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Introduction

The IB Mathematical Studies SL student

The underpinning philosophy of the International Baccalaureate® is described in
the attributes of the IB learner profile. These attributes encapsulate the IB mission
statement and ideally should be embraced and modelled by students, teachers and
the entire school community:

Inguirers

Knowledgeable

Thinkers

Communicators

Principled

Op: inded

They develop their natural curiosity. They acquire the skills
necessary to conduct inquiry and research and show
independence in learning. They actively enjoy learning and this
love of learning will be sustained throughout their lives.

They explore concepts, ideas and issues that have local and
global significance. In so doing, they acquire in depth knowledge
and develop understanding across a broad and balanced range
of disciplines.

They exercise initiative in applying thinking skills critically and
creatively to recognize and approach complex problems, and
make reasoned, ethical decisions.

They understand and express ideas and information

confidently and creatively in more than one language and in a
variety of modes of communication. They work effectively and
willingly in collaboration with others.

They act with integrity and honesty, with a strong sense of
fairness, justice and respect for the dignity of the individual,
groups and ities. They take ibility for their own
actions and the consequences that accompany them.

Caring

Risk-takers

Balanced

Reflective

They und dand their own cultures and personal
histories, and are open to the perspectives, values and tradmons
of other individuals and ities. They are dto
seeking and evaluating a range of points of view, and are willing
to grow from the experience.

They show empathy, compassion and respect towards the needs
and feelings of others. They have a personal commitment to
service, and act to make a positive difference to the lives of others
and to the environment.

They approach unfamiliar situations and uncertainty with courage
and forethought, and have the independence of spirit to explore
new roles, ideas and strategies. They are brave and articulate in
defending their beliefs.

They understand the importance of intellectual, physical and
emotional balance to achieve personal wellbeing for themselves
and others.

They give thoughtful consideration to their own learning and
experience. They are able to assess and understand their strengths
and limitations in order to support their learning and personal
development.

©r ional it Organization 2007
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IB Mathematics grade descriptors

The following amplifies the grade descriptors from the IB. Students should have a
clear understanding of what is expected at each grade level.

o Grade 7 Bxcellent performance
Demonstrates a thorough knowledge and understanding of the syllabus;
successfully applies mathematical principles at a sophisticated level in a wide
variety of contexts; successfully uses problem-solving techniques in challenging
situations; recognizes patterns and structures, makes generalizations and justifies
conclusions; understands and explains the significance and reasonableness of
results, and draws full and relevant conclusions; communicates mathematics in a
clear, effective and concise manner, using correct techniques, notation and
terminology; demonstrates the ability to integrate knowledge, understanding and
skills from different areas of the course; uses technology proficiently.

© Grade 6 Very good performance
Demonstrates a broad knowledge and understanding of the syllabus; successfully
applies mathematical principles in a variety of contexts; uses problem-solving
techniques in challenging situations; recognizes patterns and structures, and makes
some generalizations; understands and explains the significance and reasonableness
of results, and draws relevant conclusions; communicates mathematics in a clear
and effective manner, using correct techniques, notation and terminology;
demonstrates some ability to integrate knowledge, understanding and skills from
different areas of the course; uses technology proficiently.

© Grade 5 Good performance

Demonstrates a good knowledge and understanding of the syllabus; successfully

applies mathematical principles in performing routine tasks; successfully carries

out mathematical processes in a variety of contexts, and recognizes patterns

and structures; understands the significance of results and draws some

conclusions; successfully uses problem-solving techniques in routine situations;

communicates mathematics effectively, using suitable notation and terminology;

demonstrates an awareness of the links between different areas of the course; uses

technology appropriately.

Grade 4 Satisfactory performance

Demonstrates a satisfactory knowledge of the syllabus; applies mathematical

principles in performing some routine tasks; successfully carries out mathematical

processes in straightforward contexts; shows some ability to recognize patterns

and structures; uses problem-solving techniques in routine situations; has limited
understanding of the significance of results and attempts to draw some
concluslons, communicates mathematics adequately, using some appropriate

i notation and inol uses technology satisfactorily.
Grade 3 Mediocre performance
Demonstrates partial knowledge of the syllabus and limited understanding of
mathematical principles in performing some routine tasks; attempts to carry out
mathematical processes in straightforward contexts; communicates some
mathematics, using appropriate techniques, notation or terminology; uses
technology to a limited extent.
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© Grade 2 Poor performance
Demonstrates limited knowledge of the syllabus; attempts to carry out mathematical
processes at a basic level; communicates some mathematics, but often uses
inappropriate techniques, notation or terminol uses technology ir

© Grade 1 Very poor performance
Demonstrates minimal knowledge of the syllabus; demonstrates little or no
ability to use mathematical processes, even when attempting routine tasks; is
unable to make effective use of technology.

1 1 Organization 2007

The syllabus and Mathematical Studies
for the IB Diploma Second Edition

This textbook fully covers the IB Mathematical Studies SL guide for first
examinations in 2014. The assessment breakdown is as follows:

Assessment Type Duration
External 15 compulsory short-response questions on 1 hr 30 min
Paper 1 entire syllabus

40%

90 marks

External 6 compulsory extended-response questions 1 hr 30 min
Paper 2 based on the entire syllabus

40%

90 marks

Internal project  The project is an individual piece of work involving 25 hours
20% the collection of information or the generation of

20 marks measurements, and the analysis and evaluation of

the information or measurements.

For the external assessments a formulae booklet will be provided.

The topics covered in this resource are in the same order as they appear in the
syllabus. Syllabus statements appear at the start of each topic. However, it is not
intended that teachers and students will necessarily follow this order. Teachers
should use this resource in the order which is appropriate for their school context.
Some content has been included which will not be examined but is still useful to be !
taught. These sections have been indicated with a dashed line down the right hand
side of the text. Each topic has explanations, examples, exercises and, at the end of
the topic, a number of student assessments and past IB examination questions to
reinforce leamning.

A resource such as this one is used primarily as preparation for an examination.
‘We have written a book which follows the syllabus and will provide excellent
preparation. However we have also tried to make the book more interesting than
that limited aim. We have written a twenty-first century book for students who will
probably be alive in the twenty-second century.
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Presumed knowledge

‘We are aware of the difficulties presented to teachers by students who are taking
this course and come from a variety of backgrounds and with widely differing levels
of previous mathematical knowledge. The syllabus refers to presumed knowledge.
At the start of the book, in each area of study — number, algebra, geometry,
trigonometry and statistics, we have included a section of assessments which can be
used to identify areas of weakness and as revision. These areas can then be studied
in more detail by reference to our IGCSE® textbook.

International mindedness

We are aware that students working from this resource will have begun full time
education in the twenty-first century. IB students come from many cultures and
have many different first languages. Sometimes, cultural and linguistic differences
can be an obstacle to und ding. However, mathematics is largely free from
cultural bias. Indeed, mathematics is considered by many to be a universal language.
Even a Japanese algebra text book with Japanese characters will include recognisable
equations using x and y. The authors are very aware of the major and fundamental
contribution made to mathematics by all cultures. Arabic, Indian, Greek and
Chinese scholars have learned from each other and given a basis for the work of
more recent mathematicians. We have introduced each topic with references to the
history of mathematics to give a context to students’ studies. The people who
extended the boundaries of mathematical knowledge are many. We have referred to
the major contributors by name, often with a photograph or other image.

The graphic display calculator

The syllabus places great emphasis on the appropriate use of the graphic display
calculator (GDC) in interpreting problems, so many teachers will wish to start with
the Introduction to the graphic display calculator. This gives a general overview of
the use of the GDC, which will assist students who may be unfamiliar with its use.
Throughout the book we have then built upon this foundation work and have
provided very clear and concise illustrations of exactly how such a calculator is used
(not merely showing how a graph might look.) It must be noted that use of a GDC
is not a substitution for authentic mathematical understanding. The two models of
calculators used are the Casio fx-9860G and the Texas TI-84 Plus. Instructions for
the Texas TI-Nspire for a selection of exercises are provided on the website.

We also refer to other computer software (Autograph and GeoGebra) where
appropriate.

Command terms and notation

Many examiners reports have highlighted that students are often uncertain what
specific command terms mean. Students should become familiar with all these words as
they will be faced with them during the external examinations. One such example is
the difference between ‘draw’ and ‘sketch’. This issue is dealt with on pages 309-310 of
the textbook. Students should also be familiar with the list of notation that the IB uses
in the external examinations. Students will not, however, be penalised in examinations
for using different appropriate notation but understanding the command terms is
essential. The IB has released a new list of command terms and notation with the new
guide and the full lists can be found on the hodderplus website.
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bbbl

Links to other
Diploma subjects are
made in blue boxes at
the side of the text.

The website

The material on the accompanying website is indicated through the book by
coloured icons. These are:

powerpoints,
spreadsheets,

GeoGebra files, and

Personal Tutor presentations, step-by-step audio visual explanations of the harder
concepts.

‘We hope that providing free access to this material will enable all students to
engage with this invaluable material. A copy of the GeoGebra installer is also
available to download.

The website also contains answers to the revision exercises, worked solutions to
all the exercises and student assessments throughout the book and instructions for
the use of the Texas TI-Nspire.

Applications and theory of knowledge

These areas should form a vital part of this course. The textbook therefore has a
section at the end of each topic for discussion points such as ‘Applications”

), ‘Project ideas’ (green) and ‘Theory of Knowledge’ (pink). Students
should not underestimate the importance of this facet of the course which is why
we have given it a dedicated section at the end of each topic. It is worthwhile to
explore these ideas as discussions in lessons to emphasize and explore one of the
core elements of the IB diploma programme.

Revision exercises

At the end of the book is a revision section, with exercises covering the whole course.
It is expected that students will also have access to previous examination papers.

Internal assessment

A project is chosen by the student and is assessed by their teacher and then is
externally moderated using assessment criteria that relate to objectives for Group 5
Mathematics. These criteria are as follows:

Criterion A Introduction 3 marks
Criterion B Information/measurement 3 marks
Criterion C Mathematical processes 5 marks
Criterion D Interpretation of results 3 marks
Criterion E Validity 1 mark
Criterion F Structure and communication 3 marks
Criterion G Notation and terminology 2 marks

Total 20 marks
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Project ideas

Project ideas can be found at the end of each topic (on green notes). They are only
ideas and are not intended to be project titles. Where it is suggested that students
extend their mathematical knowledge as part of the project it is important to discuss
this thoroughly with a teacher, both before starting and as the project progresses.

Many teachers feel that too many students choose statistics projects which are
too limited in the scope of the mathematics used. Students can look outside the
syllabus; it may even be advantageous to look at areas of maths such as symmetry,
topology, optimisation, matrices, advanced probability, calculus, linear
programming and even mathematics as it applies to art, music and architecture (but
be sure that maths is the emphasis). Your teacher is allowed to give help and
guidance, so students should discuss their ideas before starting their project to be
sure that it is feasible.

Possible approach for a project

Before starting to plan your project there are a number of things to consider. Your

project is assessed according to a number of headings (criteria) as listed on the

previous page; these will be referred to below.

1 The project is part of your assessment. You should aim for the highest possible
mark.

)

The project is expected to take more time to prepare, plan and complete than
even the longest of the seven topics in the Mathematical Studies syllabus. So
allow yourself time to get this work done.

3 This is your mathematics project and is meant to reflect your mathematical
ability. You would think this does not need to be stated. However it is a fact that
many teachers will have received projects which:

have a very interesting title (but little to do with maths)

are beautifully presented (but have little mathematical content)

have a lot of very repetitive, low-level maths (e.g. lots and lots of bar charts)

contain mathematics far above the ability of the student submitting it (be

prepared to explain anything that you write).

»

ae o

Y

You should try to involve mathematics from as many topics in this course as you
can, and at the highest level possible. A sensible choice of project will allow you to
show the mathematical knowledge you have gained, but in a different way than in a
formal exam. You should plan to use a further mathematical process above that in
the Mathematical Studies syllabus (your teacher may help with this).

[

The more general the project title, the easier it is to extend it into a variety of
areas.

Below is an indication of how a project might be approached. The mathematics
involved will be taught as you go through the course but we have shown where it is
in the book should you wish to have a look.
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Title: Bacteria (Note: This is a very ‘open’ title.)
A Criterion A T duction: Your i
detailed plan.

Example:  This project will be in four sections.
Section 1 will look at the possible ways that bacteria could grow. By
drawing up a table of results it should be possible to obtain general
algebraic formulae for ways in which bacteria grow.

Section 2 will look at graphs of these results. The functions involved
are expected to be exponential functions so this application will be
studied further.

Section 3 will require the collection of secondary data about the
spread of epidemics.

Section 4 will look at clinical trials and how, by applying
mathematics, a course of treatment can be thought to be a success.

should contain a

A Criterion B Informati The information collected or
set of results should be organised properly and be sufficient in quality and
quantity. This means that results and data collected should be in table form and
graphs clearly drawn.

Section 1: This will look at the possible patterns of growth of bacteria.

The maths used in Section 1 is from Topic 1: Number and algebra — 1.7 Arithmetic
sequences and series and 1.8 Geometric sequences and series.

Example:

OO
O o Im|
- e | ]

This pattern will produce data which can be put into a table:

Number of hours Total bacteria
0 i
1 5
2 13
3 25
A Criterion C Mat} ical All i ical processes
both simple and further must be carried out correctly.
Section 1:
A rule can be found to link h (hours) and T (the total number of bacteria).
T=22+2h+1
This can be arranged to give T=h+HR+2h+1)
And factorised to give T=h+(h+1)2

So the pattern above can be seen to be the sum of two square number patterns.
This can then be used to make predictions.
Extend this study of sequences and series to other patterns.
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Section 2:

This will look at the graphs of the formulae obtained in Section 1 above.

The maths used is from Topic 6: Mathematical models.

If we study the equations obtained in Section 1 you can draw and study exponential
growth. If you then propose that:

a the bacteria could be harmful; and
b that a suitable treatment resulted in a decrease in the number of bacteria over time

then you could also study exponential decay. Note criteria B and C above.

Section 3: International link to real events.

After the devastating earthquake that hit Haiti in 2009 there was an outbreak of
cholera. It may be possible to obtain accurate statistics showing how this outbreak
became an epidemic and how this was dealt with. You may also want to look at the
possibility of a pandemic (for example, avian flu). Note criteria B and C above.

Section 4: This will look at the way clinical trials are used to test whether a drug is
successful in fighting disease.

The maths used is from Topic 4: Statistical applications, in particular Topic 4.4:
The y?2 test for independence.

For this section you can either use real data or, to show that you understand and
can apply this area of statistics, you could suggest some possible results yourself
(check with your teacher).

Assessment Criteria D and E: Interpretation of results and validity of
conclusions. You should be able to show from your accurate calculations that
the conclusions you draw are valid.

You will show that you can construct a null hypothesis, an alternative hypothesis
and degrees of freedom and use these to show whether the trial shows that
treatment with the drug is successful or not. Note criteria B and C above.

Assessment Criterion F Structure and communication: Your project should
follow the stated plan and should be clearly communicated.

A project planned in this way will enable you to show that you can apply several
areas of the mathematics that you have been taught in this course and will make it
easy for your teacher to award you a high mark for your project. Remember that this
is your primary aim in producing a project.

Assessment Criterion G Notation and terminology: The project should contain
the correct mathematical notation.
Ric Pimentel and Terry Wall
Jennifer Wathall

The authors are both experienced classroom teachers with experience of education in
Europe, Turkey, the Far East and the U.S.A. They have also both been teacher trainers
and have run courses for both English teachers and those from many other countries.

Jennifer Wathall has over 20 years of international experience in Mathematics
education including many years teaching all three levels of the IB Mathematics
Diploma programmes. She is an IB workshop leader, an accepted IB MSSL
Examiner and Head of Mathematics, Island School, Hong Kong.



Presumed knowledge
assessments

These assessments are intended to identify those concepts from your previous
course which may need to be revised. Your teacher will instruct you how these are
to be completed.

You may take all the Presumed knowledge assessments 1-8 before you start the
course, or it may be better to do assessments 14 before Topic 1, assessments 5-7
before Topic 6 and assessment 8 before Topic 5. Your teacher will then, if
necessary, refer you to an IGCSE® or other textbook.

Student assessment 1: Ordering

1 Copy each of the following statements, and insert one of the symbols =, >, <
into the space to make a true statement.
8 4D 0P b 6%..29
¢ 850 ml...05 litres d number of days in May ... 30 days

2 Illustrate the information in each of the following statements on a number line.
a The temperature during the day reached a maximum of 35°C.
b There were between 20 and 25 students in a class.
¢ The world record for the 100 metre sprint is under 10 seconds.
d Doubling a number and subtracting 4 gives an answer greater than 16.

3 Write the information on the following number lines as inequalities.

a L L

2 -1 0 1 2
Ty, il . <
-2 -1 0 1 2
©
-2 -1 0 3 2
d 1 ® . . .
-2 -1 0 1 2
4 Tllustrate each of the following inequalities on a number line.
a x=3 b x<4
c 0<x<4 d—3=x<1

5 Write the following fractions in order of magnitude, starting with the smallest.
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Student assessment 2: The four rules
of number

~ [= ST SOV N

@

©

Evaluate these.
a5+8x3-6 b 15+45+3-12

The sum of two numbers is 21 and their product is 90. What are the numbets?
How many seconds are there in 24 hours?

Work out 851 x 27.

Work out 6843 + 19 giving your answer to one decimal place.

Copy these equivalent fractions and fill in the blanks.
8 5

Bl Sl s
18 9 90
Evaluate the following.
3 _ 1 4.8
a33-14d bt d
Change the following fractions to decimals.

2 3 9 2
al b 12 e a1
Change the following decimals to fractions. Give each fraction in its simplest form.
a 42 b 0.06 c 185 d 2.005

Student assessment 3: Ratio and
proportion

1

2

3

4

5
6

A piece of wood is cut in the ratio 3:7.

a What fraction of the whole is the longer piece?

b If the wood is 1.5 m long, how long is the shorter piece?

A recipe for two people requires kg of rice to 150g of meat.

a How much meat would be needed for five people?

b How much rice would there be in 1kg of the final dish?

The scale of a map is 1:10000.

a Two rivers are 4.5 cm apart on the map. How far apart are they in real life?
Give your answer in metres.

b Two towns are 8km apart in real life. How far apart are they on the map?
Give your answer in centimetres.

a A model train is a 75 scale model. Express this as a ratio.

b If the length of the model engine is 7cm, what is the true length of the
engine!

Divide 3 tonnes in the ratio 2:5:13.

The ratio of the angles of a quadrilateral is 2:3:3:4. Calculate the size of each of
the angles.
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7 The ratio of the interior angles of a pentagon is 2:3:4:4:5. Calculate the size
of the largest angle.

8 A large swimming pool takes 36 hours to fill using three identical pumps.
a How long would it take to fill using eight identical pumps?
b If the pool needs to be filled in nine hours, how many pumps will be needed?

9 The first triangle is an enlargement of the second. Calculate the size of the
missing sides and angles.

D
u EaN "h

10 A tap issuing water at a rate of 1.2 litres per minute fills a container in

4 minutes.

a How long would it take to fill the same container if the rate was decreased
to 1 litre per minute? Give your answer in minutes and seconds.

b If the container is to be filled in 3 minutes, calculate the rate at which the
water should flow.

Student assessment 4: Percentages

1

Copy the table below and fill in the missing values.

Fraction Decimal | Percentage

0.25

X
62;%

1
2

(RN

e

w

o

Find 30% of 2500 metres.

In a sale a shop reduces its prices by 12.5%. What is the sale price of a desk
previously costing €6007

In the last six years the value of a house has increased by 35%. If it cost
£72000 six years ago, what is its value now?

Express the first quantity as a percentage of the second.

a 35 minutes, 2 hours b 650g, 3ke
¢ 5m, 4m d 15seconds, 3 minutes
e 600kg, 3tonnes f 351,351

Shares in a company are bought for $600. After a year the same shares are sold
for $550. Calculate the percentage depreciation.
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7 Inasale, the price of a jacket originally costing 17000 Japanese yen (¥) is
reduced by ¥4000. Any item not sold by the last day of the sale is reduced by a
further 50%. If the jacket is sold on the last day of the sale, calculate:

a the price it is finally sold for
b the overall percentage reduction in price.

8 Calculate the original price of each of the following.
Selling price Profit
$224 12%
$62.50 150%
$660.24 26%
$38.50 285%
9 Caleulate the original price of each of the following.
Selling price Loss
$392.70 15%
$2480 38%
$3937.50 12.5%
$4675 15%
0 In an examination Sarah obtained 87.5% by gaining 105 marks. How many

marks did she lose?

1 At the end of a year, a factory has produced 38 500 television sets. If this
represents a 10% increase in productivity on last year, calculate the number of
sets that were made last year.

2 A computer manufacturer is expected to have produced 24 000 units by the end
of this year. If this represents a 4% decrease on last year's output, calculate the
number of units produced last year.

3 A farmer increased his yield by 5% each year over the last five years. If he
produced 600 tonnes this year, calculate to the nearest tonne his yield five
years ago.

Student assessment 5: Algebraic

manipulation
1 Expand the following and simplify where possible.
a 3(2x—3y + 52 b 4p(2m - 7)
¢ —4m(2mn - n?) d 4p(5pq - 24" ~ 1p)
e 4x—20x+1) £ 4xB3x - 2) +2(5¢ - 3%)
g H(15x - 10) - $(9x - 12) h J(4x = 6) +7(2x +8)
2 Factorize each of the following.
a 16p - 8q b p? - 6pg
c 5p’q — 10pq* d 9pq — 6p%q + 12¢%
3 Ifa=4,b=3and c = -2, evaluate the following.
a 3a—2b+3c b 5a-3b?
ca+b+c? d (a+b)a-b)

e al - b fp-
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4 Rearrange the following formulae to make the bold letter the subject.

ap=4m+n b 4x -3y =5z
c2x=§—z 4l ) =3
e P4 _mn e
4r t T
5 Factorise each of the following fully.
a pq— 3rq + pr — 312 bl-¢
c 8752 - 1252 d 752 -25?
6 Expand the following and simplify where possible.
a (x—4)(x+2) b (x - 8)
¢ (x+79) d (x - 1)(x +11)
e (3x- 2)(2x - 3) £ (5 - 3x)?
7 Factorize each of the following.
axd—dx-T1 ba?—-6x+9
¢ - 144 d 32 +3x - 18
e 22 +5x - 12 £ 4x? - 20x + 25
8 Make the letter in bold the subject of the formula.
am?=p b m =5t
cA=mrp+q d%+§ =
9 Simplify the following algebraic fractions.
X7 mn
ag b = x p;q
e 4 g
(52) g

Student assessment 6: Equations and
inequalities

For questions 1-4, solve the equations.

lax+7=16 b2c-9=13
c 8-4x=24 d5-3x=-13
2al-m=4+m b Sm—3=3m+ 11
¢ bm—1=9m-13 d18-3p=6+p
3a =2 b 4=1x

x+2 w-5_5
o=t Gt
4adx-4-= b 4x-3)=1(x+2)
¢ 4=2(3x+8) d 3x-1)=3(2x-4)



xviii Presumed knowledge assessments

5 Solve the following simultaneous equations.

a lx+3y=16 b dx+2y=22
-3y =4 “+ly=12
¢ x+y=9 d2x=3y=1
2x+ 4y =26 x4y = 11
6 The angles of a triangle are x, 2x and (x + 40) degrees.
a Construct an equation in terms of x.
b Solve the equation.
¢ Calculate the size of each of the three angles.
7 Seven is added to three times a number. The result is then doubled. If the

answer is 68, calculate the number.

8 A decagon has six equal exterior angles. Bach of the remaining four is fifteen
degrees larger than these six angles. Construct an equation and then solve it to
find the sizes of the angles.

©

A rectangle is xcm long. The length is 3cm more than the width. The

perimeter of the rectangle is 54 cm.

a Draw a diagram to illustrate the above information.

b Construct an equation in terms of x.

¢ Solve the equation and hence calculate the length and width of the
rectangle.

10 At the end of a football season, the leading goal scorer in a league has scored
eight more goals than the second leading goal scorer. The second has scored
fifteen more than the third. The total number of goals scored by all three
players is 134.

a Werite an expression for each of the three scores.
b Form an equation and then solve it to find the number of goals scored by
each player.

Student assessment 7: Indices

1 Simplify the following by using indices.
a2x2x2x5x5 b2x2x3x3x3x3x3
2 Write the following out in full.
a 4 b 6
3 Work out the value of the following without using a calculator.
a 23 x 10? b 14x 3
4 Find the value of x in each of the following.
4 26-D=3) b%= 16
¢ 5tx+D 2125 d8==1

"

Using indices, simplify the following.
a3x2x2x3x2] b2x2x4x4x4x2x32

Write the following out in full.
a6 b 2-5

o
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Student assessment 8: Geometry of
plane shapes

1 Calculate the circumference and area of each of the following circles. Give your

answers to one decimal place.
a b

16mm

2 A semi-circular shape is cut out of the side of a rectangle as shown. Calculate the
shaded area to one decimal place.

le——6om———>
3 For the diagram below, calculate the area of:
a the semi-circle
b the trapezium
¢ the whole shape.

re——7cm—>|

4 Calculate the circumference and area of each of these circles. Give your answers
to one decimal place.
a b

15mm
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5 A rectangle of length 32 cm and width 20 cm has a semi-circle cut out of two of
its sides as shown. Calculate the shaded area to one decimal place.

e——32cm——>!

200m
6 Calculate the area of:
a the semi-circle
b the parallelogram
¢ the whole shape.
ok
i
6cm
o
¥



People have always used devices to help them calculate. Today, basic calculators,
scientific calculators and graphic display calculators are all available; they have a
long history.

an early abacus

an early slide rule an early calculator

Graphic display calculators (GDCs) are a powerful tool used for the study of
mathematics in the modern classroom. However, as with all tools, their
effectiveness is only apparent when used properly. This section will look at some of
the key features of the GDC, so that you start to understand some of its potential.
The two models used are the Casio fx-9860G and the Texas TI-84 Plus. Many
GDCs have similar capabilities to the ones shown. However, if your calculator is
different, it is important that you take the time to familiarize yourself with it.
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ions) for each calcul

Here is the home screen (

GRRPN DVHA TRBLE RECUR

COHNICS |EGUA IPRGM TV?;
@A_ﬁlm AN

Casio Texas
% : MAIN MENU 227772 ']
STAT -ACT |5 SHT

The modes are selected by
using the arrows key and then
pressing EXE, or by typing the
number/letter that appears in
the bottom right-hand corner
of each square representing a
mode. Brief descriptions of the
seven most relevant modes are
given below.

The main features are accessed
by pressing the appropriate key.
Some are explained below.

1 RUN.MAT is used for
arithmetic calculations.

Sl is used for statistical
calculations and for
drawing graphs of
the data entered.

2 STAT is used for statistical
calculations and for drawing
graphs.

is used to access

LOCM numerical operations.

4 S.SHT is a spreadsheet and can
be used for calculations and
graphs.

is used for entering the
\—/ equations of graphs.

5 GRAPH is used for entering the
equations of graphs and
plotting them.

is used for graphing
\.Jf functions.

6 DYNA is a dynamic graph mode
that enables a family of curves to|
be graphed simultaneously.

7 TABLE is used to generate a
table of results from an
equation.

A EQUA is used to solve different|
types of equation.
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i

Texas

Basic calculations

The aim of the following exercise is to familiarize you with some of the buttons on
your calculator dealing with basic mathematical operations. It is assumed that you
will already be familiar with the mathematical content.

Exercise 1
Using your GDC, solve the following.

1a \625

Casio | Texas !
— H b 4324
¢ 2Bx542

- 2 2 V1728
Casio Texas
ERral b Y1296
o

I ETvE

3al3

o = b 8+ 42

c A5+ 122
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4a 6
b % +272

Casio | Texas

5 a (2.3 x 10%) + (12.1 x 10?)
b (4.03 x 10°) + (15.6 x 10%) — (1.05 x 10%)

13.95 x 108
155 x 10°

- (9 x 10y

GDCs also have a large number of memory channels. Use these to store answers
which are needed for subsequent calculations. This will minimise rounding errors.

Casio Texas

awock followed by a letter
a @ of the alphabet

of the alphabet

Exercise 2

1 In the following expressions, a = 5,b = 4 and ¢ = 2.
Enter each of these values in memory channels A, B and C of your GDC
respectively, and determine the following.

aa+b+c
ba-(b+c)
cla+b)l-c
2b+c)
(a—c)
4V - b
& AR
©
(ac)? + ba?
a+b+c
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2 Circles A, B, C and D have radii 10cm, 6cm, 4cm and 1cm respectively.

a

=

3

a

e

Calculate the area of circle A and store your answer in memory channel A.
Calculate the area of circle B and store your answer in memory channel B.
Calculate the area of each of the circles C and D, storing the answers in
memory channels C and D respectively.

Using your calculator evaluate A + B + 2C + 2D.

‘What does the answer to part d represent?

3 A child’s shape-sorting toy is shown in the diagram. The top consists of a
rectangular piece of wood of dimension 30cm x 12 cm. Four shapes W, X, Y and
Z are cut out of it.

®

o

o

som T
w X <Y> z 12cm
6cm 3cm l

30cm

Calculate the area of the triangle X. Store the answer in your calculator’s
memory.

Calculate the area of the trapezium Z. Store the answer in your calculator’s
memory.

Calculate the total area of the shapes W, X, Y and Z.

Calculate the area of the rectangular piece of wood left once the shapes
have been cut out.
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4 Three balls just fit inside a cylindrical tube as shown. The radius (r) of each ball

is 5cm.
a Using the formula for the volume of a sphere, V = 477, calculate the
volume of one of the balls. Store the answer in the memory of your
calculator.

b Calculate the volume of the cylinder.
¢ Calculate the volume of the cylinder not occupied by the three balls.

Plotting graphs

One of a GDC's principal features is to plot graphs of functions. This helps to
visualize what the function looks like and, later on, it will help solve a number of
different types of problem. This section aims to show how to graph a variety of
different functions. For example, to plot a graph of the function y = 2x + 3, use the
following functions on your calculator.

Casio

SeTup o

©
Ooo0@DH| /

Texas

slole 5] Rvams

Occasionally, it may be necessary to change the scale on the axes to change how
much of the graph, or what part of the graph, can be seen. This can be done in
several ways, two of which are described here.
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By using the zoom facility

Casio

Zoom  Sketch @ y ¢
@ @ 0 zoom ou
M__“/,LM
/

It is possible to reposition the graph by using the key

Texas

— ﬂ i S—
= —/

It is possible to reposition the centre of enlargement by using the

. . keys before pressing u

By changing the scale manually

Casio

ViWindow Vlew window —

SHIFT. ) max
= scale:

o
@ after values Ymin
max 36

are entered [TNTT [TRIG[ETD | /

Xmin: minimum value on the x-axis, Xmax: maximum value on the
x-axis, Xscale: spacing of the x-axis increments, Xdot: value that
relates to one x-axis dot (this is set automatically).

Texas

WINDOW
Rmin=-3 ra

)
after values
are entered

Xmin: minimum value on the x-axis, Xmax: maximum value on the
x-axis, Xscl: spacing of the x-axis increments.
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Exercise 3

In the following questions, the axes have been set to their default settings, i.e.
Xmin = - 10, Xmax = 10, Xscale = 1, Ymin = —10, Ymax = 10, Yscale = 1.

i)

iii)

vii)

ix)

8 1Y 1 11 B

ii) \
F%%W

o

viii)

x)»w‘xwﬁzwwﬂ

By using your GDC to graph the following functions, match each of them to the

correct graph.

ay=2x+6
cy=-x+5
ey=x2-6

gy=—(x+4)+4

iy=-dax-1

by=ix-2
5

dy=-2

foy=(x-47

hy=3x+3)

jy=-6
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2 In each of the following, a function and its graph are given. Using your GDC,
enter a function that produces a reflection of the original function in the x-axis.

a y=x+5 by=-2x+4
/
y=(x+5)?

AV - e L

3 Using your GDC, enter a function that produces a reflection in the y-axis of
each of the original functions in question 2.

o

4 By entering appropriate functions into your calculator:
i) make your GDC screen look like the ones shown
ii) write down the functions you used.

a b

Intersections

‘When graphing a function it is often necessary to find where it intersects one or
both of the axes. If more than one function is graphed simultaneously, it may also
be necessary to find where the graphs intersect each other. GDCs have a ‘Trace’
facility which gives an approximate coordinate of a cursor on the screen. More
accurate methods are available and will be introduced in the topics as appropriate.

Find where the graph of y %(x + 3)% + 2 intersects both the x- and y-axes.

Worked example
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The graph shows that y = 1(x + 3)* + 2 intersects each of the axes once.

To find the approximate coordinates of the points of intersection:

Casio

Trace

Y1=1.5(K+3)"3+2

#=-5,019365079 V=0 2018652483

Because of the pixels on the screen, the ‘Trace’ facility will usually
only give an approximate value. The y-coordinate of the point of
intersection with the x-axis will always be zero. However, the
calculator’s closest result is y = 0.202. The x-value of -5.079 will also
therefore be only an approximation. By moving the cursor to the
point of intersection with the y-axis, values of x =0 and y = 7.4 are
obtained.

Texas

=175 302

(=
L )-(J

¥=-5.106383 [v=13085925

See above comment about accuracy of answers.

Exercise 4

1 Find an approximate solution to where the following graphs intersect both the x-
and y-axes using your GDC.

o i = Boymlea s 2
¢ el - e 1 dy=x_+52+6

2 Find the coordinates of the point(s) of intersection of each of the following pairs
of equations using your GDC.
ay=x+3andy=-2x-2
by=-x+landy=1(2-3)
¢ y=-2+landy="13(2~3)
dy=-12+22 - 3andy=32-12
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Tables of results

3
A function such asy = ; + 2 implies that there is a relationship between y and x.
To plot the graph manually, the coordinates of several points on the graph need to
be calculated and then plotted. GDCs have the facility to produce a table of values
giving the coordinates of some of the points on the line.

I Forthefunctiony = % + 2, complete the following table of values using the table

facility of your GDC.

X
(L T [ T [T [ ]

SETUPT e 3

[ e ] Enter functiony =~ +2 [
cawv s - "
Gl N ol s Roc)

Il
i
@ & o monl
= [Forri W)

-3
[ [E0TT frcon[GPLT,

Jabie sertine o
The screen shows that the x-values range from -3 to 3 in increments of 1.

i

i
Ster

Once the table is displayed, the remaining results can be viewed by using

Texas

3
=+
X

2

Enter function y =

2o Shows that the x-values start at -3 and increase in increments of 1.
Rak

Once the table is displayed, further results can be viewed by using .g.
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W Exercise 5

1 Copy and complete the tables of values for the following functions using the

table facility of your GDC.
ay=x+x-4
i EXENEN EIENES KN
720 I I I I
by=2+2-10
[x[2]2[=Jofr]2]2]
72 I I I
2t
x

d y=AG+D
|x|4|4).5|o|o.5|||1.5|2|z.5|3|

72 N N N I I O

2 A car accelerates from rest. Its speed, yms-, x seconds after starting, is given by
the equation y = 1.8x.
a Using the table facility of your GDC, calculate the speed of the car every
2 seconds for the first 20 seconds.
b How fast was the car travelling after 10 seconds?

3 A ball is thrown vertically upwards. Its height y metres, x seconds after launch, is
given by the equation y = 15x — 5x2.

Using the table facility of your GDC, calculate the height of the

ball each T second during the first 4 seconds.

‘What is the greatest height reached by the ball?

How many seconds after its launch did the ball reach its highest point?

After how many seconds did the ball hit the ground?

In the context of this question, why can the values for x = 3.5 and x = 4

be ignored?

®

o oo o

Lists

Data is often collected and then analyzed so that observations and conclusions can
be made. GDCs have the facility for storing data as lists. Once stored as a list, many
different types of calculations can be carried out. This section will explain how to
enter data as a list and then how to carry out some simple calculations.
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An athlete records her time (seconds) in ten races for running 100m. These are
shown below.

124 127 126 129 124 123 127 124 125 131

Calculate the mean, median and mode for this set of data using the list facility of
your GDC.

Casio
srwr we v Enter the data in List 1. T T
o @ e
Zom [ g=t | to specify which list the data is T
< . . st
in and its frequency. ZUar YList
2U3F Fred

to scroll through the full
list.

Trace

The screen displays various statistical measures.
X is the mean, n is the number of data items, Med is the median,
Mod is the modal value, Mod: F is the frequency of the modal values.

Texas

Enter the data in List 1.
star

Lin=12.4

to apply calculations to the data in List 1.

1-Var Stats
g=12.6

' . to scroll through the full list.

The screen displays various statistical measures.
X is the mean, n is the number of data items, Med is the median. The
T1-84 does not display the modal value.
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Worked example

If a lot of data is collected, it is often presented in a frequency table.

The numbers of pupils Number of pupils Frequency
in 30 maths classes are
shown in the frequency 2z 4
table. 28 B
29 9
30 7
Calculate the mean,
median and mode for this 31 3
set of data using the list 2 1
facility of your GDC.
Casio

serup

Enter the number of pupils in List
- 1 and the frequency in List 2.

Zoom  [GAT to specify which lists the
'Q@ data and the frequency
are in.
Trace to scroll through the full list.
Texas
I Enter the number of pupils in List CE—
S 1 and the frequency in List 2. ] ;6: """"
o3
32 1

BEOOCCIE
to specify that the data is in L1
and the frequency in L2.

. . to scroll through the full set of
results.
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Exercise 6

1 Find the mean, the median and, if possible, the mode of these sets of numbers
using the list facility of your GDC.
a 3,6,10,8,9,10,12,4,6,10,9, 4
b 12.5,13.6,12.2, 144, 17.1, 14.8,20.9, 12.2

2 During a board game, a player makes a note of the numbers he rolls on the dice.
These are shown in the frequency table below.

|Numherondi(e | 1 | 2 | 3 | 4 | 5 | 6 |

8 | 5 | 2
Find the mean, the median and, if possible, the modal dice roll using the list
ficility of yoiir GDC.

3 A class of 30 pupils sat two maths tests. Their scores out of 10 are recorded in
the frequency tables below.

|Frequency | 3 |

TestA

Score | 1 | 2 | 3 | 4 | 5 | 6 | ¥ | 8 | 9 | 10

Frequency| 3 | 2 | 4 | 3 | 1 | 8 | 3 | 1 | 3 | 2
TestB

Score | 1 | 2 | 3 | 4 | 5 | 6 | 7 | 8 | 9 | 10

Frequency| 4 | 1 | 0 | 0 | 0 | 24 | 0 | o | 0 | 1

a Find the mean, the median and, if possible, the mode for each test using
the list facility of your GDC.

b Comment on any similarities or differences in your answers to part a.

¢ Which test did the class find easiest? Give reasons for your answer.



Applications, project ideas
and theory of knowledge

2 You may be able to get
access to an abacus and
slide rule. How were they
used?

1 The use of mathematical
tables has declined since
the lop it of
scientific calculators. yr
Find examples of both
maritime (naval) and
other mathematical
pooks of tables and
discuss their use-

4 investigate what an
“Enigma Machine’ Was-
Where, when and for
what purpose was it
designed?

3 Use of devices such as a
slide rule and pooks of
calculation tables took
time to learn. At what
point did using a slide
rule justify the time
taken to leam its use?
speculate on which /
professionals might have
used such a tool-

5w
anP;u; are punch cards
ol 10W were they ysedy
e tigate simple egr),
o ,f"mi languages {ﬁYk
R ). This could be q :
ting point for g
Project.

&




6 'Modern graphic display
calculators are more
powerful than 20-year-old
computers.’ piscuss this

statement.

9 what is meant by ‘The law
of diminishing returns’?
Use your calculator to

illustrate it.

7 Investigate and learn

e logarithm

how to us¢
tical

and other mathemd
tables.

Mesion (onmox (e

10 Explain the difference
petween 'knowing how'
and 'knowing that’ with
reference to the use of @

calculator-

8 ‘The problem wi
ith

Cc:::u;m'tors is that nobod,
A str;nqte any more." "
e ahls Statement.
o an ;;(periment to
clqssmats tutyesotcr};noal;'
'?}l";‘:g and acmmtel;
i ouid form the basis
0 ject.

11 ‘Truth, belief and

knowledge are
interconnected.” Discuss-



Topic

Number and algebra

Syllabus content

1.1 Natural numbers, N; integers, Z; rational numbers, @; and real numbers, R.

1.2 Approximation: decimal places; significant figures. Percentage errors.
Estimation.

1.3 Bxpressing numbers in the form a x 10% where 1 < a < 10 and k is an integer.
Operations with numbers in this form.

1.4 SI (Systéme Intemational) and other basic units of measurement: for
example, kilogram (kg), metre (m), second (s), litre (1), metre per second
(ms1), Celsius scale.

1.5 Currency conversions.

1.6 Use of a GDC to solve: pairs of linear equations in two variables; quadratic
equations.

1.7 Arithmetic sequences and series, and their applications.
Use of the formulae for the nth term and the sum of the first n terms of
the sequence.

1.8 Geometric sequences and series.
Use of the formulae for the nth term and the sum of the first n terms of
the sequence.

1.9 Financial applications of geometric sequences and series: compound
interest; annual depreciation.

Introduction

The first written records showing the origin
and development of the use of money were
found in the city of Eridu in Mesopotamia
(modern Iraq). The records were on tablets
like these ones found at Uruk.
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1.1

The Sumerians, as the people of this region were known, used a system of recording
value, known as ‘Cuneiform’, five thousand years ago. This writing is now believed
to be simply accounts of grain surpluses. This may sound insignificant now, but the
change from a hunter—gatherer society to a farming-based society led directly to
the kind of sophisticated way of life we have today.

Our present number system has a long history, originating from the Indian
Brahmi numerals around 300 BCE.

e R
e
T
T

Abu Ja'far Muhammad Ibn Musa ALKhwarizmi is called ‘the father of algebra’. He
was born in Baghdad in 790 AD and wrote the book Hisab al-jab w'al-mugabala in
830 AD from which the word algebra (al-jabr) is taken. He worked at the university
of Baghdad, then the greatest in the world.

The poet Omar Khayyam is known for his long poem the Rubaiyat. He was also a
fine mathematician who worked on the Binomial theorem. He introduced the
symbol ‘shay’ which became our ¥’

Sets of numbers
Natural numbers

A child learns to count: ‘one, two, three, four, ...". These are sometimes called the
counting numbers or whole numbers.

The child will say ‘T am three’, or ‘I live at number 73,

If we include the number 0, then we have the set of numbers called the natural
numbers. The set of natural numbers N = {0, 1, 2, 3, 4, ...}.

Integers

On a cold day, the temperature may be 4°C at 10p.m. If the temperature drops by a
further 6°C, then the temperature is ‘below zero'; it is —2°C.

If you are overdrawn at the bank by £200, this could be shown as —£200.

The set of integers Z = {...-3, -2, -1,0,1,2,3, ...}.

Z is therefore an extension of N. Every natural number is an integer.
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Rational numbers

A child may say ‘T am three’; she may also say 1 am three and a half’, or even ‘three
and a quarter’. 3} and 31 are rational numbers. All rational numbers can be written
as a fraction whose denominator is not zero. All terminating and recurring decimals

are rational numbers as they can be written as fractions too, e.g.

1 3 1 z 153 3 Z
02=% 03=2% 71=1 153=1 o03-=1

The set of rational numbers @ is an extension of the set of integers.

Real numbers

Numbers which cannot be expressed as a fraction are not rational numbers; they are
irrational numbers.
For example, using Pythagoras’ rule in the triangle shown below, the length of

the hypotenuse AC is found as A/ 2:

A AC’ =12+ 12
AC*=1

AC=12

1

42 = 1414213 56.... . The digits in this number do not recur or repeat. This is a
property of all irrational numbers. Another example of an irrational number which
you will come across is 7 (pi) = 3.141592654... . The set of rational and irrational
numbers together form the set of real numbers R. There are also numbers, called
imaginary numbers, which are not real, but all the numbers that you will come
across in this textbook are real numbers.

M Exercise 1.1.1

1 State to which of the sets N, Z, @ and R these numbers belong.

a3 b -5 ¢ 3 d 113
In questions 26, state, giving reasons, whether each number is rational or
irrational.
2a 13 b 0.6 c 43

3a -2 b 25 T
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1.2

4a N7 b 0.625 cod

5a AZxA3 b NZ+43 ¢ (W2x43)
V8 R
Vz 420

In questions 710, state, giving reasons, whether the quantity required is rational or
irrational.

6 a

¢ 4+(9-4)

7 The length of 8 .
3 The circumference
the |
‘e diagonal of the circle
3cm
%
4cm
9 [ |Thesidelengthof 10 The area of
the square the circle
1
Vi
V72em
Approximation
In many instances exact numbers are not necessary or even desirable. In those
i ions are given. The imations can take several

forms. The common types of approximation are explained below.

Rounding

If 28617 people attend a gymnastics competition, this number can be reported to
various levels of accuracy.

To the nearest 10 000 the number would be rounded up to 30 000.

To the nearest 1000 the number would be rounded up to 29 000.

To the nearest 100 the number would be rounded down to 28 600.

In this type of situation it is unlikely that the exact number would be reported.

Exercise 1.2.1

1 Round the following numbers to the nearest 1000.
a 68786 b 74245 ¢ 89000
d 4020 e 99500 f 999999
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Worked examples

2 Round the following numbers to the nearest 100.

a 78540 b 6858 c 14099

d 8084 e 950 f 2984
3 Round the following numbers to the nearest 10.

a 485 b 692 c 8847

d 83 e 4 f 997

Decimal places

A number can also be approximated to a given number of decimal places (d.p.).
This refers to the number of digits written after a decimal point.

1 Give 7.864 to one decimal place.

The answer needs to be written with one digit after the decimal point.
However, to do this, the second digit after the decimal point needs to be
considered. If it is 5 or more then the first digit is rounded up. In this case it is
6, 50 the 8 is rounded up to 9, iie.
7.864 is written as 7.9 to 1 d.p.

2 Give 5.574 to two decimal places.
The answer here is to be given with two digits after the decimal point. In this
case the third digit after the decimal point needs to be considered. As the
third digit after the decimal point is less than 5, the second digit is not
rounded up, i.e.

5574 is written as 5.57 to 2 d.p.

Exercise 1.2.2

1 Give the following to one decimal place.

a 558 b 0.73 ¢ 11.86

d 15739 e 4.04 £ 15.045

g 295 h 098 i 1204
2 Give the following to two decimal places.

a 6473 b 9.587 ¢ 16476

d 0,088 e 0.014 £ 9.3048

g 99.996 h 0.0048 i 3.0037

Significant figures

Nurmbers can also be approximated to a given number of significant figures (s.£.).
In the number 43.25, the 4 is the most significant figure as it has a value of 40.
In contrast, the 5 is the least significant as it has a value of only 5 hundredths.
If you are not told otherwise, you are expected to round any answers that are not
exact to three significant figures.
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Worked examples

1 Give 43.25 to three significant figures.

Only the three most significant figures are written, but the fourth figure needs
to be considered to see whether the third figure is to be rounded up or not.
Since the fourth figure is 5, the third figure is rounded up, i.e.

43.25 is written as 43.3 to three significant figures.
2 Give 0.0043 to one significant figure.
In this example only two figures have any significance, the 4 and the 3. The 4

is the most significant and therefore is the only one of the two to be written
in the answer, i.e.

0.0043 is written as 0.004 to one significant figure.

Exercise 1.2.3

1 Give the following to the number of significant figures written in brackets.
a 48599 (1sf) b 48599 (3sf) ¢ 6841 (1sf)
d 7538 (2sf) e 483.7 (1sf) f 2.5728 3 sf)
g 990 (1sf.) h 2045 (2s.f) i 14.952 (3sf)

2 Give the following to the number of significant figures written in brackets.
a 008562 (1sf) b 0.5932(1sf) ¢ 0942 (2sf)
d 0954 (1s.f) e 0954 (2sf) f 0.003 05 (1s.f)
g 000305 (2sf) h 000973 (2sf) i 0.00973 (1sf.)

3 Determine the following, giving your answer to three significant figures.

a 23456 x 17.89 b 0.4 x 12.62 c 18 x9.24

d 7624 +3.2 e 7.6 f 1642
A 23 >13.37 b % i 92+4

Estimating answers to calculations

Even though many calculations can be done quickly and effectively on a calculator,
an estimate for an answer is often a useful check. This is done by rounding each of
the numbers in a way that makes the calculation relatively straightforward.

1 Estimate the answer to 57 x 246.

Here are two possibilities:
i) 60 x 200 = 12000
ii) 50 x 250 = 12500.

2 Estimate the answer to 6386 + 27.
6000 + 30 = 200.
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W Exercise 1.2.4

1 Without using a calculator, estimate the answers to the following.
a 62x19 b 270 x 12 ¢ 55 x 60
d 4950 x 28 e 0.8x095 f 0.184 x 475

2 Without using a calculator, estimate the answers to the following.
a 394 87 + 42 ¢ 906 + 27
d 5520+ 13 e 48 +0.12 f 610+022

3 Without using a calculator, estimate the answers to the following.
a 7845+5102 b 1683-87.09 ¢ 2.93 +3.14
) 43 x 752 (9.8
d 842 +195 e —g f @27

4 Using estimation, identify which of the following are definitely incorrect.
Explain your reasoning clearly.

a 95 x 212 = 20140 b 44 x 17 = 748
¢ 689 x 413 = 28457 d 142656 = 8 = 17832
e 779 x 226 = 251254 £ B8 10366

5 Estimate the shaded areas of the following shapes. Do not work out an exact
answer.

A e 172m——— 5

e-3.1m—>|

A
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6 Estimate the volume of each of the solids below. Do not work out an exact
answer.

a o <——10.50m—>
o X
9em 220m
b
60& 19cm
X
- 38cm——————>
c 4cm
20cm
Faon
o
A16m

ol

-——————— 24cm——>

Percentage error
Two golfers are trying to hit a ball to a flag in a hole. The first golfer is 100m from
the hole and lands the ball 4m short. The second golfer is 20 m from the hole and
lands the ball 4m past it. They have both made a 4m error.

However, perhaps the first golfer would be happier with his result if the
percentage error was calculated.

The percentage error is calculated as follows:

absolute error % 100

Percentage error =
total amount

Percentage error for golfer 1: 7% = 4%
Percentage error for golfer 2: 55 = 2% = 20%

The first golfer’s result now looks much better.
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Worked example

When you are dealing with approximate and exact values you can use this formula.

absolute error
Percentage error = ————  x 100
total amount
v = vy
Vg

or Percentage error, v = x 100

where vy is the exact value and v, is the approximate value.

Two children estimated their heights. The first child estimated her height at 168 cm,
when in fact she was 160 cm tall. The second child estimated her height at 112cm
when in fact she was 120cm tall.

By calculating the percentage error for each child, calculate which child was better
at estimating their height.

First child’s percentage error = x 100

160 — 168
_|T x 100

=25 x 100 = 5%

Second child’s percentage error = x 100

= x 100

120 - 112
120

= 155 % 100 = 63%

Therefore the first child was better at estimating her height.

Exercise 1.2.5

1 Round the following numbers to two significant figures and calculate the
percentage error in doing so.

a 984 b 2450 c 504

2 Two golfers hit drives. Both estimate that they have hit the ball 250 m. If the
first drive is 240m and the second is 258 m, which player had the smaller
percentage error?

3 A plane is flying at 9500 m. If the percentage error is +2.5%, calculate:
a the maximum possible height that it is flying
b the minimum possible height that it is flying.

4 a On the motorway my speedometer reads 120kmh-!, but it has an error of
+1.5%. What is my actual speed?
b Ata higher speed, the car shows a speedometer reading of 180kmh-".
What is its percentage error if my true speed is 175 kmh-'?
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Standard form

Galileo was an Italian astronomer and physicist. He was the first person accredited
with having used a telescope to study the stars. In 1610 Galileo and a German
astronomer, Marius, independently discovered Jupiter’s four largest moons: Io,
Europa, Ganymede and Callisto. At that time it was believed that the Sun revolved
around the Earth. Galileo was one of the few people who believed that the Earth
revolved around the Sun. As a result of this, the Church declared that he was a
heretic and imprisoned him. It took the Church a further 350 years to officially
accept that he was correct; he was pardoned only in 1992,

Galileo Galilei  Facts about Jupiter:
(1564-1642) ¢ ha a mass of 1900000000000000000000000000kg

It has a diameter of 142800000 m
It has a mean distance from the Sun of 778000000 km

Vouwil come arose | fnumbers are written in the normal way, as here, they become increasingly

scientific notation in difficult to read and laborious to write the larger they become. We can write very

!Chhe thsics.B ! large numbers or very small numbers in the form a x 10%, where a lies in the range
stry, Bic N . e " 9 5

S 1= a < 10and the index is a positive or negative integer, which can be expressed

Diploma courses. as k € Z. This is known as writing a number in standard form or scientific notation.

A positive index

10000 = 1 x 10*
3000 =3 x 10

The number 3100 can be written in many different ways, for example:
31x10°  31x10? 031 x 10% etc.

However, only 3.1 x 10° is written in the form a x 10% where 1 <a < 10andk € Z.

1 Write down 72000 in the form a x 10%, where 1 <a < 10 and k € Z.
7.2 x 10*

2 Of the numbers below, ring those which are written in the form a x 10%,
where  <a < 10and k€ Z.

035x 100 18 x 10° 0,01 x 101

3 Multiply the following and write down the answer in the form a x 10,
where 1 <a < 10and k € Z.

600 x 4000

600 x 4000
= 2400000
=24 x 108
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Multiply the following and write down the answer in the form a x 10, where
l<a<l0andkeZ
(24 % 10%) x (5 x 107)

(24 x 10%) x (5 x 107)
= (2.4 x 5) x 10++7
=12 x 101

=12 1012

Divide the following and write down the answer in the form a x 10, where
l<a<10andke€ Z.
(6.4 x 107) + (1.6 x 10%)

(6.4 x 107) + (1.6 x 10%)
= (6.4 + 1.6) x 1073
=4 x 10

Add the following and write down the answer in the form a x 10¥, where
l<sa<10andk € Z.
(3.8 x 109 + (8.7 x 10%)

Change the indices to the same value, giving the sum:
(380 x 10%) + (8.7 x 10%)

=388.7 x 10

=3.887 x 10¢

Subtract the following and write down the answer in the form a x 10, where
l<a<l10andk € Z.
(6.5 x 107) - (9.2 x 10

Change the indices to the same value, giving:
(650 x 10°) — (9.2 x 10%)

= 640.8 x 105

= 6.408 x 107

GDCs have a button which allows you to enter a number in the form a x 10%,
where 1 < a < 10and k € Z and they will also give answers in this form if the
answer is very large.

For example, enter the number 8 x 10 into the calculator:

Casio Texas
oW | G e
o - |o|
Note: A number such as Note: A number such as
1000000000 000000 1000000000000000
would appear on the screen as would appear on the screen as

1E+ 15 1E15
You should write this as 1 x 10'5, | You should write this as 1 x 1075,
not as your calculator displays it. | not as your calculator displays it.
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Exercise 1.3.1
1 Which of the following are not in the form a x 10%, where 1 <a < 10 and k € Z1

a 62 x 105 b 7.834 x 106 ¢ 80 x 105
d 046 x 107 e 823 x 106 f 675 x 101
2 Wiite down the following numbers in the form a x 10% where 1 < a < 10and k € Z.
a 600000 b 48000000 ¢ 784000000000
d 534000 e 7million f 85 million
3 Write down the following in the form a x 10%, where | < a < 10and k € Z.
a 68x 105 b 720 x 106 ¢ 8x 105
d 0.75 x 10° e 04 x 101 f 50 x 106
4 Multiply the following and write down your answers in the form a x 10%, where
l<a<l0andke€Z.
a 200 x 3000 b 6000 x 4000
¢ 7 million x 20 d 500 x 6 million
e 3 million x 4 million f 4500 x 4000

w

Light from the Sun takes approximately 8 minutes to reach Earth. If light travels
at aspeed of 3 x 108ms!, calculate to three significant figures (s.f.) the distance
from the Sun to the Earth.

6 Find the value of the following and write down your answers in the form a x 10%,
where | <a < 10and k€ Z.

a (44 x 10°) x (2 x 109 b (6.8 x 107) x (3 x 10%)
¢ (4x10°) x (83 x 10°) d (5x 10°) x (84 x 102)
e (85 x 109 x (6 x 10%) f (5.0 x 1012)2
7 Find the value of the following and write down your answers in the form a x 10%,
where | <a< 10andk € Z.
a (3.8 x 10%) + (1.9 x 109 b (6.75 x 10°) + (2.25 x 10%)
1.8 x 1012
1y . 5 20X
c (9.6 x 10M) + (2.4 x 109 d Sox107
o L3 x 10t g 24x10°
9.2 x 10* 6.0 x 10°
8 Find the value of the following and write down your answers in the form a x 10%,
where l <a< 10andk € Z.
a (3.8 x 10%) + (4.6 x 10%) b (7.9 x 10°) + (5.8 x 10%)
(6.3 x 107) + (8.8 x 10°) d (3.15 x 10°) + (7.0 x 10)

c
e (5.3 x 10°) - (8.0 x 107) f (6.5 % 107) - (4.9 x 10)
g (893 x 10') - (7.8 x10°) h (407 x 107) - (5.1 x 106)
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Worked examples

9 The following list shows the distance of the planets of the Solar System from the
Sun.

Jupiter 778 million kilometres
Mercury 58 million kilometres
Mars 228 million kilometres
Uranus 2870 million kilometres
Venus 108 million kilometres
Neptune 4500 million kilometres
Earth 150 million kilometres
Saturn 1430 million kilometres

Write down each of the distances in the form a x 10%, where 1 < a < 10 and
k € Z and then arrange them in order of magnitude, starting with the distance of
the planet closest to the Sun.

A negative index

A negative index is used when writing a number between 0 and 1 in the form
ax 10 where ] sa< 10andk € Z.

eg. 100 =1x10°
10 =1x10t
1 =1xI10
01 1 x 10
001 =1x10-?
0001 =1x10-

0.0001 = 1 x 10-*

Note that a must still lie within the range 1 < a < 10.

1 Write down 0.0032 in the form a x 10%, where | <a < 10andk € Z.
32 x10-3

2 Write down these numbers in order of magnitude, starting with the largest.
36 x 1073 52 x10° 1x10-2 835 x 10-2 6.08 x 10-8
835x 102 1 x 102 3.6 x 103 5.2 x 10-° 6.08 x 10-8

Exercise 1.3.2

1 Write down the following numbers in the form a x 105, where I <a < 10andk € Z.
a 0.0006 b 0.000053 ¢ 0.000864
d 0.000000088 e 0.0000007 f 0.0004145

2 Write down the following numbers in the form a x 10%, where 1 <a < 10andk € Z.
a 68 x 10-° b 750 x 10~? ¢ 42 x 10-1
d 0.08 x 10-7 e 0.057x10° f 04x10-10
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1.4

3 Deduce the value of k in each of the following cases.
a 0.00025 =2.5 x 10 b 0.00357 = 3.57 x 10%
¢ 0.00000006 = 6 x 10* d 0.0042 = 1.6 x 10%
e 0.00065% = 4.225 x 10%

4 Write down these numbers in order of magnitude, starting with the largest.
3.2 x 104 6.8 x 10° 557 x 10-° 6.2 x 10°
5.8 x 10-7 6.741 x 104 8.414 x 102

S| units of measurement

A soldier in Julius Caesar’s army could comfortably march 20 miles in one day,
wearing full kit, and then help to build a defensive blockade.

The mile was a unit of length based on 1000 strides of a Roman legionary. The
measurement was sufficiently accurate for its purpose but only an approximate
distance.

Most measures started as rough estimates. The yard

(3 feet or 36 inches) was said to be the distance from the
king’s nose (reputed to be Henry I of England) to the tip of
his extended finger. As it became necessary to have
standardization in measurement, the measures themselves
became more exact.

In 1791 during the French Revolution, a new unit of
measurement, the metre, was defined in France. Originally it
was defined as ‘one ten-millionth of the length of the
quadrant of the Earth’s meridian through Paris’. This use of
this unit of measurement became law in France in 1795.

However, this measurement was not considered
sufficiently accurate and further definitions were required.

In 1927 a metre was defined as the distance between two marks on a given
platinum—iridium bar. This bar is kept in Paris.

In 1960 the definition was based on the emission of a krypton-86 lamp.

At the 1983 General Conference on Weights and Measures, the metre was

s E5 e F 1
redefined as the length of the parh ravelled by light in a vacuum in 355
second. This definition, although not very neat, can be considered one of the few
‘accurate’ measures. Most measures are only to a degree of accuracy.

Sl is an abbreviation of Systéme Intemational d’Unités. Its seven base units are listed
below.

You will come across Quantity Unit Symbol
Sl units of 7
in the Distance metre m

ey el Mass kilogram k
Physics Diploma od 9
courses. Time second s

Electrical current ampere A

Temperature kelvin

Substance mole mol

Intensity of light candela o
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The SI has other derived units. The following questions highlight some of the more
common derived units and their relationship to the base units.

W Exercise 1.4.1

1 Copy and complete the sentences below.
a Thereare _____ centimetres in one metre.

b A centimetre is part of a metre.

¢ There are metres in one kilometre.
d A metreis___ part of a kilometre.

e There are grams in one kilogram.
f A gramis part of a kilogram.

g A kilogram is part of a tonne.

h There are ______ millilitres in one litre.
i One thousandth of a litre is
j There are grams in one tonne.

2 Which of the units below would be used to measure each of the following?

millimetre centimetre metre kilometre
milligram gram kilogram tonne
millilitre litre

a Your mass (weight)
b The length of your foot

¢ Your height

d The amount of water in a glass

e The mass of a ship

f The height of a bus

g The capacity of a swimming pool

h The length of a road

i The capacity of the fuel tank of a truck
j The size of your waist

3 Draw five lines of different lengths.
a Estimate the length of each line in millimetres.
b Measure the length of each line to the nearest millimetre.

4 Write down an estimate for each of the following using the correct unit.
a Your height
b Your weight (mass)
¢ The capacity of a cup
d The distance to the nearest town
e The mass of an orange
f The quantity of blood in the human body
g The depth of the Pacific Ocean
h The distance to the moon
i The mass of a car
j The capacity of a swimming pool
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Worked examples

Converting from one unit to another
Length

Tkm is 1000m, so:

to change from kilometres to metres, multiply by 1000

to change from metres to kilometres, divide by 1000.

1 Convert 5.84km to metres.

Tkm = 1000m so multiply by 1000
5.84 x 1000 = 5840m

2 Convert 3640 mm to metres.

1m = 1000 mm so divide by 1000
3640 + 1000 = 3.64m

Exercise 1.4.2

1 Convert these to millimetres.
a 4cm b 6.2cm
e 0.88m f 3.65m

28cm
0.008m

e

2 Convert these to metres.
a 260cm b 8900cm
e 250cm f 0.4km

23km
3.8km

= e

3 Convert these to kilometres.
a 2000m b 26500m ¢ 200m
e 100m f 5000m 15000m

Mass
1 tonne is 1000kg, so:

L3

to change from tonnes to kilograms multiply by 1000
to change from kilograms to tonnes divide by 1000.
1 Convert 0.872 tonne to kilograms.

1 tonne is 1000kg so multiply by 1000,
0.872 x 1000 = 872kg

2 Convert 4200kg to tonnes.

1 tonne = 1000k so divide by 1000.
4200 + 1000 = 4.2 tonnes

Capacity

1 litre is 1000 ml, so:

to change from litres to millilitres multiply by 1000

to change from millilitres to litres divide by 1000.

d12m
h 0.23cm

d 0.75km
h 25km

d 750m
h 75600 m

33
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el ! Convert 24 € to millilitres.

1€ is 1000 ml so multiply by 1000,
2.4 x 1000 = 2400ml

2 Convert 4500 ml to litres.

1€ = 1000ml so divide by 1000
4500 + 1000 = 4.5¢

B Exercise 1.4.3

1 Convert these to kilograms.

a 2 tonne b 7.2 tonne ¢ 2800g d 750¢g

e 0.45 tonne f 0003 tonne g 6500¢g h 7000000g
2 Convert these to millilitres.

a 26€ b 0.7¢ c 0.04¢ d 0.008¢
3 Convert these to litres.

a 1500 ml b 5280 ml ¢ 750ml d 25ml

4 The masses of four containers loaded on a ship are 28 tonnes, 45 tonnes, 16.8
tonnes and 48 500kg.
a What is the total mass in tonnes?
b What is the total mass in kilograms? Write your answer in the form
ax 10% where ]l sa< 10andk € Z.
5 Three test tubes contain 0.08 ¢, 0.42 € and 220 ml.
a What is the total in millilitres?
b How many litres of water need to be added to make the solution up to 1.25 €7

Temperature scales
You will have come across two temperature scales in science lessons.
Celsius °C kelvin K

The kelvin is the official SI unit of temperature. It is identical to the Celsius scale
(in that a 1°C change is equivalent to a 1K change), except that it starts at 0K,
which is equivalent to —273 °C. This temperature is known as absolute zero.

Absolute zero = 0K = -273 °C

The table shows the conversion between Celsius and kelvin scales of temperature.

Scale Freezing point of water Boiling point of water
Celsius 0 100
Kelvin 273 373
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1.5

Currency conversions

The kingdom of the Lydian King Croesus (Lydia is now part of Turkey) is credited
as being the first to mint coins in about 560 BC. The expression ‘As rich as Croesus”
came to describe people of vast wealth.

For a substance to be used as money it must be a ‘scarce good'. It may be red
ochre, diamonds or, in some ci cigarettes. Scarce goods like gold are
called ‘commodity money’. Bank notes, which came later, are called ‘representative
money’ as the paper itself has no value, but it can be exchanged for other goods.
One pound sterling is so called because it could, on demand, be exchanged for one
pound weight of sterling silver.

‘What are the advantages and disadvantages of paper money compared to
commodity money!

The Eurozone is a term that describes those European countries that replaced
their previous currencies with one common currency, i.e. the euro.

In 2002, just after its launch, its exchange rate against the US dollar (USD or $)
was below parity, i.e one euro was worth less than one dollar.

In June 2008 before the banking crisis, one euro was worth approximately one

dollar and sixty cents. In April 2012, one euro was worth approximately one dollar
and thirty cents. The value of a bank note relative to other currencies can change,
sometimes very rapidly.

‘When changing currencies, banks take a commission (a fee). This meant that
when Europe had a large number of different currencies, traders lost money paying
these commissions and currency fluctuations meant long-term planning was
difficult for exporters.

Commission can either be a fixed sum or a percentage of the money exchanged.
In addition, when you exchange money, there are two rates; one for when selling
and another for buying. For example, a bank might buy £1 sterling (GBP) for $1.30
and sell for $1.35. So if you changed £1000 into dollars you would receive $1300 but
if you changed your dollars back into pounds you would receive 1300 + 1.35 =
£963, a cost of £37. Had they charged a percentage commission of 3%, it would have
cost £30 to make the original exchange. So you would get £970 x 1.30 = $1261.

10116465806

| 100
\J
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Worked example

The table below shows the rate at which countries entering the euro in 2002
changed their old currency for one euro.

Country Currency Exchange for 1 euro
France Franc 6.56 francs

Germany Deutsche mark 1.96 Deutsche marks
Italy Lira 1940 lire

Spain Peseta 166 pesetas

Holland Guilder 2.20 guilders

Austria Schilling 13.76 schillings
Belgium Franc 40 francs

Finland Markka 5.95 markkas
Greece Drachma 341 drachmas
Ireland Punt 0.79 punts

Portugal Escudo 200 escudos
Luxembourg Franc 40 francs

The euro became the single currency for the twelve countries above on Ist January
2002. Tt was the biggest change in currencies Europe had ever seen. By 2008
Andorra, Cyprus, Malta, Monaco, Montenegro, San Marino, Slovenia and Vatican
City had joined the euro. European countries still to join include Great Britain,
Sweden and Denmark. Why do you think these countries have not joined the euro?

Note: There is no universal agreement about whether the € sign should go before
or after the number. This depends to a great extent on the conventions that were
in place in each country with its previous currency.

Using the exchange rate in the table above, convert 15000 pesetas into guilders.

Broin the:tablé: 166 pesstas’a 1 ifo s 2:20 gaildets
166 pesétns = 2.20 giildets
T pesetn =200, T
166

15000 pesetas = % x 15000 guilders

Therefore, 15000 pesetas = 198.80 guilders.
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W Exercise 1.5.1

Using the exchange rates in the table above, convert each of the following.

You will come across
exchange rates in the
Economics Diploma
course.

1

(SRR RN - NV N )

100 Deutsche marks into French francs

500 guilder into drachmas

20000 lira into schillings

7500 pesetas into escudos

1000 Belgian francs into French francs

1 million punt into markkas

200000 lira into pesetas

3000 Deutsche marks and 1000 schillings into punts
5000 Deutsche marks into lira

2500 guilder into shillings

This gives you some idea of the many changes occurring every day in Europe
before 2002.

The pound sterling was a ‘reserve currency’. Many economists think that the

euro could become a ‘reserve currency’. What does the term mean?
Currencies change their value with respect to each other because of the change
in economic circumstances in each country.
For example, in 2002 €1 could be exchanged for $1.04. In 2008 1 euro could be
exchanged for $1.54.
The exchange rate today can be found from what is called the currency
exchange market.

In 2008, visitors to the USA from Germany would have found the country

37

cheap to visit. Americans visiting Europe would have had the opposite experience,

since their dollars did not buy as many euros as in previous years. In theory the

external exchange rate does not affect the internal worth of the currency. In
practice, because countries need to import and export goods and services, the
strength or weakness of a currency will directly affect people. For example if your
currency weakens compared to the dollar, then the cost of oil and gas, which are

priced in dollars, will increase. Sometimes a currency becomes so weak that it is

impossible to import goods. In 2008, the currency of Zimbabwe was not accepted
for overseas trade payments. The economy suffered badly and many Zimbabweans
could not find work.
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Worked example

1.6

In 2001 Kurt and his family travelled to the USA. The flights cost $1650, hotels
cost $2200 and other expenses were $4000. At that time, the exchange rate was
€1 = $1.05.

In 2008 they took the same vacation but the costs in dollars had increased by 10%.
The exchange rate was now 1 euro = 1.55 dollars.
a What was the total cost in euros in 20017
b What was the total cost in euros in 20087

a Total cost in dollars = $7850
$1.05 = €1 = $1 = €0.95
Therefore total cost in euro was 7850 x 0.95 = €7476.
b A 10% increase is equivalent to a multiplier of 1.10.
Total cost in dollars = 7850 x 1.10 = $8635
$155 = €1 = $1 = €0.65
Therefore total cost in euros was 8635 x 0.65 = €5613.

Exercise 1.5.2

1 The rate of exchange of the South African rand is £1 = 12.8 rand.
£1 = 1.66 US dollass.
a How many pounds could be exchanged for 100 rand?
b How many rand could be exchanged for $1000?

2 An apartment in Barcelona is offered for sale for €350000. The exchange rate is
£1 =€1.24.
a What was the cost of the apartment in pounds?
b The value of the pound against the euro increases by 10%. What is the new
cost of the apartment in pounds?
3 The Japanese yen trades at 190¥ to £1. The dollar trades at $1.90 to the pound.
a’ What is the yen—dollar exchange rate?
b What is the dollar—yen exchange rate?
4 The Russian rouble trades at 24 roubles to $1. The Israeli shekel trades at
3.5 shekels to $1.
a What is the rouble—shekel exchange rate?
b What is the shekel—rouble exchange rate!
5 Gold is priced at $930 per ounce. 16 ounces = 1 pound weight.
a What is the cost of 1 ton (2240 pounds) of gold?
1 dollar = 0.62 euros and 1 dollar = 41 Indian rupees.
b What does I ton of gold cost in rupees?
¢ What does 1 ton of gold cost in euros?
d What weight (in ounces) of gold could be bought for 1 million euros?

Graphical solution of equations

A linear equation, when plotted, produces a straight line.
The following are all examples of linear equations:

y=x+1 y=2x-1 y=3x y=-x-2 y=4

They all have a similar format, i.e. y = mx + c.
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Intheequation y=x+1, m=landc=1
m=2andc= -1
m=3andc=0
m=-landc=-2
m=0andc=4
Y, Y, Y,
=2x-1 yaax
5 2 A1 0| X B8 2 40 X B 2 i x
Y, ¥,
y<4
ly=1x-2
& B B0 X 4
4B 2 Ho x

In Section 5.1 plotting and solving linear equations are studied in more detail. In
this section we look exclusively at how to use your GDC and graphing software to
draw linear graphs and to solve simple problems involving them.
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Using a GDC or graphing software to plot a
linear equation

In the Introduction to the graphic display calculator you saw how to plot a single
linear equation using your GDC. For example, to graph the linear equation
y=2x+3:

Casio

seTup o ,

5 ]
ool /|

iV L A

With graphing software too, the process is relatively straightforward:

Autograph

Select =5, and enter the equation.

Note: To reposition the graph on the screen use ') . To change the
scale on the axes use

GeoGebra

Type f(x) = 2x + 3 into the input box.

Note: To reposition the graph on the screen use @ To change the

scale on the axes select ‘Options’ followed by ‘Drawing pad’.

Unless they are parallel to each other, when two linear graphs are plotted on the
same axes, they will intersect at one point. Solving the equations simultaneously
will give the coordinates of the point of intersection. Your GDC and graphing
software will also be able to work out the coordinates of the point of intersection.
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Tt Find the point of intersection of these linear equations.
y=2x~landy =$x+2

Using a GDC:

Casio

serup

@ and entery = 2x — 1, @
Entery:%x+2, @

=
47D to graph the equations.

to select

Gsoly
@™ @ followed by
‘intersect’ in the ‘graph solve’ menu. The
results are displayed at the bottom of the
screen.

15T

w2 v

Note: Equations of lines have to be entered in the formy = ...,
e.g. the equation 2x — 3y = 9 would need to be rearranged to make

y the subject, i.e.y = ZX; 9 ory= %x -3,
Texas
Floti Plot2 Flot3
and entery =2x — 1, &
S N © | L

Theny:%x+2,ﬂ

) to graph the equations.

followed by m to

select ‘intersect” in the ‘graph calc’ menu.

Once the two lines are selected using n
the results are displayed at the

bottom of the screen.

Intersection
gz s =3

Note: See the note for the Casio above.
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Using graphing software:

Autograph

Select =& and enter each equation ™
in turn.

Use [} and select both lines.

Click on "Object’ followed by the
‘solve f(x) = g(x)" sub-menu.

Click to display the ‘results box'.

Note: To select the second line, keep the shift key pressed.

GeoGebra

Enter f(x) = 2x - 1 and g(x):%x+2 in
the input field. & o
Enter ‘Intersect [f(x), g(x)]" in the i
input field.

The point of intersection is displayed
and its coordinate written in the
algebra window.

= M Exercise 1.6.1

1 Using either a GDC or graphing software, find the coordinates of the points of
intersection of the following paits of linear graphs.

ay=5-xandy=x-1 by=7-xandy=x-3
¢ y=-2x+5andy 1 dx+3y=-landy=3x+3
e x—y=6andx+y=2 f3x-2=13and2x+y=4
g 4x-5y=land2x+y=-3 hox=yandx+y+6=0

i 2x+y=4anddx+2y=8 j y-3x=1landy=3x-3

2 By referring to the lines, explain your answers to parts i and j above.
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Quadratic equations

An equation of the form y = ax® + bx + ¢, in which the highest power of the
variable x is 2, is known as a quadratic equation. The following are all examples of
quadratic equations:

y=R+2-4 y=-32+x+2 y=2 y=i2+2

When plotted, a quadratic graph has a specific shape known as a parabola. This will
look like

A=\

Depending on the values of a, b and c, the position and shape of the graph will
vary, e.g.

y=-pRax+4
yexi-aced Y
y
7
4
4
1
— T —T ] ——
1 45 123456 7%

a=1,b=-3andc=4

a=-Lb=1andc=4

Solving a quadratic equation of the form ax? + bx + ¢ = 0 implies finding where
the graph crosses the x-axis, because y = 0 on the x-axis.

In the case above of —3x + x + 4 = 0, we can see that the graph crosses the
x-axis at x = —2 and 4. These are therefore the solutions to, or roots of, the
equation. In the case of x? + 3x + 4 = 0, the graph does not cross the x-axis.
Therefore the equation has no real solutions.

(Note: There are imaginary solutions, but these are not dealt with in this textbook.)



44  NUMBER AND ALGEBRA

A GDC can also be used to find the solution to quadratic equations:

Casio

SETUP o

@ e and entery:—%x2+x+4,
gar
@ @7 to graph the equation.

o vscs
@™ followed by 7T to select

‘Root’ in the ‘graph solve’ menu.

Use to find the second root.

The results are displayed at the bottom of
the screen.

Texas

and entery:—%x2+x+4, n

to graph the equation. / \

followed by m to select

‘zero’ in the ‘graph calc’ menu. H\

V1= - Enz+n+y

LeftEound?
w=-e5E3181 IW=-1 812585

Use and follow the on-screen

A

prompts to identify a point to the left
and a point to the right of the root, in Zero
order for the calculator to give the root. Lk L)
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Alternatively, graphing software can be used:

Autograph

Select =% and enter the equation

Use [ and select the line.

Click on ‘Object’ followed by the
‘solve f(x) = 0’ sub-menu.
Results Box 7 x

Click to display the "results box'. Equation Solver.
play Solution: x=-2, y=0
Solution

, y=0

GeoGebra

Enter f(x) = -%xz +x+4in
the input field.

Enter ‘Root [f(x)]’ in the
input field.

The solutions are displayed
and their coordinates
written in the algebra
window.
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Exercise 1.6.2

Using either a GDC or graphing software:
i) graph the following quadratic equations
ii) find the coordinates of any roots.

lay=x2-3x+2 by=xX+4x-12
c y=-2+8x-15 dy=x+2x+6

e y=-x+x+4

2a y=td-4x-3 b 4y=—x+6x+16

¢ =2y=2+10x+125

Arithmetic sequences and series

Leonardo Pisano (1170-1245), known today as Fibonacci, introduced new methods
of arithmetic to Europe, from the Hindus, Persians and Arabs. He introduced the
sequence 1, 1, 2,3, 5,8, 13, ..., which is now linked with the name Fibonacci and
occurs widely in nature and architecture.

He also brought the decimal system, algebra and a new method of multiplication
to Europe. Leonardo ‘Fibonacci’ has been described as the most gifted
mathematician of the middle ages.

Blaise Pascal (1623-1642) was a genius who studied geometry as a child. At the age
of sixteen he stated and proved Pascal’s theorem which connects any six points on any
cone. The theorem is sometimes called the ‘Cat’s Cradle’. He founded probability
theory and contributed to calculus. In his work on sequences and probability he is best
known for Pascal’s triangle. This is a triangle with rows as shown:

Each number in a row is the sum of the two numbers diagonally above it.
A sequence is a collection of terms arranged in a specific order, where each term
is obtained according to a rule. Examples of some simple sequences are given below.
2,4,6,8,10 1,4,9,16,25 1,2,4,8,16
1,1,2,3,58 1,8,27,64,125  10,5%%%
Discuss with another the student the rules involved in producing the sequences
above.
The terms of a sequence can be expressed as u;, uy, u5, .. , , where
uy is the first term
u, is the second term

u, is the nth term

Therefore in the sequence 2, 4, 6, 8, 10, u, = 2, u, = 4, etc.
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Arithmetic sequences

In an arithmetic sequence there is a common difference (d) between successive
terms, e.g.

eg3 6 9 12 15
N e AN
+3 +3 +3 +3 d=3
7 2 -3 -8 -13
R o A A 4
-5 -5 -5 -5 d=-5

Formulae for the terms of an arithmetic sequence
There are two main ways to describe a sequence.
1 A term-to-term rule, known as a recurrence relation.
Tn the followingsequerice;
7 12 17 2 27
B WS W D A
+5 +5 +5 +5

the recurrence relation is +5, i.e. u, =

L+ 5 uy = u, + 5, ete.

The general form is therefore written as u_,, = u_+ 5, u, = 7, where u_ is the
nth term and w_,, is the term after the nth term.

Note: It is important to give the value of one of the terms, e.g. u, so that the
exact sequence can be generated.

2 A formula for the nth term of a sequence.
This type of rule links each term to its position in the sequence, e.g.
Position 1 2 3 4 5 n
Term 7 12 17 22 27

We can deduce from the figures above that each term can be calculated by
multiplying its position number by 5 and adding 2. Algebraically this can be
written as the formula for the nth term:

w,=5n+2

A GDC can be used to generate the terms of a sequence from the recurrence
relation. For example, to calculate u,, u, and u, for the sequence u, , = 2u -5,
u, = 1, the following can be done:
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Casio
— @ This enters the first term. T '
@ -
v Ans X Q -3
OO0 D
. . priad
This fetches the previous answer and
substitutes it into the equation.
0o : ‘
2Ans-S
-
This enters the previous answer back into -27
the original recurrence relation and

generates the required terms.

Texas

m ﬂ This enters the first term. T
1
2Ans-5
-3
olwlololole B

This fetches the previous answer and
substitutes it into the equation.

1
1
2ANs—35 3
This enters the previous answer back into -11
the original recurrence relation and x 27

generates the required terms.

Therefore u, = =3, u; = ~11l and u, = -27.
Note: This sequence is not arithmetic as the difference between successive terms
is not constant.

With an arithmetic sequence, the rule for the nth term can be easily deduced by
looking at the common difference, e.g.

Position 1 2 3 4 5
Term 1 5 9 13 17w =4n-3

Term 7 9 11 13 15 u =In+5
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Worked examples

Position 1 2 3 4 5
Term 12 9 6 0 u,=-3n+15
N~ A A T 7

=3 =3 -3 =3

The common difference is the coefficient of n (i.e. the number by which n is
multiplied). The constant is then worked out by calculating the number needed to
make the term.

1 A sequence is described by the following recurrence relation:
Uy = 4w, =30 =12

Calculate u,, u; and y and state whether the sequence is arithmetic or not.
u, = 4u, — 3 thereforeu, =4 x 2 -3 =5
uy = 4u, — 3 therefore u; = 4 x 5 — 17
uy = 4us - 3 therefore u, = 4 x 17 -3 = 65

The sequence is not arithmetic as the difference between terms is not constant.

2 Find the rule for the nth term of the sequence 12, 7, 2, -3, -8....

Position 1 2 3 4 5
Term 12 g 2 -3 -8 w=-Sn+17
PP AN P AN
-5 -5 -5 -5

Exercise 1.7.1

1 For each of the following sequences, the recurrence relation and u, are given.
Calculate ), u; and 1y and state whether or not the sequence is arithmetic.

A, =u +5u =3 bty = 24—y = 1
ey = —4u,+ L =0 dun =3 u,u=5
e, =—4+u,u=28 £, _%“n"'ﬁ:_g

5 Pbresdiifibefoilwingseuerices:

i) deduce the formula for the nth term
ii) calculate the 10th term.
a 5,8 11,14, 17 b 0,4,8,12,16
¢ 3142835 44 d63,0,-3,-6
e -7,-4,-1,2,5 f -9,-13,-17, =21, -25
3uGopyuniteonpleresadycf e dlivmnprbledovnganimsnemsnmens:
a e
[Positon [ 1 [ 2 [ s ] IEEREN
|Term | | | | 5 | |4n73|
b | Position | 1 | Z | 5 | | | n |

|Term | | | | 59 | 449 |6n71|
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¢ | Position | 1 | | | | 100 | n |
| Term | | 0 | -5 | 7 | | n+3 |
d | Position | 1 | 2 | 3 | | | n |
|Term | 3 | [} | 3 | 24 | 294 | |
e | Position | | 5 | 7 | | | n |
| Term | 1 | 10 | 16 | 25 | 145 | |
f | Position | 1 | 2 | 5 | | 50 | n |
| Term | 55 | ] | | EN | | |

s

For each of the following arithmetic sequences:
i) deduce the common difference d
i) write down the formula for the nth term
iii) calculate the 50th term.
a 5,9,13,17,21 b
c -10, 2 d
e = =50, 1 = 18 £ ug = 60, up, = 39

w

Judi invests $200 in a bond which pays simple interest of 12.5% per year. She
receives a cheque each year for the interest. How many years is it before the
bond pays for itself?

Series

When the terms of a sequence are added together, the sum is called a series. There
is specific notation associated with series, with which you will need to be familiar.

Consider the arithmetic sequence 3, 6,9, 12, 15, ...
S, is used to describe the sum of the first n terms of a sequence.
S, therefore denotes the sum of the first four terms of the sequence, i.e.

S,=3+6+9+12=30

The Greek letter X is also used to indicate that the terms of a sequence are to be
added. In the sequence above, the formula for the nth term is u = 3n.

i
Z‘Bn denotes that the first to the fourth terms of the sequence %, = 3n are to be
added:

s
Zl‘.?n=3+6+9+12=30

5
Similarly )53" denotes that the sixth to the eight terms of the sequence 1, = 3n are
to be added:

5
§3n=18+21+24=63
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Worked examples

& &

1 Wite down in fullthe terms of the series 321 - 6
)j:Zn—6=-4+—Z+O+Z+4

2 Determine 3(-n + 4).
é(-n+4)=1+o+-1+-z+-3=-5

3 Write the series 0 + % +1+ l% +2+ Z% using the X notation.

The formula for the nth term is u, = in — 1
i 3 &1 1
Therefore the series can be written as 3(4n —
T

The sum of an arithmetic series

Consider the sum of the first 100 positive integers, ie. 1 +2 +3 + ...+ 98 + 99
+ 100. There is an efficient way of calculating the sum of the numbers without
bainip te sad hieatall s by ohe.

1+2+3+44+5+6+...+95+96+97+98 +99 + 100
> 7

The terms of the series can be paired up as shown above. The sum of each pair is
101 and there are 50 pairs. Therefore the sum of the series is 50 x 101 = 5050.
This can be generalized for any arithmetic series as

S, = %(ul +u)

where u, is the first term, w, the last term in this case and n is the number of terms.
The nth term u, can also be written in terms of u,, n and d (the common
difference).

Consider the sequence 2, 5,8, 11, ... To calculate the 20th term, we can use
the formula for the nth term, u, = 3n — 1, or we can consider how many times the
common difference d needs to be added to the first term in order to reach the
20th term:

2 5 8 1Lows
R 4 N 4 - 4
+3 +3 +3

To get to the 2nd term, +3 is added once to the 1st term (2). To get to the 3rd
term, +3 is added twice to the 1st term. Therefore to get to the 20th term, +3 will
be added 19 times.

o =2+ (19% 3) = 59

In general terms u, = u, + (n — 1)d
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If this is substituted for u, in the formula S, = %(u1 + u,), then another formula for
S, is derived.

S =%(u1 +uy + (n—1)d)

S, = 52w + (n—1)d)

For the sequence 2, 5, 8, 11, ..., the value of $,, = % (2 x2+(20 - 1)3) = 610.

You can also use your GDC to calculate the sum of an arithmetic sequence. Although
you will be expected to show your working in an exam, the GDC will allow you to
quickly check your answer.

»
For example, to evaluate X(3n ~ 1):

Casio

Trace T G Trace p——
S>BE S [
to access the ‘sum’ function within the
‘List” menu.

o G-Solv lList|Lom[Dim][Fill]5Seq ]

A@ @) toselect ‘sequence’. = il i
To define the sequence, type (3X-1, X, Sum Seal3X-1,%,1,20:1
1, 20, 1). This means (nth term, variable, ] 610
starting position, finishing position,
increment).
@ ListilonDimlFilllsed e

Texas

T sum(sed(
sTAT

to access the ‘sum’ function within the
'MATH’ menu.

BON

to select ‘sequence’ from the OPS menu.
To define the sequence, type (3X - 1,
X, 1, 20, 1). This means (nth term,
variable, starting position, finishing
position, increment).

(A

suM(seq(3X-1:%51
228,12
618
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0
Worked examples [IERSIONGI gzm

This is the sum of the first 100 even numbers.

Sio0 =2 (2 x 2 + (100 - 1)2) = 10100

1o
2 Determine ?:u(ln - 8).
This is the sum of the 50th to 100th terms of the sequence u, = 2n — 8.

For this sequence the common difference d = 2.
The sum can be calculated in two ways.

10 10 2
i) E(Zn -8) = ;(Zn —-8) - )‘Z(zn -8
= 9300 - 2058
= 1242
Lom
ii) E(Zn —8) = ugy +ugy + e+ Uy
=92+94+ ...+ 192
ie.u =92,n=5,d=2
10
Therefore = E(Zn -8)= %(2 x 92 + (51 - 1)2) = 1242
3 Four consecutive terms of an arithmetic sequence are x + 8, 2x + 6, 4x — 8 and
3x + 14,
Calculate the sum of the four terms in terms of x.
b Calculate the sum of the four terms.

x+8+ 2x+6+4x— 8+ 3x + 14 = 10x +20

®

®

o

The common difference d = 2x + 6 — (x + 8) = x — 2
The common difference d is also = 4x — 8 — (2x + 6) = 2x - 14
Therefore x -2 =2x - 14

x=12
The sum of the four terms = 10x + 20
10 x 12+ 20
= 140

B Exercise 1.7.2
1 Find the sum of each of the following arithmetic series.
a3+8+13+... 453 bii4leste . +60f
¢ 21+17+13+...+-43 d 100 + 95 + ... + -100
2 Determine each of the following.
a S b i:n(ﬂ = 10)
T T2

2 :
¢ X0n-50)  d YF+4)
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& 1.8

w

The second and sixth terms of an arithmetic series are —2 and 10 respectively.
Calculate:

a the common difference

b the Ist term

¢ the 20th term

d Sy

The tenth term of an arithmetic series is 18.5. If S, = 95, calculate:
a the first term
b the common difference
¢ Sy

S

v

The fifth, sixth and seventh terms of an arithmetic series are 3 — 3m, m — 9,
9 — m respectively. Calculate:

a the common difference

b the first term

¢ the sum of the first ten terms.

o

The fourth term of an arithmetic series is twice the first term x.
If the tenth term is 24, calculate:

a the common difference in terms of x

b the first term

¢ the sum of the first ten terms.

~

The first term of an arithmetic series is 19 and the last term is —51. If the sum of
the series is — 176, calculate the number of terms in the series.

@

A child builds a triangular structure out of bricks. The top three rows are shown.

Each row has one brick fewer than the row beneath it.
a Show that, if the structure has n rows, the total number of bricks used is

given by the formuls S, = % (n+1).

3

If the structure has 78 bricks, how many rows has it?
If the child has 200 bricks, what is the maximum number of rows his structure
can have?

o

Geometric sequences and series

So far we have looked at sequences where there is a common difference between
successive terms. There are, however, other types of sequence, e.g. 2, 4, 8, 16, 32.
There is clearly a pattern to the way the numbers are generated as each term is
double the previous term, but there is no common difference.
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A sequence where there is a common ratio (r) between successive terms is
known as a geometric sequence. For example:

2 4 8 16 32
s A A 4
x2 x2 x2 x2 r=12

As with an arithmetic sequence, there are two main ways of describing a geometric
sequence.

1 The term-to-term rule.
For example, for the following sequence,

3 6 12 24 48
R A A A
x2 x2 x2 x2

u, = 2u, uy = 2,

the general rule is 1, = 2u,, ;= 3.

N

The formula for the nth term of a geometric sequence.
As with an arithmetic sequence, this rule links each term to its position in the
sequence. For example, for the following sequence,

Position 1 2 3 4 5 n
Term 3 6 12 24 48

to reach the second term, the calculation is 3 x 2 or 3 x 2!
to reach the third term, the calculation is 3 x 2 x 2 or 3 x 22
to reach the fourth term, the calculation is 3 x 2 x 2 x 2 or 3 x 2%
In general therefore
-1

u, = uyr

where u, is the first term and r is the common ratio.

B Exercise 1.8.1

1 Deduce which of the following are geometric sequences and which are no.
a2,6185  b25511 ¢ 1,4,9,16

1234 1248
d -3,9,-27,81 e 3,533 f 3557
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2 For the sequences in question 1 that are geometric, calculate:
i) the common ratio r
ii) the next two terms
iii) a formula for the nth term.
3 The nth term of a geometric sequence is given by the formula u, = -6 x 21,
a Calculate uy, u, and u
b What is the value ofn, ifu, = -768?

4 Part of a geometric sequence is given below.
-1 64,

a the common ratio 1
b the value of u,
¢ the value of sy

sy, 64, _ whereu, = —1 and u; = 64, Calculate;

Geometric series

A geometric series is one where the terms of a geometric sequence are added
together. For example, for the following geometric sequence,

Position 1 0] 3 4 5 6
Term 5 10 20 40 80 160

the formula for the nth term is u, = 5 x 271,

Therefore the sum of the series above is given by:
522" =51+ 2 +4+8+ 16 +32) =315

A formula for the sum S of a geometric series can be derived as follows:
S, =y +ur+urt +upd + o put
Multiplying by r: 1S, = wyr + up? + up® + o+ up™ + ug?
Subtracting the first equation from the second gives:
1S, = S, = -,
S,r-1) =u(m-1)

Thendfore 5, =hr=1)

R r#l

where w, is the first term, 7 is the common ratio and n is the number of terms.
This form of the formula is particularly useful whenr > 1 orr < —1.

Tewe miliply’S, % s variation of the formila i abtairied:

-1
_w(l-m)
TTT-r

This form is more useful when —1 < r < 1 as it avoids working with negative values.

S, r#zl
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It A series is as follows:

4+12+36+ 108 +...+ 26244
a Calculate the number of terms in the series.
b Calculate the sum of the series.

Using a calculator we can find that 3% = 6561

Therefore 38 = 371, which implies 8§ =n — 1,ie.n=9.
There are nine terms in the series.

_we - 1)
=

431
3=

bS,

u = 4,r=3andn=9

A =39364

This can be checked using your GDC as shown on page 52.

B Exercise 1.8.2

1 For each of the following geometric series, calculate:
i) the value of the common ratio r
ii) the sum of the first 10 terms.

a§+%+%+l+2 b—%+§—1+3—9
¢ 5+ 75+ 11.25 + 16.875 d 10+ 1+0.1+0.01+0.001
2 For each of the following geometric series, the first three terms and the last term
are given.

i) Find the number of terms n.
ii) Calculate the sum of the series.

a 1+3+9+ .. +2187 bi+dede s
c8—4+2—...+% da+ar+a’+ .. +a™!

@

Determine each of the following.

5 7 8 gnt
a X4 b X2(3)"2 ¢ X 7
T T i

s

In a geometric series, u, = +and ug = 72. Calculate:
a the common ratio 1
b the first term u,
¢ the value of S,.

5 Three consecutive terms of a geometric series are (p — 2), (—p + 1) and (2p —2).
a Calculate the possible values of p.
b Calculate the term before (p — 2) assuming p is the larger of the values in
part a.
¢ Ifu, = (p - 2), caleulate S



58 NUMBER AND ALGEBRA

6 A new strain of a virus is detected in one patient in a hospital. After 3 days, 375
new cases of the virus are detected. Assuming the number of new cases continues
to grow as a geometrical sequence, calculate:

a the number of new cases after 7 days
b the total number of infected people after 7 days.

Infinite geometric series

For all the series considered so far, if the series was continued, the sum would
diverge (continue to grow). However, this isn’t always the case: for some series, the
sum converges to a value. For example, in the following series,

4 + 2 + 1 + % + %
A AN A 4
S

the amount being added each time decreases. This is represented visually in the
diagram below.

/ :
3
2 4
ol
z
;
2

1 1
The area of each shape represents a term in the series. The total area of the large
rectangle is 8. This suggests that the sum of the series, if continued infinitely, would
alsobe 8, ie. S, =8

This can be proved algebraically using the formula S, M

(Note: The alternative version of the formula is used since =1 <7 < 1.)

8(1-7)

Asn— w, (4"~ 0. Therefore S,, = 8(1 = 0) =
(1=
T

becomes S = for an infinite geometric series,

In general S,
as(1 =) - Lasn —oa,

Therefore if =1 < r < 1, the sum to infinity of a series will have a value.
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Worked example

1.9

A sequence is defined by u, = 3(3)""".

Caleulate uy, 1, and ;.

- »

Wite down the values of u, and .

Calculate the sum of the infinite series 23(3)"™.
1

o

™

Exercise 1.8.3
1 Calculate the sum to infinity of the following series
a 18+6+2+3+.. b -8+4-2+1- ..
¢ legrihrdst d7+2+3+ 5+
2 Evaluate the following sums to infinity.
& 1y =, 3 & &5
2 5[ b o3 4 55
1 1 5 10
3 The second term of a geometric series is 3. The sum to infinity of the same series

is 6. Calculate:
a u b the common ratio r.

S— 1 p— ’
4 In a geometric series u; + u, = 12. If r = 3, find the sum of the infinite series.

Simple interest and compound interest

Interest is money added by a bank or building society to sums deposited by
customers, or money charged to customers for borrowing. The money deposited or
borrowed is called the capital. The percentage interest is the given rate and the
money is usually left or borrowed for a fixed period of time.

Simple interest

The following formula can be used to calculate simple interest:

where I = the simple interest paid
C = the capital (the amount borrowed or lent)
n = number of time periods (often years)
= percentage rate.
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1 Find the simple interest earned on €250 deposited for 6 years at 8% p.a.

Crn
=100
[_250x8x6

100
I1=120

The interest paid is €120.

2 How long will it take for a sum of €250 invested at 8% to earn interest of €807
Crn
=T
250 x8 xn
H0 = 100
8000 = 2000n
n=4

It takes 4 years for €250 to earn €80 of interest.

w

1
What rate per year must be paid for a capital of $750 to eamn interest of $180 in
4years!

Crn

=T
750 x r x 4
180:—loo

180= 30r
r=6%

A rate of 6% must be paid for $750 to earn interest of $180 in 4 years.

The total amount A after simple interest is added is given by the formula

Cm
A=C+ 1o
This can also be written as A = C + n x 105,
Compate this with the formula for the nth term of an arithmetic sequence used in
Section 1.7:

u, = uy + (n = 1)d

In simple interest calculations, the final amounts after each year (A) form an

. . . " Cr
arithmetic sequence with first term #; = C and common difference d = —=.

100
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W Exercise 1.9.1

All rates of interest are annual rates.

1 Find the simple interest paid in each of the following cases.

Capital Rate Time period
a NZ$300 6% 4 years
b £750 8% 7 years
¢ 425 6% 4 years
d 2800 baht 45% 2 years
e HK$880 6% 7 years
2 How long will it take for the following amounts of interest to be earned?
C R I
a 500 baht 6% 150 baht
b 5800¥ 4% 950¥
¢ AU$4000 7.5% AU$1500
d £2800 8.5% £1904
e €900 4.5% €243
f 400Fc 9% 252Ft
3 Calculate the rate of interest per year which will earn the given amount of
interest in the given time period.
Capital Time period Interest
a €400 4 years €1120
b US$800 7 years US$224
¢ 2000 baht 3 years 210 baht
d £1500 6 years £675
e €850 5 years €340
f AU$1250 2 years AU$275
4 Calculate the capital required to earn the interest stated in the number of
years and with the rates given.
Interest Time period Rate
a 80Ft 4years 5%
b NZ$36 3 years 6%
¢ €340 5 years 8%
d 540 baht 6 years 1.5%
e €540 3 years 45%
f US$348 4 years 7.25%
5 What rate of interest is paid on a deposit of £2000 that earns £400 interest in
5 years?
6 How long will it take a capital of €350 to earn €56 interest at 8% per year?

-

A capital of 480Ft earns 108 Ft interest in 5 years. What rate of interest was
being paid?

@

A capital of €750 becomes a total of €1320 in 8 years. What rate of interest
was being paid?

©

AUS$1500 is invested for 6 years at 3.5% per year. What is the interest earned

10 500 baht is invested for 11 years and becomes 830 baht in total. What rate of
interest was being paid? 1
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S &

Worked example

Compound interest

In this section we move on from simple interest to look at compound interest. For
the first time period, there is no difference between the two types: a percentage of
the capital is paid as interest. However, simple interest is calculated using the
original amount whereas compound interest is paid on the total amount, which
includes the interest paid in the first time period. Simple interest has few
applications in real life: when we talk about interest in real life, it will usually be
compound interest. If you have a savings account the money in it will earn
compound interest and when people take out a loan they will pay compound
interest on the money they have borrowed.

For example, a builder is going to build six houses on a plot of land in Spain. He
borrows 500000 euros at 10% p.a. and will pay off the loan in full after 3 years,
when he expects to have finished building the houses and to have sold them.

At the end of the first year he will owe:

€500000 + 10% of €500000 i.e. €500000 x 1.10 = €550000
At the end of the second year he will owe:

€550000 + 10% of €550000 i.e. €550000 x 1.10 = €605000
At the end of the third year he will owe:

€605000 + 10% of €605000 i.e. €605000 x 1.10 = €665500
The amount of interest he has to pay is:

€665 500 — €500000 = €165 500

The simple interest is €50000 per year, i.c. a total of €150000.
The difference of €15500 is the compound interest.

The time taken for a debt to grow at d interest can be
in the example below.

d as shown

How long will it take for a debt to double with a compound interest rate of 27% p.a.?
An interest rate of 27% implies a multiplier of 1.27.

|Time (vears) | o | 1 | 2 | 3 |
|Debt | c | 127C | 1272C=161C | 127%C=2.05C |

- SIS G WU S SR
X 127 X127 X127
The debt will have more than doubled after 3 years.

Using the example of the builder’s loan above, if C represents the capital he
borrows, then after 1 year his debt will be given by the formulas

7 ) )
D=C (1 + W)' where 1 is the rate of interest.

This is a geometric sequence.
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Worked examples

AfterZyears:D=C(l m)(l W)

;
AbierBiyenrssDim C(l W)( 100)(“%)
KhermyearssDiniCs (1 + W)

This formula for the debt includes the original capital loan. By subtracting C, the
compound interest is calculated.

_—
1=c(1+ )¢

Compound interest is an example of a geometric sequence. You studied geometric
sequences in more detail in Topic 1.8.

The nth term of a geometric sequence is given by:
!

u, = upr™

Compare this with the formula for the amount of money earning compound

interest at 1%:

A=c(t+ )
100,

Note: The differences between this and the formula for calculating compound

interest. u_ is analogous to the amount in an account, A, but n is used differently in

the two formulae. The initial amount in an account, C, is when n = 0 whereas the

first term of a geometric sequence, uy, is when n = 1. r represents the common

difference in the formula for the nth term of a geometric sequence. The common

difference in a sequence of the amount of money in an account earning compound

interest is (1 + —) where r is the rate of interest.

100/
The interest is usually calculated annually, but there can be other time periods.
Compound interest can be charged or credited yearly, half-yearly, quarterly,
monthly or daily. (In theory, any time period can be chosen.)

1 Alex deposits €1500 in his savings account. The interest rate offered by the
savings account is 6% compound interest each year for a 10-year period.
Assuming Alex leaves the money in the account, calculate how much interest
he has gained after 10 years.

1) - 15%

I=2686.27 — 1500 = 1186.27

The amount of interest gained is €1186.27.

I= 1300(1 +
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2 Adrienne deposits £2000 in her savings account. The interest rate offered by the
bank for this account is 8% compound interest per year. Calculate the number of
years Adrienne needs to leave the money in her account for it to double in value.

An interest rate of 8% implies a common ratio of 1.08.

This can be found by generating the geometric sequence using the recurrence
rule u_,, = u, x 1.08 on your calculator as shown on page 48. Think of the
initial amount as uy.

u, = 2000 x 1.08 = 2160

u, =2160 x 1.08 = 2332.80
uz = 2332.80 x 1.08 = 251942

1y = 3998.01
o= 4317.85

Adrienne needs to leave the money in the account for 10 years in order for it to
double in value.

w

Use your GDC to find the compound interest paid on a loan of $600 for 3 years
at an annual percentage rate (A.P.R.) of 5%.

The total payment is $694.58 so the interest due is $694.58 — $600 = $94.58.

Use a GDC to calculate the compound interest when $3000 is invested for 18
months at an APR of 8.5%. The interest is calculated every 6 months.

=

WNotet Thesinnesedeenchtine period of 6 ontisns D%, Thiecewll
therefore be three time periods of 6 months each.

3000 x 1.0425} = £3398.99
The final sum is $3399, so the interest is $3399 — $3000 = $399.

M Exercise 1.9.2

1 A shipping company borrows $70 million at 5% p.a. compound interest to build
a new cruise ship. If it repays the debt after 3 years, how much interest will the
company pay?

~

A woman borrows €100000 for home improvements. The interest rate is 15%
p-a. and she repays it in full after 3 years. Calculate the amount of interest

she pays.

3 A man owes $5000 on his credit cards. The APR is 20%. If he doesn’t repay any
of the debt, calculate how much he will owe after 4 years.

s

A school increases its intake by 10% each year. If it starts with 1000 students,
how many will it have at the beginning of the fourth year of expansion?

w

8 million tonnes of fish were caught in the North Sea in 2005. If the catch
is reduced by 20% each year for 4 years, what weight is caught at the end of
this time?

o

How many years will it take for a debt to double at 42% p.a. compound interest?
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7 How many years will it take for a debt to double at 15% p.a. compound interest?

8 A car loses value at a rate of 15% each year. How long will it take for its value
to halve! Give your answer in years and months.

9 $3600 is invested for 18 months at 9.5% APR compound interest. What is the
total interest paid when interest is calculated:

a annually
b halfyearly
¢ monthly?

10 €960 is invested for two years at 7.5% APR. What is the total interest paid

when it is compounded:
a annually
b every 6 months
¢ monthly?

B Student assessment 1

Diagrams are not drawn to scale.

1 State whether each of the following numbers is
rational or irrational.

a 16 b 43
¢ 0.7 4073
e 121 fr

N

Round each of the following numbers to the
degree of accuracy shown in brackets.

a 6472 (nearest 10)

b 88465 (nearest 100)

¢ 64785 (nearest 1000)

d 6.7 (nearest 10)

Round each of the following numbers to the
number of decimal places shown in brackets.
a 3.84 (1dp.) b 6.792 (1d.p.)

¢ 0.8526 (2d.p.) d 15849 (2dp.)
e 9.954 (1d.p.) £ 0.0077 3 dp.)

Round each of the following numbers to the
number of significant figures shown in brackets.
a 426 (1sf) b 5432 (2s£)

¢ 00574 (1 s£) d 48572 (25£)

e 687453 (1sf) 687453 (3 s£)

5 A cuboid’s dimensions are given as 12.32cm by
1.8cm by 4.16cm. Calculate its volume, giving
your answer to three significant figures.

w

'S

6 1 mile is 1760 yards. Estimate the number of
yards in 11.5 miles.

7 Estimate the answers to the following. Do not
work out an exact answer.

53 x 112 087
BT b @y
188 x (L1

¢ BI?x 49y
8 Estimate the shaded area of the figure below.

€4.9cm > €4.9cm >

6.4cm

18.8cm
9 a Use a calculator to find the exact answer to
question 8.
b Calculate your percentage error.
10 A hoy estimates the weight of his bike to be
2.5kg. It actually weighs 2.46kg. What is his
percentage error!
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B Student assessment 2

1 Write down the following numbers in the form
ax 10 where 1 <a<10andk € Z.
a 6 million b 0.0045
¢ 3800000000 d 0.000000361
e 460 million f3

~

Write down the following numbers in order of
magnitude, starting with the smallest.

6.2 x 107 551107 421 x 107
4.9 x 108 3.6 x10-° 741 x 10~
3 Write down the following numbers:

6 million 820000 0.0044 0.8

52000

a inthe forma x 10% where 1 < a < 10 and
kez

b in order of magnitude, starting with the
largest.

&

Deduce the value of k in each of the following.
a 4750 = 4.75 x 10

b 6440000000 = 6.44 x 10

¢ 0.0040 = 4.0 x 10*

d 1000% = 1 x 10

e 093 =729 x 10

f 800° =5.12 x 10%

"

Write down the answer to each of the following
calculations in the form a x 10%, where
l<a<10andk €Z.

a 4000 x 30000

b (2.8 x 10%) x (2.0 x 10°)

¢ (3.2 x 10°) + (1.6 x 10%)

d (2.4 x 10%) + (9.6 x 10%)

The speed of light is 3 x 108 ms. Jupiter is
778 million kilometres from the Sun. Calculate
the number of minutes it takes for sunlight to

o

reach Jupiter.

~

A star is 500 light years away from Earth. If the
speed of light is 3 x 10%kms~!, calculate the
distance the star is from Earth. Give your
answer in kilometres in the form a x 10%, where
l<a<10andk € Z.

8 Convert 162000km to millimetres. Give your
answer in the form a x 10%, where 1 < a < 10
andk € Z.

9 Convert 7415000 mg to kilograms. Give your
answer correct to the nearest kilogram.

B Student assessment 3

1 For each of the following arithmetic sequences:
i) write down a formula for the nth term
ii) calculate the 10th term.

a 1,59,13;0 b1,-2-5, -8 ..
2 For both of the following, calculate w, and u,q,
a u,=6n-3 b ou,=—in+4
3 Copy and ecomplete both of thie fallowing tables
of arithmetic sequences.
a
|Position|1|2|3|10| |n|
|Term |17|14| | |755|
b
|Position| 2 | 6 |10| | n |
|Term|4|72| |35| |
4 A girl deposits $300 in a bank account. The

bank offers simple interest at 7% per year.
Assuming the girl does not take any money out
of the account, calculate the amount of money
in the account after 5 years.

w

Part of a geometric sequence is given below.

20,

where u; = 27 and u =

Calculate:
a the common ratio 1
b the value 1,

¢ the value of n if u, = ~gr.
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6 Solve both of these series.
10
a X(4n-15)
L

18
b X -5n + 100
s

7 The third and tenth terms of an arithmetic
series are —6 and 15 respectively.

Calculate:

a the common difference
b the first term

¢ the value of Sy

8 The third, fourth and fifth terms of an
arithmetic series are (2m + 2), (3m + 1) and

(5m — 5).

Calculate:
a the common difference d
b the first term
¢ Sy
9 In the following geometric series, the first
three terms and the last term are given.
i) Find the number of terms, n.
ii) Calculate the sum of the series.
a 10+20+40+ ... + 10240
b 128-64+32+ .. +5

10 Sol;fe these.
a 23"
1

11 Using either a GDC or graphing software, find
the coordinates of the points of intersection of
the following pairs of linear graphs.
ay=-x+3andy=2x-3
b x+5=yand2x+3y—5=0

93n2

b3
5

12 Using either a GDC or graphing software:
i) graph the following quadratic equations
ii) find the coordinates of any roots.
ay=xl-6x+9
b y=-2:2+20x - 48

M Student assessment 4

Vincent Van Gogh painted his Sunflower series
of still life paintings. One was called Vase with
15 Sunflowers. His brother bought it in 1887 for
the equivalent of $10. In 1987, the Japanese
Insurance millionaire Yasuo Goto bought it for
the equivalent of $40 million. What was the
compound rate at which the painting increased
in value?

~

€1 is equivalent to $1.35 and £1 is equivalent
to €1.32. What is | million dollars worth in
pounds?

@

‘What is the difference in percentage terms
between 10% simple interest for 10 years and
10% compound interest for 10 years?

-

The population of a town increases by 5% each
year. If the population was 86000 in 1997, in
which year would you expect the population to
exceed 100000 for the first time?

w

€3 million is borrowed for two years at an
interest rate of 8%. Find:

a the simple interest

b the compound interest.

o

A house increases in value by 20% each year.
How long will it take to double in value!

~

The population of a type of insect increases by
approximately 10% each day. How many days
will it take for the population to double?

@

A man borrows €5 million for 3 years at an
interest rate of 6%. Find:

a the simple interest

b the compound interest

¢ the compound interest calculated quarterly.

©

A boat loses 15% of its value each year. How
long does it take to halve in value?
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M Student assessment 5

1 Jackson Pollock sold his abstract painting 1948
number 5 in 1949 for the sum of $100000. It was
most recently bought by David Martinez at an
auction in 2006 for $140 million. What was the
compound rate at which the painting increased
in value?

€1 is worth $1.35 and £1 is worth €1.32. What
is one million pounds worth in dollars?

o

[

‘What is the difference in percentage terms
between 12.5% simple interest for 20 years and
12.5% compound interest for 20 years?

4 The population of a city increases by 15% each
year. If the population was 800000 in 1997, in
which year would you expect the population to
exceed 3000000 for the first time?

w

€5 million is borrowed for 12 years at an interest
rate of 5%. Find:

a the simple interest

b the compound interest

6 A house increases in value by 12.5% each year.
How long will it take to double in value?

-

The population of a type of insect increases by
approximately 7% each day. How many days
will it take for the population to double?

8 A man borrows four million dollars for three
years at an interest rate of 8.5%. Find:
a the simple interest
b the compound interest
¢ the compound interest calculated quarterly.

©

A car loses 12% of its value each year. How
long will it take before it is only worth 25% of
its original value?

Examination questions

1 The following diagram shows a rectangle with
sides of length 9.5 x 107 m and 1.6 x 10°m.

diagram not

9.5 x10?m
to scale

1.6 x 10°m

a Write down the area of the rectangle
in the form a x 10%, where 1 <a < 10,
ke Z. 6]
Helen's estimate of the area of the
rectangle is 1600000 m2.
b Find the percentage error in Helen’s
estimate. 31
Paper 1, Nov 09, Q3

2 Mr Tan invested 5000 Swiss Francs (CHF) ina

Bank A at an annual simple interest rate of

%, for four years. The total interest he received

was 568 CHF.

a Calculate the value of 1. 31

Mr Black invested 5000 CHF in Bank B at a

nominal annual interest rate of 3.6%,

compounded quarterly for four years.

b Calculate the total interest he received at the
end of the four years. Give your answer
correct to two decimal places. 31

Paper 1, Nov 09, Q15

(™)

The seventh term, g, of a geometric sequence is

108. The eighth term, 1 of the sequence is 36.

a Write down the common ratio of the
sequence. 1]

b Find u,. 7]

The sum of the first k terms in the sequence

is 118096.

¢ Find the value of k. 6]

Paper 1, May 11, Q11



Examination questions

4 Part A

Daniel wants to invest $25 000 for a total of
three years. There are three investment options.
Option One

pays simple interest at annual
rate of interest of 6%.

Option Two  pays compound interest at a
nominal annual rate of interest
of 5%, compounded annually.

Option Three pays compound interest at a

nominal annual rate of interest
of 4.8%, compounded monthly.

Calculate the value of his investment at the

a
end of the third year for each investment
option, correct to two decimal places. 8]

b Determine Daniels best investment
option. 1]

Part B
An arithmetic sequence is defined as

U, =135.47n, n=1,2,3,.c
a Calculate w,, the first term in the

sequence.
b Show that the common difference is 7.

69

2]
2]

S, is the sum of the first n terms of the sequence.

¢ Find an expression for S,. Give your answer in

the form S, = An? + Bn, where A and B are
constants.

The first term, ,, of a geometric sequence is 20

and its fourth term v, is 67.5.

d Show that the common ratio, r, of the
geometric sequence is 1.5, [2]

8]

T, is the sum of the first n terms of the geometric

sequence.

e Calculate T7, the sum of the first seven
terms of the geometric sequence.

f Use your graphic display calculator to
find the smallest value for n for which
T,>S,

21

2]

Paper 2, May 10, Q5
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Descriptive statistics

Syllabus content

2.1 Classification of data as discrete or continuous.
2.2 Simple discrete data: frequency tables.

2.3 Grouped discrete or continuous data: frequency tables; mid-interval values;
upper and lower boundaries.

Frequency histograms.

2.4 Cumulative frequency tables for grouped discrete data and for grouped
continuous data; cumulative frequency curves; median and quartiles.

Box and whisker diagrams.
2.5 Measures of central tendency.

For simple discrete data: mean; median; mode.

For grouped discrete and continuous data: estimate of a mean; modal class.

2.6 Measures of dispersion: range; interquartile range; standard deviation.

Introduction

The word statistics comes from the Latin status meaning state. So statistics was
related to information useful to the state.

Statistics is often not considered to be a branch of mathematics, and many
universities have a separate statistics department.

Statistics developed out of studies of probability.

Societies such as the London Statistical Society, established in 1834, brought the
study of statistics to new heights, but only the advent of computers has brought the
ability to handle and analyze very large amounts of data.

2.1 Discrete and continuous data

You will come across | Discrete data can only take specific values, for example the number of tickets sold

discrete and for a concert can only be positive integer values.

continuous data in Continuous data, on the other hand, can take any value within a certain range,
e ma | for example the time taken to run 100m will typically fall in the range 10-20
courses. seconds. Within that range, however, the time stated will depend on the accuracy

required. So a time stated as 13.85 could have been 13.765, 13.764s or 13.7644s, etc.



Displaying simple discrete data

2.2

Exercise 2.1.1

State whether the data below is discrete or continuous.
1 Your shoe size
2 Your height
3 Your house number
4 Your weight
5 The total score when two dice are rolled
6 A mathematics exam mark
7 The distance from the Earth to the moon
8 The number of students in your school
9 The speed of a train

10 The density of lead

Displaying simple discrete data

Data can be displayed in many different ways. It is therefore important to choose

the method that displays the data most clearly and effectively.
The frequency table shows the shoe sizes of 20 students in a class.

73

: 1 1 .
shoe size 6 6! 7 7% 8 8 9
Frequency | 2 3 3 6 4 1 1
This can be displayed as a 8
frequency histogram. y
6
55
§
L
8
I3
2
o | )
o
55 6 65 7 75 8 85 9 95 10

Shoe size

Shoe sizes are an example of discrete data as the data can only take certain values.

As a result the frequency histogram has certain properties.

m Each bar is of equal width and its height represents the frequency.
® The bars touch (this is not the case with a bar chart).

® The value is written at the mid-width of each bar. This is because students with

a foot size in the range 6.75—17.25, for example, would have a shoe size of 7.
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The GDC and graphing software can also be use to plot frequency histograms. The
instructions below are for the shoe data given above.

Casio

SETUP

to select the stat. mode. st alusty

Enter the shoe sizes in List 1 and their
frequency in List 2.

(»;; to select the graphing option.

rarh Tyre

ﬁ to set the graph type and identify AList

Freauency

the source of the data, i.e. a histogram
with data taken from List 1 and frequency | | [ faFe s

from List 2. @

Trace sulHistosram Settins
@D to select Graph 1. Enter the settings
as shown.

@ to graph the histogram.

[Twa
Trace to obtain the StatGrarhl
? value and
frequency of
each bar.

HoB.5 =3
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Texas

m to enter the data into lists.

Enter the shoe size into List 1 and the
frequency in List 2.

ﬂ to select the type of

graph and its properties, i.e. turn Plot 1
on, choose the histogram graph and
ensure that data is taken from L, and its
frequency from L, as shown.

) to determine the scales of the axes.
to graph the histogram.

[ i
. . to obtain the value and

frequency of each bar.

+ilz

e
e

e iH
ist:il4

[FESHE

MINZE.E
Max<?

n=3
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Autograph

Select to produce a statistics

page.

== to enter the data as a
frequency table.

Ensure the data type is marked as

Discrete and the unit size as 0.5.

Select ‘use (x, f) table’ followed by

Edt | Dats

‘
Enter shoe size in column ‘x’ and Istl 3
frequency in column ‘f. Ensure an 7 3
additional size is entered as zero as % ;
an upper bound. Click ‘OK". 86 1
a 1
98 0 v
[¥] Draw Histogram
DDraw Frequency Polygon

Click on the histogram icon m
[V]Fill Histogram
and enter the histogram options.
Click ‘OK".

To change the scale on the axes

Note: Although the shoe sizes are discrete quantities, Autograph
considers a shoe size of 6 to represent the group 5.75-6.25.
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GeoGebra

Type
Histogram[{5.75, 6.25, 6.75, 7.25, 7.75,
8.25,8.75,9.25}, {2, 3,3,6,4, 1, 1}]

The first set of numbers represent the ‘
upper and lower bounds of each value, ‘
whilst the second set represent the e =" B A S
frequency.

Note: A similar graph is produced using the command
BarChart[{6, 6.5, 7, 7.5, 8, 8.5, 9}, {2, 3, 3, 6, 4, 1, 1}].

W Exercise 2.2.1

1 The figures in the list below give the total number of chocolate sweets in each of
20 packets of sweets.

35, 36, 38, 37, 35, 36, 38, 36, 37, 35, 36, 36, 38, 36, 35, 38, 37, 38, 36, 38

a Draw a frequency table of the data.
b Draw a frequency histogram of the data.

2 Record the shoe sizes of everybody in your class.
a Draw a frequency table of the results.
b Draw a frequency histogram of the data.
¢ What conclusions can you draw from your results?

2.3 Grouped discrete or continuous data

You will come across | 1f there is a large range in the data, it is sometimes easier and more useful to group
grouped data in the the data in a grouped frequency table.

Geography Diploma X -
course. The discrete data below shows the scores for the first round of a golf competition.

71 75 8 9% 83 75 76 82 103 8 79 77 83 8 88
104 76 77 79 8 84 8 8 102 95 96 99 102 75 72

One possible way of grouping this data in a Score

Frequency
grouped frequency table is shown opposite.
71-75 5
Note: The groups are arranged so that no score
can appear in two groups. 7680 B
81-85 8
86-90 3
91-95 1
96-100
101-105 4
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W Exercise 2.3.1

1 The following data gives the percentage scores obtained by students from two
classes, 12X and 12Y, in a mathematics exam.

12X

42
80

12y

70
91

73 93 8 68
73 89 88 93

65 50 89 96
92 88 71 52

58
n

45
33

33
50

70
57

it
64

32
44

64
45

55
53

85
78

39
4

90
79

4
91

99
o4

58
46

41
80

50
48

70
50

82
59

65

76 99

84

57 95

a Draw a grouped tally and frequency table for each of the classes.
b Comment on any similarities or differences between the results.

2 The number of apples collected from 50 trees is recorded below.

35 78 15 65 69 32 12 9 89 110 112 148 98
67 45 25 18 23 56 71 62 46 128 7 133 9%
24 38 73 81 142 15 98 6 123 49 8 63 19
111 52 84 63 78 12 55 138 102 53 &0

Choose suitable groups for this data and use them to draw a grouped frequency table.

‘With grouped continuous data, the groups are presented in a different way.
The results below are the times given (in h:min:s) for the first 50 people
completing a marathon.

2:07:11 2:08:15 2:09:36 2:09:45
2:11:42 2:11:57 2:12:02
2:13:26 2:14:26 2:15:34
2:16:27 2:17:09 2:18:29
2:19:31 2:20:00 2:20:23
2:21:52 2:22:32 2:22:48
2:23:28 2:23:46 2:23:48
1244 2:24:12 2:24:15 2:24:24 124
2:24:45 2:25:18 2:25:34 2:25:56 2:26:10
2:26:22 2:26:51 2:27:14 2:27:23 2:27:37
The data can be arranged into a grouped frequency table as follows.
Group Frequency
2:05:00 < t < 2:10:00 4
2:10:00 < t < 2:15:00 9
2:15:00 < t < 222000 9
2:20:00 < t < 225:00 19
2:25:00 < t < 2:30:00 9

Note that, as with discrete data, the groups do not ovetlap. However, as the data is
continuous, the groups are written using inequalities. The first group includes all
times from 2 h 5 min up to but not including 2 h 10 min.
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Worked example

With continuous data, the upper and lower bound of each group are the
numbers written as the limits of the group. In the example above, for the group
2:05:00 < t < 2:10:00, the lower bound is 2:05:00; the upper bound is considered
to be 2:10:00 despite it not actually being included in the inequality.

Frequency histograms for grouped data

A frequency histogram displays the frequency of either continuous or grouped
discrete data in the form of bars. There are several important features of a frequency
histogram for grouped data.

®m The bars touch.

® The horizontal axis is labelled with a scale.

m The bars can be of varying width. (Note: In this course, the width of all bars
will be constant).

B The frequency of the data is represented by the area of the bar and not the
height. (Note: In the case of bars of equal width, the area is directly
proportional to the height of the bar and so the height is usually used as the
measure of frequency.)

The table shows the marks out p——— T
of 100 in a mathematics exam est marks Feqtiensy,
for a class of 32 students. 1-10 0
Draw a histogram representing 11-20 0
this data. 21-30 1
31-40 2
41-50 5
51-60 8
61-70 7
71-80 6
81-90 2
91-100 1
All the class intervals are the same. 9
As a result the bars of the hi p
will all be of equal width, and the 3 | |
frequency can be plotted on the >
vertical axis. The histogram is shown. & ©
Note that the upper and lower bounds & &
are used to draw the bars. 4
3
2 ||
1
0710 20 30 40 50 60 70 80 90 100

Test score
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M Exercise 2.3.2

1 The table shows the distances travelled to school by a class of 30 students.

Distance (km) Frequency
0=<d<1 8
1=sd<2 5
2=d<3 6
3=sd<4 3
4=<d<s5 4
5<d<6 2
6<d<7 1
7=d<8 1

Draw this information on a histogram.

2 The heights of students in a class were measured. The results are shown in

the table.
Height (cm) Frequency
145~ 1
150- 2
155- 4
160~ 7
165- 6
170~ 3
175~ 2
180-185 1

Draw a histogram to represent this data.

Note: In the context this question, 145— means the height (h) falls within the
range 145 < h < 150.
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24

Worked example

Cumulative frequency

A cumulative frequency graph is particularly useful when trying to calculate the
median (the middle value) of a large set of grouped discrete data or continuous data,
or when trying to establish how consistent a set of results are. Calculating the
cumulative frequency is done by adding up the frequencies as we go along.

The duration of two different brands of battery, A and B, is tested. Fifty batteries of
each type are randomly selected and tested in the same way. The duration of each
battery is then recorded. The results of the tests are shown in the table below.

Type A: duration (h) Frequency Cumulative frequency
0st<5s 3 3
5<t<10 5 8

10<t<15 8 16
15<t<20 10 26
20s=t<25 12 38
25<t<30 7 45
30<t<35 5 50

Type B: duration (h) Frequency Cumulative frequency
0st<5 1 1
5<t<10 1 2

10<t<15 10 12
15<t<20 23 35
20s=t<25 9 44
25<t<30 4 48
0st<35 2 50

a Plot a cumulative frequency curve for each brand of battery.

b Estimate the median duration for each brand.



82  DESCRIPTIVE STATISTICS

a The points are plotted at the upper boundary of each class interval rather
than at the middle of the interval. So, for type A, points are plotted at
(5, 3), (10, 8), etc. The points are joined with a smooth curve which is
extended to include (0, 0).

Type A batter, Type B batter,
I ype ¥ o ype v

8
&

N
&

8

Cumulative frequency
8 8

Cumulative frequency
8

>
=)

0 5 10 15 20 25 30 3 0 5 10 15 20 25 30 35
Duration (h) Duration (h)

Both cumulative frequency curves are plotted above.

The median value is the value which occurs half-way up the cumulative
frequency axis. This is shown with broken lines on the graphs. Therefore:
median for type A batteries = 19 h

median for type B batteries =~ 18 h

This tells us that, on average, batteries of type A last longer (19 hours)
than batteries of type B (18 hours).

-

Graphing software can produce a cumulative frequency curve and help with

calculating the median value.
The example on the next page takes the data for battery A above.
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Autograph
Select to produce a statistics page.
"3 to enter the grouped data Al
properties as shown. Click “OK’. ot
Click on the cumulative frequency graph
icon M . = =

i
Ensure ‘cumulative frequency’ and ‘curve //
fit' are selected. ez
////

Click "OK".
To change the scale on the axes use
To calculate the median, click on the 0N —_
‘cumulative Ousmeioss P o5
frequency diagram measurement’ icon L |

£ and select ‘Median’. Click ‘OK'.

A horizontal line is drawn at the middle
value on the cumulative frequency axis.
A vertical line can be dragged at its base
until it intersects the horizontal line on
the curve.

The median result is shown at the base
of the screen.

s Frquancy Do Measurenert: 3=1957,F=25.

GeoGebra

At present GeoGebra does not have a cumulative frequency graphing

facility.




84 DESCRIPTIVE STATISTICS

Quartiles

The cumulative frequency axis can also be represented in terms of percentiles. A
percentile divides the cumulative frequency scale into hundredths. The maximum
value of cumulative frequency is found at the 100th percentile. Similarly the
median, being the middle value, is also known as the 50th percentile.

In addition to these, the cumulative frequency scale can be divided into quarters.
The 25th percentile is known as the lower quartile (Q,), whilst the 75th percentile

is the upper quartile (Q;).

Graphing software can also be used to calculate the upper and lower quartiles.

Autograph

Enter the data for battery A and produce
the cumulative frequency graph as
shown on the previous page.

To calculate each of the quartiles, click
on the ‘cumulative frequency diagram
measurement’ icon " and select
‘LQ(25%)". Click “OK'.

A horizontal line is drawn at the lower
quartile value on the cumulative
frequency axis. A vertical line can be
dragged at its base until it intersects the
horizontal line on the curve.

The lower quartile result is shown at the
base of the screen.

The above procedure can be repeated
for the upper quartile.

oS

e Frecuaney Dinran Messirsoerd; 13, F125
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W Exercise 2.4.1

1 Sixty athletes enter a cross-country race. Their finishing times are recorded and
are shown in the table below.

Finishing time (h) 0- 0.5~ 1.0- 15~ 2.0- 25- |3.0-35

Frequency 0 0 6 34 16 3 1

Cumulative freq.

a Copy the table and calculate the values for the cumulative frequency.
b Draw a cumulative frequency curve of the results.
¢ Show how your graph could be used to find the approximate median
finishing time.
d What does the median value tell us?
2 Three mathematics groups take the same test in preparation for their final exam.
Their raw scores are shown below.

Group A 12,21, 24, 30, 33, 36, 42, 45, 53, 53, 57, 59, 61, 62, 74, 88,92, 93
Group B 48, 53, 54, 59, 61, 62, 67, 78, 85, 96, 98, 99
Group C 10, 22, 36, 42, 44, 68, 72, 74, 75, 83, 86, 89, 93, 96, 97, 99, 99
a Using the class intervals 0 < x < 20, 20 < x < 40 etc., draw a grouped
frequency table and cumulative frequency table for each group.
b Draw a cumulative frequency curve for each group.
¢ Show how your graph could be used to find the median score for each group.
d What does the median value tell us?
e From your graph, estimate the upper and lower quartile for each group.

3 The table below shows the heights of students in a class over a three-year period.

Height (m) Frequency 2010 Frequency 2011 | Frequency 2012
150 < h < 155 6 2 2
155 < h < 160 8 9 6
160 < h < 165 " 10 9
165 < h < 170 4 4 8
170 < h <175 i 3 2
175 < h < 180 0 2 2
180 < h < 185 0 0 1

a Construct a cumulative frequency table for each year.

b Draw the cumulative frequency curve for each year.

¢ Show how your graph could be used to find the median height for each year.
d What does the median value tell us?

e From your graph, estimate the upper and lower quartile height for each year.
f Comment on your results in part e above.
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Worked example

Box and whisker diagrams

So far we have seen how cumulative frequency curves enable us to make estimes of
the medium and quartiles of grouped data.

Box and whisker diagrams (also known as box and whisker plots or box plots)
provide another visual way of representing data. The diagram below demonstrates what
a‘typical’ box and whisker diagram looks like and also highlights its main features.

Minimum @, Q, Q, Maximum
value value

The box and whisker diagram shows all the main features of the data, i.e. the

minimum and maximum values, the upper and lower quartiles and the median. The

box represents the middle 50% of the data (the interquartile range) and the

whiskers represent the whole of the data (the range).

n+
Z

represents the number of values. Similarly the position of the lower quartile can be

caleulared using the formuta ™7 L and the upper quartie by the formala X7+ 1

For discrete data, the median position s given by the formula "L, where n

The shoe sizes of 15 boys and 15 girls from the same class are recorded in the
frequency table below.

R

Shoe size 5 | 55| 6 |6 | 7 | 75| 8 |8 |9

Frequency(boys) | 0 | O [ 1 | 2 | 1 [ 2 [ 3 |4 | 1 |1

w
e
=
°
°
°

Frequency (girls)

Calculate the lower quartile, median and upper quartile shoe sizes for the
boys and girls in the class.

Compare this data using two hox and whisker diagrams (one for boys and
one for girls).

‘What conclusions can be drawn from the box and whisker diagrams?

™

3

3

4 oW Gale by LII = 4th ie.q =7
Median boy = # = 8th ieq,=8
g e 2 M =12th  ieq =8
Lower quartile girl is the 4th ie.q, =54
Median girl is the 8th cad

6
Upper quartile girl is the 12th ie.q; =6}
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1 “Borboxaniwhitker disgrms s necessary b know the masinam and
minimum values.
Minimum boy shoe size is 6, maximum boy shoe size is 93.
Minimum girl shoe size is 5, maximum girl shoe size is 8.

Girls .
Note: There is no scale
on the y-axis as it is not
relevant in a box and

whisker diagram.
|_|:D_| Caseqiently, e
height of a box does not
P R R TR R R ! have a particular value.
5 51 6 65 7 75 8 8 9 9f

¢ B The overall range of data is greater for boys than it is for girls.
® The middle 50% of girls have a narrower spread of shoe size than the
middle 50% of boys.

A GDC can also produce a box and whisker diagram. The instructions that follow
are for the boys data above.

Casio

SETUP T wa v

@ to select the stat. mode.

Enter the shoe sizes in List 1 and the boy’s frequency in List 2.

Trace

7D to select the graphing option.

Gm1
@ to set the graph type and identify s =
the source of the data, i.e. a ‘MedBox" with data taken from ||Freauency t:

of

Outliers
List 1 and frequency from List 2 @ s

@D to select Graph 1.
: c StatGrarhl
— to obtain the minimum, lower
a» @ quartile, median, upper quartile
and maximum values.
e =

Note: Although a y-axis scale needs to be entered, it has no effect on the shape of the
box and whisker diagram.
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Texas

m to enter the data into lists.

Enter the boy’s shoe size into List 1 and the frequency in List 2.

) U to select the type of graph and its

properties, i.e. turn Plot 1 on, choose the box and whisker
plot graph and ensure that data is taken from L1 and its
frequency from L2 as shown.

\__J todetermine the scale of the axes.

) to graph the box and whisker diagram.

\ .g. to obtain the minimum, lower quartile,

PiLiLe &}
median, upper quartile and maximum values.
(T R —

Note: Although a y-axis scale needs to be entered, it has no effect on the shape of the
box and whisker diagram.

M Exercise 2.4.2

Using a GDC or otherwise, answer the following questions.

1 A football team records, over 20 matches, the number of goals it scored and the
number of goals it let in in each match. The results are shown in the table below.

Number of goals 0 1 2 3 4 5
Frequency of goals scored | 6 9 3 1 0 1
Frequency of goals let in 3 3 8 3 3 0

a For goals scored and goals let in, find:

i) the mean

ii) the median

iii) the lower quartile

iv) the upper quartile.

Using the same scale, draw box and whisker diagrams to represent the data.
Write a brief report about what the box and whisker diagrams tell you
about the team’s results.

-

o
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2 Two competing holiday resorts record the number of hours of sunshine they have
each day during the month of August. The results are shown below.

Hours of sunshine 4 5 6 7 8 & 10 n 12

Resort A 1 2 3 5 5 4 4 4 3

Resort B 0 0 0 4 12 10 8 0 0

a For each resort find the number of hours of sunshine represented by:
i) the mean

ii) the median

iii) the lower quartile

iv) the upper quartile.

Using the same scale, draw box and whisker diagrams to represent the data.
Based on the data and referring to your box and whisker diagrams, explain
which resort you would choose to go to for a beach holiday in August.

=

o

3 A teacher decides to tackle the problem of students arriving late to his class. To
do this, he records how late they are to the nearest minute. His results are shown
in the table below.

|Numberofminutes late | ) |

|Numberofstudents |6|4|4|5|7|3|1|0|0|0|0|

5]
]
=]
Bl
B
<]
B
e
&

After two weeks of trying to improve the situation, he records a new set of
results. These are shown below.

|Numherofminutes late | [ | 1 |

|Numberofstudems |14|7|4|1|1|1|0|0|1|0|1|

N
o
s
B
B
<
B
o]
3

The teacher decides to analyze these sets of data using box and whisker diagrams.
By carrying out any necessary calculations and drawing the relevant box and
whisker diagrams, decide whether his strategy has improved student punctuality.
Give detailed reasons for your answer.

2.5 Measures of central tendency

‘Average’ is a word which, in general use, is taken to mean somewhere in the
middle. For example, a woman may describe herself as being of average height. A
student may think that he or she is of average ability in maths. Mathematics is
more precise and uses three main methods to measure average.

B The mode is the value occurring most often.

® The median is the middle value when all the data is arranged in order of size.

B The mean is found by adding together all the values of the data and then
dividing the total by the number of data values.
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Worked example

The numbers below represent the number of goals scored by a team in the first 15
matches of the season. Find the mean, median and mode of the goals.

102412112550123

1+042+4+1+2+1+1+2+5+5+40+1+42+3
Mean = I =2

Arranging all the data in order and then picking out the middle number gives the
median: 001 111122223455

The mode is the number that appears most often. Therefore the mode is 1.
Note: If there is an even number of data values, then there will not be one middle
number, but a middle pair. The median is calculated by working out the mean of

the middle pair.
Your GDC is also capable of calculating the mean and median of this set of data,

Casio

v @FS TR VENU 7777
@ . to select the stat. mode. it

A L o]
sy o

Enter the data in List 1.

zo0m
(D to access the calculations menu.

@ to check the setup.

The data has 1 variable (number of goals), e
w8 ZUar VList
it is in List 1 and each value should be 20ar Frea
counted once.

o

Trace
7D to perform the statistical calculations.

Juar sy

The following screen summarizes the

results of many calculations.

The screen can be scrolled to reveal further
results.

Note: The mean is given by X and the median by ‘Med".
The lower quartile, g,, and upper quartile, g,, are also displayed on
this screen, as Q1 and Q3 respectively.
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Texas

m to enter the data into lists.

Enter the data in List 1.

T
stAT
- to select the ‘Calc’ menu.

m followed by m to perform 1-vYar Stats L1l

statistical calculations on the 1-variable data
in List 1.

@ |

The following screen summarizes the results
of many calculations.

1-var Stats
=2

The screen can be scrolled to reveal further
results.

e
G3=3
MaxX=5

Note: The mean is given by X and the median by ‘Med'.
The lower quartile, g,, and upper quartile, g,, are also displayed on
this screen, as Q, and Q, respectively.

W Exercise 2.5.1

1 Find the mean, median and mode for each set of data.

a The number of goals scored by a hockey team in each of 15 matches
102401112530122

b The total scores when two dice are rolled
745732868765119738765

¢ The number of students present in a class over a three-week period
28 24 25 28 23 28 27 26 27 25 28 28 28 26 25

d An athlete’s training times (seconds) for the 100 metres
14.0 143 14.1 143 142 140 139 13.8
13.9 138 13.8 13.7 13.8 13.8 13.8

2 The mean mass of the 11 players in a football team is 80.3 kg. The mean mass of
the team plus a substitute is 81.2kg. Calculate the mass of the substitute.
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Worked example

3 After eight matches a basketball player had scored a mean of 27 points. After
three more matches his mean was 29. Calculate the total number of points he
scored in the last three games.

Large amounts of data

‘When there are only three values in a set of data, the median value is given by the
second value, i.e. |

‘When there are four values in a set of data, the median value is given by the
mean of the second and third values, i.e 1 4.
‘When there are five values in a set of data, the median value is given by the third
value.

If this pattern is continued, it can be deduced that for n sets of data, the median

value is given by the value at " This is useful when finding the median of large

sets of data.

The shoe sizes of 49 people are recorded in the table below. Calculate the median,
mean and modal shoe size.

Shoe size 3 (3% |4 |4 |5 |5|6|6|7

Frequency 2 | 4|5 |9 |86 |6 |5 ]|a

As there are 49 data values, the median value is the 25th value. We can use the
cumulative frequency to identify which class this falls within.

Shoe size 3 [ 34| a | 4|5 |ss|6 |6 |7

Cumulative frequency 2 6 n 20 28 34 40 45 49

The median occurs within shoe size 5. So the median shoe size is 5.
To calculate the mean of a large data set, we use the formula

T

=~ wheren = Xfand Efx means the sum of the product of f and x.
Shoe size, x 3 [ 35| 4 | 4|5 | 5|6 |6 | 7
Frequency, f 2 a5 |9 8|6 |6 |5 ]|a
x 6 | 14 | 20 |405| 40 | 33 | 36 [325| 28

2 250
Mean shoe size = b 5.10

Note: The mean value is not necessarily a data value which appears in the set or a
real shoe size.

The modal shoe size is 43.
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These calculations can also be carried out on your GDC.

93

Casio

SETUP

@ to select the stat. mode.

Enter the shoe sizes in List 1 and their
frequency in List 2.

Zoom
(7 to access the calculations menu.

Gt
@TH to check the setup.

The data has one variable (shoe size), it is
in List 1 and its frequency is in List 2.

o

Trace
a® to perform the statistical
calculations.

The screen summarizes the results of

many calculations and can be scrolled to
reveal further results.

st 1 [use 2luse 3fuse u

sub{ W TFiEG
1 3
2 s
3y g
alowsl sl

JoppiCaLcTeS L INTRS

UL

1Uar XList

ar AL 1!
2Uar VList
20ar Frea

T

ble
216204081
7}

ol
;lg§g’{§82

T-Uarigble

mink =3 1
@i = =35

Hed =5
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Texas

m to enter the data into lists.

Enter the shoe size in List 1 and the
frequency in List 2.

to select the ‘Calc’ EDIT TESTS
. . 1-Var Stats
menu. ﬁ-var Stats

IR Al

m followed by

to perform statistical

o]

calculations on the 1-variable data in List
1 with frequency in List 2.

@ |

The screen summarizes the results of
many calculations and can be scrolled to
reveal further results.
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Exercise 2.5.2

1 An ordinary dice was rolled 60 times. The results are shown in the table below.
Calculate the mean, median and mode of the scores.

|Smre |1|2|3|4|5|5|
|Frequency ||z|11|s|12|7|10|

o

Two dice were rolled 100 times. Each time their combined score was recorded.
Below is a table of the results. Calculate the mean, median and mode of the
scores.

|5core |2|3|4|5|5|7|8|9|
|Frequency |5|6|7|9|14|16|13|11|9|7|3|

3 Sixty flowering bushes are planted. At their flowering peak, the number of flowers
per bush is counted and recorded. The results are shown in the table below.

|Flowers per bush | 0 | 1 | 2 |

u
™
B
B
[
B

|Frequency | 0 | 0 | 0 |

m
N
B
3
5
&

a Calculate the mean, median and mode of the number of flowers per bush.
b Which of the mean, median and mode would be most useful when
advertising the bush to potential buyers?

Mean and mode for grouped data

As has already been described, sometimes it is more useful to group data, particularly

if the range of values is very large. However, by grouping data, some accuracy is lost.
The results below are the distances (to the nearest metre) run by twenty students

in one minute.

256 271 271 274 275 276 276 271 2719 280

281 282 284 286 287 288 296 300 303 308

Table 1: Class interval of 5

Group 250- | 255- | 260- | 265~ | 270~ | 275- | 280~ | 285- | 290- | 295~ | 300~ | 305-
254 | 259 | 264 | 269 | 274 | 279 | 284 | 289 | 294 | 299 | 304 | 309
Frequency 0 1 0 0 3 5 4 3 0 1 2 1

Table 2: Class interval of 10

Group 250-259 | 260-269 | 270-279 | 280-289 | 290-299 | 300-309

Frequency 1 0 8 7 1 3
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Table 3: Class interval of 20

Group 250-269 | 270-289 | 290-309

Frequency 1 15 4

The three tables above highlight the effects of different group sizes. Table 1 is
perhaps too detailed, whilst in Table 3 the group sizes are too big and consequently
most of the results fall into one group. Table 2 is the most useful in that the spread
of the results is still clear, although detail is still lost. In the 270—279 group we can
see that there are eight students, but without the raw data we would not know
where in the group they lie.

To find the mean of grouped data we assume that all the data within a group
takes the mid-interval value.

K

n

x=

where Xis the estimated mean, x is the mid-interval value and n = 3f.

Group 250-259 | 260-269 | 270-279 | 280-289 | 290-299 | 300-309

Mid-interval value, x 2545 2645 2745 2845 2945 3045

Frequency, 1 0 8 7 1 3

x 2545 0 2196 1991.5 2945 9135

Hidmarebmeni= % -2825

The estimate of mean distance run is 282.5 metres.
The modal group is 270-279.

The GDC can work out the mean, median and quartiles of grouped data. The
mid-interval value should be entered in List 1 and the frequency in List 2. Then
proceed as before.

a W Exercise 2.5.3

1 A pet shop has 100 tanks containing fish. The number of fish in each tank is
tecorded in the table below.

| Number of fish | 09 | 10-19 | 2029 | 30-39 | 40-49 |

|Frequency | 7 | 12 | 24 | 2 | 15 |

a Calculate an estimate for the mean number of fish in each tank.
b Wirite down the modal group size.
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a 2.6

2 A school has 148 Year 12 students studying Mathematics. Their percentage
scores in their Mathematics mock exam are recorded in the grouped frequency
table below.

|%Score | 09 ||(P19|2(%29|30739|40—49|50759|60—69|7Ck79|8&89|90—99|

|Frequency|3|2|4|6|8|36|47|23||0|4|

a Calculate an estimate of the mean percentage score for the mock exam.
b What was the modal group score?

3 A stationmaster records how many minutes late each train is to the nearest
minute. The table of results is given below.

|No.ofminutes late | 04 | 59 | 10-14 | 15-19 | 2024 | 2529 |
|Frequency | 16 | 9 | 3 |

a Calculate an estimate for the mean number of minutes late a train is.

b What is the modal number of minutes late?

¢ The stationmaster’s report concludes: ‘Trains are, on average, less than five
minutes late’. Comment on this conclusion.

Measures of dispersion

Range and the interquartile range

The range of a distribution is found by subtracting the lowest value from the highest
value. Sometimes this will give a useful result, but often it will not. A better measure
of dispersion is given by looking at the spread of the middle half of the results, i.e.
the difference between the upper and lower quartiles. This result is known as the
interquartile range.

Key:
100} a Lower quartile
q, Median
% d, Upper quartile

Cumulative frequency

-
Interquartile range
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Consider again the two types of batteries A and B discussed earlier (page 81).
a Using the graphs, estimate the upper and lower quartiles for each battery.
b Calculate the interquartile range for each type of battery.
¢ Based on these results, how might the manufacturers advertise the two types of

battery?
Type A battery Type B battery
501 501
> 2
g 4ot Z a0b
§ 375 § 37.5)
g g
& £
o o s
§ 25 k|
H g
20 20~
3 3
125 12.
01 10
L PR

i Ll T L
0 5 10 15 20 25 30 36 0 5 10 15 20 25 30 35

Duration (h) Duration (h)
a Lower quartile of type A = 13 h Lower quartile of type B= 15 h
Upper quartile of type A = 25 h Upper quartile of type B ~ 21 h
b Interquartile range of type A = 12 h Interquartile range of type B = 6 h

¢ Type A: on ‘average’ the longer-lasting battery
Type B: the more reliable battery

B Exercise 2.6.1

1 Forty boys enter for a school javelin competition. The distances thrown are
recorded below.

|Distan:ethrown(m)| o | 20- | 40- | 60— |scqoo|

|Frequency | 4 | 9 | 15 | 10 | 2 |

a Construct a cumulative frequency table for the above results.

b Draw a cumulative frequency curve.

¢ Calculate the median distance thrown.

d Calculate the interquartile range of the throws.

e If the top 20% of boys are considered for the final, estimate (using the
graph) the qualifying distance.
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2 The masses of two different types of oranges are compared. Eighty oranges are
randomly selected from each type and weighed. The results are shown below.

Type A Type B

Mass (g) Frequency Mass (g) Frequency
75~ 4 75— 0
100~ 7 100~ 16
125- 15 125~ 43
150- 2 150- 10
175~ 14 175~ 7
200~ 6 200~ 4

225-250 2 225-250 0

a Construct a cumulative frequency table for each type of orange.
b Draw a cumulative frequency graph for each type of orange.
¢ Calculate the median mass for each type of orange.
d Using your graphs estimate:
i) the lower quartile
) the upper quartile
iii) the interquartile range
for each type of orange.
e Write a brief report comparing the two types of orange.

3 Two competing brands of battery are compared. A hundred batteries of each
brand are tested and the duration of each is recorded. The results of the tests are
shown in the cumulative frequency graphs below.

Brand X BrandY
100

2 2

g 80 g 80

g g

5 e 5 60

2 2

R S 4

E E /

5 5

o 20 o /

0 10 20 30 40 0 10 20 30 40
Duration (h) Duration (h)

a The manufacturers of brand X claim that on average their batteries will last
at least 40% longer than those of brand Y. Showing your method clearly,
deduce whether this claim is true.

b The manufacturers of brand X also claim that their batteries are more
reliable than those of brand Y. Is this claim true? Show your working clearly.
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Standard deviation

The standard deviation of data is a measure of dispersion that does take into account
all of the data. It gives an average measure of difference (or deviation) from the
mean of the data. The larger the value of the standard deviation, the more widely
spread or dispersed the data is.

For example:

The ages of two groups of people are given below.

Group 1 2 6 10 16 16 2 26 30

Group 2 2 16 16 16 16 16 16 30

The mean, median, mode and range of the data are:

Mean Median Mode Range
Group 1 16 16 16 28
Group 2 16 16 16 28

These measures suggest that the data is the same, or at least very similar. However,
if we look at the deviation from the mean, we will find that they are not.

The formula for the standard deviation of a set of data is given by s, = 4/ z

where s is the standard deviation
x is each of the data values
X is the mean of the data
n is the number of data values.

The standard deviation of the ages of each group can be calculated as follows:

1

1

1

1

1

1

1

1

1

1

1

Group1 X=16,n=8 Group2 X=16,n=8 !

x [&-R x-x1 x| -%) (x- X1 !
2 14 19 2 -14 19 !
6 -10 100 16 [ ) ]
10 -6 36 16 0 0 !
16 [} 0 16 0 0 1
1

16 0 0 16 0 3 i
1

22 6 36 16 0 ) 1
26 10 100 16 0 0 )
30 14 30 14 19 1
1

Sx - xR =392 1

1

—0 H

e 4 I

L 1

1

1

1

1

1

1
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From the results it can be seen that the standard deviation for group 1 is greater

than that for group 2. This implies that the data is more spread out.

The formula given above for the standard deviation can be cumbersome as the mean,
value has to be subtracted from each data value. A more efficient formula for the

[z
standard deviation is s, 2" . With this formula the mean of the data is

squared and subtracted only once.

Your GDC can also calculate the standard deviation of data. The instructions

below relate to the data for group 1 above.

Casio

SETuP . ma v

@ to select the stat. mode.

Enter the data in List 1.

zo0m
@70 to access the calculations menu.

G=T
@) to check the setup.

The data has 1 variable (age), it is in List 1
and each data value is to be counted once.

o

Trace

7D to perform the statistical calculations.

The screen summarizes the results of many
calculations and can be scrolled to reveal
further results.

1-Uariable

E1Y
x?  =2712

x0n  =9.11043357
s, geEn

Note: The calculator gives two types of standard deviation, xo, and
Xo,_,. The standard deviation you will need on this course is xo,.
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Texas

m to enter the data into lists.

Enter the data in List 1.

STAT —\var ats
‘Calc’ 12-\ar Stat,
. to select the ‘Calc’ menu. govar Stats
:hlnReQ(axﬂJ)
G

uadRed
ubicRea

7Y otonea o [ £ o ertorm

statistical calculations on the 1-variable data
in List 1.

1-Var Stats
ﬂ 3

The screen summarizes the results of many
calculations and can be scrolled to reveal
further results.

Note: The calculator gives two types of standard deviation, s, and g,.
The standard deviation you will need on this course is o,.

You will notice that there appears to be different notation used for the standard
deviation. It is important therefore for you to be familiar with the notation that
your calculator uses and also what this course uses.

When the data is given in a frequency table, the formula for the standard

deviation of a set of data is given by s, =
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T M A certain type of matchbox claims to contain 50 matches in each box. A sample of

60 boxes produced the following results.
Number of matches,x  Frequency, f fx x-X  -XR fix-xe
48 3 144 -205 42025 12.6075
49 " 539  —1.05 1.1025 12.1275
50 28 1400 —0.05 0.0025 0.07
51 16 816 095 0.9025 14.44
52 2 104 1.95 3.8025 7.605
Total 60 3003 48.85
Calculate:
a the mean
b the standard deviation.
=fx _ 3003
a X ="7"- =" =5005
3f 60
)2
[Zf(x=%
o= [B-XE 4685 = 0.884
zf

M Exercise 2.6.2

Using a GDC or otherwise, calculate:
i) the mean

ii) the range

iii) the interquartile range

iv) the standard deviation

for the data given in questions 1—4.

1262387590924
b 72, 84, 83, 81, 69, 77, 85, 19
c 1.6,29,3.7,55,42,3.9,28,45,42,5.1,39

2 The number of goals a hockey team scores during each match in a season

|Numbevofgaals |0|1|2|3|4|5|6|
|Frequency |3|s|11|7|4|2|1|

3 The number of shots in a round for each player in a golf tournament

|Numherof5hats |66|67|68|59|70|71|72|73|74|
|Frequency |1|2|1|4|11|17|43||8|3|
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4 The number of letters posted to 50 houses in a street

|Numberof|etters |D|1|Z|3|4|5|6|

|Frequency |5|8|12|8|7|8|2|

5 The results for a series of experiments are given below.

Experiment 1 2 3 4 5 6 P 8 9 10

Result 62|61 (63|63|67)|6.1 6.

2(63)|61 |59

Experiment " 12 (13| 14 [ 15| 16 | 1

7 (18|19 |20

Result 60|62 (61 |63(60)|61([62)|63]|6.1

The result for experiment 20 is obscured. However it is kn
for all 20 experiments is 6.2.

Calculate:

a the value of the 20th result

b the standard deviation of all the results.

M Student assessment 1

own that the mean (x)

1 State which of the following types of data are 2 Four hundred students sit their mathematics
discrete and which are continuous. IGCSE exam. Their marks (as percentages) are
a The number of goals scored in a hockey shown in the table below.

match .
b The price of a kilogram of carrots Mark (%) | Frequency | Cumulative frequency
¢ The speed of a car 3140 21
d The number of cars passing the school gate 41-50 55

iﬁ‘;h hour % Frorschoolendhs 51-60 125
e The time taken to travel to school eacl T —

morning
f The wingspan of butterflies 71-80 52
g The height of buildings 81-90 45

91-100 28

®

Copy and complete the above table by

calculating the cumulative frequency.

3

results.

o

Draw a cumulative frequency curve of the

Using the graph, estimate a value for:

i)  the median exam mark
ii) the upper and lower quartiles
iii) the interquartile range.

3 Eight hundred students sit

an exam. Their marks

(as percentages) are shown in the table opposite.
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+

Mark (%) | Frequency | Cumulative frequency

1-10 10
11-20 30
21-30 40
31-40 50
41-50 70
51-60 100
61-70 240
71-80 160
81-90 70
91-100 30

Copy and complete the above table by
calculating the cumulative frequency.
Draw a cumulative frequency curve of the

®

o

results.
An A grade is awarded to any student
achieving at or above the upper quartile.

o

Using your graph, deduce the minimum mark
required for an A grade.

Any student below the lower quartile is
considered to have failed the exam. Using
your graph, identify the minimum mark
needed 5o as not to fail the exam.

How many students failed the exam?

f How many students achieved an A grade?

[

o

A businesswoman travels to work in her car

each morning in one of two ways; either using
the country lanes or using the motorway. She
records the time taken to travel to work each
day. The results are shown in the table below.

Time (mins) Motorway Country lanes
frequency frequency
10=t<1s 3 0
15<t<20 5 0
20=<t<25 7 9
25<t<30 2 10
30=<t<35 1 1
3B <t<40 1 0
40=<t<45 1 o

Complete a cumulative frequency table for

each of the sets of results shown above.

Using your cumulative frequency tables,

plot two cumulative frequency curves — one

for the time taken to travel to work using

the motorway, the other for the time taken

to travel to work using country lanes.

Use your graph to find the following for

each method of travel:

i) the median travelling time

i) the upper and lower quartile travelling
times

iii) the interquartile range for the travelling
times.

With reference to your graph or

calculations, describe which is the most

reliable way for the businesswoman to get

to work.

If she had to get to work one morning

within 25 minutes of leaving home, which

way would you recommend she goes?

Explain your answer fully.

®

=

o

e

o

Two classes take a maths test. One class
contains students of similar ability; the other is
a mixed ability class. The results of the tests for
each class are presented using the box and
whisker diagrams below.

s I B ey

A

I oy

B

Describe clearly, giving your reasons, which of
the two box and whisker diagrams is likely to
belong to the mixed ability maths class and
which is likely to belong to the other maths class.
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M Student assessment 2

1 Find the mean, median and mode of the
following sets of data.
a 45567
b 6372728486
c 3812181824
d 49387113538

The mean mass of the 15 players in a rugby
team is 85kg. The mean mass of the team plus a
substitute is 83.5kg. Calculate the mass of the
substitute.

~

w

Thirty children were asked about the number of
pets they had. The results are shown in the
table below.

|Numberofpets|0|1|Z|3|4|5|6|
[s[s[=]7]=]1]¢]

| Frequency

a Calculate the mean number of pets per child.
b Calculate the median number of pets per child.
¢ Calculate the modal number of pets.

4 Thirty families live in a street. The number of
children in each family is given in the table below.

a Using groups 0—19, 20-39, 4059, etc.,
draw a grouped frequency table of the above
data.

Using your grouped data, calculate an
estimate for the mean number of people
going to the disco each night.

=

6 The number of people attending thirty
screenings of a film at a local cinema is given
below.

21 30 66 71 10 37 24 21
62 50 27 31 65 12 38 34
21 28

a Using groups 10~19, 20-29, 30-39, etc.,
draw a grouped frequency table of the above
data.

Using your grouped data, calculate an
estimate for the mean number of people
attending each screening.

3

~

Find the standard deviation of the following set
of numbers.

8,8, 10, 10, 10, 12, 14, 15, 17, 20

@

A hockey team scores the following number
of goals in their matches over a season.

Number of o[1]2]3]a]s]s
children [Goalsscored [0 [1[2]2]4]5]
Frequency 3[s|e|o|3]o]2 |Frequen(y | 4 | 1z| 8 |1| | 4 | 1 |
a Calculate the mean number of children Calculate:

perfamily; o ——
b Calculate the median number of children b the range

per family. ¢ the standard deviation.

¢ Calculate the modal number of children.

5 The number of people attending a disco at a
club’s over 30s evenings are shown below.
80 94 32 45 57 68 127 138
23 77 99 47 44 100 106 132
28 56 59 49 96 103 90 84
136 38 72 47 58 110
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Examination questions

1 120 Mathematics students in a school sat an
examination. Their scores (given as a
percentage) were summarized on a cumulative

frequency diagram. This diagram is given below.

120

110

100

20

80

70

60

50

Cumulative frequency

40

30

20

10

00 10 20 30 40 50 60 70 80 90 100

Examination score

table for the students.

a Copy and complete the grouped frequency
[

Examination score x (%) Frequency
0<x=<20 14
20<x<40 2
40 <x <60
60 <x <80

80 <x < 100

b Write down the mid-interval value of the

40 < x < 60 interval.

0]

¢ Calculate an estimate of the mean

examination score of the students.

[21
Paper 1, May 10, Q9

2 56 students were given a
The teacher used the follg

test out of 40 marks.
lowing box and whisker

plot to represent the marks of the students.

10 20

a Write down
i) the median mark;
ii) the 75th percentile
jii) the range of marks.

30 40

mark;

4

b Estimate the number of students who

achieved a mark greater than 32.

[21
Paper 1, Nov 10, Q5

3 The weights of 90 students in a school were
recorded, The information is displayed in the

following table.

Weight (kg) Number of students
40 = w< 50 7
50 = w< 60 28
60 = w<70 35
70 = w< 80 20

a Write down the mid-int
interval 50 < w < 60.

terval value for the

b Use your graphic display calculator to

find an estimate for
i) the mean weight;

ii) the standard deviation.

B

¢ Find the weight that is 3 standard

deviations below the mean.

[21
Paper 1, Nov 10, Q2



Applications, project ideas
and theory of knowledge

Topic

1 Have statistics published
about the African
continent had a
detrimental effect upon
an ordinary person’s
view of that continent?

2 How far is it likely that
the taking of opinion polls
before an election itself
influences the result of the

election? If it does. should 3 can any sample be an
the taking of such polis be accurate reflection of a
regulated? larger group? Can there

pe a perfect question ina
- questionnaire which is
independent of both the
interviewer and
interviewee?

4 Early political opinion
polls in the USA
presidential election,
which were conducted by
telephone, turned out to
pe wildly inaccurate- why
were they 0 inaccurate?




5 Many statistical terms
have a different meaning
in normal conversation.
Discuss some of these
terms. Does the use of
unusual symbols make it
more or less €asy to
understand statistics?

& Which form of statistical
display is the easiest to
understand? Does display
depend upon context?

| |s standard deviation @

. discovery or @ creation of

mathematics?

1 darr.
4 zzmsﬁ,m“y speaking an
b et s more i
choose a statistics ly
#:.lett than any other.
St e could i
n the basis of q
project.

7 Charts and graphs can
2 used .tn inform or to
mnﬁ‘s'c In advertisin
i : ‘;nril:se of stab'su'fx’

" ¢
the basis of g

8 'In a modern democracy
whoever spends most gets
elected. Discuss this
statement. Did money
influence the choice of
Roman Emperors?

9 ; pc;;stible Project would be
ofstaﬂ: d your knowledge
o tical analysis 9t

Studies the Mathematical
some Yllabus. iscuss
study ::ss'b" areas of

th your teacher.

B

11 Earlier it was mentioned
that the GDC gave two
different types of
standard deviation.
Investigate the difference
petween the two.



3 Logic, sets and probability

Syllabus content

31

3.2

33
34

35

3.6

37

Basic concepts of symbolic logic: definition of a proposition; symbolic
notation of propositions.

Compound statements: implication, =; equivalence, <; negation, —;
conjunction, ; disjunction, v; exclusive disjunction, v..

Translation between verbal statements and symbolic form.

Truth tables: concepts of logical contradiction and tautology.
Converse; inverse; contrapositive.

Logical equivalence.

Testing the validity of simple arguments through the use of truth tables.

Basic concepts of set theory: elements x € A; subsets A C B;
intersection A N B; union A U B; complement A'.

Venn diagrams and simple applications.
Sample space: event, A; complementary event, A',
Probability of an event.

Probability of a complementary event.

Expected value.

Probability of combined events, mutually exclusive events,
independent events.

Use of tree diagrams, Venn diagrams, sample space diagrams and tables
of outcomes.
1

Probability using ‘with * and ‘without repl

Conditional probability.
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Aristotle 384-322 Bc

Introduction

If the three areas of logic, sets and probability are looked at from a historical
perspective, then logic came first. The study of logic developed in China, India
and Greece, each independently of the other two, in the fourth century BC.

In the seventeenth century Pascal and others began to study probability. The
study of sets did not truly begin until around 1900 when Georg Cantor and Richard
Dedekind began work on the theory of sets.

Georg Cantor

Logic

In philosophy, traditional logic began with the Greek philosopher Aristotle. His six

texts are collectively known as The Organon. Two of them, Prior Analytics and De
are the most i for the study of logic.

The fundamental assumption is that reasoning (logic) is built from propositions.
A proposition is a statement that can be true or false. It consists of two terms: one
term (the predicate) is affirmed (true) or denied (false) by the other term (the
subject): for example

“All men [subject] are mortal [predicate].”
There are just four kinds of proposition in Aristotle’s theory of logic.

A type: Universal and affirmative — ‘All men are mortal.”

Itype: Particular and affirmative — ‘Some men are philosophers.’
Etype: Universal and negative — ‘No men are immortal.’

O type: Particular and negative — ‘Some men are not philosophers.”

This is the fourfold scheme of propositions. The theory is a formal theory
explaining which combinations of true premises give true conclusions.

A century later, in China, a contemporary of Confucius, Mozi ‘Father Mo’
(430 BC), is credited with founding the Mohist school of philosophy, which
studied ideas of valid inference and correct conclusions.



112 LOGIC, SETS AND PROBABILITY

What is logic?
Logic is a way to describe situations or knowledge that enables us to reason from
existing knowledge to new conclusions. It is useful in computers and artificial
intelligence where we need to represent the problems we wish to solve using a
symbolic language.

Logic, unlike natural language, is precise and exact. (It is not always easy to
understand logic, but it is necessary in a computer program.) An example of a
logical argument is:

All students are poor.
Tam a student.
By using logic, it follows that I am poor.

Note: if the original statement is false, the conclusion is still logical, even though it is
false, e.g.

All students are rich. (is not true)
Tam a student.
By using logic it follows that I am rich!

It is not the case that all students are rich but, if it were, [ would be rich because [
am a student. This is why computer programmers talk of ‘Garbage in, garbage out’.

Logic systems are already in use for such things as the wiring systems of aircraft.
The Japanese are using logic experiments with robots.

B Exercise 3.1.1

1 You have four letters. A letter can be sent sealed or open. Stamps are either
10 cents or 15 cents.

Unsealed Sealed

‘Which envelope must be turned over to test the rule ‘If a letter is sealed, it must
have a 15 cent stamp'?
2 You have four cards.
A letter A—~Z is on one side.
A number 0-9 is on the other side.
You have these cards:

]

Which card do you turn over to test the rule ‘If a card has a vowel on one side,
it must have an even number on the other side’?
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3.2 Sets and logical reasoning

Proposition:

Symbols used in logic
There are some symbols that you will need to become familiar with when we study
logic in more detail
The following symbols refer to the relationship between two propositions p
and q.

Symbol Meaning
A p and q (conjunction)
v p or q or both (inclusive disjunction)
v p or g but not both (exclusive disjunction)
= If p then g (implication)
= If p= g and g = p the statements are equivalent, i.e. p < g (equivalence)
= If p is true, g cannot be true. p — q (negation)

A proposition is a stated fact. It may also be called a statement. It can be true or
false. For example,

“Nigeria is in Africa’ is a true proposition.

“Japan is in Europe’ is a false proposition.

These are examples of simple propositions.

Compound statement: Two or more simple propositions can be combined to form a compound

Conjunction:

Negation:

proposition or compound statement.

Two simple propositions ate combined with the word and, e.g.

apan is in Asia.
g: The capital of Japan is Tokyo.

These can be combined to form: Japan is in Asia and the capital of Japan is

Tokyo.
This is written p A g, where A represents the word and.

The negation of any simple proposition can be formed by putting ‘not’ into the
statement, e.g.

p: Ghana is in Africa,
g: Ghana is ot in Africa.

Therefore g = —p (i.e. p is the negation of q).

If p is true then g cannot also be true.
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Tmplication:

Converse:

Equivalent
propositions:

Disjunction:

Exclusive disjunction:

Valid arguments:

For two simple propositions p and g, p = q means if p is true then q is also true,
eg.

p: It is raining.

g: 1 am carrying an umbrella.

Then p = g states: If it is raining then I am carrying an umbrella.

This is the reverse of a proposition. In the example above the converse of p = q
isq = p. Note, however, although p = q is true, i.e. If it is raining then I must
be carrying an umbrella, its converse ¢ = p is not necessarily true, i.e. it is not
necessarily the case that: If | am carrying an umbrella then it is raining.

If two propositions are true and converse, then they are said to be equivalent.
For, example if we have two propositions

p: Pedro lives in Madrid.
edro lives in the capital city of Spain.

these propositions can be combined as a compound statement:

If Pedro lives in Madrid, then Pedro lives in the capital city of Spain.
ie.pimpliesq (p=q)

This statement can be manipulated to form its converse:

If Pedro lives in the capital of Spain, then Pedro lives in Madrid.
ie.qimpliesp (q=p)

The two combined statements are both true and converse so they are said to be

logically equivalent (q < p). Logical equivalence will be discussed further in
Section 3.4.

For two propositions, p and g, p v q means either p or q is true or both are true, e.g.

: It is sunny.
g: 1 am wearing flip-flops.

Then p v g states either it is sunny or I am wearing flip-flops or it is both sunny
and I am wearing flip-flops.

For two propositions, p and g, p ¥ q means either p or g is true but not both are
true, e.g.

p: It is sunny.

g: 1 am wearing flip-flops.

Then p v g states either it is sunny or I am wearing flip-flops only.

An argument is valid if the conclusion follows from the premises (the statements).
A premise is always assumed to be true, even though it might not be, e.g.

London is in France. the first premise
France is in Africa. the second premise
Therefore London is in Africa.  the conclusion
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W Exercise 3.2.1

1 Which of the following are propositions?

a Are you from Portugal? b Capetown is in South Africa.
¢ Catalan is a Spanish language.  d Be careful with that.

e x=3 f x#3

g 1 play football. h Go outside and play.

i Apples are good to eat. j ] isaletter of the alphabet.

2 Form compound statements using the word ‘and’ from the two propositions given
and state whether the compound statement is true or false.

p: Paris is the capital of France. g Ghana is in Asia.

a t: Teresaisa girl. a: Abena is a gitl.

b px<8 > -1

¢ a A pentagon has 5 sides. triangle has 4 sides.

d I: London is in England. e: England is in Europe.

e kix<y Ly<z

£ m: 5 is a prime number n: 4 is an even number

g s: A square is a rectangle. t: A triangle is a rectangle.
h

i

a: 37 is a prime number : 51 is a prime number
j p: parallelograms are rectangles t: trapeziums are rectangles

3.3 Truth tables

In probability experiments, a coin when tossed can land on heads or tails. These are
complementary events, i.e. P(H) + P(T) = 1.

In logic, if a statement is not uncertain, then it is either true (T) or false (F). If
there are two statements, then either both are true, both are false or one is true and
one is false.

A truth table is a clear way of showing the possibilities of statements.

Let proposition p be ‘Coin A lands heads’ and proposition g be ‘Coin B lands
heads’. The truth table below shows the different possibilities when the two coins
are tossed. Alongside is a two-way table also showing the different outcomes. Note
the similarity between the two tables.

L q Coin A CoinB
T T m m
T F 1 T
F T 7 W
F F T T

Truth table Two-way table
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Conjunction, disjunction and negation

Extra columns can be added to a truth table.

P A q (conjunction) means that both p and g must

P q pAG

be true for the statement to be true. T T T

T F F

F T F

F F F
p v q (inclusive disjunction) means that either p or q, P q pvg
or both, must be true for the statement to be true. T T T

T F T

F T T

F F F
p ¥ q (exclusive disjunction) means that either p or g, P q pvag
but not both, must be true for the statement to be true. T T 3

T F T

F T T

F F F
—p represents a negation, i.e. p must not be true for P q —p
the statement to be true. T T F

T F F

F T T

F F T

M Exercise 3.3.1
1 Copy and complete the truth table for three propositions T
b, qand 7. It may help to think of spinning three coins 3

and drawing a table of possible outcomes.
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2 Copy and complete the truth table below for the three statements p, g and r.

-p

pvq

—pvr

vaal=pvn

T

T

T

RIS N I R ey ey 3

Logical contradiction and tautology

Logical contradiction
A contradiction or contradictory proposition is never true. For example, let p be

the proposition that Rome is in Italy.

p: Rome is in Ttaly.

Therefore —p, the negation of p, is the proposition: Rome is not in Italy.

If we write p A — p we are saying Rome is in Italy and Rome is not in Italy. This
cannot be true at the same time. This is an example of a logical contradiction.
A truth table is shown below for the above statement.

P

-p

pPA=P

T

F

E

F

T

F

Both entries in the final column are F. In other words a logical contradiction must

be false.

T  Show that the compound proposition below is a contradiction.

(v a) Al=p) A (=q)]
Construct a truth table:
P 9 [ -p| -qa| pv ©p) A (—a) (pv @) All=p) A (=g
T T F F T F F
T F F T T F
F T T T T F F
F F T T F T F

Because the entries in the last column are all false, the statement is a logical
contradiction.




118 LOGIC, SETS AND PROBABILITY

Tautology
The manager of the band Muse said to me recently: ‘If Muse’s album “Resistance” is
a success, they will be a bigger band than U2." He paused ‘Or they will not’.

This is an example of a tautology: ‘either it does or it doesn't’. It is always true.

A compound proposition is a tautology if it always true regardless of the truth
values of its variables.

Consider the proposition: All students study maths or all students do not study
maths. This is a tautology, as can be shown in a truth table by considering the
result of p v —p.

p | -p| Pv-p
T F T
F T T

Since the entries in the final column p v —p are all true, this is a tautology.

Il Show that (b vq) v [(=p) A (=q)] is a tautology by copying and completing the
truth table below.

P g | -p | —q PVq (=p) A () (p v q) v [(=p) A (=q)]
T T F F T F T
T F F T T F T
F T T F T F T
F F 3 T F T T

As the entries in the final column (p v @) v [(=p) A (=q)] are all true, the
statement is a tautology.

W Exercise 3.3.2

1 Describe each of the following as a tautology, a contradiction or neither. Use a
truth table if necessary.
a pa-q
b ga-q
c pv—q
d gv-gq
e [pv(=glalgv(=q]

2 By drawing a truth table in each case, deduce whether each of the following
propositions is a tautology, contradiction or neither.
a —pa-q
—(=p) vp
qA—T
(prg)ar

b
c
d
e (pravr
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3.4 Implication; converse; inverse;

Worked examples

contrapositive and logical equivalence

Implication
‘If” is a word introducing a conditional clause.

Later in your life someone might say to you, ‘If you get a degree, then I will buy
you a car’.

Let us look at this in a truth table. » a —
p: You get a degree. T T T
g: T will buy you a car. T :
F T T
F F T

The first row is simple:

You get a degree, I buy you a car, and therefore I have kept my promise.

The second row too is straightforward:

You get a degree, I don’t buy you a car, and therefore I have broken my promise.

The last two rows seem more complicated, but think of them like this. If you do not
get a degree, then I have kept my side of the bargain whether I buy you a car or not.

Therefore, the only way that this type of statement is false is if a ‘promise’ is
broken.

Logically p = q is true if:

p is false
or q is true
or p is false and q is true

Similarly p = q is only false if p is true and q is false.
In the following statements, assume that the first phrase is p and the second phrase q.
Determine whether the statement p = q is logically true or false.

1 ‘If 5 x 4 = 20, then the Earth moves round the Sun.
As both p and q are true, then p = q is true, i.e. the statement p = q is logically
correct.

2 “If the Sun goes round the Earth, then I am an alien.”
Since p is false, then p = q is true whether [ am an alien or not. Therefore the
statement is logically true.

This means that witty replies like:

I T could run faster, I could be a professional footballer
“Yes and if you had wheels you'd be a professional skater’ are logically true, since
the premise p, ‘if you had wheels', is false and therefore what follows is irrelevant.
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W Exercise 3.4.1

Worked example

1 In the following statements, assume that the first phrase is p and the second
phrase is g. Determine whether the statement p = q is logically true or false.
a If2+2=5then2 +3=5.
b If the moon is round, then the Earth is flat.
¢ If the Earth is flat, then the moon is flat.
d If the Earth is round, then the moon is round.
e If the Earth is round, then I am the man on the moon.

2 Descartes’ phrase ‘Cogito, ergo sum’ translates as ‘I think, therefore I am’.
a Rewrite the sentence using one or more of the following: ‘if, ‘whenever',
‘it follows that’, ‘it is necessary’, ‘unless’, ‘only’.
b Copy and complete the following sentence: ‘Cogito ergo sum’ only breaks
down logically if Descartes thinks, but . .

Logical equivalence

There are many different ways that we can form compound statements from the
propositions p and q using connectives. Some of the different compound
propositions have the same truth values. These propositions are said to be
equivalent. The symbol for equivalence is <.

Two propositions are logically equivalent when they have identical truth values.

Use a truth table to show that —(p A q) and —p v —q are logically equivalent.

P q PAg | =PAG) | =P | =@ | =PV g
T T T F F F F
T F F T F T i
F T F T T F T
F F F T T T T

Since the truth values for —(p A q) and —p v —q (columns 4 and 7) are identical,
the two statements are logically equivalent.

Converse

The statement ‘All squares are rectangles’ can be rewritten using the word ‘if’ as:
‘If an object is a square, then it is a rectangle’. p = g. (true in this case)

The converse is:

g = p. ‘If an object is a rectangle, then it is a square.’ (false in this case)

Inverse

The inverse of the statement ‘If an object is a square, then it is a rectangle’
(b=aq)is:

—p = —q. ‘If an object is not a square, then it is not a rectangle.’ (false in this case)
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Worked example

Contrapositive

The contrapositive of the statement ‘If an object is a square, then it is a rectangle’
(p=q)is:

—q = —p. ‘If an object is not a rectangle, then it is not a square.’ (true in this case)
Note:

A statement is logically equivalent to its contrapositive.

A statement is not logically equivalent to its converse or inverse.
The converse of a statement is logically equivalent to the inverse.

So if a statement is true, then its contrapositive is also true.
If a statement is false, then its contrapositive is also false.

And if the converse of a statement is true, then the inverse is also true.
If the converse of a statement is false, then the inverse is also false.

To summarize:
given a conditional statement:  p=gq

the converse i q=p
the inverse is: —p=-q
the contrapositive —q=—p

Statement: ‘All even numbers are divisible by 2.”

Rewrite the statement as a conditional statement.

State the converse, inverse and contrapositive of the conditional
statement. State whether each new statement is true or false.

o »

»

Conditional: ‘If a number is even, then it is divisible by 2. (true)
Converse: ‘If a number is divisible by 2, then it is an even number.’ (true)
Inverse: ‘If a number is not even, then it is not divisible by 2." (true)
Contrapositive: ‘If a number is not divisible by 2, then it is not an even
number. (true)

=

Note: The contrapositive both switches the order and negates. It combines the
converse and the inverse.

On a truth table it can be shown that a conditional statement and its
contrapositive are logically equivalent

Implication Contrapositive
P 9 | -»| —a p=q —q=-p

T T F F T T

T F F T F F

F T T F T T

F F T T T T

Note: If we have a tautology, we must have logical equivalence. For example,

If you cannot find the keys you have lost, then you are looking in the wrong place.”
Obviously if you are looking in the right place then you can find your keys. (So the
contrapositive is equivalent to the proposition.)
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W Exercise 3.4.2

1 Write each of the following as a conditional statement and then write its
converse, inverse or contrapositive, as indicated in brackets.

Example Being interested in the Romans means that you will enjoy Italy.
(converse)

Solution: Conditional statement. If you are interested in the Romans, then you
will enjoy Italy.

Converse.If you enjoy ltaly, then you are interested in the Romans.

You do not have your mobile phone, so you cannot send a text. (inverse)
A small car will go a long way on 20 euros worth of petrol. (contrapositive)
Speaking in French means that you will enjoy France more. (converse)
‘When it rains I do not play tennis. (inverse)

We stop playing golf when there is a threat of lightning. (inverse)

The tennis serve is easy if you practise it. (contrapositive)

A six-sided polygon is a hexagon. (contrapositive)

You are less than 160 cm tall, so you are smaller than me. (inverse)

The bus was full, so I was late. (contrapositive)

The road was greasy, so the car skidded. (converse)

N R A Y

2 Rewrite these statements using the conditional ‘i . Then state the converse,
inverse and contrapositive. State whether each new statement is true or false.

Any odd number is a prime number.

A polygon with six sides is called an octagon.

An acute-angled triangle has three acute angles.

Similar triangles are congruent.

Congruent triangles are similar.

A cuboid has six faces.

A solid with eight faces is a regular octahedron.

All prime numbers are even numbers.

'm0 e o»

3.5 Set theory

Worked examples

The modem study of set theory began with Georg Cantor and Richard Dedekind in an
1874 paper titled ‘On a characteristic property of all real algebraic numbers’. It is most
unusual to be able to put an exact date to the beginning of an area of mathematics.

The language of set theory is the most common foundation to all mathematics
and is used in the definitions of nearly all mathematical objects.

A set is a well-defined group of objects or symbols. The objects or symbols are
called the elements of the set. If an element e belongs to a set S, this is represented
ase € S. If e does not belong to set S this is represented as e & S.

1 A particular set consists of the following elements:
{South Africa, Namibia, Bgypt, Angola, ....}.
a Describe the set.
b Add another two elements to the set.
¢ Is the set finite or infinite?
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a The elements of the set are countries of Africa.
b eg. Zimbabwe, Ghana
¢ Finite. There is a finite number of countries in Africa.

2 Consider the set
{1, 4, 9, 16, 25, ...}
Describe the set.
Werite another two elements of the set.
Is the set finite or infinite?

6o

The elements of the set are square numbers.
eg. 36, 49
Infinite. There is an infinite number of square numbers,

6o

W Exercise 3.5.1

1 For each of the following sets:
i) describe the set in words
ii) write down another two elements of the set.
a {Asia, Africa, Europe, ...}
b {2,468, ..}
¢ {Sunday, Monday, Tuesday, ...}
d {January, March, July, ...}
e {1,3,6,10,...}
f {Mehmet, Michael, Mustapha, Matthew, ...}
g {11,13,17,19, ..}
h f{aei, ...}
i {Earth, Mars, Venus, ...}
i A={x13<x<12}
k S={yl -5<y<5}

2 The number of elements in a set A is written as n(A).
Give the value of n(A) for the finite sets in question 1 above.

Subsets

If all the elements of one set X are also elements of another set Y, then X is said to
be a subset of Y.

This is written as X C Y.

If a set A is empty (i.e. it has no elements in it), then this is called the empty set
and it is represented by the symbol @. Therefore A = @.

The empty set is a subset of all sets. For example, three girls, Winnie, Natalie
and Emma, form a set A.

A = {Winnie, Natalie, Emma}
All the possible subsets of A are given below:
B = {Winnie, Natalie, Emma}

C = {Winnie, Natalie}

D = {Winnie, Emmal

E = {Natalie, Emma}
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F = {Winnie}
G = {Natalie}
H = {Emma}
I=2

Note that the sets B and I above are considered as subsets of A,

iee ACAand@ C A.

However, sets C, D, E, F, G and H are considered proper subsets of A. This
distinction in the type of subset is shown in the notation below. For proper
subsets, we write:

CcAandD cC Aetc. instead of CC Aand D C A.

Similarly G ¢ H implies that G is not a subset of H
G ¢ H implies that G is not a proper subset of H.

I A=(,23,4,56,789, 10}

a List the subset B of even numbers.
b List the subset C of prime numbers.
a B={2,4,6,8, 10}

b C={2,35717

W Exercise 3.5.2

1 Pis the set of whole numbers less than 30.
a List the subset Q of even numbers.
b List the subset R of odd numbers.
¢ List the subset S of prime numbers.
d List the subset T of square numbers.
e List the subset U of triangular numbers.

2 A is the set of whole numbers between 50 and 70.
a List the subset B of multiples of 5.
b List the subset C of multiples of 3.
¢ List the subset D of square numbers.

3]=lpar
a List all the subsets of J.
b Listall the proper subsets of J.

4 State whether each of the following statements is true or false.
a {Algeria, Mozambique} C {countries in Africa}
b {mango, banana} C {fruit}
¢ {1,2,3,4c1,2,3,4
d{1,2,3,4cf1,2,34
e {volleyball, basketball} ¢ {team sport}
f {4,6,8 10} ¢ {4,6,8,10}
g {potatoes, carrots} C {vegetables}
h {12, 13, 14, 15} ¢ {whole numbers}
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Worked examples

The universal set
The universal set (U) for any particular problem is the set which contains all the
possible elements for that problem.

The complement of a set A is the set of elements which are in U but not in A.
The set is identified as A". Notice that U' = @and @' = U.

1 1fU={1,2,3,4,5,67,89 10} and A = {1, 2, 3, 4, 5}, what set is represented
by A7
A’ consists of those elements in U which are not in A.
Therefore A’ = {6, 7, 8, 9, 10}.
2 If U is the set of all three-dimensional shapes and P is the set of prisms, what set
is represented by P'?
P' is the set of all three-dimensional shapes except prisms.

Intersections and unions

The intersection of two sets is the set of all the elements that belong to both sets.
The symbol N is used to represent the intersection of two sets.
IfP=1{1,2,3456,7,89 10t and Q = {2, 4, 6, 8, 10, 12, 14, 16, 18, 20} then
PN Q={2,4,6,8, 10} as these are the numbers that belong to both sets.

The union of two sets is the set of all elements that belong to either or both sets
and is represented by the symbol U.

Therefore in the example above,

PUQ=1{1,2,345671282910,12, 14, 16, 18, 20}.

Unions and intersections of sets can be shown diagrammatically using Venn diagrams.

Venn diagrams
Venn diagrams are the principal way of showing sets diagrammatically. They are
named after the mathematician John Venn (1834-1923). The method consists
primarily of entering the elements of a set into a circle or circles.

Some examples of the uses of Venn diagrams are shown below.

A =1{2,4,6,8, 10} can be represented as:
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Elements which are in more than one set can also be represented using a Venn
diagram.

P=1{3,6,9,12,15, 18} and Q = {2, 4, 6, 8, 10, 12} can be represented as:

P w4

\ s

\\ -

The elements which belong to hoth sets are placed in the region of overlap of the
two circles.

As mentioned in the previous section, when two sets P and Q overlap as they do
above, the notation P N Q is used to denote the set of elements in the intersection,
ie.PNQ =1{6 12 Note that 6 PN Q;8 €PN Q.

J =110, 20, 30, 40, 50, 60, 70, 80, 90, 100} and K = {60, 70, 80} can be represented
as shown below; this is shown in symbols as K C J.

X={1,3,6,7 14land Y = {3, 9, 13, 14, 18} are represented as:

X Y

The union of two sets is everything which belongs to either or both sets
and is represented by the symbol U. Therefore, in the example above,
XUY={1,36,709 13,14, 18}
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M Exercise 3.5.3

1 Using the Venn diagram, deduce whether the following statements are true or
false. € means ‘is an element of and & means ‘is not an element of”.

2 Copy and complete the statement A N B = {...} for each of the Venn diagrams

A

[

Y

w

A B
30
40
50
a5€A b 20€B
c20¢A ds50eA
e 50¢B f AN B ={10, 20}
below.
B

" Red
/ Orange \ Purple
Yellow |
| Blue
indigo \ Green | L
" Violet

Copy and complete the statement A U B = {...} for each of the Venn diagrams

in question 2 above.

Using the Venn diagram, copy and
complete these statements.
a U={.}
b A ={.

Using the Venn diagram, copy and
complete the following statements.
a U={.}

e

f
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c

a Using the Venn diagram, describe in words the elements of:

i) set A ii) set B iii) set C.

b Copy and complete the following statements.
i) ANB={.} ii) ANC ={.} iii)BNC={.}
iv) ANBNC={.} v) AUB={.} vi)CUB={.}

a Using the Venn diagram, copy and complete the following statements.

i) A={.} ii) B={.} iii) C" = {..}

iv) ANB={.} v) AU = vi) (ANB) ={.}
b State, using set notation, the relationship between C and A.

a Copy and complete the following statements.

i) W={.J} i) X ={.} i) Z' = {...}

iv) WNZ={.} v) WNX=1{.} vi)YNZ ={.}
b Which of the named sets is a subset of X?
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9 A = {Egypt, Libya, Morocco, Chad}
B = {Iran, Iraq, Turkey, Egypt}
a Draw a Venn diagram to illustrate the above information.
b Copy and complete the following statements.
i) ANB={.} i) AUB={.}
10 P-=42,3,5,7,11,13, 17}
Q={11, 13, 15,17, 19}
a Draw a Venn diagram to illustrate the above information.
b Copy and complete the following statements.
) PNQ={.} i) PUQ = {..}
11 B={2,4,6,8, 10}
AUB={l,2,3,4,6,8,10}
ANB={2,4
Draw a Venn diagram to represent the above information.
12 X={a, ¢ de fgl}
Y=1{bcdehiklm}
Z={efi,j,m
Draw a Venn diagram to represent the above information.
13 P=1{1,4,7,9,11,15}
Q=1{5,10,15}
R={1,49

Draw a Venn diagram to represent the above information.

Commutative, associative and distributive
properties of sets
Set A =1{2,3,4,B={1,3,5 Tand C = (3,4, 5}.

A B
AUB=BUA={1,2,3,4,5T7)

ANB=BNA= {3}

Therefore the union and intersection of sets are commutative (the same whichever
way round the sets are ordered).
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IfC is added to the Venn diagram, we get:

A B

AvA (ANB)NC=ANBNC)={3}
(AUB)UC=AU(BUC)={

1,2,3,457

[

Therefore the union and intersection of sets are associative (the order of the
operations does not matter).
From the Venn diagram above it can also be seen that:
AUBNC)=(AUBN(AUC) =1{2,3,4,5
ANBUC) =(ANB)UANC) ={3,4}.

Therefore the union is distributive over the intersection of sets.

Problems involving sets

1 Ina class of 31 students, some study physics and some study chemistry. If 22
study physics, 20 study chemistry and 5 study neither, calculate the number of
students who take both subjects.
The information given above can be entered in a Venn diagram in stages.
The students taking neither physics nor chemistry can be put in first (as shown).
u

5

This leaves 26 students to be entered into the set circles.
If x students take both subjects then:
u

o
(o]

n(P) =22 —x+x
nC) =20 - x +x
PUC=31-5=126
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Therefore 22 —x+x+20-x =126

42-x=126
x=16
Substituting the value of x into the Venn diagram gives:
u
P (@]
5

Therefore the number of students taking both physics and chemisty is 16.

2 In a region of mixed farming, farms keep goats, cattle or sheep. There are 77
farms altogether. 19 farms keep only goats, 8 keep only cattle and 13 keep only
sheep. 13 keep both goats and cattle, 28 keep both cattle and sheep and 8 keep
both goats and sheep.

a Draw a Venn diagram to show the above information.
b Calculaten(G N C N §).

First of all draw a partly complete Venn G c
diagram, filling in some of the information

above.

We know that:.

n(Only G) + n(Only C) + n(Only S) = 19 + 8 + 13 = 40

So the number of farms that keep two or more types of animal is

77 - 40 = 37.

So, if (G N C N'S) = x (i.e. x is the number of farms keeping cattle, sheep
and goats), then

13 —x+8—x+128 —x+x=37
49 — 2x =37

49 - 37 =2x

6 =x
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It is then easy to complete the Venn diagram as shown:

A
avA

b As worked out in part a and shown in the diagram, n(G N C N §) = 6.

B Exercise 3.5.4

1

~

w

Y

In a class of 35 students, 19 take Spanish, 18 take French and 3 take neither.
Calculate how many take:

a both French and Spanish

b just Spanish

¢ just French.

In a year group of 108 students, 60 liked football, 53 liked tennis and 10 liked
neither. Calculate the number of students who liked football but not tennis.

In a year group of 113 students, 60 liked hockey, 45 liked rugby and 18 liked
neither. Calculate the number of students who:

a liked both hockey and rughy

b liked only hockey.

One year, 37 students sat an examination in physics, 48 sat an examination in
chemistry and 45 sat an examination in biology. 15 students sat examinations in
physics and chemistry, 13 sat examinations in chemistry and biology, 7 sat
examinations in physics and biology and 5 students sat examinations in all three.

a Draw a Venn diagram to represent this information.

b Calculate n(P U C U B).

¢ Calculate n(P N C).

d Calculate n(B N C).

e How many students took an examination in only one subject?

On a cruise around the coast of Turkey, there are 100 passengers and crew. They
speak Turkish, French and English.

Out of the total of 100, 14 speak all three languages, 18 speak French and
Turkish only, 16 speak English and French only, and 10 speak English and
Turkish only.

Of those speaking only one language, the number speaking only French or only
English is the same and 6 more than the number that speak only Turkish.

a How many speak only French?

b How many speak only Turkish ?

¢ In total, how many speak English?
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Worked examples

6 Inagroup of 125 students who play tennis, volleyball or football, 10 play all
three. Twice as many play tennis and football only. Three times as many play
volleyball and football only, and 5 play tennis and volleyball only.

If x play tennis only, 2x play volleyball only and 3x play football only,
determine:

a how many play tennis

b how many play volleyball

¢ how many play football.

The analogy of logic and set theory

The use of No or Never or All ... do not in statements (e.g. No French people are
British people) means the sets are disjoint, i.e. they do not overlap.

The use of All or If ... then or No ... not in statements (e.g. There is no nurse
who does not wear a uniform) means that one set is a subset of another.

The use of Some or Most or Not all in statements (e.g. Some televisions are
very expensive) means that the sets intersect.

The validity of an argument can be tested using
Venn diagrams.

If p, q and r are three statements and if p = g and
q =1, then it follows that p = r.

In terms of sets, if A, B and C are all proper
subsets (C) of the universal set U and if A C B and
BCCthenACC.

Di ically this can be das
shown in the Venn diagram opposite:

C u
B

1 Pis the set of French people and Q is the set of British people.
Draw a Venn diagram to represent the sets.

The Vern dingrm s thown, £ g

ie.PNQ=0
In logic this can be written p v g,
i.e. p or g but not both.

2 Pis the set of nurses and (Q is the set of people who wear uniform.
Draw a Venn diagram to represent the sets.

P is a subset of Q as there are other
people who wear uniforms apart
from nurses, ie. P C Q

In logic this can be written p = q.
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3 Pis the set of televisions and (Q is the set of expensive electrical goods. Draw a
Venn diagram to represent the sets.

P intersects (Q as there are expensive electrical goods that are not televisions
and there are televisions that are not expensive.
In logic the intersection can be written p A g.

W Exercise 3.5.5

1 Draw a Venn diagram to illustrate the following sets.
Q: students wearing football shirts
P: professional footballers wearing football shirts
Shade the region that represents the statement ‘Kofi is a professional footballer
and a student’. How would you write this using logic symbols?

]

Draw a Venn diagram to illustrate the following sets.

Q: students wearing football shirts

P: professional footballers wearing shirts
Shade the region that satisfies the statement ‘Maanu is either a student or a
professional footballer but he is not both’. How would you write this using logic
symbols?

w

Draw a Venn diagram to illustrate the following sets.

P: maths students U: all students.
Shade the region that satisfies the statement ‘Boamah is not a maths student’.
How would you write this using logic symbols?

S

Draw a Venn diagram to illustrate the following sets.

P: five-sided shapes  U: all shapes
Shade the region that satisfies the statement ‘A regular pentagon is a five-sided
shape’. How would you write this using logic symbols?

w

Draw a Venn diagram to illustrate the following sets.

Q: multiples of 5 U: integers
Shade the region where you would place 17. How would you write this using logic
symbols?

=}

Draw a Venn diagram to illustrate the following sets.

P: people who have studied medicine

Q: people who are doctors
Shade the region that satisfies the statement ‘All doctors have studied medicine’.
How would you write this using logic symbols?

=

Ilustrate the statement ‘People with too much money are never happy’ using a
Venn diagram with these sets.

P: people who have too much money

Q: people who are happy
Shade the region that satisfies the statement ‘People with too much money are
never happy'. How would you write this using logic symbols?
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3.6

Pierre de Fermat

Worked examples

8 Draw a Venn diagram to illustrate the following sets.
P: music lessons  Q: lessons that are expensive
Shade the region that satisfies the statement ‘Some music lessons are expensive’.
How would you write this using logic symbols?

Probability

Although Newton and Galileo had some thoughts about chance, it is accepted that
the study of what we now call probability began when Blaise Pascal (1623-1662)
and Pierre de Fermat (of Fermat’s last theorem fame) corresponded about problems
connected with games of chance. Later Christiaan Huygens wrote the first book on
the subject, The Value of all Chances in Games of Fortune, in 1657. This included a
chapter entitled ‘Gambler’s Ruin’.

In 1821 Carl Friedrich Gauss (1777-1855), one of the greatest mathematicians
who ever lived, worked on the ‘normal distribution’, a very important contribution
to the study of probability.

Probability is the study of chance, or the likelihood of an event happening. In
this section we will be looking at theoretical probability. But, because probability is
based on chance, what theory predicts does not necessarily happen in practice.

Sample space

Set theory can be used to study probability.
A sample space is the set of all possible results of a trial or experiment. Each
result or outcome is sometimes called an event.

Complementary events
A dropped drawing pin can land either pin up, U, or pin down, D. These are the
only two possible outcomes and cannot both occur at the same time. The two
events are therefore mutually exclusive (cannot happen at the same time) and
complementary (the sum of their probabilities equal 1). The compl of an
event A is written A’

Therefore P(A) + P(A’) = 1. In words this is read as ‘the probability of event A
happening added to the probability of event A not happening equals 1.

1 A fair dice is rolled once. What is its sample space?
The sample space $ is the set of possible outcomes or events. Therefore
S =1{1,2,3,4,5, 6} and the number of outcomes or events is 6.

2 a What is the sample space, S, for two drawing pins dropped together.
b How many possible outcomes are there?

a S ={UU, UD, DU, DD}

b There are four possible outcomes.

3 The probability of an event B happening is P(B) = 2. Calculate P(B').
P(B) and P(B') are complementary events, so P(B) + P(B') = L.
P(B)=1-%=%
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W Exercise 3.6.1

Worked example

1 What is the sample space and the number of events when three coins are tossed?

2 What is the sample space and number of events when a blue dice and a red dice
are rolled? (Note: (1, 2) and (2, 1) are different events.)

w

What is the sample space and the number of events when an ordinary dice is
tolled and a coin is tossed?

&

A mother gives birth to twins. What is the sample space and number of events for
their sex?

[

What is the sample space if the twins in question 4 are identical?

o

Two women take a driving test.
a What are the possible outcomes?
b What is the sample space?

~

A tennis match is played as ‘best of three sets’.
a What are the possible outcomes?
b What is the sample space?

8 If the tennis match in question 7 is played as ‘best of five sets’,
a what are the possible outcomes?
b what is the sample space?

Probability of an event

A favourable outcome refers to the event in question actually happening. The total
number of possible outcomes refers to all the different types of outcome one can get
in a particular situation. In general:

number of favourable outcomes
total number of equally likely outcomes

Probability of an event =

n(A)
20y

where P(A) is the probability of event A, n(A) is the number of ways event A can
occur and n(U) is the total number of equally likely outcomes.

Therefore

This can also be written as: P(A) =

if the probability = 0, it implies the event is impossible
if the probability = 1, it implies the event is certain to happen

An ordinary, fair dice is rolled.
a Calculate the probability of getting a 6.
b Calculate the probability of not getting a 6.
a Number of favourable outcomes = 1 (i.e. getting a 6)
Total number of possible outcomes = 6 (i.e. getting a 1, 2, 3, 4, 5 or 6)
Probability of getting a 6, P(6) = &
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b Number of favourable outcomes = 5 (i.e. getting a 1, 2, 3, 4, 5)
Total number of possible outcomes = 6 (i.e. getting a 1, 2, 3, 4, 5 or 6)
Probability of not getting a six, P(6') = 2

From this it can be seen that the probability of not getting a 6 is equal to 1
minus the probability of getting a 6, i.e. P(6) = 1 — P(6").

These are known as complementary events.

In general, for an event A, P(A) = 1 — P(A").

B Exercise 3.6.2

1 Caleulate the theoretical probability, when rolling an ordinary, fair dice, of
getting each of the following.
a ascore of | b ascore of 5
¢ an odd number d ascore less than 6
e ascore of 7 f ascore less than 7
2 a Calculate the probability of:
i) being bom on a Wednesday
i) not being born on a Wednesday.
b Describe the result of adding the answers to a i) and ii) together.
3250 tickets are sold for a raffle. What is the probability of winning if you buy:
a 1 ticket b 5 tickets
¢ 250 tickets d 0 tickets?

&

In a class there are 25 girls and 15 boys. The teacher takes in all of their books in
a random order. Calculate the probability that the teacher will:

a mark a book belonging to a girl first

b mark a book belonging to a boy first.

w

Tiles, each lettered with one different letter of the alphabet, are put into a bag. If
one tile is drawn out at random, calculate the probability that it is:

a anAorP b avowel

¢ aconsonant d anX,YorZ

e a letter in your first name.

o

A boy was late for school 5 times in the previous 30 school days. If tomorrow is a
school day, calculate the probability that he will arrive late.

7 3 ted, 10 white, 5 blue and 2 green counters are put into a bag.
a If one is picked at random, calculate the probability that it is:

i) agreen counter

ii) a blue counter.

If the first counter taken out is green and it is not put back into the bag,

calculate the probability that the second counter picked is:

i) agreen counter

ii) ared counter.

2



138 LOGIC, SETS AND PROBABILITY

3.7

You will come across
some of these ideas
in the Biology and
Physics Diploma
courses.

Worked example

8 A spinning wheel has the numbers 0 to 36 equally spaced around its edge.
Assuming that it is unbiased, calculate the probability on spinning it of getting:

a the number 5 b an even number
¢ an odd number d zero

e a number greater than 15 f amultiple of 3
g a multiple of 3 or 5 b a prime number.

9 The letters R, C and A can be combined in several different ways.

a Write the letters in as many different combinations as possible.

b If a computer writes these three letters at random, calculate the
probability that:
i) the letters will be written in alphabetical order
ii) the letter R is written before hoth the letters A and C
iii) the letter C is written after the letter A
iv) the computer will spell the word CART if the letter T is added.

10 A normal pack of playing cards contains 52 cards. These are made up of four
suits (hearts, diamonds, clubs and spades). Each suit consists of 13 cards. These
are labelled ace, 2, 3, 4,5, 6, 7, 8,9, 10, Jack, Queen and King. The hearts and
diamonds are red; the clubs and spades are black.

If a card is picked at random from a normal pack of cards calculate the

probability of picking:
a aheart b ablack card
¢ afour d ared King
e aJack, Queen or King £ the ace of spades
g an even numbered card h aseven ora club.

Combined events

In this section we look at the probability of two or more events happening:
combined events. If only two events are involved, then two-way tables can be
used to show the outcomes.

Two-way tables of outcomes

a Two coins are tossed. Write down all the possible outcomes in a two-way table.
Calculate the probability of getting two heads.
Calculate the probability of getting a head and a tail in any order.

3

a

a Coin 1
Head Tail

HH ™

Head

Coin 2

HT ™

Tail

=

All four outcomes are equally likely, therefore the probability of getting HH is

ki

a

The probability of getting a head and a tail in any order, i.e. HT or TH, is2 =
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W Exercise 3.7.1

Worked example

1

»

Two fair tetrahedral dice are rolled. If each is numbered 1—4, draw a two-way
table to show all the possible outcomes.

‘What is the probability that both dice show the same number?

‘What is the probability that the number on one dice is double the number on
the other?

d What is the probability that the sum of both numbers is prime?

3

o

2 Two fair dice are rolled. Copy and complete the diagram to show all the possible

combinations.
What is the probability of getting: i 38
a double 3 5 35
any double 7 5
a total score of 11 8
a total score of 7 83 33
2 32 52 6,2

an even number on at least one dice
a 6 or a double

scores which differ by 3

a total which is either a multiple of 2 or 5? Dice 1

1 1,121 31 41

a
b
c
d
e an even number on both dice
f
g
h
i

Tree diagrams

‘When more than two combined events are being considered, two-way tables cannot

be used and therefore another method of representing information diagrammatically
is needed. Tree diagrams are a good way of doing this.

a

If a coin is tossed three times, show all the possible outcomes on a tree diagram,
writing each of the probabilities at the side of the branches.

b What is the probability of getting three heads?

¢ What is the probability of getting two heads and one tail in any order?
d What is the probability of getting at least one head?

e What is the probability of getting no heads?

a

Toss 1 Toss 2 Toss 3 ‘Outcomes

HHH

HHT
HTH

HTT
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b To calculate the probability of getting three heads, multiply along the branches:
P(HHH) = {x1x =1

o

The successful outcomes are HHT, HTH, THH.
P(two heads, one tail any order)
= P(HHT) + P(HTH) + P(THH)
1 1 1 1 1 1 1 1 1 1 1 1 3
=(Exaxd)+fExixg)+(Fxixg)=g+i+i=2

Therefore the probability is 3.

e

This refers to any outcome with either one, two or three heads, i.e. all of them
except .

P(TTT) =4x4xi=1
P(at least one head) = 1 - P(TTT) = 1 - § =

R |
Therefore the probability is .

o

The only successful outcome for this event is #

Therefore the probability is 3, as shown in part d.

W Exercise 3.7.2

1 a A computer uses the numbers 1, 2 and 3 at random to make three-digit
numbers. Assuming that a number can be repeated, draw a tree diagram to
show all the possible combinations that the computer can print.

b Calculate the probability of getting:
i) the number 131 i) an even number
jii) a multiple of 11 iv) a multiple of 3
v) amultiple of 2 or 3 vi) a palindromic number.

~
®

A family has four children, Draw a tree diagram to show all the possible
combinations of boys and girls. [Assume P(girl) = P(boy).]

b Calculate the probability of getting:
i) all girls i) two girls and two boys
iii) at least one girl iv) more girls than boys.

w
»

A netball team plays three matches. In each match the team is equally likely
to win, lose or draw. Draw a tree diagram to show all the possible outcomes
over the three matches.
Calculate the probability that the team:

i) wins all three matches

i) wins more times than it loses

3

iii) loses at least one match

iv) doesn’t win any of the three matches.
Describe why it is not very realistic to assume that the outcomes are equally
likely in this case.

3
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Worked example

4 A spinner is split into quarters.

a Ifitis spun twice, draw a probability tree showing all the possible outcomes.
b Calculate the probability of getting:
i) two greens
i) a green and a blue in any order
iii) a blue and a white in any order.

Tree diagrams for unequal probabilities

In each of the cases considered 5o far, all of the outcomes have been assumed to be
equally likely. However, this need not be the case.

In winter, the probability that it rains on any one day is 3.

a Using a tree diagram, draw all the possible combinations for two consecutive
days. Write down each of the probabilities by the sides of the branches.

b Calculate the probability that it will rain on both days.

¢ Calculate the probability that it will rain on the first day but not the second day.

d Calculate the probability that it will rain on at least one day.

a

Day 1 Day 2 Outcomes  Probabity
5 i in, Rair 5,5_25
% _Ran  RanRan  Ix3-
Rain

5

7
2 ““Noran Rain Norain 5x2-18
2 ’ e 2

3 2 _Ran  NorainRan 2

7 No rain
2 ; i fi2ed_d
2™ Norain Norain,Norain 2x% -4

Note how the probability of each outcome is found by multiplying the
probabilities for each of the branches.
b P(R,R)=3x 3=
¢ P(R,NR) =3 x
d The outcomes which satisfy this event are (R, R), (R, NR) and (NR, R).
25 10 _45

Therefore the probability is 2 + 13 + 13 =&
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M Exercise 3.7.3

1 A particular board game involves players rolling a dice. However, before a player
can start, he or she needs to roll a 6.
a Copy and complete the tree diagram below showing all the possible
combinations for the first two rolls of the dice.

Roll 1 Roll 2 Outcomes  Probabilty
s ) ook Six, Six
5 sk
Not six
3 __—six

& TNot six<
Not six

b Calculate the probability of each of the following.
i) Getting a six on the first throw
ii) Starting within the first two throws
iii) Starting on the second throw
iv) Not starting within the first three throws
v) Starting within the first three throws
¢ Ifyou add the answers to b iv) and v) what do you notice? Explain.

2 Inltaly 2 of the cars are foreign made. By drawing a tree diagram and writing the
probabilities next to each of the branches, calculate each of these probabilities.
a The next two cars to pass a particular spot are both Italian.
b Two of the next three cars are foreign.
¢ At least one of the next three cars is Italian.

3 The probability that a moming bus arrives on time is 65%.
a Draw a tree diagram showing all the possible outcomes for three
consecutive mornings.
b Label your tree diagram and use it to calculate the probability of each of
the following.
i) The bus is on time on all three mornings.
ii) The bus is late the first two mornings.
iii) The bus is on time two out of the three mornings.
iv) The bus is on time at least twice.

4 Light bulbs are packaged in cartons of three; 10% of the bulbs are found to be
faulty. Calculate the probability of finding two faulty bulbs in a single carton.

5 A volleyball team has a 0.25 chance of losing a game. Calculate the probability
of the team achieving:
a two consecutive wins
b three consecutive wins
¢ 10 consecutive wins.
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Worked examples

Tree diagrams for probability problems with and
without ‘replacement’

In the examples considered so far, the probability for each outcome remained the
same throughout the problem. However, this need not always be the case.

1 A bag contains three red balls and seven black balls. If the balls are put back
after being picked, find the probability of picking:
a two red balls
b a red ball and a black ball in any order.

This is selection with replacement. Draw a tree diagram to help visualise the
problem.

T black
_—red

~ black

a The probability of a red followed by a red, P(RR) = 2 X 15 = 13-

0

b The probability of a red followed by a black or a black followed by a red is
3 7 7 3 2 21 42
P(RB) + P(BR) = (55 x ) + (35 % 15) = 56 + 76 = 155

2 Repeat question 1, but this time each ball that is picked is not put back in the bag.

This is selection without replacement. The tree diagram is now as shown.

a PRR) = 5x3=5%&

b P(RB) + P(BR) = (5 x &) + (L x3) =& + & =&

Exercise 3.7.4

1 A bag contains five red balls and four black balls. If a ball is picked out at
random, its colour is recorded and it is then put back in the bag, what is the
probability of choosing:

two red balls

two black balls

a red ball and a black ball in this order

a red ball and a black ball in any order?

en o
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Worked examples

]

Repeat question 1 but, in this case, after a ball is picked at random, it is not put
back in the bag.

3 A bag contains two black, three white and five red balls. If a ball is picked, its
colour recorded and then put back in the bag, what is the probability of picking:
a two black balls
b a red and a white ball in any order?

s

Repeat question 3 but, in this case, after a ball is picked at random, it is not put
back in the bag.

w

You buy five tickets for a raffle. 100 tickets are sold altogether. Tickets are picked
at random. You have not won a prize after the first three tickets have been drawn.
a What is the probability that you win a prize with either of the next two

draws!?
b What is the probability that you do not win a prize with either of the next
two draws!

o

A bowl of fruit contains one apple, one banana, two oranges and two pears. Two
pieces of fruit are chosen at random and eaten.
a Draw a probability tree showing all the possible combinations of the two
pieces of fruit.
b Use your tree diagram to calculate the probability that:
i) both the pieces of fruit eaten are oranges
i) an apple and a banana are eaten
iii) at least one pear is eaten.

Use of Venn diagrams in probability

You have seen earlier in this topic how Venn diagrams can be used to represent

seri Thiey asalen be tsed o solve piroblems iwolving prababiling

Probability of event, A, P(A) = %

1 In asurvey carried out in a college, students were asked for their favourite
subject.

15 chose English

8 chose Science

12 chose Mathematics
5 chose Art

If a student is chosen at random, what is the probability that he or she likes
Science best?



Combined events 145

This can be represented on a Venn diagram as:

Sclence

There are 40 students, so the probability is 35 = %.
2 A group of 21 friends decide to go out for the day to the local town; 9 of them
decide to see a film at the cinema, 15 of them get together for lunch.
a Draw a Venn diagram to show this information if set A represents those
who see a film and set B those who have lunch.
b Determine the probability that a person picked at random only went to
the cinema.

®

9 + 15 = 24; as there are only 21 people,
this implies that 3 people see the film and
have lunch. This means that

9 — 3 = 6 only went to see a film and

15 = 3 = 12 only had lunch.

=

The number who only went to the cinema is 6, as the other 3 who saw a

film also went out for lunch. Therefore the probability is ¢

Exercise 3.7.5

1 In a class of 30 students, 20 study French, 18 study Spanish and 5 study neither.
a Draw a Venn diagram to show this information.
b What is the probability that a student chosen at random studies both
French and Spanish?

2 In a group of 35 students, 19 take Physics, 18 take Chemistry and 3 take neither.
‘What is the probability that a student chosen at random takes:
a both Physics and Chemistry
b Physics only
¢ Chemistry only?
3 108 people visited an art gallery; 60 liked the pictures, 53 liked the sculpture, 10
liked neither.
‘What is the probability that a person chosen at random liked the pictures but
not the sculpture?
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4 In a series of examinations in a school:

37 students took English

48 students took French

45 students took Spanish

15 students took English and French

13 students took French and Spanish

7 students took English and Spanish

5 students took all three.

a Draw a Venn diagram to represent this information.

b What is the probability that a student picked at random took:
i) all three
ii) English only
iii) French only?

Laws of probability

Mutually exclusive events

Events that cannot happen at the same time are known as mutually exclusive
events. For example, if a sweet bag contains 12 red sweets and 8 yellow sweets, let
picking a red sweet be event A, and picking a yellow sweet be event B. If one sweet
is picked, it is not possible to pick a sweet which is both red and yellow. Therefore
these events are mutually exclusive.

This can be shown in a Venn diagram:

A OO BU
o

00 o

00

P(A) =2 whilt P(B) =%

As there is no overlap, (A U B) = P(A) + P(B) = £ + £ = B = 1.

i.e. the probability of mutually exclusive event A or event B happening is equal to
the sum of the probabilities of event A and event B and the sum of the probabilities

of all possible mutually exclusive events is 1.

[rYTp—— 11 a 50 m swim, the world record holder has a probability of 0.72 of winning. The
probability of her finishing second is 0.25.

What is the probability that she either wins or comes second?

Since she cannot finish both first and second, the events are mutually exclusive.
Therefore P(Ist U 2nd) = 0.72 + 0.25 = 0.97.
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Worked example

Combined events
If events are not mutually exclusive then they may occur at the same time.

These are known as combined events.

For example, a pack of 52 cards contains four suits: clubs (), spades (&), hearts
(%) and diamonds (# ). Clubs and spades are black; hearts and diamonds are red.
Each suit contains 13 cards. These are ace, 2, 3, 4, 5, 6, 7, 8, 9,10, Jack, Queen and
King.

A card s picked at random. Event A represents picking a black card; event B
represents picking a King.

In a Venn diagram this can be shown as:

AV 2 3¥ 4v 5¥6v 7¥ 8v oviovavay | U

A @4 Y Y
/" 44 54 6a
[ 748894
104 JaQa [Ke | KY
Ad 28 3;‘ Ké Ké |
4% 5% 64 /

7% 88 98
104 J& Q&

|A® 24 34 44 5¢ 64 74 B4 94104 J¢ Q¢

PA)=%=1 and PB) =F=%

However P(A U B) # 2 + 2 because K& and Keb belong to both events A and B
and have therefore been counted twice. This is shown in the overlap of the Venn
diagram.

Therefore, for combined events, P(A U B) = P(A) + P(B) - P(A N B)
i.e. the probability of event A or B is equal to the sum of the probabilities of A and
B minus the probability of A and B.

In a holiday survey of 100 people:

72 people have had a beach holiday
16 have had a skiing holiday
12 have had both.

What is the probability that one person chosen at random from the survey has had
cither a beach holiday (B) or a ski holiday (S)?

PB) =1 POS) =1 PBNS) =%

2 16 12 6
Therefore P(B U S) = 15 + 1 — 1% = &
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Worked examples

Independent events
A student may be born on 1 June, another student in his class may also be born on
1 June. These events are independent of each other (assuming they are not twins).
If a dice is rolled and a coin spun, the outcomes of each are also independent,
i.e. the outcome of one does not affect the outcome of another.
For independent events, the probability of both events occurring is the product
of each occurring separately, i.e.

P(A N B) = P(A) x P(B)

1 I 'spin a coin and roll a dice.
a What is the probability of getting a head on the coin and a five on the dice?
b What is the probability of getting either a head on the coin or a five on
the dice, but not both?

a PH) =1 PG)=1
Both events are independent therefore P(H 1 5) = P(H) x P(5)

x4
L
12
b P(H U 5) is the probability of getting a head, a five or both.
Therefore P(H U 5) — P(H N 5) removes the probability of both events
occurring.
The solution is P(H U 5) — P(H N 5) = P(H) + P(5) — P(H N 5)

2 The probabilities of two events X and Y are given by:
P(X) = 05, P(Y) = 0.4, and (X N ) = 0.2.
Are events X and Y mutually exclusive?

Calculate P(X U Y).
‘What kind of events are X and Y?

6 ow

®

No: if the events were mutually exclusive, then P(X 1Y) would be 0 as
the events could not occur at the same time.
P(XUY) =P(X) + P(Y) - PXNY)
0.5+04-02
=07
Since P(X N Y)= P(X) x P(Y), i.e.
0.2 = 0.5 x 0.4, events X and Y must be independent.

3

o
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Worked example

Conditional probability
Conditionsl frobability tefors o the probabiliey oban evene (A) cosiming whidh 3
in turn dependent on another event (B).

For example, a group of ten children play two tennis matches each. The table
below shows which matches the children won and lost.

Child First match Second match
1 Won Won
2 Lost Won
3 Lost Won
4 Won Lost
5 Lost Lost
6 Won Lost.
7 Won Won
8 Won Won
9 Lost Won

10 Lost Won

Let winning the first match be event A and winning the second match be event B.
An example of conditional probability would be as follows: calculate the probability
that a boy picked at random won his first match, if it is known that he won his
second match.

Because we are told that the boy won his second match, this will affect the final
probability. This is written as P(A | B), i.e. the probability of event A given that
event B has happened.

P(A|B) = _P(f;(g)s)
or P(A[B) = % bt e e B O et Ever Happeas,

Using the table above, for a child picked at random:

a Calculate the probability that the child lost both matches.

b Calculate the probability that the child won his first match.

¢ Calculate the probability that a child won his first match, if it is known that he
won his second match.

a b np) = NAEE) L
b P(A)=%=f—0=%
c P(A\B)=%=%

Note: The answers to b and ¢ are different although both relate to the probability
of a child winning his first match.
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Worked example

Venn diagrams are very useful for conditional probability as they show n(A N B)
clearly.

In a class of 25 students, 18 play football, 8 play tennis and 6 play neither sport.

a Show this information on a Venn diagram.

b What is the probability that a student chosen at random plays both sports?

¢ What is the probability that a student chosen at random plays football, given
that he also plays tennis?

a 18 + 8 + 6 = 32. As there are only 25 students, 7 must play both sports.

_nENT) _ 1
b RENT) =M - L

_aENT) _ 1
e | T =20l -

Exercise 3.7.6

1 The Jamaican 100m women’s relay team has a 0.5 chance of coming first in the
final, 0.25 chance of coming second and 0.05 chance of coming third.
a Are the events independent?
b What is the team’s chance of a medal?

2 I spina coin and throw a dice.
a Are the events independent?
b What is the probability of getting:
i) ahead and a factor of 3
ii) a head or a factor of 3
iii) a head or a factor of 3, but not both?

3 What is the probability that two people picked at random both have a birthday
in June?
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4 Amelia takes two buses to work. On a particular day, the probability of her
catching the first bus is 0.7 and the probability of her catching the second bus is
0.5. The probability of her catching neither is 0.1.

a Are the events independent?
b If A represents catching the first bus and B the second:
i) State P(A U B)".
ii) Find P(A U B).
iii) Given that P(A U B) = P(A) + P(B) — P(A N B), calculate
P(A N B).

iv) Calculate the probability P(A | B), i.e. the probability of Amelia
having caught the first bus, given that she caught the second bus.

5 The probability of Marco having breakfast is 0.75. The probability that he gets a
lift to work is 0.9 if he has had breakfast and 0.8 if he has not.
a What is the probability of Marco having breakfast then getting a lift?
b What is the probability of Marco not having breakfast then getting a lift?
¢ What is the probability that Marco gets a lift?
d If Marco gets a lift, what is the probability that he had breakfast?

6 Inés has a driving test on Monday and a Drama exam the next day. The
probability of her passing the driving test is 0.73. The probability of her passing
the Drama exam is 0.9. The probability of failing both is 0.05.

Given that she has passed the driving test, what is the probability that she also
passed her Drama exam?

7 An Olympic swimmer has a 0.6 chance of a gold medal in the 100m freestyle, a
0.7 chance of a gold medal in the 200 m freestyle and a 0.1 chance of no gold
medals. Given that she wins the 100 m race, what is the probability of her
winning the 200m race?

8 a How many students are in your class?

b How likely do you think it is that two people in your class will share the same
birthday? Very likely? Likely? Approx 50507 Unlikely? Very unlikely?
¢ Wirite down everybody’s birthday. Did two people have the same birthday?
Below is a way of calculating the probability that two people have the same
birthday depending on how many people there are. To study this it is easiest to
look at the probability of birthdays being different. When this probability is less
than 50%, then the probability that two people will have the same birthday is
greater than 50%.
‘When the first person asks the second person, the probability of them not

having the same birthday is 3% (ie. it is 355 that they have the same birthday).
When the next person is asked, as the events are independent, the probability
of all three having different birthdays is:
364 363
) x () = 99.2%
When the next person is asked, the probability of all four having different
birthdays is:

(3 < (33

and so on....
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[

d Copy and complete the table below until the probability is 50%.

Number of people

Probability of them not having the same birthday

364

2 2 _907%
3 @Z) x (%) =99.2%
. N
5
10
15
20
etc.

e Explain in words what your solution to part d means.

Student assessment 1

Describe the following sets in words.
a {1:3,5, T

b {153:.5; Lok

c {1,4,9,16,25, ..}

d {Arctic, Atlantic, Indian, Pacific}

Calculate the value of n(A) for each of the sets

shown below.

a A is the set of days of the week

b A is the set of prime numbers between 50
and 60

¢ A = {x|xisan integerand -9 <x < -3}

d A is the set of students in your class

Copy this Venn diagram three times.

u
A B

On one copy shade and label the region
which represents A N B.

On another copy shade and label the region
which represents A U B.

On the third copy shade and label the region
which represents (A N B)'.

®

L3

o

4 IfA = {w, o, 1, k}, list all the subsets of A with
at least three elements.

5 1fU=1{1,2,3,4,5,6,7,8}and P = {2, 4,6, 8},
what set is represented by P'?

6 A hexagonal spinner is divided into equilateral
triangles painted alternately red and black.
‘What is the sample space when the spinner is
spun three times!

7 If p is the proposition ‘The Amazon river is in
Africa’, write the proposition —p in words.

8 What is meant by p v q7

9 Calculate the theoretical probability of:

a being born on a Saturday

b being born on the 5th of a month in a non-
leap year

¢ being born on 20 June in a non-leap year

d being born on 29 February.

10 A coin is tossed and an ordinary, fair dice is

rolled.

a Draw a two-way table showing all the
possible combinations.

b Calculate the probability of getting:
i) aheadanda6
i) a tail and an odd number
iii) a head and a prime number.
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B Student assessment 2

1 IfA = {2, 4, 6, 8}, write all the proper subsets of
A with two or more elements.

2 X = {lion, tiger, cheetah, leopard, puma,

jaguar, cat}

Y = {elephant, lion, zebra, cheetah, gazelle}

Z = {anaconda, jaguar, tarantula, mosquito}

a Draw a Venn diagram to represent the above
information.

b Copy and complete the statement
XNnY={.}

¢ Copy and complete the statement
YNnz=1{.}

d Copy and complete the statement
Xnynz={_.}

3 U is the set of natural numbers, M is the set of
even numbers and N is the set of multiples of 5.
a Draw a Venn diagram and place the numbers
1,2,3,4,5,6,7,8,9, 10 in the appropriate
places in it.
b If X =M N N, describe set X in words.

4 A group of 40 people were asked whether they
like tennis (T) and football (F). The number
liking both tennis and football was three times
the number liking only tennis. Adding 3 to the
number liking only tennis and doubling the
answer equals the number of people liking only
football. Four said they did not like sport at all.
a Draw a Venn diagram to represent this

information.
b Calculate n(T N F).
¢ Calculate n(T N F').
d Calculate n(T' N F).

5 The Venn diagram below shows the number of
elements in three sets P, Q and R.

r Q

15-x 13+4x

R
Ifn(P UQ U R) = 93 calculate:

x
n(P)

n(Q)

n(R)

(P N Q)
n(QNR)
(P NR)
(R UQ)
(P NQ).

‘What is meant by p A g7

=R oo oAn o

~ o

Copy and complete the truth table below.

P q prq pvq

Bl T =

®

‘What is a tautology? Give an example.

©

A goalkeeper expects to save one penalty out of
every three. Calculate the probability that he:

a saves one penalty out of the next three

b fails to save any of the next three penalties

¢ saves two out of the next three penalties.
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M Student assessment 3

1

The probability that a student takes English is
0.8. The probability that a student takes English
and Spanish is 0.25.

‘What is the probability that a student takes
Spanish, given that he takes English?

2 A card is drawn from a standard pack of cards.

w

=

a Draw a Venn diagram to show the following:
A is the set of aces

B is the set of picture cards

C is the set of clubs

From your Venn diagram find the following
probabilities.

i) P(ace or picture card)

ii) P(not an ace or picture card)

iii) P(club or ace)

iv) P(club and ace)

v) P(ace and picture card)

=

Students in a school can choose to study one or
more science subjects from Physics, Chemistry
and Biology.

In a year group of 120 students, 60 took
Physics, 60 took Biology and 72 took Chemistry;
34 took Physics and Chemistry, 32 took
Chemistry and Biology and 24 took Physics and
Biology; 18 took all three.

a Draw a Venn diagram to represent this

information.

If a student is chosen at random, what is the

probability that:

i) the student chose to study only one
science subject

ii) the student chose Physics or Chemistry,
and did nor choose Biology?

L3

A class took an English test and a Maths test.

40% passed both tests and 75% passed the
English test.

‘What percentage of those who passed the
English test also passed the Maths test?

5 A jar contains blue and red counters. Two

counters are chosen without replacement. The
probability of choosing a blue then a red
counter is 0.44. The probability of choosing a
blue counter on the first draw is 0.5.

What is the probability of choosing a red
counter on the second draw if the first counter
chosen was blue?

6 Tna group of children, the probability that a

child has black hair is 0.7. The probability that
a child has brown eyes is 0.55. The probability
that a child has either black hair or brown eyes
is 0.85.

‘What is the probability that a child chosen at
random has both black hair and brown eyes?

7 A ball enters a chute at X.

®

What are the probabilities of the ball going
down each of the chutes labelled (i), (ii)
and (iii)?

Calculate the probability of the ball landing
in:

i) tray A

ii) tray C

iii) tray B.

=

Examination questions

1 A fitness club has 60 members. 35 of the

members attend the club’s aerobics course (A)
and 28 members attend the club’s yoga course
(Y). 17 members attend both courses. A Venn
diagram is used to illustrate this situation.
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w

Write down the value of g. [11
Find the value of p. [21
Calculate the number of members of the
fitness club who attend neither the aerobics

6 oe

course (A) nor the yoga course (Y). 7]
d Shade, on a copy of the Venn diagram,
AnNY. [1

Paper 1, May 10, Q6

Police in a town are investigating the theft of
mobile phones one evening from three cafés,
‘Alan’s Diner’, ‘Sarah’s Snackbar’ and ‘Pete’s Eats’.

They interviewed two suspects, Matthew and
Anna about that evening.

Matthew said: “ visited Pete’s Eats and
visited Alan’s Diner and I did not visit Sarah’s
Snackbar.”

Let p, g and r be the statements:

p: 1 visited Alan’s Diner
q: 1 visited Sarah’s Snackbar
7: I visited Pete’s Eats

a Write down Matthew’s statement in
symbolic logic form. 3]

‘What Anna said was lost by the police,
but in symbolic form it was
(qvr)=p
b Write down, in words, what Anna said. ~ [3]

Paper 1, May 11, Q4
Part A

The following Venn diagram represents the
students studying Mathematics (A), Further
Mathematics (B) and Physics (C) in a school.
50 students study Mathematics

38 study Physics

20 study Mathematics and Physics but not
Further Mathematics

10 study Further Mathematics but not Physics
12 study Further Mathematics and Physics

6 study Physics but not Mathematics

3 study none of these three subjects.

A

a Copy and complete the Venn diagram. ~ [3]
b Write down the number of students who
study Mathematics but not Further

Mathematics. [1]
¢ Write down the total number of students

in the school. [11
d Write down n(B U C). [21
Part B

Three propositions are given as

p: It is snowing
g: The roads are open
7 We will go skiing

a Write the following compound statement in
symbolic form.
4t is snowing and the roads are not open.” [2]

b Write the following compound statement in
words.
(prg)=r 31
¢ Copy and complete the truth table. 31
P la | r | P |Prg|Pra=r
TlT|T
T[T |F
TlF|T
T|F|F
FlT|T
FlT[F
FlE|T
FlFE|F

Paper 2, Nov 09, Q2
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Statistical applications

Syllabus content
4.1 The normal distribution.

The concept of a random variable; of the parameters  and ; of the bell
shape; the symmetry about x = u.

Diagrammatic representation.

Normal probability calculations.

Expected value.

Inverse normal calculations.
4.2 Bivariate data: the concept of correlation.

Scatter diagrams; line of best fit, by eye, passing through the mean point.

Pearson’s product—moment correlation coefficient, .

Interpretation of positive, zero and negative, strong or weak correlations.
4.3 The regression line for y on x.

Use of the regression line for prediction purposes.

4.4 The y? test for independence: formulation of null and alternative
hypotheses; significance levels; contingency tables; expected frequencies;
degrees of freedom; p-values.

4.1 The normal distribution

You will have seen in Topic 2 that data can be grouped and graphed as a frequency
histogram. The frequency histogram below shows the mass (kg) of 100 randomly
chosen adults.

40

30

20

Frequency

10 p—

0
0 10 20 30 40 50 60 70 80 90 100
Mass (kg)

It is likely that both the mean and median mass will fall in the modal class, 60-70.
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The shape of the distribution is approximately symmetrical about the mean,
median and modal class.

As the class intervals become smaller, the frequency distribution may look as
follows:

0

0 10 20 30 40 50 60 70 80 90 100
Mass (kg)
If a smooth curve is plotted through the centre of the top of each column, this can
represent the shape of the distribution if the class interval was ‘infinitely’ small, as shown.

\

5 | | |||||
AT

1|II| DN

0
0 10 20 30 40 50 60 70 80 90100

Mass (ko)
e Thisis i ly the typical bell-shaped curve of a normal distribution curve.
the normal
distribution in the 20
Biology and Physics
Diploma courses.
15

3

2

310 / \

g

g
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0

0 10 20 30 40 50 Mean 80 90 100
Median

Mode
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In a normal distribution curve, the mean, median and mode all coincide with the
bell's peak. Its height and width will depend on the spread of the distribution. The
greater the spread of the distribution, the shallower its peak. Similarly, data that has
little spread,will have a more pronounced peak.

In the normal distributions below, one represents the height of 200 students
chosen randomly in a school, the other represents the heights of 200 students in
one year of the same school.

1 N

Discuss which distribution above is likely to belong to the heights of all the
students in the school.

Two parameters affect the shape of a normal distribution curve, the mean value
(1) — also known as the expected value, and the standard deviation (0. Open the
‘4.1 Normal distribution 1" GeoGebra file on the website. Observe how the shape of
the normal distribution curve changes as 4 and o' change.

The area under the normal distribution curve represents the whole ‘population”
in question. Note: the word ‘population’ does not necessarily have to mean people.
The population can represent anything from which data is collected, e.g. the mass
of 100 oranges, the lifespan of 1500 batteries, the heights of 500 sunflowers, etc.

From the shape of a normal distribution curve it can be deduced that most of the
population lies close to the mean. The further from the mean a value is, the less
likely it is to occur in the population.

Open the ‘4.1 Normal distribution 2’ GeoGebra file on the website. The shape of
the normal distribution curve can be changed by altering the parameters it and 0.
The percentage of the population that falls within 1, 2 and 3 standard deviations of
the mean is given.
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Exercise 4.1.1

Using the GeoGebra files mentioned on the previous page as a resource, answer the

following questions.

1 What effect does increasing the expected value # have on the shape and position
of a normal distribution curve?

2 What effect does increasing the standard deviation o have on the shape and
position of a normal distribution curve?!

3 Two normal distribution curves, A and B, are shown below.

A

a Which curve shows the distribution with the greater mean? Justify your
answer.

b Which curve shows the distribution with the greater standard deviation?
Justify your answer.

4 Approximately what percentage of the population falls:

a within one standard deviation of the mean?

b within two standard deviations of the mean?

¢ within three standard deviations of the mean!

5 The normal distribution curve below represents the heights of a large group of people.

The mean height of the population is 130cm and the standard deviation 10cm.
a Copy the diagram and label on the horizontal axis:
i) the mean height of 130cm
i) the height 145cm.
b Justify your choices in part a above.
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Worked example

6 The normal distribution curve below represents the mass (kg) of a large group of
young adults. The expected value (mean) is 65 kg. The standard deviation is 7 kg.

a Copy the diagram and shade the region that represents the part of the
population with a mass greater than 65kg.

b A person is picked at random from the population. What is the probability

that he/she has a mass greater than 65 kg?

‘What is the probability that a person picked at random has a mass between

58 kg and 72 kg? Justify your answer.

What is the probability that a person picked at random has a mass less

than 51 kg? Justify your answer.

o

e

So far most of the calculations and diagrams have dealt with cases where the value in
question is a multiple of the standard deviation. However, this need not be the case.

The lengths (cm) of a certain type of snake are recorded. It is found that the
distribution of the lengths follows a normal distribution with an expected value
(mean) of 125 cm and a standard deviation of 10em.
a Draw a normal distribution curve showing the above data.
b A snake is chosen at random from the population.
‘What is the probability that its length is less than 138 cm?

L I { I L I L I L I
80 90 100 110 120 130 140 150 160 170

Note: the peak of the curve coincides with the mean value of 125 cm.
Also, as over 99% of the data falls within three standard deviations of the
mean, the ‘tails’ of the curve are drawn to just over 30 cm from the mean.
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b It is always good practice to draw a normal distribution curve to show the
area that is being calculated.

I I { I I I I I I
80 90 100 110 120 130 140 150 160 170
One standard deviation above the mean would be a length of 135 cm, two
standard deviations would be 145 cm. The length in question is 138 cm,
which falls between the two. Your GDC is able to calculate this probability.

Casio
@D @D toselect the I VENY 77
et Tods T e
ERRPN DYNﬂ ;ﬂB&E IRECUR
oxs iy BV EL J@Q
op to select ‘dist’. cggﬂ%%un PRGH grgF

Tace
@D to select ‘norm’

zem 1o select the ‘Ned”
cumulative option.

Enter the lower and upper bounds,
the mean and standard deviation.

oc)

The final screen gives the
probability P(Length < 138)

Note: The lower bound in this case is not a fixed value, as in theory a
length could go as low as zero. In other cases the lower bound could
be a large negative number. Care therefore needs to be taken when
choosing lower (or upper) bounds.
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Texas

to select ‘Distr”
vARS

to select ‘normalcdf’ the

cumulative option

Enter the numbers (0,138, 125,10)

The numbers refer to (lower bound, upper
bound, mean, standard deviation).

df (8, 138,
A31394306

i
o=

The probability is displayed on the screen. .

Note: The lower bound in this case is not a fixed value, as in theory a
length could go as low as zero. In other cases the lower bound could
be a large negative number. Care therefore needs to be taken when
choosing lower (or upper) bounds.

W Exercise 4.1.2

1 The results (%) of people sitting a Maths exam can be considered to be normally
distributed with a mean of 60% and a standard deviation of 12%.

a Sketch the normal distribution curve for the information given above,
labelling the horizontal scale clearly.

b An A grade is awarded to students achieving at least 80%. What
percentage of students achieved an A grade?

¢ A fail is awarded for a score of 45% or less. What percentage of students
failed the exam?!

d A C grade is awarded to students achieving between 60% and 70%. What
percentage of students achieved a C grade?

2 The time taken for competitors to run a 10 km race is recorded. The distribution
is found to be normal with parameters 4 = 52 minutes and 0 = 4 minutes.

a A competitor is picked at random. What is the probability that he finishes
the race in under 45 minutes?

b What is the probability that a competitor picked at random takes longer
than 1 hour to finish the race?

¢ 5500 competitors complete the race. How many completed the race in
under 40 minutes?
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@

Two different brands of batteries, X and Y, have the same mean lifespan of
45 hours when tested. However the results of brand X have a standard deviation
of 8 hours, whilst those of brand Y have a standard deviation of 2 hours. Assume
the lifespans of both batteries are normally distributed.
a On the same graph, sketch the distributions of each brand, labelling them
clearly.
b A battery of brand X is picked at random. What is the probability that it
lasts longer than 60 hours?
¢ A battery is picked at random and tested. It lasts less than 40 hours. Which
brand is it most likely to belong to? Justify your answer.
d Is it possible for a brand Y battery to last more than 55 hours? Justify your
answer.

s

The lengths of telephone calls at a call centre are assumed to be normally distributed
with a mean length of 6 minutes and a standard deviation of 2.5 minutes.
a A telephone call is picked at random. What is the probability that it lasted
longer than 9 minutes?
b What is the probability that a call lasts between 5 and 6 minutes?
¢ Sketch the distribution and label the horizontal axis clearly.
d With reference to your sketch, describe why the assumption that the
lengths of calls are normally distributed is incorrect.

w

500 g cereal packets are filled by a machine. The masses (g) of cereal in the
packets are normally distributed with an expected mass of 510g and a standard
deviation of 4g.
a What is the probability that a packet picked at random will have a smaller
mass than that stated on the packet?
b The company fills 1.8 million packets a year. How many packets would be
expected to have less than 500g of cereal in them?

o

The masses (kg) of pumpkins are recorded. The masses are normally distributed
with the following parameters: z# = 5.6kg and 0 = 1.2kg.

The pumpkins are labelled ‘large’, ‘medium’ and ‘small’ according to their
mass. A pumpkin with a mass greater than 6.6 kg is labelled ‘large’. A pumpkin
with a mass less than 4kg is labelled ‘small’; the rest are labelled ‘medium’.

a What is the probability that a pumpkin selected at random is large?

b What is the probability that a pumpkin selected at random is small?

¢ 1f8400 pumpkins are labelled medium, how many pumpkins are there

altogether?

Inverse normal calculations

The calculations so far for the normal distribution have involved finding the

bability of an event & ing (e.g. the probability that a mass is greater or less
than a particular value). The probability relates to the area under the relevant part
of the curve.

It is important though to be able to work backwards. These are known as inverse
normal calculations.
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Worked example

The heights of a group of boys are normally distributed with a mean of 175 cm and
a standard deviation of 7 cm. The college basketball team is looking for new
players. It is only considering boys whose heights fall in the top 10% of the
population.

‘What is the minimum height that a boy must be in order to be considered for the
basketball team?

It is always good practice to draw a normal distribution curve to display the
information clearly.

L A L x[19%] L
145 150 156 160 165 170 175 180 185 190 195 195 195 210

The minimum height required is indicated as ‘<’ on the graph, as 10% of the data
falls above this value.
Your GDC will calculate this value for you.

Casio

to select the
‘stat’ mode

Gsolv .
@ to select ‘dist”

vaie
@™ to select ‘norm”

vwindow o select the ‘InvN’ inverse
"' normal option.

Enter the direction of the tail, area,
standard deviation and mean as
shown.

Inverse Normal
@ x=183. 976861

The final screen gives the value of x.

Note: the ‘tail" in this instance is to the right as the top 10% is being
considered. However, the same value for x could be calculated using
the tail in the left and an area of 90%.
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Texas

to select ‘Distr”
?E]i ORAL
VARS £ riormal Faf g

to select ‘invNorm’ the inverse
normal option.

FlRERdf T

Enter the numbers (0.9, 175, 7) D

inHorme. 9, 173.7
The numbers refer to (the area

measured from the left tail, mean,
standard deviation).

The probability is displayed on the screen. fnvHarnt. 5. 175, 7
183.97@261

Note: The area is always measured from the left tail.

W Exercise 4.1.3

1 The amount of time people spend travelling to work each day is considered to
be normally distributed with a mean of 45 minutes and a standard deviation of
13 minutes.

a Sketch a normal distribution curve to illustrate this data.

b 20% of the population artive at work within x minutes of leaving home.
Calculate the value of x.

¢ 60% of the population artive at work within y minutes of leaving home.
Calculate the value of y.

N

Exam results are normally distributed with a mean of 50 and a standard deviation
of 15.
a The examination board awards an A grade to the top 15% of students.
What is the minimum score necessary for an A grade?
b A fail is awarded to the bottom 12% of students. What is the maximum
score that is still considered a fail?
¢ A C grade is awarded to the middle 15% of students. What range of scores
is awarded a C grade?

[

The lengths (cm) of cucumbers are normally distributed with an expected value
of 25cm and a standard deviation of 5cm. A supermarket rejects cucumbers
whose lengths fall in the top 8% and the bottom 20%.
a Sketch the normal distribution curve and shade the region representing the
cucumbers that are rejected.
b Calculate the minimum length of cucumber accepted by the supermarket.
¢ Calculate the maximum length of cucumber accepted.
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4.2

You will come across
bivariate data in the
Biology, Physics,
Chemistry and Social
Sciences Diploma
courses.

Worked example

4 The mean adult length of a species of alligator is 2.3 m with a standard deviation
of 15cm. Find an interval which is symmetrical about the mean within which
99% of the lengths of the alligators lie.

5 The mass (g) of chicken eggs at a farm are recorded and found to be normally
distributed with 2 = 59 and o' = 3. 140 eggs have a mass of less than 52 g.
a How many eggs were recorded at the farm? Give your answer to the
nearest 10.
b The heaviest 400 eggs are labelled ‘super size’. What is the minimum mass
needed for an egg to be labelled ‘super size’?

Scatter diagrams, bivariate data and
linear correlation

‘When we record information about two different aspects (or variables) of a data
item, such as height and mass of children or temperature and number of ice creams
sold on particular days, we are collecting bivariate data. We can use the value of
the two variables for a data item as the coordinates of a point to represent it on a
graph called a scatter diagram (or scatter graph). Scatter diagrams are particularly
useful if we wish to see if there is a relationship between the two variables. How the
points lie when plotted indicates the type of relationship between the two variables.

The heights and weights (masses) of 20 children under the age of five are recorded.
The heights were recorded in centimetres and the weights in kilograms.

Height 32 34 45 46 52 59 63 64 n 73

Mass 5.834 | 3.792 | 9.037 | 4.225 | 10.149 6.188 | 9.891 | 16.010|15.806| 9.929

Height 86 87 o5 96 96 101 108 109 17 121

Mass 11.132 | 16.443| 20.895 | 16.181 | 14.000 | 19.459 | 15.928 | 12.047 | 19.423 | 14.331

a Plot a scatter diagram for the data above.
b Comment on any relationship that you see.

a
30
25

Mass (kg)

10 e e o

| 1 | 1 1 | | L I | | | | |
0 10 20 30 40 50 60 70 80 90 100 110 120 130 140
Height (cm)
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Worked example

b The points tend to lie in a diagonal direction from bottom left to top right. This
suggests that as height increases then, in general, weight increases too. Therefore
there is a positive correlation between height and weight.

Lines of best fit

If the scatter diagram shows that there is a relationship between the two variables,
we can use a line of best fit to estimate the value of one variable given a value of
the other variable. To do this we draw a straight line passing through the data, i.e.
a line of best fit. It will pass through the point (%, 5) and leaves approximately half
the points above the line and half the points below it. It does not need to pass
through the origin.

Using the data about the height and weight of children in the previous example,
estimate the weight of a child with a height of 80cm.

‘We have to assume that this child will follow the trend set by the other 20
children. To deduce an approximate value for the weight, we draw a line of best fit
through the data, passing through the point (%, y).

x=T11.7573=12.535

T T Y I I N S |
0 10 20 30 40 50 60 70 80 90 100 110 120 130 140
Height (cm)
The line of best fit can now be used to give an approximate solution to the

question. If a child has a height of 80cm, you would expect his/her weight, by
reading from the graph below, to be in the region of 13kg.

| I L | 1 | L | | | | | |
0 10 20 30 40 50 60 70 80 90 100 110 120 130 140
Height (cm)
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Your GDC and graphing software can plot scatter diagrams and analyze them.
For example, plot the following data for an ice cream vendor on a scatter
diagram and, if appropriate, draw a line of best fit.

|Temperalure("() |15|Z4|1S|24|19|26|22|24|27|28|30|25|22|17|

|Numberoficecreamssold | 8 |34|20|38|ZS|37|32|29|33|35|44|28|30|25|

Casio
I — List i List 3] L
w ) to select the stat. mode. suftor el |
2
Enter the temperature data in List 1 and the H o
number of ice creams sold in List 2. D 0 59 D T
Trace
(D to access the statistical graphing menu.
StatGrarhl
61 :
m to check the setup. Yrist Nt
3 Fresugncy i
Hank Tore e
The graph type is ‘scatter’ with the x values o Y W na

from List 1 and the y values from List 2. Each
data value is to be counted once.

Trace
@D to plot the scatter diagram.

T

£ to select the graph calculation menu.

Zo0m
@D as the line of best fit required is

linear. The following screen summarizes the
properties of the line of best fit in the form

y=ax+b.
G=1 & T R
@7 to plot the line of best fit. W R EATE

Note: The screen which gives the properties of the line of best fit also
gives the value of r. This represents the product-moment correlation
coefficient which is dealt with later in this topic.
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Texas

m to enter the data into lists.

Enter the temperature data in List 1 and the
number of ice creams sold in List 2.

ﬂ to enter the statistical

plot setup.

Turn ‘Plot 1" to “On’. Choose the scatter
diagram and ensure the x values are from
List 1 and the y values from List 2.

=15

Ptz Plots
0

i WIHDOW
) to set scale the scale for each axis. DGy

to plot the scatter diagram.

to select the ‘Calc’ menu.

TESTS
' Stats

BuadRed
3 < . " &iCubicked
to find the linear equation of the line FliuartRed

of best fit through the points.

to calculate the equation of the line of best
fit with x values from List 1 and y values
from List 2.

to display the equation in the form
ﬂ y=ax+h.

LinReg{ax+b) L1,
Lz

LinReg
u=axth
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Autograph

On the 2D-graph page option, click on v
E}- to enter the data. i
Enter the temperature in the x column S JE
and the number of ice creams sold in 2 z
the y column. 2 &
Click ‘OK’ to graph the data.
To identify the coordinate (x, y), select
‘Object’ followed by ‘centriod’.
To draw a linear line of best fit, select —
‘Object’ followed by ‘Best fit’. A straight 2
line is a polynomial of order 1. orde:1 8
Click ‘OK’ to graph the line of best fit.
Select the line. Its equation will appear
at the base of the screen.

L7

Straight Line: y=1.708x-9.081
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GeoGebra
Click 'View' — ] Perspecmes optons Toois W
‘Spreadsheet’ to open a t =
spreadsheet. s
V| somaesnen
G

Enter the temperature
in column A and the
number of ice creams

sold in column B. et
Highlight the data. =
P
i
I
P
n
P
i

Select ‘Two Variable
Regression Analysis’ =
from the drop-down
menu.

Bl

) onsvaron pnstris:
| st v
A v s

The scatter graph
appears in a new
window. Select the
‘Linear’ option from the 4
regression model list. &
A line of best fit is A
plotted and its i
equation appears at the
base of the screen. e

i

[

B
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Types of correlation

There are several types of correlation depending on the arrangement of the points
plotted on the scatter diagram. These are described below.

y A strong positive correlation.
The points lie tightly around the line of best fit.
As x increases, so does y.

A weak positive correlation.

Although there is direction to the way the points are
lying, they are not tightly packed around the line of
best fit.

As x increases, y tends to increase too.

¥ No correlation.
There is no pattern to the way in which the points

" are lying, i.e there is no correlation between the
- variables x and y. As a result, there can be no line of
. 5 - best fit.
.
x
y A strong negative correlation.

The points lie tightly around the line of best fit. As x
increases, vy decreases.

A weak negative correlation.
The points are not tightly packed around the line of
best fit. As x increases, y tends to decrease.
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W Exercise 4.2.1

1 State what type of correlation you might expect, if any, if the following data was
collected and plotted on a scatter diagram. Justify your answer.

a A student’s score in a Mathematics exam and their score in a Science
exam
A student’s hair colour and the distance they have to travel to school
The outdoor temperature and the number of cold drinks sold by a shop
The number of goals your opponents score and the number of times you win
A person’s height and the person’s age
A car'’s engine size and its fuel consumption

-0 a6 o

2 The table shows the readings for the number of hours of sunshine and the
amount of rainfall in millimetres for several cities in Europe.

city Hours of sunshine Rainfall (mm)
Athens 12 6
Belgrade 10 61
Copenhagen 8 7
Dubrovnik 12 26
Edinburgh 5 83
Frankfurt 7 70
Geneva 10 64
Helsinki 9 68
Innsbruck 7 134
Krakow 7 11
Lisbon 12 3
Marseilles 1 "
Naples 10 19
Oslo 7 82
Plovdiv n 37
Reykjavik 3 50
Sofia 10 68
Tallinn 10 63
Valletta 12 0
York 6 62
Zurich 8 136

a Plot a scatter diagram of hours of sunshine against amount of rainfall. Use a
spreadsheet or graphing software if possible.

b What type of correlation, if any, is there between the two variables?
Comment on whether this is what you would expect.
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3 The United Nations keeps an up-to-date database of statistical information on
its member countries. The table below shows some of the information available.

Country Life expectancy Adult illiteracy ~ Infant mortality
at birt rate rate (per 1000
(years, 2005-2010) (%,2009) births, 2005-2010)

Female Male

Australia 84 79 1 5
Barbados 80 74 03 10
Brazil 76 69 10 24
Chad 50 a7 68.2 130
China 75 71 6.7 23
Columbia 77 69 72 19
Congo 55 53 189 79
Cuba 81 77 02 5
Egypt 72 68 33 35
France 85 78 1 4
Germany 82 77 1 4
India 65 62 34 55
Istael 83 79 29 5
Japan 86 79 1 3
Kenya 55 54 264 64
Mexico 79 74 72 17
Nepal 67 66 435 42
Portugal 82 75 51 4
Russian Federation 73 60 05 12
Saudi Arabia 75 71 15 19
South Africa 53 50 12 49
United Kingdom 82 77 1 5
United States of America 81 77 1 6

®

By plotting a scatter diagram, deduce if there is a correlation between the
adult illiteracy rate and the infant mortality rate.

Are your findings in part a above what you expected? Justify your answer.
Without plotting a scatter diagram, comment on whether you think there
is likely to be a correlation between male and female life expectancy at
birth. Explain your reasons.

Plot a scatter diagram to test if your predictions in part ¢ were correct.

-

o

e
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& &

4 The table below gives the average time taken for thirty students in a class to get
to school each moming and the distance they live from the school.

Distance (km) | 2 10|18 15| 3 |4 | 6 |2 |25|/23|3 |5 |7 |8 |2

Time (mins) 5117|3238 8 |14|15( 7 |31 (37 18(13|15| 8

5
Distance (km) (19|15 | 11| 9 | 2 (3 |4 (3 [14|14| 4 (12(12|7 |1
9

Time (mins) 27 (40|23 (30(10(10( 8|9 [15]|23 20|27 (18| 4

Plot a scatter diagram of distance travelled against time taken.

Describe the correlation between the two variables.

Describe why some students who live further away may get to school
quicker than some of those who live nearer.

Draw a line of best fit on your scatter diagram.

A new student joins the class. Use your line of best fit to estimate how far
away she might live if she takes, on average, 19 minutes to get to school
each morning.

6 ow

s

o

Pearson’s product-moment correlation coefficient

Karl Pearson was a statistician and one of the few mathematicians who launched a
totally new field. In his case, he joined the zoologist Walter Weldon to study what
he called ‘biometry’; that is, he applied statistical analysis to animal evolution,
among other areas.

Pearson’s product—moment correlation coefficient, r, measures the correlation
between two variables x and y.

The range of values forris -1 < r < 1

where -1 indicates a perfect negative correlation between x and y.
0 indicates no correlation between x and y
1 indicates a perfect positive correlation between x and y.

The value for r can be calculated by the following formula

where s__ represents the covariance of x and y (a measure of how much two
variables change together)
s, represents the standard deviation of x
s, represents the standard deviation of y.

Note: You will be given the value of the covariance s__ if the formula is needed in
an examination. However, it can be calculated using the formula
(Z9()

Ty - =

n
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Worked example

The table below shows the position of a football team in the English Premier
League and the goal difference, that is the difference between the goals scored and
goals conceded.

Position 1 2 3 4 5 6 7 8 9

Goal difference +23 | +20 | +21 +18 | +14 | +16 | +11 +9 +3

Position 10 n 12 13 14 15 16 17 18
-17 -33

o
9
IS
A
b
I
5
i
=

Goal difference

a Ifs = -77.14, calculate

i) s,
i) s
iii) 1.
b Interpret the value of .
2109 p
s, =y g - 9502 = 5.19
2.
i) 5= XTy-gl,wherey = %

4253 l
s, = T - Lo# = 1525

e 1, IS,
55, 5I9x1525

1 is very close to —1, implying a strong negative correlation. In this case this is
misleading, as one would expect that the higher the position in the table the
greater the goal difference. However, in this case a higher position in the table is
represented by a lower number, i.e. the top position is 1 rather than 18.

-
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The values for s,, s, and r can be calculated using the GDC.

Casio

serop b

@ b3 to select the stat. mode.

Lstalusey
G

Enter the position data in List 1 and the
goal difference data in List 2. 5

Zoom
@T» to access the calculations menu.

Gar
@7 to check the setup.

The data has 2 variables (position and goal
difference). They are in List 1 and List 2
respectively and each data value is to be
counted once.

@ 2-Uariable
%

assm
(D to perform the statistical calculations
with two variables.

The screen summarizes the results. Where S
is X0, and 5, is yo,,.
To access the value of r from this screen,

QuIT V-Window
press followed by @ to select
the regression menu.

Trace

7D to choose the linear regression X’

option.

The equation of the line of best fit is given,
including the value of r. [eoF7|
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Texas

H m to enter the data into lists.

Enter the position data in List 1 and the goal
difference in List 2.

H E to select the ‘Calc’ menu.

o= lo] " |

mto perform statistical calculations on

the 2-variable data with x values in List 1

and y values in List 2

The screen summarizes the results for both
sets of data. s, is g,and 5, is 0.

Access the equation for the line of best fit

and the value of r from this screen by

to select the ‘Calc’ menu.

m to select ‘LinReg (ax + b)’ and type

ol |wloje |

to calculate the equation of the straight line
and give the value of r.

2-Var Stats LisL
z

Note: The calculator gives two types of standard deviation, 8 anda,.
The standard deviation you will need on this course is g,, even
though the formula for standard deviation uses the notation s,.

If ris not displayed on the screen, ‘DiagnosticOn’ needs to be set.

This is done via o

‘DiagnosticOn’.

and scrolling down to select
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Autograph

On the 2D-graph page option,
click on a, to enter the data.

Enter the team’s position in the
x column and the goal
difference in the y column.

Ensure both the ‘Show
Statistics’ and ‘Perform
Autoscale’ options are selected.

Click ‘OK’ to graph the data.

Both the graph and the
statistics window are shown on
the screen.

The value of the
product-moment correlation
coefficient r is one of the
statistics shown.

V| Show Statistics
[Z]perform Autoscale

[ Number of points, n: 18
Mean, x: 9.5
Mean, y: 1.944
Standard Deviation, x: 5.188
Standard Deviation, y: 15.25
Correlation Coeff, r: -0.9751
Spearman's Ranking Coeff: -0.9857

y-on-x Regression Line: y=-2.866x+29.17
x-on-y Regression Line: x=-0.3318y +10.15
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GeoGebra

Click ‘'View' — ‘Spreadsheet’ to
open a spreadsheet.

Enter the team’s position in
column A and the goal
difference in column B.
Highlight the data.

Select ‘Two Variable Regression
Analysis’ from the drop-down
menu.

The scatter graph appears in a
new window.

Click on 'Options’ and select
‘Show statistics’.

The product-moment
correlation coefficient r is one
of the statistics shown.

[T Pespacives Optons Toots 1
e
1 one

REAREEREANTT (R

GRS

i

[T —
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W Exercise 4.2.2

You are expected to use a GDC to calculate the value of the product—moment
correlation coefficient.

1 The table below shows the height of women in an Olympic high jump event and
the maximum height they jumped.

| Height of competitor (m) ||.7s | 183 | 1.74 | 1 75| 1.80 | 1.81 | 1.73 | 1.so| 1.78 | 182

| Height jumped (m) | 183 | 2.06 | 1.75 | 1.88 | 2.04|2.02| 1.7s| 1.90| 1.7s| 1.9u|

Plot a scatter diagram of the results.

Calculate %, the mean height of the competitors, and ¥, the mean height
jumped.

Draw a line of best fit on your scatter diagram.

‘Write down the value of 7, the product—moment correlation coefficient,
and comment on its value.

o »

e

2 The table below shows the percentage scored by a group of students in a mock
English examination and what they scored in the final examination.

|Mo:k% |7Z|68|83|81|54|59|77|82|69|81|32|54|37|88|28|
|Final% |75|66|90|81|48|52|B||85|70|90|Z7|52|3A|96||7|

a Plot a scatter diagram of the results.

b Calculate %, the mean practice score, and 3, the mean final score.

¢ Draw a line of best fit on your scatter diagram.

d Werite down the value of r, the product—moment correlation coefficient,
and comment on its value.

3 The same group of students also took a mock and final examination in
Mathematics. Their percentage scores are in the table below.

|Pranice% |72|68|84|7E|53|59|77|82|SS|62 30|51|40|ss|43

|Fina|% |76|71|90|80|SB|81|77|90|54|67|50|58|60|87|64|

a Calculate r and comment on its value.
b Comment on any differences between r calculated in this question and the
previous question.
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4 The product correlation ient was calculated for data on each of
the relationships listed below.

The distance someone travels to work and the time it takes

m A group of students’ results in an Art examination and their results in a
Mathematics examination

The value of a second-hand car and its age

The size of a pumpkin and its weight

Which relationship is likely to have the following values of 17 Justify your
answers.

i) 098

i) 0.2

iii) —0.8

b Estimate a value for r for the relationship not chosen in part a above.
Justify your answer.

SN

5 For the students in your class, measure in centimetres their height and the
length of their right foot.

Plot a scatter diagram of the results.

Calculate %, the mean height, and 3, the mean foot size.

Draw a line of best fit on your scatter diagram.

‘Write down the value of 7, the product—moment correlation coefficient,
and comment on its value.

Would you expect the value of r be very different if the data had been
collected from a class of 11-year-old students? Justify for your answer.

N

o

4.3 The regression line for y on x

You will come across
these graphical
techniques in the
Chemistry Diploma
course.

Lines

of best fit were drawn by eye in the earlier part of this work on correlation.

Another, more accurate, line is called a regression line for y on x. This line is the
optimum line of best fit.
The formula for the regression line for y on x is

3 -3

where

- -®

(s,

X is the mean of x
5is the mean of y
s, is the standard deviation of x

s,y is the covariance.
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[T The table below shows the number of hours 20 students spent studying Spanish in
the month before an examination and their percentage score.

Hours of study 21 32 13 40 15 26 27 18 19 10

Exam mark (%) 62 90 58 78 80 66 56 62 68 50

Hours of study 21 22 33 44 25 46 17 28 19 20

Exam mark (%) 74 70 76 80 63 95 57 69 58 64

s,
=

a Find the correlation coefficient 7,

<y
b Find the equation of the regression line for y on x.
¢ Estimate the score for the student who studies 30 hours in the month before the

examination.
_ 3x 49 Ey 1378
a k== o285 ==L- - 688

/2:(1 e /14174 T TR
_/_y,_/t)ms_ 5
=) -7 o [ 2SR - 688 = 1140

Sy (E(EN)  y5q4y 496 x BT6
5y = L = 0 _3086
n
Sy 8086 _
Therefore r = Pyl xai o 0.733.

Note: The values for 5,5, 22, Ty, Zay, s, 5,5, and r can all be taken from your
calculator, once the data has been entered in two lists as shown before.

By (s)z(x %)

y—688— (;\—248)

9. 682
y = 0.863 (x — 24.8) + 68.8

y = 0.863x + 47.39

Note: As there are many stages to these calculations, there is the possibility of

rounding errors. The full answer at each stage should be saved in the memory
of your calculator.

The equation of the regression line for y on x can be calculated on your GDC as
shown before.
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¢ As the equation for the regression line has been calculated, this can now be used
to estimate further values.
Substitute x = 30 into the equation of regression line:
y = 0.863x + 47.39
y =0.863 x 30 + 47.39 = 73.29

Therefore the estimated score for a student who studied 30 hours is 73%.

Autograph and GeoGebra have the facility to produce the equation of the
regression line for y on x efficiently as shown below.

Autograph

On the 2D-graph page option, click on
% to enter the data.

Enter the hours of study in the x column
and the percentage score in the y
column.

Click ‘OK’ to graph the data.

To plot the regression line for y on x,
click ‘Object’ and select ‘y-on-x
Regression Line’.

Its equation will appear at the base of y-on- Regression Line: y=08630%+47.38
the screen.
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in a new window.
Select ‘Linear’ from the
Regression Model drop-
down menu.

The equation of the
regression line will appear
under the graph.

GeoGebra
Click View’ — @::?mm Optens Toas
‘Spreadsheet’ to open a i el
spreadsheet. 7
cropncs
Enter the hours of study in
column A and the exam
mark in column B.
Highlight the data.
Select “Two Variable N (2]
Regression Analysis’ from G0 e
the drop-down menu. L e———
[T —
A\ Prossaiy cacsmer
The scatter graph appears i ®

‘When the predicted value falls within the range of the given data, then estimates
are generally valid (interpolation). However, when the predicted value falls outside
the range of the data (extrapolation), it is susceptible to large errors as

there is the assumption that the data continues to behave linearly outside the

given range.
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For example, if using the data above we attempted to predict the examination
score for a student who studied for 100 hours in the month prior to the exam, the
extrapolation may produce invalid results as the data ranges from 10 to 46 hours of
study, and 100 hours is clearly outside of this range.

Substituting x = 100 into the equation gives:

y = 0.863 x 100 + 4739 = 133.7
This indicates a score of 134%, which is clearly not possible.

Note: In GeoGebra there is the additional facility of evaluating values from the
regression line.

Evaluate: x= 100 y= 13372 |

M Exercise 4.3.1

Use your GDC to answer the following questions.

1 A group of club eyclists take part in a 25kilometre race. The table below shows
the time taken and the mean number of hours’ training per week done by each
cyclist in the ten weeks prior to the race.

|Hourstraining |1z|zo| 3 | 6 |28|22|15| 9 | 1 |11|z4|17|13| 9|
|Racetime(mins) |80|55|90|86|52|66|70|80|88|74|56|69|74|78|

Calculate the correlation coefficient r.

Calculate the equation of the regression line for y on x.

Estimate how long, to the nearest minute, the race would have taken for
someone who trained, on average, 18 hours per week.

d Comment on the validity of your answer to part c above.

- ®»

3

2 The score (out of 161) for ten students in an IQ test at the age of 11 was
compared with their percentage in an IB Mathematics examination. The results
are shown below.

|IQscore | 9o|100|105| 88 | % ||25|130|142|128|ms|

|IEexamscore |52|66|58|50|60|86|90|97|84|73|

a Calculate the correlation coefficient r.

b Calculate the equation of the regression line for y on x.

¢ Two further students had I results of 95 and 155. Predict their respective
1B scores.

d Comment on the validity of your answers to part ¢ above.
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3 The table shows the salary and the number of years experience of a group of
firefighters.

|5alarys(oous) |32|27|40|40|36|32|25|30|Z7|40|37|33|

|Yearsofexperience|7|4|20|18|11|7|1|5|3|17|15|12|

Calculate the correlation coefficient r and comment on its value.
Calculate the equation of the regression line for y on x.

Estimate the salary of a firefighter with ten years’ experience. Comment on
the validity of your estimation.

A firefighter has a salary of $100000. Estimate his age using your equation
of the regression line from part b. Comment on the validity of your answer.

6 ow

o

4 The air temperature was taken at various heights by a meteorological balloon.
The results are shown below.

|Height(0005m) | 4 | 8 | 12 | 16 | 20 | 24 | 28 | 2| 3 | 40
|Tempevamre("[) | 8 | 4 |720|732|40|46|48|51|757|£0|

a Calculate the correlation coefficient r. Comment on its value.

b Calculate the equation of the regression line for y on x.

¢ Estimate the height of the balloon if the outside temperature is recorded as
~70 °C. Comment on the validity of your answer.

4.4 The y? test for independence

You may use this in
Biology, Psychology
and Geography
Diploma courses.

A chi-squared (3?) test for independence is used to assess whether or not paired
observations, expressed in a contingency table (two-way table), are independent.

For example:
Volunteers are testing a new drug in a clinical trial. It is claimed that the new
drug will result in a more rapid improvement rate for sick patients than would
happen if they did not receive the drug.
The observed results of the trials are presented in the contingency table below.

improved  Did not improve Total
Given drug 55 40 95
Not given drug 2 3 85
Total 97 83 180

It is difficult to tell from the results whether or not the drug had a significant
positive effect on improvement rate. Although the results show that more
volunteers improved than did not improve when given the drug, it is not certain
whether the difference in results is significant enough to justify the claim. In order
to verify the claim, a chi-squared (42) test for independence can be carried out.

The first step is to set up a null hypothesis (Hy). The null hypothesis is always
that there is no link between the variables and it is contrasted against an
alternative hypothesis (H,) which states that there is a link between the variables.
The null hypothesis is treated as valid unless the data contradicts it.
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In the example above:

H: There is no link between patients being given the drug and improvement rates.
H,: There is a link between patients being given the drug and improvement rates.
The observed results need to be compared with expected or theoretical population
results.

Of the 180 people in the sample, 95 were given the drug. So, from this we
estimate that, in the population, the probability of being given the drug is 1a5.

A total of 97 patients in the trial improved. From the null hypothesis, we would
expect B of these to have been given the drug, i.c. the expected number of
improved patients who had been given the drug is goxx 97 = 51.19.

The next step is to draw up a table of expected frequencies for a group of 180
patients under the null hypothesis that having the drug is independent of

improvement.

Improved Did notimprove _ Total

Given drug BXT _g19  BXB_ 34 95
780 780

Not given drug 85 X9 _ 4o B5X8 _ 3919 85
780 80

Total 57 83 780

Note: The full answer to each calculation should be stored in your calculator’s
memory.
The formula for calculating ¢ is as follows:
~f)
(A ff=) , where f, are the observed frequencies
€ f are the expected frequencies

,_ (55 -51.19)? G (40 — 43.81)* e (42 — 45.81)* i (43 - 39.19)2
- 51.19 43.81 45.81 39.19

7=z

Therefore 5
=129

The importance of this number depends on two other factors:

B The percentage level of significance required (p)
B The number of degrees of freedom of the data (v).

The level of significance refers to the percentage of the data you would expect to be
outside the normal bounds.

The number of degrees of freedom of the data relates to the amount of data that
is needed in order for the contingency table to be completed once the totals for
each row and column are known. In the example above, if any one of the four
pieces of data are known, the rest can be deduced.

In general, if the data in a contingency table has ¢ columns and  rows, then the
number of degrees of freedom, v = (¢ — 1)(r - 1).
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The result for x* above needs to be compared with the result in a x> table. (This
is provided in the information booklet in your examination.)

p | 0005 001 0025 005 01| 09 0975 099 0995

5024 6635 7875
7378 9210 10597
0348 11345 12838

1 | 000004 00002 0001 0004 0016 | 2706
2 0010 0020 0051 0103 0211 | 4605

3 0072 0115 0216 0352 0584 | 6251

4 0207 0207 048 0711 1064 | 7779 9488 11143 13277 14860
5 0412 0554 0831 1145 1610 | 923 11070 12883 15086 16750
6
7
8

0676 0872 1237 1635 2204 |10.645 12502 14449 16812 18548
0989 1239 1690 2167 2833 [ 12017 1467 16013 18475 20278
1344 1646 2180 2733 3490 |13362 15507 17535 20090 21.955

o | 173 2088 2700 3325 468 [1a864 16919 19203 21666 23.589
10 | 215 255 3247 3040 4865 | 15987 18307 20483 23209 25.188
1| 263 3053 3816 4575 5578 | 17275 19675 21920 24725 26757
12 | 3074 3571 4404 5266 6304 | 18549 21026 23337 26217 28300

p=PX<q
P
0 c

All the values in this table are known as critical values. The highlighted value of
3.841 is the critical value for the 5% level of significance for data with 1 degree
of freedom.

Our calculation of ¥? gave a value of 1.299. As 1.299 < 3.841, the null
hypothesis is supported, i.e. there is no evidence of a link between being given the
drug and improvement rates in patients.

If the calculated value of 2 is greater than the critical value then the null
hypothesis is rejected.

The table above has values for 1 degree of freedom (v = 1). Sometimes it is felt
that these estimates are not sufficiently accurate and a different method known as
Yates' continuity correction can be used. However, this method is beyond the scope
of this book.

The value of % can be calculated using your GDC for the example above.
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Casio

The observed data needs to be entered as a
matrix.

SETUPT s

menu. @ to select matrix A. The

dimensions refer to the number of rows x

Trsce
7D to enter the matrix

columns of the matrix, i.e. 2 x 2
Enter the observed data in matrix A.
Now the »2 test can be applied:

SETUPT ma v
menu within the statistics mode.

ViWindow

to select "CHI".

VWindow

@D toaccess the test

Select the observed matrix as A. Select the
destination of the expected matrix as B. @
The value of y2is displayed as 1.29915596.

To check the expected values matrix B from
this screen:

Gt )
aD> @ to select matrix B

m to display the expected matrix B.

A
| )
2l vz .
43
x2 Test
e
Save Re: ne
Execute
1at bringd
%2 Test
%8=1.29915596
£S5 28348038
df=1
o
B . _ 1
n[m -IDE]
e 5as
S1,19444444
D D G v
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Texas

The observed data needs to be entered as a
matrix.

"....

to enter the edit mode.

n to edit matrix A. Enter the dimensions T?TRMJH] 2 %2 )
o 0 ]

of matrix A as rows x columns, i.e. 2 x 2.

@ |

Enter the observed data into matrix A. MATRIXKIA] 2 x2
[ - 1

Now the #? test can be applied: bhe 1

H E to select the

‘Tests’ option within the statistics menu.

Expected: [B]

X2z-Test
Scroll down to select 'C: y2—Test'. n Observed: [A]
Calculate Draw

The default is for the observed data to be in
matrix A and the expected matrix to be
entered into matrix B.

Select ‘Calculate’. n

The result for y?is displayed on the screen.

To check the expected values of matrix B
from this screen:

18]
I!II [j]l 13,
13

The matrix is displayed on the screen. Scroll
across to view all the expected results.
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A television presenter on a motoring show claimed that ‘men like cars with big

engines and women do not’. In order to test the validity of this claim, data is
collected from a random sample of men and women about the engine size of the
cars that they own. This is presented in the contingency table below.

Engine size (litres) 16 18 2.0 23 28 30 5.0 | Total

Male (f) 24 16 18 26 8 5 ] 100
Female (f) 21 17 27 20 " 4 0 100
Total 45 33 45 46 19 L | 3 200

a Set up a null and alternative hypothesis.

b Construct an expected frequency contingency table.

¢ Calculate the value of y2.

d State the number of degrees of freedom of the data.

e State, giving reasons, whether the presenter’s statement was statistically valid at
a 10% level of significance.

a H, Choice of engine size is independent of gender.
H, Choice of engine size is dependent on gender.

b
Engine size (litres) 16 18 2023 28]30]50]Total
Male (f) 100x45_5y5|100%33_ 1451205 23 |05 | 45| 15| 100
200 200
Female (f.) 225 165 225 23 [95[45[ 15100
Total 45 33 45 |46 [19] o | 3 [200
2
. lz_z(f;f) Q42257 (161657 ~  (O-152 .00
f. 225 165 15 -
doe=Q2-17T-1)=6
e Look at the y? table. P
p=PX<q)
0 <
P 0005 001 0025 005 01 03 0S5 0975 0% 0995
=1 | oooos ooz o001 o004 00t | 2706 sea 5o oesm 78
2| oo om0 oost o010z o2 | 4s0s  sset 73 9210 10597
3| oo oms o2is o3 osss | 623t 7s1s o3 11as 123
o | o207 027 oss ozt toss | 77ie oass 1nw3 13277 Tese0
5| oaz ose osm  tus  1s10 o0 12883 15086 16750
o | oo os 12w tem  20m 1259 14419 16812 18548
7| oss 12 160 27 283 1o e 16013 lsars 20078
o | 13m vsas 2180 27 3as0 | 133 15507 175 20000 21s5s

As the 2 value of 6.398 is less than the critical value of 10.645, the null
hypothesis is supported, i.e. the presenter’s statement is not supported by
statistical evidence.
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W Exercise 4.4.1
Check your answers using a GDC.

1 A survey of cyclists and non-cyclists was carried out to see whether their
opinions differed as to whether helmets should be compulsory for cyclists.

The results of the survey are given below.

Helmet compulsory  Helmet voluntary  Total
Cyclist 65 235 300
Non-cyclist 185 15 300
Total 250 350 600

Set up a null and alternative hypothesis.

Construct an expected frequency contingency table.

Caleulate the value of 2.

State the number of degrees of freedom of the data.

State, giving reasons, whether the null hypothesis is supported or rejected
at a 5% level of significance.

o on o

2 Patients were given a new cancer drug. The patients selected for the trial were not
expected to live for more than three months. For comparison purposes, a second
group of similar patients were given a placebo (a tablet which contains no drug).

The results of the trial are given in the contingency table below.

Alive after 3 months  Not alive after 3 months  Total

Given drug 87 53 140

Given placebo 65 65 130

a Set up a null and alternative hypothesis.

b Construct an expected frequency contingency table.

¢ Calculate the value of 2.

d State the number of degrees of freedom of the data.

e State, giving reasons, whether the null hypothesis is supported or rejected

ata 1% level of significance.
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3 A survey was carried out to establish whether or not smoking is related to high

blood pressure.

The blood pressure of a random sample of smokers and non-smokers was taken

and the results are summarized in the contingency table below.

High blood pressure  Normal blood pressure  Total

Non-smoker 84 46 130
Smoker 362 108 470
Total 446 154 600

Set up a null and alternative hypothesis.

a

b Construct an expected frequency contingency table.
¢ Calculate the value of y2.
d
e

State the number of degrees of freedom of the data.

State, giving reasons, whether the null hypothesis is supported or rejected

at a 1% level of significance.

4 A survey is done to see if the type of holiday preferred by French people is gender

dependent.

The results of the survey carried out on a random sample of French people are

shown below.

Beach Walking Cruise Sail Ski Total
Male 62 51 22 31 44 210
Female 89 37 45 28 51 250
Total 151 88 67 59 95 460

Set up a null and alternative hypothesis.
Construct an expected frequency contingency table.
Calculate the value of y%

State the number of degrees of freedom of the data.

oo ow

at a 10% level of significance.

State, giving reasons, whether the null hypothesis is supported or rejected
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5 A music magazine carried out a survey to see if a person’s preference in music

was dependent on their age. The results from a random sample of people are

shown below.

Music  Rock Pop Blues Jazz  Classical  Total
Age
0-19 40 52 1 17 9 129
20-39 18 46 18 33 16 131
40+ 12 14 28 2 1 89
Total 70 12 57 74 36 349

Calculate the value of z2.

an o

ata 5% level of significance.

M Student assessment 1

Set up a null and alternative hypothesis.

State the number of degrees of freedom of the data.
State, giving reasons, whether the null hypothesis is supported or rejected

1 State what type of correlation you might expect, if any, if the following data was collected and plotted

on a scatter diagram. Justify your answer.

a The age of a motorcycle and its second-hand selling price
b The number of people living in a house and the number of rooms the house has

2 Two normal distribution curves, A and B, are shown below.

A

Which of the two curves has:
a the greater mean? Justify your answer.

b the greater standard deviation? Justify your answer.
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3 The lifespan of a brand of light bulb is said to be normally distributed with 2 = 600 days and o = 100 days.
a Sketch a normal distribution curve to show the above data. Label the horizontal axis clearly.
b Calculate the percentage of light bulbs expected to last for longer than 650 days. Shade and label
this region on your sketch.

4 A department store decides to investigate whether there is a correlation between the number of pairs
of gloves it sells and the outside temperature. Over a one-year period it records, every two weeks, how
many pairs of gloves are sold and the mean daytime temperature during the same period. The results
are given in the table below.
Mean temp. (°C) 3|6 |8 |10(10|11 (12|14 (16|16 17|18 18
Number of pairs of gloves | 61 | 52 | 49 | 54 | 52 | 48 [ 44 |40 | 51 |39|31 43|35
Mean temp. (°C) 19 (19|20 (21|22 (22|24 25|25 |26 (26|27 |28
Number of pairs of gloves | 26 | 17 | 36 | 26 (46 |40 (30 |25 (11| 7 [ 3 | 2 | 0

a Plot a scatter diagram of mean temperature against number of pairs of gloves.

b What type of correlation is there between the two variables?

¢ How might this information be useful for the department store in the future?

5 A group of dogs with kidney problems were given a new drug. A control group were not. The results
were as follows.

Improved Did not improve Total
Given drug 162 98 260
Not given drug 104 46 150
Total 266 144 410

Set up a null and alternative hypothesis.

Construct an expected frequency contingency table.

Calculate the value of x%.

State the number of degrees of freedom of the data.

State, giving reasons, whether the null hypothesis is supported or rejected at a 5% level of
significance.

o a6 ow
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M Student assessment 2

1 State what type of correlation you might expect if the following data was collected and plotted on a
scatter diagram. Justify your answers.
a The amount someone earns and the amount they spend
b A person’s age and the number of brother and sisters they have

2 The durations of songs on a girl’s mp3 player are normally distributed with an expected value of
3.8 minutes and a standard deviation of 0.4 minutes.
a What percentage of songs last between 3.6 and 4.1 minutes?
b Sketch a fully labelled normal distribution curve to show the results obtained in part a above.

3 Ina school long jump competition, the lengths jumped are considered normally distributed with a
mean of 2.8 m and a standard deviation of 1.1 m.
a What percentage of students manage to jump further than 4.0 m?
b Sketch the normal distribution curve, labelling the horizontal axis clearly and shading the region of
the curve represented in part a above.
¢ Explain, with reference to your sketch and the data given, why the data cannot be truly normally
distributed.

4 The popularity of a group of professional football players and their yearly salary is given in the table
below.

Popularity 1 2 3 4 5 6 7 8 9 10
Salary ($ million) 438 36 45 34 7.7 6.3 29 31 4.1 1.8
Popularity " 12 13 14 15 16 17 18 19 20
Salary ($ million) 45 33 - g 39 6.2 58 4.1 53 72 6.5

a Calculate the equation of the regression line for y on x.

b Calculate the value of the correlation coefficient r.

¢ The statement is made in a newspaper ‘Big money footballers are not popular with fans’. Comment
on this statement in the light of your results above.

5 A vote was taken for or against a ban on foxhunting. The results for town and country dwellers are
recorded in the contingency table below.
Town dwellers Country dwellers Total
Ban foxhunting 4240 1263 5503
Allow foxhunting 1360 2537 3807
Total 5600 3800 9400

a Set up a null and alternative hypothesis.

b Calculate the value of 2.

¢ State whether the null hypothesis is supported or rejected at a 1% level of significance.
Justify your answers.
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Examination questions

1 Tony wants to carry out a y? test to determine whether or not a person’s choice of one of the
three professions; engineering, medicine or law is influenced by the person’s sex (gender).
a State the null hypothesis, H, for this test.
b Write down the number of degrees of freedom.
Of the 400 people Tony interviewed, 220 were male and 180 were female. 80 of the people
had chosen engineering as a profession.
¢ Calculate the expected number of female engineers.
Tony used a 5% level of significance for his test and obtained a p-value of 0.0634 correct to
3 significant figures.
d State Tony’s conclusion to the test. Give a reason for this conclusion.

0]
0]

2]

121

Paper 1, May 10, Q10

2 The heat output in thermal units from burning 1 kg of wood changes according to the wood’s

percentage moisture content. The moisture content and heat output of 10 blocks of the same type of

wood each weighing 1 kg were measured. These are shown in the table.

|Moisturecontent%(x)| 8 | 15 | 2 | 30 | 34 | 45 | 50 | 60 | 74 | 82 |
|Heatoutput(y) | 80 | 77 | 74 | 69 | 68 | 61 | 61 | 55 | 50 | 45 |

a Draw a scatter diagram to show the above data. Use a scale of 2 cm to represent 10% on the
x-axis and a scale of 2 cm to represent 10 thermal units on the y-axis.

Write down

i) the mean percentage moisture content, %;

ii) the mean heat output, .

Plot the point (%, 5) on your scatter diagram and label this point M.

Write down the product-moment correlation coefficient, r.

The equation of the regression line y on x is y = ~0.470x + 83.7.

e Draw the regression line y on x on your scatter diagram.

Estimate the heat output in thermal units of a 1 kg block of wood that has

25% moisture content.

State, with a reason, whether it is appropriate to use the regression line y on x to
estimate the heat output in part f.

oo o

-

L
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2]
2]
2]
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Paper 2, May 11, Q1

3 Part A
In a mountain region there appears to be a Number of trees (x) Depth of snow in cm ()
relationship between the number of trees 5 30

growing in the region and the depth of snow in

winter, A st of 10 areas was chosen, and in s =
each area the number of trees was counted and 55 4
the depth of snow measured. 27 25
The results are given in the table opposite. 44 30
28 5
60 35
35 20
73 45
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®

Use your graphic display calculator to find

i) the mean number of trees;

ii) the standard deviation of the number of trees;
iii) the mean depth of snow;

iv) the standard deviation of the depth of snow. [4]
The covariance, S’(y =1885.
b Werite down the product-moment correlation coefficient, . 21
¢ Write down the equation of the regression line of y on x. 21
d If the number of trees in an area is 55, estimate the depth of the snow. 21
e i) Use the equation of the regression line to estimate the depth of snow in an area

with 100 trees.
ii) Decide whether the answer in e i) is a valid estimate of the depth of snow in the area.
Give a teason for your answer. 2
Part B
In a study on 100 students there seemed to be a difference between males and females in their choice
of favourite car colour. The results are given in the table below. A ? test was conducted.

Blue Red Green

Males 14 6 8

Females 31 24 17
a Write down the total number of male students. 1
b Show that the expected frequency for males, whose favourite car colour is blue, is 12.6. 21

The calculated value of 2 is 1.367.
¢ i) Write down the null hypothesis for this test.
ii) Write down the number of degrees of freedom.
iii) Write down the critical value of y? at the 5% significance level.
iv) Determine whether the null hypothesis should be accepted. Give a reason for your answer. [5]
Paper 2, Nov 09, Q4



3 can we reliably use the
equation of the regression
line to make predictions?

| i

2 Why is statistics not part
of many universities'
Mathematics departments?

4 It may help you to
understand pearson’s
pmdua—moment
correlation coefficient, 1.
more clearly if you
calculate it without using
your GDC.

Applications, project ideas
and theory of knowledge

1 What is a ‘Black Swan
Event'? What lessons does
it give students of
probability?




7 Find examples in science
where measurements can
be approximated by the
normal distribution-

-



Geometry and trigonometry

Syllabus content

Revision: Coordinates in two dimensions: points; lines; midpoint; distance
between two points.

5.1 Equation of a line in two dimensions: the forms y = mx + ¢ and
ax+by+d=0.

Gradient; intercepts.

Points of intersection of lines.
Lines with gradients m; and m,.
Parallel lines m, = m,.
Perpendicular lines m, xm, = —1.

5.2 Use of sine, cosine and tangent ratios to find the sides and angles of
right-angled triangles.

Angles of elevation and depression.

b+t -

2 = b + c? — 2bc cosA; cosA = T

Use of the cosine rule:

Use of area of a triangle: 3 ab sinC.
Construction of labelled diagrams from verbal statements.

5.4 Geometry of three-dimensional solids: cuboid; right prism; right pyramid;
tight cone; cylinder; sphere; hemisphere and combinations of these solids.

The distance between two points, e.g. between two vertices or vertices with
idpoints or midpoints with i

The size of an angle between two lines or between a line and a plane.

5.5 Volume and surface areas of the three-dimensional solids defined in 5.4.
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Introduction

On 22 October 1707 four English war ships, The Association (the flagship of
Admiral Sir Clowdisley Shovell) and three others, struck the Gilstone Ledges off
the Scilly Isles and more than two thousand men drowned. Why? Because the
Admiral had no way of knowing exactly where he was. He needed two coordinates
to place his position on the sea. He only had one, his latitude.

The story of how to solve the problem of fixing the second coordinate
(longitude) is told in Dava Sobel’s book Longitude. The British Government offered
a prize of £20000 (millions of pounds at today’s prices) to anyone who could solve
the problem of how to fix longitude at sea.

Cartesian coordinates, using (x, y) coordinates, are named after Descartes.

René Descartes (1596—1650) was a French philosopher and mathematician. He is
considered one of the most original thinkers of all time. His greatest work is The
Meditations (published in 1641) which asked ‘How and what do I know?'

His work in mathematics formed a link between algebra and geometry. He
believed that mathematics was the supreme science in that the whole phenomenal
world could be interpreted in terms of mathematical laws.

In this topic we will look at fixing positions in one and two dimensions, the
properties of triangles and the geometrical properties of common three-dimensional
shapes.

Revision of coordinates

To fix a point in two dimensions (2D), its position is given in relation to a

point called the origin. Through the origin, axes are drawn perpendicular to each other.
The horizontal axis is known as the x-axis, and the vertical axis is known as the y-axis.

IS

1 4 x

The x-axis is numbered from left to right. The y-axis is numbered from bottom to top.
The position of point A is given by two coordinates: the x-coordinate first,
followed by the y-coordinate. So the coordinates of point A are (3, 2).



206 GEOMETRY AND TRIGONOMETRY

Worked example

‘A number line can extend in both directions by extending the x- and y-axes
below zero, as shown in the grid below.

17
D

4 B 2 49 x
c B

Points B, C, and D can be described by their coordinates:
Point Bis at (3, -3)

Point C is at (—
Point D is at (-4, 3)

Calculating the distance between two points
To calculate the distance between two points, the coordinates need to be given.

Once these are known, Pythagoras’ theorem can be used to calculate the distance.

The coordinates of two points are (1, 3) and (5, 6). Draw a pair of axes, plot the
given points and calculate the distance between them.

Y,

8

7

. ©9
1

4 b &
313 4
M2

1

0

12 34 56 7 8x

By dropping a perpendicular from the point (5, 6) and drawing a line across
from (1, 3), a right-angled triangle is formed. The length of the hypotenuse of
the triangle is the length we wish to find.
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Worked example

Worked examples

Using Pythagoras’ theorem, we have:

a =3+ 4
at =125

a =N
a =35

The distance between the two points is 5 units.

To find the distance between the points directly from the coordinates, use the
formula:

d=N(x - %) + (3 = 3)*

Without plotting the points, calculate the distance between the points (1, 3) and
(5, 6).
d =4(T-52+(G-6)
=N (47 + (=37
=425
=5

The distance between the two points is 5 units.

The midpoint of a line segment

To find the midpoint of a line segment, use the coordinates of its end points. To
find the x-coordinate of the midpoint, find the mean of the x-coordinates of the
end points. Similarly, to find the y-coordinate of the midpoint, find the mean of
the y-coordinates of the end points.

1 Find the coordinates of the midpoint of the line segment AB where A is (1, 3) and
Bis (5, 6).

The x-coordinate at the midpoint will be 1 ! 23
3 e 5 3+6
The y-coordinate at the midpoint will be 250 = 4.5

So the coordinates of the midpoint are (3, 4.5).

2 Find the coordinates of the midpoint of a line segment PQ, where P is (=2, ~5)
and Qis (4, 7).

Thexcoordinate ariemidpsiewil be “ZZ‘* 4_1
s . 5 =5+17
The y-coordinate at the midpoint will be —* 1 = 1

So the coordinates of the midpoint are (1, 1).
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5.1

You will come across
this in the Economics
Diploma course.

Revision exercise

1 i) Plot each of the following pairs of points.
ii) Calculate the distance between each pair of points.
iii)Find the coordinates of the midpoint of the line segment.

a (5,6)(1,2) b (6,4)G,1)

c (1,4)(5,8) d (0,0) (4,8)

e (2,147 £ 0,731
g (-3,-3) (-1,5) h (4,2)(-4,-2)
i (-3,5)(4,5) i 2,0)(2,6)

k (-4,3) (4,5) 1 (3,6)(-3,-3)

N

Without plotting the points:

i) calculate the distance between each of the following pairs of points
i) find the coordinates of the midpoint of the line segment.

a (1,4)4, 1) b (3,6)(7,2)

c (2,6)(6,-2) d (L,2)(9,-2)

e (0,3)(-3,6) £ (=3,~5) (=5, ~1)
g (-2,6)(2,0) h (2,-3) (8, 1)

i (6,1)(-6,4) i (=2,2) (4,-4)

k (-5, -3) (6, -3) 1 (3,6)(5,-2)

Straight lines

Lines are made of an infinite number of points. This section deals with those points
which form a straight line. Each point on a straight line, if plotted on a pair of axes,
will have particular coordinates. The relationship between the coordinates of the
points on a straight line indicates the equation of that straight line.

Gradient

The gradient of a straight line refers to its ‘steepness’ or ‘slope’. The gradient of a
straight line is constant, i.e. it does not change. The gradient can be calculated by
considering the coordinates of any two points (x;, y,), (%3, ;) on the line. It is
calculated using the following formula:

> vertical distance between the two points
Gradient =

horizontal distance between the two points
By considering the x- and y-coordinates of the two points this can be rewritten as:
nTH

Gradient =
SR
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1 The coordinates of two points on a straight line are (1, 3) and (5, 7). Plot the

two points on a pair of axes and calculate the gradient of the line joining them.

y
8

5 67

6

5 4

4

3 4

NITE)

'H

L] 34 56 7 8x

Note: It does not matter which point we choose to be (x, 3,) or (x,, y,) as
the gradient will be the same. In the example above, reversing the points:

2 The coordinates of two points on a straight line are (2, 6) and (4, 2). Plot the
two points on a pair of axes and calculate the gradient of the line joining them.

-4

Gradient = i%g ©.6)

- N @ s o ox

o
~
)
<~
x

To check whether or not the sign of the gradient is correct, the following guideline

is useful:
Aline sloping this way Aline sloping this way
has a positive gradient has a negative gradient

Parallel lines have the same gradient. Conversely, lines which have the same
gradient are parallel. If two lines are parallel to each other, their gradients m,
and m, are equal: i.c. m, = m,.
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L, L,, L, all have the same gradient so are parallel.
The x-axis and the y-axis on a graph intersect at right angles. They are
perpendicular to each other. In the graph below, L, and L, are perpendicular to
each other.

I

The gradient m, of line L, is% and the gradient m, of line L, is —2.
The product of mm, gives the result ~1, ie.4 x (~3) = -1

If two lines are perpendicular to each other, the product of their gradients is —1, i.e.
mm, = —1.

Therefore the gradient of one line is the negative reciprocal of the other line, i.c.
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&

Worked examples

Exercise 5.1.1

1 With the aid of axes if necessary, calculate:
i) the gradient of the line joining the following pairs of points
i) the gradient of a line perpendicular to this line.

a (5,6)(1,2)

c (L,4)(5,8)

e (,1)4.7)

g (=3,-3)(=1,5)
i (-3,5)(4,5)

k (-4,3) (4,5)

)

b

d
f
h
i
1

(6,4)(3,1)
0,0) (4, 8)
0,7(-3,1)
4,2) (-4, -2)
(2,0) (2, 6)
(3,6) (-3, -3)

With the aid of axes if necessary, calculate:

i) the gradient of the line joining the following pairs of points
i) the gradient of a line perpendicular to this line.

a (L4)# 1)

(2, 6) (6, -2)
(0,3) (-3,6)
(=2,6)(2,0)
(6,1) (-6,4)
(-5, -3) (6, -3)

w6

b

d
f
h
i
1

(3,6)(7,2)

(1,2) (9, -2)
(=3,-5) (-5, -1)
(2,-3)(8,1)
(=2,2) 4, -4)
(3,6) (5, -2)

Equation of a straight line

The coordinates of every point on a straight line all have a common relationship.
This relationship, when expressed algebraically as an equation in terms of x and/or
3, is known as the equation of the straight line.

1 By looking at the coordinates of some of the points on the line below, determine

the equation of the straight line.

x y L
1 4 4
2 4 @
2
3 4 ]
4 4
=y 5 6 7 8X
5 4
6 4

Some of the points on the line have been identified and their coordinates
entered in the table. By looking at the table it can be seen that the only rule
that all the points have in common is thaty = 4.

Hence the equation of the straight line is y = 4.
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x y 4
1 2 7
2 4 o
5
3 6 ¥
4 8 3
2
1
0

M Exercise 5.1.2

1 For each of the following, find the coordinates of some of the points on the line
and use these to find the equation of the straight line.

a

4N W Ao N e O 4 MW sO NS

o

1

2 3 456 7 8x

12 3456 7 8x

Hence the equation of the straight line isy = 2x.

by,
8

- N ® s O N e o =N O &0 O N

o

2 By looking at the coordinates of some of the points on the line below, determine
the equation of the straight line.

Once again, by looking at the table it can be seen that the relationship
between the x- and y-coordinates is that each y-coordinate is twice the
corresponding x-coordinate.

5

5
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ey f oy
8 8
7 7
6 6
5 5
4 4
3 3
2 2
1 1
234506 7 8x 0 456 7 8x
g 17 h 17
. [
7 I ‘
° |
5
-3
- 4
43210123 4 65X —4-3-2-101 2 3 4 65x

2 For each of the following, find the coordinates of some of the points on the line
and use these to find the equation of the straight line.

a ¥ b 7
8 6
5 5
4 4
3] 3,
2 2
4 1
—4 -8 271 [0 X -, P x|
ol 2!
_a 3
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RN
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3 For each of the following, find the coordinates of some of the points on the line
and use these to find the equation of the straight line.

a b 1
z 8
=
& P’
5 5
4
3 3
> 2
< 1
—4 —8-2J1_[0 x|

4

»
3 5
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N

N we e N @S

>

|
=

|

1
~
S|
3

I
=

|
|

I
~
=l
B

®
b
-
j b b b

: \[5 |
6 0 I RV
5 1 5
4 4
a \s
A
s o
i ] X X
2]
-3 3.

4 a For each of the graphs in questions 2 and 3, calculate the gradient of the
straight line.
b What do you notice about the gradient of each line and its equation?
¢ What do you notice about the equation of the straight line and where the line
intersects the y-axis?

5 Copy the diagrams in question 2. Draw two lines on the diagram parallel to the
given line.
a Write down the equation of these new lines in the form y = mx + c.
b What do you notice about the equations of these new parallel lines!

6 In question 3 you identified the equation of the lines shown in the form
3y = mx + c. Change the value of the intercept c and then draw the new line.
What do you notice about this new line and the first line?
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In general the equation of any straight line can be written in the form:
y=mx+c v

where m represents the gradient of the
straight line and c the intercept with the
y-axis. This is shown in the diagram.

By looking at the equation of a
straight line written in the form y = mx
+ ¢, it is therefore possible to deduce the
line’s gradient and intercept with the y-
axis without having to draw it.

Gradient ‘m’

1 Find the gradient and y-intercept of these straight lines.
ay=3x-2 by=-2x+6

a Gradient = 3 b Gradient = -2
y-intercept = —2 y-intercept = 6

2 Find the gradient and y-intercept of these straight lines.
a 2y=4dx+2 by-2x=-4

3

Ay Ik d#=-x+z

™

2y = 4x + 2 needs to be rearranged into gradient—intercept form
(ie.y=mx+c):
y=2x+1

Gradient = 2
y-intercept = 1

-

Rearranging y — 2x = —4 into gradient—intercept form, gives:
y=2x-4

Gradient = 2
y-intercept = —4

Rearranging —4y + 2x = 4 into gradient—intercept form, gives:

o

y=tx-1
Gradient = 1
y-intercept = —1
y+3
7

[

Rearranging = —x + 2 into gradient—intercept form, gives:

y+3=—-4x+8
y=—4x+5

Gradient = —4
y-intercept = 5
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B Exercise 5.1.3

For the following linear equations, find both the gradient and y-intercept in each

case.

1a

dy+2x+4=0
g 2+y=x

w
®

Hy=4x-6

e

b=-2c+3
6y-6=12x

&
®» m

2x—y=4
12-3y=3x
9x— 2=y

w o

=
y
§ =
C Xy
e —'(6"2*7)=y+1

vt Lo A= e,
L T
—(=y +3x%)

~G-2) "

b y=3x+5 cy=x-2
e y=-3x+6 fy=-fx+1
hy=-x-2 iy=-(x-2)
by+ix-2=0 ¢ y+3=-2x
ey-fx-6=0 f 3x+y=2
h 8x—6+y=0 i —Gx+D)4+y=0
b 2y=x+8 cdy=x-1
e 3y—6x=0 fly+x=1
hdy-8+2x=0 i y-(@4x-1)=0
bx-y+6=0 ¢ —ly=6x+2
e Sx-ty=1 fodyel=2
h —3x+7=-1y i —(4x—3) = -2y
L’g%o
Ly
el
x
“G+2)
x
—x+2y _
bT—y+l
al-l
Yy x
x-3y+4 _
S et
x 1
L e Fal
j o2y,

4+x—y
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The equation of a line through two points

The equation of a straight line can be deduced once the coordinates of two points
on the line are known.

Calculate the equation of the straight line passing through the points (-3, 3) and
(5,5),

Plotting the two points gives:

¥

-4-3-2-101 2 3 4 5%
The equation of any straight line can be written in the general form y = mx + c.

Here we have:

Gradient = %

The equation of the line now takes the form y = §x + c.

5=3 §_
5-(-3) 78"

Since the line passes through the two given points, their coordinates must
satisfy the equation. So to calculate the value of ¢, the x- and y-coordinates of
one of the points are substituted into the equation.

Substituting (5, 5) into the equation gives:
=%x5+c
=14

5=z e

Therefore ¢ = 5 — 13 = 32.

The equation of the straight line passing through (-3, 3) and (5, 5 is:

y=%x+3%.

‘We have seen that the equation of a straight line takes the form y = mx + c. It can,
however, also take the form ax + by + d = 0. It is possible to write the equation

y = mx + c in the form ax + by + d = 0 by rearranging the equation.
e T . %x + 3% can be rewriten asy = § + 2.

Multiplying both sides of the equation by 4 produces the equation 4y = x + 15.
This can be rearranged to —x + 4y — 15 = 0, which is the required form with
a=-1,b=4andc=-15.
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B Exercise 5.1.4

Find the equation of the straight line that passes through each of the following
pairs of points. Express your answers in the form:

i) y=mx+c

i) ax+ by +d=0.

1a(LDH&7) b (1,4) 3,10) c (1,527
d (0, -4) (3, -1) e (1,6) (2,10) £ (0,4)(1,3)

g (3,-4) (10, -18) h (0, -1) (1, -4) i (0,0)(10,5)
2a(=53) (2,4 b (=3,-2) (4,4) ¢ (=7,-3)(=1,6)
d (2,5) (1, -4) e (=3,4) (5 0) f6,4)(-1.7)

g (-52)(6,2) h (1,-3) (-2,6) i (6,-4)(6,6)

Drawing straight-line graphs

To draw a straight-line graph only two points need to be known. Once these have
been plotted the line can be drawn between them and extended if necessary at both
ends. It is important to check your line is correct by taking a point from your graph
and ensuring it satisfies the original equation.

1 Plot the liney = x + 3.

y=x+3

- N @ s oo N®S

971234 56 7 8x

To identify two points, simply choose two values of x. Substitute these into
the equation and calculate their corresponding y-values.

Whenx =0,y =3.
When x = 4,y = 7.
Therefore two of the points on the line are (0, 3) and (4, 7).

The straight line y = x + 3 is plotted as shown.
Check using the point (1, 4).

Whenx =1,y = x + 3 = 4,50 (1, 4) satisfies the equation of the required line.
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2 Plot the liney = —2x + 4.

o<

The coordinates of two points on the line are (2, 0) and (-1, 6), and the line
is plotted as shown.

Check using the point (0, 4).
When x =0,y = ~2x + 4 = 4, 50 (0, 4) satisfies the equation of the required line.

Note that, in questions of this sort, it is often easier to rearrange the equation into
gradient—intercept form first.

B Exercise 5.1.5

1 Plot the following straight lines.

ay=2x+3 by=x-4 cy=3x-12
dy=-2x e y=-x-1 fy=-bx+4
g —y=3x-3 h 2y=4x-2 .
2 Plot the following straight lines.
a —x+y=4 b —4x+2y=12 ¢ 3y=6x-3
dx=x+1 e 3y—6x=9 f2y+x=8
g x+y+2=0 h3x+2y—4=0 i 4=dy-2x
3 Plot the following straight lines.
&R LA Lpda
a = =1 bx+z—1 c3+3 1
X y —(2x +y)
dy+5=3 e 5+3=0 f 7 1

y=-y) g 2

1 )
LR G370 b 2yl a4 2y
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Worked example

Solving simultaneous equations

The process of solving two equations and finding a common solution is known as
solving equations simultaneously. Simultaneous equations can be solved
algebraically by elimination or by substitution.

By elimination
The aim of this method is to eliminate one of the unknowns by either adding or

subtracting the two equations.

Solve the following simultaneous equations by finding the values of x and y which
satisfy both equations.

aldx+y=9
Sx—y=17
b 4x+y=23
x+y=8
adx+y=9 (1)
Sx—y=1 2)
By adding equations (1) + (2) the variable y is eliminated:
8x =16
x=2

To find the value of y, substitute x = 2 into either equation (1) or (2).
Substituting x = 2 into equation (1):

equation (2). If it is correct then the left-hand side of the equation will equal
the right-hand side.

3

4x+y=23 (1)
x+y=8 (2)
By subtracting the equations i.e. (1) - (2), the variable y is eliminated:
3x=15
x=5
By substituting x = 5 into equation (2), y can be calculated:
x+y=8
5+y=8
y=3
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Check by substituting both values into equation (1):

By substitution

The same equations can also be solved by the method known as substitution.

TS Solve these simultaneous equations by finding the values of x and y which satisfy
both equations.

aldx+y=9
Sx—y=17

bdx+y=23
x+y=8

a3x+y=9 1)
S5x—y=1 (2)

Equation (2) can be rearranged to give y = 5x — 7. This can now be substituted
into equation (1):

x+(GBx-T7)=9
3x+5x-7=9
8x-7=9

8x =16

x=2

To find the value of y, x = 2 is substituted into either equation (1) or (2) as
before giving y = 3.
4x+y=13 1)
x+y=8 )
Equation (2) can be rearranged to give y = 8 — x. This can be substituted into
equation (1):
4x+(8-x) =23
4x+8-x=23

=

x=5

3 can be found as before, giving a result of y = 3.

Graphically

Simultaneous equations can also be solved graphically by plotting the lines on the
same pair of axes and finding the point of intersection. The Casio GDC can solve
simultaneous equations algebraically. This gives the point of intersection if the graphs
do not need to be drawn. Currently the Texas GDC cannot solve simultaneous
equations algebraically. However, both GDCs can solve them graphically.
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Using a GDC or graphing software, find the point of intersection of the lines given
by the equations below, either algebraically or a graphical method.

3x+y=9 and Sx-y=7
Method 1: Solving algebraically using the equation solve facility

Casio

SETUP  A-LOCK e MALN_MENU 7277277727
to select the GRAPH |DYNA [TRELE [RECUR |1

MENU

‘equation’ mode from the menu

Gl
screen. ® <Y STEM|
@™ to select ‘Simultaneous’. Bilmas =

an?ﬂbn\’:U?

e to select the number of
unknowns as 2.

Enter the equation 3x + y = 9 into

the first row of the matrix where a is 5600 EW[EF [EoTT a
the coefficient of x, b is the
coefficient of y and c the constant. anX+bny=Un %
1 ]
Enter the equation 5x — y = 7 into a[ 5 w‘ ‘]
the second row of the matrix.

Trace T
@M to solve the equations oL [EW TR [EoTT
simultaneously. an’tbnY=ln

s _—
‘f[ 3.
2

[FEFT

Note: The calculator requests the equations in the form ax + by = ¢
notax + by +d =0.

The point of intersection of the lines with equations 3x + y = 9and 5x —y = Tis

(2,3).
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Method 2: Solving graphically

Your GDC and graphing software can solve simultaneous equations graphically.
Firstly, rearrange each equation into gradient—intercept form, i.e. y = mx + c:

3x+y=9-5y=-3x+9
Sx—y=T->y=5x-1

Then use the GDC or graphing software to plot both lines and find the point of

intersection.

Casio

SeTUP

o
e to select the graph mode.

Enter the equations y = -3x + 9
andy =5x -7
é to graph both equations.

Gsolv G5

oty
m @ 7D to select ‘intersect’
from the ‘graph solve’ menu.

The results are displayed on the screen.

=2

15ECT

Texas

\ ) to enter the equations
y=-3x+9andy="5x-7
to graph the equations
’ simultaneously.

- E to calculate the

coordinates of the point of intersection.

Using the cursor select the first ‘curve’,

then when prompted select the second
‘curve’. Finally move the cursor over the
point of intersection.

The calculator will give the

coordinates of the point of intersection.

SY1E-IRE
Y2B5K-7

Plots Plotz_Plots
K49

Intersection
2 PR

=3
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Autograph

Select S and enter the equations . /
3x+y=9and5x-y=7.
Select both graphs and click on
‘Object’ followed by ‘Solve

100 = 9" /
The results are displayed in the
results box by selecting [ .

GeoGebra
Enter the equations 3x + y = 9 and
5x — y = 7 in turn into the input box. \ /
/

Type ‘Intersect [a, b]" in the input /
box. / \

/

7

The point of intersection is marked
on the graph and its coordinates
appear in the algebra window.

Note: The letters ‘a’ and ‘b’ are in the command ‘Intersect [a, b]’ as
GeoGebra automatically assigns the lines the labels ‘a’ and 'b’.

The point of intersection of the lines with equations 3x + y = 9and 5x —y = Tis

(2,3).
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B Exercise 5.1.6

Solve these simultaneous equations either algebraically or graphically.

lax+y=6

x—y=2
dx+y=12
x—y=8
2a3x+2y=13
4x=2y+8
d Ox+3y=24
x—3y=-14
3alx+y=14
x+y=9
dx+y=10
3x=—y+22
4 a
2i—y=6
dx=y+7
3x—y=17
5ax+y 7
x—y=-3
d Ix+4y=4
9x — 4y = =10
6a x+3y=13
2x-4y+8=0
c x+y=10
3y=22-x
7a —4x=4y
4x—8y=12
d 3x+5y=29
3x+y=13

b

o

o

o

3

o

o

o

3

e

o

o

x+y=11
s Tomdl)
x+y=17
3x—y=13
6x + 5y = 62
4x-5y=8
Tx—y=-3
dx+y =14
5x 43y =29
x+3y=13
2x+5y=28
4x + 5y = 36
3x-2y=8
-2y=4
8x—2y=-2
3x-2y=-17
2x+3y=-18
2x=3y+6
4x-4y=0
Sx+4y=12
2x + 4y = 50
2x+y=120
Sx+2y=28
5x + 4y = 36
3x =19 + 2y
=3x+5y=5
—5x + 3y =14
5x+ 6y = 58

Further simultaneous equations
If neither x nor y can be eliminated by simply adding or subtracting the two
equations then it is necessary to multiply one or both of the equations. The
equations are multiplied by a number in order to make the coefficients of x (or y)

numerically equal.

c

-

6

-

o

s

[

-

[

-

a

-

x+y=5
x-y=T7
Sx+y=129
Sx—y=11
x+2y=3
8x—2y=6
3x =5y + 14
6x + 5y = 58
4x+2y=50
x+2y=120
x+6y=-2
3x+6y=18
Tx—3y=26
2i-3y=1
4x—y=-9
Tx—y=-18
5x—3y=9
2c+3y=19
x=3y=-25
5x—3y=-17
3x+2y=12
3x+ 9y =-12
“2x+8y=6
=3-1y
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T Solve these simultaneous equations

a

=

®

3

x4+ 2y =22
-

Sx-3y=1
3x+dy=18
3x+2y=22 1)
x+y=9 @)

To eliminate ¥, equation (2) is multiplied by 2:

3x+2y=22 (1)
2x+2y=18 3)

By subtracting (3) from (1), the variable y is eliminated:

x=4
Substituting x = 4 into equation (2), we have:
x+y=9
4+y=9
y=5
Check by substituting both values into equation (1):
3x+2y=22

12+10=22
2=22

Sx—3y=1 (1)
+dy=18 ()

To eliminate the variable y, equation (1) is multiplied by 4 and equation (2) is

multiplied by 3.

20x - 12y=4 3)
Ox+ 12y =54  (4)

By adding equations (3) and (4) the variable y is eliminated:

29x =58
x=2
Substituting x = 2 into equation (2) gives:
3x+ 4y =18
6+4y=18
4y=12
y=3

Check by substituting both values into equation (1):
Sx—3y=1

1=1
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Lord Nelson would
we used
trigonometry in
navigation

Exercise 5.1.7

Solve these equations either algebraically or graphically.

1al2xey=T b Sx+4y=21 ¢ x+y=1
3x+2y=12 x+2y=9 3x+ 4y =23
d 2x-3y=-3 e dx=4y+8 fox+5y=11
3x+2y=15 x+3y=10 2c-2y=10
2ax+y=5 b2x-2=6 ¢ x+3y=15
3x—2y+5=0 x—5y=-5 2y=15-3x
dx-6y=0 e 2x—5y=-11 fx+y=5
3x-3y=15 3x+4y=18 - 2y=-2
3a3y=9+2 bx+dy=13 ¢ 2x=3y-19
3x+2y=6 3 -3y=9 3x+2y=17
d2x-5=-8 e 5x—2y=0 f 8y=3-x
3x—2y=-26 2x+ 5y =29 3x-2y=9
4adx+2y=5 b 4x+y=14 c 10x—y=-2
3x+6y=6 6x—3y=3 —15x+3y=9
d -2y=05-2x e x+3y=6 f 5x—3y=-05
6x+3y=6 2x-09y=17 3x+2y=35

Right-angled trigonometry

Trigonometry and the trigonometric ratios developed from the ancient study of the
stars. The study of right-angled triangles probably originated with the Egyptians and
the Babylonians, who used them extensively in construction and engineering.

The ratios, which are introduced in this chapter, were set out by Hipparchus of
Rhodes about 150 c.

Trigonometry was used extensively in navigation at sea, particularly in the sailing
ships of the eighteenth and nineteenth centuries, when it formed a major part of the
examination to become a lieutenant in the Royal Navy.

The trigonometric ratios

There are three basic trigonometric ratios: sine, cosine and tangent and you should
already be familiar with these.

Each of the trigonometric ratios relates an angle of a right-angled triangle to a ratio of
the lengths of two of its sides.

The sides of the triangle have names, two of A
which are dependent on their position in relation
to a specific angle.

The longest side (always opposite the right angle)
is called the hypotenuse. The side opposite the angle
is called the opposite side and the side next to the angle L .
is called the adjacent side. B adjacent c

hypotenuse

opposite
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Note that, when the chosen angle is at A, the sides

labelled opposite and adjacent change.
= hypotenuse
g
B
opposite
Tangent
The tangent ratio is:
®
_ length of opposite side 2
e e T oFadincent side §
adjacent
1 Calculate the size of angle BAC. c
o _ Opposite _ 4 N\
A= djacent 5
4
x= ] -
x=38.7(3sf) ul N
B 5cm A

ZBAC = 38.7° (3 s.£)
2 Calculate the length of QR

Q. 6em  p
’ o\
w4z =
pom
6 x tan42° = p
p=540 (3 sf)
QR =5.40cm (3 sf.)
R

Sine

The sine ratio is: i
3 potenuse
AN = length of opposite side
SN = Tength of hypotenuse

opposite
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1 Calculate the size of angle BAC.

Worked examples

___ _opposite _ 7
S X = Rypotenwse 12
T
x=sin ()
x =357 (3 sf)

ZBAC = 35.7° 3 s.)
2 Calculate the length of PR.

sin 18° = 1L
q
q xsin18° =11
11
9= 1Ee
g =356(3sf)

PR = 35.6cm (3 s.f)

Cosine

The cosine ratio is:

length of adjacent side

0% = o o7 o Fypoveriuse

1 Calculate the length XY.

cos 62° = adjacent _z
hypotenuse 20

7 =20 x cos 62°
2 =939 (3sf)
XY =9.3%9cm (3sf)

2 Calculate the size of angle ABC.
adjacent

o8 X = —

hypotenuse
cosx=32
12

12
x =638 (3sf)

ZABC = 63.8° (3sf.)

i3

A
!
B

. hypotenuse

adjacent

20cm

5.3m
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Pythagoras’ theorem B

Pythagoras’ theorem states the relationship =
between the lengths of the three sides of a N\ a
right-angled triangle: ¢

2=P+

1 Caleulate the lengh of the side BC. S S

Worked examples

Using Pythagoras’ theorem: s
at=b+c?
=846
= 64 + 36 = 100 6m o
a= 100
a=10
BC = 10m A 8m c
Calculate the length of the side AC.
Using Pythagoras’ theorem: =
& =b+d
at—ct=ph? 12m 5m
b? =144 — 25 = 119
b= 119
b =109 (3sf) 5
AC = 109m (3 s.f)

~

Angles of elevation and depression

The angle of elevation is the angle above the horizontal through which a line of
view is raised. The angle of depression is the angle below the horizontal through
which a line of view is lowered,

1 The base of a tower is 60 m away from a
point X on the ground. If the angle of
elevation of the top of the tower from
X is 40° calculate the height of the tower.
Give your answer to the nearest metre.

h
tan 40° = o
h =60 x tan 40° = 50
The height is 50m.
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2 An aeroplane receives a signal from a point X
on the ground. If the angle of depression of
point X from the aeroplane is 30°, calculate the
height at which the plane is flying.

Give your answer to the nearest 0.1 kilometre.

sin30° = &
h=6x sin 30° = 3.0
The height is 3.0km.

W Exercise 5.2.1

1 Calculate the unknown length in each of the diagrams.
a b

P 12em  Q X 14.6cm ¥ J
w/ TR £
kom
xom iR
Z o
R L 164om K
d e f
A A A
a 137cm
450m com xom
[ / o
A o 8 820m © 31\ o
c B B amm C

2 Calculate the size of the marked angle x° in each of the following diagrams.
a b c
E N P B cr 5cm A
m) > E

8.1cm 52.3cm
[
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3 Calculate the unknown length or angle in each of the following diagrams.

i b §
A %\ lem K X 14 cm Y
w ] [} v
8.7cm 152cm
6cm 19cm
BN =
Ll
B Cc 7

4 A sailing boat sets off from a point X and heads towards Y, a point 17 km north.
At point Y it changes direction and heads towards point Z, a point 12 km away
on a bearing of 090°. Once at Z the crew want to sail back to X. Calculate:

a the distance ZX
b the bearing of X from Z.

5 An aeroplane sets off from G on a bearing of 024° towards H, a point 250 km
away. At H it changes course and heads towards J on a bearing of 055° and a
distance of 180km away.

N
J
.
H

.
G

a How far is H to the north of G?

b How far is H to the east of G?

¢ How far is ] to the north of H?

d How far is ] to the east of H?

e What is the shortest distance between G and J?
f What is the bearing of G from J?

o

Two trees are standing on flat ground. The
angle of elevation of their tops from a
point X on the ground is 40°. If the
horizontal distance between X and the
small tree is 8 m and the distance between
the tops of the two trees is 20m, calculate:

a the height of the small tree

b the height of the tall tree

¢ the horizontal distance between the

trees.
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7 PQRS is a quadrilateral. The sides RS and QR P

are the same length. The sides QP and RS are o
parallel.
Calculate: 8 4

a angle SQR

b angle PSQ

¢ length PQ

d length PS Sm
e the area of PQRS.

@

Two hot air balloons are 1km apart in the air.
If the angle of elevation of the higher from
the lower balloon is 20°, calculate:
a the vertical height between the two
balloons
b the horizontal distance between the
two balloons.

Give your answers to the nearest metre.

©

A plane is flying at an altitude of 6km directly over the line AB. It spots two
boats A and B on the sea. If the angles of depression of A and B from the plane
are 60° and 30° respectively, calculate the horizontal distance between A and B.

A B

10 Two people A and B are standing either side of a transmission mast. A is 130m
away from the mast and B is 200 m away. If the angle of elevation of the top of
the mast from A is 60°, calculate:

a the height of the mast to the nearest metre
b the angle of elevation of the top of the mast from B.

B

<130 m—t——200 M ——>|
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5.3 Trigonometry and non-right-angled
triangles

Angles between 0° and 180°

When calculating the size of angles using trigonometry, there is often more than
one possible solution. Most calculators, however, will give only the first solution.
To be able to calculate the value of a second possible solution, we need to look at
the shape of trigonometrical graphs in more detail.

The sine curve

The graph of y = sinux is plotted below for x in the range 0 < x < 360°, where x is
the size of the angle in degrees.

Y
2

1

l 90° 18W60" &
-1

The graph of y = sinx has:

B a period of 360° (i.e. it repeats itself every 360%)
B a maximum value of | (at 90°)
¥ a minimum value of —1 (at 270°).

sin30° = 0.5. Which other angle between 0° and 180° has a sine of 0.57

Worked example

17
2.
1
05 A D \
30°  90° 150°1W0° x
&

From the graph above it can be seen that sin 150° = 0.5.
sinx = sin (180° — x)
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W Exercise 5.3.1

Worked examples

1 Write down each of the following in terms of the sine of another angle between
0° and 180°.
a sin60° b sin80° ¢ sinll5°
d sin140° e sin128° f sinl67°

2 Write down each of the following in terms of the sine of another angle between
0° and 180°. 1

a sin35° b sin50° ¢ sin 30°
d sin48° e sin104° f sinl27°
1
3 Solve these equations for 0° < x = 180°. Give your answers to the nearest degree.l
a sinx =033 b sinx = 0.99 ¢ sinx = 0.09 H
d sinx = 0.95 e sinx =0.22 f sinx =047
4 Solve these equations for 0° < x < 180°. Give your answers to the nearest degre:
i b sinx =0.16 ¢ sinx = 0.80
e sinx =0.28 f sinx =033

The cosine curve
The graph of y = cos x is plotted below for x in the range 0 < x = 360°, where x i
the size of the angle in degrees.

¥

2-

l Wm 360° x
=g

As with the sine curve, the graph of y = cos x has:

B a period of 360°
B a maximum value of 1 (at 0° and 360°)
® a minimum value of —1 (at 180°).

Note that cos x® = —cos(180 — x)°.

1 cos 60° = 0.5. Which angle between 0° and 180° has a cosine of ~0.5?

=1

From the graph above it can be seen that cos 120° = 0.5 as the curve is

symmetrical.
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2 The cosine of which angle between 0° and 180° is equal to the negative of cos 50°7

1

1

1

H

|

1

1

|

|

|

|

|

|

|

1

1]

cos 130° = —cos 50° !

]

]

M Exercise 5.3.2 '
1 Write down each of the following in terms of the cosine of another angle i
between 0° and 180°. |

a cos 20° b cos 85° ¢ cos32° !

d cos95° e cos 147° f cos 106° i

1

2 Write down each of the following in terms of the cosine of another angle !
between 0° and 180°. 1

a cos98° b cos 144° ¢ cos 160° }

d cos 143° e cos171° £ cos 123° !

3 Write down each of the following in terms of the cosine of another angle H
between 0° and 180°. !

a —cos 100° b cos 90° ¢ —cos 110° H

d —cos 45° e —cos 122° £ —cos25° /

4 The cosine of which acute angle has the same value as: H
a cos 125° b cos 107° ¢ —cos 120° !

d —cos 98° e —cos 92° £ —cos 110° 1

The sine rule

With right-angled triangles we can use the B

basic trigonometric ratios of sine, cosine and

tangent. The sine rule is a relationship which

can be used with non-right-angled triangles. c a

The sine rule states that:

B b e

SnA snB  sinC A . c

It can also be written as:
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1 Calculate the length of side BC. B

Using the sine rule: Aot
&= L A ) acm
sinA  sinB
e B y
Sin40°  sin 30° 40\
6 . A” c

a == X sin40° gem
a="771(3sf)

BC = 7.71cm (3 sf)

)

Calculate the size of angle C.

B
Uit hesmende
sinA _sinC
e 650m 6cm
5in 60° _sinC
5 65
4 foo\ A\,

_ 6.5 xsin 60°

sin C = %
C =sin~(0.94)

C=69.8°(3sf)

M Exercise 5.3.3

1 Calculate the length of the side marked x in each of the following. Give your
answers to one decimal place.

m
za

12cm
xmm

X

x
9 mm
b xem

xem

a
c

b
d

i
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2 Calculate the size of the angle marked 6° in each of the following. Give your
answers to one decimal place.
a - b
5cm
30/ 35 mm

3 Triangle ABC has the following dimensions:
AC = 10cm, AB = 8cm and angle ACB = 20°.

a Calculate the two possible values for angle ABC.
b Sketch and label the two possible shapes for triangle ABC.

4 Triangle PQR has the following dimensions:
PQ = 6cm, PR = 4cm and angle PQR = 40°,

a Calculate the two possible values for angle QRP.
b Sketch and label the two possible shapes for triangle PQR.

The cosine rule

The cosine rule is another relationship which can be used with non-right-angled
triangles.

A\

A b c

The cosine rule states that:

a?= b+ ¢t = Dbc cosA
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1 Calculate the length of the side BC. B

Using the cosine rule:

a? = b+ 2 — 2bc cosA

a= 490
a=700(3sf)

BC = 7.00cm (3 s.f)

)

Using the cosine rule:

a = b2+ c? - 2bc cosA

Bad-a
geood
152 + 122 20
IxBx12
A = cos=(~0.086)
A=949° (35£)

cos A =

cos A =

Exercise 5.3.4

a? =924+ 72~ (2x 9 x T x cos50°)
=81 + 49 — (126 x cos50°) = 49.0

Calculate the size of angle A.

Rearranging the equation gives:

7cm

)

A 9cm c

12cm

2
=0.086

15cm

1 Calculate the length of the side marked x in each of the following. Give your

answers to one decimal place.
a

2m

3m

(o
e
10 cm
7em 4
6cm
xem
15¢cm
o
o
e
7cm
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2 Calculate the angle marked 6° in each of the following. Give your answers to
one decimal place.

b c
2mm
40m
20m @
5 mm 9cm 150m
4mm
25m ?
d e
4cm
b 15¢cm
7cm
18cm h
10cm

15cm

[

Four players W, X, Y and Z are on a rughy pitch.

X
The diagram shows a plan view of - 20m
their relative positions.
24m

Calculate:

the distance between players X and Z 3om

angle ZWX

angle WZX Y

40m
angle YZX E

the distance between players W and Y.

6 an o

4 Three yachts A, B and C are racing off the ‘Cape’. Their relative positions are
shown in the diagram.

Calculate the distance between B and C to the nearest 10m.

B

450 m C
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5 A girl standing on a cliff top at A can see
two buoys X and Y, 200 m apart, floating on
the sea. The angle of depression of Y from
A is45°, and the angle of depression of X
from A is 60° (see diagram).

If A, X, Y are in the same vertical plane,
calculate:

a the distance AY

b the distance AX

¢ the vertical height of the cliff.

=200 m>

o

There are two trees standing on one side of a river bank. On the opposite side is
a boy standing at X.

Using the information given, calculate the distance between the two trees.

1105~~~

The area of a triangle

The area of a triangle is given by the formula:
Area = bh

where b is the base and h is the vertical height of the triangle.

From trigonometric ratios we also know that:
. h
sinC=—
a
Rearranging, we have:
h=asinC [ ——

Substituting for h in the original formula gives another formula for the area of a
triangle:

Area = JabsinC
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Exercise 5.3.5

1 Calculate the area of the following triangles. Give your answers to one decimal
place.

a b T
_20em \
A
140m
¢ d ___6em
/1352 ’
§ 8cm /

2 Calculate the value of x in each of the following. Give your answers correct to
one decimal place.
a b

area = 20 cm?

I———X om— >

7

15cm

14cm

area =50 cm?
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3 ABCD is a school playing field. The following lengths are known:
OA =83m, OB = 122m, OC = 106 m, OD = 78m
Calculate the area of the school playing field to the nearest 100m?.

4 The roof of a garage has a slanting length of 3m and makes an angle of 120° at
its vertex. The height of the garage is 4m and its depth is 9m.

3m <420°

4m

Calculate:
a the cross-sectional area of the roof
b the volume occupied by the whole garage.

5.4 Geometry of three-dimensional solids

Egypnan society around 2000 BC was very advanced, pamcu]arly in its
ding and development of new mathematical ideas and concepts. One of
the most important pieces of Egyptian work is called the ‘Moscow Papyrus’ — so

called because it was taken to Moscow in the middle of the nineteenth century.
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The Moscow Papyrus was written in about 1850 Bc ~<b>
and is important because it contains 25 mathematical "
problems. One of the key problems is the solution to

finding the volume of a truncated pyramid. Although

the solution was not written in the way we write it

today, it was mathematically correct and translates into

the formula: ”
_(@+ab+ Dk
R a2

v a

The application of trigonometry first to triangles and then to other two-dimensional
shapes led to the investigation of angles between a line and a plane, and then further
to the application of trigonometry to three-dimensional solids such as the cuboid,
pyramid, cylinder, cone and sphere.

Trigonometry in three dimensions

1 The diagram shows a cube of edge length 3 cm.

a Calculate the length EG.

b Calculate the length AG.

¢ Calculate the angle EGA.

d Calculate the distance from the midpoint X of AB to the midpoint Y of BC.

3om
H 3cm G

a Triangle EHG (below) is right angled. Use Pythagoras’ theorem to

calculate the length EG.
A B
D L c E
acm
3om F
A H 8em G

H 3cm G
EG? = EH? + HG?
EG?=32+32=18
EG= 18cm
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o

e

calculate the length AG.

H 3cm G
AG? = AB? + EG?
AG? =32+ (\18)
AG?=9 + 18
AG = 27cm

b Triangle AEG (below) is right angled. Use Pythagoras’ theorem to

To calculate angle EGA, use the triangle EGA:

A

E Vi8cm G

3
tanG = —=—
V18
Angle G (EGA) = 35.3° (3 s.f)
To calculate the distance from
X to Y, use Pythagoras’ theorem:
XY? = XB? + BY?
XY2 =152+ 152
XY2=45
XY =2.12cm

X 1.5cm B

15cm
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2 In the cuboid ABCDEFGH, AB is i Y
12cm, AD = 9cm and BF = 5em. G
a i) Calculate the length AC. ”
ii) Calculate the length BE. B c

iii) Calculate the length HB.

X is the midpoint of CG and ~ 9cm
Y is the midpoint of GH. F
i) Calculate the length XY. 5cm

ii) Calculate the length XA. L 120om

a i) Tocalculate AC, consider triangle ABC.
Triangle ABC is right angled, so use Pythagoras'theorem:

AC = AB? + AC?

AC = 1224+ 9

AC? = 144 + 81 9em
AC =225

AC= I5em

-

12cm

To calculate BE, consider triangle ABE.
Triangle ABE is right angled, so use Pythagoras'theorem:
BE? = AB? + BE? £
BEZ= 122 4 52
BEZ = 169
BE = 13cm 5om

12cm

iii) To calculate HB, consider triangle EBH.
Triangle EBH is right angled, so use Pythagoras'theorem:
HB? = BH + BE2 i
HB? = 92 + 132
HB? = 81 + 169
HB = 158cm
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b i) To calculate XY, consider the triangle XYG with a right angle at G.

XY? = XG? + YG?
XY? = 2.52 + 62
XY? =6.25 + 36

XY = 4/42.25 = 6.5cm

ii) To calculate XA consider the
triangle AXZ.

XZ = 9em 8

Calculate AZ using triangle ABZ.

AZ? = AB? + BZ*
A7 =120 + 2.52
AZ? = 144 + 6.25

AZ = V15025 = 12.3cm

Then find XA, using triangle AXZ.

AX? = AZ? + XZ?
AX? =150.25 + 81
AX?=231.25

AX =152cm

B Exercise 5.4.1

Give all your answers to one decimal place.

1

an o

6 owm

Calculate the length HF.
Calculate the length of HB.
Calculate the angle BHG.

Calculate XY, where X and Y are the
midpoints of HG and FG respectively.

Calculate the length CA.
Calculate the length CE.
Calculate the angle ACE.
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3 a Calculate the length EG. A B
b Calculate the length AG.
¢ Calculate the angle AGE.
D c
12cm
E F
k 5cm

4 a Calculate the angle BCE. A B
b Calculate the angle GFH.

5 The diagram shows a right pyramid where A is
vertically above X.
a i) Calculate the length DB.
i) Calculate the angle DAX.
b i) Calculate the angle CED.
ii) Calculate the angle DBA.

6 The diagram shows a right pyramid where A
is vertically above X.
i) Calculate the length CE.
ii) Calculate the angle CAX.
i) Calculate the angle BDE. /
ii) Calculate the angle ADB. ©

®

=
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7 In this cone the angle YXZ = 60°. X
a Calculate the length XY.
b Calculate the length YZ.
¢ Calculate the circumference of the base.

8 In this cone, the angle XZY = 40°.
a Calculate the length XZ
b Calculate the length XY.

9 In the diagram, RS = 19.2cm, SP = l6cmand X
TQ = 7.2cm. X is the midpoint of VW. Y is the
midpoint of TW. u Y

Calculate the following, drawing diagrams of

right-angled triangles to help you. s
a PR b RV
¢ PW d XY P Q
e SY

10 One corner of this cuboid has been sliced off P Q
along the plane QTU.

WU = 4cm.

a Calculate the length of the three sides of
the triangle QTU. R

b Caleulate the three angles Q, T and U in g eem
eriamgle (ITUL

& Caloulase e sreol tringle T

10cm

The angle between a line and a plane

To calculate the size of the angle between the line AB and
the shaded plane, drop a perpendicular from B. It meets
the shaded plane at C. Then join AC.

B
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The angle between the lines AB and AC represents the angle between the
line AB and the shaded plane.
The line AC is the projection of the line AB on the shaded plane.

ABCDEFGH is a cuboid. A B
a Calculate the length CE. 1
b Calculate the angle between the

line CE and the plane ADHE. |

EG? = EH? + HG?

EG2 =22+ 5
EG? =29
EG =429 em

Now use Pythagoras’ theorem to calculate CE;

A B
: 5
D ¢
4om
4om j -
E 8'em @
Som

CE? = EG? + CG?
CEr = (VD) + 42
CE?=29 + 16
CE =45 cm

CE =6.71cm (3s.f)
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To calculate the angle between the line CE and the plane ADHE use the
right-angled triangle CED and calculate the angle CED.

" CD
sinE = o
5
sinE = _’\/E
L
N4

E =482°(3sf)

W Exercise 5.4.2

Q
1 Wite down the projection of each line
onto the given plane. 1L u
a TR onto RSWV
b TR onto PQUT
¢ SU onto PQRS laf

d SU onto TUVW
e PV onto QRVU
£ PV onto RSWV

2 Write down the projection of each line
onto the given plane. K. J
a KM onto INM
b KM onto JKON
¢ KM onto HIML e M
d 10 onto HLOK -
¢ 10 onto JKON e .
£ 10 onto LMNO

3 Write down the angle between the given
line and plane. :
a PT and PQRS
b PU and PQRS !
¢ SVand PSWT !
d RT and TUVW s
e SUand QRVU
f PVand PSWT
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s
»

Caleulate the length BH. A B
Calculate the angle between the line
BH and the plane EFGH. D c

-

Calculate the length AG. A B
Calculate the angle between the line
AG and the plane EFGH. D c
Calculate the angle between the line
AG and the plane ADHE.

om

o

o

The diagram shows a right pyramid where A is
vertically above X.
a Calculate the length BD.
b Calculate the angle between AB and
CBED.

<

The diagram shows a right
pyramid where U is vertically
above X.
a Calculate the length WY.
b Calculate the length UX.
¢ Calculate the angle
between UX and UZY.

A 10cm B
8 ABCD and EFGH are square faces lying
parallel to each other.

Calculate:

the length DB

the length HF 2

the vertical height of the object

the amgle DiEmakeswith the plane L ‘
ABCD. H™ 6em G

®

ao o
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9 ABCD and EFGH are square faces lying A 12cm B
parallel to each other.

Calculate: 2o
the length AC c
the length EG

the vertical height of the object
the angle CG makes with the plane

E
EFGH. A ‘

H 4em G

®

o o

5.5 Volume and surface area of
three-dimensional solids

A prism is any three-dimensional object which has a constant cross-sectional area
Below are a few examples of some of the more common types of prism:

a0 D

Rectangular prism Circular prism Triangular prism
(cuboid) (cylinder)
‘When each of the shapes is cut parallel to the shaded face, the cross-section is
constant and the shape is therefore classified as a prism.

Volume of a prism = area of cross-section x length WX

The surface area of a prism is the sum of the areas
of its faces. The surface area of a cuboid can be h
calculated as:

Surface area of a cuboid = 2(wl + lh + wh)

To calculate the surface area of
other prisms it is best to visualize
the net of the solid. A cylinder is
made up of one rectangular piece
and two circular pieces.

e—z—>i

Area of circular pieces = 2 X 2

Area of rectangular piece = 2 X h

Total surface area = 2mr? + 2mh
= 2mi(r + h)

ez —>
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[T | Calculate the volume and surface area of the L-shaped prism shown.

<~ Som =<

The cross-sectional area can be split into two rectangles:

Area of rectangle A = 5 x 2 = 10cm?

Area of rectangle B = 5 x 1 = 5cm?

Total cross-sectional area = 10cm? + 5cm? = 15 cm?

Volume of prism = 15 x 5 = 75

The volume of the prism is 75 cm’.

The surface area of the prism = 2 X cross-sectional area + areas of other faces
=2x154+(6+2+5+3+1+5)%x5

=2x15+122 x 5= 140cm?

The surface area of the prism is 140cm?

2 Calculate the volume and surface area of the cylinder shown. Give your answers
to one decimal place.

7em

Volume of a prism = area of cross-section x length

=1979 (1dp.)
The volume is 197.9 cm’.
Total surface area = 2nr(r + h)
=2nx3x(3+17)
=6nx 10
=60
=1885 (1dp.)

The total surface area is 188.5 cm?.




256 GEOMETRY AND TRIGONOMETRY

W Exercise 5.5.1

1 Calculate the volume and surface area of each of the following prisms. Where
necessary, give your answers to one decimal place.
a A cuboid with these dimensions: w = 6cm, I = 23mm, h = 2cm.
b A cylinder with a radius of 3.5 cm and a height of 7.2cm.
¢ A triangular prism where the base length of the triangular face is 5 cm, the
perpendicular height is 24 mm and the length of the prism is 7 cm.

2 The diagram shows a plan view of a cylinder inside a box the shape of a cube. If
the radius of the cylinder is 8 cm, calculate:
a the height of the cube
b the volume of the cube
¢ the volume of the cylinder
d the percentage volume of the cube not occupied by the cylinder.

@
<

3 A chocolate bar is made in the shape of a triangular prism. The triangular face of
the prism is equilateral and has an edge length of 4 cm and a perpendicular
height of 3.5 cm. The manufacturer also sells these in special packs of six bars
arranged as a hexagonal prism. If the prisms are 20 cm long, calculate:

a the cross-sectional area of the pack
b the volume of the pack
¢ the surface area of the pack.

8cm

4 A cuboid and a cylinder have the same volume. The radius and height of the
cylinder are 2.5 cm and 8cm respectively. If the length and width of the cuboid
are each 5 cm, calculate its height to one decimal place.

5 A section of steel pipe is shown in the
diagram. The inner radius is 35 cm and
the outer radius 36 cm. Calculate the
volume of steel used in making the pipe
if it has a length of 130m.
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Worked example

6 Two cubes are placed next to each other. The length of each of the edges of the
larger cube is 4cm. If the ratio of their surface areas is 1:4, calculates
a the surface area of the small cube
b the length of an edge of the small cube.

il

7 A cube and a cylinder have the same surface area. If the cube has an edge length
of 6cm and the cylinder a radius of 2 cm calculate:
a the surface area of the cube
b the height of the cylinder
¢ the difference between the volumes of the cube and the cylinder.

e—4 cm—>-1

8 Two cylinders have the same surface area.
The shorter of the two has a radius of 3cm

3cm =l
and a height of 2cm, and the taller cylinder e
has a radius of 1 cm. Calculate: ¥
a the surface area of (one of) the 2 ;m hom

cylinders

the height of the taller cylinder

the difference between the volumes of
the two cylinders.

3

3

9 Two cuboids have the same surface area.
The dimensions of one of the cuboids are

length = 3cm, width = 4cm and height = 2cm.
Calculate the height of the other cuboid if its length is 1 cm and its width is 4cm.

Volume and surface area of a sphere
The volume of a sphere is given by the following formula:
Volume of sphere = 4rr®

The surface area of a sphere is given by the following formula:

Surface area of sphere = 4mr>

1 Calculate the volume and surface area of
the sphere shown, giving your answers to
one decimal place.
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Volume of sphere = 4

=% xmx33
=113.1
The volume is 113.1cm?.
Surface area of sphere = 4m?
=4xmx3?
=113.1

The surface area is 113.1 cm?.

2 Given that the volume of a sphere is 150 cm?, calculate its radius to one decimal

place.
=4
3V
E W L
T

3 x 150
3. o0 _
Ll el

1=N358=33

The radius is 3.3 cm.

B Exercise 5.5.2

Calculate the volume and surface area of each of the following spheres. The
radius 7 is given in each case.
a r=06cm b r=95cm cr=82cm dr=07cm

~

Calculate the radius of each of the following spheres. Give your answers in
centimetres and to one decimal place. The volume V is given in each case.
a V="120cm b V=02m

Calculate the radius of each of the following spheres, given the surface area in
each case.
a A=165cm? b A= 120 mm?

Given that sphere B has twice the volume of
sphere A, calculate the radius of sphere B.

[

s

[

Calculate the volume of material used to 1=—5.5 cm—>1
make the hemispherical bowl shown, if the
inner radius of the bowl is 5cm and its outer
radius 5.5 cm.
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6

-

®

©

The volumes of the material used to make the sphere and hemispherical bowl
shown are the same. Given that the radius of the sphere is 7 cm and the inner
radius of the bowl is 10cm, calculate the outer radius rcm of the bowl.

<t CM
110 cmmt

A ball is placed inside a box into which it
will fit tightly. If the radius of the ball is
10cm, calculate:

the volume of the ball

the volume of the box

the percentage volume of the box /

not occupied by the ball, /S

o

o

A steel ball is melted down to make eight smaller identical balls. If the radius
of the original steel ball was 20 cm, calculate to the nearest millimetre the
radius of each of the smaller balls.

A steel ball of volume 600 cm? is melted down and made into three smaller
balls A, B and C. If the volumes of A, B and C are in the ratio 7:5:3, calculate
to one decimal place the radius of each of A, B and C.

The cylinder and sphere shown have the same radius and the same height.
Calculate the ratio of their volumes, giving your answer in the form:

volume of cylinder : volume of sphere.

Tt

Sphere A has a radius of 8cm and sphere B has a radius of 16 cm. Calculate the
ratio of their surface areas in the form 1:n.
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12 A hemisphere of diameter 10cm is attached D —
to a cylinder of equal diameter as shown.

If the total length of the shape is 20cm,
calculate:
a  the surface area of the hemisphere
b the length of the cylinder i
¢ the surface area of the whole shape.

10cm

13 A sphere and a cylinder both have the same surface area and the same height
of 16 cm.
Caleulate, to one decimal place:
a the surface area of the sphere
b the radius of the cylinder.

Volume and surface area of a pyramid

A pyramid is a three-dimensional shape. Each of the faces of a pyramid is planar
(ot curved). A pyramid has a polygon for its base and the other faces are triangles
with a common vertex, known as the apex. A pyramid’s individual name is taken
from the shape of the base.

Square-based pyramid Hexagonal-based pyramid

The volume of any pyramid is given by the following formula:
Volume of a pyramid = 4 x arca of base x perpendicular height

The surface area of a pyramid is found simply by adding together the areas of all of
its faces. You may need to use Pythagoras’ theorem to work out the dimensions you
need to calculate the volume and surface area.
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Worked example

A rectangular-based pyramid has a perpendicular height A
of Scm and base dimensions as shown. Calculate the A
volume and surface area of the pyramid.

Volume = § x base area X height / |isem
=ix3x7x5 s
=35 & " 7em

E
The volume is 35 cm’. 3om

To work out the surface area you need to know the perpendicular height of the
triangular faces of the pyramid.

A A
\
Ly 5cm
D 7om c
X 15cm F

R =152 452 = 27.25
h=%2725

Area of two of the triangular faces = 2 x 3 x 7 x /27.25

=36.541
A A
g ¢
5cm
:\
E som D e

2=352+5=3725
g=\3725

Atea of other two of the triangular faces = 2 x 1 x 3 x /37.25

= 18.310
Total surface area = area of base + area of triangular faces
=21 + 54.851
=159

The surface area of the pyramid is 75.9 cm?.
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B Exercise 5.5.3

1 Find the volume of each of the following pyramids.
a

B 10cm
6cm

2 The rectangular-based pyramid shown has a sloping edge length of 12 cm.
Calculate its volume and surface area, giving your answers to one decimal place.

8cm

3 Two square-based pyramids are glued together as shown. Given that all the
triangular faces are identical, calculate the volume and surface area of the
whole shape.
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s

The top of a square-based pyramid is cut off.
The cut is made parallel to the base. If the
base of the smaller pyramid has a side length
of 3cm and the vertical height of the
truncated pyramid is 6 cm, calculate:

a the height of the original pyramid

b the volume of the original pyramid

¢ the volume of the truncated pyramid.

[

Calculate, to one decimal place, the surface area of the truncated square-based
pyramid shown. Assume that all the sloping faces are identical.

9cm

18cm

6 Calculate the perpendicular height hcm for the pyramid, given that it has a
volume of 168 cm?.

9cm

7 Calculate the length of the edge marked xcm, given that the volume of the
pyramid is 14 cm?.
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8 The top of a triangular-based pyramid
(tetrahedron) is cut off. The cut is made
parallel to the base. If the vertical height of
the top is 6cm, calculate to one decimal
place:

a the height of the truncated piece
b the volume of the small pyramid
¢ the volume of the original pyramid.

9 Calculate the surface area of a regular
tetrahedron with edge length 2 cm.

2cm

10 The two pyramids shown below have the same surface area.

>
@

20cm 12cem

Calculate:
a  the surface area of the tetrahedron
b the area of one of the triangular faces on the square-based pyramid
¢ the value of x.

Volume and surface area of a cone
A cone is a pyramid with a circular base. The
formula for its volume is therefore the same as for
any other pyramid.
Volume =4 x base area x height
= dmth
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Before we look at examples of finding the volume and surface area of a cone it is
useful to look at how a cone is formed. A cone can be constructed from a sector of
a circle.

s /
s,
Q o

rem

The length of the sloping side of the cone is equal to the radius of the sector. The
base circumference is equal to the arc length of the sector. The curved surface area
of the cone is equal to the area of the sector.

Arc length and sector area

An arc is part of the circumference of a circle between

two radii. Its length is proportional to the size of the arc
angle ¢ between the two radii. The length of the arc

as a fraction of the circumference of the whole circle %)

is therefore equal to the fraction that ¢ is of 360°.

P 3% X 2nr

A sector is the region of a circle enclosed by two radii
and an arc. The area of a sector is proportional to the
size of the angle ¢ between the two radii. As a
fraction of the area of the whole circle, it is therefore
equal to the fraction that ¢ is of 360°.

sect

<

og)

[
Area of sector = 3¢5 X 1

Calculating the volume of a cone
As we have seen, the formula for the volume of a cone is:

Volume =4 x base area x height

= inh

1 Calculate the volume of the cone.

Worked examples

Volume = }nrth
ixnx4x8
= 1340 (1dp)

The volume is 134 cm®
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an o

»

[

2 The sector below is assembled to form a cone as shown.

1200
@ _ |hem
rem

Calculate the base circumference of the cone.

Calculate the base radius of the cone.

Calculate the vertical height of the cone.

Calculate the volume of the cone.

The base circumference of the cone is equal to the arc length of the sector.

[
sector arc length = 360 X 2mr

=%x2nx12=58.6

So the base circumference is 58.6cm.

The base of a cone is circular, therefore:
C=xr
_C 586
Uiy =
=933
So the radius is 9.33 cm.

The vertical height of the cone can be calculated using Pythagoras’ theorem
on the right-angled triangle enclosed by the base radius, vertical height and
the sloping face, as shown below.

12cm
hem
Note that the length of the sloping side is equal
to the radius of the sector.
9.33cm
122 = h? + 9.33%
R =122 - 9.332
B =569
h=1754

So the height is 7.54 cm.
Volume = § x m?h
=1xnx 933 x7.54 = 688

So the volume is 688 cm®.
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Worked example

Note: Although answers were given to three significant figures in each case, where
the answer was needed in a subsequent calculation, the exact value was used and
not the rounded one. By doing this we avoid introducing rounding errors into the
calculations.

Calculating the surface area of a cone

The surface area of a cone comprises the area of the circular base and the area of
the curved face. The area of the curved face is equal to the area of the sector from
which it is formed.

Calculate the total surface area of this cone.

12cm
5cm
Surface area of base = m?
=25n
The curved surface area can best be 12cm

visualized if drawn as a sector as shown in
the diagram:

The radius of the sector is equivalent to the
slant height of the cone. The arc length of
the sector is equivalent to the base

circumference of the cone. Toiecm

of . [0
360 = 24
Therefore ¢ = 150°
Area of -0 122 = 60
rea of sector = 360 XX = n

Total surface area = 60r + 251
= 85n
=267

The total surface area is 267cm?.
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B Exercise 5.5.4

1 For each of the following, calculate the length of the arc and the area of the
sector. O is the centre of the circle.

2 A circular cake is cut. One of the slices is shown.

10cm

Caleulate:
a the length acm of the arc
b the total surface area of all the sides of the slice
¢ the volume of the slice.

3 Calculate the volume of each of the following cones. Use the values for the base
radius r and the vertical height h given in each case.

a r=3cm, h=6cm
b r=6cm, h="7cm
¢ r=8mm, h=2cm
d r=6cm, h = 44 mm
4 Calculate the base radius of a cone with a volume of 600cm? and a vertical
height of 12cm.
5 A cone has a base circumference of 100cm and a slope height of 18cm.
Calculate:
a the base radius

b the vertical height
¢ the volume.
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6 Calculate the volume and surface area of both of the following cones. Give your
answers to one decimal place.
a b

6 cm>-i

7 The two cones A and B shown below have the same volume. Using the
dimensions shown and given that the base circumference of cone B is 60cm,
calculate the height hem.

15 cm

8 The sector shown is assembled to form a cone. Calculate:
the base circumference of the cone

the hase radius of the cone ‘9cm
the vertical height of the cone 21000

the volume of the cone

®

o a6 o

the curved surface area of the cone.

9 Two cones with the same base radius are stuck together as shown. Calculate the
surface area of the shape.

15 cm 30 cm
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10 Two cones have the same total surface area.

15cm

=5 oms-1 <—8 om—>

Calculate:
a the total surface area of each cone
b the value of x.

11 A cone is placed inside a cuboid as
shown. If the base diameter of the cone
is 12cm and the height of the cuboid is
16cm, calculate, to one decimal place
where required:

a the volume of the cuboid

b the volume of the cone

¢ the volume of the cuboid not
occupied by the cone.

12 The diagram shows two similar sectors which are assembled into cones.
Calculate:
a the volume of the smaller cone
b the volume of the larger cone
¢ the ratio of their volumes.

6cm

260° 260°
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13 An ice cream consists of a hemisphere and a
cone. Calculate:
a its total volume
b its total surface area.

10cm

I
25cm

14 A cone is placed on top of a cylinder. Using
the dimensions given, calculate
a the total volume of the shape 1
b its total surface area.

\4—%’—»«4—?—»«

e—8 m—>

15 Two identical truncated cones are placed end to end as shown.

f«———36cm——>)

4cm

Calculate the total volume of the shape. Give your answer to one decimal place.

16 Two cones A and B are placed either end of a cylindrical tube as shown.

<——25¢cm —>

Given that the volumes of A and B are in the ratio 2: 1, calculate, to one
decimal place:

a the volume of cone A

b the height of cone B

¢ the volume of the cylinder.
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M Student assessment 1

The coordinates of the end points of two line

segments are given below. In each case:

i) calculate the distance between the two end
points

ii) find the coordinates of the midpoint.

a (=6,-1)(6,4)

b (1,2) (7, 10)

¢ (2,6)(-2,3)

d (-10, -10) (0, 14)

2 Sketch the following graphs on the same pair of
axes, labelling each clearly.
a x=-2
by=3
¢ y=-3x
dy= % +4

w

For each of the following linear equations:
i) find the gradient and y-intercept

ii) plot the graph.

by=3-3
d2y-5x=8

'S

Find the equation of the straight line which
passes through each of the following pairs of
points. Express your answers in the form

y=mx+ec
a (1, -1) (4,8) b (0,76, 1)
¢ (=2,-9)(55) d (L,-1)(-1,7)

v

Solve the following pairs of simultaneous
equations either algebraically or graphically.
a x+y=4
x—y=0
cy+4x+4=0
x+y=2

3x+2y+6=0

M Student assessment 2

Diagrams are not drawn to scale.

Calculate the length of the side marked xcm in
each of the following. Give your answers correct
to one decimal place.

a

10.4cm ™\

3cem
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2 Calculate the angle marked 6° in each of the 3 Calculate the length of the side marked gem in
following. Give your answers correct to the each of the following. Give your answers correct
nearest degree. to one decimal place.

a . a
o
> qom
2 3em
15 cm &
4cm
9cm
b
= 10.cm
gem
12cm
b

42c0m
o
6.3cm i

g 3cm

]

d
S 48cm
™~ gom
o 18.cm
: e
d 148.cm
[E
12.3cm
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M Student assessment 3

Diagrams are not drawn to scale.

1 A map shows three towns A, B and C. Town A
is due north of C. Town B is due east of A. The
distance AC is 75 km and the bearing of C from
Bis 245°

Ae B

.

Calculate, giving your answers to the nearest
100 m:

a the distance AB

b the distance BC.

~

Two trees stand 16 m apart. Their tops make an
angle of 6° at point A on the ground.

7.5m

A 0°

e XM e 16m >

a Express 6° in terms of the height of the
shorter tree and its distance x metres from
point A.

Express 6° in terms of the height of the taller
tree and its distance from A.

Form an equation in terms of x.

Calculate the value of x.

Calculate the value 6.

L3

o ao

3 Two boats X and Y, sailing in a race, are shown
in the diagram. Boat X is 145 m due north of a
buoy B. Boat Y is due east of buoy B. Boats X
and Y are 320m apart.

X

N
320m %
145m
¥

Calculate:

a the distance BY

b the bearing of Y from X
¢ the bearing of X from Y.

4 Two hawks P and Q are flying vertically above

one another. Hawk Q is 250 m above hawk P.
They both spot a snake at R.

35°

R
e 28km———|

Using the information given, calculate:
a the height of P above the ground

b the distance between P and R

¢ the distance between Q and R.

5 A boy standing on a cliff top at A can see a boat

sailing in the sea at B. The vertical height of
the boy above sea level is 164 m, and the
horizontal distance between the boat and the
boy is 4km.
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Calculate:

a the distance AB to the nearest metre

b the angle of depression of the boat from the
boy.

6 Draw the graph of y = sinx® for 0° < x° < 180°,
Mark on the graph the angles 0°, 90°, 180°, and
also the maximum and minimum values of y.

g

State each of the following in terms of another
angle between 0° and 180°.

a sin50° b sin150°

¢ cos45° d cos120°

Calculate the size of the obtuse angle marked 6°
in this triangle.

@

18cm

o

B Student assessment 4

Give all lengths to one decimal place and all
angles to the nearest degree.

1 For the cuboid shown, calculate:
a the length EG

b the length EC & B
¢ angle BEC. : -
4cm ! F
W 1oom
2 Using the triangular prism shown, calculate:
a the length AD
b the length AC
¢ the angle AC makes with the plane CDEF
d the angle AC makes with the plane ABFE.

3 Draw a graph of y = cos6®, for 0° < 6° < 180°,
Mark on the angles 0°, 90°, 180°, and also the
maximum and minimum values of y.

4 The cosine of which other angle between 0 and
180° has the same value as
a cos128° b —cos80°?

"

For the triangle shown, calculate:
a the length PS

b angle QRS

¢ the length SR.

Round your answers to one decimal place,
where necessary.

Q
- N

The Great Pyramid at Giza is 146m high. Two
people A and B are looking at the top of the
pyramid. The angle of elevation of the top of
the pyramid from B is 12°. The distance
between A and B is 25 m. If both A and B are
1.8 m tall, calculate to one decimal place:

the distance from B to the centre of the base
of the pyramid

the angle of elevation 6 of the top of the
pyramid from A

the distance between A and the top of the
pyramid.

P

o

®

3

a

Note: A, B and the top of the pyramid are in
the same vertical plane.
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M Student assessment 5

Give all lengths to one decimal place and all
angles to the nearest degree.

Diagrams are not drawn to scale.

1 For this quadrilateral, calculate:
the length JL

angle KJL

the length ]M

the area of JKLM.

J

aen o

M

N

For the square-based right pyramid shown,
calculate:

the length BD

angle ABD

the area of triangle ABD

the vertical height of the pyramid.

®

a6 o

3 Find two angles between 0° and 360° which
have the following cosine. Give each angle to
the nearest degree.

a 0.79 b -028

'S

a On one diagram plot the graph of y = sin6°
and the graph of y = cos6®, for 0° < 6° <
360°.

b Use your graph to find the angles for which
sin@° = cos 6°.

"

The cuboid shown has one of its corners
removed to leave a flat triangle BDC.

A B

H 5cm G

Calculate to two significant figures:

length DC

length BC

length DB

angle CBD

the area of triangle BDC

the angle AC makes with the plane AEHD.

In the diagram of the cuboid, X is the midpoint
of VW and Y is the midpoint of TW.

RS = 24cm
SP = 20cm v *
TQ =9cm e
Caleulate:
a PR
¢ WP
e SY.

"o o o

o
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M Student assessment 6

Give all your answers to one decimal place.

1 A sphere has a radius of 6.5cm. Calculate:
a its total surface area
b its volume.

2 A pyramid with a base the shape of a regular
hexagon is shown. If the length of each of its
sloping edges is 24 cm, calculate:

a its total surface area
b its volume.

12cm

w

The prism here has a cross-sectional area in the
shape of a sector.

Calculate:

a the radius rcm

b the cross-sectional area of the prism
¢ the total surface area of the prism

d the volume of the prism.

20 cm

rem ’
A 8cm

4 The cone and sphere shown here have the same
volume.

If the radius of the sphere and the height of the
cone are both 6 cm, calculate:

a the volume of the sphere

b the base radius of the cone

¢ the slant height xcm

d the surface area of the cone.

5 The top of a cone is cut off and a cylindrical
hole is drilled out of the remaining truncated
cone as shown.

Calculate:

a the height of the original cone

b the volume of the original cone

¢ the volume of the solid truncated cone

d the volume of the cylindrical hole

e the volume of the remaining truncated cone.

=—28 mm—>

I<———56 mm———>1
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Examination questions

1 The following diagrams show six lines with equations of the form y =mx +c.

Ly Y, L Y, Ly Y,
\" x o

Ly Y, Ly Y, Le Y,
X x x

In the table below there are four possible conditions for the pair of values m and c.
Match each of the given conditions with one of the lines drawn above.

Condition

Line

m>0andc>0

m<Oandc>0

m<0Oandc<0

m>0andc<0

~

The base of a prism is a regular hexagon. The
centre of the hexagon is O and the length of OA
is 15cm.

a Write down the size of angle AOB. i
b Find the area of triangle AOB. Bl

The height of the prism is 20 cm.
¢ Find the volume of the prism. 2l

Paper 1, Nov 10, Q12

(61
Paper 1, Nov 10, Q4

B A

diagram not
to scale
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3 A room is in the shape of a cuboid. Its floor
measures 7.2m by 9.6m and its height is 3.5 m.

H G
E F
35m L
A 72m diagram not
to scale
a Calculate the length of AC. 21
b Calculate the length of AG. 7]
¢ Calculate the angle that AG makes
with the floor. 7]
Paper 1, May 11, Q7
4 Part A

The diagram below shows a square based right
pyramid. ABCD is a square of side 10 cm. VX is
the perpendicular height of 8 cm. M is the
midpoint of BC.

Vv

diagram not

to scale
B
10 cm [
a Write down the length of XM. [1]
b Calculate the angle of VM. 21

¢ Calculate the angle between
VM and ABCD. 21

Part B

A path goes around a forest so that it forms the
three sides of a triangle. The lengths of two
sides are 550m and 290 m. These two sides meet
at an angle of 115°. A diagram is shown below.

diagram not
to scale

a Calculate the length of the third side of
the triangle. Give your answer correct

to the nearest 10m. 41
b Calculate the area enclosed by the path
that goes around the forest. 31

Inside the forest a second path forms the three
sides of another triangle named ABC. Angle
BAC is 53°, AC is 180m and BC is 230 m.

diagram not to scale

¢ Calculate the size of angle ACB, 141
Paper 2, Nov 09, Q1
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Applications, project ideas
and theory of knowledge

1 lThe human brain has ¢
ongitudinal fissure (a lon
! G
;vhn:h separates it into twg e
emispheres. The function of
i . ea
hemisphere is different, Popl,tlmdI
psycholvqy talks of ‘left brain,
tjght brain thinking’ where O;IE
side or another js responsible for
logic, creativity, etc, Fing out
Mmore about this idea ang g
Its scientific basis. -

2 Pythagoras’ ieorem has

alarge numper of

These include Gurf’i‘e‘z‘isors'

a(oaf, Proof using similgy

triangles, euci's proof
and others. These types of
Proof could form the basis
of a project. No Pproof that
uses trigunometry is
considered valig. Why do
You think this is»

5 Investigate the
mathematics of doodles
ﬂ'(g the one shown,
Is could be develope,
a project. e

3 The terms arithmetic, algebra
and geometry used to be ;
studied in schools as separa e -
subjects (and still are in pamz:
the USA). Discuss the statemen

that these terms are becqmmg
redundant. What you think are
now the most important areas
of mathematics and shoml{a!d
they, or can they, be studie

in isolation?

P

4 Euclidean geﬂﬁry is an

iomatic system. Discuss
‘\‘NXPI;'["?NS vszZans and discover
the main axioms of Euclidean
eometry- Einstein’s Tﬁeory of
General Relativity maintdins
that space—time is
non-Euclidean. Find out
more about non-Euclidean

geometry.



8 What s ‘inner-tube’ or
“doughnut’ geometry?
ts correct name is the
geometry of the torus.
s the shortest distance
petween two points on
a torus a straight line?

9 How do architects and
designers use the
applications of geometry.
in their work?

M




Mathematical models

Syllabus content
6.1 Concept of a function, domain, range and graph.
Function notation, e.g. f(x), v(t), C(n).
Concept of a function as a mathematical model.
6.2 Linear models.
Linear functions and their graphs, f(x) = mx + c.
6.3 Quadratic models.
Quadratic functions and their graphs (parabolas): f(x) = ax? + bx + ¢, a #0.
Properties of a parabola: symmetry; vertex; intercepts on the x-axis and y-axis.
e e e %
6.4 Exponential models.
Exponential functions and their graphs: f(x) = ka* + ¢,a € Q*,a# 1, k#0;
f(x) = ke + c,a € Q*a% 1, k=0
Concept and equation of a horizontal asymptote.
6.5 Models using functions of the form f(x) = ax™ + bx" +...,m,n €Z.
Functions of this type and their graphs.
The y-axis as a vertical asymptote.
6.6 Drawing accurate graphs.
Creating a sketch from information given.
Transferring a graph from GDC to paper.
Reading, interpreting and making predictions using graphs.
Included all the functions above and additions and subtractions.

6.7 Use of a GDC to solve equations involving combinations of the functions above.
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Introduction

Leibniz was the first to use the term ‘function’, although
not in the sense it is used in this topic. Euler used the
term in work done around 1750. Both of these
mathematicians were aware of the work of Girolamo
Cardano, and the concept of ‘function’ may have
developed from this. It is also possible that all three of
these mathematicians were aware of the much earlier
studies of Al-Karkhi.
BEERONYMUCAR Cardano was a famous Italian mathematician. In
e 1545 he published a book Ars Magna (‘Great Art’)
in which he showed calculations involving solutions
to cubic equations (equations of the form Leonhard Euler (1707-1783)
@ + b + cx + d = 0) and quartic equations
(equations of the form ax* + bx® + cx + dx + e = 0).
His book (the title page is shown here) is one of the
key historical texts on algebra.
It was the first algebraic text written in Latin. In
1570, because of his interest in astrology, Cardano
The title page of was arrested for heresy; no other work of his was
Ars Magna ever published.
AlLKarkhi was one of the greatest Arab
mathematicians. He lived in the eleventh century.

f/ 144
He wrote many books on algebra and developed a Girolamo Cardano (1501-1576)
theory of indices and a method of finding square roots.

6.1 A function as a mapping

A relationship between two sets can be shown as a

domain range

mapping, which links elements in one set with

elements in the other set. A blue
A function is a special type of relationship, which = reer

can be shown as a mapping with particular .

characteristics. o

Consider the equationy = 2x + 3; -1 Sx<3. A
table of results can be made and a mapping diagram drawn.

X y domain range
S -

0 <} -

1 5 2

2 7 A B

3 9
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If a mapping is a function, each value in set B (the range: the values that the
function can take) is produced from a value in set A (the domain: the values that x
can take). The relationship above is therefore a function and, as a function, it can
be written:

fix)=2x+3;-1=<x=<3

It is customary to write the domain after the function, because a different domain
will produce a different range.
A mapping from A to B can be a one-t mapping or a many-t mapping.
The function above, f(x) = 2x + 3; =1 < x = 3, is a one-to-one function, as
each value in the domain maps to a unique value in the range, i.e. no two values
in the domain can map to the same value in the range. However, the function
f(x) = x% x € Z, for example, is a many-to-one function, as some values in the

tange can be generated by more than one value in the domain, as shown.

domain range

_‘s
N
I

A B

It is important to understand that, for a mapping to represent a function, one value
in the domain (set A) must map to a single value in the range (set B). Therefore
the mapping f(x) = x% x € Z shown above represents a function.
Some mappings do not represent functions. Consider the relationship y = =4/x.
The following table and mapping diagram can be produced.

domain range
x y
1| =
4 | =2
9 | =3
16 | x4

This relationship is not a function as one value in the domain produces more than
one value in the range.
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It is also important to remember the mathematical notation used to define
different domains. The principal ones will be:

Notation Meaning
z The set of integers {0, *1, +2, %3, ...}
z The set of positive integers {1, 2, 3, ...}
N The set of natural numbers {0, 1, 2, 3, ...}, i.e. positive integers and zero
Q The set of rational numbers, i.e. numbers that can be expressed as a fractnon%
R The set of real numbers, i.e. numbers that exist

Calculating the range from the domain

The domain is the set of input values, whilst the range is the set of output values
for a function. (Note: The range is not the difference between the greatest and least
values, as in statistics.) The range is therefore dependent not only on the function
itself, but also on the domain.

Calculate the range for each of the following functions.

a f)=x-3x5-2=x<3
b f)=2-3xxER )

a fl)=x-3x-2=<x<3

The graph of the function is shown.
As the domain is restricted to

—2 =< x < 3, the range is limited
to values from -2 to 18.

This is written as: 1
Range ~2 < f(x) <18.

f)=¥-3xxER

The graph will be similar to the one
in part a except that the domain is
not restricted. As the domain is for all p
real values of x, this implies that any Dorain)
real number can be an input value.
As a result, in the range will also be /
all real values. / 4

Rarige

3

= i

This is written as: Range f(x) € R.

Note: If the domain of a function is x € R, then it is often omitted.
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M Exercise 6.1.1

1 Which of the following mappings shows a function?

a domain range b domain  range

¢ domain range d domain range

A =

2 Write down the domain and range of each of the following functions. You could
plot the functions using your GDC.

a f0.= o= Tee] =im 3 b f0 = dxs Bredmms 0
& P)m i 2 B D & g)= %3

e MY =c+3 £ fiy) =4

¢ fin) =~ 42

6.2 Linear functions and their graphs

(Note: This topic is also covered in Section 5.1.)
The function gx) = 2x + 3; =1 < x = 3 gives the following graph.

Y,

The domain of the function is —1 < x < 3, whilst its range is 1 < g(x) < 9.
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Evaluating linear functions

1 a For the linear function h(t) = 2t — 5, determine h(7).
b If h(t) = 45 determine .

a h(7)=27)-5
=9

b 45=02t-522=50%t=25
2 Two linear functions are given as f(x) = 2x + 1 and g(x) = 3x — 6.

¥

d :ser/ ]=2x +1

: /

T~

i’ _z/b 10 12 %
A/

il

J

Find the values of x and f(x) where f(x) = g(x).

Graphically this can be interpreted as the coordinates of the point where the
two functions intersect.

At the point of intersection the two functions are equal, i.e. 2x + 1 = 3x — 6.
Solving the equation gives x = 7.

To find the y-coordinate, calculate either f(7) or g(7).

A =27 +1=15
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M Exercise 6.2.1

&, 63

1 1) = 3";' 2 cilbilaeeadob fesllowing:

a f(2.5) b f(0) c f(-05) d f(-6)
2 Ifg(x) =5’(3‘ 3. il ik PR BlloE:

a g(0) b g(-3) ¢ g(-15) d g(-9)
3/TEh) = ‘6"4+ 8 alsulaeereacof thie following:

a hd4) b K(15) ¢ K=2) d K(=05)
4 Iff(x) = _Efs 7 calculate each of the following.

a f(3) b f(-1) c f(=7) d f(—%)

5 A plumber charges a 50 euro callout charge and then 25 euros for each 15
minutes.
a Write down the plumber’s charges as a function f(x), where x is the time in
hours.
b Determine f(2.5).

6 a Plot on the same graph the functions f(x) = 4x + 2 and g(x) = 23 — 3x.
b Determine x, where f(x) = g(x).

Quadratic functions and their graphs

The general expression for a quadratic function takes the form ax? + bx + ¢, where
a, b and c are constants. Some examples of quadratic functions are given below.
y=22+3x-12 y=x-5x+6 y=32+2x-3

Plotting quadratic functions is also covered in Section 1.6. When the graph of a
quadratic function is plotted, a smooth curve, called a parabola, is produced. For
example:

y=s
BN ENENER
0|1|4|9|16|
AERENENER
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Worked examples

A

" =
Jafaf21 x s

Both graphs above are symmetrical about the y-axis. The y-axis is therefore the axis
of symmetry. For quadratic functions of the form f(x) = ax? + bx + ¢, the equation

AR O RS e By -%. T [

found as it lies on the axis of symmetry.

1 a Plot a graph of the function y = x — 5x + 6 for0 < x < 5.
b Deduce the equation of the axis of symmetry and the coordinates and nature
of the vertex.

a First produce the table of values, then plot the points to draw the graph.

NN BN N ENEN N
6 2

. . 5
b It can be seen from the graph that the equation of the axis of symmetry is x = 3.

It can also be calculated using the formula x = —%, wherea = land b= -5.
e
Ix1®
5 5\2 5 2525 1
Whenx=3y=(3] = 5(3) +6=2-2+6=-%

So the vertex is at (% ~4) and is a minimum.
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2 a Plot a graph of the function y = —x?+ x + 2 for -3 < x < 4.
b Deduce the equation of the axis of symmetry and the coordinates of the vertex.

a First produce the table of values, then plot the points to draw the graph.

[x[=f2]Jo[rTz]s]4]

|y|-10|4|0|2|2|0|-4|-|0|
¥y

ECRCy.d X

b It can be seen from the graph that the equation of the axis of symmetry is x = 5.
It can also be calculated using the formula x = -ia, wherea = ~landb = 1.

2

oL 1
T TIx (D "2

1 i . 1 i o 1
Whenx=4y=-(}+1+2=-1+ds2=20

So the vertex is at (3, 25) and is a maximum.

Notice that when a is positive, the vertex is a minimum and when a is negative,
the vertex is a maximum. Stationary points are dealt with further in Topic 7.
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The above work can also be calculated and drawn using either your GDC or
graphing software. Example 1 above is shown.

Casio
s ool to select the table Jable Setlins
mode. Enter the K
equationy = x2 — 5x + 6. g:"g""

Gsoly
m_ to set the table parameters.

Enter Start:0, End:5 and Step:1
nter Start:0, End:5 and Step: @ . o
S=T to tabulate the results. The [-3 ;}
-1
'

1

@ first two columns are the .
5}
[For W (IR €017 G-con [GPLT

x- and y-values. (Ignore the third
column for the time being.)

Gsow - to plot the points and draw

727 a smooth curve through them.
To find the minimum point: x#_
serup o _—

to select the graphing mode. Enter VI=XE-5%+56

the equation y = x2 — 5x + 6.
é to graph the function.
dy-di=0 MIN

Gsolv vwindow to give the ne2.5 -f.25
W coordinate of
the minimum point (2.5, —0.25).

Note: Once the minimum point is calculated, the x-value will give the
equation of the axis of symmetry.
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Texas

to select the function.

Enter the equation y = x2 — 5x + 6.

to set the table
R parameters.

Enter Thistart = 0, ATbl = 1, Indpnt:
Auto, Depend:Auto.

to tabulate the
results.

to graph the table of
results.

—B]

to calculate the coordinates of the
minimum point.

TABLE SETUP
ThlStart=0
aTbl=1

Indent.:

Derend:

=T

ix

i | e

=)

e

Using the cursor select a point to
the left of the minimum, then,
when prompted, select a point to
the right of the minimum. The

calculator will then search for the

Hinimum
R=2.5 ¥=-.25

minimum within this range.

Note: Once the minimum point is calculated, the x-value will give the

equation of the axis of symmetry.
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Autograph

Select =3 and enter the /
equation y = x2 - 5x + 6.

To change the scale on the axes

Select the curve then click
‘Object’ followed by ‘Table of
Values'. After entering the
parameters, the results will
appear in the results box.

To find the axis of symmetry, Resuks Box ax
find the coordinate of the Jrenteroc Vaiuest Saton
minimum point. Select ‘Object’ H 3

followed by “Solve f'(x) = 0". &

This finds where the gradient of | Equation Solver.
the graph is zero. The solution Solution: x=2.5, y=-0.25
appears in the results box.

Note: The equation of the axis of symmetry is given by the
x-coordinate of the minimum point.
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GeoGebra

Type Function [x » 2 - 5x + 6,0,5]

into the Input box. This produces

the graph drawn within the limits
O0=<x=<5.

To change the scales of the axes
select ‘Options’ - ‘Settings’ -
‘Graphics’ and enter the relevant
information.

To find where the graph intersects
the x-axis, type ‘Root[f]". The
points are marked on the graph as
A and B and their coordinates
displayed in the algebra window.

Type ‘Midpoint [A,B]" in the input
box. The midpoint will appear as C
on the graph and its coordinates
in the algebra window.

Type ‘x=x(C)'. The axis of symmetry
is drawn through the x-coordinate
of C. Its equation is displayed in the
algebra window.
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Worked example

Accurate graph plotting

To plot an accurate graph, follow some simple rules.
® Label the axes accurately.

o Label the scale accurately.

® Use a table of results to obtain the coordinates of the points to plot on your graph.
® For linear functions, use a ruler to draw the straight lines.

® For curved functions, draw a smooth curve through the points rather than a
succession of straight lines joining them.

Exercise 6.3.1

For each of the following quadratic functions:
a construct a table of values and then plot the graph
b deduce or calculate the equation of the axis of symmetry and the coordinates
and nature of the vertex.

1ly=x+x-2,-4=<x<3

2y=-2+2+3-3<x<5
3y=xt-4x+4,-1<x<5

4 y=-x2-2x-1,-4=x=2
5y=xt-2x-15-4<x<6
6y=22-2x-3-2<x=<3
7y=-224+x+6,-3=<x<3
8y=32-3x-6-2=<x<3
9 y=4d-Tx-4 -l<xs3
10 y= 4 +4x-1,-2<x<3

Solving quadratic equations graphically

a Drawagraphofy = x> — 4x + 3 for-2 < x < 5.
b Use the graph to solve the equation x> — 4x + 3 = 0.

a First produce the table of values, then plot v
the points to draw the graph.

14

b s
~
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b To solve the equation, it is necessary to find the values of x when y = 0, i.e.
where the graph crosses the x-axis. These points occur when x = 1 and x = 3
and are therefore the solutions.

The GDC and graphing software will also find the solution to quadratic equations
graphically. In the explanations below, it is assumed that you can already plot the
graph on your GDC or software.

Casio
Graph the equation y = x2 — 4x + 3. V1=RE—4%+3
- Salv to access the graph solve
“lis menu.
koot
> to find the roots of the =1 =0
equation (i.e. where the graph <
intersects the x-axis). The first root is Y1=KR4X+S
displayed.
Use the cursor pad to scroll to e
RoOOT
the next root. %=3 v=0
Texas
Graph the equation y = x2 — 4x + 3.
to access the graph
calc. menu.
to calculate the coordinates of TS
the roots (i.e. where the graph
intersects the x-axis). \‘
Using the cursor pad [} select a
hf‘ fggé'gs’s ¥=.65697148
point to the left of the first root. D —
Using the cursor pad E select a \ /
point to the right of the first root. u
Ehe =
The calculator will then search for the LEH =0
root within this range.
Repeat the above steps to find the
second root.
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Autograph

Graph the equation y = x2 — 4x + 3.

Select the curve then click ‘Object’
followed by “Solve f(x) = 0".

The points are marked on the l \/
graph and their coordinates can be
displayed in the results box. This is
accessed by selecting .

GeoGebra

Graph the equation y = x2 — 4x + 3.

In the input box type ‘Root[f]’, this
finds where the graph intersects the
x-axis. The points are marked on the

graph as A and B their coordinates !
are displayed in the algebra window. \\/

The number of roots will depend on the shape and position of the quadratic curve.
The maximum number of real roots is two, as a quadratic cannot cross the x-axis
more than twice. However, if the graph touches the x-axis (i.e. the x-axis is a
tangent to the curve) then there is only one real (repeated) root. If the graph does
not cross the x-axis then there are no real roots.

¥, ¥

One root No real roots
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Worked example

Exercise 6.3.2

Solve each of the quadratic equations below by plotting a graph of the function.
12-x-6=0

-2+1=0

X-6x+9=0

~-x-2=0

X-4x+4=0

23-Tx+3=0

2+ 4 =2=0

332 -5x-2=0

® N n A W

In the previous worked example, y = x2 — 4x + 3, a solution could be found to the
equation 2 — 4x + 3 = 0 by reading off where the graph crossed the x-axis. This
graph can, however, also be used to solve other quadratic equations.

Use the graph of y = 2% — 4x + 3 to solve the equation x> — 4x + 1 = 0.

2% — 4x + 1 = 0 can be rearranged to give: ¥
2—4x+3=2

Using the graph of y = x? — 4x + 3 and plotting \ L
the line y = 2 on the same graph gives the \
graph shown.

Where the curve and the line cross gives the
solution to x> — 4x + 3 = 2 and hence the
solution to x>~ 4x + 1 = 0.

Therefore the solutions to x> — 4x + 1 = 0 are
x=~03and3.7.

Exercise 6.3.3

Using the graphs that you drew for Exercise 6.3.2, solve the following quadratic
equations. Show your method clearly.

1x2-x-4=0 2 x2-1=0 32-6x+8=0
4 —x2— 5x-4x+1=0 6 2 -Tx=0
7 -2 +4x=-1 8 3xd =12+ 5x
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Factorizing quadratic expressions

In order to solve quadratic equations algebraically, it is necessary to know how to

factorize quadratic expressions.

For example, the quadratic expression x? + 5x + 6 can be factorized by writing it
as a product of two brackets: (x + 3)(x + 2). A method for factorizing quadratics is

shown below.

i z
I ! Factorizex® + 5x + 6.

On setting up a 2 x 2 grid, some of the information
can immediately be entered. As there is only one
term in x2, this can be entered, as can the constant
+6. The only two values which multiply to give x? are
x and x. These too can be entered.

‘We now need to find two values which multiply to
give +6 and which add to give +5. The only two
values which satisfy both these conditions are +3
and +2. The grid can then be completed.

Therefore x* + 5x + 6 = (x + 3)(x + 2).

2 Factorize x> + 2x — 24.
% X +6
| x| x| +ex
—24 4| -ax | -24
Thercfore x + 2x — 24 = (x + 6)(x - 4).
3 Factorize 2x? + 11x + 12.
2x 2x +3
x| 2¢ x| 2¢ 3x
12 +4 | 8x 12

Therefore 2x? + 11x + 12 = 2x + 3)(x + 4).

x
X2
+6
X +3
x2 3x
2x +6
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4 Factorize x> — 10x + 25.

% X -5
x x? x x —5x
25 -5 —5x 25

Therefore x> = 10x + 25 = (x = 5)(x = 5) = (x = 5)%

B Exercise 6.3.4

Factorize the following quadratic expressions.

laxt+7x+12 b« +8x+ 12 c x4 Bx+12
d 2 -Tx+12 e 2 —8x+12 f o2 -13x+12
2axX+6x+5 b 2+6x+8 ¢ +6x+9
d o+ 10x + 25 e X+ 22x+ 121 f o2 - 13x+42
3a 2+ 14x+ 24 b 2+ 1lx+ 24 c x2 - 10x+ 24
d o+ 15x + 36 e 2+ 20x + 36 f - 12x+36
4a +2-15 b ?-2x-15 e +x-12
d 2-x-12 e X2 +4x—12 f x2 - 15x+ 36
5ax-2x-8 b 2-x-20 ¢ o +x-30
d 2-x-42 e xl—2x-63 f x2+3x-54
6a 23 +4x+2 b 2+ 7x+6 c ul+x-6
d 22 -Tx+6 e 3 +8x+4 f 32+ 11x -4
g 4l +12x+9 h 9 —6x+1 i 6xr—x—1

Solving quadratic equations algebraically
2 = 3x — 10 = 0 is a quadratic equation which, when factorized, can be written as
(x = 5)(x +2) =0.

Therefore either (x — 5) = 0 or (x + 2) = O since, if two things multiply to make
zero, then one of them must be zero.
x=5=0 or x+2=0

x=5 or x=-1

It is important to understand the relationship between a quadratic equation written
in factorized form and the graph of the quadratic.
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In the example above x? — 3x — 10 factorized to (x — 5)(x + 2). The equation
x2 = 3x — 10 = 0 had solutions x = 5 and x = —2.

The graph of y = % = 3x — 10 is as shown.

Y

It crosses the x-axis at 5 and —2 because these are the points where the function
has the value 0. These values are directly related to the factorized form.

[T Solve each of the following equations to give solutions for x.

ax-x-12=0
b +2x=24
cx-6x=0
d2-6x+9=0
a Z-x-12=0
(x—4) (x+3)=0
s0 either x—4=0 or x+3=0

x=4 x=-3
This becomes x* + 2x — 24=0
(x+6)(x-4) =0
s0 either x+6=0 or x-4=0

x=4

=

s0 either or x-6=0
x=6
d P2-6x+9 =0
(x=3)(x-3) =0
(x=3)2 =0
50 x=3

Note: For a repeated factor, there is only one distinct root.
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Worked example

You can use your GDC to solve a quadratic equation. Although you are expected to
be able to solve quadratic equations, your calculator is a useful tool for checking

your answers,

Solve the quadratic equation x* - x — 12 = 0 using your GDC.

Casio

Select ‘Equation’ from the main menu.
(;; to select Polynomial, followed

by m’m to select Polynomial of Degree 2
(i.e. quadratic).

Enter the coefficients of each of the
terms into the matrix, i.e.a=1,b= -1
and c=-12.

Trace

@7 tosolve the equation and display

the results on the screen, i.e. x =4 and -3.

V227 NFlZN MENU//////////
R FH nvm

-12]
[o00 [EW [TCR [EoTT
ak+p+c=0

4

[rerT

Texas

-. to access the equation solver
- o and enter the equation
0=x*-x-12.

Type an initial value for x, e.g. 0. Leave the
bound at its default setting. The calculator
will search for a solution in this range.

Highlight the initial value of x.

u to solve and display a
solution to the equation,

i.e. x=-2.999...

To find the other solution restrict the
bound to include the second solution, e.g.
Bound = {0,5} and repeat the above steps.

EQUATION SOL\)ER
ean

XZ—X 12=6
bound—C 1e99-1..

RE-K-12=0

Note: With this calculator, you need to know how many solutions
there are and roughly where the solutions lie before using the

equation solver.
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W Exercise 6.3.5

1 Solve the following quadratic equations by factorizing.

ax’+7x+12=0 b x2+8x+12=0
¢ x?+3x-10=0 dx?=-3x-10=0
e x’+5x=-6 f x2+6x=-9
g x2-2x=8 ha?—-x=20

i a4+x=30 joxtox=42

2 Solve the following quadratic equations.

axl-9= b

c x2-144=0 d

e 9x?-36=0 f

g x2+6x+8=0 h
ixlo2x-24=0 j

3 Solve the following quadratic equations.

a x?+5x=36 b x?+2x=-1

c x2=8x=0 d x2-7x=0

e ixX+5x+3=0 f 2x2-3x-5=0
g x2+12x=0 h x?+12x+27=0
i 2x2=172 j 3x?-12=1288

In questions 4- 10, construct equations from the information given and then solve
them to find the unknown.

4 When a number x is added to its square, the total is 12. Find two possible values
for x.

5 If the area of the rectangle below is 10cm?, calculate the only possible value for x.

(x+3)cm

xem

6 If the area of the rectangle below is 52 cm?, calculate the only possible value for x.

(x+9)cm

7 A triangle has a base length of 2xcm and a height of (x — 3)cm. If its area is
18cm?, calculate its height and base length.

8 A triangle has a base length of (x — 8) cm and a height of 2xem. If its area is
20cm?, calculate its height and base length.
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9 A right-angled triangle has a base length of xcm and a height of (x — 1)em. If
its area is 15cm?, calculate its base length and height.

0 A rectangular garden has a square flowerbed of side length xm in one of its corners.

The remainder of the garden consists of lawn and has dimensions as shown.

< 7m—— >

Lim

If the total area of the lawn is 50 m?, calculate the length and width of the
whole garden.

The quadratic formula

In general a quadratic equation takes the form ax? + bx + ¢ = 0 where a, b and ¢ are
integers. Quadratic equations can be solved by the use of the quadratic formula,
which states that:

X_—bt'\bl—4ac

2a

This is particularly useful when the quadratic equation has solutions but does not
factorize neatly.

Worked examples [IRS

Solve the quadratic equation x? + 7x + 3 = 0.
a=1,b="Tandc=3.

Substituting these values into the quadratic formula gives:

BT xT %3
&= Tx1

B3

—71+4/49-12
2

.
—1£4/37

x= =5

Therefore x = w O = 6.08

x=-046(2d.p.)orx=—-654(2dp.)
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2 Solve the quadratic equation x* — 4x — 2 = 0.
a=1b=-4andc=-2.

Substituting these values into the quadratic formula gives:

A VA - x1x-D)
*= % 1

4416 +8
Z

x=

_ 404
2

Therefore x =

4 +24.9o orxoh —24.90
x =445 (2dp) orx=— 045 (2 d.p.)
3 If possible, solve the quadratic equation x? + x +3 = 0.

a=1,b=1landc=3.

“1+N12-4x1x3
=T

2x1

—1+4/-11
x=""73

This has no solution as it involves the square root of a negative number.
This implies that the graph does not cross the x-axis.

W Exercise 6.3.6

Solve the following quadratic equations using the quadratic formula. Give your
answers to two decimal places.

laxt-x-13=0 b x+4x-11=0
c 2 +5x-17 d 2 +6x+11=0
e X +5x-13=0 f2-9x+19=0
2ax+Tx+9=0 b x-35=0
¢ 42 -20x+25=0 d2-5x+7=0
e @+x-18=0 f2-8=0
3ax-2x-2=0 b-4x-11=0
¢ -x-5=0 d2+2x+7=0
ext-3x+1=0 f 2-8x+3=0
4a 2-3x-4=0 b4l +2x-5=0
¢ 52 -8x+1=0 d =22 +5x-2=0
e 3x-4x-2=0 f -T2-x+15=0



306 MATHEMATICAL MODELS

6.4

Worked example

Exponential functions and their graphs

Note: You should be familiar with the laws of indices for this section.

Functions of the form y = a*, where a is the base number and x the exponent
(power), are known as exponential functions. Plotting an exponential function is
done in the same way as for other functions.

Plot the graph of the function y = 2*for -3 < x < 3.

[#[=]=]a]ulx]:]=] i

|y |0.125|0.25|0.5| 1 | 2 | 4 | s|

The graph above gets closer and closer to the x-axis as /

x gets smaller. For example, when x = =3, y = 2% s

y=22 =g =kwhenx=-4,y=2s

X S
y=lt=g=%

Therefore the graph will get closer and closer to the x-axis

but not cross it. The x-axis is therefore an p

Exercise 6.4.1

For each of the functions below:

i draw up a table of values of x and f(x)

ii plot a graph of the function

jii check your graph using either your GDC or graphing software.

a flx) =34, -3sx<3 b flx)=15-3=sx=<3
c fi(x) =2+3,-3<x=<3 d fix) =2"+x,-3<x=<3
e flx) =2*-x,-3sx=<3 f flx)=3-x% -3=<x=<3

)

A tap is dripping at a constant rate into a container. The level (lcm) of the
water in the container is given by the equation [ = 2~ 1 where t hours is the
time taken.

a Calculate the level of the water after 3 hours.

b Calculate the level of the water in the container at the start.

¢ Calculate the time taken for the level of the water to reach 31 cm.

d Plot a graph showing the level of the water over the first 6 hours.

e From your graph, estimate the time taken for the water to reach 45 cm.

w

Draw a graph of y = 4* for values of x between —1 and 3. Use your graph to find
approximate solutions to both of the following equations.

a 4=30

b 4=1

&

Draw a graph of y = 2* for values of x between ~2 and 5. Use your graph to find
approximate solutions to the equation 2* = 20.
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You will come across
exponential growth
and decay in the
Biology and Physics
Diploma courses.

General equation of the exponential function

An exponential graph takes the form y = ka* + ¢, x € R.
The constants k, a and ¢ affect the shape of the graph.

Exercise 6.4.2

Use the GeoGebra file ‘6.4 Graphs of exponential functions’ on the website.
The file shows two exponential graphs: one of the form y = ka* + ¢ and the
other of the form y = ka™* + c. By moving the sliders, each of the constants
k, aand c can be changed and the resulting transformation observed.

By changing the value of ¢ in the equation y = ka* + ¢, describe mathematically
the transformation that occurs.

N

By changing the value of k, describe mathematically the transformation that
oceurs.

@

What effect does the value of a have on the graph?

S

Describe the graphical relationship between y = ka* + cand y = ka™* + c.

Exponential growth and decay

The story is told of the Chinese emperor who wanted to reward an advisor who had
averted a famine. The advisor saw a chessboard and asked for one grain of rice to be
placed on the first square, two on the next square, four on the next and so on. By
the 64th square his reward would exceed the present world grain harvest! This is an
example of exponential growth.

In England, the cup competition for football begins with 256 teams in round 1
playing a knockout system. This reduces to 128, 64, 32 and so on. This is an
example of exponential decay (continuing until there is one winner).

Other examples of phenomena that experience exponential growth and decay
are bacteria, viruses, population, electricity, air pressure, light passing into water,
compound interest and radioactive decay.

The formulae for exponential growth and decay are:

Growth: y = a(l + 7)*
Decay: y = a(l - 1)*

where a is the initial amount

7 is the growth/decay rate expressed as a fraction out of 100

x is the number of time intervals

3 is the final amount.
Earlier we used the Chinese emperor’s chessboard example to illustrate the effects
of continued doubling, starting with 1. For this the general formula y = a(l + r)*
has r = 1 (as doubling is represented by 100% growth) and a = 1. Therefore we
obtain the equation:

y=1(1+ sy =2t
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Worked examples

In the example of the cup football competition, the rate of decay is 50%
and the initial amount is 256. These values can be substituted into the formula
y = a(l - )% where a = 256, r = 0.5. Therefore we obtain the equation:

y = 1256(1 - 05y = y = 256 x (3

To find the number of rounds needed until there is one winner, we solve the
following equation:

1=1256x (3

1
56 = 7%
256 = 2%
¥=

x=8

Therefore the number of rounds is 8.

Notice that, as there is no constant term in these equations, the horizontal
asymptote of the graph would be y = 0.

Another application of the formula is in compound interest and depreciation,
covered in Section 1.9.

The general formulay = a(1 + 1)*is rewritten as:

A=+ 100)

where A is the final amount
C is the capital or starting amount
1 is the interest rate, usually a percentage
n is the number of time periods, usually in years.

1 "Whatis the Andllamount-when 2500 are fhvesteil ay 6% perannumiforS years
at compound interest?
A=cli+ )
A=1500(1 + —) = 2500 x 1.06° = 3345.56
The final amount is €3345.56.
2. A i G0t 1S 200000 i Hefeeiates on Avessge 209 Satl Jost fo B eis:
‘What is it worth after 8 years?
A=cli+3)
A=20000(1 - T) = 20000 x 0.8° = 3355.44

The car is worth US$3355.44 after 8 years.
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W Exercise 6.4.3

6.5

1 A single vitus can double every hour. Use your calculator to calculate the
number of viruses there would be after 24 hours.

The half-life of plutonium 239 is 24000 years. How long will 1 g of
plutonium 239 take to decay to 1 mg?

~

[

In 1960 the population of China was 650 million. The population was expected
to increase by 50% every 10 years. What would have been the projected
population of China for 20102 Give your answer to two significant figures,

&

A pesticide has a half-life of 20 years. Its use was discontinued after it was found
to be harmful. How much will remain of 100g of the pesticide after 200 years?

w

A chess tournament has 512 entrants in a knockout event. How many remain
after six rounds have been played?

o

A rain forest covers 1 000 000 km?. It is thought that the rate at which it is
being lost is 5% per year.
a What area of the forest will be left in 20 years’ time? Give your answer to
three significant figures.
b The rate of loss is in fact 10% per annum. How long will it take before the
forest covers an area less than 500000 km??

~

The number of bacteria in a Petri dish has reached 1 million from 1 bacterium in
20 hours. What is the rate of increase? Give your answer to two significant figures.

®

After seven years the population of a region was reduced to half of its original
number. What is the average annual rate of reduction? Give your answer as a
percentage to the nearest whole number.

The reciprocal function and higher-
order polynomials
Graph drawing

This topic has been covered within some of the earlier sections in relation to
drawing graphs of different types of function (linear, quadratic and exponential). As
a general reminder, here are the basic guidelines for drawing an accurate graph, as
given earlier in this topic.

® Label the axes appropriately.

® Label the scale for each axis accurately.

® Use a table of results to obtain the coordinates of the points to plot.

© For linear functions, use a ruler to draw the straight lines.

® For curved functions, draw a smooth curve through the points rather than a
succession of straight lines joining them.
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Graph sketching
A sketch of a function is different from an accurate plot. A sketch should show the
main features of the function but is not ploted using a table of values. It should:

® show the general shape of the function

® show the position of relevant features such as:
~ intercepts
— maxima, minima or points of inflexion
— asymptotes

® have labelled axes.

The reciprocal function
THe Gty = é R T
belongs to the family of curves whose

) a
equations take the formy = ]
where a and b are rational.

To investigate the effect that a has on
the shape of the graph, let b = 0, i.e.
investigate y = %

This can be done using a GDC or
graphing software as follows.

Casio

S & to select the dynamic :
| e graphing mode. ic Settins

Enter the equationy = A + x.

skewn  z0m 0 enter the values for
the dynamic variable A. T=A+X

Then @ . E
G-t to run the dynamic graphing E

@ process. RS

Note: The scale on the axes may need to be changed by selecting

VWindow

m @ and entering the following: Xmin: -5, Xmax: 5,

Xscale: 1, Ymin: =10, Ymax: 10, Yscale: 1.
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Texas

This calculator does not have a dynamic
graphing facility. However, several of the
functions can be graphed simultaneously to

observe the family of curves, e.g.
=l yw2 yeSac
X X X

Note: The scale on the axes may need to be changed by selecting
and entering the following: Xmin = -5, Xmax = 5, Xscl = 1,
Ymin = -10, Ymax = 10, Yscl = 1.

Autograph

Select =5 and enter the equation y= )E(.

Select the constant controller % .

Change the settings so that a changes

in increments of 1.

Use [z] to change the value of a and
[Z] see the graph move.

Note: Autograph can display the family of curves or animate the
display, by selecting and selecting either “family plot’ or
‘animation’ and entering the parameters as required.

GeoGebra

Select the ‘slider’ tool

J and click on

the drawing pad. This will enable you to
enter the values for ‘a’ and the
incremental change as shown. £

| aoply | to place the slider on the
drawing pad.

Type fix) = ; into the input box.

The effect of ‘a’ can be observed by

dragging the slider. ﬁ
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To see the effect of b on the shape of the graph y = T4, let a = 1 and change

the values of b in a similar way to that shown above.

W Exercise 6.5.1

1 Describe the effect that changing a has on the shape of the graph y = x;:b
a
x+b

2 Describe the effect that changing b has on the shape of the graph y =

The graph y = % has a particular property. It does not cross the y-axis (the line

x = 0) or the x-axis (the line y = 0). The graph gets closer and closer to these lines

but does not meet or cross them. These lines are known as asymptotes to the curve.
Therefore the graph of y = % has a vertical asymptote at x = 0 and a horizontal

asymptote at y = 0. Although clear from the graph, they can be calculated as follows.

1l Gl TS SeATHS P Ay ey TS for thegraph 6= i

Vertical asymptote: This occurs when the denominator = 0 as § is undefined.
Therefore the vertical asymptote is x = 0.

Horizontal asymptote: This can be deduced by looking at the value of y as x
tends to infinity (written as x — *eo).

A5x~>+m,y~>035%~>0 Asxa—m,yﬂoaséﬂo

Therefore the horizontal asymptote isy = 0.

)

T I % 4 Tand
give the coordinates of any points where the graph crosses either axis.
Vertical asymptote: This occurs when the denominator is 0.

x — 3 =0, sox = 3. Therefore the vertical asymptote is x = 3.

Horizontal asymptote: Look at the value of y as x — + .

Asx— +w,y—> las

1 1
—3-0 Asxo =9,y las—250
Therefore the horizontal asymptote isy = 1.

To find where the graph intercepts the y-axis, let x = 0.
Substituting x = 0 into% + Lgivesy = —% +1= %

To find where the graph intercepts the x-axis, let y = 0.

1

Substituting y = 0 into + 1 gives: 0= =3 +1

1
x-3

Therefore the intercepts with the axes occur at (0, 3] and (2, 0).
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Thegmpbiay = % L cammonBe:dkerihiedns shows
Note: The asymptotes are shown with dashed lines.

Y,

o
N,
>

Exercise 6.5.2

For each of the equations in questions 1-3:

i) calculate the equations of the vertical and horizontal asymptotes

ii) calculate the coordinates of any points where the graph intercepts the axes
iii) sketch the graph

iv) check your graph using either a GDC or graphing software.

1 1
tay=5g by=33
B
c dy=s
Y by=%—3
1
& dy=sgg-1
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1 Use a GDC or graphing software to graph the function y =

and determine the equations of any asymptotes.

)
(x = 2)(x+1)

Graphing software will produce the following graph of the function:

, Y, .

i | X

The equations of any asymptotes can be determined as before.

Vertical asymptote: This occurs when the denominator is 0: (x — 2)(x + 1) = 0
Therefore the vertical asymptotes are x = 2 and x = —1.

Horizontal asymptote: Look at the value of y as x — .

Asx — +o,

32 0as gy 0

Therefore the horizontal asymptote is y = 0.

Therefore a more informative sketch is:

<

ey | ——
P .
x



The reciprocal function and higher-order polynomials 315

1
2 Use a GDC or graphing software to graph the function y = - v 2
and determine the equations of any asymptotes.

The graphing software will y
produce the following graph
of the function:

1N

0 x

The equations of the asymptotes are determined as before.
Vertical asymptote: This occurs where the denominator is 0.
2+x-6=0

Factorising gives (x — 2)(x + 3) = 0

Therefore the vertical asymptotes are x = 2 and x = 3.
Horizontal asymptote: Look at the value of y as x — .
Asxa:m,yalmmeo

Therefore the horizontal Y,
asymptote isy = 2.

Therefore a more informative
sketch is:

et -

Exercise 6.5.3

For each of the equations in the following questions:

i) calculate the equations of any vertical or horizontal asymptotes

ii) calculate the coordinates of any points where the graph intercepts the axes
iii) sketch the graph of the function with the aid of a GDC or graphing software.

1 1
S e V) LRy

1 1
cy=m+1 dy=m[—3
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1 1
o v L Ll vy 1)
L 1
LR e dy=gz_zg!

Higher-order polynomials
Earlier in this topic you saw how a quadratic equation can sometimes be factorized, e.g.

2 -dx-5=(x=-5)(x+1)

This can be used to find where the graph Y,

of y = x2 — 4x — 5 intercepts the x-axis,

ie.wheny = 0. (x — 5)(x + 1) = 0 gives i /

x=5and x = —1 as shown. \ 4 /
fogean X

A
~

The reverse is therefore also true. A quadratic equation that intercepts the x-axis at
x =3 and —6 can be written as y = (x—3)(x + 6) = x? + 3x — 18.

The same is true of higher-order polynomials,

Ulsing a GG orphing sofowss; graph Hie sibie spation 5w =230 Sew6

and, by finding its roots, rewrite the equation in factorized form.

Casio

Select the graphing mode and enter

the equation y = x3 — 2x2 — 5x + 6. /\\ /
ﬁ to graph the function. / \/

m Gsolv  to select the ‘graph solve’

menu. V1=><A3-2X1_\-5x+6
;; to find the roots’ of the graph. \ /
® to scroll and find the other roots. Ro0T|
=2 =0

Note: Although the GDC will also find the y-intercept, it is quicker
simply to substitute x = 0 into the equation, i.e. the y-intercept is +6.
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Texas

and enter the equation
y=x-22-5x+6.

to graph the function.

to select the ‘graph
/) calc” menu.
to find where the graph is zero
(i.e. crosses the x-axis).

Use the cursor key to select a left
bound. Press enter and then use the
cursor key to select a right bound. The
calculator will search for a solution
within this range. Press enter twice to
display the answer.

Repeat the process for the other roots.

_{C

V1=~ 3-2Rz-El

_F

LeftEound?
H=-2.12786

ac

V= -2.04735

T

2ero ;I
="z =0

Note: Although the GDC will also find the y-intercept by entering a
value of x = 0, it is quicker simply to substitute x = 0 into the

equation, i.e. the y-intercept is +6.

Select = and enter the equation
y=x3-22-5x+6.

Select the graph and choose
‘Object’ and ‘Solve f(x) = 0".

The results are displayed at the
bottom of the screen, or by
accessing the ‘results box" "

Tl

Results Box 2
Equation Solver.

Solution: x=-2, y=0

Solution: x=1, y=0

Solution: x=3, y=0
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6.6

GeoGebra

Type f(x) =xA3-2xA2-5x+ 6
into the input box.

L 5 Free objects %
Type: Root[f]. This finds the roots Sfx)=x*-2%*-5x+6
for the polynomial f. 12 Dependent objects
. 5 2A=(2,0
The results are displayed in the 3B=(1,0)
algebra window. JC= (3‘ 0)
The roots of the equation are therefore x = —2, 1 and 3, so the equation can be

written in factorized form as y = (x + 2)(x — 1)(x — 3).
The y-intercept is found by substituting x = 0 into the equation, giving y = 6.
You can also use your GDC in a similar way to find the stationary points of the

curve. The algebraic method for finding the stationary points of a curve is covered
in Topic 7.

Exercise 6.5.4

For each of the equations in the following questions:

i)  Use a GDC or graphing software to sketch the function.

ii) Determine the y-intercept by using x = 0.

iii) Rewrite the equation in factorized form by finding the roots of the equation.

lay=xX+62+1lx+6 by=2-32+3
cy=R - -12x dy=x-4x
2ay=x-3x+2 b y=2x -4+ 4x
c y=—ot+23+ 3 dy=-x+22+22x-40

Solving unfamiliar equations graphically

When an equation has to be solved, it can be done graphically or algebraically. The
following example shows how equations can be solved graphically.
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Worked example Solvex + 2 = l
&

Method 1: Rearrange the equation to form the quadratic equation x? + 2x — 3 = 0.
This produces the graph shown. The roots can be calculated as shown earlier in
the topic.

Method 2: Both sides of the original equation can be plotted separately and the
x-coordinates of their points of intersection calculated.

Solution: x = 1 and x = —3.

Casio
Select the graphing mode and enter
the equationsy =x + 2and y = %

& to graph the functions.

m &S to select the ‘graph solve’
il m menu.

Gsabv to find the intersection of the

> graphs. 3
@ to scroll and find the other points scT
'

of intersection. =3

Texas

. and enter the equations
LS y=x+2andy=%

to graph the functions.
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and enter the equations
b/ y=x+zandy=%

& to graph the functions. ?
to select the ‘graph calc.’ Intgrsection
B ) Menu, dep Pt e

to find the intersection of the two
graphs.

to select both graphs
and confirm the first

intersection point. Intersection

Repeat the above steps for the second e el L
point of intersection. When prompted for
the ‘guess’, move the cursor over the
second point of intersection.

Autograph

Select =«L and enter the equations
3
y=x+23ndy=;.

Select the graphs, choose ‘Object”
and ‘Solve f(x) = g(x)".

The results are displayed at the

bottom of the screen, or by accessing | WEEEEES i)
the ‘results box’ 3. Equation Solver.
Solution: x=-3,

Solution: x=1,

GeoGebra

Type f(x) = x + 2 and g(x) = ; into 15|
the input box.

To find the points of intersection,
select the ‘intersect two objects’ icon.

Click on the curve and the straight
line; the intersection point is
marked. Its coordinates appear

in the algebra window.

Repeat for the second point of
intersection.
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W Exercise 6.6.1

1 Using either a GDC or graphing software, solve the following equations.

6

ax+l=? b%=2x+5 c“1=é

FE - a1 ¥ i =
s 5 =KF =

2 Solve the following equations using either a GDC or graphing software. Give
your answers to one decimal place.

a 6x=12"

1_1
dl-c-5

M Student assessment 1

1 Which of the following is not a function? Give
reasons for your answer.
a

2 State the domain and range for these functions.
a fix) =3x-2;-3sxs1

b g =adzeR
3 Caleulate the range of lg) = 4 + T ~1 S g < 5.
4 For the finction g{x) =222, determine;

a g(4) b g(0) c g(-3)

5 Calculate the coordinates of the point of
intersection of each pair of linear functions.
a f(p) = -2 - 2pandf(q) = 29 + 10
by=2x—landx+y=8
¢ 3x+2y=Tand5x+2y="7

b2-1=2-x

& 2 i
*

el -3=2-62
1

=7 f 3 +sinx =

sinx

6 The graph of the temperature conversion from

Celsius to Fahrenheit uses the formula

F =2C + 32, where F and C are the

temperatures in degrees Fahrenheit and

Celsius respectively.

a Plotagraph of F =2C +32;0 = C = 100.
Use the graph to estimate the following
temperatures in degrees Fahrenheit.

i) 10°C i) 40°C iii) 80°C
Use the formula to check your answers to
part b.

=

o

~

The cost C in euro of producing a CD for a
band is given by C(n) = 210000 + 1.5n

where n is the number of copies made. Each CD
sells for 12 euro.

a Write down the function R(n) for the revenue.
b Draw on the same axes graphs for cost and
revente.

‘What value of n represents the break-even
point (i.e. the point where costs = revenue)?
What is the profit if the CD sells 250000 copies?

6

a
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M Student assessment 2

1 a Copy and complete the table below for the
function f(x) = x> + 3x - 9.

| % [-af==[-i]e]+]2]s]

w=evss] | | [ [ ]]

b Plot a graph of f(x) for the given domain.
¢ Deduce the range for f(x).

~

Factorize each of the following quadratic functions.
a f(x) =2-9x+18 b h(y) =3y +y-2
¢ fx)=x2-3x—10 d h(x) =22 +7x—4

3 Solve the following quadratic equations.
a X+6x+8=0 b 222+ 10 = 12x
¢ x2+10x+25=0 d3x2-4="Tx

—b £ AB? —4ac

la
for solving quadratic equations of the form

&

Using the quadratic formula x =

ad + bx + ¢ = 0, solve the following equations.
a 4 -6x+1=0 b5 -12x-3=0

Calculate the final amount saved if €4000 is put
into an account paying 7.5% interest per year,
for 10 years.

"

o

The number of a type of bacteria increases by
25% every hour. If the initial number is x,
calculate in terms of x the number of bacteria
after 24 hours.

An oil-field is being depleted by 10% each year. It
currently holds 10 million barrels of oil. How long
will it be before it is reduced to 1 million barrels?

-

@

The amount of light which passes through water
decreases off a coral reef by 12.5% per metre.
At how many metres is there only 10% of the
light at the surface? Give your answer to the
nearest metre.

M Student assessment 3

1 The function f(x) = 2* - 2 is to be plotted
within -3 < x < 3.
a Construct a table of values of x and f(x).
b Plot a graph of the function.
¢ Write down the equation of any asymptotes.

2 A large container is used to store wheat grain. To
empty the grain from the container a hatch is
opened near the base for it to pour out. The level
(h m) of grain in the container after time (t hours)
is given by the formula h= 20t+3 + 0.1,

Construct a table of values of t and h for

O=<t=8.

Plot a graph to show the level of grain in the

container over time.

‘What is the level of grain in the container at

the start?

What is the equation of the asymptote?

Describe the meaning of the asymptote in the

context of this problem.

®

=

o

e

o

(™

For the equation y = % +1:

®

calculate the equations of any vertical and
horizontal asymptotes

calculate the coordinates of any points where
the graph intercepts the axes

sketch the graph.

3

a

4 For the equation y = ﬁ =

calculate the equations of any vertical and
horizontal asymptotes

®

b calculate the coordinates of any points where
the graph intercepts the axes
¢ sketch the graph.
. 1
5 For the function f(x) = TEDE=5) 5):
a calculate the equations of any vertical and
horizontal asymptotes
b calculate the coordinates of any points where

the graph intercepts the axes
sketch the graph.

o
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1
6 For the function f(x) = T et 2:

calculate the equations of any vertical and
horizontal asymptotes

calculate the coordinates of any points where
the graph intercepts the axes

®

o

3 The function f(x) = 5 — 3(2) is defined for
xz0.

a i) On a copy of the axes below sketch the
graph of f(x) and show the behaviour of
the curve as x increases.

i) Write down the coordinates of any

¢ sketch the graph. intercepts with the axes. 41
¥,
Examination questions
1 Given the function f(x) = 2 x 3*for -2 < x < 5,
a find the range of f; 41
b find the value of x given that f(x) = 162. [2] 5
Paper 1, Nov 09, Q11
2 The diagram below shows the graph of a
quadratic function. The graph passes through
;}fhﬁ"}‘]‘;lﬁ;‘g:ﬂz‘t‘i% g)'sghzes;“"x‘“‘“m b Thaw the liney =5 onyour skebchy [
e ¢ Write down the number of solutions to
Y the equation f(x) = 5. m
Paper 1, May 10, Q15
4 Consider the function f(x) = 1.25 — a*, where a
is a positive constant and x = 0.
The diagram shows a sketch of the graph of f.
The graph intersects the y-axis at point A and
the line L is its horizontal asymptote.
y
L
Tip.0) 6,0\ x
a Calculate the value of p. [21
b Given that the quadratic function has an
equation y = —x! + bx + ¢ where b, ¢ € 7,
find b and c. [41 »
Paper 1, Nov 09, Q13
x
a Find the y-coordinate of A. [21

The point (2, 1) lies on the graph of y = f(x)
b Calculate the value of a.
¢ Write down the equation of L. 121

Paper 1, May 11, Q15



Applications, project ideas
and theory of knowledge

1 The study of supply and
demand, and graphs
representing them, is
fundamental to the study.
of economics. This type of
graph work could form
the basis of @ project.

2 The terms mapping,
function, domain and
range have a specific
meaning in this topic.
\What are their more
general meanings?

3 Compound i - =
nd interest i
s
Ceuated annuaily S 4 What type of graph is
Sometimes it s calaulateq obtained by a study of
months or g s every. radioactive decay? Does such

mt would be th:;;::;ml. a graph show the
b hguounnmg every day f mathematical basis of
o Mer Or minute? This sty radioactive decay or are we
A natural exponentig) y imposing our mathematical
lld form the basis i € structuire onto it? DiscUss the
long-term problem of what to

Project on
growth and
ey do with radioactive waste.



5 Describe the temms
‘parallel’ and
‘perpendicular’ by
reference t0 functions.

6 Does a graph without
labels or a scale have any
meaning? would
reversing the position of
the x and y axes have
any effect upon the study
of graphs of functions?

7 Any business is concerned
with cash flow, and cost
and revenue functions.
The study of these ina
company could form the
pasis of a project-

9 There are d number of
unusual and unfamiliar
functions which produce
interesting graphs. The
study of these could form
the basis of a project:

8 Discuss the statement that
“to know about Descartes,
Newton and Gauss has no
relevance to learning
mathematics’. can
mathematics be studied
without any reference to y
its historical context? -

10 Leonhard Euler wrote
seventy volumes of work
on mathematics. Is
great mathematician
one who is prolific like
him, or one who makes
only one major
preakthrough?




Introduction to differential
calculus

Syllabus content

7.1 Concept of the derivative as a rate of change.
Tangent to a curve.
7.2 The principle that f(x) = ax* = f(x) = anx™L,
The derivative of functions of the form
f(x) = ax* + bx! + ..., where all exponents are integers.
7.3 Gradients of curves for given values of x.
Values of x where f'(x) is given.
Equation of the tangent at a given point.
Equation of the line perpendicular to the tangent at a given point (normal).
7.4 Increasing and decreasing functions.
Graphical interpretation of f'(x) > 0, f'(x) = 0, f'(x) < 0.
7.5 Values of x where the gradient of a curve is 0 (zero).
Solution of f'(x) = 0.
Stationary points.
Local maximum and minimum points.

7.6 Optimization problems.

Introduction

Pierre de Fermat was a great French mathematician who proposed and solved many
mathematical problems. He is most famous for ‘Fermat’s Last Theorem’, which he
proposed in 1637. Although seemingly simple, the theorem was not proved until
358 years later, in 1995.

Fermat’s last theorem is an extension of Pythagoras’ theorem. It states that: ‘If an
integer n is greater than 2, then the equation a" + b" = ¢" has no solutions.’ Fermat
suggested that he had found a simple proof of this, however it is not accepted by
mathematicians today.
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Andrew Wiles

& 7.1

Andrew Wiles, a Cambridge mathematician, worked secretly for many years to
find a proof. This proof was extremely complex, building on work on elliptical
curves by Eves Hellegouach, and required a proof of the Taniyama-Shimura
conjecture. However, the final proof by Wiles is accepted as a work of genius
because of the innovative way in which he brought together ideas.

Everyone accepts that Andrew Wiles proved Fermat’s Last Theorem. However,
this is not the case with the discovery of calculus. Sir Isaac Newton (1643-1727),
another Cambridge mathematician, is accepted as one of the most influential men
in human history. His work on gravitation and the Laws of Motion in his book,
Philosophae Naturalis Principia Mathematica, influenced mathematics and science for
hundreds of years. His work was only taken further by the great mind of Albert
Einstein. Newton is credited by many as discovering calculus.

Gottfried Wilhelm Leibniz (1646—1716), the German mathematician and
Philosopher, worked on what we now term calculus at the same time as Newton.
The suggestion that Leibniz, who wrote poetry in addition to writing on maths,
politics, law, theology, history and philology, had stolen Newton’s ideas on
calculus and merely improved them, caused a bitter argument that went on long
after they had both died.

Claims as to who should get the credit for an invention are not unusual. Did
Alexander Graham Bell or Antonio Meucci invent the telephone? Did the Scot John
Logie Baird, the American Philo Taylor Farnsworth or the Russian Vladimir Kosma
Zworkin, discover television? It often depends upon the country in which the book
you read was published. It has been suggested that ‘there is a time for a discovery’ and
that if one person had not made the breakthrough, someone else would have. This
claim is supported by one of the great modern discoveries, the structure of the DNA
molecule. Watson and Crick discovered the double helix structure but other
scientists, particularly Rosalind Franklin, were very close to a solution.

Calculus is the cornerstone of much of the mathematics studied at a higher
level. Differential calculus deals with finding the formula for the gradient of a
function. In this topic, the functions will be of the form f(x) = ax™ + bx™! + ...
where n is an integer.

Gradient

You will already be familiar with finding the gradient of a straight line, shown below.
The gradient of the line passing through points (x;, y,) and
%=

(3, is calelated by =3 Therefore the gradient of
e i i e e e @ }‘1’ = f -i-1

The gradient of a linear function (a straight line) is
constant, i.e. the same at any point on the line. However
non-linear functions, such as those that produce curves
when graphed, are more difficult to work with as the
gradient is not constant.
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wocestAs

The graph opposite shows the function
f(x) = «% Point P is on the curve at (3, 9). If
P moves along the curve to the right, the
gradient of the curve becomes steeper. If P
moves along the curve towards the origin, the
gradient of the curve becomes less steep.

43-2-101 23 4 x
See GeoGebra file ‘7.1 Gradient of y = x*'.
The gradient of the function f(x) = x? at the point P(1, 1) can be calculated as
follows.
Mark a point Q,(3, 9) on the graph and draw the line segment PQ, The gradient
of the line segment PQ, is only an approximation of the gradient of the curve at P.

Gradient of PQ, = 3= =4
Mark a point Q, closer to P, for example (2, 4) and draw the line segment PQ, The
gradient of the line segment PQ), is still only an approximation of the gradient of
the curve at P, but it is a better approximation than the gradient of PQ,.

Gradient of PQ, = H =3

-1 01 2 3 4 x

Ifa point Q, (1.5, 1.5%) is chosen, the gradient PQ, will be an even better
approximation.

2
Gradient of PQ, = 11' 55 —= 11 =25

) 5 ) 1252 -1
For the point Q, (1.25, 1.25%), the gradient of PQ, = 55— =225

For the point Q; (1.1, 1.12), the gradient of PQ; = =
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eosesARLES

See GeoGebra file ‘7.1 Gradient of line segment PQ'.

The results above suggest that, as point Q gets closer to P, the gradient of the
line segment PQ gets closer to 2.

It can be proved that the gradient of the function is f(x) = x? is 2 when x = 1.

Y

(A+h,(1+h2) 4

Consider points Pand Q on the function f(x) = x% Pis at (1, 1) and Q, h units
from P in the x-direction has coordinates (1+h, (1+h)?).

Gradient of line segment PQ = e e e 2+h

As Q gets closer to P, h gets smaller and smaller (tends to 0), therefore the gradient
(2 + h) of the line segment PQ tends to 2.

Therefore the gradient at P(1, 1) is 2.

In general:

The gradient of a curve at the point P is the same as the gradient of the
tangent to the curve at P.

See GeoGebra file ‘7.1 Line passing through P and Q.

Exercise 7.1.1

1 Using the proof above as a guide, find the gradient of the function f(x) = x*
when:
ax=2 b x=3 c x=-1
d By looking at the pattern in your results, complete this sentence.
For the function f(x) = 22, the formula for the gradient is ... .

2 Find the gradient of the function f(x) = 2:2 when:
ax=1 b x=2 ¢ x=-2
d By looking at the pattern in your results, complete this sentence.
For the function f(x) = 2:¢, the formula for the gradient i ... .
3 Find the gradient of the function f(x) = x* when:
ax=1 b x=21 ¢ x=3
d By looking at the pattern in your results, complete this sentence.
For the function f(x) = 32, the formula for the gradient is ... .
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In each case in Exercise 7.1.1, a rule was found for calculating the gradient at any
point on the particular curve. This rule is known as the gradient function f'(x) or

j_i, e thefunction () = hasa gradient-farietonf () = 2%
dy

== 2x.

or

Note: % walss Browirasdienre obhangeoty widie

You can check this by graphing a function and its gradient function simultaneously
on a computer.

Autograph
m Type equation y = x>+ x g -
m Select curve.
m Click on the gradient
function icon .y .
!
GeoGebra

m Type equation
fx) =x2+x
m Type Derivative [f]

Note: The equation of the gradient function is given in the algebra
window.
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Worked examples

Exercise 7.1.2

1 Using graphing software as shown
above, find the gradient functions of Function f(x) | Gradient function f(x)
each of the following functions.
=i x
a f(x) = x
b f(x) = 32 22
¢ f(x) = x2+ 2x T2
d fx) =xt -2 z
e flx) =3x-3 X2+ X 2+ 1
ffx) =2 —x+1 =
2 Copy and complete the table by 32
entering your gradient functions
from question 1 above and from X2 4+ 2x
Exercise 7.1.1. -2
3 Describe any patterns you notice in 3x-3
your table for question 2, between a
function and its gradient function. 22 -x+1

The functions used so far have all been polynomials. There is a relationship
between a polynomial function and its gradient function. This is summarized below.

Iff(x) =" then % p—
i.e. to work out the gradient function of a polynomial, multiply the coefficient of x

by the power of x and then subtract 1 from the power.

1 Calculate the gradient function of the function f(x) = 2.
dy _ ) o5
i 3 x 2xB-1) = 6x°

2 Calculate the gradient function of the function f(x) = 5x*

b @ =
Fr 4 x 5x =20x*

Exercise 7.1.3

1 Calculate the gradient function of each of the following functions.
a flx) =xt b flx) = ¢ f(x) =322
d flx) = 5¢ e flx) =62 £ f(x) =8

2 Calculate the gradient function of each of the following functions.
a fx) =42 b flx) =3 ¢ f) =42
d ) =5t e fl) =32 f f0) =52
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+ 7.2 Differentiation

The process of finding the gradient function is known as differentiation.
Differentiating a function produces the derivative or gradient function.

I 1 Differentiate the function f(x) = 3 %

with respect to x. =
The graph of f(x) = 3 is a horizontal 4l
line as shown.

A horizontal line has a gradient of 3l
zero. Therefore,

f(x)=3:>%=0. T

This can be calculated using the rule
for differentiation:

f(x) = 3 can be written as f(x) = 3
b _gxsen-o

&
In general therefore, the derivative of a constant is zero.
IFf(x) = c:)% -0

]

Differentiate the function f(x) = 2x with respect to x.
The graph of f(x) = 2x i a straight line as shown.
From work done on linear graphs, you know
the gradient is 2. Therefore,

foo =xm B an

This too can be calculated using the rule for
differentiation:

f(x) = 2x can be written as f(x) = 2x!.

dy _ ()
dx—lxz;. =220

But 0 = 1, therefore 32 = 2.

Tn general, therefore, i f(x) = ax = B = o




Differentiation

3 Differentiate the function f(x) = $x* - 2x + 4 with respect to x.

Graphically the function and its derivative are as shown.

Y,

It can be seen that the derivative of the function f(x) is a quadratic. The
derivative can be calculated to be f'(x) = x? — 2.

This suggests that the derivative of a function with several terms can be
found by differentiating each of the terms individually, which is indeed the
case.

23 +

s

Differentiate the function f(x) = with respect to x.

Before differentiating, rewrite functions as sums of terms in powers of x.
27 +x2 n ¢ o
——— can be written as ook iy

and simplified to 2 + x.
2Rt gD e T,
x dx

Note: A common error here is to differentiate each of the terms

Therefore f(x) =

individually.
253 4+ a2 6x2 + 2x
o ismot—7—

The derivative of

W Exercise 7.2.1

1 Differentiate each of the following expressions with respect to x.
a5 b 7 c 4

d i e 316 £ 3

g5 b 6x il
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2 Differentiate the following expressions with respect to x.

a 3a +4x b 50 - 222 ¢ 102 - 12
d 62 - 3x +x e 12 - 24245 fi0-td+ex—4
g 3xt+dd—1 h 65 43¢ —x+1 i -3+ -8
3 Differentiate the following expressions with respect to x.

S+ e 65 + 22
R Z ¢ T ix

3 2

X :sz e 3x(x+1) f 2(x-2)
g (x+5)? h (2x - D(x+4) i (2+n)(x-3)

Negative powers of x

So far all the polynomials that have been differentiated have had positive powers of
x. This section looks at the derivative of polynomials with negative powers of x, for
example differentiating from first principles the function f(x) = x! with respect to x.

You will know from your work on ¥
indices that x! can be written as —. y=1x)
x
0 --p
The function f(x) is shown graphically
) 1 1
with P(x, ) and Q{x + b —)- \\
Bea
flx +h) % i
B X+h e

Gradient of line segment PQ

1 1 x+h __ x h

x x+h  x(x+h)  x(x+h) x(x+h) 1
Tx—(xth) ~h TR T Tah

As Q gets closer to P, h gets smaller and therefore the gradient of PQ tends to —%.
1 2

This tells us that for f(x) = x°!, the derivative f'(x) = 2=

It can be seen that the original rule for the derivative of polynomials, namely if
f(x) = ax" then f'(x) = anx™!, is still valid when n is negative.
flx) =

£ = =1 x 20 = 52
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Worked examples

1 Find the derivative of x2.

B g xx2n
dx 2
=== -5

2 Calculate % whenyr=die! wated,

Lo 1 X 2D 4 2 % 4D 40
P
gl 1
=g ¥
3 Differentiate ls with respect to x.
E

First write the expression % in the form ax, where a is a constant and n an
F

integer:
%= 2x % =25
d__ (1)
Fon 5 x 2
= _loxs=_10
= —10x® 3

Exercise 7.2.2
1 Find the derivative of each of the following expressions.
a it b ¢ 2% d —x e — %:(3 f - %;\'5
2 Write down the following expressions in the form ax", where a is a constant and
n an integer.

1 2 3 2 3 3
iy bp Sg d3g o= fog
3 Caleulate f'(x) for the following curves.
a f(x) = 3¢ + 2x bf=22+x+1
o = Bt d f =L+
E

_2_1 . S

e fx) = pe o +1 f f(x) 7 + 30

So far we have only used the variables x and y when finding the gradient function.
This does not always need to be the case. Sometimes it is more convenient or
appropriate to use other variables. s

If a stone is thrown vertically upwards from the 6
ground, with a speed of 10ms-., its distance (s) from its
point of release is given by the formula s = 10t — 4.9¢, 4
where t is the time in seconds after the stone’s release. 2

This is represented graphically as shown.
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The velocity (v) of the stone at any point can be found by calculating the rate of

change of distance with respect to time, i.e. T

Therefore, if s = 10t — 4.9¢2 o= 10-90s
1 Caleuate & for the function s = 62 ~ 4+ 1.
ds
Fias 12t -4

2 Caleulate 3 for the fnction = S

Rewriting the functionasr = 662 + 2¢2 1
dr _ 3 __ 12
el =1263 + 4t = 5 + 4t

3 Caleulate 3 or the fnction v = (7 + 1)(% —1).

Expanding the brackets gives: v'=2¢ — 1 & % ~1

dv
Therefore .

_3 -%

B Exercise 7.2.3

1 Differentiate each of the following with respect to t.
ay=32+t boe=23+1 cm=53-¢

dy=2¢t e1=%r2 fs=tt-¢?

2 Calculate the derivative of each of the following functions.
ay=3xl+4 bs=2rl-t cv=ri-=

|d n §

- 2

=3 2
L fa=zT"_

ap-Bin em-nz
3 Gl this dertvative of eschof thie following furictions.
ay=x(x+4) br=tl-o cv=t%+tz)
=22_) =(»z E) - 1(_L)
dpr(r3 eax;\+z fyrztZ

4 Differentiate each of the following with respect to t.
ay=(+D(E-1) br=(t-1)(2t+2)

cp=(%+l)(%—l) da=(+0@-2)

ew=(zT!l+l)(t—l) fy=(%—r)(lt—%)
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+. 7.3 The gradient of a curve at a given point

You have seen that differentiating the equation of a curve gives the general
equation for the gradient of any point on the curve. Using the general equation of
the gradient, gradients at specific points on the curve can be calculated.

For the function f(x) = 2% = 2x + 4, the gradient function f'(x) = x — 2. The
gradient at any point on the curve can be calculated using this.

For example, when x = 4, f'(x) = 4 -2

2

i.e. the gradient of the curve f(x) —2x + 4 is 2 when x = 4, as shown below.

¥,

6

4 f Gradient of curve
3 latx=4is2

2 !

1 |

-1 01 2 3 456 7 x

GDCs and graphing software can also help to visualize the question and check the
solution.

Casio
serue o = =
and enter the Y1=1.2K2-2X+4

equation of the curve.
=1 to plot the graph.

. b avoan=a
iace | o ¢ _— T=x
®H>OD

The gradient of the curve at

x = 4 is displayed on the screen.

d
Note: If the d_i derivative feature is not displayed on the screen, it

can be turned on via the set up menu.
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Texas

and enter the equation of
S~ the curve.

to plot the graph.
TS and select &
M/ dx*

mﬂ to calculate the duldx=2
gradient when x = 4.

Autograph

m Type equationy = %xz -2x+4
m Select the curve.
Click on coordinate icon (,)
and enter the value x = 4.

A point is plotted on the curve
atx=4.

m Click on the point. Select
‘object’ followed by “tangent’.

A tangent is drawn to the curve
at x = 4. Its equation and the
coordinate of the point are
displayed at the base of the screen.

Note: The equation of the tangent is displayed at the base of the
screen, i.e. y = 2x - 4. The gradient can therefore be deduced from this.

GeoGebra

m Type equation
fx) =3x"2 - 2x + 4

m Type ‘Tangent[4, f]'. This -
draws a tangent to the curve B i
atx=4.

Note: The equation of the tangent is displayed in the algebra window,
i.e. y = 2x - 4. The gradient can therefore be deduced from this.
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Tt Calculate the gradient of the curve f(x) = x* + x — 6 whenx = —1.
The gradient function f'(x) = 3 + 1.
When x = =1, f'(-1) = 3(=1)? + 1 = 4,

i.e. the gradient is 4.

W Exercise 7.3.1
1 Find the gradient of each of the following functions at the given values of x.
a fx)=xhx=3
b fx) =3 - 2x=-3
¢ fx) =3 —4d = 25x=0
dfix)= -2+ 22— Lix=1
e fx) =~ +x-%(x=-1,x=2

f f(x) =6xx=5

2 Find the gradient of each of the following functions at the given values of x.
a f=Lix=2
b =Lix=1

c f(x)=F—3x;x=2

d f(x)=xl—7,x——l

e f(x)=_3+;¥-1;x=z

f f(x)~——;+;,x-z,x=—%

3 The number of people, N, newly infected on day t of a stomach bug outbreak is
given by N =5¢2 — 303,

Calculate the number of new infections, N, when:

i)e=1 i) t=3 iii) t=6 iv)t—lO
b Calculate the rate of new infections with respect to t, i.e. calculate T
¢ Calculate the rate of new infections when:

i)e=1 i) t=3 iii) t=6 iv) t= 10,
d Using a GDC, sketch the graph of N against t.
e Using your graph as a reference, explain your answers to part a.
f Using your graph as a reference, explain your answers to part c.
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Worked example

4 A weather balloon is released from the ground. Its height h (m) after time
t (hours) is given by the formula h = 30 — 2, t < 20.
Calculate the balloon’s height when:

a
i)ie=3 i) ¢t = 10.

b Calculate the rate at which the balloon is climbing with respect to time t.

¢ Calculate the rate of ascent when:
i) t=2 i) t=5 iii) t = 20.

d Using a GDC, sketch the graph of h against t.

e Using your graph as a reference, explain your answers to part c.

£ Use your graph to estimate the time when the balloon was climbing at its

fastest rate. Explain your answer.

Calculating x, when the gradient is given

So far we have calculated the gradient of a curve for a given value of x. It is
possible to work backwards and calculate the value of x, when the gradient at a
point is given.

Consider the function f(x) = 2* — 2x + 1. It is known that the gradient at a
particular point on the curve is 4. It is possible to calculate the coordinate of
the point.

The gradient function of the curve is f'(x) = 2x — 2.
As the gradient at this particular point is 4 (i.e. f'(x) = 4), an equation can be formed:

-2=4
=6
x=3

Therefore, when x = 3, the gradient of the curve is 4.

Once again a GDC and graphing software can help solve this type of problem.
The function f(x) = 2> — x? — 5 has a gradient of 8 at a point P on the curve.
Calculate the possible coordinates of point P.

The gradient function f'(x) = 33 — 2x
AtP,3x2 - 2x=8.

This can be rearranged into the quadratic 35 — 2x - 8 = 0 and solved either
algebraically or graphically as shown in Section 1.6.
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Graphically

From the graph it can be seen that x = —14 and x = 2, i.e. there are two possible
positions for point P.

By substituting these values of x into the equation of the curve, the y-coordinates of
P can be calculated.

A=) = 2= o
f2y=2-22-5=-1

Therefore, the possible coordinates of P are (~ 14, ~94) and (2, -1).
Algebraically

The quadsatic equation 3x% — 2 — 8 = 0 can be solved algebraically by factorizing.
Gx+4)(x-2)=0

Therefore, (3x +4) = 0= x = ~dor (x~ 2) = 0= x =2,

Your GDC can also be used to solve (quadratic) equations.

Casio

seTup . [aREIERTC=0
and select Equation mode. e i

]
Zoom
ﬁ‘ to select Polynomial.
(5010 (EW [CLR [E5T7

Trac

to select polynomial of degree 2.

SREHRRFC0
Enter the values of a, b and c. =
fe)

Teoce
@ tosolve the equation. 5
[FEFT
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Texas
TEST to select equation solver and | [EQUATION SOLVER
o) then enter the equation. = BHE= =]
B u to find one solution. -3§5—-%x3§§%33333

Change the value of x to a number closer ||, ‘fg%gc_’i,f;éﬁg’ L.

to the second solution, e.g. x = 1.

IRE—2K-8=h
= ®=2

n to find the second solution. bourid=-1 46,4
=left-rt=0

Note: To find the second solution, you will already need to know
approximately where it is. This can be done by graphing the
equation first.

Once the values of x have been calculated, the values of y can be calculated
as before.

M Exercise 7.3.2

1 Find the coordinate of the point P on each of the following curves, at the given
gradient.

a f(x) = - 3, gradient = 6

b f(x) = 3x + 1, gradient = 15

¢ fx) = 22 - x + 4, gradient = 7

d f(x) = %xl - 3x -1, gradient = -3
e flx) = %XZ + 4x, gradient = 6

f fx) = _%,\l + 2x + 1, gradient = 4

2 Find the coordinate(s) of the point(s) on each of the following curves, at the given
gradient.

a f(x) =423 + 2o + 4x, gradient = 6
b f(x) =423 + 222 + 6x, gradient = 3
¢ f(x) =42 — 222, gradient = ~4

d f(x) = 2> —x? + 4x, gradient = 5
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3 A stone is thrown vertically downwards off a tall cliff. The distance (s) it travels
in metres is given by the formula s = 4t + 5t, where t is the time in seconds
after the stone’s release.

a What s the rate of change of distance with time %z (This represents the

velocity.)

b How many seconds after its release is the stone travelling at a velocity
of 9 ms™'?

¢ The stone hits the ground travelling at 34 m s, How many seconds did
the stone take to hit the ground?

d Using your answer to part ¢, calculate the distance the stone falls and

hence the height of the cliff.

4 The temperature (T °C) inside a pressure cooker is given by the formula
T =20 + 12¢ — % t < 8, where t is the time in minutes after the cooking started.

Calculate the temperature at the start.

‘What is the rate of temperature increase with time?

‘What is the rate of temperature increase when:

i) t=1 i) t=4 i) t=8?7

‘Thepressure cookerwasswitheld off when % =36

6o

o

How long after the start could the pressure cooker have been switched off?
‘What was the temperature of the pressure cooker if it was switched off at
the greater of the two times calculated in part d?

o

Equation of the tangent at a given point

As was seen in Section 7.1, the gradient of a tangent drawn at a point on a curve is
equal to the gradient of the curve at that point.

What is the equation of the tangent to f(x) = %xl + 3x + 1 in the graph below?
The function f(x) = %}.1 + 3x + | has a gradient function of f'(x) = x + 3
At point P, where x = 1, the gradient of the curve is 4.

The tangent drawn to the curve at P also has a gradient of 4.

P, 43

Gradient of tangent = 4
L
1.2 3 4x

As it is a straight line, it must take the form y = mx + c. The gradient m is 4
as shown above.
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Worked examples

Therefore, y = 4x + c.

As the tangent passes through the point P(1, 43), these values can be substituted
for x and y so that ¢ can be calculated.
4% =4+c

1
Sc=3

The equation of the tangent is therefore y = 4x + 3.

Equation of a normal to a curve

You saw in Section 5.1 that there is a relationship between the gradients of lines
that are perpendicular (at right angles) to each other. If two lines are perpendicular
to each other, the product of their gradients is ~1, i.e. mym, = ~1. Therefore the
gradient of one line is the negative reciprocal of the other line. i.e. m;= — e
2

In the previous section, it was possible to work out the equation of a tangent to the
curve at a given point. A line drawn at right angles to the tangent, passing through
the same point on the curve, is known as the normal to the curve at that point.

It is possible to calculate the equation of the normal to the curve in a similar way
to calculating the equation of the tangent.

In the previous example the equation of the tangent to the curve
f(x) = 322+ 3x + L at the point P(L, 43) was calculated as y = 4x + 3.
Calculate the equation of the normal to the curve at P.

The curve, the tangent and normal at P are shown below.

Normal

T L
10 12 14 16 18 2022 24 x

It is already known that the tangent at P has a gradient of 4.

As the product of the gradients of the tangent and normal is -1, the
gradient of the normal can be calculated to be —&.

The normal is a straight line, so its equation must take the formy = mx + c.

As the normal also passes through the point P(1, 43), the values of x, y and
m can be substituted into y = mx + ¢ so that c can be calculated.

4= (tx 1) +c

31
c=43=%
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The equation of the normal is therefore y =~ x + 12

F:
In the form ax + by + ¢ = 0 the equation of the normal is as follows:
4y=-x+19
x+4y—19=0

M Exercise 7.3.3

1 For the function f(x) = 2 = 3x + 1:
a calculate the gradient function
b calculate the gradient of the curve at the point A(2, 1).

A tangent is drawn to the curve at A.

¢ What is the gradient of the tangent?
d Calculate the equation of the tangent in the form y = mx + c.
e What is the gradient of the normal to the curve at A?
f Calculate the equation of the normal in the form y = mx + c.

2 For the function f(x) = 2% — 4x — 2:
a calculate the gradient of the curve where x = 2.
A tangent is drawn to the curve at the point (2, —2).
b Calculate the equation of the tangent in the form y = mx + c.
¢ What is the gradient of the normal to the curve at the point (2, -2)?
d Calculate the equation of the normal in the form ax + by + ¢ =

3 A tangent is drawn to the curve f(x) = 55 — 4x — 2 at the point P(0, —2).
a Calculate the gradient of the tangent at P.
b Calculate the equation of the tangent in the form y = mx + c.
¢ Calculate the equation of the normal to the curve at P. Give your answer
in the formy = mx + c.

4 A tangent T is drawn to the curve f(x) = —%xl — 3x + 1 at the point P(-2, 6).
a Calculate the equation of T,.
Another tangent, T,, with equation y = 10, is also drawn to the curve at a point Q.
b Calculate the coordinates of point Q.
¢ T, and T, are extended so that they intersect. Calculate the coordinates of
the point of intersection.

5 A tangent T, is drawn to the curve f(x) = —x2 + 4x + 1 at the point A(4, 1).
a Calculate the gradient of the tangent at A.
b Calculate the equation of the tangent in the formy = mx + c.
Another tangent T, is drawn at the point B(2, 5).

¢ Calculate the equation of T,.

d Calculate the equations of the normals N, and N,, where N is the normal
to T, at point A and N, is the normal to T, at point B. Give your answers
in the formy = mx + c.

e N, and N, are extended so that they intersect. Calculate the coordinates of
the point of intersection.
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6 A tangent T, drawn on the curve f(x) = —2a? — x — 4 at P, has an equation
y=-3x-6.
a Calculate the gradient function of the curve.
b What is the gradient of the tangent T?
¢ What are the coordinates of the point P?

7.4 Increasing and decreasing functions

The graph shows the heart rate of an adult male over a period of time.

Heart rate

Time.
By simply looking at the graph, it is easy to see when his heart rate is increasing,
decreasing and when it is at a maximum.

By comparing the shape of the graph with its gradient, we can see that when the
gradient is positive, the heart rate is increasing. When the gradient is negative, the
heart rate is decreasing. When the gradient is zero, the heart rate is at its maximum.

This section will look at the properties of increasing and decreasing functions.

For the function f(x) = x the following observations can be made.

When x > 0 the gradient is positive, therefore f(x) is an increasing function for
this range of values of x.

When x < 0 the gradient is negative, therefore f(x) is a decreasing function for
this range of values of x.

‘When x = 0 the gradient is zero, therefore f(x) is stationary at this value of x.

L) {
5-4-32-10 12 3 4 5x
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1 a Using your GDC, sketch the function f(x) = x> = 52 + 8.

b Calculate the range of values of x for which f(x) is a decreasing function.

a

b flx) = x* = 5x? + 8, therefore f'(x) = 3x? — 10x.
For a decreasing function, f'(x) < 0.
Therefore, either solve the inequality 352 — 10x < 0 to find the range of
values of x.
Or, from the graph it can be deduced that the function is decreasing between
the stationary points A and B.

A

B

At the stationary points, f'(x) = 0 so the quadratic 3x2 — 10x = 0 is solved to
find the stationary points.

3~ 10x =0
x(3x-10) =0
x=0or

Therefore f(x) = x> — 5x + 8 is a decreasing function in the range 0 < x < &2,

2 Show that f(x) = 3 + x — 8 is an increasing function for all values of x.
Fix) =32+ 1
For f(x) to be an increasing function, f'(x) > 0.

2

3x2 + 1 > 0 for all values of x as x? is never negative.

Therefore f(x) is an increasing function for all values of x.
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B Exercise 7.4.1

o &2 7-5

1 For each of the following, calculate:

) fi(x)

ii) the range of values of x for which f(x) is increasing.
b () =2 = 3x + 10
d fx) = 2 - 12: + 48x - 62
ff() =4t = 32
Using the functions and your calculations in question 1 above find, in each case,
the range of values of x for which () is a decreasing function.

N

w

a Prove that f(x) = $2 + dx is an increasing function for all values of x.

b Prove that f(x) = $2® — x ~425 is a decreasing function for all values of x.

Calculate the range of values of k in the function f(x) = x> + x — kx, given that
(x) is an increasing function for all values of x.

s

Stationary points

In the previous section we looked at the concept of increasing and decreasing
functions. If the gradient of a curve is positive (i.e. f'(x) > 0), then it is an
increasing function for that value of x. If the gradient of a curve is negative
(i.e. f'(x) < 0), then the function is a decreasing one for that value of x.

However, there are cases where the gradient function is zero (i.e. f'(x) = 0).
This section looks at those cases in more detail.

x X X3 X, X Xg

The curve above is an increasing function between A and B and between C and D
(where x takes values in the range x; < x < x, and x; < x < x, respectively). It isa
decreasing function between B and C, between D and E and between E and F
(where x takes values in the range x, < x < x5, K<x<x and x; < x < x
respectively). However, at points B, C, D and E the gradient function is zero. These
are known as stationary points.

There are different types of stationary point. Points B and D are called local
maxima. Point C is a local minima, whilst point E is a point of inflexion.

It is not necessary to sketch a graph in order to find the position of any
stationary points or to find out what type of stationary point they are.

Note: The term ‘local maxima’ implies that it is a maxima within a given range
of x values. It is not necessarily the greatest value of the function. In the example
above, B is a local maxima, however it is not the greatest value of the function.

D produces a greater value of f(x).
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It a Find the coordinates of the stationary points on the curve with equation
y=40—dx+5.

b Determine the nature of each of the stationary points.

ol dy _
alfy=52—4et+5d=x—4
At a stationary point, . 0.
*dx

Therefore, solve x> — 4 = 0 to find the x coordinate of any stationary point.
2-4=0

2=4

x=2orx=-2

When x = 2 and x = —2 are substituted into the equation of the curve, the
y-coordinates are found.

When x = 2: y=12P-42) +5=-1

When x = —2: y=3(-2° - 4(-2) + 5 = 10}

The coordinates of the stationary points are (2, —3) and (=2, 104).

-

There are several methods that can be used to establish the type of stationary
point.

i) Graphical deduction
As the curve is a cubic of the form y = ax’ + bx? + cx + dand a, the
coefficient of 23, is positive, the shape of the curve is of the form

rather than

therefore it can be deduced that the coordinates of the stationary points are

(-2 103)

(2.4

Hence (~2, 104) is a maximum point and (2, —}) a minimum point.
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ii) Gradient inspection
The gradient of the curve either side of a stationary point can be calculated.
At the stationary point where x = 2, consider the gradient at x = 1 and x = 3.

& _ e &
P-4 whenx=1,8 = -3

d:

dx
The gradient has changed from negative to positive as x increased, therefore
the stationary point must be a minimum.

whenx=3,2 =5

At the stationary point where x = —2, consider the gradient at x = —3 and

dy_ _o3 8
Devg whenx = -3, =5
whenx = ~1, 8= -3

The gradient has changed from positive to negative as x increased, therefore
the stationary point must be a maximum.

In general:

A maximum stationary point

‘A minimum stationary point

A point of inflexion stationary point

A GDC and graphing software can also be used to find the position of any
stationary points. For example, find the coordinates of the stationary points for the
graph of y = 27 — 4x + 5.
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Casio
R 2 to select the graph mode.
@ —
Enter the equation y = %)@ -4x+5
Go1 )
@ to graph the function. VI=1.3%°3-4%%5

G-soly
(T to access the graph solve menu.

9450
=2

Zo0m
@D to find any maximum points. T

The results are displayed on the graph. VisLees-aio

—
GSST Vaindow s = .
@ to find any minimum points. i =
- dydnz MIN
b2 ve-0.333339333
Texas
to enter the function.
P
Enter the equation y = %)@ —-4x+5 /(

to graph the function. /

to search for the

(N mmaximum point.
E to move to the left of the /“‘ﬁ;\

\"\.

maximum point. u

[ ) to move to the right of the

Haxirum
H=-2 Y=10333333

maximum point.

u a to find the maximum point.
— Eto search for the /-P\\“‘- s P

minimum point, followed by the same /
procedure described above for the
maximum point.

W= EEEIEED
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Autograph

Select =& and enter the equation

y=%x3—4x+5

Select the curve then click ‘Object’
followed by ‘f'(x) = 0".

To change the scale on the axes use M

The solutions appear at the base of the Resuts Box i
screen or more clearly in the results box Equation Solver

: Solution: x=-2, y=10.33
by selecting [ . Solution: =-0.3333

GeoGebra

Enter the equation
y= %x"B —4x + 5 into the input
field.

To find the position of any
stationary points type
‘TurningPoint [f]" into the input
field. The points are plotted on the
graph and their coordinates
displayed in the algebra window.

\J

d].
There is also a way of finding stationary points using the second derivative ﬁ

Although it is beyond the scope of this textbook, you may wish to investigate it as

it is, in most cases, an efficient method.

Exercise 7.5.1

For questions 1 and 2, calculate:
i) the gradient function
ii) the coordinates of any stationary points.
—6x+ 13
—x +8x— 13
2 a fx)=x — 12x2 + 48x — 58
c f(x)=x— 32— 45x+ 8

b f(x)= 2 + 12x+35

d f(x)= —6x+ 17

b flx)= 2 - 12x

d fx)=42+3-4x-5
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7.6

You will come across
this in the Physics
Diplorna course.

Worked example

For questions 3 and 4:

i) calculate the gradient function

ii) calculate the coordinates of any stationary points
iii) determine the type of stationary point

iv) calculate the value of the y-intercept

v) sketch the graph of the function.

3afix)=1-4x—x b fx) =120 — 42+ 12x -3

¢ flx)=—2x3+ 32 - 4x d fl) =2 =3 = 30x +4
4a f)= 20— 92 +27x— 30 b f(x) = x4 — 43 + 16x
Optimization

You will have seen earlier in this topic that the process of calculating a rate of
change, known as differentiation, is useful for calculating maxima and minima. This
has many applications in the real world, in particular with optimization problems.
Optimization problems are often concerned with minimising costs, maximising
profits, minimising waste, etc. and therefore differentiation is a useful tool.

A cardboard box manufacturer uses sheets of cardboard, with dimensions
50cm % 75 cm, to make the main part of the box (i.e. the box without the lid).

The box is made by cutting squares out of each corner and then folding up the sides
as shown below:

Calculate the maximum volume possible for the box.

The shape of the box depends on the size of the square removed from each
corner of the sheet of cardboard. Let each square removed from each corner
have a side length of x cm.

The dimensions of the box will therefore be as showns

(50 -2x)cm

(75-20cm
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The volume of a cuboid is calculated by Length x Width x Height
In this example V=(75 - 2x)(50 - 2x)(x)
Expanded this gives V= 4x — 250x2 + 3750x
The above equation implies that the volume of the box is also dependent
on the value of x (i.e. the size of the square removed from each corner).
A graph can be plotted of V against x to see how the volume changes with x.
V)

20000
15000
10000

5000

-5 5 10 15 20 2 30 x
- ?ZI: \
00

=10

As volume cannot be negative, the values of x must lie within 0 < x < 25.
This can also be deduced from the size of the card. As the width is only 50
cm, the maximum sized square that can be removed from each corner is one
with a side length of 25 cm.

From the graph we can see that the volume changes as x changes. The
volume appears to have a maximum value when x is imately 10cm.

To calculate the optimum value of x, we can use differentiation to
calculate the rate of change of volume V with x.

WV _ 1222 500¢ + 3750
P
&

At a maxima, — =0

Therefore we need to solve the equation 12x? — 500x + 3750 = 0
6x2 - 250x + 1875 =0
Using the quadratic formula to calculate x:

X=—bx«/bl—4ac

2a

_ 250 +4/ 2507 - 4 6 x 1875

1x6

x=9.80r31.9 (1d.p.)

As 31.9 cm falls outside the domain of x, the optimum value of x = 9.8 cm.
The maximum volume V can be calculated by substituting x = 9.8 into the
equation for V.
V=4x9.8 -250x9.8 + 3750 x 9.8
V =16 505 cm?
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W Exercise 7.6.1

1 A farmer has 500m of fencing. He wants to make a rectangular enclosure for some
of his cattle. One side of the enclosure runs along the side of an existing wall. The
fencing will be used to make the other three sides of the enclosure as shown.

The farmer wants to build an enclosure with the greatest possible area.
a If the length of the shorter side of the enclosure is x metres, write down, in
terms of x, an expression for the length of the longer side.
b Write down a formula for the area A of the enclosure in terms of x.

Tinid fhrate boknnpe At s e %).
Deduce the value of x that produces the maximum area.
Calculate the maximum area of the enclosure.

Using a GDC or graphing software to help, sketch the graph of x against A
and find the coordinates of the maximum point.

-0 oo o

o

A shop sells a type of mobile phone for $100. At this price the shop sells on
average 150 of the phones each month. The owner of the store wishes to
increase her profits. She knows that each $1 increase in the price of the phone
will lead to two fewer phones being sold each month. The shop buys each phone
for $60.

What is the profit currently made on each phone?

If the price of the phones is increased by $x, write down, in terms of x, the
profit now made on each phone sold.

Comment on why the new number of phones sold each month is now
given by the expression 150 — 2x.

Write down, in terms of x, a formula for the new profit P.

o »

o

Calculate the rate of change of P with x (i.e. 3).
‘What is the value of x that maximises the profit?
Assuming that x must be an integer value:

i) What price should each phone be sold for?

ii) What is the maximum profit?

m oo oo
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3 The diagram shows a metal tin in the shape of a cuboid. The base of the tin is x cm
by 4x cm, the height of the tin is h cm and its volume is 6400cm’.

Find an expression for h in terms of x.

Show that the formula for the area

(A cm?) of metal sheet used to

make

- »

the tin is A = 8x2 + ——— 16000

dA

Calculate &2 axem
aleulate 2

Find the value of x for which A is a minimum.

Prove that your value of A is a minimum.

4 The diagram shows a closed cylinder used as a
water tank. The radius of the base of the tanik is r -
cm, the height of the tank is h cm. The total
surface area of the tank is 50000 cm?.
a Show that the volume (Vcm?) of the cylinder is hem
given by V= 250007 — 1.
b Show that the maximum volume of the
cylinder is 858400 cm’ correct to four

3

[

o

significant figures.
~Fom >

M Student assessment 1
1 Find the gradient function of each the cf) === +x x= -4

following. 4 3t B _1

oy b gm 2 fx) = Cohaeny .

PP, R d y=loyptox 4 Determine the gradient of the normal to each of

y=-z Y=3 the curves in question 3 at the given values of x.

2 Differentiate the following functions with

5 A stone is dropped from the top of a cliff. The
LESPECEID X, distance it falls (s) is given by the equation
=l 2) s = 52, where s is the distance in metres and
b f(x) = (x+ D(x = 3) t the time in seconds.
5 3422 Calculate the velocity v, by differentiating

¢ fixy ==X d flx) = x— the distance s with respect to time t.

3 Calculate the stone’s velocity after 3 seconds.
e f) =% f flx) =

The stone hits the ground travelling at
42 ms!. Calculate:

Find the gradient of the following curves at the

given values of x. g

i) how long it took for the stone to hit the
a f(x) =32+ x x=1 ii) the height of the cliff.
b fx) = =X+ 22 + x5 x=

»

3

:J+2

a

w
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B Student assessment 2

1

[

ES

The function f(x) = 2> + x> — L hasa
gradient of zero at points P and Q, where
the x-coordinate of P is less than that of Q.
Calculate the gradient function f'(x).
Calculate the coordinates of P.

Calculate the coordinates of Q.
Determine which of the points P or Q isa
maximum. Explain your method clearly.

amo o

a Explain why the point A(1, 1) lies on the
curvey = x> — 2 + x.

b Calculate the gradient of the curve at A.

¢ Calculate the equation of the tangent to the
curve at A,

d Calculate the equation of the normal to the
curve at A, Give your answer in the form
ax+by+c=0.

fx) = (x=2)2+3

a Calculate f(x).

b Determine the range of values of x for which
f(x) is a decreasing function.

flx) = x4 = 222

a Calculate f'(x).

b Determine the coordinates of any stationary
points.

an

Find where the graph intersects or touches:
i) the y-axis

ii) the x-axis.

Sketch the graph of f(x).

L]

Examination questions

1

2

Letf(x) = 222 + x—6.

a Find f'(x). 31
b Find the value of f(-3). m
¢ Find the value of x for which f'(x) =0.  [2]

Paper 1, Nov 09, Q6

Consider the function f(x) = x* + % x#0.
a Calculate f(2). 121

Determine the nature of any stationary point.

b Sketch the graph of the function y = f(x)
for—5<x<5 and —200 <y < 200. [4]
¢ Find f'(x). [3]
d Find f'(2). [21
e Write down the coordinates of the local
maximum point on the graph of f. [21
f Find the range of f. 31
g Find the gradient of the tangent to the
graph of fatx = 1. 21

There is a second point on the graph of f at
which the tangent is parallel to the tangent
atx=1.

h Find the x-coordinate of this point. 21

Paper 2, May 11, Q3

Part A
Sketch the graph of y=2*for-2 < x < 3.
Indicate clearly where the curve

®

intersects the y-axis. Bl
b Write down the equation of the
asymptote of the graph y = 2% 21

On the same axes sketch the graph of
y= 3+ 2x - x% Indicate clearly where

-

this curve intersects the x and y axes. 31
d Using your graphic display calculator,

solve the equation 3 + 2x — x% = 2%, 2]
e Write down the maximum value of the

function f(x) = 3 + 2x— x%. [
f Use Differential Calculus to verify that

your answer to part e is correct. 51
Part B

The curve y = px? + gx — 4 passes through
the point (2, -10).
a Use the above information to write
down an equation in p and q. [21
The gradient of the curve y = px? + gx — 4
at the point (2, ~10) is 1.

o ey dy
b i) Find = [21
i) Hence, find a second equation in
pandq. 31
¢ Solve the equations to find the value of
pand of q. Bl

Paper 2, Nov 09, Q5
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Revision exercises

1.2 Approximation

Approximation: decimal places; significant figures. Percentage errors. Estimation.

1 Round each of the following numbers to the nearest:

i 1000 i 100 iii 10

a 2842 b 12938 c 9581 d 496
2 Round each of the following numbers to:

i one decimal place i two decimal places jii three decimal places.

a 2.1827 b 09181 ¢ 9.9631 d 0.0386
3 Round each of the following numbers to:

i one significant figure i two significant figures iii three significant figures.

a 3.9467 b 20.36 c 001548 d 09752
4 Without using a calculator estimate the answer to the following calculations.

Show your workings clearly. o1 x5

a 305 %9 b 1922 o 252

2 )2
d 408 + 18.8 e Selp L f (322 x3.1)*
213

5 Estimate the area of each of the following shapes. Show your workings clearly.

a 123cm b

3.8cm
49cm
51.6cm
¢ 4 5.2cm
181cm 87cm s
~—22.4cm—>-—<—22.4cm—> 16.4cm

6 a Calculate the actual area of each of the shapes in question 5.
b Calculate the percentage error in your estimates for each of the areas.

continued on next page ...
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7 A certain brand of weighing scales claim that they are accurate to within 3% of the actual mass
being weighed.
A suitcase is weighed and the scales indicate a mass of 18.5kg. Calculate
a the maximum possible mass of the case
b the minimum possible mass of the case.

®

The value 7 is sometimes approximated to either 3 or 2.

A circle has a radius of 8cm.

a Using the © button on your calculator, calculate the area of the circle, giving your answer correct
to five decimal places.

b Calculate the percentage error in the area if T is approximated to 3.

¢ Calculate the percentage error in the area if 7 is approximated to 2.

©

The formula for converting temperatures given in degrees Celsius (C) to temperatures in degrees
Fahrenheit (F) is F = 2C + 32.

The temperature in a classroom is recorded as 18°C. Convert this to degrees Fahrenheit using the
formula above.

An approximate conversion is to use the formula F = 2C + 30.

Calculate the of the cl in degrees Fahrenheit using the imation above.
Calculate the percentage error in using this approximation for a temperature of 18°C.

What would the error be for a of 30°C?

At what temperature would the percentage error be zero?

®

=

o oo

10 The formula for calculating the velocity of a stone dropped from rest off a cliff is given by v = gf,
where v is the velocity in ms™, g the acceleration in ms and ¢ the time in seconds.
a Taking gas 9.81 ms~, calculate the velocity of the stone after 6 seconds.
b Calculate the velocity of the stone if g is approximated to [0ms=2.
¢ Calculate the error in the imation
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1.3 Standard form

Expressing numbers in the form a x 105 where 1 < a < 10 and k is an integer.
Operations with numbers in this form.

1 Which of the following numbers are not in the form a x 10* where 1 <a < 10and k € Z?

a 13 %10 b 60.4 x 10* c 1.0x 102
d 05x103 e 3.874 x 105 f 8x10¢
2 Write down the following numbers in the form a x 10 where | <a < 10 andk € Z.
a 32000 b 620 ¢ 777000000
d 90000 e 8 million f 48.5 million
3 The distance (in kilometres) from London to five other cities in the world is given below.
London to Tokyo 9567 km
London to Paris 343 km
London to Wellington 18831km
London to Cambridge 78km
London to Cairo 3514km

Write down each of the distances in the form a x 10* where 1 < a < 10 and k € Z correct to two
significant figures.

4 Caliilre gk of ihs followinig, giving your srswers T ihe forma x 10bwhire T e < 10andk € Z
a 500 x 6000 b 20 x 450000
¢ 3 million x 26 d 5 million x 8 million
5 Write down the following in the form a x 10% where 1 < a < 10 and k € Z.
a 004 b 0.0076 ¢ 0.000005 d4 003040
& Wit down e fillowingnunbenimasceningordmsof magninuds,
36 x 102 25 x 10 74 x 102
9.8 x 10 8.7 x 104 14 x 102
7 Gl edh b the Bllowngravingyoumsveri de bmex [Dowhsed swe Tadle?,
a 63 x 100+ 8.4 x 105 b 400 + 800000
L5 x 10°
¢ 7x 104+ 42 x 10° 4 o
& Delimeheviten nimecot Hiekilving
a 00003 =3 x 107 b 0000046 = 46 x 107
¢ 00052 =25 x 107 4 00006" = 2.16 x 1010

©

A boy walks 40km at a constant rate of 2ms.
Calculate how long, in seconds, the boy takes to walk the 40km.
Give your answer in the form a x 10¥ where ] <a < 10andk € Z.

10 The Earth’s radius is approximately 6370 km.
Calculate the Earth’s circumference in metres, giving your answer in the form a x 10% where 1 < a < 10
and k € Z correct to three significant figures.



Sl units of measurement 363

1.4 Sl units of measurement

SI (Systeme Intemational) and other basic units of measurement: for example, kilogram (kg), metre (m),
second (s), litre (1), metre per second (m 5-1), Celsius scale.

‘Write down an estimate for the following using the appropriate unit.
a The mass of a large suitcase

b The length of a basketball court

¢ The height of a two-storey building

d The capacity of a car’s fuel tank

¢ The distance from the North Pole to the South Pole

f The mass of a table-tennis ball

~

Convert the following distances.
a 20cm into millimetres

¢ 46mm into centimetres

e 320m into millimetres

35km into metres
60m into kilometres
95 mm into kilometres

=

3 Convert the following masses.
a 100kg into tonnes b 60g into kilograms
¢ 3.6 tonnes into kilograms d l4g into milligrams
e 8.67kg into milligrams f 2560g into tonnes
4 Convert the following capacities.
a 2600ml into litres b 80ml into litres
¢ L.65 litres into millilitres d 0.085 litres into millilitres

5 The masses of four containers are as follows:
25kg 035t 650g 027kg

Calculate the total mass of the four containers in kilograms.

o

The lengths of five objects are as follows:
56mm 24cm 0.672m 1030mm L.5cm
Calculate the length, in metres, of the five objects if they are laid end to end.

The liquid contents of four containers are emptied into a tank with a capacity of 30 litres. The
capacities of the four containers are as follows:

3250ml  1.05litres  26000ml 762 ml

Calculate the overspill, in litres, after the liquids have been poured in.

~
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1.6 Graphical solution of equations

Use of a GDC to solve: pairs of linear equations in two variables; quadratic equations.

For these questions, use of a GDC o graphing software is expected.

Sketch the following straight-line graphs on the same axes, labelling each clearly. Write the
coordinate of the point at which they intercept the y-axis.

ay= by=2x-5 cy=-x-5

2 The diagram shows four straight-line graphs. The line y = x + 2 is marked. Write down possible
equations for the other three graphs.

3 Find the coordinates of the points of intersection of the following pairs of linear graphs.
ay=8-x b 3x+2y=2 ¢ y=3-4x dy=4-3
y=2x-1 Jy=x+14 3y + 10x = 16 x-4y=6

S

a Sketch the following linear graphs on the same axes.
y=4+3 x=2+8
b Explain why there are no points of intersection.

w

Sketch each of the following quadratic equations on separate axes.
ay=x+6x+8 by=x2-16
cy=9-2 dy=—(x-3)x=-5)

o

For each of the following quadratic equations:
i sketch the graph

ii find the coordinates of any roots.

a y=x—10x+21

¢ y=-x2+10x - 25

e y=8cd—2x-1

12 +4x - 2

by=
dy=22-12x+20
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1.7 Arithmetic sequences and series

Arithmetic sequences and series, and their applications.
Use of the formulae for the nth term and the sum of the first n terms of a sequence.

1 In each of the following sequences, the recurrence relation and u, are given.
i Calculate and 1y, u; and 1.
ii State whether the sequence is arithmetic or not.

au, =u,—6u =15 b, =12 —u,u =15
i 2u, -5
© wpy=3u +2u =7 d g =—5—wu=
2 In each of the following arithmetic sequences
i deduce the formula for the nth term i calculate the 20th term.
a 4,9,14,19,24 b 3, -5, -13, =21, =29
¢ —45,-2,05,3,55 d 35,3.25,3,2.75,25
3 In the following arithmetic sequences:
i deduce the common difference d i deduce the formula for the nth term.
a =25, .. a1 B Tyuppsyes ey =14

¢ ty= 12,y = 100 du=
4 Write down in full the terms of the following series.
5 T 8 4
aXm-1 bX-n+6 ¢ X6-n 4 33(-n+2)
5 Write down the following arithmetic series using the Y, notation. Each series starts at n = 1.
a2+6+10+14+18 b5+3+1+-1+-3+-5
¢ A+1+2h+4+5047 d 41 +-42 +-43 +-44
6 Solve the following.
50 25 30 32
azl3n bE‘,ZO-n c%n+1 d§—2n+50
7 The 5th and 15th terms of an arithmetic series are ~10 and 10 respectively.
Calculate:
a the common difference d b the first term
¢ the 20th term d Sy
8 The 11th term of an arithmetic series is 65. If S,; = 495, calculate:

a the first term
b the common difference
¢ S

©

The 7th term of an arithmetic series is 2.5 times the 2nd term, x. If the 10th term is 34, calculate:
a the common difference in terms of x

b the first term

¢ the sum of the first 10 terms.

10 The first term of an arithmetic series is 24. The last term is —12. If the sum of the series is 150,
calculate the number of terms in the series.
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1.8 Geometric sequences and series

Geometric sequences and series.
Use of the formula for the nth term and the sum of the first n terms of the sequence.

[T

w

e

w

~

10

Describe in words the difference between an arithmetic and a geometric sequence.

In each of the following geometric sequences, the recurrence relation and w, are given.
i Calculate the values of ), u; and u,.
ii State whether the sequence is geometric or not.
awu,=4u +2,u =0 bow ,=-3u,u =1
6 —2u
" =3 = E g - B
€ gy = 7t W = dhy=—7 "=

For the geometric sequences below calculate:

i the common ratio r

ii the next two terms

iii the formula for the nth term.

a 5, 15,45, 135 b 1296, 216,36, 6
c 36,24, 16, 10% d 4,-10,25,-62%

The nth term of a geometric sequence is given by the formula u = =3 x 4*-1,
Calculate:

a wu,uyand uy

b the value of n if u = -12288.

Part of a geometric sequence is given as ..., 27,
respectively. Calculate:
a the common ratio r b ou © Uy

w1, ... where u, and u; are 27 and 1

A homebuyer takes out a loan with a mortgage company for $300000. The interest rate is fixed at
5.5% per year. If she is unable to repay the loan during the first four years, calculate the amount extra
she will have to pay by the end of the fourth year, due to interest.

Solve the following sums.
5 6 0, 7 W
a 213" b 2‘—2(3)"*1 c 21 Jr d 229(_;)

In a geometric series, u; = 10 and ug = 3. Calculate:
a the common ratio r

b the first term

¢ S,

Four consecutive terms of a geometric series are (p —5), (p), (2p) and (3p + 10).
a Calculate the value of p.

b Calculate the two terms before (p —5).

¢ fuy= (p—5), caleulate S,

In a geometric series u, + 1,= 5. If r = 4, find the sum of the infinite series.



Simple interest and compound interest 367

1.9 Simple interest and compound interest

Financial applications of geometric sequences and series: compound interest; annual depreciation.

Find the simple interest paid on the following capital sums C, deposited in a savings account for
n years at a fixed rate of interest of 7%.
a C=£550 n =5 years

b C = $8000 n=
¢ C=€12500 n =T years

2 A capital sum of £25000 is deposited in a bank. After 8 years, the simple interest gained was £7000.
Calculate the annual rate of interest on the account assuming it remained constant over the 8 years.

3 A bank lends a business $250 000. The annual rate of interest is 8.4%. When paying back the loan,
the business pays an amount of $105000 in simple interest. Calculate the number of years the business
took out the loan for.

'S

$15000 is deposited in a savings account. The following arithmetic sequence represents the total
amount of money in the savings account each year. Assume that no further money is either deposited
or taken out of the account.

Number of years |0|1|2|3|4|5||n|

|Totalsavingsinaccount(i) ||5000|15375|15750|16125|16500|16875| | |

a Explain, giving reasons, whether the sequence above simulates simple interest or compound interest.
b Calculate the interest rate.

¢ State the formula for calculating the total amount of money (T) in the account after n years.

d State the formula for calculating the total amount of interest (I) gained after n years.

continued on next page ...
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5 $15000 is deposited in a savings account. The following geometric sequence represents the total
amount of money in the savings account each year. Assume that no further money is either deposited
or taken out of the account.

Number of years Total savings in account (5)

[ 15000

1 16 500

2 18150

3 19 965

4 21 961.50

5 24 157.65

n

a Explain, giving reasons, whether the sequence above simulates simple interest or compound interest.
b Calculate the interest rate.

¢ State the formula for calculating the total amount of money (T) in the account after n years.

d State the formula for calculating the total amount of interest (I) gained after n years.

6 Find the compound interest paid on the following capital sums C, deposited in a savings account for n
years at a fixed rate of interest of r% per year.

r=3%
=6%
¢ C = €18000 n = 10 years r=45%

7 A car is bought for €12500. Its value depreciates by 15% per year.
a Calculate its value after:
i 1year ii 2 years.
b After how many years will the car be worth less than €1000?

8 €4000 is invested for three years at 6% per year. What is the interest paid if the interest rate is
compounded:
a yearly? b half-yearly?
¢ quarterly? d monthly?
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2.3 and 2.5 Grouped discrete or continuous data
and Measures of central tendency

Grouped discrete or continuous data: frequency tables; mid-interval values; upper and lower boundaries.
Frequency histograms.

Measures of central tendency.

For simple discrete data: mean; median; mode.

For grouped discrete and continuous data: estimate of a mean; modal class.

1 The amount of milk (in litres) drunk by a group of students in a week is given in the table below.

|Numberoflitres|0|1|2|3|4|5|6|7|8|
|Frequency |5|1|4|9|22|15|2|4|1|

a Draw a frequency histogram for this data.

b State the modal value.

¢ Calculate the mean number of litres drunk per student.
d Calculate the median number of litres drunk per student.

~

The masses Mkg of suitcases being checked-in for a flight at an airport are recorded. The results are
shown below.

|Mass(kg) 0sM<s | 5<M<10 |105M<15|155M<ZO|205M<25|255M<30|

| Frequency | 6 | 18 | 64 | 105 | 94 | 18 |

a State the modal group.
b Estimate the mean mass of the suitcases.
¢ State, giving reasons, which group the median mass belongs to.

3 The mass Mkg of football players in a team is recorded.
For the team of 11 players, the total of their masses is 836 kg.
a Calculate the mean mass, M, of the 11 players.
b The mean of 11 players and 1 substitute is 76.75 kg. Calculate the mass of the substitute.

continued on next page ...
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4 The cost (C euros) of a litre of unleaded petrol at different petrol stations is shown in the frequency
histogram below.

P [T 11

Frequency
[ S )

1

0
0.96 0.98 1 1.02

How many petrol stations were surveyed?
Estimate the mean price of unleaded petrol.

L)
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2.4 Cumulative frequency
Cumulative frequency tables for grouped discrete data and for grouped continuous data; cumulative

frequency curves; median and quartiles.
Box and whisker diagrams.

1 The percentage test result (x) for 20 students in a class are given in the grouped frequency table below.

|Per(entage | 0<x<20 | 20 <x<40 | 40 <x<60 | 60<x<80 |805x<100|

| Frequency | 2 | 4 | 6 | 7 | 1 |

a Calculate the cumulative frequency for the data.
b Draw a cumulative frequency curve for the results.
¢ From your graph estimate the median test result.

2 A business surveys its employees to find how long it takes them to travel to work each morning
(¢ minutes). The results are displayed below.

|Time(min) | 0st<1s | 155t<30 | 30<t<45 | 45<t<60 | 60<t<75 |
|Frequency | 1 | 3 | 12 | 2 | 12 |

a Calculate the cumulative frequency for the data.

b Draw a cumulative frequency curve for the results.

¢ From your graph estimate the median time taken to travel to work.

d From your graph estimate the time taken to travel to work by the middle 50% of the employees.
e Draw a box plot to summarize the data.

[

150 students enter an international Maths competition. The scores are out of a maximum 300 points.
The scores (x) for the 150 students are summarized in the table below.

| Score | 0<x<50 | 50 <x< 100 | 1005x<150| 1505x<200|2005x<250|2505x<300|

| Frequency | 7 | 25 | 56 | 2 | 21 | 9 |

a Draw a cumulative frequency curve of the scores.

b From your graph estimate the median score.

¢ Students in the top 25% are invited to take part in the next round of the competition. From your
graph estimate the score needed for a student to be in the top 25%.

continued on next page ...
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4 The mass (m grams) of forty apples of the same variety was recorded at a market and at a supermarket.
The results are given in the table below.

Mass (g) 60<m<100 | 100<m<140 | 140 <m< 180 | 180<m <220 | 220 <m < 260
Frequency (market) 5 8 12 9 6
Frequency (supermarket) 0 3 28 9 0

a On the same axes draw two cumulative frequency graphs, one for the mass of the apples at the
market and the other for the mass of apples at the supermarket.

b Using your graph complete the table below.

Minimum value | Lower quartile Median Upper quartile | Maximum value
Market
Supermarket

a

Use your results table above to draw a box and whisker diagram for each set of apple data.
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2.6 Measures of dispersion

Measures of dispersion: range; interquartile range; standard deviation.

1 For the following lists of numbers calculate:
i the range ii the interquartile range.
a2612141515172122 22
b 2627114187 19 3 12

2 The number of goals conceded by a football team is recorded. The results are given in the frequency table
below.

|Numberofgoa|sconceded | 0 | 1 | 2 | 3 | 4 | 5|
|Frequen:y |7|6|2|5|2|1|

Calculate:
a the range in the number of goals scored
b the interquartile range of the number of goals scored.

Calculate the standard deviation using the formula s, = 4 z { m of the following lists of numbers.
a3477788889

b 146810121518 24 30

[

&

The temperatures (in °C) at two holiday resorts are recorded every other day during the month of
June. The results are given in the table below.

Day 1 3 5 7 9 (11|13 (15|17 |19 (21|23 (25|27 |29
Temperature Resort A | 23 | 24 | 22 | 24 | 25 | 26 | 25 | 23 | 23 |24 | 22 | 24 | 24| 26 | 27
Temperature ResortB | 15 | 17 | 24 | 28 [ 33 |33 (26 |22 |22 (19 |16 |16 | 15| 26 | 31

a Calculate the mean temperature for resort A and B.

b Calculate the range of temperatures at both resorts.

¢ Calculate the interquartile range of temperatures at both resorts.

d Calculate the standard deviation of the temperature at both resorts.
e Explain the meaning of your answer to part d.

w

The times (in seconds) taken by two sprinters to run 100 m during their training sessions are recorded
and given below.

Sprinter A 11.2 10.9 11.0 10.8 10.9 11.0 11.1 11.1 10.9
Sprinter B 102 9.9 10.1 11.8 11.2 10.1 10.1 103 104

a Calculate the mean sprint time for each runner.

b Calculate the standard deviation of the sprint times for each runner.
¢ Which runner is faster? Justify your answer.

d Which runner is more consistent? Justify your answer.

continued on next page ...
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6 Two classes sit the same Maths exam. One of the classes has students of similar mathematical ability, the
other has students of different abilities. A summary of their percentage scores is presented below.

Mean Standard deviation
Class A 65 8
Class B 50 2

From the results table deduce which class is likely to have students of similar mathematical ability.
Give reasons for your answer, which refer to the table above.
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3.1 and 3.2 Logic and Sets and logical reasoning

Basic concepts of symbolic logic: definition of a proposition; symbolic notation of propositions.
Compound statements: implication, =; equivalence, <; negation, —; conjunction, A; disjunction, v;
exclusive disjunction, V.

Translation between verbal statements and symbolic form.

1 State whether the following are propositions.
For each proposition state whether it is true, false or indeterminate.
a Five squared is twenty-five.
b Linear equations can include values of x2.
¢ yequals plus nine.
d No dogs can talk.
e It is snowing today.
f How many students are there in your class?

N

Write down the following compound propositions using the symbols for conjunction (and), disjunction
(or, or both) and exclusive conjunction (or but not both).

P Anna has a brother.

q: Petra has a sister.

a Anna has a brother and Petra has a sister.
b Anna has a brother or Petra has a sister or both are true.
¢ Anna has a brother or Petra has a sister but not both are true.
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3.3 and 3.4 Truth tables and Implication:
converse; inverse; contrapositive and logical
equivalence

Truth tables: concepts of logical contradiction and tautology.
Converse; inverse; contrapositive.

Logical equivalence.

Testing the validity of simple arguments through the use of truth tables.

Draw a truth table for the three propositions p, g and .
Compare it with the sample space for the result of tossing three coins.

2 Whyispaqandp ¥ qa contradiction?

3 A truth table for the propositions p and q is given below.
Copy and complete the table.
P q -P pvVag pAg pYq
T T

Construct a truth table to show that —(p v q) is logically equivalent to (=p) A (—g).

[FENS

For the following propositions,

i rewrite the propositions using ‘if ... then’

ii state the converse, inverse and contrapositive of the propositions
iii state whether the propositions are true or false.

a An odd number is divisible by two.

b An octagon has eight sides.

¢ An icosahedron has twelve faces.

d Congruent triangles are also similar.

6 a Draw a truth table for (p= q) ¥ (¢ = p).
b Comment on the meaning of (p = q) ¥ (q = p) by referring to your table.

~

a Illustrate the proposition (p = q) ¥ (¢ = p) on a Venn diagram by shading the correct region(s).
b Describe the shaded region(s) using set notation.
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3.5 Set theory

Basic concepts of set theory: elements x € A; subsets A C B; intersection A N B; union A U B;
complement A,

In the following questions:

i describe the set in words

i write another two elements in the set.

a {Egypt, Morocco, Zimbabwe, Nigeria, ...}
b B,6,9, 12,...}

¢ {Amazon, Nile, Mississippi, ...}

afiizd.)

In the following, set A = fintegers between 20 and 50}.
a List the subset B {even numbers}.

b List the subset C {prime numbers}.

¢ List the subset D {square numbers}.

N

w

In the following, set P = {a, b, c}.
IfQ C P, list all the possible sets Q.

=

State whether each of the following statements is true or false.
a {odd numbers} C {real numbers}

b {1,3,5,7,9} C {prime numbers}

¢ {New York, Paris, Tokyo} ¢ {cities}

d {euro, dollar, yen, rupee} C {currencies}

w

If the universal set U = {5, 10, 15, 20, 25, 30, 35, 40, 45, 50}.
A = {35, 40, 45, 50} where A C U. Deduce the set defined by A"

o

U = {days in the week} and P = {Monday, Sunday}. Deduce the set defined by P".

~

The set M = {Alex, Johanna, Sarah, Vicky, Asif, Gabriella, Pedro} and the
set N = {Alex, Gabriella, Frances, Raul, Luisa}.

If the universal set U = M U N, write the following sets.

a MUN bMNN ¢ MNN'

®

The set E = {even numbers}, F = {odd numbers} and the universal set U = {positive integers}. Describe
the contents of the following sets.
a EUF b ENF ¢ E"ALE
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3.6a Sample space

Sample space: event, A; complementary event, A’.

Two ordinary dice are rolled and their scores added together.
Wiite down the sample space of the combined scores.

N

A packet of sweets contains sweets of three different colours: red, yellow and green.
Write down the sample space if two sweets are picked at random.

W

Two students sit a maths exam.
a What are possible complementary results?
b What is the sample space?

&

In a football match the total number of goals scored is 5.
a What are the possible complementary results?
b What is the sample space for the number of goals scored by each team?

w

‘A mother gives birth to triplets.
a What is the number of events for the sex of the babies?
b What is the sample space for the sex of the babies?

o

A pack of cards is shuffled thoroughly. Assuming that, for a particular game, three cards are picked at
random and only their colour is important:

a what are the complementary events

b what is the sample space for the colour of the three cards?
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3.6b and 3.7a Probability and Combined events

Probability of an event.

Probability of a complementary event.

Expected value.

Probability of combined events, mutually exclusive events, independent events.

1 There are 10 red, 6 blue and 8 green sweets in a packet.
a If a sweet is picked at random, calculate the probability that it is:
i red i red or blue.
b If the first sweet taken from the packet is blue and not put back, calculate the
probability that the second sweet is:
i red i blue or green.

2 A four-sided dice (numbered 1 to 4) and a six-sided dice (numbered 1 to 6) are rolled
and their scores added together.
a Copy and complete the two-way table below showing all the possible outcomes.

six-sided dice
1/2|3|4|s]s6

g |1 6

£

5|2

3

=

5|3 5

5

2l

b Calculate the probability of getting a total greater than 8.
¢ Calculate the probability of getting a total score of 6.
d What is the expected (mean) value when the two dice are rolled?

w

A hexagonal spinner is split into sixths as shown.

The spinner is spun twice.
a Draw a tree diagram to show all the possible outcomes.
b Write the probability of each outcome on each branch.
¢ Calculate the probability that the spinner lands on blue on both occasions.
d Calculate the probability that the spinner lands on blue at least once
out of the two spins.
continued on next page ...
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4 A football team plays three matches. The team can either win, draw or lose. The results
of each match are independent of each other. The probability of winning is 2 and the
probability of drawing is }.

a Calculate the probability of losing.
b Calculate the probability that the team wins all three matches.
¢ Calculate the probability that the team does not lose all three matches.

5 A student buys 15 tickets for a raffle. 300 tickets are sold in total. Two tickets are drawn at random.
Calculate the probability that:
a she wins both prizes
b she wins at least one prize.

6 A college offers three sports clubs for its students to attend after school. They are volleyball (V),
basketball (B) and Football (F). The number of students attending each is shown in the Venn
diagram below.

e
ava

3

a How many students attend none of the sports clubs?

A student is picked at random. Calculate the following probabilities.

b The probability that the student plays volleyball

¢ P(VNB) d P(VNBNF) e P(VUF) f P(F')

&

The following are three sets of numbers.
A=1{2,4,6,8,10, 12,14, 16, 18, 20, 22, 24, 26, 28, 30}
B=1{3,6,9,12,15, 18, 21, 24, 27, 30}

C = {5, 10, 15, 20, 25, 30}

a Draw a Venn diagram showing the three sets of numbers.
b A number is picked at random. Calculate the following probabilities.
i P(A) i P(BUC) iii (A’ N B)

@

In a class of 30 students, 24 study Biology, 14 study Chemistry and 1 studies neither.
a Draw a Venn diagram to show this information.
b A student is picked at random. Calculate the following probabilities.

i P(B) i P(BUC) iii (B N C')
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3.7b Venn diagrams

Use of tree diagrams, Venn diagrams, sample space diagrams and tables of outcomes.

1 a Copy the Venn diagram below.

A B

U = {Integers from 1 to 20},
1,3,5,7,9,11,13, 15, 17, 19}
B=1{2,3,57111,13,17,19}

b Enter the information above in the Venn diagram.

2 The Venn diagram shows three sets of numbers.

u

¢ PnQ=(.)

R —— " —u

Cormpletevhe following,

aLNAN={ A

b NUM=

@

d 17

- ) 5

f M ULAN=(.) \

8

continued on next page ...
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4 In the Venn diagram, the numbers shown represent the number of members in each set.
For example, n(E) = 3.

e

A

&

a State whether the following statements are true or false.

i CCB i ECA i DNC=@
b Write down the number of members in each of the following statements.
i n(B) i n(A) iii n(A N B)

iv n(A U E) v n(ANBND) vi n(A' N D)

5 Draw a Venn diagram to represent the following sets.

A={,478} B={1,2,4,56719 C={1,26

o

In a college 60% of students study Mathematics and 40% study Science.
75% of students study either Maths or Science or both.
Draw a Venn diagram to represent this information.

A language school offers three languages for its students to study: English,
Spanish and Chinese. Each student is required to study at least two languages.
85% study English, 50% study Spanish and 20% study all three.

Copy and complete the following Venn diagram for the information above.

u
E S
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3.7c Laws of probability

Probability using ‘with ? and ‘without repl )

Conditional probability.

In a 100 m sprint, the record holder has a probability of 0.85 of winning. He has a 0.08 probability of
coming second.

a What is his probability of finishing in the first two?

b Given that he hasn’t come first, what is the probability that he has come second?

N

1 spin a coin and throw a dice. What is the probability of getting:
a atail and a multiple of 2

b a tail or a multiple of 2

¢ atail or a multiple of 2, but not both?

[

Three friends have a birthday in the same week. Assuming that they are independent events, calculate
the probability that they are all on different days.

&

Raul takes a bus followed by a train to work. On a particular day the probability of him catching the
bus is 0.65 and the probability of catching the train is 0.6.

The probability of catching neither is 0.2. A represents catching the bus and B the train.

a State P(A U B)'

b Find P(A U B)

¢ Given that P(A U B) = P(A) + P(B) — P(A N B) calculate P(A N B).

d Calculate P(BIA), the probability of catching the train given that he caught the bus.

o

Julie revised for a multiple choice Science exam. Unfortunately she only managed to revise 60% of the
facts necessary. During the exam, if there is a question on any of the topics she revised she gets the
answer correct.
If there is a question on any of the topics she hasn't revised, she has a % chance of getting it right.
a A question is chosen at random. What is the probability that she got the answer correct?
b If she got a question correct, what is the probability that it was on one of the

topics she had revised?

o

Miguel has a driving test on one day and a Drama exam the next. The probability of him passing the
driving test is 0.82. The probability of him passing the Drama exam is 0.95. The probability of failing
both is 0.01. Given that he has passed the driving test, what is the probability that he passed his
Drama exam too?
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4.1 The normal distribution

The normal distribution.

The concept of a random variable; of the parameters # and o ; of the bell shape; the symmetry about
a=y,

Diagrammatic representation.
Normal probability calculations.
Expected value.

Inverse normal calculations.

1 The diagrams below show two normal distribution curves.

The shaded area in the first graph represents data that is within one standard deviation of the mean.
In the second, the shaded area represents data that is within two standard deviations of the mean.

a Approximately what percentage of data is shaded in the first distribution?

b Approximately what percentage of data is shaded in the second distribution?

2 The graph below shows two normal distribution curves, Pand Q.

a What statistical measures are the same for both distributions? Justify your answer.
b What statistical measure is different between the two distributions? Justify your answer.

continued on next page ...
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3 The lengths of two species of snake, X and Y, are known to be normally distributed as shown:

Y

L L T | I
30 40 50 60 70 80 90 100 110 120 130 140 150 160 170 180

Species X has parameters ¢ = 100cm and o = 20cm.

Species Y has parameters ¢t = 150cm and 0 = 5.cm.

A snake 150 cm (correct to three significant figures) long is caught.

a What species is it most likely to belong to? Justify your answer.

b The snake is found to belong to species X. What is the probability that a snake belonging to
species X is 150 cm or more?

4 500 bags of frozen peas are sold at a supermarket. It is known that although the bags are labelled as
500, the population is normally distributed with a mean of 520g and a standard deviation of 12g.
a What percentage of bags have less than 500g of peas?
b The supermarket sends any bags with less than 480g back to the supplier. If the supermarket orders
10000 bags in one year, how many would they expect to have to send back to the supplier?

5 Ina Maths exam, the results are known to be normally distributed with a mean mark of 60 and a
standard deviation of 18.
a An A grade is awarded to the top 15% of candidates. What is the minimum mark needed to be
awarded an A Grade!
b A C grade is awarded to the 10% of candidates that fall symmetrically about the mean
(i.e. 5% above and 5% below the mean). What range of scores are awarded a C grade?

6 A number of people are randomly selected and weighed. The masses are normally distributed with a
mean of 65 kg and a standard deviation of 7kg.
It is found that 26 people are over 74 kg.
a Sketch the distribution to show all the information given above.
b Calculate the total number of people surveyed.



386 REVISION EXERCISES

4.2 and 4.3 Scatter diagrams, bivariate data and
linear correlation and The regression line for y on x

Bivariate data: the concept of correlation.

Scatter diagrams; line of best fit, by eye, passing through the mean point.
Pearson’s product-moment correlation coefficient, r.

Interpretation of positive, zero and negative, strong or weak correlations.
The regression line for y on x.

Use of the regression line for prediction purposes.

1 Write down the possible correlation (if any) between the following variables. Justify your answers.
a The height of a child and the child’s mass

A student’s result in a Maths exam and the same student’s result in a Science exam

A student’s result in a Maths exam and the same student’s result in an Art exam

The outside temperature and the number of umbrellas sold

The number of cigarettes a woman smokes during pregnancy and the mass of her baby

The number of people living in a household and the amount of water which the household uses

A person’s height and their intelligence

The number of DVD:s sold and the attendance at cinemas

w0 e o

[N

Describe the correlation, if any, depicted in the following scatter diagrams.
a

3 A farmer wishes to find a way of increasing the milk yield of his herd of cows. He decides to mix a
special feed with the ordinary feed to see whether it has any effect on the yield. The results are shown
in the table below.

Special feed (%) 0 2 4 6 8 10 12 14
Milk yield (litres) 2050 2100 2180 2230 2300 2360 2390 2470
Special feed (%) 16 18 20 22 24 26 28 30
Milk yield (litres) 2540 2600 2650 2720 2800 2830 2850 2860

a Plot a scatter graph of the results, with the yield on the y-axis.
b Calculate the mean special feed % (%) and the mean milk yield (3).
¢ Plot the point (%, 5) on the graph and label it clearly.

continued on next page ...
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N

Assuming the relationship between the two variables is linear, draw a line of best fit passing through
the point (&, §).

Use your line of best fit to predict the yield the farmer would get if the percentage of special feed
was 15%.

Calculate the equation of the line of best fit in the form y = mx + c.

Use your equation of the line of best fit to extrapolate the results and predict the milk yield if the
percentage of special feed was 100%.

h Do you think your answer to part g is valid? Justify your answer.

o

-

m

4 A supermarket counts the average number of people entering the store during a period of time and the
amount of money collected at the tills. The results are displayed below.

Average number of people in store | Amount collected at tills (£)
72 3006
51 2021
12 812

108 3102
156 4671
92 4092
26 1125
48 1995
52 1991
61 2082
17 742
5 306
88 4128
16 738

a Using your GDC, calculate Pearson’s product-moment correlation coefficient.
b Explain the meaning of your answer to patt a.

5 A lorry driver starts a journey with 1000 litres of fuel in his fuel tank. During his journey he records
the amount of fuel left in the tank and the number of kilometres he has travelled. The results are
displayed below.

| Distance travelled (km) | o | s0 | 150 | 300 | 700 | 1000 | 2000 | 4000 |

|Fue| in tank (litres) |1000| 985 | 970 | 930 | 850 | 785 | 575 | 215 |

a Using your GDC, calculate the equation of the y on x regression line, giving it in the form y = mx + c.
b Explain the meaning of the value of m in the context of this problem.

¢ Use your equation to predict how much fuel he has left in the tank if he has travelled 3000 km.

d Use your equation to estimate how far he can travel on 1000 litres of fuel.
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4.4 The y? test for independence

The 2 test for independence: formulation of null and alternative hypotheses; significance levels;
contingency tables; expected frequencies; degrees of freedom; p-values.

1 The numbers of male and female students getting either a distinction, pass or fail for a course are given

[N

in the contingency table below.

Distinction | Pass Fail Total
Male 18 84 28 130
Female 20 132 18 170
Total 38 216 46 300

a State the number of degrees of freedom of the table.

b

Assuming the results are independent, construct a contingency table to show the expected
frequencies.
It is thought that the likelihood of failing is dependent on the gender of the student.
i State the null hypothesis (Hy).
ii State the alternative hypothesis (H, ).
G=f)?
Using the formula 72 = 3}~ for testing independence, calculate the value of 7.
Decide whether failing is dependent on gender at the 5% level of significance. Justify your answer
clearly.

a

N

®

Researchers wish to know if students prefer a different type of film genre according to their gender.
The results of their survey are given in the contingency table below.
Romance Horror Action Comedy Total
Male 3 14 15 18 50
Female 25 15 10 30 80
Total 28 29 25 48 130

a State the number of degrees of freedom of the table.
b Assuming the results are independent, construct a contingency table to show the expected
frequencies.
¢ It is thought that there is a difference in the viewing preferences of males and females.
i State the null hypothesis (H) .
ii State the alternative hypothesis (H, ).
d Calculate the value of y2.
e State whether viewing preferences are dependent on gender at a significance level of:
i 10% i 5% i 1%.

continued on next page ...
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3 A holiday resort wishes to survey its customers as to their level of satisfaction with the resort.
Customers were asked to rate the resort either as ‘excellent’, ‘good’, ‘satisfactory’ or ‘poor’. In particular
they wish to see whether the level of satisfaction is dependent on age. The results are displayed below.

Excellent Good satisfactory Poor
Under 16 10 21 23 6
16-25 6 1 12 4
26-55 7 25 12 20
Over 55 8 38 40 19

a State the null hypothesis.

b Calculate the value of 2.

¢ State whether the null hypothesis is rejected at a significance level of:
i 1% i 5% iii 10%.
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5.1 Straight lines

Equation of a line in two dimensions: the forms y = mx + cand ax + by + d = 0.
Gradient; intercepts.

Points of intersection of lines.

Lines with gradients, m, and m,.

Parallel lines m, = m,.

Perpendicular lines m, x m, = ~1.

1 Calculate the gradient of the line passing through the points with the following coordinates.

a (3,5)and (5, 13) b (6, 1) and (10, -9)
2 The gradients (m) of straight lines are given. Calculate the gradient of a line perpendicular to each of

the ones stated.

am=4 bm=-6 cm=% dm=-12
3 Find the length of the following line segments.

(~4,15)
13,9

(1,4) &n

4 Calculate the coordinates of the midpoint of the line segments in question 3 above.

5 The following tables give the x- and y-coordinates of several points on a line. Deduce from the
coordinates the equation of the line in the form y = mx + c.

6 Deduce the gradient and y-intercept of the following straight lines from their equations.
=-3x+1
d3y+5x-12=0

continued on next page ...
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~

@

©

Calculate the equation of the straight line passing through the following pairs of points. Give your
answers in the form
i y=mx+c ii ax+by+d=0

@-1)

(4, 15)

(6,-7)
1,3

Plot the following straight lines. Indicate clearly where they intercept both axes.

ay=2x-4 b 2x+2y-1=0
Solve the following simultaneous equations either algebraically or graphically.
ay-2x=1 by=5-2x

Sy +2x =17 x+3y=5

The cost of buying three cups of tea (t) and one cake (c) is $4.40. The cost of buying two cups of tea
and three cakes is $4.80.
a Construct two equations from the information given.
b Solve the two equations simultaneously and work out the cost of:
i one cup of tea ii one cake.
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5.2 Right-angled trigonometry

Use of sine, cosine and tangent ratios to find the sides and angles of right-angled triangles.

Angles of elevation and depression.

1 Copy the right-angled triangle below. The angle x is shown.
In relation to the angle x label the sides ‘opposite’, ‘adjacent’ and ‘hypotenuse’.

2 Calculate the size of the angle marked x in each of the following right-angled triangles.

a b 6.5cm

10cm

13cm

3 Calculate the length of the side marked a in each of the following right-angled triangles.

a b

9cm

15.2cm

continued on next page ...
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4 Calculate the length of the sides marked a and the size of the angles marked x in each of the following
diagrams.

a b 7 7>

8cm
12cm

7
[N

5 Towns A, B and C are situated as shown. B is due North of A, whilst C is due East of A.

6cm

B

17km

25km

A Cc

a Calculate the distance BC, giving your answer to three significant figures.
b Calculate the bearing of C from B.

continued on next page ...
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6 Two towers X and Y are 120 m apart. The height of tower X is 58 m and the height of tower Y is 72 m.
A tightrope walker attaches a rope from X to Y as shown.

wzL

-~ 120m—>

a Calculate the angle of elevation of the tightrope.
b Calculate the distance walked by the tightrope walker getting from X to Y.

7 Three villages X, Y and Z are shown in the diagram below. X is Northwest of Y and 20km away. Z is
Northeast of Y. The distance XZ is 56km.
Calculate the distance between villages Y and Z.

Y4

56km

20km
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5.3 Trigonometry and non-right-angled triangles

. a b o
Use of the sine rule: P e e ol
; P +cd-d
Use of the cosine rule: a? = b? + ¢? — 2bccosA; cosA = =t

Use of area of a triangle = JabsinC.

Construction of labelled diagrams from verbal statements.
1 Write down all the possible solutions for the angle x, where 0 < x < 180° for each of the following.
a sinx = 0.65 b sinx =0.25 ¢ sinx=1 d sinx=0

2 Write down all the possible solutions for the angle 6, where 0 < 6 < 360° for each of the following.
a cosf =05 b cosf = —0.4 ¢ cosf = -1

3 Use the sine rule to find the length of the side marked x below.

- Lo
&

4 Find the size of angle A in the triangle below.

32cm n
e—l5/

continued on next page ...
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5 Use the cosine rule to answer the following questions.
a Find the length of the side labelled a.

— 12cm
W S—

8.5cm

N

b Calculate the size of angle a.

7.6cm

 Bome s
53cm //
Azcm
~
o
£

6 Calculate the area of the following triangle.

7 Calculate the size of angle C in the triangle below.

A 18cm c

Area = 20cm?

22cm

8 a Construct the following triangle with a ruler and a pair of compasses.
Triangle PQR with PQ = 6cm, PR = 7cm and QR = 9cm
b Calculate the size of angle PRQ.
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5.4 and 5.5 Geometry of three-dimensional solids

Geometry of three-dimensional solids: cuboid; right prism; right pyramid; right cone; cylinder;
sphere; hemisphere and combinations of these solids.

The distance between two points, e.g. between two vertices or vertices with midpoints or midpoints
with midpoints.

The size of an angle between two lines or between a line and a plane.

Volume and surface areas of the three-dimensional solids defined in 5.4.

1 The cube in the diagram has edge lengths of 10cm as shown. " s
Calculate:
a the length BD
b the length of the body diagonal BH
¢ the size of angle DBH. & 100m

10cm

N

The diagram shows a square-based pyramid. The centre
of the base, X, is directly beneath the

pyramid’s apex E. M is the midpoint of CB.

Calculate:

the length CX

the height of the pyramid EX

the distance XM

the angle the face BCE makes

with the base of the pyramid.

&m0 o

3 Calculate the total surface area of the shapes below.
a . . [ — .

continued on next page ...
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4 The diagram shows a triangular prism. Its cross-section is N
a right-angled triangle.
Calculate:
the length of the edge O] som
the total surface area of the prism
the volume of the prism
the angle OL makes with the base JKLM.

»

an o

11em

w

The sector shown has a radius of 14 cm and an angle at
its centre of 260°.

Calculate:

a the length of the arc

b the area of the sector. '

o

The sphere and cube below have the same volume.

7cm
Calculate the radius, r, of the sphere.

7 Two points A and B are directly opposite each other on the surface of a cylinder as shown.

16cm

a Calculate the circumference of the top of the cylinder.
b A line is drawn on the surface of the cylinder. It represents the shortest distance from A to B on the
cylinder’s surface. Calculate the length of this line from A to B.
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6.3 Quadratic functions and their graphs

Quadratic models.
Quadratic functions and their graphs (parabolas): f(x) = ax® + bx + ¢, a # 0.
Properties of a parabola: symmetry; vertex; intercepts on the x-axis and y-axis.

Equation of the axis of symmetry, x = 2

For each of the quadratic functions below:

i use a GDC to sketch the function

ii write down the coordinates of the points where the graph intercepts the x-axis
iii write down the value of the y-intercept.

a f(x) = = 9x + 20 b fx) = —3x~ 18
¢ fix) = (x— 42 d f(x) = 2 + 10x + 27
2 Write down the equation of the axis of symmetry of each of the following quadratic functions.
a y=x-2x boy=—x—4x
cy=x(5-x) dy=—x+3x-10
3 Write down a possible equation of a quadratic function with each of the following axes of symmetry.
ax=6 b x=-5
4 Factorize the following quadratic functions.
a f(x) = + 1lx + 30 b f(x) =+ 4x— 12
¢ f(x) = —x2 +8x — 15 d f(x) =22 - 36
5 Solve the following quadratic equations by factorizing.
ax-3x-4=0 bx-2x-24=0
¢ =+ 10x-16=0 d 2=11x-28

o

The following quadratic equations are of the form ax? + bx + ¢ = 0.

Solve them by using the quadratic formula x =

a x2+5x-25=0 b x2+9%x-24=0
¢ 42+ 8x+3=0 d =X +9x-15=0

For each of the following:

i form an equation in x

i solve the equation to find the possible value(s) of x.
a x+6

~

X Area = 16cm? " Area=48om?
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6.4 Exponential functions and their graphs

Exponential models.
Exponential functions and their graphs: f(x) = ka* + ¢, a € @*,a # 1, k#0;
flx) =ka*+c,a € Qtaz1l, k=0

Concept and equation of a horizontal asymptote.

1 i Plot the following exponential functions.
ii State the equation of any asymptotes.

a fx)=2+1  bf)=-2+2 c f)=3-3

N

A tap is dripping at a constant rate into a container. The level (Icm) of water in the container is given
by the equation 1 = 3t + 5, where t is the time in hours.

a Calculate the level of water in the container at the start.

Calculate the level of water in the container after 4 hours.

Calculate the time taken for the level of the water to reach 248cm.

Plot a graph to show the level of water over the first 6 hours.

Use your graph to estimate the time taken for the water to reach a level of 1m.

0 en o

Plot a graph of y = 5 for values of x between —1 and 3.
Use your graph to find approximate solutions to the following equations.
i 55=100 i 5%=50

- »

&

The graph below shows a graph of the function f(x) = 2%

Y,

; [

a Copy the graph and on the same axes sketch the graph of f(x) = 2% + 3. Label it clearly.
b On the same axes sketch the graph of f(x) = —2* + 6. Label it clearly.

"

The half-life of plutonium 239 is 24 000 years. How long will 2g of plutonium 239 take to decay to
62.5mg?
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6.5, 6.6 and 6.7 Sketching and drawing graphs

Models using functions of the form f(x) = ax™ + bx" +..., m,n € Z.

Functions of this type and their graphs.

The y-axis as a vertical asymptote.

Drawing accurate graphs.

Creating a sketch from information given.

Transferring a graph from GDC to paper.

Reading, interpreting and making predictions using graphs.

Included all the functions above and additions and subtractions.

Use of a GDC to solve equations involving combinations of the functions above.

For the equations given in questions 1 and 2:

a  Calculate the equation of any asymptote.
b Calculate the coordinates of any points where the graph intercepts the axes.
¢ Sketch the graph.
d  Check your graph using a GDC.
1
L =53

1
2 y=-groT 2

For the equations given in questions 3 and 4:

a  Calculate the equations of any vertical or horizontal asymptotes.

b Calculate the coordinates of any points where the graph intercepts the axes.
¢ Sketch the graph of the function with the aid of a GDC.

1
Rl ) )

B
A e

5 For the equation y = ~223 — 13x2 — 13x + 10:
a Use a GDC to sketch the function.
b Determine where the graph intersects both the x and y axes.
¢ Rewrite the equation in factorised form.

6 Usinga GDG, solve the equation 222 — 11 = -~ 5x.
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7.2 and 7.3 Differentiation and The gradient of a
curve at a given point

The principle that f(x) = ax* = f'(x) = anx™L.

The derivative of functions of the form f(x) = ax* + bx*~! + ..., where all exponents are integers.
Gradients of curves for given values of x.

Values of x where f'(x) is given.

Equation of the tangent at a given point.

Equation of the line perpendicular to the tangent at a given point (normal).

Differentiate the following functions with respect to x.

a f)=x+3x—4 b f(x) =32~ 5x + 4
¢ flx) =220 — 42 df) =ix6-1d -1
2 Pind the derivative of the following expressions.
a xl b 2%
3
P S 4=
x
3 For each of the following functions, find the derivative f (x) with respect to x.
a flx) = x(x - 3) b f(x) = 2:(x + 2)
e flx) = (x = 2)(x +3) d f(x) = (2 = 3x)(x + 4)
4 Find the derivative of each of the following expressions.
20 - & 25 -2
LR b T5e
X =2 (x= 6= 1)
¢ T 4=

w

The graph of the function f(x) = 2% — 4x + 1 is shown below.

b B <
~

a Calculate the gradient function f'(x).
b Calculate the gradient of the graph when:
i x=3 i x=12 iii x = 0.
continued on next page ...
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6 The graph of the function f(x) = 22 — 4x + 2 is shown below.
H

a Calculate the gradient function f'(x).
b Calculate the values of x at the points on the graph where the gradient is:
i0 i 2 iii —=5.

~

A curve has the equation y = * + 4x + 2.

@ Find

b Delficefonysinamsventopareathe lsase poaiilavalie of%. TR S ——
¢ Galeulate the valueli) of xwhere is:

dx
i7 i 4 iii 31

continued on next page ...
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8 The function f(x) = x* — 13x + 12 is shown below.

©

¥

/U I /

s B219 X

/

|

o a6 o

Calculate the gradient function f'(x).

Calculate the gradient of the curve when x = 3.

Give the gradient of the tangent to the curve at the point (3, 0).

Calculate the equation of the tangent to the curve at the point (3, 0).

‘Write down the gradient of the normal to the curve at the point (3, 0).

Calculate the equation of the normal to the curve at the point (3, 0). Give your answer in the form
ax+by+c=0.

The function f(x) = —x — 2x + 8 is shown below.

Y

o a6 o

Calculate the gradient function.

Show that the points A(-2, 8) and B(1, 5) lie on the curve.

Calculate the gradient of the curve at points A and B.

Calculate the equation of the tangent to the curve at A.

Calculate the equation of the normal to the curve at B.

Calculate the coordinates of the point of intersection of the tangent at A and the normal to the
curve at B.
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7.4, 7.5 and 7.6 Increasing and decreasing
functions, Stationary points and Optimization

Increasing and decreasing functions.
Graphical interpretation of '(x) > 0, f/(x) = 0, f (x) < 0.
Values of x where the gradient of a curve is 0 (zero).
Solution of f'(x) = 0.

Stationary points.

Local maximum and minimum points.

Optimization problems.

The function f'(x) = 22 + 6x + 7, is shown. y
From the graph deduce the range of values of x for | ]
which f(x) is a decreasing function.

B 5\ B 2410 X
fffff L
2 For each of the following calculate:
i f(x)
i the range of values of x for which f'(x) is increasing.
a fl) =2 - 18 b fx) =2 — 10x + 27
¢ fix) = - + 8x = 10 d f(x) = — 2 - 8x

W

Prove that f(x) = x* + x is an increasing function for all values of x.

&

Calculate the range of values of k in the function f(x) = 20 + 2+ kx, given that f(x) is an increasing
function for all values of x.

w

A function is of the form f(x) = % + bx + c. State:
a the number of stationary points
b the nature of the stationary point(s).

For the function f(x) = $x* + $ 12 — 20x + 2:

calculate f'(x)

solve the equation f'(x) = 0

explain the significance of your answer(s) to part b in relation to stationary points

from the equation of the function, deduce the nature of the stationary point(s). Give reasons for
your answers.

o

6o

B

continued on next page ...
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7 For the function f(x) = x* — 12x-5:

@

o oan o

caleulate '(x)
solve the equation f (x) = 0

determine the coordinates of the stationary points
determine the nature of the stationary points
calculate the y-intercept of the graph of the function
sketch the graph.

Two rectangles of width x cm are cut from a rectangular piece of card with dimensions 20cm by 50cm
as shown below. The remaining card is the net of a cuboid of height x cm.

)

e

o

Y.

Find expressions in terms of x for the length and width of the base of the cuboid.

Show that the volume (V) of the cuboid is 2x* — 70x? + 500x cm?.

Find the value of x for which the volume of the cuboid is a maximum. Give your answer to

one decimal place.

Using your answer to part ¢, find the maximum volume of the cuboid. Give your answer correct to
the nearest whole number.

Show that your answer to part d above is a maximum.



Presumed knowledge
assessments

Student assessment 1

la= b <

3ax=-1 b x<2
¢ -2=<x<2 d-1=sxs=sl1

2 3 4 5
b

1 2 3 4
c

0 1 2 3
d

-3 -2 1 0

5321459
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1a23 b 18
2615
3 9000
4 22977
5 3602
6L t_16_s6
18~9 736 126 EN)
1 3
7a 2t b 32
8a 04 b 175
¢ 081 d 16
1
9a 4 b3
L 1
o 1 d 25k

Answers to exercises and
student assessments

Student assessment 3

1ag b 45cm

2 a 375¢ b 625g

3 a 450m b 80cm
4a1:25 b L75m

5 300:750: 1950

6 60° 90° 90°, 120°

7 150°

8a 135h b 12 pumps
9

8icm

6icm
10 a 4min48s b 1.6 litres/min

Student assessment 4

1 Fraction Decimal | Percentage
1 025 25%
4
3 06 60%
5
% 0.625 62.5%
2 225 225%
3

2 750m

3 €525

4 £97200

5a 292% b 21.7% c 125%

d 83% e 20% f 10%

6 83%
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7 a ¥6500
8 $200 $25 $524 $10

b

61.8%

9 $462 $4000 $4500 $5500

10 15 marks

11 35000

12 25000 units

13 470 tonnes
Student assessment 5

6x — 9y +15¢
—8m®n + 4mn?
=2x-2

2

8(2p - q)

5pap — 2q)

0 b -7
7 e 7

1

m oo

N
o m

s

n=p—4m

o

_ 10px
L

(q +1)(p = 3r)
750000

xX-2x-8
2+ 2xy + 52
6x2 = 13x+ 6
(x=11)(x+T7)
(x = 12)(x + 12)
(2x = 3)(x + 4)

~ o o
co® oo® 0w

o

-

=

"o oo o
w

8pm — 28p

20pq — 8p’q” - 8p°

22x - 14x

52

ol -x

p(p - 69)

3pa(3 — 2p + 4q)
c 29
f 35

y=4x—5z

_ 3w
Yy=FTE
q=r(m-n)-p
I+ (1= +8)
0
- 16x + 64
2 -121
9x2 = 30x + 25
(x = 3)(x - 3)

3(x—2)(x +3)
(2x = 5)

Student assessment 6

1a9 b 11
a6

2a 15 b7
43

3a -10 b 12
d 1}

4a 16 b -8%
435
5ax=5y=2
cx=5y=4

6 a 4x+ 40 = 180
¢ 35°,70°,75°

79

8

9a xem

Perimeter = 54 cm

b 4x - 6=54

bx=3y=4

b x=35

309, 305, 307 30° 30° 30, 456 455, 45°, 45°

x—3cm

¢ length = 15 cm width = 12 cm

10a x,x-8x-123
Student assessment 7
@ gt
ad4x4x4

a 800

a7 b -2
43
a 22x3 b 2
a 6x6x6x6x6

T N

o w

1
beZxeZxZ

b 55,47,32

b 22x3°
b 6x6x6x%x6
b 27

c -1
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Student assessment 8

1 a Circumference = 34.6cm
Area = 95.0cm?
b Circumference = 50.3mm
Area = 201.1 mm?

2 99cm?

3 a 393cm? b 34cm? ¢ 101.3em?

4 a Circumference = 27.0cm
Area = 58.1cm?
b Circumference = 47.1mm
Area = 176.7mm?
5 325.8cm?

6 a 56.5cm? b 108cm? ¢ 2545cm?
Introduction to the graphic

display calculator

Exercise 1
1a25 b 18 ¢ 40
2212 b6 c5
3 169 b4 ¢ 13
42 216 b9 c 4
5 a 3510 b 149530 co
Exercise 2
1all b -1 ¢ 9
d 144 e6 f 185
2 a 100mcm?
b 36mcm?
¢ C=16nem?, D = nem?
d 534 cm?
e the area of the circle pattern
3 a 18cm? b 24 cm? ¢ 106 cm?
d 254 cm?
4 a 5236cm’ b 23562cm’ ¢ 785.4cm’
Exercise 3
1 a Graph vi) b Graph vii)
¢ Graph ii) d Graph iii)
e Graph x) f Graph i)
g Graph v) h Graph ix)
i Graph iv) i Graph viii)

3w g by=2x—4

¢ y=—(x+5)7 dy=—(x-5)2-
3ay=-x+5 by=2x+4

¢ y=(x-5? dy=(x+52+3

4 Student’s screens

Exercise 4
1 a y-intercept = -3 x-intercept = + 1.7
b y-intercept = 11 x-intercept None
¢ y-intercept = 1 x-intercept = 0.5, 1.3,3.2
d y-intercept = 3.5 x-intercept = —1..
2 1l
2a (-1314)

b (-3.45, 4.45) and (1.45, —0.45)
¢ (-1.29, -0.67) and (1.29, -0.67)
d (=0.77, -1.71), (0.88, —1.61) and (5.89, 15.3)

Exercise 5

N EEIEIEI IR ENEN
Plzlz]=]=]2]2]¢]
SEEIEIEICIENEREN
|y|7za|44|40|40|ﬁ9|z|26|

¢
|x|o|o.5| 1 |1.5|z|z.5|3|
|y| - | 8 | 4 |z.57| 2 |1.6|1.33|
d

|x|—1 |4J.5|0|o.5| 1 |1.5| 2 |z.5|3|
|y| 0 |0.71| 1 |1.22|1.41|1.58|1.73|1.87|Z|

2 a 0,3.6,72,108, 14.4, 18, 21.6, 25.2, 28.8,
324,36mst
b 18ms!
3 a 0,625,10,11.25,10, 6.25,0, -8.75, =20m
b 11.25m
c 15s
d 3s
e because they give negative heights

Exercise 6

1 a mean = 7.58, median = 8.5, mode = 10
b mean = 14.7, median = 14, mode = 12.2
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2 mean = 3.63, median = 3, mode =2

3 a Test A: mean = 5.33, median = 6, mode = 6
Test B: mean = 5.33, median = 6, mode = 6

b Student’s answers
¢ Student’s answers

Topic 1
Exercise 1.1.1

1aNZQR bZ QR

c R d QR

2 a Rational b Rational ¢ Irrational
3 a Rational b Rational ¢ Rational
4 a Imational b Rational ¢ Rational
5 a Irational b Irrational ¢ Rational
6 a Rational b Rational ¢ Rational
7 Rational

8 Irrational

9 Rational
10 Rational

Exercise 1.2.1

1 a 69000 b 74000
¢ 89000 d 4000
e 100000 £ 1000000
2 a 78500 b 6900
¢ 14100 d 8100
e 1000 £ 3000
3 a 490 b 690
c 8850 d 80
e £ 1000

Exercise 1.2.2

1a56 b 0.7
¢ 119 d 1574
e 40 f 150
g 3.0 h 1.0
i 120

2a 647 b 959
c 1648 d 009
e 001 £ 930
g 100.00 h 0.00
i 3.00

Exercise 1.2.3

1 a 50000 b 48600 ¢ 7000
d 7500 e 500 f 257
g 1000 h 2000 i 150

2a 009 b 0.6 c 094
d1 e 0.95 f 0.003
g 0.0031 h 0.0097 i 001

3 a 420 b 5.05 ¢ 166
d 238 e 578 f 4430
g 1.94 h 4.11 i 0575

Exercise 1.2.4

Answers may vary slightly from those given.

1

'S
o6 am oam o@m

-

5a
6 a

1200 b 3000 ¢ 3000
150 000 e 0.8 f 100
200 b 200 c 30
550 e 500 £ 3000
130 b 80 c 1
4 e 200 f 250

because 689 x 400 = 700 x 400 = 280000
because 77.9 x 22.6 = 80 x 20 = 1600

84x46 80
=T x50 2000

120m? b 40m ¢ 400cm?
200em? b 4000cm’ ¢ 2000em’

because —=——

Exercise 1.2.5

1a

0.4% b 2.04% c 0.8%

2 The second player as his percentage error is
3.29% and the first player's is 4%.

3 a 91375m b 9262.5m

4 a 118.2kmh-! b 29%

Exercise 1.3.1

1 dande

2a6xI10° b 4.8 x 107 c 7.84 x 101
d 534x10° e 7x10° f 85 x 108

3a 68x10° b 7.2x10° c 8x10°
d 75x107 e 4x10° £ 5x107

4a 6x10° b 2.4 x 107 c 14x10°
d 3x10° e 1.2x 108 f 18x 107

5 1.44 x 10''m
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8.8 x 10°
42 x 102

2 x10?
2 x 10*

426 x 105

6.388 x 107
45 x 10°

g 8.15 x 1010

oA ® as @s

©

Mercury
Venus
Earth
Mars
Jupiter
Saturn
Uranus
Neptune

Exercise 1.3.2

1a 6x104
c 864 x 10
e 7x 107
6.8 x 10-4
c 42x10-1
e 5.7x 10-11
-4
d -5
6.8 x 105
6.741 x 10-*
557 x 10-°

Exercise 1.4.1
1

&

a one hundred
¢ one thousand
e one thousand
g athousandth
i amillilitre

kilogram
tonne

litre
i litre

me 6w

metre or centimetre

3375 101k
2.5 x 105

b 204 x 10" ¢
e 5.1x102 f

b 3x10° o 4x 108
e 25x105  f 4x 104

b 848 x 10°
d 3.157 x 10°
f 601 x 107
h 3.56 x 107

5.8 x 107 km
1.08 x 108 km
1.5 x 10° km
2.28 x 10° km
7.78 x 10% km
143 x 10°km
2.87 x 10° km
4.5 x 10°km

b 53 x 105

d 88 x10-%

f 4.145 x 104
b 7.5 x 10-7
d 8x10-°

f 4x10-1

b -3 &
e =7

6.2 x 10°
32:x 10+#

-8

8.414 x 10?
5.8 x 10-7

a hundredth
a thousandth
a thousandth
one thousand
one million

millilitre
metre
km

b

d

f

h

i

b centimetre
d

f

h

j centimetre

3 Student’s lines

4 Student’s estimates — answers may vary

considerably

Exercise 1.4.2

1a 40mm b 62mm
d 1200mm e 880mm
g 8mm b 23mm

2 a 26m b 89m
d 750m e 25m
g 3800m  h 25000m

3a 2km b 26.5km
d 075km e Olkm
¢ 15km b 75.6km

Exercise 1.4.3

1a 2000kg b 7200kg
d 0.75kg e 450kg
g 65kg h 7000kg

2 a 2600ml b 700ml
d 8ml

3a 15lires b 5.28 litres
d 0.025 litres

4 a 1383 ronnes

5 a 720ml

Exercise 1.5.1

1 334.69 francs

2 77500 drachmas

3 141.86 schillings

4 9036.14 escudos

5 164 francs

6 7531645.57 markkas

7 1711340 pesetas

8 1266.60 punts

9 4948980 lire

10 1563636 schillings

3

o -

-

[

-

c

280 mm
3650 mm

2300m
400m

0.2km
5km
2.8kg
3kg

40ml

0.75 litres

b 1.383 x 10°kg
b 0.53 litres
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Exercise 1.5.2 i x=-6and2

1a £781 b 7711 rand et /)

2 a £282258 b £256598 :

3 a 1¥=$001 b $1=100¥

4 a 1 rouble = 0.15 shekel 50
b 1 shekel = 6.86 roubles

5 a $33331200 b 1366579200 rupees 4 /
c €20665344 d 1734 ounces

Exercise 1.6.1

1a (32) b (52) c 2, ol
d (=41 e (4-2) £ (3:-2) -
g (=L, -1) h (-3,-3) N
i Infinite solutions +
i No solution 18
2 The lines in part i are the same line. fi x=3and5
The lines in part j are parallel. di y,
Exercise 1.6.2 \ it 7
Lai 17
Y / 5 4 B 20
ii No solution/No real solutions
55 H 0 X & i
1 Y,
i x=land2
b i Y 4 8249
7 k54 B2 0 x 3
\ / ii No solution/No real solutions
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2ai 3 a
S S [Position [ 1 [ 2[5 [12]s50] n |
|Term | 1 | 5 |17|45|197|4n73|
N / L
|Position| 1 | 2 | 5 |10|75 n |
HEagl) % |Term |5|11|29|59|449|6n71|
41 c
b?i’(=_zand3 [Position [ 1] 3 [ 8 [s0[100] n |
! y [Term |2 [0 [ 5 [47]-07]-n+3]
d
|Position| 1 | 2 | 3 |10|1oo| n |
|Term | 3 | 0 |73 |724|7294|73n46|
4 B/ 40 0 x
|Position| 2 | 5 | 7 |10|50| n |
|Term | 1 |10||6|25|145|3n75|
i x=~2and8 %
ot J [Position [ 1 [2 [ s [20[s0] n |
—_ |Term |75.5| 77|711.5|734|779|7|.5n74|
= 4 a i) +4 i) dn+ 1 iii) 201
b i) +1 i) n—1 iii) 49
c i) +3 i) 3n - 13 iii) 137
d i) +0.5 i) 0.5n + 5.5 iii) 30.5
e i) +4 i) 4n — 62 iii) 138
i x=-5 fi) -3 i) =3n+ 175 iii) =75
Exercise 1.7.1 5 8 years

1 a 8,13, 18; arithmetic
b -2, -8, —20; not arithmetic

e 4,0, —4; arithmetic
f 9,3, 5; not arithmetic

2ai)3n+2 ii)32
bi)4n-4 ii)36
ci)n-05 )95
d i) -3n+9 ii)-21
e i) 3n—10 ii)20
fi) —4n-5 ii)—45

Exercise 1.7.2

1a 308 b 488 c 187
do0

2a-15 b -95 c 55
d n(n +17)

4

3a3 b -5 ¢ 52
d 470

4a05 b2 c 2475

5a +8 b —44 ¢ -80

6a % b6 ¢ 150
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i

8 a Student’s proof b 12

c 19

Exercise 1.8.1

1 a Geometric
¢ Not geometric
e Not geometric

b Geometric
d Geometric
f Not geometric

2ai) 3 ii) 162, 486
i), = 203)*!
bi) L i) 75,
i) u, = 25(F!
di) - ii) ~243, 729
iii) u, = -3
3a -6,-12,-24 b8
4a —4 b ¢ 65536
Exercise 1.8.2
1ai?2 i) 12
bi) -3 ii) 102
ci) 15 ii) 566.65 (2 d.p)
di) & i) 1111111111
2ai)8 ii) 3280
bi) 7
ci)9
di)n p—r
3 a 1364 b 7285 c 62
4a6 bk ¢ 2t
5a lor3 b -1 ¢ -
6a 823543 b 960800
Exercise 1.8.3
1 Z u b - c
5
2ai b 4 ¢
4 0.000381
3a3 bl

27
47

Exercise 1.9.1

1a
d

a
d
3a
d

4 a
d

5
62
7 4
8 9.
9

NZ§$34.85
252 baht
5 years

8 years
7%

75%

400 Fe
1200 bahe

4%

years

5%
5%
AU$315

10 6%
Exercise 1.9.2

1§

11033750

2 €52087.50
3 $10368

41

331 students

b £420
e HK$369.60

b 4.1 years
e 6years
b 4%

e 8%

b NZ$200
e €4000

5 3276800 tonnes
6 2years

75

years

8 3 years 4 months

9a
10 a

$525
€149.40

b $537.75
b €152.30

Student assessment 1

1a
d
a
d
3a

d

4 a
d

w

Rational
Rational

6470
10

3.8
1.58

40
49000

92.3 cm?

b Irrational
e Rational

b 88500

b 68
e 10.0
b 54
e 700000

T

-

-

©

-

[

-

[

-

102¥

5 years
7 years

3.5%
11%

€850
US$1200

$549.02
€154.84

Rational
Trrational

65000

0.85
0.008

0.06
687000
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Answers to questions 6-8 may vary from those given
below.

6 18000 yards
7a25 b 4 c 4

8 170cm?

9 a 16802ecm* b Student’s calculation
10 1.63%

Student assessment 2
1a 6x10° b 4.5 x 1073
c 38x10° d 3.61 x 107
e 4.6 x 108 f 3 x100
2 741 x10° 3.6 x 105 55 x 10-3
421 x 107 6.2 x 107 49 x 108
3a 6x10° 82 x 10° 4.4 x 10
8 x 10-1 5.2 x 10¢
b 6 x 108 82 x 10° 5.2 x 10*
8 x 10-1 44 x 10
4a3 b9 c -3
d6 e -1 f8
5a 12x108 b 5.6 x 108
c 2x10° d 25x%x 105

6 43.2 minutes
7 473 x 105km
8 1.62x 10! mm
9 7kg

Student assessment 3

laidn-3 ii)37
b i) -3n+4 ii)-26

20 u=2T =597 b =15, ug= 46

33|Position|1|2|3|10|25| n

|Term | 17 | 14 | 11 |40|755| 73n+20|

3

Position | 2 | 6 | 10 | 80 n
Term 4|20 |3 1, ¢
4 $405

© ® N o w

11
12

a -4 b 243 ¢ 10
a 70 b 595
a +3 b -12 ¢ 330
a +4 b4 ¢ 220
a i) 1l i) 20470
b i) 13 i) 4L
a 363 b 22
a (1) b (-2,3)
a i) y
\ /
40 X
i) x=3
bi) Y
=4 0 X
J \
’ / \
l \
ii) x=4and6
Student assessment 4
~16.4%
£561167
59%
2001
a €480000 b €499200
4 years
8 days
a €900000 b €955080 ¢ €978091

1
2
3
4
5
6
7
8
9

5 years
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Student assessment 5
1 13.6%
2 $1782000
3 81%
4 2007
5 a €300000 b €900000
6 6 years
7 11 days
8 a $1020000 b $1109000 ¢ $1148000
9 11 years
Examination questions
1 a 152x105m?
b 5.26%
2a 284
b 770.70 CHF
3a %=1
b 78732
c 10

4 Part A

®

Option 1: Amount =
25000 + 20X - 79500.00 (29500)

Option 2: Amount =
25000(1 +35)° = 28940.63

Option 3: Amount =

48 \3x12
25000(1 +g3tsigy) " = 28863 81

b Option 1 is the best investment option.
Part B

a 142

¢ S,=3.2n2+1385n

e 645
f 10

Topic 2

Exercise 2.1.1
Discrete
Continuous
Discrete

Continuous

1

2

3

4

5 Discrete
6 Discrete

7 Continuous
8 Discrete

9 Continuous
10 Continuous

Exercise 2.2.1

1 a | Number of chocolates | Tally | Frequency
35 1] 4
36 Wl 7
3 Il 3
38 Wi 6
b 10
8
3
56 |
3
g —
£ ]
2 -
° 35 36 37 38
Number of chocolates
2 Student’s own results
Exercise 2.3.1
Score Frequency
1 a Class 12X
31-40 1
41-50 5
51-60 3
61-70 4
71-80 8
81-90 5
91-100 5
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1

b Student’s own response

Class 12Y
Score Frequency
31-40 3
41-50 8
51-60 6
61-70 3
71-80 2
81-90 4
91-100 5

Frequency
A Mo s 0o N

145 150 156 160 165 170 175 180 185

Exercise 2.4.1

Height (cm)

Number of apples Frequency 1a
1-20 9 Finishing
time (h) |0~ [0.5-(1.0~[1.5-|2.0~|2.5-[3.0~35
21-40 6
e 7 Frequency | 0 6 [3a]|16]| 3 1
5180 " Cumulative| 0 6 [40 | 56 | 59 | 60
frequency
81-100 7
101-120 4 b
121-140 4
60 -
141-160 2
50
Exercise 2.3.2 g
S a0l
g
g
@ 301
2 £ 4
5 :
8 g 20 H
7 3 :
§ 6 10
g5 i R T N R
g,‘ 05 10 15 20 25 30 35
3 Finishing time (h)
2
4 ¢ Median = 1.8 hours
d As many runners finished before as after the
0 12 5 6 median.

Distance (km)
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2a
GroupA | GroupB | GroupC 18
Score | Freq. | cum. | Freq. | cum. | Freq. | cum. 16
freq. freq. freq. g 14
AP
0<x<20 1] 0 0|1 1 £ 10
20sx<40 6| o of2]3 ff . SR
Z 6
40 < x <60 6 12 4 4 R 5 6 4 fm
60<x<80 15| 4| 8| 4 9 2 iy
e |
80<x<100 18| 4 (128 |17 U &= 4 & W
Test score
b Sk ¢ Group A median = 50
Group B median =~ 70
i i Group C median = 78
16 d As many students were above as below the

Cumulative frequency

T
20

I
40 60 80 100
Test score
Group B

Cumulative frequency

median.

e Group A: Lower quartile ~ 35,
Upper quartile = 69
Group B: Lower quartile = 55,
Upper quartile = 85
Group C: Lower quartile = 54,

Upper quartile = 90
3.4
2010 2011 2012

Height (cm) | Freq. | Cum. | Freq. | Cum. | Freq. | Cum.

freq. freq. freq.
150<h<155| 6 6 2 2 2 2
155<h<160| 8 14 9 " 6 8
160<h<165| 11 25 | 10 | 21 9 17
165<h<170| 4 29 4 25 8 25
170<h<175| 1 30 3 28 4 27
175<h<180| 0 30 2 30 2 29
180<h<185| 0 30 0 30 1 30
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2010 2012
30 30 -
28 28
2 2|
24
2

Cumulative frequency
Cumulative frequency
>
T

Lol e om0 g g (R T - |
150 155 160 165 170 175 180 185 150 155 160 165 170 175 180 185

Height (cm) Height (cm)
2011 ¢ Median (2010) = 161 cm
Sl Median (2012) = 164cm
28 I d As many students are taller than the median
26 -

as shorter than the median.
e 2010: Lower quartile = 156,
Upper quartile = 164

5 201 I kioter qusttile = 158

] Upper quartile = 166

g 2012: Lower quartile =~ 160,

2 Upper quartile =~ 168

g f Student’s own comments

3 ol Exercise 2.4.2
2 I [ 1% Goals scored | Goals let in
gl ) Mean 115 200
2k : ii) Median 1 2

R T T
150 155 160 165 170 175 180 185 i) g 0 1
Helght (om) ) a, 15 5
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Goals let in

I Goaisscorea

1 2 3 4 5
¢ Student’s own report
2a ResortA | ResortB
i) Mean 85 85
i) Median 8 8
iii) a; 7 8
i) 9, 10 9
b

1 5
HEH

L
12 3 45 6 7 8 9101112

¢ Student’s own response

3 Student’s own explanation using the box and
whisker diagrams below.

Mode = 1

b Mean = 6.2
Mode =

¢ Mean = 26.4
Mode =28

d Mean = 13.95s
Mode = 13.8s

2 9L.1kg

3 103 points

Median = 1
Median = 6.5
Median = 27
Median = 13.9s

Resort B

Exercise 2.5.2
1 Mean = 3.35 Median =3
Mode = 1 and 4
2 Mean = 7.03 Median = 7
Mode = 7
3 a Mean =6.33 Median =7
Mode = 8

b The mode as it gives the highest number of

flowers per bush.
Exercise 2.5.3

1a 291
b 30-39
2 a 609
b 60-69
a 5mins 50secs
b 0-4

¢ Student’s own comments

Exercise 2.6.1

w

1a
Distance thrown (m) | 0— |20~ 40— |60~ | 80100
Frequency alo1s[10] 2
Cumulative frequency | 4 | 13 [ 28 [38 | 40
b
>
3
g!’
2
Kl
§ o !
B 1
4r g w
1 0 Lid L

0 20 40 60 80
Distance thrown (m)

|
100
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¢ Median = 50m
d Interquartile range = 28 m
e Qualifying distance =~ 66m

2a

Cumulative frequency

Type A
Mass (g) | Frequency | Cum.freq.
75— 4 4
100~ 7 11
125— 15 26
150— 2 58
175— 14 72
200— 6 78
225-250 2 80
Type B
Mass (g) | Frequency | Cum.freq.
75— 0 0
100- 16 16
125— 43 59
150— 10 69
175— 7 76
200— 4 80
225-250 [ 80
Type A
80|
70
60| --mmmmmmeneennannnne
50(- ]
40 :
30| :
e ]
10 : !
A A A T
0 75 100 125 150 175 200 225 250

Mass (9)

Type B

Cumulative frequency

T R
0 75 100 125 150 175 200 225 250
Mass (g)
¢ Median type A = 157¢
Median type B = 137¢
d i) Lower quartile type A = 140g
Lower quartile type B = 127¢g
i) Upper quartile type A = 178g
Upper quartile type B = 150g
iii) Interquartile type range type A = 38g
Interquartile type range type B = 23g
e Student’s own report

3 a Student’s own explanation
b Student’s own explanation

Exercise 2.6.2

1ai) 55 i) 7 ii) 5
iv) 2.58
b i) 78.75 i) 16 iii) 9
iv) 5.40
c i) 3.85 i) 3.9 iii) 1.6
iv) 1.05
2i) 231 i) 6 iii) 2
iv) 1.43
3i) 7153 i) 8 ii) 1
iv) 1.44
4i) 212 i) 6 ii) 3
iv) 1.69
5a 65 b 0.18
Student assessment 1
1 a Discrete b Discrete ¢ Continuous
d Discrete e Continuous f Continuous

¢ Continuous
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2a

o

Mark (%) | Frequency | Cumulative

frequency
31-40 21 21
41-50 55 76
51-60 125 201
61-70 74 275
71-80 52 327
81-90 45 372
91-100 28 400

400

@
&
3

&
3

@
3
T

Cumulative fraquency
S

2 a8
838

T

@
=
T

60

Exam mark (%)
i) Median = 60%

ii) Lower quartile
Upper quartile
iii) IQR = 22%

52%
= 4%

3 a [ Mark(%) | Frequency | Cumulative
frequency
1-10 10 10
11-20 30 40
21-30 40 80
31-40 50 130
41-50 70 200
51-60 100 300
61-70 240 540
71-80 160 700
81-90 70 770
91-100 30 800
b
800
.. 700
g
§
g
g soo
L /
S 300 :
3 ]
5 200f--==mmmmnses v
100+ [
A S A R
0 20 40 60 80 100
Exam mark (%)
¢ A grade>T72%
d Fail <50%
e 200 students failed.
£ 200 students achieved an A grade.
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4a

Time (mins) 10=t<15[15=1t<20|20=t<25|25=t<30 |30=<t<35|35=<1t<40 (40=1<45

Motorway
frequency

Motorway
cumulative 3 8 15 17 18 19 20
frequency

Country lanes
frequency

Country lanes
cumulative 0 0 o 19 20 20 20
frequency

b Motorway times to get to work

Cumulative fi

" | 1 | ]
0 5 10 15 20 25 30 85 40 45
Time (mins)

Country lanes times to get to work

20
18
3161
814l
]
g2
910
ERs
g op
3 4r d
2 i
o L L L - L i
o 5 10 15 20 25 30 35
Time (mins)
¢ i) Motorway median = 2lmins Country lanes median = 26 mins
ii) Motorway lower quartile ~ 17 mins Country lanes lower quartile ~ 23 mins
Motorway upper quartile = 25 mins Country lanes upper quartile = 28 mins
i) Motorway IQR = 8 mins Country lanes IQR = 5 mins

d Student’s explanation
e Student’s explanation
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5 Box and whisker diagram A is likely to belong 6 a e —
to mixed ability class + student’s explanation. Group value Frequency
Box and whisker diagram B is likely to belong to
the other class + student’s explanation. 10-19 145 3

Student assessment 2 20-29 245 7

1 a Mean=54 Median = 5 30-39 345 9

Mode = 5 40-49 445 2
b Mean = 754 Median = 72
Mode = 72 50—-59 545 4
¢ Mean =138 Median = 15 60—69 645 3
Mode =18 TiE 3
d Mean = 6.1 Median = 6 e -
Mode =3
b 392
2 6lkg
738
3a 28 b3 c3
8 a 2.05 b5 c 126
4a 24 b2 <3 o )
5a N
— M|d-|r;(erva| S 1a
|x |(k20|20—40|40—60|60—80|80v100|
0-19 95 0
|Freq.|14|26|58|16| 6 |
20-39 295 4
b 50
40-59 495 9 P
78 s 3 ¢ 455o0r 457
2ai 30 i 32 i 28
s ik 8 b 025%56= 14
100-119 1095 4 5 o
120-139 s 4 bi 625 or62.6 ii 8.86

b 755

¢ 360
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Topic 3
Exercise 3.1.1
1 Letter B

2 CaddE
Exercise 3.2.1

1 a No b Yes ¢ Yes
d No e Yes f Yes
& Y h No i Yes
i e
7 ‘& Taressios gl andAbons &5 gl (T
b —1<x<8 (True)
& Apastagen Has Bve ey and werenge e
4 sides. (False)
& Tondinisis Bplndand BAERd
Bifiope: (THiE)
e x<y<z (True)

£ 5 s a prime number and 4 is an even number.

(True)

g A square is a rectangle and a triangle is a
rectangle. (False)

h Paris is the capital of France and Ghana is
in Asia. (False)

i 37is a prime number and 51 is a prime
number. (False)

j Parallel are les and
are rectangles. (True)

Exercise 3.3.1

elalr
T|T|T
T|T|F
TIF|T
T|F|F
FlT|T
FIT[F
FIF[T
FIF[F

2
plaq|r|-p|lpva|-pvrilpvaal-pvn
T|T|T|F| T T T
T|T|F|F| T F F
TIE|T|F| T T i
T|Fr|F|F]| T F F
FlT|T|T| T i i
FIT|F|T| T e T
FlE|T|T| F T F
FIF|F|T| F G F

Exercise 3.3.2

1 a Neither b Contradiction ¢ Neither

d Tautology e Tautology

2 a Neither

pla|-p|-q| -Pr-g
TIT|F|F F
TIE|F|T F
FlT|[T]|F F
FlE[T T T
b Neither
P |-P| P | ~pvp
T|F T T
FlT F F
¢ Neither
q|r|-r| gnr-r
T|T|F F
TIF|T T
FlT|F F
Flr|T F
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d Neither
pla|r|prg| (pag)ar
T | F |7 T T
TIT|F T F
T | B [T F F
FlT|T F F
TIF|F F F
FlT]|F F F
FlF|T F F
FlF|F F F

e Neither
plafr|parg| (prgvr
T(T|T| T T
T|T|F T T
TIF|T F T
FlT|T F T
TIF|F F F
FlT]|F F F
FlF|T F F
FlF|F F F

Exercise 3.4.1
1 a True b False ¢ True
d True e False

2 a Ithink so it follows that T am.
b ...does not exist.

Exercise 3.4.2

Note: The students may use different words but the
sense should be the same.

1 a Ifyou do not have your mobile phone then
you cannot send a text.

If you have your phone you can send a text.
If you cannot travel a long way on 20 euros
then you do not have a small car.

If you do not have a small car then you
cannot travel a long way on 20 euros.

L3

o

e

o

-

L3

=

®

3

o

If you can speak French then you will enjoy
France more

If you do enjoy France more then you do speak
French.

If it rains then I do not play tennis.

If it does not rain then I do play tennis.

‘We stop playing golf if there is a threat of
lightening.

‘We do not stop playing golf if there is not a
threat of lightening.

A tennis serve is easy if you practice it.

If you do not practice it then a tennis serve is
hard.

If a polygon has six sides then it is a hexagon.
If a polygon is not a hexagon then it does not
have six sides.

If you are less than 160 cm tall then I am
taller than you.

If you are not less than 160 cm tall then you
are taller than me.

If the bus was full then I was late.

If T was not late then the bus was not full.

If the road was greasy then the car skidded.

If the car skidded then the road was greasy.

Statement: If a number is an odd number
then it is a prime number. (False)

Converse: If a number is a prime number
then it is an odd number. (False)

Inverse : If a number is not an odd number
then it is not a prime number. (False)
Contrapositive: If a number is not a prime
number then it is not an odd number. (False)
Statement. If a polygon has six sides then it is
called an octagon. (False)

Converse. If a polygon is called an octagon
then it has six sides. (False)

Inverse. If a polygon does not have six sides it
is not called an octagon. (False)
Contrapositive. If it is not called an octagon
then it does not have six sides. (False)
Statement. If it is an acute-angled triangle
then it has three acute angles. (True )
Converse. If it has three acute angles then it
is called an acute-angled triangle. (True)
Inverse. If it is not called an acute-angled
triangle then it does not have three acute
angles. (True)
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Contrapositive. If it does not have three acute
angles then it is not called an acute-angled
triangle. (True)

Statement. If two triangles are similar then
they are congruent. (False)

Converse. If two triangles are congruent then
they are similar. (True)

Inverse. If two triangles are not similar then
they are not congruent. (True)
Contrapositive. If two triangles are not
congruent then they are not similar. (False)
Statement. If two triangles are congruent
then they are similar. (True)

Converse. If two triangles are similar then
they are congruent. (False)

Inverse. If two triangles are not congruent
then they are not similar. (False)
Contrapositive. If two triangles are not
similar then they are not congruent. (True)
Statement. If a solid is a cuboid then it has
six faces. (True)

Converse. If a solid has six faces then it is a
cuboid. (True)

Inverse. If a solid is not a cuboid then it does
not have six faces. (True)

Contrapositive. If a solid does not have six
faces then it is not a cuboid. (True)

-

h

Even numbers

i) Student’s own answers

i) Days of the week

i) Student’s own answers

i) Months with 31 days

ii) Student’s own answers

i) Triangle numbers

i) Student’s own answers

i) Boy’s names beginning with the letter m
i) Student’s own answers

i)  Odd numbers

i) Student’s own answers

i) Vowels

i) o,u

Planets of the solar system

i) Student’s own answers

i) Numbers between 3 and 12 inclusive
i) Student’s own answers

i) Numbers between —5 and 5 inclusive
Student’s own answers

c 7
Ungquantifiably finite, though theoretically
infinite
5 i9

Exercise 3.5.2

g Statement. If a solid has eight faces then itis 1 a Q= 12,4, 6,8, 10, 12, 14, 16, 18, 20, 22, 24,
called a regular octahedron. (False) 26,28}
Converse. If a solid is called a regular b R=1{1,3,579 11,13, 15,17, 19,21, 23,25,
octahedron then it has eight faces. (True) 27,29}
Inverse. If a solid does not have eight faces ¢ $=1{,3,5711,13,17,19,23,29
then it is not called a regular octahedron. d T=1{1,4,9 16,
(True) e U={1,3,6,10,15,21,28}
Contrapositive. If a solid is not called a regular
octahedron then it does not have eight faces. 2 @ B = {55, 60, 65}
(False) b C = (51, 54, 57, 60, 63, 66, 69}

h Statement. If a number is a prime number e D={64
thenitisamevennumber;(fabe). 3 a fpq o pyab dp, o fa, o ol fah ()
Ct?nverse. If a number is even then it is a N
prime number. (False)

Inverse. If a number is not a prime number 4 a True b True ¢ True
then it is not even. (False) d False e False f True
Contrapositive. If a number is not even then g True h False
it is not prime. (False) Exercise 3.5.3
Eercigedes;] ¥ e b Tie ¢ False
1 a i) Continents of the world d False e False f True

i) Student’s own answers
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2a ANB={46 bANB={49 b i) AN B = (Egypt)

¢ A 0B = fyellow, greer) ii) A U B = (Libya, Morocco, Chad, Egypt,
3a AUB=12346809 10,13, 18} Tt T otk

b AUB={L4567809 16 10aPp

o

A U B = {red, orange, blue, indigo, violet,
yellow, green, purple, pink}

=fa,bpaqrst
{a, b}

o

A,
=1{1,2,3,4,56,7,8}
=(1,4,6,8)

ANB={23} b i) PNQ={11,13,17}

AUB={l, 2, , 4,5, 7, 8} i) PUQ =12,3,5,7,11,13, 15,17, 19}

(ANB)' ={1,4,56,17,8}

ANB =57 11

MMN
I 2

>

B

o
®

i) A = {even numbers from 2 to 14}
ii) B = {multiples of 3 from 3 to 15} 6
iii) C = {multiples of 4 from 4 to 20}
i) ANB={6 12}
i) ANC=1{4,8, 12}

12}

o
®

W) ANBNC={12
v) AUB=1{2,3,4,6,8910,12,14,15} 12 12
vi) CUB = {3,4,6,8,9, 12, 15, 16, 20}

7ai A={1,2,456T7
i) B=1{3,4,5,8,9}
i) C"' ={1,2,3,4,5,8,9
v)ANB=

N

o
I}

Exercise 3.5.4

1as b 1
245

3al0 b 50

=
3

13
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4a P c 5 3 U -
AVA il -~
2 7 |e alV p=-a
b 100 ¢ 15 413
e 75
5a 16 b 10 ¢ 56
6a 45 b 65 ¢ 9%
8 u
Exercise 35,5 P a b
T s |Y prg
@D Exercise 3.6.1
1 {HHH, THH, THT, TTH, HHT, HTH, HTT,
2l o A TTT} § events
2 {(1, (1, 2)(L, 3)(L, 4)(L, 5)(1, 6)
(2,1)(2,2)(2,3)(2, 4)(2, 5)(2, 6)
(3,1)(3,2)(3,3)(3, 43, 5)(3, 6)
(4, 1)(4,2)(4,3)(4, 4)(4, 5)(4, 6)
5 u —-p (5, 1)(5,2)(5,3)(5, 4)(5, 5)(5, 6)
A (6, 1)(6, 2)(6, 3)(6, 4)(6, 5)(6, 6)} 36 events
Q 3 {(H, D)(H, 2)(H, 3)(H, 4)(H, 5)(H, 6)
(T, 1)(T, 2)(T, 3)(T, 4)(T, 5)(T, 6)} 12 events
4 {(M M)(M F)(E M)(F F)} 4 events
4 o1 p=U 5 {(MM)(FF)} 2 events
6 a Pass or fail
b {(PP)YPF)(EP)(F P}
7 a Winor lose

a
b {(2,0)(2, 1)(1, 2)(0, 2)}

8 a Win or lose
b {3,006, DG, (2, 3)(1, 3)(0, 3)}
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Exercise 3.6.2

o

c

Total = 1

2
%

iv)
d
h

1 1
1atl b2
4z e 0
2ai) 4 )2
1 1
3a g b %
a0
5 3
4a3 b2
1 5
5a % b=
d 2 ¢ Student’s own answer
1
65
7ai)g i) +
- 1 m
bi) & i) &
1 18
8ay b3
1 21
d 57 e 5
it 11
g 57 b
9 a RCA RAC CRA CAR ARC ACR
biy i @t ) 4
1 1 1
10a 4 b o
3. g 5
el 5 LI
Bxercise 3.7.1
1 & Dice 1
1 2 3 4
1 (nL1f21(3.1[41
~
g 2 (12223242
g
3 |L32:23]3.3]|43
4 |1,4|2,4(34|44
1 1
b+ c1

sl

2
6 1,86 2,6 3,6 46 56 6,6
5 1,6 26 386 45 56 66
4 1,4 24 34 44 54 64
Dice 2
3 1,3 23 33 43 53 63
2 L2 22 42 42 B2 B2
11 24 3,1 4.1 51 6,1
L L | L L L
1 2 3 4 5 6
Dice 1
1 1 1
a3 Big ¢
1 1 3
al el £
11 1 s 11
g% hg i

Exercise 3.7.2

1

a

@ IS a

S " @

@

NV VYV VYV

[ R SR R N I N S R X I 3 N
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c

bi) = i)

i) + v)

sl 5l

<
S
o<

bi) 5 ii) 2

. 8
M

Student’s own answer

i)

)
vi)

Wl ol

BBBB

BBBG

BBGB

BBGG
BGBB

BGBG
BGGB
BGGG
GBBB
GBBG
GBGB
GBGG
GGBB
GGBG
GGGB
GGGG

iii) 2

UOFSUrsSUrSUrsSUrsSUrsSoOrsSorsors
=
=

o)

©

o

AN A A

OWSPOWSPOWSOOWS O

bi) &
Exercise 3.7.3

1a
Roll 1

Ly 125
iv) 37

o

Not six

iy 1
i) 15

sy 1

i) &
Outcomes Probability
Six, Six ixXi=%
Six, Not six IXg=%
Not six, Six iXi=#&

Notsi Notsix, Notsix §x§=%

iii) 5

91
V)5

They add up to 1, because either iv or v.

4 4 98
2azg b 135 € By
a 03 | 2L LLL
S gty
035 .
085> OT <o 6T LOT OT
065 035 95 L orLL
ot or aLor
OT, OT, L
068 °T§ OT OT OT.oT
bi) 0275 i) 0.123 iii) 0.444
iv) 0.718
4 0027
5 a 0.752=0.56
b 0.75
¢ 0751
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Exercise 3.7.4
1ag
d%

2a

2 51

b i) &
Exercise 3.7.5
1a

16
b5
bl

6

3
b i
b§

8372
b931l

L8
Aéo
™~p
LA
Béo
~p
1 lA
Ge—it
Ep
1 lA
2=F
~p
i) &=

-
=N

4a u

a5 oy 20 sy 25
b i) 355 ii) {55 iii) {55
Exercise 3.7.6

1 a No (mutually exclusive)

b 0.8

~

a Yes
o 1 sy 2 sy 1
bi) L i )L

(™

7 if each month is equally likely, or 555 if
taken as 30 days out of 365. (Leap years
excluded — though this could be an extension.)

&

a Yes
b i) 0.1 i) 0.9 iii) 0.2
iv) 0.4

5 a 0.675 b 02 c 0875
d 077

0.93
0.66

8 e Only 23 people are needed before the
probability of two sharing the same birthday
is greater than 50%.

~ o
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Student assessment 1

1

o n &

@ ~

a {odd numbers from 1 to 7}
b {odd numbers}

¢ {square numbers}

d

{oceans}
a 1 b 2 e
d Student’s own answer
o B
b[4 B
c
A B

fo, 1, kl, fw, 1, K}, {w, 0, k}, {w, o, 1}, {w, 0, 1, k}
P'={,357

{re)bro)bn)(rrb)(bbr)(brb)(rbb)
(bbb

The Amazon river is not in Africa.

b V q means either p or g or both must be true
for the statement to be true.

H [1TH|2H | 3H | 4H | 5H | 6H

bi) & g i)}

Student assessment 2

1 {2, 4} {2, 6}, {2, 81, {4, 6}, {4, 8}, {6, 8}, {2, 4, 6},
12,4, 8},12,6,8}, 4, 6,8

Ta %

lion

cheetah

anaconda
tarantula
mosquito

Z
b {lion, cheetah}c @ d @

3a

b X = {multiples of 10}

4 a Let the number liking only tennis be x.
u
T F
4
b 15 c5 d 16
5a5 b 35 c 40
d 50 e 15 f 12
g 10 h 78 i 78
6 pandgq.
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"[o[apnralpva
TIT| T T
T|F F T
FElT| F T
FlF F F

8 A statement that is always true. Student’s

example.

2 8

9a 4 b ¢ &
Student assessment 3

1031

2a u

o 66 o 60
b i) 135 ii) T35

4 053
5 0.88
6 0.4

7 a i) 08 ii) 0.7

i) 03
b i) 0.06 ii) 0.56 i)

038

Examination questions
1a 17

b 18
14

¢
d
A ¥

2arApar—q
b If I visited (either) Sarah’s Snackbar or Pete’s
Eats (then) I did not visit Alan’s Diner.

Part A

w

a

b 28
c 59
d 48

Part B

a pA—g

b If it is not snowing and the roads are open
(then) we will go skiing.
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c
P|lag|r|-p|-prg|lprg=r
T(T[T|F F T
T|T|F|F F T
TIF[T|F F T
TIF|F|F F T
FlT|T|T T T
FlT|F[T T F
FlFE|T[T F T
FlE|F|T F T

Topic 4

Exercise 4.1.1

1 The normal distribution curve is translated to

the right.

~

The normal distribution curve becomes
shallower and more spread out.

w

a Distribution B, as its peak is further to the
right than that of distribution A.
Distribution B, as it is more spread out than
that of distribution A.

-3

s
®

Approximately 68% of data falls within one
standard deviation of the mean.
Approximately 95% of data falls within two
standard deviations of the mean.
Approximately 99.7% of data falls within
three standard deviations of the mean.

o

o

145

L L i L L
110 120 130 140 150 160 170

9 100
"
b i) The mean coincides with the peak of the
distribution.

i) As approximately 99.7% of the data falls
within three standard deviations of the
mean, the ‘tails’ of the curve should be
drawn to approximately 100 and 160 on the
horizontal axis.

L L L
35 40 45 50 55 60 65 70 75 80 85 90 95

b 05

¢ Approximately 0.68 as 68% of data falls
within one standard deviation of the mean.
58 kg and 72 kg are both one standard
deviation from the mean.

e

Approximately 0.025 as 51 kg is two standard
deviations from the mean. Approximately 5%
of data is more than two standard deviations
from the mean, i.e less than 51 kg or greater
than 79 kg. Therefore due to symmetry only
about 2.5% of data is less than 51 kg.
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Exercise 4.1.2 4 a 0115
b 0.155
1a
c

L L Lyl L1
15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95100

b 4.74% = ) s 10 15
¢ 10.6%
d 29.8% d Look at the left ‘tail’ of the distribution
curve. Three standard deviations below the
2 : ggggg 5 mean gives a negative number. It is not
% . possible to have a call lasting a negative
¢ About 7 competitors :
amount of time,
ke 5 a 000621
¥ b Approximately 11 177 packets will have a
mass less than 500 ¢
6 a 0202
b 0.0912
¢ 11 890 pumpkins

Exercise 4.1.3
1a

L a9 2 h !
15 20 25 30 35 40 45 50 55 60 65 70 75
0.0304

Likely to be from brand X as 26.6% of brand

X batteries are expected to last less than 40

hours compared with only 0.6% of batteries

from brand Y.

In theory yes, but the probability is very small _|

o

o

e

O O O O O S
(0.000 000 3) -5 0 5 101520 25 30 35 40 45 50 55 60 65 70 75 80 85 90
b 34.1 minutes
¢ 48.3 minutes
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65.6
b 324
c 472<C2528

i L
20 25 30 35 40 45

L L
0 5 10 15 50

b 20.8cm
¢ 32.0cm
191.4 <L > 268.6cm

5 a 14260
b 64.7¢

Exercise 4.2.1

+

1 Students’ answers may differ from those given
below.
a Possible positive correlation (strength
depending on topics tested)
No correlation
Positive correlation (likely to be quite strong)
Negative correlation (likely to be strong)
Depends on age range investigated. 0—16
years likely to be a positive correlation. Ages
16+ little correlation.
Strong positive correlation

o oo o

-

‘Sunshine and rainfall correlation

Rainfall (mm)

0 123 4567 8 9 10111213
Hours of sunshine
b Graph shows a very weak negative

correlation. Student’s answers as to whether

this is what they expected.
3a
Adult illiteracy and infant mortality correlation
140
130
120
110

@ 2
3 8

@
3

~
3

@
3

a2 a
8 &

@
8

Infant mortality rate (per 1000 births)

N
S

=]

fy

o

5 10 15 20 25 30 35 40 45 50 55 60 65 70
Adult literacy rate (%)
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b Student’s answer, however it is important to Exercise 4.2.2
stress that although there is a correlation, it

doesntimply tntonevariohleafiectsthe 1a ¥
other. 21
¢ Student’s own explanation
d  Life expectancy correlation /|
%0
g & R /
£ . 20
g 70 ST
5 60 = /
£ :
2 s
240 £ /
g 1o
0 50 60 70 80 90 E 2
Female life expectancy = /
2
2
4ad Distance travelled and time
taken correlation /
18
50
£ /
E
2 7
B et
10 =
K 17
0 5 10 15 20 25 30 /
Distance (km) 0 17 18 19 x
b (Strong) positive correlation Height of competitor (m)
¢ Student’s own explanation bx=178m y=18m
% Asproxtately 10k dr=079

This implies a fairly good correlation, i.e. the
taller the competitor, generally the greater
the height jumped.
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Final %

o 10 20 3 40 5 6 70 80  90x
Mock %

b x=643% 5=0643%

d r=099

This implies a very strong correlation 1ars
between the mock % and the final % for by
c
d

Exercise 4.3.1

0.959

—1.468x + 92.742

y = 66 minutes

A valid estimate as 18 hours is within the
data range collected.

r=0970 b y=0866x - 24433

English.

3a1r=08
This implies a strong correlation between the
mock % and final % for Mathematics.
b Although both show a strong correlation

®

¢ IQ:95—1B:58%  IQ: 155 — IB: 110%
between mock % and final %, the results d The estimate for the IQ of 95 is valid as it
appear to suggest that it is stronger for falls in the range of the data collected. The

English. estimation for the IQ of 155 is an
4 &b Shidentssolitions snd justifications Spmmolaeniprolicing an. Rren lometer
5 a—d Student’s own data, graph and analysis.
e ris likely to be lower for 11-year-old students
than for 17-year-old students as children of
11 are at different stages of development.

®

r = 0.973 indicates a strong positive
correlation between the salary and the
number of years of experience.

y = 0.00116x — 28.552

x = $33200 — this is a valid estimate as 10
years falls within the data range collected.

3

o
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d 87 years experience — this value falls outside
the data range collected. The result implies a
firefighter approximately 100 years old, and is
therefore invalid.

4 a r = —0.946 indicates a strong negative
correlation, i.e. as height increases,

¢ = 4040

d 1 degree of freedom

e 4040 < 6.635, therefore the null hypothesis is
valid. The drug does not affect the chances of
survival.

3 a H,: Being a smoker does not cause high

temperature decreases.
b y=-0.00189% + 7.4
¢ Height = 41000m ~ although —70°C is

blood pressure.
H, : Being a smoker does cause high blood

pressure.
slightly outside the data range, this is b
marginal and therefore the answer is likely to -
be valid High blood | Normal blood | Total
4 pressure pressure
ExErCise 4L Non-smoker 96.63 3337 130
1 a Hy: A person's opinion regarding the - T FErpa
wearing of safety helmets is ind of
whether they are a cyclist or not. Total 446 154 600
H, : A person’s opinion regarding the
wearing of safety helmets is dependent on ¢y =8215
whether they are a cyclist or not. d 1 degree of freedom
i e 8.215 > 6.635 therefore the null hypothesis is
rejected. Smoking does cause high blood
Helmet Helmet | resure:
compulsory | voluntary
- 4 a Hjy: Gender and holiday preference are
Cyclist 125 175 300 independent events.
Non-cyclist 125 75 300 H, : Holiday preference is affected by gender.
Total 250 350 600 b
Beach | Walking | Cruise | Sail | Ski |Total
c x> =98.743 Male |6893| 4017 |30.59 |26.93|43.37| 210
d 1 degree of freedom
e The table gives a critical value of 3.841. Female| 8207 | 47.83 | 36.41 3207|5163 250
98.743 > 3.841, thercfore the null hypothesis 1o | 151 | 88 | &7 | 5o | o5 | 260
is rejected. The opinions are dependent on
whether they are cyclists or not. ¢ 2=12233
2 a H,: Being given the drug and living for more ~ d 4 degrees of freedom
EYACENE M. w— e 12.233 > 7.779 thercfore the null hypothesis is
H, 7 Baiig giver: the drigg doss afféct the rejected. Holiday preference is dependent upon
chance of surviving for longer than 3 months. gender.
b 5 a H,:Age and musical preference are
i Not alive independent.
Alive after atter Total H, : Musical preference is dependent on age.
3months | 3 1onths b 22 =49.077
¢ 8 degrees of freedom
Given di 78.81 61.19 140
Heaneng d 49.077>15.507 therefore the null hypothesis
Given placebo | 73.19 56.81 130 is rejected. Musical preference is dependent
Total 152 118 270 ypon:age;
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Student assessment 1

1 Student’s answers may differ from those given
below.

a Negative correlation (likely to be strong).
Assume that motorcycles are not rare or
vintage.

b Factors such as social class, religion and
income are likely to affect results therefore
little correlation is likely.

2 a B has the greater mean as its peak is to the
right of A’s.
b B has the greater standard deviation as the
distribution is more spread out than A.

L i T T | R L
250 300 350 400 450 500 550 600 650 700 750 800 850 900 950

b 30.9%

*2 Gloves sold and outside

temperature correlation

Number of pairs of gloves

0 5 10 15 20 25 30
Mean outside temperature.
(C)

o

The graph indicates a negative correlation.
Student’s own explanation

H, : The drug has no effect on the dog’s
condition.

H, : The drug improves the dog’s condition.

o

b
improved | DS oy
improve
Given drug 168.68 91.32 260
Not given drug 97.32 52.68 150
Total 266 144 410
& 2206l

d 1 degree of freedom
e 2.061 < 3.841 therefore the null hypothesis is
supported, i.e. the drug does not significantly
improve the dog’s condition.
Student assessment 2
1 a Likely to be fairly strongly positively
correlated, although there will be exceptions,
e.g. unemployed, people who borrow money,
people who save a lot.
b No correlation

2 a 465%
b

L L
2 3 4 5 6

3 a 13.8%
b

04
.
o
>

-1 0 1 2

¢ Approximately 99.7% of data that is
normally distributed falls within three
standard deviations of the mean. Three
standard deviations below the mean in this
example would give ~0.5m, i.e. a negative
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6 ow

=

o

length, which is not possible. This is also
shown on the sketch where the left ‘tail is
negative. Therefore the data is not truly
normally distributed.

y = 76241x + 3.76 x 10

r=0.271

There doesn’t appear to be a correlation
between a footballer’s salary and his
popularity. This does not support the
statement in the newspaper report.

H, : The opinion on whether to ban fox
hunting is independent of whether you live
in the city or the country.

H, : The opinion on whether to ban fox
hunting is dependent on whether you live in
the city or the country.

2 = 1683.01

1683.01 > 6.635 therefore the null hypothesis
is rejected, i.e. the opinion to ban fox
hunting is dependent on whether you live in
the country or the city.

Examination questions

1a

Chosen profession is independent of gender.
Or There is no association between gender
and chosen profession.

b2
c 36
d prvalue > 0.05 so accept Hy,
2ace
%
7 80
ERC) .
T w0 S
5
£ 50
S 40
5
& a0
3
2 20
8
I 10
0 30 40 50 60 70 80 90
Moisture content % (x)
bix=42
i y=064
d-0.998

W

f 72.0 (or 7195 or 72)
g Yes since 25% lies within the data set and r is
close to-1.

Part A
ai 50
i 16.8
iii 30.5 cm
iv 12.3cm
b 0.911 (or 0.912 or 0.910)
¢ y=0669x—2.95
d 33.8cm
e i 64.0 (or 63.95 or 63.9)
ii It is not valid. It lies too far outside the
values that are given.
Part B
a 28
b X8 (B B 100) =126

00 \100 * T00

¢ i The favourite car colour is independent of
gender.

i 2

ii 5.991 (or 5.99)

iv Accept the null hypothesis since
1.367 < 5.991.

Topic 5

Revision exercise

1 a ii) 5.66 units iii) (3,4)
b ii) 4.24 units iii) (4.5, 2.5)
¢ i) 5.66 units i) (3, 6)
d ii) 8.94 units iii) (2, 4)
e ii) 6.32 units iii) (3, 4)
£ ii) 6.71 units i) (~1.5,4)
g ii) 8.25 units iii) (-2,1)
h i) 8.94 units ii) (0, 0)
i i) 7 units iii) (0.5,5)
j i) 6 units iii) (2, 3)
k ii) 8.25 units ii) (0, 4)
1 i) 10.82 units i) (0, 1.5)

2 a i) 4.25units
b i) 5.66 units
¢ i) 8.94 units
d i) 8.94 units
e i) 4.24 units
f i) 4.47 units
g i) 7.21 units
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k i) 11 units

1 i) 825 units
Exercise 5.1.1
1ail

bi)l

ci)l

di)2

e i) 3

fi)2

g i) 4

iy 1
hi) L
ii)0
j i) infinite

gy
ki) 7
o5 3
e
2ai) -1
bi) -1
¢ i) -2

i)
di -+
e i) ~1
fi) -2
g i) —%

o 2
hi) 5
i) -1
i) -1
ki) 0
1) -4

Exercise 5.1.2
lay=7
c x=T7
e y=x
gy=-x
2ay=x+1
cy=x-2
ey=;ﬁ(+5

h i) 7.21 units

i i) 1237 units

j i) 849 units

i)
ii)
i)

i)

ii) (5,-1)
i) (0,2.5)
ii) (1, -1)
i) (05, -3)
ii) (4,2)

(e, e

-2
infinite

GRSl = R e

|
Sl

'S

1

infinite

5
6

()

o

®

=

o

b

y=-x+4
y=-2x-2
y=-3x+2 fy=—4x+1
2al bl cl d2 e 3 £1

3a-1b-1c-2d-te-2 f-4
The gradient is equal to the coefficient of x.

The constant being added/subtracted
indicates where the line intersects the y-axis.

Only the intercept c is different.

The lines are parallel.

Exercise 5.1.3

1

m=2c=1

bm
m=lc=-1 dm=
m=-3c=6 fom=
m=-1c=0 hm
m=-2c=1
m=3c= bm=-}c=2
m=-2c=-3 dm=-2c=-4
m=tc=6 fm=3c=2
m=1c=-2 hm=-8c=6
m=3c=1
m=2c=-3 bm=%c=4
m=2c=-4 dm=-8c=12
m=2c=0 fm=-3c=3
m=2c=1 hm=-tc=2
m=2c=-}

b

d

f

h

bm=2c=3

dm=3c=6

fm=-4c=

hm=0c=0
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3¢=0

2
em=-2c=-2

cm=

gm=-%c=0
im=3c=0
Exercise 5.1.4

Taiy=2x-1

bi) y=5+2
¢ i) y=%x+%

i) 2x—y-1=0

i) 3x -y +
i) 2x-y+3=0
i) x—y-4=0
i) 4x-y+2=0
ii) x+y—-4=0
i) 2x+y-2=0
ii) 3x+y+1=0
i) x—2y=0

i) x— Ty+26=0
i) 6x—Ty+4=0
i) 3x =2y + 15=0

di)y=%-13 i) 9x—y-13=0
e i) y=—bc+? i) x+2y-5=0
£ y=-2x+8 i) 3x+13y-70=0
g iy ii
h i) y=-3
i) x=6 i) x—6=0
Exercise 5.1.5
1a 4

1

—§—3-2/4 0 X

1

-3

-4
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b b7 e y
1 t

- —2-1 0 X - 0
=1 —t

= -3

—t —4

€ y. £ y
=4 =8=0=4/0| x —4 0
= —t

Ls —3

- —4

d v, g ¥,
t 1

= 210 % - 0
1 1

—3 =

— —4
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5ax=-5y=-2 bx=-3y=-4 Exercise 5.3.1
2
€ %ed yedy dx=2y=7 1 a sin120° b sin100° ¢ sin65°
ex=ly=1 fx=2y=9 d sin 40° e sin52° f sin 13°
6ax=1y=3 b x=535=10 2 a sin 145° b sin130° ¢ sin 150°
cx=4y=6 dx=4y=4 d sin 132° e sin76°  f sin53°
7ax=ly=-1 bx=11%y=8 3 a 19°,161° b 82°,98° ¢ 5°175°
cx=4y=0 dx=3y=4 d 72°,108° e 13°,167° f 28°152°
e =2 y=8 fgmlp=d 42 70°110° b 9°,171° ¢ 53°,127°
Exercise 5.1.7 d 34,1460 e 16°164° £ 199, 161°
lax=2y=3 bx=1y=4 Exercise 5.3.2
b Lo dr=g =g 1a —cos160° b —cos95° ¢ —cos 148°
B a=T = Ry d —cos85° e —cos33° f —cosT4°
Zzifézf‘; :ifgiff R T
=3y= =6y= ’ # A
. Bon Jos fac2o3 d —cos 37 e —cos®  f —cos57
y 3 a cos80° b —cos90° ¢ cos 70°
Shedonc Lo e Lo dos13%° e cos58  f cos155°
ex=2y=5 fx=3y=0 4a —cos55° b —cos73° ¢ cos60°
40 xmlye05 b =25 y=4 d cos82° e cos8°  f cos70°
cx=ly=4 dx=2y=1 Exercise 5.3.3
1 L 1a89 b 89 60
£ S md t kml g1 o g m ¢ 60mm
Bertima2:L 2 a 3320 b 1213 ¢ 770°
1a 192cm b 15.1cm ¢ 438cm d 44.0°
d318cm e 62em  f Llem 3 a 2530 15470
2 a 8LI° b 63.4° ¢ 387 b A
3a 436° b 195ecm ¢ 425°
10cm
4 a 208km b 215° gom
8cm
5a28km b 102km ¢ 103%km o
d 47km e 415km  f 217°
c B B
6a 61m b 196m ¢ 153m
4 a 746° 105.4°
7 a 482° b 41.8° ¢ 8cm b
d 89cm e 76.0cm? P
8 a 342m b 940m
9 69km 6om
102 2252m b 484° o
Q R R
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Exercise 5.3.4 Exercise 5:4.2
I & 4T B IeR  © 9RE 1a RW b TQ ¢ SQ
@ S ¢ 107em 4 WU e QV £ sV
2a 125.1° b 1082° ¢ 336° 2a M b KN ¢ HM
d4310° e 1229° 4 HO e JO f MO
34 429m b 169" ¢ 246° 3a LTPS b LUPQ ¢ LVSW
4348 ¢ 350m d ZRTV e LSUR  f LVPW
4 370m 4a58cm b 3L0°
5 669m b 546m ¢ 4Bm 5a 102em b 292° ¢ 513
6 739m 6a 67lem b 614°
Fxerclie 5555 7a 78lem b Il3em ¢ 124°
1a 700 b 709mm! ¢ 1216em? 8 a ldlem b 84%m ¢ TSam
d 170cm? 4693
2a 246 b 130cm ¢ 23lem  9a 170cm b 566em ¢ 700cm
46320 FEIRE
3 16800m? Exercise 5.5.1
4a39m b 22w 1 % Volimensdi bud ks G0 fem
Exercise 5.4.1 b Volame 27 e, fires sea
ereie o3 =2353cm?
las%m  b6%m ¢ 54T & Volimesazend sufceara s S
d 28em 3 w 16em b 40%cm’ 3217cmd
2a58m  b6Zem ¢ 189° 4 215%
3a 64em b I36em ¢ 619° 3 a 42em? b 840cm® ¢ S64cm?
4a 753° b 563° 4 Eem
5a)72em i) 2L1° 5 2.90m?
b )3 i) 689 & m B b s
a85cm i) 283° : i _ ,
Py o 7 a 26em b 152em ¢ 250cm
2 3
74 65am b lldem e T07an 8@ %2eml  bldm ¢ 126em
g WJEx b e 2 4tem
9a BOem b 05em o Wlem o552
d 25em e 220cm 1 4 ‘Volise= 305en? sufoearen < 457ent?
= 3, = 2
i Tl T Sl b Volume = 3591 cn’,suface aea = 1134can
1 : & Volumes 23096 (1 dp )y sirfaceares
b Q=U=648°,T = 504 :
= 845cm
¢ 385cm?

e

Volume = 1.4 cm? (1 d.p.), surface area
=6.16cm?
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2 a 56cm b 0.4m

3 a L15cm b 3.09mm

4 630cm

5 86.7cm’

6 11.9cm

7 a 4190cm’ b 8000ecm’ ¢ 47.6%

8 10.0cm

9 A=41cm,B=36cm,C=3.lcm

10'. 352

11 1:4

12 a 157cm? b 15.0cm ¢ 707cm?

13 a 8042cm? b 59cm

Exercise 5.5.3

1 a 40cm’ b 133cm’ ¢ 64cm’
d 70em?

2 Volume = 147.1cm?, surface area = 157.4cm?
3 Volume = 44.0cm’, surface area = 73.3 cm?

4 a 8cm b 384cm’ ¢ 378em’
5 1121.9cm?
6 Tcm

7 5cm

8 a 3.6cm
9 693cm?

10 a 693cm?
Exercise 5.5.4

b 21.7cm? c 887cm’

b 137cm? ¢ 23.6cm

1 a Arclength = 6.3 cm, sector area = 25.1cm?
b Arc length = 2.1 cm, sector area = 15.7cm?
¢ Arclength = 11.5 cm, sector are: 4.6cm?
d Arclength = 23.6 cm, sector area = 58.9cm?

a 4.19cm b 114cm? ¢ 628cm’

a 56.5cm’ b 264cm® ¢ 134em’
d 166cm?

w o

4 691lcm

5 a 159cm b 8.41cm ¢ 2230cm’

6 a Volume = 559.2cm’, surface area = 414.7cm?
b Volume = 3117.0cm’, surface area

=1649.3cm?

7 3.88cm

8 a 33.0cm b 5.25cm ¢ 73lem
d 2llem? e 148cm?

9 1131cm?

10 a 314cm? b 125

11 a 2304cm’® b 603.2cm® ¢ 1700.8cm?

12 a 8l.6cm’ b 275cm? c 8:27

13 a 81.8cm® b 101 cm?

14 a 771lm? b 487m?

15 3166.7cm’®

16 a 654.5cm® b 12.5cm c 2945.2cm’

Student assessment 1

ii) (0,15)
ii) (4,6)
ii) (0,4.5)
ii) (-5,2)

1 a i) 13 units
b i) 10 units
¢ i) 5 units
d i) 26 units

2 abed
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3ai)m=1lc=1 ci)m=2c=4
ii) y i) #
5943 2410 X J5Ja -3 /2 110]
L] T
bi)m=-3c=3 .
ii) dijm=3c=4
¥ )
y
\ 3
: /
i /
) 7
Fdads 210 X ]
=T -5 -4 32 10
i\ -
8] / 3
4ay=3x-4 by=-2x+7
cy=2-5 dy=—4x+3
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52 x=2y=2
bx=1y=-1
cx=-2y=4
d x=-2y=0
Student assessment 2
1 a 40cm b 439cm ¢ 208cm
d 39cm
2237 b 56° ¢ 31°
d 34°
3 a 50cm b 6.6cm ¢ 93em
d 285cm
Student assessment 3
1 a 160.8km b 177.5km
5 75
Zatan&—; bme-m
5 75 o
= T8 d 32m e 8.88
3 a 285m b 117° c 297°
4 a 1.96km b 3.42km ¢ 3.57km
5 a 4003m b 2.35°
6 Student’s graph
7 a sinl130° b sin30° ¢ —cos135°
d —cos60°
8 134°
Student assessment 4
1a 1l.7cm b 123cm c 29°
2 a 10.8cm b 11.9cm c 30°
d 49°
3 Student’s graph
4 a —cos52° b cos100°
5 a 98cm b 30° ¢ 19.6cm
6 a 6784m b 11.6° ¢ 7180m
Student assessment 5
1a 180m b 27° c 288m
d 278m?

2a 127em b 67° ¢ 93.4cm?
d 147ecm
3 a 38°322° b 106°, 254°
4a
1
: //-
9 1805 | 60"
-1
b 6 =45°1225°
5 a 58cm b 6.7cm ¢ 7.8cm
d 47° e 19cm? f 37°
6 a 3l.2cm b 25.6cm ¢ 32.6cm
d 14.6cm e 27.6cm
Student assessment 6
1 a 5309cm? b 1150.3cm’
2 a 12107cm? b 2897.9cm’
3 a 229cm b 229.2em? ¢ 985.1cm?
d 18335em’
4 a 904.8cm® b 12.0cm ¢ 134cm
d 958.2cm?
5 a 100cm b 82.1em? ¢ 71.8cm’
d 30.8cm® e 4l.1em?
Examination questions
1
Condition Line
m>0andc>0 Ly
m<0andc>0 B
m<0andc<0 E;
m>0andc<0 L

60°
b 974 cm?

¢ 974x120=11700cm’

12m
b 125m
c 163°
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4 Part A

a
b

c

5cm
9.43cm
58.0°

Part B

a
b

c

720m
72300 m?
88.3°

Topic 6

Exercise 6.1.1

1 a,bandc

2

a
b
c
d
e
f
g

domain: ~1<x<3
domain: -4 <x<0
domain: -3 <x<3
domain: y >3
domain: t € R
domain: y € R
domain: n € R

Exercise 6.2.1

e an aw

am

2375 b 05
-4

-1 b -6
-16

range: =3 <f(x) <5
range: ~10 < f(x) <2
range: 2 < f(x) < 11
range: 0 < gly) <
range: h(t) € R
range: f(y) = 4
range: f(n) <2

c 0125

-4 b -0.25 )

2.75

2.75 b 0.25
0.5

flx) = 50 + 100x
€300

6 a
¥,
2 /0] 10
bx=3
Exercise 6.3.1
I FIEIEIEIEE 3
yl1olalo|-2]-2]0 10

b x = -3, (~05, - 2.25), minimum




Topic 6 455

==
Y

3a x |-1[o0 1 2 3 4 5 y| 9|0 |-7|-12(-15|-16/-15|-12| -7 | O | 9

o
—~
]

b x =1, (1, ~16), minimum

219 e

b x=2,(2,0), minimum
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6 a

L~
T~

I
@

1

N

L

b L 53|
~

=

7a

8 a

—bo
~

v
—4 =8 — 712 x
[ IR
/11
JAEl
15
18

b x =1 (0.25, 6.125), maximum

o2l Talo 123

y|7]-4|-7|-=2|n

3
~

LN/

N

b x =1, (0875, ~7.0625), minimum
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b x =1, (0.5,0), maximum

Exercise 6.3.2

1
2
3
4
5
6
7
8

~2and3
~land 1

3

No solution (graph does not cross x-axis)
3

05and3

1

~tand2

Exercise 6.3.3

—1.6and 2.6
No solution
2and 4
—land 0
0.3 and 3.7
0and3.5
—0.2and 2.2

~Land2

Exercise 6.3.4

1

o n

oaw

L

00w

LS

w06

(x+4)(x +3)
(x+ 12)(x + 1)
(x = 6)(x - 2)

(x+5)(x + 1)
(x + 3)?
(x + 11)

(x+ 12)(x +2)
(x = 6)(x —4)
(x + 18)(x + 2)

(x+5)(x - 3)
(x+4)(x-3)
(x+6)(x-2)

(x = 4)(x +2)
(x + 6)(x = 5)
(x+Nx-9)

20x + 1)?
(2x-3)(x+12)
Gx+2)(x+2)
(2x +3)?
Gx+1D(2x - 1)

Exercise 6.3.5

1

a
c
e
£
i

o

&0 B

a
c
e
£
i

—4and -3
—5and 2
—3and -2
—2and 4
—6and 5

—3and3
—12and 12
—2and 2
—4and -2
—4and 6
—9and 4
Oand 8
—-1.5and -1
—12and 0
—6and 6

—4and 3

2
4

“ER Mg s e A ST

(x+6)(x+2)
(x=3)(x—-4)
(x=12)(x-1)

(x +4)(x +2)
(x+5)2
(x = 6)(x = 7)

(x + 8)(x +3)
(x + 12)(x + 3)
(x = 6)

(x = 5)(x + 3)
(x = 4)(x +3)
(x = 12)(x-3)

(x=5)(x +4)
(x+6)(x = 7)
(x+9)(x - 6)

(2x + 3)(x +2)
(2x = 3)(x - 2)
Gx = D(x + 4)
(B3x = 1)?

—2and -6
-2and5
=3
—4and 5
—6and 7

~5and5
~25and 2.5
~tandd
Zand4
~6.and 8

-1

0and7
~land2.5
~9and -3
10 and 10

x = 6, height = 3cm, base length = 12cm
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8 x = 10, height = 20cm, base length = 2cm bi
9 x = 6, base = 6cm, height = 5ecm x |-3[-2|[-1]0 1 2 3
10 11m x 6m ("8 1 T T T IO O |
Exercise 6.3.6 i
Y
1 a -3.14and 414 b -5.87and 1.87
¢ -6l4and .14 d Nosolution 2
e —6.89and 1.89 f 3.38and 5.62
2a -530and -1.70 b -5.92and 592
c 25 d No solution
e —477and 3.77 f -2.83and 2.83 *
3a -073and2.73 b -1.87and 5.87
¢ -1.79and 2.79 d -3.83and 1.83
e 038 and 2.62 f 039and 7.61
4 a -0.85and 2.35 b —140and 0.90 3210 |
¢ 0.14and 1.46 d -2and -0.5
e —0.39and 1.72 f -154and 1.39
Exercise 6.4.1 S
lai x|-3|-2|-1fof1]2]3
x |3]2]-1]o]1]2]3 f) [3.125(325|35 | 4 | 5 [ 7 | n
fx) (004011 (033 1 | 3 [ 9 |2 4 57
i 57 12
e o
: i -
% II ]
32110 X
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x -3 -2 -1 0 1 2 3

-2.875

-05| 1 2 6 |1

f(x) [ -8.96 | -3.89 [ -067 | 1 2 5 |18

>l

E:

3425

225

]
—

2

-4 —3—2/é10 X

2 a Tecm b Ocm ¢ 5 hours
e Approximately 5% hours

3w x=25 b ox=-3

4 x=43

Exercise 6.4.2

1 Translation 0)

2 Stretch parallel to y-axis of scale factor k.

3 Changes the slope of the curve.

4 Reflection in the y-axis.

Exercise 6.4.3

1 16777216

2 240000 years

3 4900 million

4 0.098g

58

6

a 358000km?
b 7 years

720
8 9%
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Exercise 6.5.1 i) 17
1 The graph is stretched by a scale factor ‘a’ 5 |
parallel to the y-axis. \
3 Thegmphis wansbied (’O"). i
Exercise 6.5.2 =]

1 a i) Vertical asymptote: x = —1

Horizontal asymptote: y = 0 \
i) Graph intercepts y-axis at (0, 1) \
iii) Y, -+
4 d i) Vertical asymptote: x = 3
I Horizontal asymptote: y = 0
] ii) Graph intercepts y-axis at (O, %)
ii) Y,
50 T X i [

b i) Vertical asymptote: x = —3 t

Horizontal asymptote: y = 0 !
i) Graph intercepts y-axis ac (0, 4) |
i) y 4

| 2 & i) Vertical Syiiptors om0

‘ Horizontal asymptote: y = 2

ii) Graph intercepts x-axis at (—
ii) 37

Bph 20 x

I\
l| —
4 ™

e § Vereil mymprote: x=4 \

Horizontal asymptote: y = 0

ii) Graph intercepts y-axis at (0, ~3
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b i) Vertical asymptote: x = 0 3 a i) Vertical asymptote: x = —1
Horizontal asymptote: y Horizontal asymptote: y = 0
i) Graph intercepts x-axis at (3, 0) i) Graph intercepts y-axis at (0, 1)
i) y iii) y
8 B 4 2 U‘ x:
L
e B b 7RO X

¢ i) Vertical asymptote: x = 1 i
Horizontal asymptote: y = 4 b i) Vertical asymptote: x = 7
ii) Graph intercepts x-axis at ( & 0) and Horizontal asymptote: y = 1
y-axis at (0,3) ii) Graph intercepts axes at (0,0)
fit) y i) y
4 — [, S
B 420 x
55+ 2] %

d 1) Vertical asymptote: x = —4
Horizontal asymptote: y = —1
ii) Graph intercepts x-axis at (=3, 0) and
y-axis at (0, -7

¢ i) Vertical asymptote: x =%
Horizontal asymptote: y = 0
ii) Graph intercepts y-axis at (0, —2)
v, i) Y,

ol

iii)
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. . 1 ¢ i) Vertical asymptotes: x = 0 and 5
49 \l_/[m.mal a?]mpmtezx S 3 Horizontal asymptote: y = 1
OrZentE LAy IprOteE Y = 2 4 ii) Graph intercepts x-axis at (5 =
i) Graph intercepts x-axis at (-3, 0) and the

iii)
yeaxis at (0, 3) Y)

i) 57 [ 1] Jf

[

% 4 20 10 x

d i) Vertical asymptote: x = =2

Horizontal asymptote: y = -3

i ii) Graph intercepts the x-axis at (—2 + GO)
Exercise 6.9:3 and the y-axis at (0, -2
1 a i) Vertical asymptotes: x = 1and 2 i) y
Horizontal asymptote: y = 0
i) Graph intercepts y-axis at (0, 4
iii) )

1
=)
|
&
|
&
L
S
e
o
B

’ l, l\ 3
1= N_[ 4
20D X 2 a i) Vertical asymptotes: x = —4 and 1
Horizontal asymptote:
N ii) Graph intercepts the y-axis at (0,
Ml i) "
b i) Vertical asymptotes: x = —3 and 4 [
Horizontal asymptote: y = 0 |
ii) Graph intercepts y-axis at (0, ~7) L L1
iii) ¥, = 20 X
M-ggry X
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b i) Vertical asymptotes: x = —5 and 2
Horizontal asymptote: y = 0
i) Graph intercepts the y-axis at (0, ~]
i) y,

|
|
LU

¢ i) Vertical asymptote: x = —1
Horizontal asymptote: y = 3
ii) Graph intercepts the y-axis at (0, 4)

i) ¥,

0B b # 20 x

d i) Vertical asymptotes: x = ~%and 4

Horizontal asymptote: y = —1

46 3 ’ +489

i) Graph intercepts the x-axis at (1Y%, 0
and the y-axis at (0, =%,

iii) Y,

Exercise 6.5.4

Lai) p

ii) Graph intercepts the y-axis at (0, 6)

i) (x+3) (et 2)(x+1)
b i) y

|

|

|
|
/
7

P e R

ii) Graph intercepts the y-axis at (0, 3)
iii) (x+0.88)(x— 1.35)(x - 2.53)

i) 7

b 3




464 ANSWERS TO EXERCISES AND STUDENT ASSESSMENTS

ii) Graph intercepts the y-axis at (0, 0)
iii) x(x+3)(x—4)
d i) Y

>

L
&
I
&
L
S
i
2 bol
g
x

ii) Graph intercepts the y-axis at (0, 0)
i) x(x+2)(x - 2)

2ai) 7

&

ii) Graph intercepts the y-axis at (0, 2)
i) (x+ 2)(x— Dix- 1)

b i) Y,

o I

!
o
|
&
L
ES
|
o
o
5

S

ii) Graph intercepts the y-axis at (0, 0)
iii) x(x — 2)(x—2)

¢ i) y
Al
5 5 & 20

s

B

ii) Graph intercepts the y-axis at (0, 0)
iii) —x(x+ 1)(x—3)

d i) Y,

-8 —s\—4 20 x

5 \

N

ii) Graph intercepts the y-axis at (0, —40)
iii) —(x+5)(x—2)(x— 4)
Exercise 6.6.1

1ax=4and-5
b x=-3and}

1 1
¢ x=—tand

d x=-3and7

e x=1land}
f x=-21and4
2 a x=02and49
b x=-16and 10
¢ x=-0507and59
d x=-08and13
e x=04and22
f x=17.6° and 162.4% 0° < x < 360°



Topic 6 465

Student assessment 1 Student assessment 2

1 b is not a function as each input value should 1
only produce one output value. |

x []2]-1]o]1]2]3]
|ﬁX)=x‘+Zx»9|79|—1||—11|—9 75| 1 |9|

2 a domain: -3 < x < I range: —11 = f(x) < 1
b domain: x € R range: g(x) = 0

33<flQ) =2 b ;1
4a5 b -1 ¢ -4 4
5a (34 bG5S (0l
6a e %
i .
220 —
200 15
:22 & Ranges=1125<f() <9
140 2 a flx) = (x = 3)(x - 6)
120 b h(y) = Gy =D+ 1)
e flx) = (x = 5)(x +2)
d0g d h(x) = 2x = D)(x + 4)
80
Py 3a b x=land$
© c dx=land?
20 4 a x=0.191and 131
b x =2.62and 0228
0 20 40 60 80 100 X
5 €8244.13
B B SRS 5 G
b )~50°F i)=104F i) ~176°F ) o
z : Rl =120 7 22 years
€ 8 17m
30000
25000
20000 ————— 7]
15000
10000
5000
0 5000 10000 15000 20000 25000 30000 N

¢ 20000 copies
d = 2.4 million euros (Exact €2415000)
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Student assessment 3 3 a Vertical asymptote x = 3
Horizontal asymptote y = 1

1a i
b (0,4 and (1,0)
x -3 -2 -1 0 1 2 3
c Y,
f(x) |-1.875(-1.75[-1.5| -1 0 2 6 + l
y : \\
5 / =
2 4 a Vertical asymptote x = 2
.- =5 5 o - Horizontal asy;mptote y=-1
== Jand (3, 0)
T c
Y
& y=F l
2a \
Nin o [ 0
t{o|1]|2(3]| 4 B 6 7 8
’ ——
h (81(4.1]2.1(1.1| 0.6 [0.35]|0.225(0.163|0.131 . |
: \
i\ 5 a Vertical asymptotes x = —1 and 5
\ Horizontal asymptote y = 0
5 1
| b (0, -4)
¢
¥
o o | 1
=10 t
g V N
¢ Whent=0,h=81m ry ) ) N
dy=01 [ \
e There is always 10cm (0.1m) of grain left in r |
the container.
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6 a Vertical asymptotes x = 2 and 3
Horizontal asymptote y = 2
b (02d

&

J TN
Il
|

EBxamination questions

<f(x) <486
b4

2a -5

b=1,c=30

3a i

1

®

o

i (0,2)
see graph
zero

0.25
2

3

6

y=125

Topic 7
Exercise 7.1.1

1a4 b6 @
d 2x

2a4 b8 c -8
d 4x

3al b2 © 3
d x

Exercise 7.1.2

dy _ dy _
1a = 3x2 b T 6x
s g
& = x+2 d T 2x
dy _ dy _
e = f = 4x -1
Function f(x) | Gradient function '(x)
x 2
2¢ ax
e X
X4 x 2+ 1
e 3¢
30 6x
X+ 2 x+2
o2 %
x-3 3
20 -x+1 ax-1

3 T R mme den % ——
Exercise L33

1a 42 b 5xt e 6x
4 152 e 182 f 56
2a 2 b3 ¢
422 e &2 [
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Exercise 7.2.1

1a 152 b
d & e
g 0 h
2a 6x+4
¢ 30x2 - x
e 48 — 4x
g —12 + 8«
i -2+
3a 2x+1 b
d %x+% e
g 2x+ 10 h
Exercise 7.2.2
1a —x? b
d 2} e
2ax! b
d & e
3a -3x2+2
¢ 3x 2yl 2
e —8x5+3x4
Exercise 7.2.3
1a6t+1l b
d -2t? e
2 a =3x? b
d -25+2 e
3 a 2x+4 b
d2-6r e
4alt
¢ -l
e 22— %z +1

Exercise 7.3.1

1aé b
do e
2a -4

3
¢ 3%

14x o 245
4 £ o
6 i0
b 152 - 4x
d 182 —6x+ 1
fd-x+1
h =30xt+123 -1
4 c bx+1
6x+3 f 6x2—8x
4x+17 i 3 -4x-3
=3x~* o —4x?
Ped f 2c*
2t ¢ 3x?
%X,z § %st
b 4x-x?
d =3xt432
£ oxdoxt
6t + 2t c 152 -2t
-t f 40 + 20
B A L
% +nt f —%H -3¢
1-2t c 3¢
x—x2 3¢

b 4t
d 32 -2+ 473
f =04+ %’6 -4t

-3 c0
~tand-5 f 6
b -2
4 -3
£ -36and -68

=

o

-

C

o a

-

i) 4 i) 313 iii) 72
iv) 0

N _ j0r-2

5 10~ %

i) & i) 16} iii) 6
iv) =50

The graph increases during the first 67
days, hence number of new infections
increases. When t = 10 the graph is at zero,
hence number of new infections is zero.
The rate is initially increasing, i.e. the
gradient of the graph is increasing. After
approximately 4 days, the rate of increase
starts to decrease, i.e. the gradient of curve
is less steep. After 10 seconds the gradient
is negative, hence the rate of increase

is negative too.

i) 243m ii) 2000m

% = 60t - 3¢

i) 108mh~  ii)225mh! i) Omh!
The steepness of the graph indicates the rate
at which the balloon is ascending. After 20
hours the graph has peaked therefore the rate
of ascent is Omh-1.

The steepest part of the graph occurs when

t = 10 hours. Therefore this represents when
the balloon is climbing at its fastest.

Exercise 7.3.2

1a (,6) b (25,19.75)
¢ (2,10 40 -1
e (.15 f(=5,-14)
2 a (1,42 and (-2, -83)
b (-1, —4%) and (-3, -9)
-5y
d (1,4 and (-3, -15)
3a %=4+ 10t b T seconds
¢ 3 seconds 4 57m
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4a 20°C b L2432 bflg=x-1-o=x(l-x)-1
: . de Whenx<-lorx>1— (1l -x)<0
¢ i) 21°C/min therefore f(x) < 0
u) 48°C/min When —1<x<1—-0<x2(l-x)<1
iif) 0°C/min therefore f (x) < 0
d t=2or6minutes e 236°C Hence f'(x) is a decreasing function for all
Exercise 7.3.3 waliiesntia
1
Laf(®=2x-3 b1 4 k<
el dy=x-1 Exercise 7.5.1
i fo=meed La i) f@=2-3 DG4
a i) f0)=2x- i) 3,
2a 4 b y=4x-10 bi) fx)=2x+12 i) (=6,~1)
¢+ dx+4y+6=0 ci i) (4,3)
5 ol bym A2 d i) fo= ii) no stationary points
cy=k-2 2 a i) f(x) =32 - 24x+ 48
ii) (4,6)
4a (JTwZ) b (=6, 10) b i) fl0) =3 - 12
e (=4, i) (=2, 16) and (2, —16)
52 -4 by=—4x+17 ¢ i) fi(x) =32 —6x—45
cy=5 ii) (-3, 89) and (5, ~167)
di)f)=x+3x-4
d Npy=hgNix=2
21[7 7o Nyix ii) (~4, 132) and (1, -72)
e (2,9 3ai) fl)=-4-2x
6a f(x)=-x-1 b -3 ii) (-2,5)
¢ (2,-8) iii) (-2, 5) is a maximum
Exercise 7.4.1 14)1(0.1)
v) y
Lai)f(y)=2x i) x>0
bi)f(x)=2x-3 ii)x>3 5
c i) fi(x) =-2x+10 ii)x<5 g
d i) fi(x) = 3x - 24x + 48
ii)x<4andx>4 / Y
e i) f(x) = -3¢ +125 4
5 5
ii) _%QKW LR R .0\ X
R o) | \
ii) ~1 <x<Oand x> 1 / \
2 a x<0 b x<% c x<5 4
5 5
d never e x< -ﬁand:oﬁ I \
f x<-landO<x<1 / \\

3af=x+t
2 = 0 for all values of x, — 22 + 4> 0 forall
values of x
Therefore f'(x) is an increasing function for
all values of x.
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di) f=32-%-3
i) (~2,38) and (5, ~1334)
iii) (=2, 38) is a maximum point, (5, ~1334)

bi) f()=x-8x+12
i) (2,72) and (6, -3)

iii) (Zf 7%) is a maximum, (6, =3) isa 208 o
R 0.9
v) ,
y |
Vi
’ ,’
H A |
B I
i | : |
| \ | /e |
| \ | / 1| |
'.0’ \ Px _3_2_40\
\
5 f ]
] ] : |
y / LI |
| \ ]
) f)=-2246x-4 I \ /
i) (1, ~13) and (2, -12) \
et /
iv) (0,0) I \
v) y ’
Y ’ 5 ~
A ’l :
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4a

b

D) fW=3C-18+27 )3, -3)
iii) (3, —3) is a point of inflexion

iv) (0, -30)

v Y

Lol L [T 1T/

) f(x) =42 - 124 + 16

ii) (=1, -11)and (2, 16)

iii) (=1, =11) is a minimum point, (2, 16) is
a point of inflexion

iv) (0,0)

v) 2

I T /

Exercise 7.6.1

1a

b

c

d

e

S
A

500 - 2x

A =500x - 2x*
500 - 4x

125 m
31250m?

(12!

2a
b

&

7| oo

e

e Whenx=9cm

$40

40 +x

Each x increase in price leads to a 2x decrease
in phones sold.

P = (40 +x)(150 - 2x) = 6000 + 70x ~ 2x
70 - 4x

175

i $117 or $118

ii $6612.50

4 - J600
ot
16x—1—2209

10 cm

When x = 11 cm 438

e
Gradient changes from negative to positive
therefore the stationary point is a minimum.

4 b V=858 387 cm? = 858 400 cmd (4 5£)
Student assessment 1
Ia%=3a¥ b%=4x—l

e Bonsr A8 raige-t
24 fld)=2x+2 b {0 =2c-1

o fl)=2x d7@=x+1

e f() = —3x2 £ F()=1-2x2
3af(l)=2 b f(0)=1

S R
4a -1 b -1

1 7!

¢ -3 a-%
sav=%o10 b v=30ms!

¢ 42 seconds i) 88.2m
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Student assessment 2
a f(0) =32+ 2
2 23
b P55
¢ Q0,-1)

d Pis a maximum and Q a minimum

~

a Substituting (1, 1) into the equation gives
1=P-1+1o1=1

b2
¢ y=2e-1
dx+2y-3=0
3a f(d=2x-4
b x<2
4 a f(x)=4x - 4x

b (0,0), (1, =1) and (-1, -1)
¢ (0, 0) is a maximum, (1, —1) and (-1, —1)
are both minimum points

d i) (0,0
ii) (0,0), (V2,0 and (-4/2, 0)
o
| |
| |
| |
\ |
-2 X

Examination questions

1 oa 4+l b -11 e -1
2 a3l
b Y
|
\ /
\
%54 320
\
/ \
|

48
3:(1—;1—
0
(-2,-32)

232} Ufy<-32}
g 45

© B 0o N <

¥
x=-0857 orx = 1.77

4

fix)=2-2x

At a maximum: 2~ 2x = 0
=1
f)=3+2x1-12=4

Part B

a 4p+2q=-60r2p+9q=-3
b i2px+q ii4p+q=1
c p=2,q=-1



abacus 1,16
adjacent side, of a triangle 228
Al-Karkhi 283
Al-Khwarizmi, Abu Ja'far
Muhammad Ibn Musa 19
alternative hypothesis (H1) 189
ancient Greeks see Aristotle;
Pythagoras
angle
between a line and a plane
2504
of depressionfelevation 231-2
apex, of a pyramid 260
approximation  21-6, 327-8, 360-1
in science 71, 20
Arab mathematicians 19, 283, 358
arc of a circle, length 265
area, of a triangle 2424
see also surface area
arguments, valid 114
see dlso logic
Aristotle 111
arithmetic sequences 46-54, 365
arithmetic series 504, 365
asymptotes 306-9, 312-16
averages 89
axes, of a coordinate system 205,
25

axiomatic system 280
axis of symmetry 280

Basic (computer language) 16
bell-shaped curve 159
Bertrand's box paradox 156
biometry 177

bivariate data 168, 386
Black Swan event 202
bounds, upper and lower 79
box and whisker plots 86-8
Brahmi numerals 19

brain, hemispheres 280

calculus
easy todo? 358, 359
further study 358
historical aspects 326-7, 358
real-life applications 358, 359
terminology 358

Index

Cantor, Georg 111, 122

capital 367

Cardano, Girolamo 283

Cartesian coordinates 205

cash flow 325

charts see data, displaying

China, one-child policy 358

Chinese philosophy 111

chi-squared (x2) test for
independence 189-91

circular prism see cylinder

class intervals 79

commission, for currency exchange
35,36

commodity money 35

common difference 48, 49

common ratio 55

complement of aset 125

compound interest 62-5, 307, 324,
367-8

compound statement 113

conditional probability 149-50

cone, volume and surface area

conic sections 281

conjunction 113, 116

contingency tables (two-way tables)
115, 138, 189

contrapositive 121

converse 114, 120, 376

coordinate, calculating from gradient
function 340-2

coordinate systems  205-8

correlation 1747, 203, 386-7

see also Pearson’s product-moment

correlation coefficient (r)

cosine curve 236-7

cosine ratio (cos) 230

cosine rule  239-40, 281

cost and revenue functions 325

critical values 191

Croesus 35

cuboid, properties 254

cumulative frequency 81-3,371-2

cuneiform 19

currency conversion 35, 36

currency exchange market 37

currency trading 71
cylinder, properties 254

data
bivariate 168, 386
discrete and continuous 72
dispersion 97
displaying 73-7, 109
large amounts 92
see also grouped data
decimal places, approximating to

Dedekind, Richard 111, 122
degrees of freedom 190
depreciation 308
derivative
of afunction 332
of polynomials with negative
powersof x 3346
see also gradient function; second
derivative
Descartes, René 205, 325
differentiation 332-6
disjunction, exclusivefinclusive
113, 114, 116
distance between two points,
calculating 2067
domains 284-6
doodles, mathematical properties

economics 324

Egyptian mathematics 228, 244-5
Einstein, Albert 280, 327
elements of aset 122

empty set 123, 156
Enigma machine 16
equations

graphical solution 364
of a line through two points
218-19
of the normal to a curve  344-6
of a straight line 208-19, 390-1
of the tangent at a given point
3434
equivalence 120, 376, 377
estimation
ability 17
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of answers to calculations 23-5
of the mean 96
Buler, Leonhard 283, 325
Euler’s formula 281
Eurozone 35-6
events
combined 138-9, 377, 379, 380
complementary 135, 137
independent 148
mutually exclusive 135, 136, 146
probability of 136
exchange rate see currency
conversion
expected frequencies 190
exponential functions 306-9, 400

Fermat, Pierre de 135, 326

Fermat's last theorem  326-7, 359

Fibonacci sequence 46, 70

frequency histogram 734, 15960,
370

for grouped data  79-80
frequency table 73
grouped 77
functions
historical concept 283
increasing and decreasing 346-8
as mappings 2836
meaning of term 324
range and domain  284-6
unfamiliar 318-21, 325

Galileo 27
Gauss, Carl Friedrich 135, 325
generality 281
general relativity 280
genius, definition 350
geometric sequences 54-6, 365
geometric series 56-9, 365
geometry
Euclidean and non-Euclidean
280, 281
three-dimensional 244-71,
397-8
gold 35
goods, scarce 35
gradient 327-31
approximating  327-8
of a curve at a given point
337-40
of increasing and decreasing
functions 346-8
positive/negative 209

of astraight line 20811, 3001
gradient function 330, 340
zer0 348

see also derivative
gradient—intercept form 216
graphical solution

of equations 38-46

of linear equations 3842

of quadratic equations 436,

295-8

of simultaneous equations 2224

of unfamiliar equations 318-21
graphic display calculator (GDC)

in calculus 359

computing power 17

using 1-15
graphs

drawing/plotting  6-9, 120,

219-20, 310, 318

of exponential functions 306-9

of linear functions, a 286-8

of quadratic functions  289-305

straight-line  219-20

vertex 289

see also data, displaying
grouped data

discrete or continuous  77-9, 369

mean and mode 95-7
median 81
growth and decay, exponential
3079

Hein, Piet 281
Hellegouach, Eves 327
Hex 281

Hipparchus of Rhodes 228
Huygens, Christiaan 135
hypotenuse 228
hypothesis testing 189-97

Ibn al Haytham 358

imaginary numbers 20

implication 114, 119-20, 376

independence, chi-squared ( 2) test
189-91

Indian mathematics 19

indices

negative 30-1

positive  27-30

inference, valid 111

infinity, value(s) of 156

integers 19, 70

interest see compound interest;
simple interest

interquartile range 86, 97-100
intersection
CGC ‘Trace’ facility 9-10
of sets 125,133
inventions and discoveries 327,
358
inverse 120-1,376
inverse normal calculations
irrational numbers 20

165-8

knight's move
knowledge, tru(l\ and belief 17, 156

law of diminishing returns 17
Leibniz, Gottfried Wilhelm 283,
327,358

linear equations, graphical solution
2

linear functions
evaluating  287-8
graphs  286-8
line of best fit 169-72
optimum 184
lists, for storing data  12-13
logic
applications 111
historical aspects 111
and set theory 133
symbolic notation 113, 375
terminology 112
logical contradiction 117
logical equivalence see equivalence
logical fallacy 157
longitude 205

many-to-one mapping 284
mappings 2836

meaning of term 324
mathematical tables 16, 17
mathematics

frontiers of knowledge 359
historical context 325, 358
important areas 280, 359
language 70, 71
maxima/minima

calculating 349

local 338, 348
‘mean

definition 89

estimating 96

finding 90-2

for grouped data 95-7

of normal distribution 159
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measures of central tendency
89-95, 369
measures of dispersion 97-104,

median
definition 89
finding 90-2

of grouped data 81

of large data sets 92

of normal distribution 159
Mesopotamia 18-19
midpoint of a line segment 2078
mode

definition 89

finding 90-2

for grouped data 95-7

of normal distribution 159
money

historical aspects 35-6

importance in politics 109
Moscow Papyrus  244-5
Mozi (Father Mo) 111

natural numbers  19-21
negation 113, 116
Nelson, Lord 228
Newton, Isaac 325,327, 358
non-linear functions, gradient
327-8
normal to a curve, equation 344-6
normal distribution 135, 15968,
384-5
notation
domains 284-6
logic 113,375
probability 135
scientific see standard form
set theory 122, 125, 337
null hypothesis (H0) 189
number system, historical aspects
18-19
numerical solution, exact 70

observations, independent 189
one-to-one mapping 284
opinion polls 108
opposite side, of a triangle 228
optimization 353-6, 405-6
origin, of a coordinate system 205
outcomes

two-way tables 115, 138
types 136

see also events

pandemics 359
paper money 35
parabola 43, 289
paradoxes 156, 157
parallelism, defining 325
parallel lines, gradient 209
Pascal, Blaise 46, 111, 135
Pascal’s triangle 46
Pearson, Karl 177
Pearson’s product-moment
correlation coefficient (r)
177-84, 202
percentage error 25-6
percentiles 84
perpendicularity, defining 325
Pisano, Leonardo (Fibonacci) 46
point of inflexion 348
polynomials
derivative 334-6
gradient functions 330
higher-order 316-18
population predictions 358
predicate 111
premises, in logic 111
prime numbers 70, 71
prisms, volume and surface area
54-7
probability
of combined events
experimental 157
historical aspects 111
laws 146-7, 383
notation 135
problems with and without
replacement 1434
projection, of a line on a plane 251
proof 70
propositions
equivalent 114
logical 111,113
see also equivalence
punch cards 16

pyramid, volume and surface area
2604

138-48

Pythagoras’ theorem 206, 231, 280,
281

quadratic equations
algebraic solution 3004
graphical solution 43-6, 120-3
quadratic expressions
factorization 299-300
graphs  289-305, 399

quadratic formula  304-5
quartiles 84-5
questionnaires 108

radioactive decay 307, 324
range
of a distribution 97
of a function 284-6
meaning of term 324
rational numbers 20
real numbers 20
reciprocal function 309-16
rectangular prism see cuboid
recurrence relation 47
regression line fory on x 184-9,

representative money 35
reserve currency 37
results
consistency 81
observed 189
risk 157
roots
of an equation 43
of a quadratic 297
rounding  21-2
Russell’s antinomy 156

sample space 135,378
sampling 108

scatter diagrams  168-74, 386-7
scientific notation see standard form
second derivative 352
sector of a circle, area 265
selection with and without

replacement 1434

sequences

arithmetic 46-54

geometric 54-6

pairing 70
series 50

arithmetic 504

geometric 56-9

pairing 70
sets

disjoint 133

and logical reasoning  113-15

of numbers  19-21
properties  129-30
set theory

further study 156

historical aspects 111
notation 122, 125, 337
use in probability 135
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SI see Systéme Internationale
significance level (p) 190
significant figures, approximating to
simple interest 59, 367-8
simultaneous equations
graphical solution 2224
multiplying 226-7
solution by elimination 221-2
solution by substitution 222
sine curve 235-6
sine ratio (sin) 229-30
sine rule  237-8
slide rule 16
solids, regular 281
sphere, volume and surface area
257-6(

standard deviation 1004, 109
standard form  27-31
statement see proposition
stationary points 348-53, 405
statistics

effect on public opinion 108

further study 100

historical aspects 72

misuse 109

specialized terminology 109
straight-line graphs,

plotting/drawing  219-20

straight lines, gradient 327

subsets 1234, 133
sum, of an arithmetic series 514
Sumerians 18
supply and demand, graphs 324
surface area
of acone 26471
of aprism 254
of apyramid 2604
of asphere  257-60
symbolic logic see logic
Systeme Internationale (SI) units of
measurement 316, 363

tables of results, using GDC  11-12
tangent at a given point, equation

tangent ratio (tan) 229
Taniyama-Shimura conjecture 327
tautology 118, 121, 376
temperature scales  34-6
term-to-term rule 47, 55
torus, geometry 281
tree diagrams  139-44
triangles
area 2424
non-right-angled 235
right-angled 228-34
sides 228-9
criangular prism 254
trigonometric ratios  228-30

trigonometry
historical aspects 228
non-right-angled 23544, 395-6
right-angled 228-34, 3024
three-dimensional 245-50

truth tables 115-18

two-way tables see contingency

tables

union, of sets 125
units of measurement  31-6
universal set 125

variables, relationship 168

Venn, John 125

Venn diagrams  125-9, 133, 144-5,
146, 156, 157, 381-2

vertex, of a graph 289

volume

ofacone 26471

of aprism 2547

of a pyramid 2604

of asphere 257-60

Weldon, Walter 177,203
Wiles, Andrew 327, 350

Yates’ correction 191
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* spreadsheet activities

* GeoGebra activities
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