'I" I' 1 I! "" 't r r 1 f' 'I '!I f' 1 !I r 'I !I !' 'I t! "" 'I r f' 'I t, f' 'I r 't !I r 'I I! f' 'I 'I l' 'I " t ., f' f' 1 f' f' 'I r r !! f' 1 't f' 'I 'I r 'f 'I f' 1 'I f' 'I r f' '! f! r ., f! f' 'I r 

• ,. ....... ,. • ·" " •• .., •• ,. ....... ,. •• ,. " •• " •• " ' •• ' •• ,. •• ' " •• " •• " ., •• ., •• ,. •• ' " •• " • • " .... "" .......... " • • " "·. ,. •• ' • •• ' •• ,. •• ,. .., ...... 'It •• ' • • ,. •• ,. " •••••• 

.. .. .. .. .. .. .. .... .. ..... .. .... .... .. "' " "" .... 1 .. .. .... .. ...... .... .. .. .. .. .. .. "II . .. .... ........ .... .. .... .. .. .... p .. ..... .. .... .. .... - ...... .... .. .. ., .... .. .. .... .. .. ...... .... .. ,i "' "I .... .. .......... ... .. ........ .... .... .,. .. .... .. .... .. ............ i, 
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The parametric equations of a curve are 

X l + 2 sin2 B, y 4tan 9. 

(i) 
dy 1 [3] Show that-

sin0cos38 
-. 

dx 

r '" r r 1 r r ., • 1 ., • • 1 1 r • " r .. '" I> 1 r r 1 .. r ., r r 1 r :t 1 r '" • t 1 • r 1 !" " " r t' i • .. 1 • .. ., jo, 1 1 r 1 .. r , 1 r -t ., .. 1 11 .. i t r • r .., '" r 1 ., !' 'i 1 .. " 1 t 1 t r t r r • r t 1 I" i 1 I" ., , t "' 1 ,. :1 r ,. 1 r t ., r r 1 .. r , t 

(ii) Find the equation of the tangent to the curve at the point where 0 
giving your answer in the fortny m x + c. [4] 

..... ,. .......... .. ........... .. .................... , .. .. ...... . ............. " ... ...................... I!! ........ .. .... ... .................................... . 

··································· ················•111••···· ·········· .. ·•• 11 ••••••••••11•••••••• ••111•••··········· ········••1. 
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P2 12 The equation of a curve is 

at the point for which x 

e
2

x ~ Show that the gradient of the curve 
l +e2x 

In 3 is fo ~ '[4) 

• .. ,. .... ,. ...... " ., i t, " .. " ...... t, .... " ...... ,. ., ,1 "' • ,. 11 ...... t, .... " .i .. 5 " .. .. " " ,. • .. .. .. I> " .. " .... • .f "' t, " ............ t, ,. .. " " .... ,1 .... 4 ...... " ., " " " .i t, a .... " .... " ...... • ., " t, " ,. " .. .. .. " .... i .... • i i. " ,1 " .. " .. • .. 

• .. .. .. .. .. ,i ........ ............ .... ........ ;I .......... ,i .... ,i .... .. ........ ,i .......... ,i ...... i, ........ ,i .. ...... ,i .... ,i ............ '"' ................. ,i ................................ ,i .. i, ...... " i, .......... i, ...... '"' ,. .......... ,i ........ .. .. 

J •• ,. ....................... .. ....................... , .............................................. " ................ 9 ...... ... ..................................... . 

• .... '" .. ., '" .. . '1' !.'II .. "-' f' ,. .. "' ..... "' f'"I .. . '1 ,_., 't l!'ll 11 ,. .. ., .. .. "'f''! "' ""I!"" .... '1 .. .. '" .. .. ...... "' .... t' .... "' .. .... .. "' .... 'f .... '" .. .. • .... • .. .. 1!' t• f' "-'"'I' "' .... '"' .. ,f "' .. ,. t' ,.., r .... r .. .. '" . .. .... '"'"'! 't '-"of"' f' .... "' 
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5 Integration 
1 (i) Given thaty = tan2x, find!-

2 

[2] 

. ....... ............. ...... .... - .. .. .... ........... ...... .. . .... .... .. ........ ..... ...... .. .. ...... .. .... ...... .. '4 .. .. .. .. .. ,. ............ .. .. .. .. ,I ..... .. ............ ..... ...... ...... .. i.. .... .. .... ...... ,. .... .... .... ........ - .. 

(ii) Hence, or otl1erwise1 show that 

Jt1t . 2 _ J 

0 
sec 2.x d x = !-" 3.) 

and;, by using an appropriate trigonometrical identity, find the exact value of 

in: 
f tan2 2xdx. Jo {6] 

...... • • • 111 ., .. "'" ...... ,. ... ,. ..... it•• ...... 11• 111 ...... !I ... •.,.• •ie I! !I• Ill •ot I".,. ... !!I •• • .... '1 •• !!I •• f' ....... II ......... ~ Ill !!I •• ,. .. !!I •• ,. • .... " . .. • •••• '!II "'l • • .... ll i-111 • •• • '!l!I II"" 111 P 

(iii) Use the id.entity· cos4x - 2cos2 2x - 1 to find the exact value 

(i) 

, I ~1t i ot I dx~ 
-o l+cos4x 

[2] 

I 111!!1 !!I 1111!1 Ill t!!I t't 1!11!1!1 Ill t!l!I et 111!!1 Ill 111!!1 Ill•• Ill 1111!1it1111!1111111 .t 11111 Ill '11f II Pl!I Ill !!11!1 it 111111 II"" 111' l!I 111!!1 !I f'!!I !I !!11!1 II•• II t!!I 111?!!1 Ill 11• I'S 11 111111 Ii•• l!I 1! 1 !!I 111 !!1 Ill 1111 t •• Ill !!Iii 111111 l!I 11 1 111 11 1!1 l!I l!l!I t !!1111 Ill •II• f'9 • II' 

,. ... ..... .... ................................. ii .............. .... ........ " .............. .. ............... " ................................................ " .... " ................... ...... " .... ...... .. .... ... ............... .. 
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(a) Prove the identity 

sec2 x + secxtan x = 1 + sinx. 
cos2 x 

........ • ... '" .... • .. ,t "' p,t ..... !!' .... t,, ..... .. '" .. ,t • .. 4 - ......... t,, .. .. t, ...... ,t '" .. 4 ,. .... ,f ... 4 .... •-- ............... ,f ... 4 .... • .... • .. .............. • .... ... • .... "' t- 1 • .... .... . "' .... • .. -- P 

(b) Hence prove that 

1 
sec2 x + secxta11 x = . . 

l-s1nx 
[3]1 

P2 

-:r 
i 
~ 

"" • ,... -· Q 

= 
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(ii) By differentiating 1 , show that if y,::, secx then dd~, = secxtanx. 
COSX . X 

[3] 

• It•., ,."' .,,1 Ii••• 1, ,. ii"' ,1 lilo ,1 •••••i. oo.il • i, ,i ii 1,,1 5 .,,1 i, ,. ,1 i,,1 If .. .. • 1,,0 II• • io •• i, 11,1 •• 1t t,,1,. i,,,i ~ 1, ,. • "''" o, tl,i i. olll) • •• .,,1111, .. ,. .,,1 ,i ii .. " lillJ .. 1, ,. • "'""' 1,,1 .,,1 ,1 flo • illf • .,,. • 1,,. ii ,.,1 

(iii) Using the results of parts (i) and (ii}, find the exact value of 

J.fn _l_dx. 
:_O 1-sinx 

l3) 

Cambddge International AS & A Level Mathem,atics,. 9709/02 November 2008 Q,8 

3 The diagram shows the curve y = ~(1 + 2 tan2 x) 

for O :E; x ~ tx. 
(i) Use the trapezium rule with three 

intervals to estimate the value of 

J -!-it "1/(1 + 2 tan2 x)dx, 
0 

giving your answer correct to 
2 deci1naJ places. 

y 

0 ln 
4 

(ii) T.he estimate found in part (i) is denoted by E. Explain, without further 

calculation" whether another estimate found using the trapeziu1n rule with 

X 

13] 

si . intervals would be greater than E or le s than E,. 11] 
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4 

5 

(i) Prove the identity cos 4 8 - 4 co 26+ 3 8sin4 tl [4] 

...................... "''" .... "I .. "''! .... ,. .............. ...... " .. .. I, "' ........ .. .... .. .......... I" .... ~ .. ........................ !' ... i, .. "I .. .. .............. .!' .... !' .. I, .... .... .. .. I, !!' ., .......... f' .......... .. .. .. I, .. '!I ........ .. !' 

(ii) Using this result find, in i1nplified forn1~ the exact value of 

(i) 

(ii) 

Jt 
sin40 dB. 

t~ [4] 

11•111"111: r. !l•tt 'll""lll l"'t•t.••11111t t'11 •ir:11111sl"'l•tc••l!'111111'11••111il1t1111111111'1l' 111 1111 li• 11'111t1't••••11"li-l" "lrli• 11 11t 11-i111111"1r111"11 1r11111 11t: 1t11 '11111111 1r11"1 t'11"11 • 111!,1111r111111,1i 

.. .. " .. .. ...... .. .... . .... ... . - - ............ .... .. .... .. ... . .... .. .. .. .. .. .. .. .... ..... .. .... " . .. .. ...... .. .. .... .. .... - .... " ... .. .. . .... .. .......... ...... .. ... .. ... .... .. - .. ........ .... .. ... . - . .. .. .. .... .. ........ .. .. i, 
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B dif"'-1-"' • • cosx y 1erent1at1ng . , 
s1nx 

show that if y 
dy 

cot x the.n dx - cosec2 x .. [3] 

........ .... .. ,i ...... .. '! .... ,. .. !" .... ........ ...... ..... .. .. '! .. .. .. .. ...... .... .... .... .. .. . .... .............. .... .. .... ........ "' .. .. i t,, .. "' .. .. .. ...... .. ........ .. .. ...... , ........ !> .. .. i .. .. ...... .. .. .. '! .. .. .. .. t,, .......... .. .. pL .. 

By expressing cot2 x in terms of cosec2 x and using the result of part (i), show 

that J 
tn: 4 

cot xdx 
"f'lt 

1- .!.1t 
4 (4) 

.. .......... Ii, ......... '"' .. J, ............ " .. ........ ,i ........... .. .. ,i .... .......... ,i ............ Ii ...... . ............ .. i, .... .... Ii .. "' ,. ...... " ................... ................ .. ,. ............. .. .... . .... .. .... ...... .. ........ .. 

.. • '!I ,. .... 11 ,. • ... 11 ., 1 .. r 'I 1 .. 1 'I r • .. 11 " .. r 11 "' II, • r '! 1 "' ., 'I ,. ,.i 'I ., 11 r r " • .., !I r r • r !< 1 r ,.i '!I 11 1 • '!I ,. '" "' .. r r "' " !!I 'I P r 1 l'I 'I • '!I !I • "' 'I ,. r • 11 • 'I r r 1 11 .. • '!!I I' ,. .. ,t ,. r ,. ,. !\' 1 'I r " r ., 1 "' I' .. ., " I!' "' r II r 
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~ 
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P2 (iii) 

6 (i) 

(ii) 

Express cos 2x in terms of sin2 x and hence show that 1 can be 
1 , 1-cos2x 

e '" pressed as 2 cosec2 x. 

Hence, using the result of part {i) 

f 1 c~s2x dx. 

find 

1[3] 

Cambridge International AS & A Level Math·,ematics" 9709/21 May/June 2010 08 

Usi11g the expansions of cos (3 ... "C - x) a11d cos (3x -lr- x), prove that 

! (cos 2x - cos 4x) sin 3x sinx. [3] 

.. ,. .......................... ...... ..................... .... .. . ............... ,I ... ...... .. . .. ,. .. . .. ... .... ,I .. ............. ,. .. . " ......... ...... .... ... " ..... " .. .. ........ .. ....... . ...... . .... .... ,. ............... !, 

Hen.ce show that f*1t sin3xsinx dx . ..L 
on; 

[3] 

.... ..... ............ '9 .......... .... ............................. 'I' .... .. ............................................. ...... ................ .... ........................ ...... ....... .. ... .. ........... 'I' ............................. ,i .. . 

't Jo•"' P1'., !!"1 P' Pi r• • ,. .. !" t,1 't f'1"' f''t r r1 • "'1 I!•'! fi1 't l"'!"' P't '" .. 4"' •1 P • 1 .. f''" f' f'• f''! '! !'4 't "'11 "'1 t, f' • f' f''"' f' ,.,. .,4 1 "'1 't *'1 '4 f' • • f' '" f' t, .. "' f'1 "'f''t •1 '4 f' ! II !''"'"' t, .. "' f'1"' "'1 f' j,, 
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7 The diagrarn shows the curve y = "(1 + x3) .. 

Region A, is bounded by the curve and the lines 

x = 0~ x ;;; 2 and y = 0~ 

Region B is bounded by the curve and the lines 

x = O andy = 3. 

(i) Use the trapezium rule ,vith two intervals to 

find an approximation to the area of region A. 
Give your answer correct to 2 decilnal places .. [3] 

o, • i, i, .. .. i, ,;1 • ,. ,i ol ,f .... ,. .. i, - '" .. ,. i. i, .. ., Ii- ,i Ii, .. ,i i, '" .. i, '" '" .. .. .. ............ ,. .. • .,. • i, ., ,f i, .. ,,t I, ,f '" i, ,i .. o, ,i ., "" "' i, • I .. i, .. '" i, ,f • i, .. • o, ,i ,f ,.. • ,I ol .... i, '" i, "' '" i. .. • "' .... • • ,I ol .. ,i .. .. i, o, '" Ii, .. • "' i, .. o, i, .. f' 

(ii) Deduce an approximation to the area of region B a11d explain why this 
approximation under-estimates the true area of region B. 2]1 

" " ......... !I t !I !I II t • "" • l!tW P •• I ••••• I! I ... . • ••••• I ••• io!lt I! 1111 P I !I •• II •• I "" !I .... JI •• II t !Ip I! I "" I 111'1 ,t •• !I •• II 111 . II I II"" I! ....... !I •• II I II !I II I II • • II" " II.,. r . ,. • 

"'""ll! .. .,. f ,o f' .. f -,<l11P• i!' -'" ll .... f ,.p pf • P1tio'"i f' -'! t1••f •t1"' f • f'll •"'"' l " <l1: •• f '" • "' f .. .. 'l '""'"' l! "l<i tll' '"f"''!l"lf .... 11•r-f ... ,f1:p,.f"''f "' l: "'"' 'l'"'r '" f"'•IIP,.f"'1'"'1:"'"'fl"l'"'f r 

Cambridge International AS & A Level Ma,thematics, 9709/22 May/June 2011 02 

8 Fi11d the exact ·value of tl1e positive co11stant k for which 

Jk 4 . Ilk 
0 

e x dx = _ 
0 

· ex dx·. I6J 

!" '" .. " .. ., .., ..... ., ...... ., ...... ,. ,. ...... ., ....... - .................. " .... "I .... - - .. ,.a .. "I .... ., .. .. lot ................ ,.a ........ ., ...................... ., ., "I .................. .. .. ...... ., ., ...... "I ............ - .. ,. ...... ., .............. .., I" ...... !' 

t111,lr11t•••t.•r1!lr11,111.tr 11 111,111tr•t't'lt'l:t11,.oi11'1tt P •'lt-11t1•r"'"""" " ""1111i-•111tt• l! t't r if r r11l! 11 11l,p'l11t11111r,i ,1p 191•11t-11'.'l1 r•" •"""""111 " 11,itJ,11t t1 • • •""' ,.r 111ir 

P2 

-:r 
i 
~ 

"" • ,... -· Q 

= 
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P2 6 Numerical solution of equations 
1 (i) By sketching a suitable pair of graphs> show that the equation 

2-x=lnx 
has only one root. 

y 
I I 

4 

I I 3 
I I 

2 

1 

-3 - 2 - 1 0 1 2 3 4 5 6 7 8 X 
- 1 

-2 

- 3 
l 

(ii) Verify by calculation that this root lie between 1~4 and 147~ 

121 

12] 

.............. " ...... ~ .............................. ,i .................... .. ,i i, ...... ,i ...... - .. ...... ........ i, .... .... ,i ........... .. t, ................ ,i ,i .......... ,i .................... .. - .. ,i .... ,i .. .. ........................... .. 

(iii) Show that this root also satisfies the equation 

X = t (4 + X - 2b1x) .. (1] 

• .... "',. .. oi • ., "'•1 ,. .. 1 ..... • •1 • ,. .. ~ ,.., "' .... "' .... I' .. .,.~•,.., 'It .. ., ....... I' ... • .... r ,. .. r ...... ., • .... • .... ., .... r ,. .. r .. .. "' . ...... • .... 't .. ., ., ,. .. '! .. .. • .. .. "',. .. ~ ,.., .... • ,. .. '!t .... 1 ,. .... ,. .. r .... • ~ 

(iv) Use the iterative for1nula 

xn+I == ! (4 + xn - 2 lnxn}' 

with initial , ralue xl = 1.5) to deter1nine this root correct to 2 decimal 

places. Give the resu lt of each iteration to 4 decimal places.. ,(3] 

........... - .............. . ...... Ii, .... ............ ...... ...... .. .. .. ~ ..................................... .. ...... .... .. .. ................................ . ,i ...................................... .. .............. .... ...... .. ......... t, 

.. ,. .... .... .. .. ., .. "l""-'""''"''"" '" "" '"'" " " " """ "' "' ""'-"""·"" "' !''f '" "'""' "' ""'-'lllf'f' l'f' l'! "" "'" '""' " '"'" ""'-'llf'r"-'lf'• '" "'t''""'"""'" 'l!'tl .... ,.., ... .. .... .... ...... !' .. l""'"' -'1'!' '" .. ............. ,. .. .. ,. 
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2 The diagratn shows the curve y == x 2 cosx, for O ~ x ~ !1t, and its 
1naxi1nu1n point M. 

(i) Sho,v by differentiation that the 
x-coordinate of M satisfies tl1e 

. 2 
equation tan x === - . 

X 

y 

[4] 

0 

M 

(ii) Verify by calculation that this equation has a root (in radians) between 
1 and 1.2. 

.1.n X 
.2 

I211 

' ............ a: .............. - .... .. .. .. ...... Ii, . .. .. ....... - ........ .. .......... .... ,. .. - ............ .. .... .. .. "'"' ......... .-,;ii .............. .... .... ,i ............................ · - ......... "" .. . ............. .. ............ . 

• °' "''" "'f,00 "''" of"'"'!•- .. !"'"'" .. .. "' t•., l'i "' ;. .. ••'" p • '"f'1 • t''! i- l'i .. !' • • ..... "' ., ., "'"''" t"I,. "'i • .,,. • .. .. • "'" P' "''" t,, .. 9',t • 00 '! 4 "''" i "'" !" 1,,,. t, "' '" ;. t,, .. "''! "° °' "" i "' " • ••I- .,,i • !"'""' t"' "'ri"' 

(iii) Use the iterative formula x,.+l = tan-1
( :,, ) to determine thi root correct to 

2 decimal places. Give the result of eacl1 iteration to 4 decimal places. I3] 

. .. ...... .... ... .... .. .. .. ........ .. .. .. .................... • ~ ..... ... ... - .... .. ....... ,. .......... - .. ............ .. .... .. .. ... ... .. ......... .. 1,,5 .. ................ - · .... .. .. - - .... .. ........ .. .. .. .. ,,i ....... . .. .. .. ............ .. 
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3 (i) By s1 etching uitable graphs, sl1ow 

that the equation 

4x2 - 1 = cotx 

has only one root in the interval 
0 .l < X < 2 1t4 [2] - 1t 

-
2 

y 

3 

2 

1 

a 1t 31t 2ff X -
- 1 2 2 

-2 

- 3 

P2 

2 
C a • -· a 
m -



P2 (ii) Verify by calculatio11 tl1at this root lies between 0 .. 6 and l . [2] 

•••II••••• I.• • ... ••••. I 19 •• ••• II•• II •• II 11• . .... II••••••• II•• II 11• II 11 111 II••••••• • ••.•• II II• II•• II II ••••••. 11•. 1111 •••II II • II II • II••••. 11 1 • • • ,i II • II II • II•• ll I 

(iii) Use th.e iterative formula 

x,. +J = f ,1(1 + cot xn) 

to determine tl1e root correct to 2 decimal places. Gi,re the result of each 

iteration to 4 decimal places. 13) 

'" t, oo '"I f'l!I "I l!' !I II !!of lllt 1111 '"''" ,. •• t'!I ., ,. . 1111'4"' "' II II tl!I P,t II f' 't'"' l!''!t 1" "! of "' "' II P 1111 t' l!lt f' 11 "" 1111 !I "',t IS "" 9 '!t 11. f, 91(1 f' II '" 11 f',. "' 't '!I "' II 't ll !I of l!I! 11 11 '" II .. .. "IP• '"' 11' '1 9111 '!I l!! I! 9 ll '" '9 io !" "I f'II '"' 1!'111 1! 
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4 The sequence of values given by the iterative formula 

_ 7xn 
1 

5 
xn+l - + 4:) 

8 2x 
t.l 

with initial value x 1 == 1.7,, converges to a ,. 

(i) Use this iterative formula to determine a correct to 2 decimal places, 

giving the tesul t of each iteration to 4 decimal places~ 13] 

(ii) State an equation that is satisfied by a and hence sho",r that a = ~20. [2] 

.. I,, .. .. .. - .. ........ .. .... .. .. ...... i .. .. ...... .......... .. .. .... .... ,f .. .. ,i .... .. .. - .. .. .. .. .... .... .... .. .. .. .... .. .. ...... .. .. .... I,, .. .............. .... ...... .. .. .. .... ...... .. .......... .... .. .... .. .. .... .. .. .. .. .. .. .... .. .... .... .. 
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5 The diagrarn shows a se111icircle ACB with centre O and radius r~ The tangent at C P2 
1neets AB produced at T. The angle BOC is x radians. The area of the sh.aded 
region is equal to the area of th.e se1nicircle. 

C 

T 

(i) Show that x satisfies the equation 

tanx = x + n:. [3] 

fii) Use the iterative formula x ·n+I = tan- 1 (xn + rt) to determine x correct to 

2 decimal places'" Give the result of each iteration to 4 decimal places~ (3] 

Cambridge International AS & A Level Mathematics, 9709/32 May/June 201 ·1 04 

6 (i) By sketching a suitable pair of graphs1 show that the equation 

l . 
- = s1nxl. 
X 

where x is in radians, has only one root for 

0 < X E; f 1C. (2] 

2 
C a • -· a 
m -s -C .. -· Cl 
:ll 
0 

""" J 
s: .. -· 0 
:I en 

1315 



P2 (ii) Verify by calculatio11 tl1at this root lies between ... ~ 1.1 and x 1.2 . [2] 

............................... .. ............................... 11 ••• ,. ................ . ..... . . .11 . .... . ......... ... . ....... .. .. . . 

.. " ...... " .......... .. .... .. ...... " .. I, .. '! .... .. .... .... .... .. .... !' .. .. .. '! ...... .... 1" ............ !I ....... " ...... .. ................ !' ............ " .. I, !! "!I ........ ...... .. .. ...... t' .. I, I" '! .... .. .... !!' ., ,i - !' ... p .. 

(iii) Use the iterative forn1ula xu+t 
1 

to determine this root correct to 
sin x 71 

2 decimal places. Give the result of each iteration to 4 decimal places. [3] 

,.., .... ., • •• • .. ., • • "' "" " .. ., .. "' " • . ,. " "' " • ,. .. r .. ., • "'" "'" • • •., .. ., • ,. .. " .. .. • " '" .. ,. .. "'" " .. ., " ,. .. "• • " • "'"' ••I'""•"" r • " ••" • • • ""'" ., • P • • .... " "' " I' '" <l "" " .. ., .. "'" ""''"" "' " 

... ,.., ... ., ... ,,. • .,, • • ,..,,.,..,,..,,..,.,. • .,,.,,.,. .. 111,.1111 .. .,,.,.,,.11111rr!l11ll11111r•r11• • •••••r11l!llt !t l!rll .. ,..,"""•• 1 •r,1,ilt,w,w.,,.,..,,.,,.• • •"•tN1lt••.,,.""",."•"'""•'• 

,.,. ,.., •• ,.,. • .,,.1i111tr••""'".,'""••••li•••••"li,..,.,.., ..... ,. tf• 1tr r,1t'lt,.., ,.",. """••• "• "" "' "'""' "" """"" •"• •"""'" """" •" " ""tf"'""'•r"lt ""' """11,oo, !llo, r••"• 
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7 Fu rt her algebra 

1 

2 

3 
Let f(x) 

X -x-2 

(i) Express f(x) in tl1e for111 

B C .. lC +D 
A+--+ 2 X-1 X +l 

,, 

where A, B, C and D are constants. IS] 

. .. ...... .. ................ !' .............................. I, ............ .. .. .... i ........... .. .................. ,i . .. .. ,i .... .... .. .... .. ................ ...... ,i ............ .. .. ................ .. ...... .... .. .. ,i ...... .... .. .. oi• .. .. .. .. .. 

a 1. .. 11 .. 1. .. .. .. .11. .. .i ...... ""' .1 .. a .. 1. ........ • .. ........ Iii.. • • 1 .. .... .. .. .,, • "" .... .1 11 .... • if ...... .i 1,.11 ,.,. .. .. .r. f 1. .1 • ...... 11• a.• • ...... .. .. ii .. .... .. .... f '"" .i,t • .... 1. .1 11 ............ 5, ,. a. .. a• 1. .. • .... Ii 1. 

{ii) Hence show that f 3f(x)dx 
. 2 

1. [4) 

Cam,bridge International AS & A Level Mathemarics, 9709/03 Novemb.e,r 2003 08 

Let f(x) 
x 2 + 7x-6 

(x- I)(x- 2)(x + 1) 

Ii) Ex.press f(x) in partial fractions. [4] 

................................................. 11. 11 11••···································· · ·····························•1. 

.... .... .................... ,. ......................................................... "' ...................... "' ........................ .. ...................... -.......................................... .... ..... ................ .. ........ .. 
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P3 

3 

(ii) Show that, when x i sufficiently mall for x4 and higher powers to be neglected,, 

f(x) -3 + 2x- 1.x2 + !! x3 2 I 4 • [5] 

t !I I'.,'" •9 • "l't. 111 I! f"• f'lt '! 1'1'" °''t '!•!III 111 .. I'll f' I'll!' II,. •!t '! f!'f .. 111 'I I'll f' " '°' fl .... • f''t I'll 1111. I'll II I' !"" 11t•"' f''t I'"".., t''! f'II II I'• I" l!'t'" f' f It 1" 1 "1 f"'!II" .. ., II 111 " " f'!f "I f!"I ,o .... "I.,,. II l! 't 

,i . .. .. .. .... .... .. ... ....... .. . . . ...... ... .. .. .. . . ... ... .. .. .. ..... ... ...... .... . . .. .. .. .... .... .... .... .. ......... .. .... .. .... .. ... .. .... ... .... .. .... .... .. ... .. .. .... .. 4 .... .... . .. ...... ..... .. .. .. ... ..... . .. 

1,. .. .. ,. .. ., • I' '" • ' '!I I' . .... .. • .... ,. .. . '" ... • .. . I',. .. • .... "',. .. .. .. '" .... '" .. .. 't !' • • .. .. "',. .. "' ........ '""' 111' ' • .... '" . .. "' .... "' .... • .. . I' 1 fO .. ., '" . .. '" .... '" •1 "' ... "' ,. .. "' .. .. ,. .. 11"1'" ., ., .... ., • !!' • "' .. . 
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An appropriate form for expressing (x + l~rx- 2) in partial fractions is 

A B 
+---

x + l x-2 

wl1ere A and B are co11stants~ 

(a) ·without evaluating any constants,. state appropriate for1ns for expressing the 
following in partial fractions: 

(i) 4x 
:,, 

(x+4)(x2 +3) 

(ii), 
2x+l 

(x 2)(x + 2)2 

I11 

,(2] 

f''!f'l'llf'"-'"'! "' l'" '" "'" '""" ••'-'llf'r'.!f'fl "' "'" .... .. .... ... '-"'"" .ll t't.' '" "'" '" "'" '! "' 'll'tl'll'tf'.f'll!' '" '"" .... .. .. .. !' .......... ll .. !' "' .. .. ... ... ..... .... ,. ........ "' "'-"" '""" · '" "'""' "' ...... ,. ... .. 



(b) Show tl1at J4 
3 (x+ 

3x . dx 
l)(x-2) 

ln5. [6] 
P3 

ll l, ,1 1, ...... foil 1,,1 If ., ,1 ,. .... ii! .. .. " .... io lloil I,"'"' • .... .. .. "I .. .. ,. .... '" il.1 lo ... 11 ...... • .... jjj .. .. .... ,i fll,o ,I ... • · -" ...... .. .. • .... , .. " 6,t • · - ,i ...... ... "' .... f 1,,11! .. ...... • .......... • .... f . .. i, .... • fll • oollf lo 
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4 1 ---3 in a cending powers of x, up to and including the tern1 in x 2, 
+x) 

Expand 
(2 

simplifying the coefficients. 4]1 

,I - ,I .............................. - .............. ......... i, ............................ ,.. .......... ,i .. " .... .................... .... ,i .... ,i ........ - ,i ...... i. ,i .......... ,i ...... ,i ....... .... i. ...... .. ,.. .. ,i ...... ,i .... .. ........ .. ........ i. ...... ,i .. 
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l --
5 Expand (1 +4x) 2 in ascending powers of x~ up to and including the term in x 3

ii, 

simplifying the coeffi cients. 4 

, ......... ,. ................ , .... ... ~ ... .... ... ... . .... 1 .. ,. ........................ , .. ............... .... ................. .. . '"I ..... ., , .......... . ,. .............. .. ......... ,.., ..... ....... .. . ...... . ,. ... , 

,i .. ,i ..................... ........ ,i ............................................. .... ........ .... .. . .. ,i .. ""' ................................ ,i ...... .. ......................................................................... ........ .... .. .... l, ,i ...... .. 
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P3 
6 (i) 

5x-x2 

Express ------2- in partial fractions .. 
(l +x)(2+x ) 

15] 

. .... ,i .. ...... .. .... "";. . .... .... ................ i, ...... .. .. p . .. p,f ........... .. ...... .... p . ,i,. .. . . .... ............ .... ,f ... .. ;. . .. .... .. ,. ...... " ...... . '! .... . .. !' • .. ,. .. i, . .. .. .. ,t, ...... ! ... ... . .. ............. ;. 

(ii) 
5x - x 2 

Hence obtain the expansion of------
2
- in ascending powers of x·, up to 

(I +x)(2+x ) 

and including the term in x 3• {51 

. .... .. ..... - .... ., .... ,.,. .. ,. .. .. p,f,. ""' "' .... ., ...... .. .. " . ...... ,. ........ .. .... . .. "' '!I" . .. ,.,.,. .. ,. .. .... .. "' "'I "'I"'".,., .. ,.,. . ...... ,. . .. .... """" .. ., .. "!,. . .. ,. .. .. ,.,. .. ""' .. "" .... "! .. . - ,. .... ,. ,. .. .. "I" .... ., .. 

...................................................................................... . ......... ................. ..... ....... 
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7 The polyno1nial p(x) is defined by 

p(x) ax3' - x2 +4x - a, 

where a is a constant~ It is given that (2x - 1) is a factor of p(x)~ 

(i) Find the value of a and hence factorise p(x) .. [4] 

.1,. ii,..,""'•,.,. r •tf 111t •"'"',.II•"'""• r•" rtf • r• •""II•" "" .1 r• ,. .,tf • ""' • •• • "" r •• ""',. .,. ,. "'" "' r• ii•• r r"! r ii,.••,.••"' tl• tf ""'•""•ii,.., r, r. "" "" • •• • ""' 9 11,." ••"' "" r r 



(ii), When a has the value found in part (i) , express Sx - l 3 in partial fractions. 
p(x) 

[5] 

Iii••••• Ii lill Ii .. ii lilil II all I!•• ii lilil Ii lill I, •• Iii l, il •11 II • iii ii•• 11 lill I, lilil • 1, 11 Iii Iii• II 11'111 • • 11 lill • ••II 51111 li!a II lilil Iii llil lill ,i 11.;;i II loll II li il ii lill 11 •• • liil Iii 11 11 •• II liil .;m 1111 Iii liill Ii Ii ;!! II li il Ii lill i, 11 ;,J Ii 

l'f!'!IPP'Jll'l'11'11'1P11P'f11!!!'!1P,tl't'1ll'1PP11'11r'!'!ll'1'!11'11cP'fl'P'lt!'!l!IPf'11'1.,.1.JP1!1l'11!t''!ll'l'1tPtl''t!!P1'!1l'41l'!l.t11'1'11'1!'!Pt!!l'1'1 1'!1 1t'l•rt r••••'!l!ll'1lf'11' 

• 11111 • 11, r •• t111 •, • • •, • •• • •• r •• 111 •• ,i r • • , • • " • 1111 11 ••, ••" r • • •• •, • lirw 11 •• 11 •• 11 r• • •• • r •II•,•• 11 •• 11 •• • t!II •, • • •, • •11 • llit ,i11 • t111 • r • • •, • 11 11 • 11!1" •• 111. •• • 

.... • • • • • • .. "' .. • ., of • .. • 1 i. • .. • • • • .. • ........ .. ... .................... ........ ..... !' ................. ...... .......... -,t ............................. ,i .. ., ...... i, .................................. .. ................... i,, 

••••••••••••••••••••••••••• 1111111111111111111111il••••• •••••••••.,••••••11•••••••••.,•li•11••11•••••••11•.,••••••••••••••••.,•••••••••••••r••• 

............... !''" ........ , '! !'"' ............ - ...... !''" ................... "" ............................. , .............. , .... , .......... , ,. ................... , ...... '! .... !' .... !" ...... ,. .... , ...... "! ..... '! .... ,. ...... !' '" .. !'"' .... , !" 
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• 11 • 11 11 • 11 11 • 11 • • 11 • • 11 • • 11 • 11 11 • 11 11 • 11 11 II 11 11 • 11 • • 11 • 11 11 • • 11 • 11 11 • 11 11 • 11 11 • 11 11 • 11 11 • 11 • • 11 • • 11 • 11 11 • 11 11 • ii 11 • 11 • • 11 • • 11 • • 11 • • 11 • 11 11 • 11 11 • 11 11 • • • • 11 • '111 11 • Iii 11 • 11 11 • 11 11 • 11 11 • 11 11 • 11 

rr .. !I P'""'r!lf'"""'"""" lir •'"r•rr s r111•1'1 r, •r ••r,11rsr11 1111' 1•"''1 l!!''IP 't11P s11t1 <i•"''l!l"' !ll! !"'lr r ,rir1t t1i ••, sr't <i !"'lrr,f'r•111r • •,11r1t1r,,r,rr'lsr '""' "!lr111r 

Cambridge International AS & A Leve,f Mathematics, 9709/33 November 2011 07 

P3 

321 



P3 8 Further integration 
1 The diagram shows the curve y = x 2-V(l - x 2) for x ~ 0 and its maximum point 1v1. 

(iJ Show) by means of the substitution x == sin 6? that y 

the area A of the shaded region bet,veen the curve M 

and the x-axis is given by 

rin A=f Jo sin2
Wd9- [3] 

X 0 

. .................... ........ " ...... -· .................. .. .... ,. .... •i .. .. _ .. .. .............. .. ...... .... ...... .... ...... .. -- .......... ........................ .. .. i .. .... " .......................... .. .... " .. .... .. .. .... .. .. ..... .. .. 

(ii) Hence obtain the exact value of A. [4] 

.,. II •• 1' ......... II ... r11 II .... II .... II ... • ... II ... I' 11111 II ...... • ... • •• 'I ... I! 1!11 II ... II"" P .. .... 'I ... II ... !I. ,. I!' .... P 11 !1 II •• PII II .. ,.• ... II .. ,. II Ill!! II .... r ... I! ...... II I'll II 119 II .... I' ... I! ... II ii 
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2 (i) Express ( )~ ) in partial fractions. 
x+l x+.3 

[2] 

• • ,. ....... ,. "'r•"' .,"! ,. .. • ., .. • "''" • "''""' r•"' .. ., "' .... • • ".,., • "'" .. •• .. """' • "''" • • " • r~ "' ........ '"•• • .... • • 1 "I" • .. "''" .......... .. ........ ., .... •• ...... ,. .. ...... .. r1 • 1 .. I" • ,. ...... ,. ...... ,."',. .... "' 

(ii), Usi.ng your answer to part (i), show that 

2 1 1 1 1 
( )

2 

(x+l)(x+3) = (x+1)2 - x+l + x+3 + (x+3)2 • 
[2] 

• .. I,, .. ...... .... ...... ................ i .. .... .... .......... .. .. .... .... i ............................................................... I,, .............................................................................. .. .................. .. 



3 

4 

(iii) dx 7 - -12 
Hence show that 3 ln-

2 
[5] 
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The diagram shows the curve y 
1ninimum point M. 

Find the exact area of the shaded 

x 3 Jn x and its 

region bounded by the curve> the x-axis 
and the line x = 2 .. IS] 

y 

0 M X 

't ,. .. !I .... f' 11• ••• I! •• ·"•"" .... •""·""" ........ I! .. .... • " " ... ,. It ... 9 ""I! ... I!·"• ... "" !I .... • ... !111!1 .. I!""• .... I! .... "" .... """ ... .... .. II .. .. t' flll • •ie 11!1 ... .. ,. .. '!I ... • • •• " " " ... I!"" 

....... ,. .. ....... .... .......... ...... ...... " "' .... ... ,. .. ,. ...... ~· .. .... .. ...... .... ,. ....... ,. ~- .... . ,. ........ ,. .......................... ,. ,. ,. ........ -" '" .. . .. ..... ,. ........ - ,. ....... - ,. ......... ,. ......... ,. .... ,. .. ,. .... ,. 
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Let/ J 
1 x 2 

dx ~ 
o °'1(4- x 2 ) 

(i) Using the substitution x 
J. 

I Jo"'\ sin 29 de. 

2 sin ()) show that 

[3) 

11• I! 1!11 "'t 1!11 •11 !I f''I !I l''t 9 PII I llll It 1!11 II f''t f' t,9 f''I • I' ll II l!tf 'I l!!I II tl't f' t.11 I 11!1 I l''I ,:,t 'I t!'II I 1111 II 11'!1 II 1111 I l!'I I! t''I l''I II tl'I,. 11 !1 II 11'1 'I l''I I! t' 'I P 1'11111! 1" 11!1 II Ill 'I f''I !I l''I l' 1!11 I! 1!11 "I PII II f! 'I I! 

.,,. • .,,. "'f'! .,,. ,i o,.i 'I"'°'!,_,.'" p.i 5, io,j., f,o"' r• i,,o 'I.,,. '" f''I .... ,t., i,,i., "'" • .,,. • -,..i l''t '" .. ,i ,. P <i'" "''" • .,,. f' o, ,i .. i.,- ... l"•i • "''I "!I"''"' 1-,.i f • i- t, .,,. I! .... "'1 '1' "''",f.,_.'! i,I" 5, •• t' J,,o"' f,,11 "' 5,t '-
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(ii) He11ce find the exact value of I .. [4] 

•••II••••• I.• • ... ••••. I 19 •• ••• II•• II•• II 11• . .... II••••••• II•• II 11• II 11 111 II••••••• • ••.•• II II• II•• II II • •• •••. 11•. 1111 • • •II II • II II• II••••. 11 1 • • • ,i II• II II • II•• ll I 

.... ,. ...... .. ..... f' !! ,j .. '! .. .. '!! .. ................ .. ., .......... !' .... " .. .. ................ !' .. .. " .... .. '! .......... ,. ............ " .... .. '! ........ .... ............. .... .. '!I .. .. ...... ,. .... .. ...... " .. .. .. '! .... '! .. .. !!' .... .... .. .... " 
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The diagra1n shows the curve y y 

( i) 

(ii) 

(iii) 

Show that the area of the sh.aded 

region bounded by the curve, the 

x-axis and the line x 
~ I 2 17 1s equa to - 3 ~ 

e 

3 

M 

0 3 X 
[S] 

.. ,. .. .. .. .. .. .... ,. .. ., ,. .... p .. ,. ,. -I ., .. "' ...... ........ .. 'I ..... ,. ...... .... ,. ........ p .. ., " .............. 1 ...... .... .. ,. ...... . ,. ,. .. .. " .. ,. ,. .... ,. .. .......... ., p I" .. .. 1 .. ,. .. ., .... .. ,. .. ..... "' ..... ,. .. 

Find the x-coordinate of the n1a i1num point M on the curve~ [4] 

Find the x-coordinate of the point P at which the tangent to the curve passes 
through the origin. 12] 

- ......... - ............. . ...... Ii, . - ............ .. .. .. ...... .... .. ~ ........ .. .............. .. ..... .. ........ .. .... .. .. .. ........ .. .. .. ........ .. ....... ,i .................................. .. .... ...... .. .... .... ............ . .... t, 

............ .. .... ·". li ,1 ..... ... .. ... .... . Ii .. . .. ....... llil .. .... ioll .. . ... . Ii .... . ... ... . liil ii ••• l,oill Ii Ii .I ........... . . .. ii . .. ii li il ............. .... .... ii . .. .... ... . . . . 

•••••••11••11ll11tt•11••• <1•t. '!l1111••••••11•11111•1•t.••1t• 1111• ••••111••11"1t1111111!.11111aJta11•ll•il•••t•1tfl11111il!le11111111ll• 11• r••ll••11•1111.11111ll1111•11•••••11•111111a11 
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6 liJ Use the substitution u tan x to show that) for n ;t. - 1, P3 
1 

[4) 
n+l 

(ii) Hence find the exact value of 

(a) f.tn: 4 2 

0 
(sec x - sec x ) d x 1 [3] 

.......... . ........... - .......................... . .... - ....................... ~ ...... - .. ., ................................ ., ...... . .. -.................... . ...... . .......... -...................................... .. .... .. 

(b) [3) 

• .. • .. • ., of • .. • 1 i. • .. • • • • .. • ...... "' '" 1 .................................... !' .................................. -,t .... .. ..... .. ................ ,i .. ., .... .. i, .................. .. ...... .. ... i. .. .. - ...... ....... .... i,, 

.... 1""1! ............. ""' ...... ,. .. ,. ..... ~· .................. ,. ........ ~- ..... ,. ........ ,. .......................... ,. ,. ............ "'" ......... ,. ......... - ,. ......... ,. .......... ,. .. ,. ..... ,. .... ,. ........ .. 

•••••••••••••••••••• 1111111111111111111111i1111111111 ••••••••••••••••••••••••••••li•11••••••••••••••••••••••••••••••111111!1111111111111111111r111111 
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P3 9 Differential equations 
1 A rectangular reservoir has a horizontal base of area 1000 m 2• At time t = 0, it is 

empty and. vvater begins to flow into it at a constant rate of 30 m 3 s-1. At the same 

time, water begins to flow out at a rate proportional to vh,, where h tn is the depth 

of the ,vater at time t s. W1'1en h ;;;;; t~, _dhd · ;;;;;; 0.02. 
·. t 

(i) Sl1ow that h satisfies the differential equation 

~dh =: 0.01(3 - "Vii). [3] 
.t 

It is given that) after n1aking the sub.stitution x == 3 - ~h, the equation in part (i) 
dx 

becomes (x - 3) dt = O .. OOSx~ 

(ii), Using the fact that x == 3 when t == 0 solv·e this differential equation, 

obtaining an expres ion for tin terms of x. [5] 

,. .. .... .- "'r .................... ""•.,.i .. r• .. •,"' ....... "'" ri ....... •• .. "'" .... .. "' "'"'" r'" "' ............. ., .i .... • .. .,,.,. .... .... • ..... "'" .1 .... • .. ., ., ,. ......... • ,. .. .... .... r • •1 ",. .. • .... .. ,. .... .. .1 ........ t, 

(iii) Find the time at which the depth of water reache 4m~ [2] 

....... 1c ......... 11 ......... 9 ..................... ,11 .................. l! ... l!l .. 1!91!11! ........ ., ................................. ., ............ l! ... i- ....... "."·· 

P '" •"''" "' I!• I' 1'1 PIO '" ., .., '" 1'11 "''" • tc• P P1 "' "''" • ' '"P'li 1 ., !I •• • '" .... •"''"•' • P PIO "' • •"' '" '" "'1 '"• ••"'I '" P pto"' ., ,. "' P• "' 'I• "' I" '" "111"' ' • °' '" • P• "' •• "' 11!• <II• 'I• ' !O "''" 'IP• "'•• "' 11!'" PP 
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.2 In a certain industrial process, a substance is being produced in a container. 
The mass of the substance in the co11tainer t tninutes after the start of the process 
is .. ~ grams. At any titne, fhe .rate of fo.rmation of the substance is proportional to its 

mass. Also, throughout the process, the substance is removed from the container 

at a constant rate of 25 grams per minute. When t = 0, x = 1000 and : = 75. 

(i) Show that x a"nd t satisfy the differential equation 

¥t = 0. I(x - 250). [2] 

(ii) Solve this differential equation, obtaining an expression for x in ter1ns oft. [6] 

ca,mbn·dg·e International AS & A Leve1 M .athematics, 9709/03 May/June 2006 05 

3 A model for tl1e heigl1t,, h metres of a certain type of tree at ti1ne t years after being 
planted assumes that, while the tree is growing> the rate of increase in height is 

l 

proportional to (9- h)3. It is given that, when t = 0, h = 1 and ~; = 0.2. 

(i) Show that hand t satisfy the differential equation 
dh ! dt = 0.1 (9-h)3 _ [2] 

., " '" f' .. "' p " ,. "' 1 '" • 'I • "' '! of " '" f' f' •• f, ., • "' f' '" °' 't • • '! of "' '! 1 !' '" ., !' "' .,. f' ,. "' t, '" "' f' .. ., '! 't "' " '! f' '" '" f' ,o "' t' '" • !' <f II t, .. " ., '! !' '" '" P of !" f' 'I • " ,f "I t, " " ., '" .,. "' "I' P of • f' 'T '" " of • "' 'I .., ., "' '" ., '" f' "' " t, !' '" ., of • 

(ii) Solve this differential equationJ and obtain an expression for h 
in terms of t. l7] 
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P3 (iii) Find the n1axin~u.rn l1eight of the tree and the ti111e taken to reach th_is height 
after planting. [2] 

(iv) ,Calculate the time taken to reach half the maxin1u1n l1eight. [1] 

• • • .. ,. ... 1o., • • " p .. • ... • • • .. ,. . .. .. . • •• • .. . • • • • • • r• .. P • .. • • • .. . • .. . • r • • . .. •• • • • • •• • ... • ,. .. • • • • ... ... ~ • • " .. " • . .. • " • • ..... •• ... . .. • • • • • • . .. • ., ,. .. ,.~ ... .. ., .. • 
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4 The nu1nber of insects in a population t days after the start of observations is 
den ted by N~ The variation in the nu1nber of in ects i modelled by a differential 
equation of the for11~ 

: = kN cos (0.02t), 

where k is a constant and N is taken to be a continuous variable .. It is given that 
N = 125 when t = 0 .. 

(i) Solve the differential equation, obtaining a relation between N, k and t. IS] 

., .. .. ...... " .............. .... ... "" .. "" 1! .................. .. .. """' ,. .. " .. ........ ., .... ......... .... f'll .. . "" " 't l!'t " .,.., ...... " " ",. .... f' '!f .. ... .. ...... "" .. "",. .. .. ...... " .. .. .. .... ,.., ..... !!t .. .. .... .. " . .. .,,. 

(ii) ·Given also that N = 166 when t = 30, find th.e value of k. [2] 

{iii) Obtain a11 expression for Nin terms oft,, and fi11d the least value of N 
predicted by this 1nodeL 3] 

It P .. ., r • • ,. 1 io .. " ,. •· oi o! .. ,. t, ,t • P • • ,. • • • ,t .. .. 'I ._ • • t, ,f • • 't , Ji, ,. .. .. ,f .. .. 1 • • "' f, ,. .. ., r .. • • 1 ,. ,f • .. 1 .... 1 t,, r • r ., .. • t,, .. .. ,f ~ r It • ., 1 ,f p • ~ r .. • t, ,. .. .. • t r ,f • .. ,f "' • oi !' .. - t, .. .. r • r t' 1 i. t, 

., ill,""" t11111 " r1i rtt """'!I• , !t 1111 t1 " " t1 r 1i" 1!1!1" "" • , " 1111 """ 1 r• I'"" f' " " • "" t1 "" "" " r• """ • ll'I ill r11" "" t1 •, r • "" "rt"" II rtt '.'I 1111" ill't r 11• 11 """"Ill""• t1 1t" ill'T r "" 11 "" 11 r 
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5 111 tl1e diagra111 the tangent to a curve at a general point P with co-ordinates (x, y) 

1neets the x-axis at T. The point Non the x-axis is such that PN is perpendicular 
to the x-axis. 

y 

X 

The curve is such. tl1at, for all values of x in th.e interval O < x < tn, tl-1e area of 

triangle PTN is equal to tan x, wh.ere x is in radians. 

Ii) Using the fact that the gradient of the curve at P is :, show that 

~ 
dx 

[3] 

.. .. !' .. .... i- '! .... 't ei '! t'11 tl !" .. '" ...... "" .. iii I' t-•io• tl .......... '! t''! r ll 't !'I> • .. .. .. ii 11 ,f P .f '! f'II .... ,. .. .... ...... • ei t t'II l-11 '" •1 • ... "I .... -i 11'! t t'a i- .... • p .. "' " .. "'" 't e!t ii t'a t, .. .. "P • .. t-• .. 111 t 

(ii) Given that y 2 when x i1t:i solve this differential equation to find the 

equation of the curve) expressingy in terms ofx. [6] 

,. .. r ,. .. "'" " "'1" "'" 'I r • • """ .. ,. .. r "" .. "" r r 4 r • • ,. .... f,1 "r1 • !'1,. r4 .... .. ""'" " " "! "" .. "" .... 4 • -1 • .... t r • ,. .. ,. "" • .. 4 1 .... " • 1 t r ! r .. .. rt, .. •4 • .. ,. 1 • " 4 " • r ,. .. ", .... r• .. .. ,. P 

11• II • 11II •111111 • 1111 a•• .... • 11 11 II•• II 11• • ••••a ll il II 1111 • ll il II lili II 511 •Ill&• I.II•• ii 11 11 II •• II 11• Ii 1111 • 1111 • 114 11 • 4 1111 ia •• ll 11 11 ii Ila • 114 II .. . II 11 1111• 11 lill II 1111 II II .I • ll il II • • Ii 1111 I;• • 5 
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P3 6 In a r11odel of the expansion of a sphere of radius r c111, it is assu1ned tl1at, at 
titne t seco11ds after the start,, the rate of increase of the surface area of the sphere 
. . l .. 1 Wh d dr 1s proport1ona to its vo urr1e~ · · en t = 0, r = 5 an dt = 2~ 

(i) Show that r satisfies the differential eq nation 

~ = 0.08r2 • f 4] 
dt 

[The urface area A and volume V of a pl1ere of radius r are given by the 

formulae A = 4rcr2 ; V = f 1tr3.] 

(ii) Solve this differential equation, obtai11ing an expression for r in ter1ns oft~ IS] 

(iii) Deduce fro1n your answer to part (ii) the set of values that t can take, 
according to this model. [1] 

•I!,.., •111 r 11111 I!' !!'!I r~,. 11'1 • l!'I • •• f' •• r "'" • r11"' ! '!I 1111,. 1!11 11!11 ,. "'• 11 •• ,..!'I I!"" 11 "" lr• ,. "'• Ii !l!t •"'"I! r ! • 11'1 ii., ,. "'!I Iii r!I •.,,.•I!'!'"' l!l'I • ... ., •tl r ••"" !I r ! !I"" !I.,..,•• r •• r 11 
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7 A certain cunre is such. that its gradient at a point (x, y) is proportional to xy. 
At the point (1, 2) the gradient is 4. 

(i) By setting up and solving a differential equation, show tl1at the equatio11 of 
2, 

h . X - 1 I' ] t e curve 1s y· == 2e ~ 1. 7 



8 

(ii) State the gradient of tl1e curve at 
the point (- 1, 2) and sketch the 
curve. [2] 

Cambridge International AS & A Level Mathematics, 9709/32 May/,June 2011 06 

During an experiment, the number of organisms present at time t days is de11oted 
by N 1 where N is treated as a continuous variable. It is given that 

dN 
dt 

1. 2 e-0. 02 t NO, s. 

Whent 0, the nutnber of organisms prese11t is 100. 

liJ Find an expression for N in terms oft. [6] 

1111• II ll. a 111• 1111 l!I •• ,t II•• II• 111111II111111 I. II II 1111 1111II1111 11 ll ll 11111111 IIS 1111111111111111111111111111111111IIl'<t111111111111i,111111111111!!1 II 1111 II 11 11II 11111111111 I! 11 1111 i,1111 11 II 1111 !'JI 1111 II 1111 I! 11 11la 11 11 111!111111!1111 

(ii), State what happens to the number of organisms ·present after a long time. [1] 

P "' " • • '" "' f' " • '" '! "' ,i "' "' '" -, "' " '" "' " "' P ,. "' "' '! • i, • "' '" 't "' '" " • .I " • ,. i. "' 1 • i, • '" "' " I' "' ,i "' .I " f' ,. '" "' 1 " "' • • "' • f' "' ,i • "' '" f' • '" • 1 " "' • ,. ii. '" .... • "' .... ... " ....... ~ 

f' "" r. •11 r. P!ll 1!!" .. 91 '1" r•" f!I" • "" r. P!II fl ... l'I "" """ " "' l!!I "" l!!I f''I fl t!'I .. """I"'"• ... f! 'I II"" II r.'I l!I 1! 11 "I"'"• 1!!'1 f! "" "" • •• ,r 9111 'I ti ll 'I ... r. "" f' •1t f! f!l!I 9111 "91• 'I • ••"" P 9111 fl r.!t 1!! "" • 1!! '1 f' 
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P3 10 Vectors 
1 The lines l and m have vector equations 

r = i - 2k + s(2i + j + 3k) and r 
respectively~ 

6i - Sj + 4k + t(i - 2j + k) 

(i) 

{ii) 

Show that I a11d rn intersect> and find the positio11 vector of their point of 
intersection. 

Find the equation of the plane containing land 
in the form ax +by+ cz d~ 

• m) g1v1ng your answer 

(5) 

16) 

Cambridge International AS & A L,evel Mathematics, 9709103 November 2003 010 

\Vith. respect to the origin 0, the points P, Q~ R, Shave position vectors given by 
~ ~ ~ -) 

OP i - k, Oll = -2i + 4j, OR = 4i + 2j + k, OS 3i + Sj - 6k. 

(i) Find the equatjon of the plane containing P, Q and R, giving your answer in 
the form ax +by+ cz == d. [6] 

.,, . .. !irf' '" f'r!fl! "' 'lr .. -s r ,• "" • 'l ·'" '" r•••'t r t1 • rl''t!IP .. .... ... r '!l '" r • • •\'ltr 't"' P'l • r,r• "" r • '" • •" "• 'lr"'l • r .... .. .. r .. '! f'• , .. . ., " 'lls!' '" · "' • r"• '" !'!''lll!!''!r'!sz • sr • 'llf' '"' l!"' 'll l! 
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(ii) The point N is the foot of the perpe11dicular from S to this plane. 
Find tl1e position vector of N and show that the length of SN is 7. [6]1 

.. .. i,,,I .. -· ...... .. ...... !!' .. i,,i - .. .... i.:• .................. i,,,il - o,,i ........ - - .. .., .. " .. .. .... .... .......... .. .... .. - .... .. " .. .. ..... .. ........ .ii .. .. ... .. ........ .. .. "' .. .. .. 9',i .. '! ,ii ....... "''" .. " '" .. " · .. l,,,i .. \ ,i " .. .. .. .. 

.. .. .... .. .. .. • .. .. .... .. .. .. .. 1,,,1,1 ., ,1 ....... .. ... .... .... .. .. .. ...... .. ....... ...... .. ,. ...... .. ...... .. .. .. .. ...... .... .. .... ........ to-- .. .. ..... .. ....... .. .. .... .. .. .......... .. .. .. .. ., ........ .. ,I ........ .. ........ 1. ,of .... .. .. .. 
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3 The lines l and m l1ave vector equations 
r = 2i - j + 4k + s(i + j - k) and r = - 2i + 2j + k + t(- 2i + j + k) 
respectively. 

(i) Show tl1at land m do not intersect. 

The point P lies on I and the point Q has position vector 2i k .. 

(ii) Given that the line PQ is perpendicular to l , find the position vector of P. 

[4] 

[4]1 

!I I' •1111 l'W 'I "'II r• II 1111 II 11• II 1111 II 1'9 "l 0!11 P •• i, 111111!'1 II 1111 I" or1i II P!I r 1!11 i, 11'1 P 1"11 W'I,.. "l!li II PII II I'll II II .. I' P'I 91 l>I" 'I I'll I'll 'I f!l9" !Ii II t 'I 11 '" I" i,,o "I 1'9 I' 1111 I' P!I 1111 'I 11'",. 9! 11 'I I'll 11 .... I' rll I' "'!IP II 
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P3 (iii) Verify that Q lies on m and that PQ is perpendicular tom .. [2] 
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4 The straight line l passes th.rough tl1e points A and. B with position. vectors 

2i + 2j + k and i + 4j + 2k 

respective!~ This line intersects the plane p with equation x - 2y + 2z 6 at the point C. 

(i) Find the position vector of C. [4] 

• !l'I I'.,,. ., "' '" !'.,!'""' "'• "'!I 'I !I '" ,t "' '"'""' '" I' • I"' f' I! '"'" f' • !l'"l 11 "' '"• "' '" 'IP ~ I' II '" • "''" !I "''f "'. ,...,,.•PI!,."! •,. I' '" -, "''!I "' • • "' !I• PI! • • • ,. I' '" I!"' '" • !',.."'.,. P .,,. •"' '" I''" I! "'•• "' 'f '!I ~'!IP .,,. "' 

(ii) Find the acute angle bet,veen l andp. [4] 

- .. ., - ...... - - .......... - - .. .. - .. ........ .. ..... .... - ......... .... .... .... ... .... .... .. .... 1,. ,. .. -- .. .. '! !' .. .. - - - .. ...... .. - .. .. .... .. ,i ... .... ~ ... .. - .. . .. .. ........... .. ........ .. - .. .. - .. . .... . .... .. .. ~ 

liii) Show that the perpendicular dis tance from A top is equal to 2~ [3] 

• • • • • • • • Ill • • .. • • I • • • • • • I. • • • • • • .. I • • • • I • • • • • • • • • • • I • • I • • • • • • • • I • • I I I • I • I • I I • I • • I II I • • I • I • • I I I • I • • • • I • • • • • • • I • • • I • • I ii • • • I • • • • • 
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5 With respect to th.e origi11 0, the points A, B and C have position vectors given by 
=--1' --4 ~ 
DA ~ i - k , DB 3i + 2j - 3k and OC 4i - 3j + 2k. 

The mid-point of AB is M .. The point N lies on AC between A and Candis sucl1 

that AN = 2NC. 

(i) Find a vector equation of the line MN .. (4] 

• r•" .,. • P• ... ,.. "' .. ,. ,. ,. .. ,.,. ,. •• ....... "'" .. .. ... "'" • ·•" . .. ,."'"I .. ,. .. .. r• "'", .. ., ""'"" "'""' . .... ,.. "•• ~ "'",. ... !I ...... "°' ~ r• "'• • • ••"' .... .i,. 

(ii) It is given that MN intersect BC at the point P~ Find the position 
vector of Pi [4 

,i ........ .. ........ .. ........... .. - .. .. .............. ., .. .... . .... - -- ...... ,ii ...... . , ....... . .... .. ................ . ..... . .... .. .......... .. ...... . ...... . .. - - ........ "· ........... ... .. -- ............. . .......... -- .. i, 

i .. i,, ,i .. I. " .. .......... " i' .... ,i - .. ,i .................. " i,, ... i, .............. i ........ ,i i,, .................. ,i .... .. ,i .. " .. .... '" ...... '" .... i,, ...... .i .... ,i I,, .......... " .... '" ...... ,i ...... i,, .......... I,, " .. i,, .... I,, .. .. 'i .......... .. 

Cambridg,e, International AS & A Level Mathematics, 9709/31 November 2 009 06 

6 The lines l and m have vector equations 

r i + j + k + s(i - j + 2k) and r 4i + 6j + k + t{2i + 2j + k) 

respectively. 

(i) Show tl1at l and m intersect~ [4] 

• I! 11• 'I! fi'II II Wll '1!11 W 1111 • 11• •••II i, 11 'I!•• II '1!1 II 11'1! Ptl • • • 11 ••II•• 'I! 111 II 11'1! II 11'1! •• • 1111 II•• • W1 • IIW II 'l!'I! • 1!11 II 11• 11111 •• II PII II WW II•• W PII II 111111111 "" II WW• 111111 r• II 111 'I! II .. 'I! '1!11 • 11 

P3 

335 



P3 (i i) Ca1culate tl1e acute angle between the lines .. (31 

.. .. I" ...... 'I ........... ,. ............ !' ...... 'I ................................ '! .... 'I .. .. ,. .... .... .... !' .. .......... 'I .. i, !!! 'I .. .... .. .. ,i .. I"'" .. !' .. I, .... !!'.,,i ....... I""' .. .. ...... .. .. I, .. '!I .. .. ,i "'" .... .. .. 

(iii) Find the equation of the plane containing l and m, giYing your ansvver in the 
fortn ax + by + cz = d. (5] 

111 4 ., " I- 1, ,. t, ...... t, .. "' I' .... • 1 ., ., 4 1, ,. 'I .. • .. t, .. .. f. .; • .. ,t .. t, of • ,. • .... "' • 1 .. f, .. • .. 4 • r if ., • .. • .... I- 1 .. t, ...... -I • .. ill • • • 11 ., " t, 1, ,. t, .. .... 4 "' .. 4 • .. • "'I ., " • • ,. t, • .. "' t, • .. -1 "' • • ,if ., " 4 1, ,. P • .... 

Cambridge International AS & A Level M .athematics, 9709/31 May/June 2010 010 

7 With>respect to the orig.in O the points A and B have position vectors given 
by OA == i + 2j + 2k and O.B = 3i + 4j. The point Plies 011 the line AB and OP is 
perpendicular to AB~ 

(i) Find a vector equation for the l ine AB~ [1] 

(ii) Find the position vector of P. 14] 

··········••11r.•••••••••••••••11r.•• • 11r••••••••••• ••••t.••• • ••••••••••••11•••111••····· -·••11 . ................... 11 11 t1••············ 

,. ,. • " t, .. • • • .... t, .... ., oi "' .. ,. • .. of .. • • .. "' .. t, .. ., .. • '"" • ,1 .... i .. • • • .... t- .. .. • " .. ., ,. .... i ...... .... ... t, ...... • .. .. "' .... 1 .. .... • • .. t, .. • • " .. .. • .... i • °' .. • • .. t, .. • • .. • • t, "' .. i .. .... " • .. of "' • • "' .. • 

.. - .. .. ,. ...... ,. ........................ ., ,. .... !!' '" ............ p .... ,. ...... .. ...... ., .. .. ., .... ,. .......... "I ........ "I',..,., ............................. ,. f' "! .................. " '" .. .... ,. ......... ., .. ,. .. .. ., ........ ~ -., ,. ...... ., .. 



8 

(iii) Find tl~e equation of the plane whicl1 contains AB and which is perpe11dicular 

to tl1e plane DAB, giving your answer in the form ax +by+ cz = d. [4) 

....... - .......... .. ......... I,, .... I,, ............ .I .. ., - ...... I,, .... I,, I!' .. I,, .... I,, ,I .................... I!' .. I,, .................. .... "' ,I i,. .. .. .... .. .. .I .............. "' .. .. ........ .. .... "' .................. - .. .... - .... .. ............ .. 
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'a 4 

The line l has equation r + .A 3 ~ where a is a co11sta11t~ 

~2 
\. .) 

The pla11e p has equatio11 2x - 2y + z 10. 

(i) Given tl1at l does not lie in p, show that l is parallel top. [2] 

(ii) Find the value of a for wluch l lies inp,. [2] 

(iii) It is now given that the distance betwee11 I and p is 6,. Find the possible values 
of a. [5] 

................... .. ...... - ......... !' .... - ............. - .. .................................................... .. . - ......... "'· ........ - ........... -· "' ........................... " .......... .. ............ .. 
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P3 11 Complex numbers 

1 TI. } b · · b 7 + 4 i r1e co1np ex num er u. 1s given y u = .. .. 
3-21 

(i) Ex.press u in the form x + iy) where x and y are real. 

(ii} Sketch an Argand diagram showing 
the point representing the co1nplex. 
11umber u. Show on the san1e diagram 
the locus of the complex number z 

such that lz-u I= 2. [3] 

-4 - 3 -2 

(iii) Find the greatest value of arg z for points on this locus. 

-1 

{3] 

1lm . 

4 

3 

2 

1 -

iRe 

0 1 2 3 4 
- 1 

-2 

- 3-

-4 

3) 

.. ,. ,. ., ........ I!',. ..... 'I ,i • . ,. ... "" ... .. I! ... . .. ..... ,.. 1!11''1 ... .... ., .. . .. ......... ,. "" "" • ., .. '11!'1 .. ... ,. ,.. ,. tl' • . ,.,.. "l't .. "" .. . ....... ..... ,.,. ., .............. ,. .... .. . ""., ........ I!!,. 
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2 (i) Find the roots of the equation z 2 
- z + 1 ;;;;; 0, giving your answers in the forrn 

x + iy, where x and y are reaL [2] 

• r ,o., '"" • P'I P ~'I •to• P"' to •,I•••• P• r ••"' .,. • P!I p,f • r• • P• ,. "I•"'•••"• P f''" r "" •••"'••II••"'" P .,. P ,.,.. r p,o "'" • P!!I •"I••••• r• "I p ,o Of P'I • ••"'•!I•••.,,."" p,o "' r• • l!'I P lo 

(ii) ,Obtain the modulus and argument of ead-i root~ 3 

.......... - ...... i,,l i,.., . ........ .... ............ 6, ,1 .. .... ..... · ~ ........ .. ............. .. ....... .. ........ .. ........ .. ........ . .. .. ........ .. ....... ,i ...... -· ..... ... .. .... .......... .. . ............ .... ...... .... ... ... t, 

.. ,. .... ,. .. .. .,..,.,."l,t,.., .. .... ,. .. . ,. .... ,..,p .. ., .. .. ....... ., ... .. !' .. .. ...... .. ......... " .. .. .... .... .. .... . ., ... ,.,.., ... .. .......... "'1 .. 'l!'lt. "lll't """" '" "'" "' "'" "" "' ""'-"""' " "" .... ...... "'I .. ,. .. .. ,. 



Ciii) Show that each root also satisfi the equation z3 = -1 I21 

r11•t1rli111i,r•,•,•t1•1111111t1rli1111,11t.11lr111••"•11a111f•,:!t11t111!11111r•••1111li••••r•lit1t111'!111l!a11111111.,.11r11li•t•t':t•lr11111111•1111rrll111•r""-lr'l11111111111111rll111!'11111 
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3 The comple · number 1 + 3i and 4 + 2i are denoted by u and ·v respectjvely. 

(i) Find, in the form x + iy; where x and y are real,, the complex nu1nbers 

u - v and!:... {3]1 
V 

(ii) State the argument of.!!. 
V 

[1]1 

.. i, .. ............... ... .. ,f .... ,i .. i, .. .... ,i .. .......... i, .. .. ........ ~ .... ,i .............. .. .. ............ .. ,i .. i, .. ,i .... ,i .. .. I- .. ,i .. f,, ............. .. .... ,i .. ....... .. ...... .. .. ...... ,i ~ .. .. .. .... .... .. i, ,f .... .. .................... .. 

In an Argand diagram~ with origin O the .Point A~ B and C represent the 
nu111bers u, v and u - v respectively~ 

(iii) State fully the geometrical relationship between OC and BA. 

(iv) Prove that angle AOB == f 1t radians. 

[2] 

[2] 

Cambridge lnte,rnational AS & A Lev:e,/ M ,athematics, 9709/03 November 2004 06 

4 The complex number - 2 + i is denoted by· u. 

(i) Given that u is a root of the equation x3 - 1 lx - k ;;;;;; 0, where k is real,, f1nd the 
value of k. [3]1 

• "" t!I ... "! ., .. ""!II"" i, .... • "" 9:1 ... "! "" • ... fl ... ""• ... !I " " 'I 11• t! ... fl ... t' ,. .... It""""" 'I ... Ill fl!II r flfl fl "'" fl .... tl!I 'I"" !II"" !II"" I" "" fl ... fl "" .. ... ,.. !II tlf'I P" • • • ... fl "" fl "" fl 0! !11 fl r 

.. .. ,I .. ~ ...................... ,i ........ ~ ,t .................... ,<I .... ,I ,I .............. ,I ................ ,I .. ,I ....... ,I .. ,I ................ .f .............. ,I ,I .. .............. .. .......... " .................. 1 .......... -II .. .. ,I ........ .. 
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P3 (ii) Write dow11 the otl1er con1plex root of this equation~ [1] 

(iii) Find the modulus and argument of u. (21 

• I!'"• P''I 1'! t .. o, .... f"lt. f!'"' 1'! .... ,or'!• lt!'t o, .... ., "l'I. t!'t 'I!,; I'" t"1f '! r'I'" ., .. '"•'I a •'I .. t'• f' t'S' f''t'" •• 'I 'I!'! ... , It f'II f' f'!f !' ••'"''!"I tl''i!I' 't ... Ill r1t II !Pit I' 'I! • "' r, 1'! fl 'I W'f 't f'II II!'"'"'"''".,"" r fl1 o, r 

(iv) Sketch an Argand diagram 
showing tb.e point representing 
u . Sl~ade the region whose points 
represent the complex numbers z 

satisfying both the inequalities 

I z I < lz - 21 andO < arg(z~ u) < ! 1t. 

I4]1 
-5 --4 

r 

-3 -1 -11 

1m 
r 5 

4 

3 

2 

1 
R.e 

0 1 2. 3 4 5 
...: 1 

~2 

-3 

-4 

-5 
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5 The complex number 2 + 2i is denoted by u. 

(i) Find the 111odulus and argument of u. 

(ii'), Sketch an Argar1d diagram 

showing the points representing 
the com.plex n11mbers 1, i and t f . 

Shade the region whose points 
represe11t the co1nplex 11u1nbers 2 

wl~ich. satisfy both th.e i11equalities 

lz - 1 I Ei lz - ii and lz - ul ~ 1. [4) 
- 5 -4 - 3 - :2 - 1 

Im 

5 

4 

3 

2 

1 

a 
-1 

-2 

- 3 

- 4 

-5 

[2] 

~ 

1 2 3 4 5 



6 

(iii) Using your diagran1, ca]culate the valu,e of lz I for the point in tl~is region for 
which arg z is least. [3] 

1CambridgB· International AS & A Level Mathematics, 9709/31 May/June 2010 07 

The co1nplex number w is defined by w - 1 + i. 

(i) 

(ii) 

Find the 1nodul us and argument of w2 and w.3, showing your worlcing. [4] 

.p ...... ,.'l .. '!'1"1 4 1"''" '1!' .. .. ,. ... ,.'!•t1 .. ,.., ... .. ,. .... ,.., .. ,.'! • r1 "' r1•"''!1!"''"'"" '" "1~!'1'""'1·"''!1!"1"'P"' • r't,.!'1 .... 11"''!1., .. t .. • P'!' .. f't'""'1'!"''!1 "''" " .. ,. ,. .... ,.,. .... ,.".,,..,. 

The points in a11 Argand diagra1n representi11g wand w2 are the ends ofa 
dia1neter of a circle., Find the equation of the circle} giving your answer in the 

form lz - (a + bi)I = k. [4] 

..... ........ .... .. . .. ., .. . .... ..... ........... •-1 .. .. .... . ...... .. ,. ................ t, ........ ,. . .. """ ........ ,t ........ .... .. . ...... . .... ,. ...... "'1'" ...... . .. ,. .. . .... .. .. t" ...... .... ,f ........ .... .. .... .. ............ f 

cl II •• P .!!I I'" 11111. P'I ,i Pit '!I • • I' 11'!1 tt I'll II P• P11. P'!I '!I .'I,. II!!! P 1111 • I'll I' !'1 iii 1,1 •• !!I II" II "Ill 1 P!I II !'II. 111. f'111111 '"'!I 1 P• !!I l''\I 11 .. 1. P1 .. f''S'"' ..... !!I I'll II ... !I P1 II l' 'S '"' ll't .. II'"' r l!TI .. 

J II 1!11 '"'1!11 !Ill !I 111 !I l''t !I I'll I llll It l!!I II 1111 r t,9 l''I !I l' I I l!tf 't 1!!111 tl't I' t,9 • 11'1 !I P1 ,:,t 'I t!'fl !I ll'I II 11 !11111 11 !I 1!1 II t''I l''I II ti'I,. 11!1 II 11!1 'I l''I I! l''I I' I'll II .. ,. 11!1 'I 11!1 'I P'I !I P'I I' 1111 ll 1!11 "I PII • l!'I II 

• ,- .... .,f ...... oi ... 'I"'"'! .... '" ... • ... o, ,. .. ., ...... ,. '! .... '" .... • .... ., i,,i., .... • .... ,- ., ..... • ... ,. p<f • .... • .... ,- ., .. t, .,. .......... • .... '\I ..... ,f.,. f •i- t, .... 11 .............. ,f ..... 5,. i, .... I' .... ., t-11 - 5,f I-
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