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Introduction 

The IB Mathematical Studies SL student 
The underpinning philosophy of the International Baccalaureate® is described in 
the attributes of the 1B learner profile. These attributes encapsulate the 1B mission 
statement and ideally should be embraced and m<Xlelled by students, teachers and 
the entire school community: 

Inquirers They develop their natural curiosity. They acquire the skills 
necessary to conduct inquiry and research and show 
independence in learning. They actively enjoy learning and this 
love of learning will be sustained throughout their lives. 

Knowledgeable They explore concepts, ideas and issues that have local and 
global significance. In so doing, they acquire in depth knowledge 
and develop understanding across a broad and balanced range 
of disciplines. 

Thinkers They exercise initiative in applying thinking skills critically and 
creatively to recognize and approach complex problems, and 
make reasoned, ethical decisions. 

Communicators They understand and express ideas and information 
confidently and creatively in more than one language and in a 
variety of modes of communication. They work effectively and 
willingly in collaboration with others. 

Principled They act with integrity and honesty, with a strong sense of 
fairness, justice and respect for the dignity of the individual, 
groups and communities. They take responsibility for their own 
actions and the consequences that accompany them. 

Open-minded They understand and appreciate their own cultures and personal 
histories, and are open to the perspectives, values and traditions 
of other individuals and communities. They are accustomed to 

seeking and evaluating a range of points of view, and are willing 
to grow from the experience. 

Caring They show empathy, compassion and respect towards the needs 
and feelings of others. They have a personal commitment to 

service, and act to make a positive difference to the lives of others 
and to the environment. 

Risk-takers They approach unfamiliar situations and uncertainty with courage 
and forethought, and have the independence of spirit to explore 
new roles, ideas and strategies. They are brave and articulate in 
defending their beliefs. 

Balanced They understand the importance of intellectual, physical and 
emotional balance to achieve personal wellbeing for themselves 
and others. 

Reflective They give thoughtful consideration to their own learning and 
experience. They are able to assess and understand their strengrhs 
and limitations in order to support their learning and personal 
development. 

(Cl International Baccalaweate Organization 2007 
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IB Mathematics grade descriptors 
The following amplifies the grade descriptors from the 18. Students should have a 
clear understanding of what is expected at each grade level. 

• G rade 7 Excellent perfonnance 
Demonstrates a thorough knowledge and understanding of the syllabus; 
successfully applies mathematical principles at a sophisticated level in a wide 
variety of contexts; successfully uses problem-solving techniques in challenging 
situations; recognizes patterns and structures, makes generalizations and justifies 
conclusions; understands and explains the significance and reasonableness of 
results, and draws full and relevant conclusions; communicates mathematics in a 
clear, effective and concise manner, using correct techniques, notation and 
terminology; demonstrates the ability to integrate knowledge, understanding and 
skills from different areas of the course; uses technology proficiently. 

• Grade 6 Very good performance 
Demonstrates a broad knowledge and understanding of the syllabus; successfully 
applies mathematical principles in a variety of contexts; uses problem-solving 
techniques in challenging situations; recognizes patterns and structures, and makes 
some generalizations; understands and explains the significance and reasonableness 
of results, and draws relevant conclusions; communicates mathematics in a clear 
and effective manner, using correct teclmiques, notation and terminology; 
demonstrates some ability to integrate knowledge, understanding and skills from 
different areas of the course; uses teclmology proficiently. 

• Grade 5 Good performance 
Demonstrates a good knowledge and understanding of the syllabus; successfully 
applies mathematical principles in performing routine tasks; successfully carries 
out mathematical processes in a variety of contexts, and recognizes patterns 
and structures; understands the significance of results and draws some 
conclusions; successfully uses problem-solving techniques in routine siruatiom; 
communicates mathematics effectively, using suitable notation and terminology; 
demonstrates an awareness of the links between different areas of the course; uses 
technology appropriately. 

• Grade 4 Satisfactory performance 
Demonstrates a satisfactory knowledge of the syllabus; applies mathematical 
principles in performing some routine tasks; successfully carries our mathematical 
processes in straightforward contexts; shows some ability to recognize patterns 
and structures; uses problem-solving techniques in routine siruatiom; has limited 
understanding of the significance of results and attempts to draw some 
conclusions; communicates mathematics adequately, using some appropriate 
techniques, notation and terminology; uses technology satisfactorily. 

• Grade 3 Mediocre perfonnance 
Demonstrates partial knowledge of the syllabus and limited understanding of 
mathematical principles in performing some routine tasks; attempts to carry out 
mathematical processes in straightforward contexts; communicates some 
mathematics, using appropriate techniques, notation or terminology; uses 
technology to a limited extent. 
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• Grade 2 Poor performance 
Demon.mates limited knowledge of the syllabus; attempts to carry out mathematical 
proces.ses at a basic level; commrn1icates some mathematics, but often uses 
inappropriate techniques, notation or terminology; uses technology inadequately. 

• Grade l Very poor performance 
Demonstrates minimal knowledge of the syllabus; demonstrates little or no 
ability to use mathematical proces.ses, even when attempting routine tasks; is 
unable to make effective use of technology. 

(Cl International Baccalaweate Organization 2007 

The syllabus and Mathematical Studies 
for the /8 Diploma Second Edition 
This textbook fully covers the 1B Mathematical Studies SL guide for first 
examinations in 2014. The assessment breakdown is as follows: 

Assessment 

External 
Paper 1 
40% 
90marks 

External 
Paper 2 
40% 
90marks 

Internal project 
20% 
20marks 

Type Duration 

1 S compulsory short-response questions on 1 hr 30 min 
entire syllabus 

6 compulsory extended-response questions 1 hr 30 min 
basedontheentiresyllabus 

The project isanindividualpieceofworkinvotving ZS hours 
the collection of information or the generation of 
measurement5, and the analysis and evaluation of 
the information or measurement5. 

For the external assessments a formulae booklet will be provided. 

The topics covered in this resource are in the same order as they appear in the 
syllabus. Syllabus statements appear at the start of each topic. However, it is not 
intended that teachers and students will necessarily follow this order. Teachers 
should use this resource in the order which is appropriate for their school context. 
Some content has been included which will not be examined but is still useful to be : 
taught. These sections have been indicated with a dashed line down the right hand 1 
side of the text. Each topic has explanations, examples, exercises and, at the end of 
the topic, a number of student assessments and past 1B examination questions to 
reinforce learning. 

A resource such as this one is used primarily as preparation for an examination. 
We have written a book which follows the syllabus and will provide excellent 
preparation. However we have also tried to make the book more interesting than 
that limited aim. We have written a twenty-first century book for students who will 
probably be alive in the twenty-second century. 
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Presumed knowledge 
We are aware of the difficulties presented to teachers by students who are taking 
this course and come from a variety of backgrounds and with widely differing levels 
of previous mathematical knowledge. The syllabus refers to presumed knowledge. 
At the start of the book, in each area of study - number, algebra, geometry, 
trigonometry and statistics, we have included a section of assessments which can be 
used to identify areas of weakness and as revision. These areas can then be studied 
in more detail by reference to our !GCSE® textbook. 

International mindedness 
We are aware that students working from this resource will have begun full time 
education in the twenty-first century. 1B students come from many cultures and 
have many different first languages. Sometimes, cultural and linguistic differences 
can be an obstacle to understanding. However, mathematics is largely free from 
cultural bias. Indeed, mathematics is considered by many to be a rn1iversal language. 
Even a Japanese algebra text book with Japanese characters will include recognisable 
equations using x and y. The authors are very aware of the major and fundamenral 
contribution made to mathematics by all cultures. Arabic, Indian, Greek and 
01inese scholars have learned from each other and given a basis for the work of 
more recent mathematicians. We have introduced each topic with references to the 
history of mathematics to give a context to students' studies. The people who 
extended the boundaries of mathematical knowledge are many. We have referred to 
the major contributors by name, often with a photograph or other image. 

The graphic display calculator 
The syllabus places great emphasis on the appropriate use of the graphic display 
calculator (GDC) in interpreting problems, so many teachers will wish to start with 
the lnmx:luction to the graphic display calculator. This gives a general overview of 
the use of the GOC, which will assist students who may be unfamiliar with its use. 
Throughout the book we have then built UJX)n this foundation work and have 
provided very clear and concise illustrations of exactly how such a calculator is used 
(not merely showing how a graph might look.) It must be noted that use of a GDC 
is not a substitution for authentic mathematical understanding. The two models of 
calculators used are the Casio fx-9860G and the Texas T I-84 Plus. Instructions for 
the Texas T I-Nspire for a selection of exercises are provided on the website. 

We also refer to other computer software (Autograph and GeoGebra) where 
appropriate. 

Command terms and notation 
Many examiners reJX>rtll have highlighted that students are often w1eertain what 
specific command terms mean. Students should become familiar with all these words as 
they will be faced with them during the external examinations. One such example is 
the difference between 'draw' and 'sketch'. This issue is dealt with on pages 309- 310 of 
the textbook. Students should also be familiar with the list of notation that d1e 1B uses 
in the external examinations. Students will not, however, be penalised in examinations 
for using different appropriate notation but understanding the command teffilS is 
essential. The 1B has released a new list of command terms and notation with the new 
guide and the full \isn; can be found on the hcxlderplus website. 
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The website 
The material on the accompanying website is indicated through the book by 
coloured icons. These are: 

powerpoints, 

spreadsheets, 

GeoGebra files, and 

Personal Tutor presentations, step-by-step audio visual explanations of the harder 
concepts. 

We hope that providing free access to this material will enable all students to 

engage with this invaluable material. A copy of the GeoGebra installer is also 
available to download. 

The website also contains answers to the revision exercises, worked solutions to 

all the exercises and student assessments throughout the book and instructions for 
the use of the Texas T I-Nspire. 

Applications and theory of knowledge 
These areas should form a vital part of this course. The textbook therefore has a 
section at the end of each topic for discussion points such as 'Applications' 
( ·II ), 'Project ideas' (green ) and 'Theory of Knowledge' (pink ). Students 
should not underestimate the importance of this facet of the course which is why 
we have given it a dedicated section at the end of each topic. It is worthwhile to 
explore these ideas as discussions in lessons to emphasize and explore one of the 
core elements of the 1B diploma programme. 

Revision exercises 
At the end of the book is a revision section, with exercises covering the whole course. 
It is expected that students will also have access to previous examination papers. 

I nterna I assessment 
A project is chosen by the student and is assessed by their teacher and then is 
externally moderated using assessment criteria that relate to objectives for Group 5 
Mathematics. These criteria are as follows: 

Criterion A lnmx:luction Jmarks 
CriterionB Information/measurement Jmarks 
CriterionC Mathematical processes Smarks 
CriterionD Interpretation of results 3marks 
CriterionE Validiry 1 mark 
CriterionF Structure and communication Jmarks 
CriterionG Notation and terminology Zmarks 

Total 20 marks 
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Project ideas 
Project ideas can be found at the end of each topic (on green notes). They are only 
ideas and are not intended to be project titles. Where it is suggested that students 
extend their mathematical knowledge as pan of the project it is important to discuss 
this tl1oroughly with a teacher, both before starting and as the project progresses. 

Many teachers feel that too many students choose statistics projects which are 
too limited in the scope of the mathematics used. Students can look outside the 
syllabus; it may even be advantageous to look at areas of maths such as symmetry, 
toJX)logy, optimisation, matrices, advanced probability, calculus, linear 
programming and even mathematics as it applies to art, music and architecture (but 
be sure that maths is the emphasis). Your teacher is allowed to give help and 
guidance, so students should discuss their ideas before starting their project to be 
sure that it is feasible. 

Possible approach for a project 
Before starting to plan your project there are a number of things to consider. Your 
project is assessed according to a number of headings (criteria) as listed on the 
previous page; these will be referred to below. 

I The project is part of your assessment. You should aim for the highest JX)SSible 
mark. 

2 The project is expected to take more time to prepare, plan and complete than 
even the longest of the seven topics in the Mathematical Studies syllabus. So 
allow yourself time to get this work done. 

3 This is your matl1ematics project and is meant to reflect your mathematical 
ability. You would think this does not need to be stated. However it is a fact that 
many teachers will have received projects which: 
a have a very interesting title (but little to do with maths) 
b are beautifully presented (but have little mathematical content) 
c have a lot of very repetitive, low-level maths (e.g. lots and lots of bar charts) 
d contain mathematics far above the ability of the student submirting it (be 

prepared to explain anything that you write). 

4 You should try to involve mathematics from as many topics in this course as you 
can, and at the highest level pa;sible. A sensible choice of project will allow you to 
show the matl1ematical knowledge you have gained, but in a different way than in a 
formal exam. You should plan to use a further mathematical process above that in 
the Matl1ematical Studies syllabus (your teacher may help with this). 

5 The more general the project title, the easier it is to extend it into a variety of 

Below is an indication of how a project might be approached. The mathematics 
involved will be taught as you go through the course but we have shown where it is 
in the book should you wish to have a look. 
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Title: Bacteria (Note: This is a very 'open' title.) 
Assessment C riterion A Introduction: Your introduction should contain a 
detailed plan. 
Example: This project will be in four sections. 

Section 1 will look at the possible ways that bacteria could grow. By 
drawing up a table of results it should be JX)SSible to obtain general 
algebraic formulae for ways in which bacteria grow. 
Section 2 will look at graphs of these results. The functions involved 
are expected to be exJX)nential functions so this application will be 
studied funher. 
Section 3 will require the collection of secondary data about the 
spread of epidemics. 
Section 4 will look at clinical trials and how, by applying 
mathematics, a course of treatment can be thought to be a success. 

Assessment C riterion B Information/measurement: The information collected or 
set of results should be organised properly and be suffi cient in quality and 
quantity. This means that results and data collected should be in table form and 
graph s clearly drawn. 
Section 1: This will look at the possible patterns of growth of bacteria. 
The maths used in Section l is from Topic 1: Number and algebra - 1.7 Arithmetic 
sequences and series and 1.8 Geometric sequences and series. 
Example: 

This pattern will produce data which can be put into a table: 

Number of hours Total bacteria 

13 

25 

Assessment C riterion C Mathematical processes: All mathematical processes 
both simple and further must be carried out correctly. 
Section 1: 
A rule can be found to link h (hours) and T (the total number of bacteria). 

T = 2hl + Zh + 1 
This can be arranged to give T = hl + (hl + Zh + I) 
And factorised to give T = h2 + (h + l)l 
So the pattern above can be seen to be the sum of two square number patterns. 
This can then be used to make predictions. 
Extend this study of sequences and series to other patterns. 
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Section 2: 
This will look at the graphs of the formulae obtained in Section l above. 
The maths used is from Topic 6: Mathematical models. 
If we study the equations obtained in Section l you can draw and study exponential 
growth. If you then propose that: 

a the bacteria could be harmful; and 
b that a suitable treatment resulted in a decrease in the number of bacteria over time 

then you could also study exponential decay. Note criteria B and C above. 

Section 3: International link to real events. 
After the devastating earthquake that hit Haiti in 2009 there was an outbreak of 
cholera. It may be possible to obtain accurate statistics showing how this outbreak 
became an epidemic and how this was dealt with. You may also want to look at the 
possibility of a pandemic (for example, avian flu). Note criteria Band C above. 

Section 4: This will look at the way clinical trials are used to test whether a drug is 
successful in fighting disease. 
The maths used is from Topic 4: Statistical applications, in particular Topic 4.4: 
The x1 test for independence. 
For this section you can either use real data or, to show that you understand and 
can apply this area of statistics, you could suggest some possible results yourself 
(check with your teacher). 

Assessment C riteria D and E: Interpretation of results and validity of 
conclusions. You should be able to show from your accurate calculations that 
the conclusions you draw are valid. 
You will show that you can construct a null hypothesis, an alternative hypothesis 
and degrees of freedom and use these to show whether the trial shows that 
treatment with the drug is successful or not. Note criteria Band C above. 

Assessment C riterion F Structure and communication: Your project should 
follow the stated plan and should be clearly communicated. 
A project planned in this way will enable you to show that you can apply several 
areas of the mathematics that you have been taught in this course and will make it 
easy for your teacher to award you a high mark for your project. Remember that this 
is your primary aim in producing a project. 

Assessment C riterion G N otation and terminology: The project should contain 
the correct mathematical notation. 

Ric Pimentel and Terry Wall 
Jennifer \Vathall 

The authors are both experienced classroom teachers with experience of education in 
Europe, Turkey, d1e Far East and the U.SA. They have also both been teacher trainers 
and have rilll courses for both English teachers and tha;e from many other COWltries. 

Jennifer Wathall has over 20 years of international experience in Mathematics 
education including many years teaching all three levels of the 1B Mathematics 
Diploma programmes. She is an 1B workshop leader, an accepted 1B MSSL 
Examiner and Head of Mathematics, Island School, Hong Kong. 



Presumed knowledge 
assessments 

These assessments are intended to identify those concepts from your previous 
course which may need to be revised. Your teacher will instruct you how these are 
to be completed. 

You may take all the Presumed knowledge assessments 1---8 before you start the 
course, or it may be better to do assessments 1--4 before Topic l, assessments 5- 7 
before Topic 6 and assessment 8 before Topic 5. Your teacher will then, if 
necessary, refer you to an !GCSE® or other textbook. 

Student assessment 1: Ordering 
l Copy each of the following statements, and insert one of the symbols =, >, < 

into the space to make a true statement. 
a 4 )( 2 ... 23 b 62 ••• 26 

c 850 ml ... 0.5 litres d number of days in May ... 30 days 

2 Illustrate the information in each of the following statements on a number line. 
a The temperature during the day reached a maximum of 35 °C. 
b There were between 20 and 25 students in a class. 
c The world record for the 100 metre sprint is under 10 seconds. 
d Doubling a number and subtracting 4 gives an answer greater than 16. 

3 Write the information on the following number lines as inequalities. 

-2 

-2 

-2 

-2 

4 Illustrate each of the following inequalities on a nwnber line. 
ax<!:3 bx<4 
C 0<x<4 d -JS X < l 

5 Write the following fractions in order of magnitude, starting with the smallest. 

4 3 9 I 2 
7ITTii25 
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Student assessment 2: The four rules 
of number 
I Evaluate these. 

a 5+8x3-6 b 15 + 45 + 3 - 12 

2 The sum of two numbers is 21 and their product is 90. What are the numbers? 

3 How many seconds are there in 2f hours? 

4 Work out 851 x 27. 

5 Work out 6843 + 19 giving your answer to one decimal place. 

6 Copy these equivalent fractions and fill in the blanks. 
8 16 56 
18 9 90 

7 Evaluate the following. 

a Jf-1* b lf+fs 
8 Change the following fractions to decimals. 

a f b if 9 
C TI 

9 Change the following decimals to fractions. Give each fraction in its simplest form. 
a 4.2 b 0.06 C 1.85 d 2.005 

Student assessment 3: Ratio and 
proportion 
I A piece of wood is cut in the ratio 3: 7. 

a What fraction of the whole is the longer piece? 
b If the wood is I.Sm long, how long is the shoner piece? 

2 A recipe for two people requires fkg of rice to 150g of meat. 
a How much meat would be needed for five people? 
b How much rice would there be in 1 kg of the final dish? 

3 TI1e .scale of a map is I: 10000. 
a Two rivers are 4.5cm apart on the map. How far apart are they in real life? 

Give your answer in metres. 
b Two towns are 8km apan in real life. How far apan are they on the map? 

Give your answer in centimetres. 

4 a A mcx:lel train is a "fs scale mcx:leL Express this as a ratio. 

b If the length of the model engine is 7 cm, what is the true length of the 
engine? 

5 Divide 3 tonnes in the ratio 2: 5: 13. 

6 The ratio of the angles of a quadrilateral is 2:3 :3 :4. Calculate the size of each of 
the angles. 
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7 The ratio of the interior angles of a pentagon is 2: 3: 4: 4: 5. Calculate the size 
of the largest angle. 

8 A large swimming pool takes 36 hours to fill using three identical pumps. 
a How long would it take to fill using eight identical pumps? 
b If the pool needs to be filled in nine hours, how many pumps will be needed? 

9 The first triangle is an enlargement of the second. Calculate the size of the 
missing sides and angles. 

5cm ~ 

~ 
J',,..,,m 

3cm ~ 

10 A tap issuing water at a rate of 1.2 litres per minute fills a container in 
4minutes. 
a How long would it take to fill the same container if the rate was decreased 

to l litre per minute? Give your answer in minutes and seconds. 
b If the container is to be filled in J minutes, calculate the rate at which the 

water should flow. 

Student assessment 4: Percentages 
l Copy the table below and fill in the missing values. 

Fraction Decimal Percentage 

0.25 

2 Find JO% of 2500 metres. 

3 In a sale a shop reduces its prices by 12.5%. What is the sale price of a desk 
previously costing €600? 

4 In the last six years the value of a house has increased by 35%. If it cost 
£72 000 six years ago, what is its value now? 

5 Express the first quantity as a percentage of the second. 
a JS minutes, 2 hours b 650g, 3 kg 
c 5m,4m d !Sseconds,Jminutes 
e 600kg,3tonnes f 35cl,3.51 

6 Shares in a company are bought for $600. After a year the same shares are sold 
for $550. Calculate the percentage depreciation. 
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7 In a sale, the price of a jacket originally costing l 7 CXJO Japanese yen (Y) is 
reduced by ¥4000. Any item not sold by the last day of the sale is reduced by a 
further 50%. If the jacket is sold on the last day of the sale, calculate: 
a the price it is finally sold for 
b the overall percentage reduction in price. 

8 Calculate the original price of each of the following. 
Selling price Profit 
$224 12% 
$62.50 150% 
$660.24 26% 
$38.50 285% 

9 Calculate the original price of each of the following. 
Selling price Loss 
$392.70 15% 
$2480 38% 
$3937.50 12.5% 
$4675 15% 

10 In an examination Sarah obtained 87 .5% by gaining 105 marks. How many 
marks did she lose? 

11 At the end of a year, a factory has produced 38 500 television sets. If this 
represents a 10% increase in productivity on last year, calculate the number of 
setsthatweremadelastyear. 

12 A computer manufacturer is expected to have produced 24 000 units by the end 
of this year. If this represents a 4% decrease on last year's output, calculate the 
number of units produced last year. 

13 A farmer increased his yield by 5% each year over the last five years. If he 
produced 600 tonnes this year, calculate to the nearest tonne his yield five 
years ago. 

Student assessment 5: Algebraic 
manipulation 
1 Expand the following and simplify where possible. 

a 3(2x - Jy + 5z) b 4p(2m - 7) 
c -4m(2mn - n1) d 4p1(5pq - 2q2 - 2p) 
e 4x - 2(3x + 1) f 4x(3x - 2) + 2(5x1 - Jx) 

g f05x - 10) - f(9x - 12) h j(4x - 6) + i<2x + 8) 

2 Factorize each of the following. 
a 16p - Sq 
C 5p1q - I Opq2 

b p1 -6pq 
d 9pq - 6p2q + 12q2p 

3 If a= 4, b = 3 and c = -2, evaluate the following. 
,~-D+k b~-W 
c a1 + b1 + c2 d (a + b)(a - b) 
e a1 - b1 f b3 - c3 
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4 Rearrange the following formulae to make the bold letter the subject. 
a p = 4m + n b 4x - 3y = 5z 

c 2x = ~ d m(x + y) = Jw 

e~=~ 

5 Factorise each of the followi ng fully. 

a pq-3rq+pr-3r2 

C 8752 - \25 2 
b I - r4 

d 7.52 - 2.5 2 

6 Expand the following and simplify where possible. 
a (x - 4)(x + 2) b (x - 8)2 
c (x + y)1 d (x - ll)(x + 11) 
e (3x - 2)(2x - 3) f (5 - 3x)2 

7 Factorize each of the following. 
a x1-4x-77 
C x_1 - 144 
e 2x1 + 5x - 12 

b x2 -6x+9 
d 3x2 + Jx - 18 
f 4x2 - 20x + 25 

8 Make the letter in bold the subject of the formula. 
amf2 =p bm =5t2 

c A = 1tr{p+q d ~ + f = + 
9 Simplify the following algebraic fractions. 

x' '-;:,-
(y3)J 

C (yl)3 

b~ x~ 
P m 

d 28pq' 
7pq' 

Student assessment 6: Equations and 
inequalities 
For questions 1- 4, solve the eq uations. 
1 a X + 7 = 16 

c8-4x=24 

2 a 7-m=4+m 
c6m-1=9m-13 

3 a 1- = 2 

C ~=4 

4 a f(x - 4) = 8 

C 4 = iox + 8) 

b 2x-9= 13 
d5-3x=-13 

b 5m-3=3m+ 11 
d 18 - 3p = 6 + p 

b 4 = fx 

d¥=i 

b 4(x - 3) = 7(x + 2) 

d f(x -1) = i(2x - 4) 
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5 Solve the following simultaneoll5 equations. 

a 2x + 3y = 16 b 4x + 2y = 22 
h-3y=4 -h+2y=2 

C x+y=9 d h-3y=7 
2x+4y=26 -3x+4y=-ll 

6 The angles of a triangle are x, 2x and (x + 40) degrees. 
a Construct an equation in terms of x. 
b Solve the equation. 
c Calculate the size of each of the three angles. 

7 Seven is added to three times a number. The result is then doubled. If the 
answer is 68, calculate the number. 

8 A decagon has six equal exterior angles. Each of the remaining four is fifteen 
degrees larger than these six angles. Construct an equation and then solve it to 
find the sizes of the angles. 

9 A rectangle is xcm long. The length is 3cm more than the width. The 
perimeter of the rectangle is 54 cm. 
a Draw a diagram to il\U5trate the above information. 
b Construct an equation in terms of x. 
c Solve the equation and hence calculate the length and width of the 

rectangle. 

10 At the end of a football season, the leading goal scorer in a league has scored 
eight more goals than the second leading goal scorer. The second has scored 
fifteen more than the third. The total number of goals scored by all three 
players is 134. 
a Write an expression for each of the three scores. 
b Form an equation and then solve it to find the number of goals scored by 

each player. 

Student assessment 7: Indices 
1 Simplify the following by using indices. 

a 2 X 2 X 2 X 5 X 5 

2 Write the following out in full. 

a 4' 

b 2x2x3x3x3x3x3 

3 Work out the value of the following without using a calculator. 
aZ3xl02 b!4x33 

4 Find the value of x in each of the following. 

a 2<x - l) = 32 b ix"= 16 

C 5(-x +l) = 125 d g- x= t 
5 Using indices, simplify the following. 

a 3 )( 2 X 2 X 3 X 27 b 2 )( 2 )( 4 X 4 X 4 )( 2 X 32 

6 Write the following out in full. 
a 65 b z- s 
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Student assessment 8: Geometry of 
plane shapes 
l Calculate the circumference and area of each of the following circles. Give your 

answers to one decimal place. 

2 A semi-circular shape is cut out of the side of a rectangle as shown. Calculate the 
shaded area to one decimal place. 

3 For the diagram below, calculate the area of: 
a thesemi-circle 
b the trapezium 
c the whole shape. 

( 
t 

T 
T 
T 

4 Calculate the circumference and area of each of these circles. Give your answers 
to one decimal place. 
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5 A rectangle of length 32 cm and width 20cm has a semi-circle cut out of two of 
its sides as shown. Calculate the shaded area to one decimal place. 

6 Calculate the area of: 
a thesemi-circle 
b the parallelogram 
c the whole shape. 

B t 
6cm 

aL 
:t 

~ ,scm~ 



Introduction to the graphic 
display calculator 

Introduction 
People have always used devices to help them calculate. Today, basic calculators, 

scientific calculators and graphic display calculators are all available; they have a 
long history. 

an early abacus 

an early slide rule an early calculator 

Using a graphic display calculator 
Graphic display calculators (GOCs) are a powerful tcx:il used for the study of 
mathematics in the mcx:lern classroom. However, as with all tools, their 
effectiveness is only apparent when used properly. This section will look at some of 
the key features of the GOC, so that you start to understand some of its potential. 
The two mcxlels used are the Casiofx-98600 and the Texas TI-84 Plus. Many 
GOCs have similar capabilities to the ones shown. However, if your calculator is 
different, it is imJX)rtant that you take the time to familiarize yourself with it. 



INTRODUCTION TO THE GRAPHIC DISPLAY CALCULATOR 

Here is the home screen (menu/applications) for each calculator. 

Casio 

The modes are selected by 
using the arrows key and then 
pressing EXE, or by typing the 
number/letter that appears in 
the bottom right-hand corner 
of each square representing a 
mode. Brief descriptions of the 
seven most relevant modes are 
given below. 

1 RUN.MAT is used for 
arithmetic calcu lations. 

2 STAT is used for statistica l 
calcu lations and for drawing 
graphs. 

4 S.SHT is a spreadsheet a nd can 
be used for ca lcul atio ns and 
graphs. 

5 GRAPH is used for entering the 
equations of graphs and 
plotting them. 

6 DYNA is a dynamic graph mode 
that enables a family of curves to 
be graphed simultaneously. 

7 TABLE is used to generate a 
table of results from an 
equation . 

A EQUA is used to solve different 
types of equation. 

Texas 

The main features are accessed 
by pressing the appropriate key. 
Some are explain ed below. 

• 

is used for statistica l 
calcu lations and for 
drawing graphs of 
the data entered . 

• 

is used to access 
numerical operations . 

is used for entering the 
equations of graphs. 

is used for graphing 
functions. 



Using a graphic display calculator 

I --

Casio Texas 

Basic calculations 
The aim of the following exercise is to familiarize you with some of the buttons on 
your calculator dealing with basic mathematical operations. It is assumed that you 
will already be familiar with the mathematical content. 

• Exercise 1 
Using your GDC, solve the following. 

Casio Texas 
I a '/625 

• • b Y324 
, 2'/8 xS'/2 

Casio Texas 
2 a \1!728 

,, ' mm b VTz96 • C \/JIB 
Casio Texas 

3 a 132 

• • b 82 ..- 42 

c~ 
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Casio Texas 
4 a 63 

b 9'1..- 27 2 

,, ' • a 1 ~ '4 

5 a (2.3 X 103) + (12.l X 101) 
Casio Texas 

b (4.QJ X !03) + (15.6 X 1Q4) - (1.05 X 104) m ~- C '/S:i XX ,1: -(9 X lQl) 

GOCs also have a large number of memory channels. Use these to store answers 
which are needed for subsequent calculations. This will minimise rounding errors. 

Casio Texas 

• W.loo followed by a letter • ~ followed by a letter 
Cit of the alphabet of the alphabet 

• Exercise 2 
l In the following expressioru, a = 5, b = 4 and c = 2. 

Enter each of these values in memory channels A, Band C of your GDC 
respectively, and determine the following. 

a a+ b + c 
b a - (b + c) 
C (a+ b)2 - C 

d 2(b + ,)3 
(a - c) 

e4~ 

f ~actb++~l 
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2 Circles A, B, C and D have radii 10cm, 6cm, 4cm and 1 cm respectively. 

a Calculate the area of circle A and store your answer in memory channel A. 
b Calculate the area of circle B and store your answer in memory channel B. 
c Calculate the area of each of the circles C and D, storing the answers in 

memory channels C and D respectively. 
d Using your calculator evaluate A + B + 2C + 20. 
e What does the answer to part d represent? 

3 A child's shape-sorting toy is shown in the diagram. The top consists of a 
rectangular piece of wood of dimension 30cm x 12cm. Four shapes W, X, Y and 
Z are cut out of it. 

r 
6cm 

L 
r--:-1 I,\ Iv\ 8 ,,L 
L;JGV\d l 

- ----30cm-----

a Calculate the area of the triangle X. Store the answer in your calculator's 
memory. 

b Calculate the area of the trapezium Z. Store the amwer in your calculator's 

memory. 
c Calculate the total area of the shapes W, X, Y and Z. 
d Calculate the area of the rectangular piece of wood left once the shapes 

have been cut out. 
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4 Three balls just fit inside a cylindrical tube as shown. The radius (r) of each ball 

is5cm. 

C ]) 
a Using the formula for the volume of a sphere, V = fxr3, calculate the 

volume of one of the balls. Store the aruwer in the memory of your 
calculator. 

b Calculate the volume of the cylinder. 
c Calculate the volume of the cylinder nor occupied by the three balls. 

Plotting graphs 
One of a GOC's principal features is to plot graphs of functions. This helps to 
visualize what the function looks like and, later on, it will help solve a nwnber of 
different types of problem. This section aims to show how to graph a variety of 
different functions. For example, to plot a graph of the function y = Zx + 3, use the 
following functions on your calculator. 

Casio 

•• ...... 
Texas 

Occasionally, it may be necessary to change the scale on the axes to change how 
much of the graph, or what part of the graph, can be seen. This can be done in 
several ways, two of which are described here. 
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• By using the zoom facility 

Casio 

m tozoomout 

Texas 

It is possible to reposition the centre of enlargement by using the 

~ keys before pressing t:] 
• By changing the scale manually 

.. aftervalues 
~ are entered 

Casio 

v iew ui 1naow 
1?4111 

:t~1ea 
dot. : 0 . 04761904 

YMi n : -3 

~ITTtriib molffll 
Xmin: minimum value on the x-axis, Xmax: maximum value on the 
x-axis, Xscale: spacing of the x-axis increments, Xdot: value that 
relates to one x-axis dot (this is set automatically). 

after values 
~ are entered 

lallNDOW 
XMin: ·3 
Xri•x:3 
Xscl :1 
VMin:·3 
Yriax•6 
Vscl= I 
Xr@s=l 

Texas 

Xmin: minimum va lue on the x-axis, Xmax: maximum value on the 
x-axis, Xscl: spacing of the x-axis increments. 
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• Exercise 3 
In the following questions, the axes have been set to their default settings, i.e. 
Xmin = -10, Xmax = 10, Xscale = l, Ymin = -10, Ymax = 10, Yscale = L i) rn ii) EE] 

iii) l-l-1 iv) rn v) [ru vi) [zf=] 
vii)ffi viii)~ 
~l[ili x) E5fEl 

I By using your GOC to graph the following functions, match each of them to the 
correct graph. 

a y = 2x + 6 

C 'J = -X + 5 

e y = x1 - 6 

g y = - (x + 4)1 + 4 

i y = -fx3 + Zx - I 

b y = fx - 2 

d )' = -f 
f y = (x - 4)1 

h y=f(x+3)3 

j y = -6 
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2 In each of the following, a function and its graph are given. Using your GOC, 
enter a function that produces a reflection of the original function in the x-axis. 

a y = x + 5 b y = -2x + 4 

c y = (x + 5)1 d y = (x - 5)1 + 3 

3 Using your GOC, enter a function that produces a reflection in the y-axis of 
each of the original functions in question 2. 

4 By entering appropriate functions into your calculator: 
i) make your GOC screen look like the ones shown 
ii) write down the functions you used. 

,~b~ 

'1+1 ·1~1 
Intersections 
When graphing a function it is often necessary to find where it intersects one or 
both of the axes. If more than one function is graphed simultaneously, it may also 
be neces.sary to find where the graphs intersect each other. GOCs have a 'Trace' 
faciliry which gives an approximate coordinate of a cursor on the screen. More 
accurate methods are available and will be introduced in the topics as appropriate. 
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The graph shows that y = f(x + 3 )3 + 2 intersects each of the axes once. 

T o find the approximate coordinates of the points of intersection: 

Casio 

'··· a f1'3+2 
Because of the pi xe ls on the screen, the 'Trace' facility w ill usually 
only give an approximate value. They-coordinate of the point of 
intersection w ith the x-axis w ill always be zero. Howeve r, the 
calculator's closest result is y = 0.202. The x-value of-5.079 w ill also 
therefore be only an approximation. By moving the cursor to the 
point of intersection w ith the y-axis, va lues of x = 0 and y = 7.4 are 
obtained. 

Texas 

See above comment about accuracy of answers. 

• Exercise 4 
l Find an approximate solution to where the following graphs intersect both the x­

and y-axes using your GOC. 
a y = x1 - 3 

C y=fx3-2x2+x+ l 

b y=(x+3)2 +2 

d y=x~\ +6 

2 Find the coordinates of the point(s) of intersection of each of the following pairs 
of equations using your GOC. 

a y = x + 3 and y = -Zx - 2 

b y = -x + land y = f(x1 - 3) 

C y = -x1 + land y = f(x1 - 3) 

d y = -ix3 + Zx1 - 3 and y = fx1 - 2 
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Tables of results 
A function such as y = ~ + 2 implies that there is a relationship between y and x. 

To plot the graph manually, the coordinates of several points on the graph need to 
be calculated and then plotted. GOCs have the facility to produce a table of values 
giving the coordinates of some of the points on the line. 

I 
For the function y = ~ + 2, complete the following table of values using the table 

facility of your GOC 

Casio 

9 D Enter function y = f + 2 

.~ ........ . 
The screen •' -.--· shows that the x-values range from -3 to 3 in increments of 1. 

Ti!,~ 
Once the table is displayed, the remaining results can be viewed by using 

Texas 

'---1 Enter function y = i + 2 

lffi,S€T1..1' 
The screen &~r; :l!t shows that the x-values start at-3 and increase in increments of 1. 

Once the table is displayed, further results can be viewed by using ~ 
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• Exercise 5 
I Copy and complete the tables of values for the following functions using the 

table facility of your GOC. 
a y=x2+x-4 

I ~ 1-
3

1 , 1-l I , I 1 I , I 
3 

I 

b y = x1 + ,!- -10 

I ~ 1-
3

1-, 1-l I , I 1 I , I 
3 

I 

4 
C 'J =~ 

1~ 1, l" l 1 l"l ' l"I 3 1 

I ~ I -l I -"' I , I , ' I 
1 

I " I , I " I 
3 

I 

2 A car accelerates from rest. Its speed, y m..-1, x seconds after starting, is given by 
the equation y = l .8x. 

a Using the table facility of your GOC, calculate the speed of the car every 
2 seconds for the first 20 seconds. 

b How fast was the car travelling after 10 seconds? 

3 A ball is thrown venically upwards. Its height y metres, x seconds after launch, is 
given by the equation y = 15x - 5x2. 

a Using the table facility of your GOC, calculate the height of the 

ball each f second during the first 4 seconds. 

b What is the greatest height reached by the ball? 
c How many seconds after its launch did the ball reach its highest point? 
d After how many seconds did the ball hit the ground? 
e In the context of this question, why can the values for x = 3.5 and x = 4 

be ignored? 

Lists 
Data is often collected and then analyzed so that observations and conclusions can 
be made. GOCs have the facility for storing data as lists. Once srored as a list, many 
different types of calculations can be carried out. This section will explain how to 
enter data as a list and then how ro carry out some simple calculations. 
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An athlete records her time (seconds) in ten races for running IOOm. These are 
shown below. 

12.4 12.7 12.6 12.9 12.4 12.3 12.7 12.4 12.5 13.1 

Calculate the mean, median and mode for this set of data using the list facility of 
yourGOC. 

Casio 

Enter the data in List 1. 

to specify w hich list the data is 
in and its frequency. 

The screen displays various statistical measures. 
Xis the mean, n is the number of data items, Med is the median, 
Mod is the modal va lue, Mod: Fis the frequency of the modal values. 

Texas 

• ~ Ente r the data in List 1. 

to apply ca lculations to the data in List 1. 

~ to scroll through the full list. 

The screen displays va rious statistical measures. 

1-Va r St ats l 1 

1-Var Stats 
X=12.6 
I x• l 26 
I x? =1588. 18 
Sx=. 2538591035 
ox=. 24083 18916 

l.-n= 10 

Xis the mean, n is the number of data items, Med is the median. The 
T1 -84 does not display the modal value. 
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If a lot of data is collected, it is often presented in a frequency table. 

The numbers of pupils 
in 30 maths classes are 
shown in the frequency 
table. 

Calculate the mean, 
median and mode for this 
set of data using the list 
facility of your GOC. 

Number of pupils 

27 

28 

29 

30 

31 

32 

Casio 

- ..... ., Enter the number of pupils in List 
1i11M6i11' 1 and the frequency in List 2 . 

..... to specify which lists the 

._ data and the frequency 
are in. 

to scroll through the full list. 

Texas 

Freq uency 

• 

~ Enter the number of pupils in List u 

~ 1 and the frequency in List 2. 

111111111 ,-. to specify that the data is in L 1 
L.:,J l.....1111 and the frequency in L2. 

~ to scroll through the full set of 

~ results. 

1-Var Stats 
X=29. 06666667 
I x=B72 
! x 2=25396 
Sx=l.311312407 
ox =t. 269271974 

J..n=30 
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• Exercise 6 
I Find the mean, the median and, if possible, the mcxl.e of these sets of numbers 

using the list facility of your GOC. 
a J, 6, 10, 8, 9, 10, 12, 4, 6, 10, 9, 4 
b 12.S, 13.6, 12.2, 14.4, 17.1, 14.8, 20.9, 12.2 

2 During a board game, a player makes a note of the numbers he rolls on the dice. 
These are shown in the frequency table below. 

Number on dice 

Frequency 

Find the mean, the median and, if possible, the mcxl.al dice roll using the list 
facility of your GOC. 

3 A class of 30 pupils sat two maths tests. Their scores out of 10 are recorded in 
the frequency tables below. 

Test A 

Score 10 

Frequency 

TestB 

Score 10 

Frequency 24 

a Find the mean, the median and, if possible, the mcxl.e for each test using 
the list facility of your GOC. 

b Comment on any similarities or differences in your answers to part a. 
c Which test did the class find easiest? Give reasons for your answer. 



Applications, project ideas 
and theory of knowledge 

1 The use of mathemati~al 
tables has declined since 
the development of 
scientific calculators. 
Find examples of both 
maritime (naval). and 
other mathematical 
books of tables and 
discuss their use. 

3 use of devices such aso 
slide rule and books of 
calculationtablestoOk 
time to leorn.AtWh_at 
point did using~ slide 
rulejustifythetime 
taken to learn its use? 
speculate on which 
professionals might have 
used such a tool. 

S What are punch cards 
and h.ow were they used? 
Investigate simple early 
co~puter languages (like 
basic). This could be a 
starting point for a 
project. 

2 you may be able to get 
access to an abacus and 
slide rule. How were they 
used? 

4 investigate w!~\~:as. 
'EnigmaMc.1L111n 
W'here,whenand~r 
whatpurposewas1t 
designed? 



6 'Modern graphic display 
calculators are more 
powerful than 20-year-old 
computers.' Disa,ssthis 
statement. 

9 What is meant by 'lhe law 
of diminishing returns'? 
use your calculator to 
illustrate it. 

7 Investigate and learn 
how to use logarithm 
and other mathematical 
tables. 

8 'Th ca,;:,;::'!' With 
can estimat: that nobody 
Discuss th· any more· 
Design an'S statement. . 
test the ab:periment to 
classmates toty 0

~ your 
q~ickfy and acest,mate 
This could fo curately. 
o a project. rm the basis 

11 'wuth, belief and 
knowledge are 
interconnected.' Discuss. 



Number and algebra 

Syllabus content 
1.1 Natural numbers, N; integers, Z; rational numbers, O; and real numbers, IR. 

1.2 Approximation: decimal places; significant figures. Percentage errors. 

Estimation. 

1.3 Expressing numbers in the form a x I Ok where l s a < IO and k is an integer. 
Operations with numbers in this form. 

1.4 SI (Systeme fnremational) and other basic units of measurement: for 
example, kilogram (kg), metre (m), second (s), litre (I), metre per second 
(ms-1),Celsiusscale. 

1.5 Currency conversions. 

1.6 Use of a GOC to solve: pairs of linear equations in two variables; quadratic 
equations. 

1.7 Arithmetic sequences and series, and their applications. 

Use of the formulae for the nth term and the sum of the first n terms of 
the sequence. 

1.8 Geometric sequences and series. 

Use of the formulae for the nth term and the sum of the first n terms of 
the sequence. 

1.9 Financial applications of geometric sequences and series: compound 
interest; annual depreciation. 

Introduction 
The first written records showing the origin 
and development of the use of money were 
found in the city of Eridu in Mesopotamia 
(modern Iraq). The records were on tablets 

like these ones found at Uruk. 
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The Sumerians, as the people of this region were known, used a system of recording 
value, known as 'Cuneiform', five thousand years ago. This writing is now believed 
to be simply accounts of grain surpluses. This may sound insignificant now, but the 
change from a hunter-gatherer society to a farming-based society led directly to 
the kind of sophisticated way of life we have today. 

Our present number system has a long history, originating from the Indian 
Brahmi numerals around JOO BCE. 

1234567890 

lndianBrahmi 
numerals, c. 300eCE 

Indian Gwalior 
numerals,c. ADS00 

Western Arabic 
C , 950 

European/Indian 
C , 1(0) 

European/Indian 
C, 15(X) 

Present day 

Abu Ja'far Muhammad lbn Musa Al-Khwarizmi is called 'the father of algebra'. He 
was born in Baghdad in 790 AD and wrote the book Hisab al-jabr w' al-muqabala in 
830 AD from which the word algebra (al-jabr) is taken. He worked at the university 
of Baghdad, then the greatest in the world. 

The poet Omar Khayyam is known for his long poem the Rubaiyat. He was also a 
fine mathematician who worked on the Binomial theorem. He introduced the 
symbol 'shay' which became our',!. 

1.1 Setsofnumbers 
Natural numbers 
A child learns to count: 'one, two, three, four, .. .'. These are sometimes called the 
counting numbers or whole numbers. 

The child will say ' I am three', or ' I live at number 73'. 
If we include the number 0, then we have the set of numbers called the nat ural 

n umbers. The set of natural numbers N = {0, I, 2, J, 4, ... }. 

Integers 
On a cold day, the temperature may be 4 °C at !Op.m. If the temperature drops by a 
further 6°C, then the temperature is 'below zero'; it is -2°C. 

If you are overdrawn at the bank by £200, this could be shown as -£200. 
The set of integers Z = { ... -3, -2, -1, 0, l, 2, 3, ... }. 
Z is therefore an extension of N. Every natural number is an integer. 
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Rational numbers 
A child may say 'I am three'; she may also say ' I am three and a half', or even 'three 

and a quarter'. 3f and Jf are rational numbers. All rational numbers can be written 

as a fraction whose denominator is not zero. All terminating and recurring decimals 
are rational numbers as they can be written as fractions too, e.g. 

0.2=f O.J=fo 7=f 1.53=* O.i=i 
The set of rational numbers Q is an extension of the set of integers. 

Real numbers 
Numbers which cannot be expressed as a fraction are not rational numbers; they are 
irrational numbers. 

For example, using Pythagoras' rule in the triangle shown below, the length of 

the hypotenuse AC is found as {z: 

AC1=12+11 

AC1 = 2 
AC-VZ 

{z = 1.41421356 ... The digits in this number do not recur or repeat. This is a 
property of all irrational numbers. Another example of an irrational number which 
you will come across is 1T (pi)= 3. 141 592654 .... The set of rational and irrational 
numbers together form the set of real numbers [R. There are also numbers, called 
imaginary numbers, which are not real, but all the numbers that you will come 
across in this textbook are real numbers. 

• Exercise 1.1.1 
l State to which of the sets N, Z, IQ and [R these numbers belong. 

a 3 b -5 c {3 d I ij 

In questions 2-6, state, giving reasons, whether each number is rational or 
irrational. 

b 0.6 

b '/25 
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4 ' {7 b 0.625 C 0.i 

5 ' 'yZ X 'VJ b 'V2 + 'VJ c ('VZ X 'VJ)' 

6 ' 
{s b 2'/5 , 4+(\19-4) 
'V2 {w 

In questions 7-10, state, giving reasons, whether the quantity required is rational or 
irrational. 

3cm 

4om 

Tho l,og~ of 
the diagonal 

8G lh•ci~,mf"'"" of the circle 
4'm 

m 

Tho so, •ogfh of 
the square lO O "''"aof the circle 

j_ 
y,i 

1.2 Approximation 
In many instances exact numbers are not necessary or even desirable. In those 
circumstances, approximatioru are given. The approximations can take several 
forms. The common types of approximation are explained below. 

Rounding 
If 28 617 people attend a gymnastics competition, this number can be reponed to 

various levels of accuracy. 

To the nearest 10 000 the number would be rounded up to 30 COO. 
To the nearest 1000 the number would be rounded up to 29 000. 
To the nearest 100 the number would be rounded down to 28 600. 

In this type of situation it is unlikely that the exact number would be reported. 

• Exercise 1.2.1 
l Round the following numbers to the nearest 1000. 

a 68 786 b 74245 C 89000 
d 4020 e 99 500 f 999 999 
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2 Round the following numbers to the nearest 100. 
a 78540 b 6858 C 14099 
d 8084 e 950 f 2984 

3 Round the following numbers to the nearest 10. 
a 485 b 692 C 8847 
d 83 e 4 f 997 

Decimal places 
A number can also be approximated to a given number of decimal places (d.p.). 

This refers to the number of digits written after a decimal point. 

I Give 7 .864 to one decimal place. 

The answer needs to be written with one digit after the decimal point. 
However, to do this, the second digit after the decimal point needs to be 
considered. If it is 5 or more then the first digit is rounded up. In this case it is 
6, so the 8 is rounded up to 9, i.e. 

7 .864 is written as 7.9 to I d.p. 

2 Give 5.574 to two decimal places. 

The answer here is to be given with two digits after the decimal point. In this 
case the third digit after the decimal JX)int needs to be considered. As the 
third digit after the decimal JX)int is less than 5, the second digit is not 
rounded up, i.e. 

5.574 is written as 5.57 to 2 d.p. 

• Exercise 1.2.2 
I Give the following to one decimal place. 

a 5.58 b 0.73 
d 157 .39 e 4.04 
g 2.95 h 0.98 

2 Give the following to two decimal places. 
a 6.473 b 9.587 
d 0.088 e 0.014 
g 99.996 h 0.0048 

Significant figures 

C 11.86 
f 15.045 
i 12.049 

C 16.476 
f 9.3048 
i 3.0037 

Numbers can also be approximated to a given number of significant figures (s.f.). 

In the number 43.25, the 4 is the most significant figure as it has a value of 40. 
In contrast, the 5 is the least significant as it has a value of only 5 hundredths. 
If you are not told otherwise, you are expected to round any answers that are not 
exact to three significant figures. 
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I Give 43.25 to three significant figures. 

Only the three most significant figures are written, but the fourth figure needs 
to be considered to see whether the third figure is to be rounded up or not. 
Since the fourth figure is 5, the third figure is rounded up, i.e. 

43.25 is written as 43.3 to three significant figures. 

2 Give 0.0043 to one significant figure. 

In this example only two figures have any significance, the 4 and the 3. The 4 
is the most significant and therefore is the only one of the two to be written 
in the answer, i.e. 

0.0043 is written as 0.004 to one significant figure. 

• Exercise 1.2.3 
I Give the following to the number of significant figures written in brackets. 

a 48599 (l s.f.) b 48599 (3 s.f.) c 6841 (l s.f.) 
d 7538 (2 s.f.) e 483.7 (l s.f.) f 2.5728 (3 s.f.) 
g 990 (I s.f.) h 2045 (2 s.f.) i 14.952 (3 s.f.) 

2 Give the following to the number of significant figures written in brackets. 
a 0.08562 (I s.f.) b 0.5932 (l s.f.) c 0.942 (2 s.f.) 
d 0.954 ( I s.f.) e 0.954 (2 s.f.) f 0.003 05 ( 1 s.f.) 
g 0.00305 (2 s.f.) h 0.00973 (2 s.f.) i 0.00973 (I s.f.) 

3 Determine the following, giving your answer to three significant figures. 
a 23.456 >< 17 .89 b 0.4 x 12.62 c 18 x9.24 
d 76.24 ..- 3.2 e 7.61 f 16.423 

g 2.3 ~3.37 h ~:~~ i 9.2 ..- 41 

Estimating answers to calculations 
Even though many calculations can be done quickly and effectively on a calculator, 
an estimate for an answer is often a useful check. This is done by rounding each of 
the numbers in a way that makes the calculation relatively straightforward. 

I Estimate the answer to 5 7 x 246. 

Here are two possibilities: 
i) 60 X 200 = 12000 
j j) 50 X 250 = 12500. 

2 Estimate the answer to 6386 ..- 27. 

6000 + 30 - 200. 
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• Exercise 1.2.4 
I Without using a calculator, estimate the answers to the following. 

a 62 X 19 b 270 X J2 C 55 X 60 
d 4950 X 28 e 0.8 X 0.95 f 0.184 X 475 

2 Without using a calculator, estimate the answers to the following. 
a 3946..;. 18 b 8287 -i- 42 C 906 -i- 27 
d 5520..;. 13 e 48..;. 0.12 f 610 ..- 0.22 

3 Without using a calculator, estimate the answers to the following. 
a 78.45+51.02 b \68.J - 87.09 C 2.9J.;.J.14 

d 84.2 -;.19.5 e 
43

15_J52 
f ~i:~~~ 

4 Using estimation, identify which of the following are definitely incorrect. 
Explain your reasoning clearly. 

a 95 X 212 = 20140 
C 689 X 41) = 28457 

e 77.9 X 22.6 = 2512.54 

b 44x 17=748 
d 142656+8-17832 

f 
8·t~z 46 

- 19 366 

5 Estimate the shaded areas of the following shapes. Do not work out an exact 

a ~ 17.2m ~ 

----9.7m _______.., 

t ~ ~r 2.6m 

t - ,,m T 
----28.Scm ~ 

f 4·'t ~ 163cm 

~----~ __ ,_,om_~-~ 1 
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6 Estimate the volume of each of the solids below. Do not work out an exact 

4cm 

Percentage error 
Two golfers are trying to hit a ball to a flag in a hole. The first golfer is 100m from 
the hole and lands the ball 4m short. The second golfer is ZOm from the hole and 
lands the ball 4 m past it. They have both made a 4 m error. 

However, perhaps the first golfer would be happier with his result if the 
percentage error was calculated. 

The percentage error is calculated as follows: 

Percentage error = :::::t::r:; x I 00 

Percentage error for golfer I: tk = 4% 

Percentage error for golfer 2: To" = 1£ = 20% 

The first golfer's result now looks much better. 
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When you are dealing with approximate and exact values you can use this formula. 

Percentage error = ::::~t::~:; x I 00 

I
v, - 'A l or Percentage error, v = - , -, - x 100 

where vE is the exact value and v A is the approximate value. 

Two children estimated their heights. The first child estimated her height at 168cm, 
when in fact she was 160cm tall. The second child estimated her height at 112cm 
when in fact she was 120cm tall. 

By calculating the percentage error for each child, calculate which child was better 
at estimating their height. 

Iv - v I First child's percentage error = T x 100 

- 1160- 168 1x 100 
160 

= -& X 100 = 5% 

I
v, - 'A l Second child's percentage error = - , -, - x 100 

- 1120- [[2 1 X 100 
120 

= & X 100 = 6f% 

Therefore the first child was better at estimating her height. 

• Exercise 1.2.5 
l Round the following numbers to two significant figures and calculate the 

percentage error in doing so. 
a 984 b 2450 C 504 

2 Two golfers hit drives. Both estimate that they have hit the ball 250m. If the 
first drive is 240m and the second is 258m, which player had the smaller 
percentage error/ 

3 A plane is flying at 9500m. If the percentage error is ±2.5%, calculate: 
a the maximum possible height that it is flying 
b the minimum possible height that it is flying. 

4 a On the motorway my speedometer reads 120 kmh- 1, but it has an error of 
+1.5%. What is my actual speed? 

b At a higher speed, the car shows a speedometer reading of 180kmh- 1• 

What is its percentage error if my true speed is 175 kmh- 1? 
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1.3 Standard form 

GalileoGalilei 
(1564-1642) 

You will come across 
sdentificnotationin 
the Physics, 
Chemistry.Biology 
,mdEarthScienc:e 
Diploma courses 

Galileo was an Italian astronomer and physicist. He was the first person accredited 
with having used a telescope to study the stars. In 1610 Galileo and a German 
astronomer, Marius, independently discovered Jupiter's four largest moons: lo, 
Europa, Ganymede and Callisto. At that time it was believed that the Sun revolved 
around the Earth. Galileo was one of the few people who believed that the Earth 
revolved around the Sun. As a result of this, the Church declared that he was a 
heretic and imprisoned him. It took the Church a further 350 years to officially 
accept that he was correct; he was pardoned only in 1992. 

Facts about Jupiter: 

It has a mass of 1900000000000000000000000000kg 
It has a diameter of 142800000m 
It has a mean distance from the Sun of778000000km 

If numbers are written in the normal way, as here, they become increasingly 
difficult to read and laborious to write the larger they become. We can write very 
large numbers or very small numbers in the form a x 10'<, where a lies in the range 
1 S a < 10 and the index is a positive or negative integer, which can be expressed 
ask E Z. This is known as writing a number in standard form or scientific notation. 

A positive index 
100 = l X 101 

1000 = l X J(P 
10000 = l X 104 

3000 = 3 X J03 

The number 3100 can be written in many different ways, for example: 

J.l X 103 31 X 101 0.31 x 104 etc. 

However, only 3.1 x 103 is written in the form ax 10'<, where l Sa< 10 and k E Z. 

l Write down 720CXJ in the form ax 10'<, where l s a< 10 and k E Z. 

7.2 X 104 

2 Of the numbers below, ring those which are written in the form a x 10'<, 
where ls a< lOandkeZ. 

~ 0.35 X 101 18 X 105 c§ 0.0J X 101 

3 Multiply the following and write down the answer in the form a X 10'<, 
where ls a< lOandke Z. 

600 X 4000 

600 X 4000 
- 2400000 
= 2.4 X 106 
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4 Multiply the following and write down the answer in the form ax l!Y', where 
l :S;a< lOandkEZ. 

(2.4 X 1\)4) X (5 X 107) 

(2.4 X 104) X (5 X 107) 
= (2.4 X 5) X J()4 +7 

= 12 X toll 

= 1.2 X 1011 

5 Divide the following and write down the answer in the form a X !!Y', where 
lsa<lOandke?L 

(6.4 X 107) .;.. (1.6 X 103) 

(6.4 X 1Q7) .;.. (1.6 X 103) 

= (6.4 T 1.6) X 107- 3 

= 4 X 104 

6 Add the following and write down the answer in the form ax IIY', where 
I Sa< lOandkEZ. 

(3.8 X 106) + (8. 7 X 10~) 

Change the indices to the same value, giving the swn: 
(380 X 10") + (8.) X 10") 
= 388.7 X J{)l 

= J.887 X 106 

7 Subtract the following and write down the answer in the form ax ID", where 
l :!>a< IOandkEZ. 

(6.5 X 107) - (9.2 X 105) 

Change the indices to the same value, giving: 
(650 X 105) - (9.2 X 105) 

= 640.8 X 105 

= 6.408 X 107 

GOCs have a button which allows you to enter a number in the form a x !QI<, 
where I s a < 10 and k E "IL and they will also give answers in this form if the 
answer is very large. 

For example, enter the number 8 x 11)'1 into the calculator: 

Casio Texas 

Note: A number such as Note: A number such as 
1 000 000 000 000 000 1 000 000 000 000 000 
would appear on the screen as would appear on the screen as 
1E + 15 1 E 15 
You should write this as 1 x 1015, You should write this as 1 x 101s, 
not as your calculator displays it. not as your calculator displays it. 
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• Exercise 1.3.1 
l Which of the following are not in the form ax 10", where Is a< !Oand k E Z? 

a 6.2 x 105 b 7.834 x 1016 c 8.0 x 105 

d 0.46 X 1Q7 e 82.3 X !06 f 6. 75 X 101 

2 Write down the following numbers in the fonn a x !()':, where I s a < 10 and k E Z. 
a 600000 b 480QOOCX) C 784000000000 
d 534000 e 7 million f 8.5 million 

3 Write down the following in the form ax 10", where I s a< 10 and k E Z. 
a 68 x 105 b 720 x 106 c 8 x 105 
d 0.75 X !08 e 0.4 X 1010 f 50 X !06 

4 Multiply the following and write down your answers in the form a X !Ok, where 
I Sa< lOandkEZ. 

a 200 X J()OO b 6C()O X 4()00 

c 7 million x 20 
e J million x 4 million 

d 500 x 6 million 
f 4500 X 4()00 

5 Light from the Sun takes approximately 8 minutes to reach Earth. If light travels 
at a speed of 3 x IOSms-1, calculate to three significant figures (s.f.) the distance 

from the Sun to the Earth. 

6 Find the value of the following and write down your answers in the form ax !Ok, 

wherelsa<IOandkeO:.. 
a (4.4 x 103) x (2 x 105) 

c (4 x 105) x (8.3 x 105) 

e (8.5 x 106) x (6 x 101s) 

b (6.8 X 107) X (3 X 103) 

d (5 X 109) X (8.4 X !Oil) 
f (5.0 X 10 12) 1 

7 Find the value of the following and write down your answers in the form a X 10", 
wherelsa<IOandkeO:.. 

a (3.8 X 108) "T" (1.9 X 106) b (6.75 X 109)..;.. (2.25 X 1()4) 

C (9.6 X 1011 ) "T" (2.4 X 105) 

2.J X !Oil 
e 9.2 X 1Q4 

1.8 X lQll 

d 9.0 X 107 

f 2.4 X 108 
6.0 X 103 

8 Find the value of the following and write down your answers in the form ax 1()1:, 
wherelsa<IOandkeO:.. 

a (3.8 X 105) + (4.6 X lQ4) 

C (6.3 X 107) + (8.8 X 105) 

e (5.3 X 108) - (8.0 X 107) 
g (8.93 X 1010) - (7.8 xlQ9) 

b (7.9 X 109) + (5.8 X 108) 
d (3.15 X 109) + (7.0 X 106) 
f (6.5 X 107) - (4.9 X (Q') 
h (4.07 x 107) - (5.1 x 10') 
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9 The following list shows the distance of the planets of the Solar System from the 
Sun. 

Jupiter 778 million kilometres 
Mercury 58 million kilometres 
M,~ 228 million kilometres 
Uranus 2870 million kilometres 
Venus 108 million kilometres 
Neptune 4500 million kilometres 
Earth 150 million kilometres 
Saturn 1430 million kilometres 

Write down each of the distances in the form a x 10", where I s a < 10 and 
k E Z and then arrange them in order of magnitude, starting with the distance of 
the planet closest to the Sun. 

A negative index 
A negative index is used when writing a number between O and I in the form 
ax 10", where I s a< 10 and k E Z. 

e.g. 100 = l X !02 
10 =lx101 

l = l X !(lO 

0.1 = l X 10- l 

0.01 =lx!0-2 

0.0QJ = l X 10-3 
0.000} = l X 10-4 

Note that a must still lie within the range l s a < 10. 

I Write down 0.0032 in the form a X 10", where l s a< 10 and k E Z. 

3.2 X 10-3 

2 Write down these numbers in order of magnitude, starring with the largest. 

3.6 x 10- 3 5.2 x 10-s I x 10-1 8.35 x 10- 2 6.08 x 10- 8 

8.35 x 10-1 I x 10-2 3.6 x 10- 3 5.2 x 10- 5 6.08 x 10- 8 

• Exercise 1.3.2 
l Write down the following numbers in the form a x !Ok, where I s a < 10 and k E Z. 

a 0.0006 b 0.000053 C 0.000864 
d 0.000000088 e 0.0000007 f 0.0004145 

2 Write down the following numbers in the form a x !Ok, where I s a < 10 and k E Z. 
a 68 x 10- 5 b 750 x 10- 9 c 42 x 10- ll 
d 0.08 X 10- 7 e 0.057 X 10-9 f 0.4 X 10- lO 
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3 Deduce the value of k in each of the following cases. 
a 0.00025 = 2.5 X JC)" b 0.00357 = 3.57 X JC)" 
C 0.00000006 = 6 )< JC)" d 0.0042 = J.6 X JC)" 
e 0.000651 = 4.225 X l()l 

4 Write down these numbers in order of magnitude, starting with the largest. 
3.2 X lQ- 4 6.8 X 105 5.57 X lQ- 9 6.2 X 103 

5.8 X lQ- 7 6.741 X lQ- 4 8.414 X 101 

1.4 SI units of measurement 

You 1, ill come aaoss 
SI units of 
mearurementinthe 
Chemistry and 
Physic,Diploma 

A soldier in Julius Caesar's army could comfortably march 20 miles in one day, 
wearing full kit, and then help to build a defensive blockade. 

The mile was a unit of length based on 1000 strides of a Roman legionary. The 
measurement was sufficiently accurate for its purpose but only an approximate 
distance. 

Most measures started as rough estimates. The yard 
(3 feet or 36 inches) was said to be the distance from the 
king's nose (reputed to be Henry I of England) to the tip of 
his extended finger. As it became necessary to have 
standardization in measurement, the measures themselves 
became more exact. 

In I 791 during the French Revolution, a new W1it of 
measurement, the metre, was defmed in France. Originally it 
was defmed as 'one ten-millionth of the length of the 
quadrant of the Earth's meridian through Paris'. This use of 
this W1it of measurement became law in France in l 795. 

However, this measurement was not considered 
sufficiently accurate and further definition;; were required. 

In 1927 a metre was defined as the distance between two marks on a given 
platinum-iridium bar. This bar is kept in Paris. 

In 1960 the definition was based on the emission of a krypton-86 lamp. 
At the 1983 General Conference on Weights and Measures, the metre was 

redefined as the length of the path travelled by light in a vacuum in 
299 7

J
2 488 

second. This definition, although not very neat, can be con5idered one of the few 
'accurate' measures. Most measures are only to a degree of accuracy. 

SI is an abbreviation ofSysteme International d'Unito?s. Its seven base units are listed 
below. 

Quantity Unit Sym bol 

Distance 

Mass kilogram kg 

Time second 

Electrical current ampere 

Temperature kelvin 

Substance =I• mol 

Intensity of light candela cd 
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The SI has other derived units. The following questioru highlight some of the more 

common derived units and their relationship to the base units. 

• Exercise 1.4.1 
l Copy and complete the sentences below. 

a There are __ centimetres in one metre. 
b A centimetre is __ part of a metre. 
c There are __ metres in one kilometre. 
d A metre is __ part of a kilometre. 
e There are __ grams in one kilogram. 
f A gram is __ part of a kilogram. 
g A kilogram is __ part of a tonne. 
h There are __ millilitres in one litre. 
i One thousandth of a litre is __ . 
j There are __ grams in one tonne. 

2 Which of the units below would be used to measure each of the following? 

millimetre 
milligram 
millilitre 

centimetre 
gram 
litre 

a Your mass (weight) 

b The length of your foot 
c Yourheight 
d The amount of water in a glass 
e The mass of a ship 
f The height of a bus 
g The capacity of a swimming pool 
h The length of a road 

metre 
kilogram 

i The capacity of the fuel tank of a truck 
j The size of your waist 

3 Draw five lines of different lengths. 
a Estimate the length of each line in millimetres. 

kilometre 

b Measure the length of each line to the nearest millimetre. 

4 Write down an estimate for each of the following using the correct unit. 
a Yourheight 
b Your weight (mass) 

c The capacity of a cup 
d The distance to the nearest town 
e The mass of an orange 
f The quantity of blocxl. in the human body 
g The depth of the Pacific Ocean 
h The distance to the moon 
i The mass of a car 
j The capacity of a swimming pool 
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Converting from one unit to another 
Length 
lkmis IOCXJm,so: 

to change from kilometres to metres, multiply by I 000 
to change from metres to kilometres, divide by I 000. 

l Convert 5.84km to metres. 

1km = 1000m so multiply by 1000 
5.84 X lOCXJ = 5840m 

2 Convert 3640 mm to metres. 

Im= 1000mm so divide by 1000 
3640.;. 1000 = 3.64m 

• Exercise 1.4.2 
I Convert these to millimetres. 

a 4cm b 6.2cm 
e 0.88m f 3.65m 

2 Convert these to metres. 
a 260cm b 8900 cm 
e 250cm f 0.4km 

3 Convert these to kilometres. 
a 2000m b 26500m 
e 100m 

Mass 
I tonne is 1000kg, so: 

f SOCXJm 

c 28cm 
g 0.008m 

C 2.Jkm 
g 3.8km 

C 2CXJm 
g 15000m 

to change from tonnes to kilogram;; multiply by 1000 
to change from kilogram;; to tonnes divide by 1000. 

I Convert 0.872 tonne to kilograms. 

1 tonne is IOCXJkg so multiply by 1000. 
0.872 X 1000 = 872kg 

2 Convert 4200kg to tonnes. 

I tonne= 1000kg so divide by IOCXJ. 
4200 .;. 1000 = 4.2 tonnes 

Capac ity 
I litre is IOOOml,so: 

to change from litres to millilitres multiply by 1000 
to change from millilitres to litres divide by 1000. 

d 1.2m 
h 0.23cm 

d 0.75km 
h 25km 

d 750m 
h 75600m 
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l Convert 2.4 e to millilitres. 

IC is 1000ml so multiply by 1000. 
2.4 X 1000 = 2400ml 

2 Convert 4500ml to litres. 

I e = 1000ml so divide by 1000 
4500 + 1000 - 4.5 e 

• Exercise 1.4.3 
I Convert these to kilograms. 

a 2 tonne b 7 .2 tonne 
e 0.45 tonne f 0.003 tonne 

2 Convert these to millilitres. 
a 2.6f b 0.7€ 

3 Convert these to litres. 
a 1500ml b 5280ml 

C 28CXJg 
g 6500g 

C Q.04f 

C 750ml 

750g 
7000000g 

d 0.008£ 

d 25ml 

4 The masses of four containers loaded on a ship are 28 tonnes, 45 tonnes, 16.8 
tonnes and 48 500 kg. 

a What is the total mass in tonnes? 
b What is the total mass in kilograms? Write your answer in the form 

ax 10", where l s a< 10 and k E Z. 

5 Three test tubes contain o.ose, 0.42 C and 220ml. 
a What is the total in millilitres? 
b How many litres of water need to be added to make the solution up to 1.25£? 

Temperature scales 
You will have come across two temperature scales in science lessoru. 

Celsius cc kelvin K 

The kelvin is the official SI unit of temperature. It is identical to the Celsius scale 
(in that a I cc change is equivalent to a I K change), except that it starts at OK, 
which is equivalent to -273 °C. This temperature is known as absolute zero. 

Absolute zero= 0 K = -273 cc 
The table shows the conversion between Celsius and kelvin scales of temperature. 

Scale Freezing point of water Boiling point of wat er 

Celsius 100 

Kelvin 273 373 
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1.5 Currency conversions 
The kingdom of the Lydian King Croesus (Lydia is now part of Turkey) is credited 
as being the first to mint coins in about 560 BC. The expression 'As rich as Croesus' 
came to describe people of vast wealth. 

For a substance to be used as money it must be a 'scarce gcxx:I'. It may be red 
ochre, diamonds or, in some circumstances, cigarettes. Scarce goods like gold are 
called 'commodity money'. Bank notes, which came later, are called 'representative 
money' as the paper itself has no value, but it can be exchanged for other gcxx:ls. 
One JX)Und sterling is so called because it could, on demand, be exchanged for one 
pound weight of sterling silver. 

What are the advantages and disadvantages of paper money compared to 
commodity money? 

The Eurozone is a term that describes those European countries that replaced 
their previous currencies with one common currency, i.e. the euro. 

In 2002, just after its launch, its exchange rate against the US dollar (USO or$) 
was below parity, i.e one euro was worth less than one dollar. 

In June 2008 before the banking crisis, one euro was worth approximately one 
dollar and sixty cents. In April 2012, one euro was worth approximately one dollar 
and thirty cents. The value of a bank note relative to other currencies can change, 
sometimes very rapidly. 

When changing currencies, banks take a commission (a fee). This meant that 
when Europe had a large number of different currencies, traders lost money paying 
these commissions and currency fluctuations meant long-term planning was 
difficult forexJX)rters. 

Commission can either be a fixed sum or a percentage of the money exchanged. 
In addition, when you exchange money, there are two rates; one for when selling 
and another for buying. For example, a bank might buy £1 sterling (GBP) for $1.30 
and sell for $1.35. So if you changed £1000 into dollars you would receive $1300 but 
if you changed your dollars back into pounds you would receive 1300 ..- 1.35 = 

£963, a cost of£37. Had they charged a percentage commission of3%, it would have 
cost£30 to make the original exchange. So you would get £970 x 1.30 = $1261. 
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1 

The table below shows the rate at which countries entering the euro in 2002 
changed their old currency for one euro. 

Country Currency Exchangefor1 euro 

France Franc 6.56francs 

Germany Deutsche mark 1.960eutschemarks 

Italy Lira 1940 lire 

Spain ""'"' 166 pesetas 

Holland Guilder 2.20guilders 

Austria Schilling 13.76schillings 

Belgium Franc 40 francs 

Finland Markka S.95markkas 

Greece Drachma 341 drachmas 

Ireland amt 0.79punts 

Portugal Escudo 200escudos 

Luxembourg Franc 40 francs 

The euro became the single currency for the twelve countries above on 1st January 
2002. It was the biggest change in currencies Europe had ever seen. By 2008 
Andorra, Cyprus, Malta, Monaco, Montenegro, San Marino, Slovenia and Vatican 
City had joined the euro. European countries still to join include Great Britain, 
Sweden and Denmark. Why do you think these countries have not joined the euro? 

Note: There is no universal agreement about whether the€ sign should go before 
or after the number. This depends ro a great extent on the conventions that were 
in place in each country with its previous currency. 

Using the exchange rate in the rable above, convert 15 000 pesetas into guilders. 

From the table: 166 pesetas = 1 euro = 2.20 guilders 
166 pesetas = 2.20 guilders 

1 peseta = ;·:i guilders 

15000pesetas =;·:ix 15000guilders 

Therefore, 15000 pesetas= 198.80 guilders. 
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• Exercise 1.5.1 

You 1,ill come acrOS5 
exchange rates in the 
Economics Diploma 

Using the exchange rates in the table above, convert each of the following. 

I 100 Deutsche marks into French francs 

2 500 guilder into drachmas 

3 20000 lira into schillings 

4 7500 pesetas into escudos 

5 lCXJO Belgian francs into French francs 

6 I million punt into markkas 

7 200CXJO lira into pesetas 

8 JCXJO Deutsche marks and lCXJO schillings into punts 

9 5CXJO Deutsche marks into lira 

10 2500 guilder into shillings 

This gives you some idea of the many changes occurring every day in Europe 
before 2002. 

The pound sterling was a 'reserve currency'. Many economists think that the 
euro could become a 'reserve currency'. What does the term mean? 

Currencies change their value with respect to each other because of the change 
in economic circumstances in each country. 

For example, in 2002 €1 could be exchanged for$ 1.04. In 2008 I euro could be 
exchanged for $1.54. 

The exchange rate tcxlay can be found from what is called the currency 
exchange market. 

In 2008, visitors ro the USA from Germany would have found the country 
cheap to visit. Americans visiting Europe would have had the opposite experience, 
since their dollars did not buy as many euros as in previous years. In theory the 
external exchange rate does not affect the internal worth of the currency. In 
practice, because countries need to import and export goods and services, the 
strength or weakness of a currency will directly affect people. For example if your 
currency weakens compared to the dollar, then the cost of oil and gas, which are 
priced in dollars, will increase. Sometimes a currency becomes so weak that it is 
impossible to import goods. In 2008, the currency of Zimbabwe was not accepted 
for overseas trade payments. The economy suffered badly and many Zimbabweans 
could not find work. 
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In 2001 Kurt and his family travelled to the USA. The flights cost $1650, hotels 
cost $2200 and other expenses were $4000. At that time, the exchange rate was 
El - $1.05. 

In 2008 they took the same vacation but the costs in dollars had increased by I 0%. 
The exchange rate was now I euro = 1.55 dollars. 
a What was the total cost in euros in 200 l? 
b What was the total cost in euros in 2008? 

a Total cost in dollars = $ 7850 
$1.05 = €1 =:i $1 = €0.95 
Therefore total cost in euro was 7850 x 0.95 = £7476. 

b A 10% increase is equivalent to a multiplier of 1.10. 
Total cost in dollars= 7850 >< 1.10 = $8635 
$1.55 - El~ $1 - €0.65 
Therefore total cost in euros was 8635 x 0.65 = €5613. 

• Exercise 1.5.2 
l The rate of exchange of the South African rand is £1 = 12.8 rand. 

£1 = 1.66 US dollars. 
a How many pounds could be exchanged for 100 rand? 
b How many rand could be exchanged for $1000? 

2 An apartment in Barcelona is offered for sale for €350000. The exchange rate is 
£1 - €1.24. 

a What was the cost of the apartment in pounds! 
b The value of the pound against the euro increases by 10%.What is the new 

cost of the apartment in pounds? 

3 The Japanese yen trades at 190¥ to £1. The dollar trades at $1.90 to the pound. 
a What is the yen-dollar exchange rate? 
b What is the dollar-yen exchange rate? 

4 The Russian rouble trades at 24 roubles to $1. The Israeli shekel trades at 
3.5 shekels to$L 

a What is the rouble-shekel exchange rate? 
b What is the shekel-rouble exchange rate! 

5 Gold is priced at $930 per ounce. 16 ounces = 1 pound weight. 
a What is the cost of 1 ton (2240 pounds) of gold? 
1 dollar= 0.62 euros and 1 dollar= 41 Indian rupees. 
b What does I ton of gold cost in rupees? 
c What does I ton of gold cost in euros? 
d What weight (in ounces) of gold could be bought for 1 million euros? 

1.6 Graphical solution of equations 
A linear equation, when plotted, produces a straight line. 

The following are all examples of linear equations: 

y = x + 1 y = 2x - 1 y = 3x y = -x - 2 y = 4 

They all have a similar format, i.e. y = mx + c. 
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In the equation 'J = x+ l, m = l andc = l 
y=2x-l, m=2andc=-l 
y=3x, m=Jandc=O 
'J = -x - 2, m = -1 and c = -2 
y=4, m=Oandc=4 

Their graphs are shown below. 

• X 

' 

y 

-~ -,/-~-;;-
1 1 

-~ /-,~ --

y y 

3 
y 4 

" = x-

4 "' f's;: 0 X 

" ' ~ 0 X 

"' I'\.. ' 
In Section 5.1 plotting and solving linear equations are studied in more detail. In 
this section we look exclusively at how to use your GOC and graphing software to 
draw linear graphs and to solve simple problems involving them. 

X 
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Using a GDC or graphing software to plot a 
linear equation 
In the Introduction to the graphic display calculator you saw how to plot a single 
linear equation using your GOC. For example, to graph the linear equation 
y = Zx + 3: 

Casio 

•• ...... 
With graphing software too, the process is relatively straightforward: 

Autograph 

Select ;. and enter the equation. 

Note: To reposition the graph on the screen use ~ . To change the 

scale on the axes use ~ . 

GeoGebra 

Type f(x) = 2x + 3 into the input box. 

Note: To reposition the graph on the screen use 8:J . To change the 

scale on the axes select 'Options' followed by 'Drawing pad'. 

Unless they are parallel to each other, when two linear graphs are plotted on the 
same axes, they will intersect at one point. Solving the equations simultaneously 
will give the coordinates of the JX)int of intersection. Your GOC and graphing 
software will also be able to work out the coordinates of the point of intersection. 
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Find the point of intersection of these linear equations. 

)' = 2x - I and)'= fx + 2 

UsingaGOC: 

Casio 

iii D andentery= 2x-1, CD 
Entery=fx+2, CD 

to select 

'intersect' in the 'graph solve' menu. The 
results are displayed at the bottom of the 

Note: Equations of lines have to be entered in the form y = 
e.g. the equation 2x - 3y = 9 would need to be rearranged to make 

y the subject, i.e. y = 2x 
3
- 9 or y = j"x - 3. 

Texas 

'..__j and enter y = 2x - 1, r:J 
Theny=fx + 2. r:J 

\__.) to graph the equations. 

~ followed by rn to 

select 'intersect' in the 'graph calc' menu. 

Once the two lines are selected using r:J. 
the results are displayed at the 
bottom of the screen. 

Note: See the note for the Casio above. 

rlotl t l ol2 PloB 
Y1B2X- 1 
Y2B. 5X+2 
Yl =I v .. = 
Ys= 
Y,= 
Y1= 
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Using graphing software: 

Autograph 

Select ~ and enter each equation 

in turn. 

Use ~ and select both lines. 

Click on 'Object' followed by the 

'solve f(x) = g(x)' sub-menu. 

Click ~ to display the 'results box' 

Note: To select the second line, keep the shift key pressed . 

GeoGebra 

Enter f(x) = 2x - 1 and g(x) = !x + 2 in 

the input field. 

Enter 'Intersect [f(x), g(x)]' in the 

input field. 

The point of intersection is displayed 

and its coordinate written in the 

algebra window. 

• Exercise 1.6.1 
I Using either a GDC or graphing software, find the coordinates of the points of 

intersection of the following pairs of linear graphs. 
a y=S-xand)·=x-1 b )'=7-xandy=x-J 
c y = -Zx + 5 and y = x - I d x + Jy = -1 and y = fx + 3 
e X-)·=6andx+)·=2 f Jx-2y=l3and2x+y=4 
g 4x - Sy= I and 2x + y = -3 h x = y andx + )' + 6 = 0 
i 2x + )' = 4 and 4x + 2y = 8 j )' - Jx = I and y = Jx - 3 

2 By referring to the lines, explain your answers to parts i and j above. 
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Quadratic equations 
An equation of the form y = at' + bx + c, in which the highest power of the 
variable xis x1, is known as a quadratic equation. The following are all examples of 
quadratic equations: 

y = ,!- + Zx - 4 y = -3,!- + x + 2 y = x1 y = fx1 + 2 

When plotted, a quadratic graph has a specific shape known as a parabola. This will 
look like 

Depending on the values of a, b and c, the position and shape of the graph will 
vary,e.g. 

y:x2-~+4 
y 
7 

-3 -2 -1 Q 1 2 3 4 5 X 
-1 

a=1 , b:-3andc=4 

Y=-,l~+x+4 
y 

a =-f, b = 1 and c = 4 

5 6 7 X 

Solving a quadratic equation of the form ax1 + bx + c = 0 implies finding where 
the graph crosses the x-axis, because y = 0 on the x-axis. 

In the case above of -fx1 + x + 4 = 0, we can see that the graph crosses the 

x-axis at x = -2 and 4. These are therefore the solutions to, or roots of, the 
equation. In the case of x1 + 3x + 4 = 0, the graph does not cross the x-axis. 
Therefore the equation has no real solutions. 

(Note: There are imaginary solutions, but these are not dealt with in this textbook.) 
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A GOC can also be used to find the solution to quadratic equations: 

Casio 

D and enter Y= - ~x2 +x +4, 

to graph the equation. 

followed by to select 

'Root' in the 'graph solve' menu. 

Use a to find the second root. 

The results are displayed at the bottom of 
the screen. 

Texas 

I...__) and enter y = - ~x.2 + x + 4, [::I 
\.__.) to graph the equation. 

followed by rn to select 

'zero' in the 'graph calc' menu. 

Use ~ and follow the on-screen 

prompts to identify a point to the left 
and a point to the right of the root, in 
order for the calculator to give the root. 

~ 
~ 

LdtB:.:.uM:' 
:,::·2.SS:31 !.11 '(: · t .8125'. BS: 
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Alternatively, graphing software can be used: 

Autograph 

Select ;. and enter the equation 

y = - fx2 + X + 4. 

Use ~ and select the line. 

Click on 'Object' followed by the 

'solve f(x) = O' sub-menu. 

Click ~ to display the 'results box' . 

Enter f(x) = - fx2 + x + 4 in 
the input field. 

Enter 'Root [f(x)]' in the 

input field. 

GeoGebra 

M¥ttJ. · ·u 

The solutions are displayed 
and their coordinates 

w ritten in the algebra 
window. 

;W·'" '"" ~ --:::::-: . 

. . ' '·:" ' ' \' 
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• Exercise 1.6.2 
Using either a GOC or graphing software: 
i) graph the following quadratic equations 
ii) find the coordinates of any roots. 

I a )' = x1 - 3x + 2 
c )' = -t'" + Sx - 15 
e )' = -x.1 + X + 4 

2 a y=!x1-fx-3 
c -Zy = x1 + !Ox+ 25 

b y = x1 + 4x - 12 
d y=x1+2x+6 

b 4)·= -x1 +6x+ 16 

1.7 Arithmetic sequences and series 
Leonardo Pisano ( 11 70-1245 ), known today as Fibonacci, introduced new methods 
of arithmetic to Europe, from the Hindus, Persians and Arabs. He introduced the 
sequence l, I, 2, 3, 5, 8, 13, ... , which is now linked with the name FiOOnacci and 
occurs widely in nature and architecture. 

He also brought the decimal system, algebra and a new method of multiplication 
to Europe. Leonardo 'Fibonacci' has been described as the most gifted 
mathematician of the middle ages. 

Blaise Pascal (1623-1642) was a genius who studied geometry as a child. At the age 
of sixteen he stated and proved Pascal's theorem which connects any six JX)ints on any 
cone. The theorem is sometimes called the 'Cat's Cradle'. He foW1ded probability 
theory and contributed to calculus. In his work on sequences and probability he is best 
known for Pascal's triangle. This is a triangle with rows as shown: 

1 2 1 
1 3 3 1 

1 4 6 4 1 

Each number in a row is the sum of the two numbers diagonally aOOve it. 
A seq uence is a collection of term;; arranged in a specific order, where each term 

is obtained according to a rule. Examples of some simple sequences are given below. 

2, 4, 6, 8, 10 

l, l, 2,3, 5, 8 

l, 4, 9, 16, 25 

1,8, 27, 64, 125 

l, 2, 4, 8, 16 

10, 5, !, ~. i 
Discuss with another the student the rules involved in prOOucing the sequences 
aOOve. 

The term;; of a sequence can be expressed as u1, tti, u3, ••• , un where 

u1 is the first term 
!ti is the second term 

un is the nth term 

Therefore in the sequence 2, 4, 6, 8, 10, u1 = 2, !ti = 4, etc. 
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Arithmetic sequences 
In an arithmetic sequence there is a common difference (d) between successive 
terms,e.g. 

e.g. 3 6 9 12 15 

'----"' '----"' '----"' '----"' 
+J +J +J +3 

-3 -8 -13 

- 5 - 5 - 5 - 5 d - -5 

Formulae for the terms of an arithmetic sequence 
There are two main ways to describe a sequence. 

I A term-to-term rule, known as a recurrence relation. 
In the following sequence, 

7 12 17 22 27 
'----"' '----"' '----"' '----"' 

+5 +5 +5 +5 

the recurrence relation is +5, i.e. u1 = u1 + 5, u3 = u1 + 5, etc. 

The general form is therefore written as un+l = un + 5, u1 = 7, where un is the 
nth term and un+l is the term after the nth term. 

Note: It is important to give the value of one of the tenns, e.g. ul' so that the 
exact sequence can be generated. 

2 A formula for the nth term of a sequence. 
This type of rule links each term to its po;;it ion in the sequence, e.g. 

Position 
T,rm 

2 3 4 5 
12 17 22 27 

We can deduce from the figures above that each term can be calculated by 
multiplying its position number by 5 and adding 2. Algebraically this can be 
written as the formula for the nth term: 

Un= Sn+ 2 

A GOC can be used to generate the terms of a sequence from the recurrence 
relation. For example, to calculate u2, u3 and u4 for the sequence un+I = 2un - 5, 
u 1 = l, the following can be done: 
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Casio 

u cm This enters the first term. 

D ti • e u • 3 

This fetches the previous answer and """ 
substitutes it into the equation. 

• • I 
I 

2Ans-5 
·3 

This enters the previous answer back into 
·II 
·27 

the original recurrence relation and """ generates the required terms. 

Texas 

rn LI This enters the first term. 

l~An,-5 -~1 rn ~ ~~rn LI 
This fetches the previous answer and 
substitutes it into the equation. 

LILI I 
I 

2Ans-5 
-3 

This enters the previous answer back into · 11 
the original recurrence relation and ·27 

I 
generates the required terms. 

Thereforeu
2 

= -3,u
3 

= -11 andu
4 

= -27. 
Note: This sequence is not arithmetic as the difference between successive terms 

is not constant. 

With an arithmetic sequence, the rule for the nth term can be easily deduced by 
looking at the common difference, e.g. 

Position l 

Tenn I 5 9 13 17 

'---"' '---"' '---"' '---"' 
+4 +4 +4 +4 

Position 1 

Tenn 7 9 11 13 15 

'---"' '---"' '---"' '---"' 
+2 +2 +2 +2 

u,,= 4n-3 

u,, = 2n + 5 
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Position l 

Term 12 9 6 3 0 
'----A' '----A' '----A' '----A' 

-3 -3 -3 -3 

Un= - 3n + 15 

The common difference is the coefficient of n (i.e. the number by which n is 
multiplied). The constant is then worked out by calculating the number needed to 
make the term. 

I A sequence is described by the following recurrence relation: 

un+l = 4u,, -3,u1 = 2 

Calculate ul' u3 and u4 and state whether the sequence is arithmetic or not. 
u1 =4u1 -3thereforeu2 =4 x 2-3 =5 
u3 = 4Ui - 3 therefore u3 = 4 x 5 - 3 = 17 
u4 =4u3 -3thereforeu4 =4 x 17-3 =65 

The sequence is not arithmetic as the difference between terms is not constant. 

2 Find the rule for the nth term of the sequence 12, 7, 2, -3, -8 .. 

Position 

Tenn 12 7 2 -3 -8 u,, =-Sn+ 17 
'----A' '----A' '----A' '----A' 

-5 -5 -5 -5 

• Exercise 1. 7 .1 
I For each of the following sequences, the recurrence relation and u1 are given. 

Calculate ul' u3 and u~ and state whether or not the sequence is arithmetic. 
a u,,+l = u,, + 5, u1 = 3 b un+l = 211n - 4, u1 = l 
C Un+l = -4un + 1, u1 = 0 d Un+l = 3 - u,,, u 1 = 5 

e u,,+i = -4+u,,,u1 =8 f u,,+J =6-fu,,,u 1 = -9 

2 For each of the following sequences: 
i) deduce the formula for the nth term 
ii) calculate the 10th term. 

a 5, 8, 11, 14, 17 

C t, lf, 2f, 3f, 4 
e -7, -4, -1, 2, 5 

b 0,4,8, 12, 16 

d 6, 3, 0, -3, -6 

f -9, -13, -17, -21, -25 

3 Copy and complete each of the following tables showing arithmetic sequences. 

I Po,;uoo 

Term I , I , I 45 I so I ~"-, I 
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Position 100 

,,~ -5 -47 

Position 

,,~ -3 - 24 - 294 

Position 

,,~ 10 16 25 145 

Position 50 

,,~ -5.5 -7 -34 

4 For eac of the following an hmetic sequences: 
i) deduce the common differenced 
ii) write down the formula for the nth term 
iii) calculate the 50th term. 

a 5, 9, 13, 17, 21 h o,_,z,_,4 
d u1 =6,1'9= 10 

~+3 

C -10,_,_,_,2 
e ~ = -50, Uio = 18 f u5 =60,u12 =39 

5 Judi invests $200 in a bond which pays simple interest of 12.5% per year. She 
receives a cheque each year for the interest. How many years is it before the 
bond pays for itself? 

Series 
When the tenns of a sequence are added together, the sum is called a series. There 
is specific notation associated with series, with which you will need to be familiar. 

Consider the arithmetic sequence 3, 6, 9, 12, 15, .. 
Sn is used to describe the sum of the first n terms of a sequence. 
S4 therefore denotes the sum of the first four terms of the sequence, i.e. 

s~ = 3 + 6 + 9 + 12 = 30 

The Greek letter L is also used to indicate that the terms of a sequence are to be 
added. In the sequence aOOve, the formula for the nth term is un = Jn. 

Pa;e~~notes that the first to the fourth terms of the sequence un = Jn are to be 

*3n = 3 + 6 + 9 + 12 = 30 

Similarly pn denotes that the sixth to the eight terms of the sequence «» = 3n are 

to be added: 

*3n = 18 + 21 + 24 = 63 
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I Write down in full the terms of the series f2n - 6. 

tzn -6 = -4 + -2 + 0 + 2 + 4 

2 Determine ;(-n + 4). 

¥-n + 4) =I+ 0 + -1 + -2 + -3 = -5 

3 Write the series O + f + I + '! + 2 + zf using the L notation. 

The formula for the nth term is un = !'1 - f 
Therefore the series can be written as ¥ !n - f) 

T he sum of an ari thmetic series 
Consider the sum of the first 100 positive integers, i.e. I + 2 + 3 + ... + 98 + 99 
+ 100. There is an efficient way of calculating the sum of the numbers without 
having to add them all one by one. 

I + 2 + 3 + 4 + 5 + 6 + ... + 95 + 96 + 97 + 98 + 99 + 100 

The terms of the series can be paired up as shown above. The sum of each pair is 
101 and there are 50 pairs. Therefore the sum of the series is 50 x 101 = 5050. 
This can be generalized for any arithmetic series as 

Sn= I(ul + un) 

where u 1 is the first term,"» the last term in this case and n is the number of terms. 
The nth term "» can also be written in terms of 111, n and d ( the common 
difference). 

Consider the sequence 2, 5, 8, 11, .... To calculate the 20th term, we can use 
the formula for the nth term, un = 3n - l, or we can consider how many times the 
common difference d needs to be added to the first term in order to reach the 
20th term: 

2 5 8 11. 

'---"' '---"' '---"' 
+J +3 +3 

To get to the 2nd term, +3 is added once to the !st term (2). To get to the 3rd 
term, +J is added twice to the !st term. Therefore to get to the 20th term, +J will 
be added 19 times. 

11
20 

= 2 + (19 X 3) = 59 

In general terms tin= u1 + (n - l)d 
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If this is substituted for un in the formula 5» = }"(«1 + u,,), then another formula for 
\is derived. 

s,, =I(«1 + «1 + (n - l)d) 

\ =I(2u1 + (n - l)d) 

For the sequence 2, 5, 8, 11, .. , the value of S10 = f (2 X 2 + (20 - 1)3) = 610. 

You can also use your GOC to calculate the sum of an arithmetic sequence. Although 
you will be expected to show your working in an exam, the GOC will allow you to 
quickly check your answer.1ll 

For example, to evaluate f(Jn - I): 

Casio 

• to access the 'sum' function within the 
'List' menu. 

to select 'sequence'. 

To define the sequence, type (3X-1, X, 
1, 20, 1). This means (nth term, variable, 
starting position, finishing position, 
increment). 

Texas 

to access the 'sum' function within the 

'MATH' menu. 

to select 'sequence' from the OPS menu. 

To define the sequence, type (3X - 1, 

X, 1, 20, 1). This means (nth term, 
variable, starting position, finishing 

position, increment) . 

Sum Se"l ( 

~um Se"l(3X-1,X, 1,20,1 

6 10 

D 
SUl"l(Se"l(3X-l,X, 1 
,20,1) 

610 
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l Determine ~2n: 

This is the sum of the first 100 even numbers. 

S100 = ¥- (2 X 2 + (100 - 1)2) = 10100 

2 Determine ~(2n - 8). 

This is the sum of the 50th to 100th terms of the sequence un = 2n - 8. 

For this sequence the common difference d = 2. 

The sum can be calculated in two ways. 

1

L(2n - 8) = 
1

fc2n - 8) - tzn - 8) 

so = ()300 - 2058 
1 

- 7242 

ii) ~(2n - 8): ~~o: ;.r++ ::~ +1;r'() 

i.e.u 1 = 92,n = 51,d = 2 

Therefore= i(2n - 8) = ¥-(2 x 92 + (51 - 1)2) = 7242 

3 Four consecutive terms of an arithmetic sequence are x + 8, 2x + 6, 4x - 8 and 
3x + 14. 

a Calculate the sum of the four terms in terms of x. 
b Calculate the sum of the four terms. 

a x + 8 + 2x + 6 + 4x - 8 + 3x + 14 = lOx +20 

b The common differenced= 2x + 6 - (x + 8) = x - 2 
The common differenced is also= 4x - 8 - (2x + 6) = 2x - 14 

Therefore x - 2 = 2x - 14 
X = 12 

The sum of the four tenns = lOx + 20 

• Exercise 1. 7 .2 

= 10 X 12 + 20 
- 140 

l Find the sum of each of the following arithmetic series. 

a 3+8+13+ ... +53 b f+4i"+sf+ ... +6of 

C 21 + 17 + 1J + ... + -43 d 100 + 95 + ... + -100 

2 Determine each of the following. 

a ~(4 - n) b ~(J- to) 
c ~(Jn - 50) d ~I+ 4) 
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3 The second and sixth terms of an arithmetic series are -2 and 10 respectively. 

Calculate: 
a the common difference 
b the 1st term 
c the20rhterm 
d s20· 

4 The tenth term of an arithmetic series is 18.5. If S10 = 95, calculate: 
a thefirstterm 
b the common difference 

C S50· 

5 The fifth, sixth and seventh terms of an arithmetic series are 3 - Jm, m - 9, 
9 - m respectively. Calculate: 

a the common difference 
b thefirstterm 
c the sum of the first ten terms. 

6 The fourth term of an arithmetic series is twice the first term x. 
If the tenth term is 24, calculate: 

a the common difference in terms of x 
b thefirstterm 
c the sum of the first ten terms. 

7 The first term of an arithmetic series is 19 and the last term is -51. If the sum of 
the series is - 176, calculate the number of terms in the series. 

8 A child builds a triangular structure out of bricks. The top three rows are shown. 

Each row has one brick fewer than the row beneath it. 
a Show that, if the structure has n rows, the total number of bricks used is 

given by the fonnuls Sn= I (n + 1). 

b If the structure has 78 bricks, how many rows has it? 
c If the child has 200 bricks, what is the maximum number of rows his structure 

can have? 

1.8 Geometric sequences and series 
So far we have looked at sequences where there is a common difference between 
successive terms. There are, however, other types of sequence, e.g. 2, 4, 8, 16, 32. 
There is clearly a pattern to the way the numbers are generated as each term is 
double the previous term, but there is no common difference. 
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A sequence where there is a common ratio (r) between successive terms is 
known as a geometric seq uen ce. For example: 

2 4 8 16 32 
~~~~ 

x2 x2 x2 x2 

27 9 3 l f 
~~~~ 

r = 2 

l 
r = 3 

A s with an arithmetic sequence, there are two main ways of describing a geometric 
sequence. 

I The term-to-term rule. 

For example, for the following sequence, 

3 6 12 24 48 
~~~~ 

x2 x2 x2 x2 

the general rule is un+l = 2un, ul = 3. 

2 The formula for the nth term of a geometric sequence. 
As with an arithmetic sequence, this rule links each term to its position in the 
sequence. For example, for the following sequence, 

Position 1 3 
Term 3 6 12 24 48 
~~~~ 

x2 x2 x2 x2 

to reach the second term, the calculation is J x 2 or J x 21 

to reach the third term, the calculation is 3 x 2 x 2 or 3 x 22 

to reach the fourth term, the calculation is 3 x 2 x 2 x 2 or 3 x 23 

In general therefore 

where u 1 is the first term and r is the common ratio. 

• Exercise 1.8.1 
I Deduce which of the following are geometric sequences and which are not. 

a 2,6, 18,54 b 25,5, l,t C 1,4,9, 16 

d -3,9,-27,81 e f,j,f,~ 
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2 For the sequences in question I that are geometric, calculate: 
i) the common ratio r 
ii) the next two terms 
iii) a formula for the nth term. 

3 The nth term of a geometric sequence is given by the formula un = -6 x zn-t. 
a Calculate ul' u1 and u_,. 
b What is the value of n, if un = - 768! 

4 Part of a geometric sequence is given below. 

_, -!,_,_, 64, _ where !ti= -1 and u5 = 64. Calculate: 

a the common ratio r 
b the value of u 1 
c the value of u 10• 

Geometric series 
A geometric series is one where the terms of a geometric sequence are added 
together. For example, for the following geometric sequence, 

Position 
T,rm 

2 
10 

3 
20 

the formula for the nth term is un = 5 x zn-1• 

Therefore the sum of the series above is given by: 

' St'Z"- 1= 5(1 + 2 + 4 + 8 + 16 + 32) = 315 

4 
40 

5 
80 

A formula for the sum Sn of a geometric series can be derived as follows: 

Sn= «1 + «1r + u/ + u/ + ... + «1r"- l 
Multiplying by r: rSn = «1r + «/ + «/ + ... + «1r"- l + «1r' 

Subtracting the first equation from the second gives: 

rSn - Sn= «1r"- «1 
S)r - l) = «1(r"- 1) 

Therefore Sn = «l ~r"--
1 

l) r -:I:. l 

6 
160 

where «1 is the first term, r is the common ratio and n is the number of terms. 
This form of the formula is particularly useful when r > l or r < -1. 

If we multiply Sn x =+ a variation of the formula is obtained: 

This form is more useful when -1 < r < l as it avoids working with negative values. 



Geometric sequences and series 57 

Aseriesisasfollows: 
4 + 12 + 36 + 108 + ... + 26244 
a Calculate the number of terms in the series. 
b Calculate the sum of the series. 

a u 1 = 4, r = 3 
Using un = ut'-1 

4 X Jn- l = 26244 
Jn- l = 6561 
Using a calculator we can find that 38 = 6561 
Therefore 38 = 3n- l, which implies 8 = n - 1, i.e. n = 9. 
There are nine terms in the series. 

b Sn= 
11 

~--
1 

l) u1 = 4, r = 3 and n = 9 

S
9 

= 4(r_-/) = 39364 

This can be checked using your GOC as shown on page 52. 

• Exerc ise 1.8.2 
I For each of the following geometric series, calculate: 

i) the value of the common ratio r 
ii) the sum of the first 10 terms. 

a f+i+f+ 1+2 
C 5 + 7.5 + 11.25 + 16.875 

b -i+t-1 +3-9 
d 10 + 1 + 0.1 + 0.01 + 0.001 

2 For each of the following geometric series, the first three terms and the last term 
are given. 
i) Find the number of terms n. 
ii) Calculate the sum of the series. 

a 1 + 3 + 9 + ... + 2187 

C 8-4+2- ... +"ft 

3 Determine each of the following. 
s l 

a ~4n b ~2or-1 

b f+f+!+ ... + 12! 
d a+ar+ar1 + ... +ar>-1 

82n-l 
,I­

' 4 
4 In a geometric series, Uz = f and 115 = 72. Calculate: 

a the common ratio r 
b the first term 111 
C the value of S

6
• 

5 Three consecutive terms of a geometric series are (p - 2), (-p + 1) and (2p -2). 
a Calculate the possible values of p. 
b Calculate the term before (p - 2) assuming p is the larger of the values in 

part a. 
C If «3 = (p - 2), calculate s8. 
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6 A new strain of a virus is detected in one patient in a hospital. After 3 days, 375 
new cases of the virus are detected. Assuming the number of new cases continues 
to grow as a geometrical sequence, calculate: 

a the number of new cases after 7 days 
b the total number of infected people after 7 days. 

Infinite geometric series 
For all the series considered so far, if the series was continued, the sum would 
diverge (continue to grow). However, this isn't always the case: for some series, the 

sum converges to a value. For example, in the following series, 

4+2+1+f+i 

'---"' '---"' '---"' '---"' 

the amount being added each time decreases. This is represented visually in the 
diagram below. 

The area of each shape represents a term in the series. The total area of the large 
rectangle is 8. This suggests that the sum of the series, if continued infinitely, would 
also be 8, i.e. S .. = 8. 

This can be proved algebraically using the formula Sn = u (/: ;) . 

(Note: The alternative version of the formula is used since -1 < r < 1.) 

s - 4(1-r)- 4(1-r)-s(i -!") 
., 1 -t t 2 

As n _, "°, (fj» _, 0. Therefore S., = 8(1 - 0) = 8. 

In general 5» = «1\
1

: rr") becomes S., = 
1 
~ r for an infinite geometric series, 

as(! - r")----- 1 asn----><><>. 

Therefore if -1 < r < 1, the sum to infinity of a series will have a value. 
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A sequence is defined by un = 3(t)"-
1
• 

a Calculate ul' u1 and ur 

b Write down the values of u1 and r. .. 

C Calculate the sum of the infinite series LJ(tr-1
• 

a u1 = 3 x (f)0 
= 3 

1 

Uz = J X (t)1 = t 
U3 = J X (tJ1 = t 

b u1 = J, r = f 
c S .. =~=~=6 

1 - r 1 - 2 

• Exercise 1.8.3 
l Calculate the sum to infinity of the following series 

a 18 + 6 + 2 + f + . b -8 + 4 - 2 + 1 - . 

2 Evaluate the following sums to infinity. 

, tiff b tzL, , flff 
3 The second term of a geometric series is f The sum to infinity of the same series 

is 6. Calculate: 
b the common ratio r. 

4 In a geometric series u 1 + Uz = 12. If r = f, find the sum of the infinite series. 

1.9 Simple interest and compound interest 
Interest is money added by a bank or building society to sums deposited by 
customers, or money charged to customers for borrowing. The money deposited or 
borrowed is called the capital. The percentage interest is the given rate and the 
money is usually left or borrowed for a fixed period of time. 

Simple interest 
The following formula can be used to calculate simple inte rest: 

f= Cm 
100 

where f = the simple interest paid 
C = the capital (the amount borrowed or lent) 
n = number of time periods (often years) 
r = percentage rate. 
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I Find the simple interest earned on €250 deJX)sited for 6 years at 8% p.a. 

l=f; 
J = 250 ;~ x 6 

I - 120 

The interest paid is €120. 

2 How long will it take for a sum of €250 invested at 8% to earn interest of €80? 

l=f~ 
SQ= 250 ;~ X n 

8000 - 2000n 
n=4 

It takes 4 years for €250 to earn €80 of interest. 

3 What rate per year must be paid for a capital of$750 to earn interest of$180 in 
4 years? 

1=7; 
180= 750 ~00 )< 4 

180= 30r 
r= 6% 

A rate of6% must be paid for $750 to earn interest of$180 in 4 years. 

The total amount A after simple interest is added is given by the formula 

A =C+ 7~. 
This can also be written as A = C + n x ~. 

Compare this with the formula for the nth term of an arithmetic sequence used in 
Section 1.7: 

I\= u 1 + (n - l)d 

In simple interest calculatioru, the final amounts after each year (A) form an 

arithmetic sequence with first term u 1 = C and common differenced = ~. 
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• Exercise 1.9.1 
All rates of interest are annual rates. 

I Find the simple interest paid in each of the following cases. 

Capital Rate Time period 
a NZ$300 6% 4 years 
b £750 8% 7 years 
c 425¥ 6% 4 years 
d 2800 baht 4.5% 2 years 
e HK$880 6% 7 years 

2 How long will it take for the following amounts of interest to be earned? 

C 
a 500baht 6% lSObaht 
b 5800¥ 4% 950¥ 
c AU$4000 7.5% AU$1500 
d £2800 8.5% £1904 
' €900 4.5% €243 
f 400Ft 9% 252Ft 

3 Calculate the rate of interest per year which will earn the given amount of 
interest in the given time pericxL 

Capital Time period 
a €400 4 years 
b US$800 7 years 
c 2000 baht 3 years 
d £1500 6 years 
e €850 5 years 
f AU$1250 Zyears 

Interest 
€1120 
US$224 
210baht 
£675 
€340 
AU$275 

4 Calculate the capital required to earn the interest stated in the number of 
years and with the rates given. 

Interest 
a SOFt 
b NZ$36 
C £J40 
d 540 baht 
e €540 
f US$348 

Time period 
4years 
3 years 
5years 
6years 
3 years 
4years 

Rate 
5% 
6% 
8% 
7.5% 
4.5% 
7.25% 

5 What rate of interest is paid on a deposit of £2000 that earns £400 interest in 
Syears? 

6 How long will it take a capital of €350 to earn €56 interest at 8% per year? 

7 A capital of 480Ft earns 108Ft interest in 5 years. What rate of interest was 
being paid? 

8 A capital of £750 becomes a total of €1320 in 8 years. What rate of interest 
was being paid/ 

9 AU$1500 is invested for 6 years at 3.5% per year. What is the interest earned/ 

l O 500 baht is invested for 11 years and becomes 830 baht in total. What rate of 
interest was being paid? 



Compound interest 
In this section we move on from simple interest to look at compow1d interest. For 
the first time period, there is no difference between the two types: a percentage of 
the capital is paid as interest. However, simple interest is calculated using the 
original amount whereas compound interest is paid on the total amount, which 
includes the interest paid in the first time period. Simple interest has few 
applications in real life: when we talk about interest in real life, it will usually be 
compound interest. If you have a savings account the money in it will earn 
compound interest and when people rake out a loan they will pay comIXJund 
interest on the money they have borrowed. 

For example, a builder is going to build six houses on a plot of land in Spain. He 
OOrrows 500000 euros at 10% p.a. and will pay off the loan in full after J years, 
when he expects to have finished building the houses and to have sold them. 
At the end of the first year he will owe: 

€500000 + 10% of €500000 i.e. €500000 x 1.10 = €550000 

At the end of the second year he will owe: 

€550000 + 10% of€550000 i.e. €550000 x 1.10 = €605000 

At the end of the third year he will owe: 

€605000 + 10% of€605000 i.e. €605000 x 1.10 = €665500 

The amount of interest he has to pay is: 

€665500 - €500000 = €165500 

The simple interest is €50000 per year, i.e. a total of €150000. 
The difference of €15500 is the compound interest. 
The time taken for a debt to grow at compound interest can be calculated as shown 
in the example below. 

How long will it take for a debt to double with a compound interest rate of 27% p.a.? 
An interest rate of27% implies a multiplier of 1.27. 

Time(years) 

Debt 1.27C 1.271C: 1.61C 1.27lC:2.0SC 

X 1.27 X 1.27 X 1.27 

The debt will have more than doubled after 3 years. 
Using the example of the builder's loan aOOve, ifC represents the capital he 

OOrrows, then after I year his debt will be given by the formula: 

D = C ( l + 165), where r is the rate of interest. 

This is a geometric sequence. 
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After 2 years: D = C ( I + @) ( I + @) 
AfterJ years: D = C ( I + lliJ) ( I + Tfu) ( l + tfu) 
Aftern years: D = C (1 + T6or 
This formula for the debt includes the original capital loan. By subtracting C, the 
compound interest is calculated. 

I=c(1+ffi3"'-c 
ComJX)und interest is an example of a geometric sequence. You studied geometric 
sequences in more detail in Topic 1.8. 

The nth term of a geometric sequence is given by: 

Un= ulr'- l 

Compare this with the formula for the amount of money earning compound 
interest at r%: 

Note: The differences between this and the formula for calculating compound 
interest. un is analogous to the amount in an account, A, but n is used differently in 
the two formulae. The initial amount in an account, C, is when n = 0 whereas the 
first term of a geometric sequence, ul' is when n = Lr represents the common 
difference in the formula for the nth term of a geometric sequence. The common 
difference in a sequence of the amount of money in an account earning comp:mnd 

interest is ( l + T5o), where r is the rate of interest. 

The interest is usually calculated annually, but there can be other time pericxls. 
Compound interest can be charged or credited yearly, half-yearly, quarterly, 
monthly or daily. (In theory, any time pericxl can be chosen.) 

l Alex deposits €1500 in his savings account. The interest rate offered by the 
savings account is 6% compound interest each year for a 10-year period. 
Assuming Alex leaves the money in the account, calculate how much interest 
he has gained after 10 years. 

I= 1soo(1 +Tfu:)1°-1soo 

I - 2686.27 - 1500 - 1186.27 

The amount of interest gained is €1186.27. 
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2 Adrienne deposits £2000 in her savings account. The interest rate offered by the 
bank for this accow1t is 8% compound interest per year. Calculate the number of 
years Adrienne needs to leave the money in her account for it to double in value. 

An interest rate of 8% implies a common ratio of 1.08. 
This can be found by generating the geometric sequence using the recurrence 
rule un+ 1 = tin X 1.08 on your calculator as shown on page 48. Think of the 
initial amount as 110• 

Ill = 2000 x LOS= 2160 
Ui = 2160 x LOS = 2332.80 
~ = 2332.80 x LOS= 2519.42 

u, - 3998.01 
«10= 4317.85 

Adrienne needs to leave the money in the account for 10 years in order for it to 
double in value. 

3 Use your GOC to find the com1x,tmd interest paid on a loan of $600 for 3 years 
at an annual percentage rate (A.P.R.) of 5%. 

The total payment is $694.58 so the interest due is $694.58 - $600 = $94.58. 

4 Use a GOC to calculate the compound interest when $3000 is invested for 18 
months at an APR of 8.5%. The interest is calculated every 6 months. 

Note: The interest for each time pericxl of 6 months is¥%. There will 
therefore be three time pericxls of 6 months each. 

30((} X 1.04253 = £3398.99 

The final sum is $3399, so the interest is $3399 - $3000 = $399. 

• Exercise 1.9.2 
l A shipping company borrows $70 million at 5% p.a. compound interest to build 

a new cruise ship. If it repays the debt after 3 years, how much interest will the 
company pay? 

2 A woman borrows €100000 for home improvements. The interest rate is 15% 
p.a. and she repays it in full after 3 years. Calculate the amount of interest 
she pays. 

3 A man owes $5000 on his credit cards. The APR is 20%. Ifhe doesn't repay any 
of the debt, calculate how much he will owe after 4 years. 

4 A school increases its intake by 10% each year. If it starts with lCOO students, 
how many will it have at the beginning of the fourth year of exparuion? 

5 8 million tonnes of fish were caught in the North Sea in 2005. If the catch 
is reduced by 20% each year for 4 years, what weight is caught at the end of 
this time? 

6 How many years will it take for a debt to double at 42% p.a. compound interest? 
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7 How many years will it take for a debt to double at 15% p.a. compoWld interest? 

8 A car loses value at a rate of 15% each year. How long will it take for its value 
to halve! Give your answer in years and months. 

9 $3600 is invested for 18 months at 9.5% APR compound interest. What is the 
total interest paid when interest is calculated: 

a annually 
b half-yearly 
c monthly! 

IO €960 is invested for two years at 7 .5% APR. What is the total interest paid 
when it is compounded: 

a annually 
b every 6 months 
c monthly! 

• Student assessment 1 

Diagrams are not drawn to scale. 

I State whether each of the following numbers is 
rational or irrational. 

, 1.6 b VJ 
C 0.7 
,{w 

d o.ij 
f ' 

2 Round each of the following numbers to the 
degree of accuracy shown in brackets. 
a 6472 (nearest 10) 
b 88465 (nearest 100) 

c 64 785 (nearest 1000) 
d 6. 7 (nearest 10) 

3 Round each of the following numbers to the 
number of decimal places shown in brackets. 
, 3.84 (I d.p.) b 6.792 (I d.p.) 
, 0.8526 (2 d.p.) d 1.5849 (2 d.p.) 
, 9.954 (I d.p.) f 0.0077 (3 d.p.) 

4 Round each of the following numbers to the 
number of significant figures shown in brackets. 
a 42.6 ( l s.f.) b 5.432 (2 s.f.) 

c 0.0574 (1 s.f.) d 48572 (2 s.f.) 
e 687 453 ( 1 s.f.) f 687 453 (3 s.f.) 

5 A cuboid'sdimensions are given as 12.32cm by 

1.8cm by 4.16cm. Calculate its volume, giving 
your answer to three significant figures. 

6 I mile is 1 760 yards. Estimate the number of 
yards in 11.5 miles. 

7 Estimate the answers to the following. Do not 
work out an exact answer. 

a 
53 ~/l.2 b ~ 
18.8 X (7.1)1 

c (3.[)1 X (4.9J' 

8 Estimate the shaded area of the figure below. 

- 4.9cm.._. 

!~ 1 
·r l__J l 

----18.Scm ----

9 a Use a calculator to find the exact answer to 
question 8. 

b Calculate your percentage error. 

IO A boy estimates the weight of his bike to be 
2.5kg. It actually weighs 2.46kg. What is his 
percentage error? 
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• Student assessment 2 
I Write down the following numbers in the form 

ax lOi', where I s a< 10 and k E Z. 
a 6 million b 0.0045 
C JBCXJ00Q000 d 0.QOOCXJOJ61 
e 460 million f 3 

2 Write down the following numbers in order of 
magnitude, starting with the smallest. 

6.2 X 107 

4.9 X 108 

5.5 X lQ- 3 

J.6 X 10- 5 

3 Write down the following numbers: 

4.21 X 107 

7.41 X 10-9 

6 million 820000 0.0044 0.8 
52000 
a in the form ax 10'<, where l s a< 10 and 

kEZ 
b in order of magnitude, starting with the 

largest. 

4 Deduce the value of k in each of the following. 
a 4750 = 4.75 X \Qk 
b 6440000000 = 6.44 X !()k 

C 0.0040 = 4.0 X 10" 
d 10001 = l X 10" 
e 0.93 = 7.29 X !Cl" 
f 8003 = 5.12 X !()k 

5 Write down the answer to each of the following 
calculations in the form a x I (j, where 
Isa< IOandkEZ. 
a 4000 X 30000 
b (2.8 X 105) X (2.0 X 103) 
C (3.2 X 109)..;.. (1.6 X 10~) 
d (2.4 X 108) ..;.. (9.6 X 1Q2) 

6 The speed of light is 3 x !08ms-1• Jupiter is 
778 million kilometres from the SW1. Calculate 
the number of minutes it takes for sW11ight to 

reach Jupiter. 

7 A star is 500 light years away from Earth. If the 
speed of light is 3 x 105 kms- 1, calculate the 
distance the star is from Earth. Give your 
answer in kilometres in the form ax 10", where 
l Sa< lOandkEZ. 

8 Convert 162000km to millimetres. Give your 
answer in the form ax 10", where ls a< 10 
andkE Z. 

9 Convert 7 415 000 mg to kilograms. Give your 
answer correct to the nearest kilogram. 

• Student assessment 3 
I For each of the following arithmetic sequences: 

i) write down a formula for the nth term 
ii) calculate the 10th term. 
a I, 5, 9, 13, .. b l, -2, -5, -8, .. 

2 For both of the following, calculate u5 and «icxr 

a un=6n - 3 

3 Copy and complete both of the following tables 
of arithmetic sequences. 

Position 10 

Term 17 14 - 55 

I :~~,oa I ~ I ', I " I 35 I a I 
4 A girl deposits $300 in a bank account. The 

bank offers simple interest at 7% per year. 
Assuming the girl does not take any money out 
of the account, calculate the amount of money 
in the account after 5 years. 

5 Part of a geometric sequence is given below. 

_,_, 27,_,_, -1 

where ll:} = 27 and u6 = -1. 

Calculate: 
a the common ratio r 
b the value u 1 

c the value of n if un = -tf. 



6 Solve both of these series. 

'° a t<4n - 15) 

'" b f - 5n + 100 

7 The third and tenth terms of an arithmetic 
series are -6 and 15 respectively. 

Calculate: 
a the common difference 
b thefim term 
C the value of S10• 

8 The third, fourth and fifth teffilS of an 
arithmetic series are (2m + 2), (Jm + I) and 
(Sm-5). 

Calculate: 
a the common difference d 
b thefirstterm 
C Sl0. 

9 In the following geometric series, the first 
three terms and the last term are given. 
i) Find the number of terms, n. 
ii) Calculate the sum of the series. 
a 10 + 20 + 40 + ... + 10240 

b 128-64+32+ ... +"ft 

10 Solre these. 

a tJ" <>3n-1 
b I ­, 5 

11 Using either a GOC or graphing software, find 
the ccordinates of the points of intersection of 
the following pairs of linear graphs. 
a "J = -x + 3 and)'= 2x - 3 
b x+5=yand2x+Jy-5=0 

12 Using either a GOC or graphing software: 
i) graph the following quadratic equations 
ii) find the coordinates of any rcots. 
a y=x2-6x+9 
b "J = -2x1 + 20x - 48 
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• Student assessment 4 
l Vincent Van Gogh painted his Sunflower series 

of st ill life paintings. One was called Vase with 
I 5 Sunflowers. H is brother bought it in 1887 for 
the equivalent of$10. In 1987, the Japanese 
Insurance millionaire Yasuo Goto bought it for 
the equivalent of $40 million. What was the 
compound rate at which the painting increased 
in value? 

2 €1 is equivalent ro $1.35 and £1 is equivalent 
ro €1.32. What is I million dollars worth in 

pounds? 

3 What is the difference in percentage terms 
between 10% simple interest for 10 years and 
10% compound interest for 10 years? 

4 The population of a town increases by 5% each 
year. If the population was 86000 in 1997, in 
which year would you expect the population to 
exceed 100000 for the first time? 

5 €3 million is borrowed for two years at an 
interest rate of 8%. Find: 
a thesimpleinterest 
b the compound interest. 

6 A house increases in value by 20% each year. 
How long will it take to double in value? 

7 The population of a type of insect increases by 
approximately 10% each day. How many days 
will it take for the population to double? 

8 A man borrows €5 million for 3 years at an 
interest rate of 6%. Find: 
a thesimpleinterest 
b the compound interest 
c the compound interest calculated quarterly. 

9 A boat loses 15% of its value each year. How 
long does it take to halve in value? 
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• Student assessment 5 
l Jackson Pollock sold his abstract painting 1948 

number 5 in 1949 for the sum of$100000. It was 
most recently bought by David Martinez at an 
auction in 2006 for $140 million. What was the 
compound rate at which the painting increased 
in value? 

2 £1 isworth$1.35 and£! isworthfl.32. What 
is one million JX)Unds worth in dollars? 

3 What is the difference in percentage terms 

between 12.5% simple interest for 20 years and 
12.5% compound interest for 20 years? 

4 The population of a city increases by 15% each 
year. If the population was 800000 in 1997, in 
which year would you expect the population to 

exceed 3 000 000 for the first time? 

5 £5 million is borrowed for 12 years at an interest 
rate of 5%. Find: 
a the simple interest 
b the compound interest 

6 A house increases in value by 12.5% each year. 
How long will it take to double in value? 

7 The population of a type of insect increases by 
approximately 7% each day. How many days 
will it take for the population to double? 

8 A man borrows four million dollars for three 
years at an interest rate of 8.5%. Find: 
a the simple interest 
b the compound interest 
c the compound interest calculated quarterly. 

9 A car loses 12% of its value each year. How 
long will it take before it is only worth 25% of 
its original value? 

Examination questions 
1 The following diagram shows a rectangle with 

sides of length 9.5 x 101 m and 1.6 x 103 m. 

9.5x102m lldiagramnot L___J to scale 

1.6x1Q3m 

a Write down the area of the rectangle 
in the form ax lOl, where l ,,;;:a,,;;: 10, 
k e Z. [3] 

Helen's estimate of the area of the 
rectangle is 1600000 ml. 

b Find the percentage error in Helen's 
estimate. [3] 

Paper 1, Nov 09 , QJ 

2 Mr Tan invested 5000 Swiss Francs (CH F) in a 
Bank A at an annual simple interest rate of 
r%, for four years. The total interest he received 
was568CH F. 
a Calculate the value of r. [3] 
Mr Black invested 5000 C HF in Bank B at a 
nominal annual interest rate of 3.6%, 
compounded quarterly for four years. 
b Calculate the total interest he received at the 

end of the four years. Give your answer 
correct to two decimal places. [3] 

Paper I, Nov 09, Q 15 

3 The seventh term, u7, of a geometric sequence is 
108. The eighth term, u8, of the sequence is 36. 
a Write down the common ratio of the 

sequence. [l ] 
b Find u1• [2] 
The sum of the first k terms in the sequence 
is 118096. 
c Find the value of k. [3] 

Paper I, May 11, Q ll 



4 Part A 

Daniel wants to invest $25 000 for a total of 
three years. There are three investment options. 

Option One pays simple interest at annual 
rate of interest of 6%. 

Option Two pays compound interest at a 
nominal annual rate of interest 
of 5%, compounded annually. 

Option 1l1ree pays compound interest at a 
nominal annual rate of interest 
of 4.8%, compounded monthly. 

a Calculate the value of his investment at the 
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PartB 

An arithmetic sequence is defined as 

Un = 135 + 7n, n = 1, 2, 3, .. 

a Calculate up the first term in the 
sequence. [2] 

b Show that the common difference is 7. [2] 

S,, is the sum of the first n terms of the sequence. 

c Find an expression for S,,. Give your answer in 
the form Sn= An2 + Bn, where A and Bare 

The first term, v1, of a geometric sequence is 20 
and its founh term v~ is 67 .5. 

[3] 

end of the third year for each investment d Show that the common ratio, r, of the 
option, correct to two decimal places. [8] geometric sequence is 1.5. [2] 

b Determine Daniel's best investment 
option. 

[l] :;~e~::~um of the first n terms of the geometric 

e Calculate T 7, the sum of the first seven 
terms of the geometric sequence. 

f Use your graphic display calculator to 
find the smallest value for n for which 

Tn > S,,. 

[2] 

[2] 
Paper 2, May 10, QS 



Applications, project ideas 
and theory of knowledge 

1 ls there an underlying 
reason why the lettersN. 
z O R werechosento 
r~pr~entsetsofnumbers? 

S What is the 'Golden ratio' 
?"d w~y is it said to be 
beautiful'? A possible 

topic for a project would 
be the Fibonacci series 
~ut be warned, whole · 
Ii~ have been spent on 
this study. 

3 what is the difference 
between: 

a) legal proof and 
mathematical proof? 

b) 'real' and 'imaginary' 
in normal life compared 
with mathematical 

solutions? 

4 ooesthe use of 
s.1.notationhelpto 
make mathematics~ 
'universal language? 
Investigate systems of 
measurement that 
preceded theS.I. system. 

6 IS it possible to get an 
exact numerical 
answer to a problem? 
ls an error necessarily 
a mistake? 



7 Some series are neither 
arithmetic nor geometric 
series. mvestigatesome 
different series. 

12 Approximation is used in 
different ways in science: 
Physics, Meteorology and 
Biology are examples. 
Scales of number and 
approximation could 
form the baSis of a 
project. 

9 n
2 

- n + 41 is always a 
prime number. investigate 
this statement and t,y to 
prove or disprove it. Find 
other similar quadratic 
expressions as a basis 
fora project. 

ll rhe first space programme 
back in the 1960scost 
billions of dollars, and that 
was when a billion dollars 
was a lot of money. What 
did the speaker mean? Do 
billions and trillions have 
any real meaning in 
'normal' life? 



Descriptive statistics 

Syllabus content 
2. 1 Classification of data as discrete or continuous. 

2.2 Simple discrete data: frequency tables. 

2.3 Grouped discrete or continuous data: frequency tables; mid-interval values; 
upper and lower boundaries. 

Frequency histograms. 

2.4 Cumulative frequency tables for grouped discrete data and for grouped 
continuous data; cumulative frequency curves; median and quartiles. 

Box and whisker diagrams. 

2.5 Measures of central tendency. 

For simple discrete data: mean; median; mOOe. 

For grouped discrete and continuous data: estimate of a mean; modal class. 

2.6 Measures of dispersion: range; interquartile range; standard deviation. 

Introduction 
The word statistics comes from the Latin status meaning state. So statistics was 
related to information useful to the state. 

Statistics is often not considered to be a branch of mathematics, and many 
universities have a separate statistics department. 

Statistics developed out of studies of probability. 
Societies such as the London Statistical Society, established in 1834, brought the 

study of statistics to new heights, but only the advent of computers has brought the 
ability to handle and analyze very large amounts of data. 

2.1 Discrete and continuous data 
You1, illcomeacros1 
discrete and 
continUOll5datain 
the Biology and 
Psychology Diploma 

Discrete data can only take specific values, for example the number of tickets sold 
for a concert can only be positive integer values. 

Continuous data, on the other hand, can take any value within a certain range, 
for example the time taken to run 100m will typically fall in the range 10-20 
seconds. Within that range, however, the time stated will depend on the accuracy 
required. So a time stated as 13.8s could have been 13.76s, 13.764s or 13.7644s, etc. 
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• Exercise 2.1.1 
State whether the data below is discrete or continuous. 

I Your shoe size 

2 Your height 

3 Your house number 

4 Your weight 

5 The total score when two dice are rolled 

6 A mathematics exam mark 

7 The distance from the Earth to the moon 

8 The nwnber of students in your school 

9 The speed of a train 

10 Thedensityoflead 

2.2 Displaying simple discrete data 
Data can be displayed in many different ways. It is therefore imJX)rtant to choose 
the method that displays the data most clearly and effectively. 

The frequency table shows the shoe sizes of 20 students in a class. 

Shoe size 

Freq uency 

This can be displayed as a 
frequency histogram. I 

I 

~ 

~ -~ 
~ -~ 

~ =r1 I TT 0
5 5.5 6 6.5 7 7.5 8 8.5 9 9.5 10 

Shoe size 

Shoe sizes are an example of discrete data as the data can only take certain values. 
As a result the frequency histogram has certain properties. 

• Each bar is of equal width and its height represents the frequency. 
• The bars touch (this is not the case with a bar chart). 
• The value is written at the mid-width of each bar. This is because students with 

a foot size in the range 6. 75- 7 .25, for example, would have a shoe size of 7. 
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The GOC and graphing .software can also be use to plot frequency histograms. The 
instructions below are for the shoe data given above. 

Casio 

SETUP '°" V • U to select the stat. mode. 

Enter the shoe sizes in List 1 and their 
frequency in List 2. 

to select the graphing option. 

to set the graph type and identify 

to select Graph 1. Enter the settings 

as shown. 

cm to graph the histogram. 

a- to obtain the 
value and 
frequency of 
each bar. 

l:stl l:Stll: tll:stq 
SUI MOE ~IE 

,., 
' ,., 

Stat.Gr'aPhl 
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Texas 

• ~ to enter the data into lists. 

Enter the shoe size into List 1 and the 
frequency in List 2. 

t;a I...__.) ~ to select the type of 

graph and its properties, i.e. turn Plot 1 
on, choose the histogram graph and 
ensure that data is taken from L1 and its 
frequency from L2 as shown. 

to determine the scales of the axes. 

L-.1 to graph the histogram. 

H ~ to obtain the value and 
~ frequency of each bar. 

L1 Li? 

-·1· ,.s 3 
7 ) 
7.5 6 

;.s f 

WINDOW 
XM i n=5 
XMax=1 0 
Xsc.l=. 5 
YM i n=-2 
YMax=8 
Ysc. 1=1 
Xres=l 

" 1 

GlliJ 
P 1=L1, L~ 

d1illn 
Min:li.5 
MU<7 
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Autograph 

Select ~ to produce a statistics 

page. 

+ to enter the data as a 
frequency table. 

Ensure the data type is marked as 
Discrete and the unit size as 0.5. 

Select 'use (x, f) table' followed by 

~ 

Enter shoe size in column 'x' and 

frequency in column 'f'. Ensure an 

additional size is entered as zero as 
an upper bound. Click 'OK'. 

Click on the histogram icon 

and enter the histogram options. 
Click 'OK'. 

To change the scale on the axes 

use ~ 

o~ -.. 

" . 
' 
" 

['.l] Draw Histogram 

EJ Dr aw Frequency Polygon 

~ Fill Histogram 

Note: Although the shoe sizes are discrete quantities, Autograph 
considers a shoe size of 6 to represent the group 5.75-6.25. 
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GeoGebra 

Type 
H1stogram[{5 75,625,675,725,775, 

r l--~",> 

825,875,925), [2, 3, 3, 6, 4, 1, 1)) 

The first set of numbers represent the 
upper and lowe r bounds of each value, 
w hilst the second set represent the 
frequency. 

Note: A similar graph is produced using the command 
BarChart[{6, 6.5, 7, 7.5, 8, 8.5, 9), {2, 3, 3, 6, 4, 1, 1)) . 

• Exercise 2.2.1 
I The figures in the list below give the total number of chocolate sweets in each of 

20 packets of sweets. 

a Draw a frequency table of the data. 
b Draw a frequency histogram of the data. 

2 Record the shoe sizes of everylxx:ly in your class. 
a Draw a frequency table of the results. 
b Draw a frequency histogram of the data. 
c What conclusions can you draw from your results? 

2.3 Grouped discrete or continuous data 
You 1,ill come ilCTOS5 
grouped data in the 
Geography Diploma 

If there is a large range in the data, it is sometimes easier and more useful to group 
the data in a grouped frequency table. 

The discrete data below shows the scores for the first round of a golf competition. 

71 75 82 96 83 75 76 82 103 85 79 77 83 85 88 
104 76 77 79 83 84 86 88 102 95 96 99 102 75 72 

One possible way of grouping this data in a 
grouped frequency table is shown opposite. 

Note: The groups are arranged so that no score 
can appear in two groups. 

Score Frequency 

71-75 

76-80 

81-85 

86-90 

91-95 

96-100 

101-105 
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• Exercise 2.3.1 
I The following data gives the percentage scores obtained by students from two 

classes, 12X and 12Y, in a mathematics exam. 

12X 

42 73 93 85 68 58 33 70 71 85 90 99 41 70 
80 73 89 88 93 49 50 57 64 78 79 94 80 50 

12Y 

70 65 50 89 96 45 32 64 55 39 45 58 50 82 
91 92 88 71 52 33 44 45 53 74 91 46 48 59 

a Draw a grouped rally and frequency table for each of the clas.ses. 
b Comment on any similarities or differences between the results. 

2 The number of apples collected from 50 trees is recorded below. 

35 78 15 65 69 32 12 
67 45 25 18 23 56 71 
24 38 73 82 142 15 98 
111 52 84 63 78 12 55 

9 89 110 112 148 98 
62 46 128 7 133 96 
6 123 49 85 63 19 

138 102 53 80 

65 
76 99 

84 
57 95 

Oi.oa.e suitable groups for this data and use them to draw a grouped frequency table. 

With grouped continuous data, the groups are presented in a different way. 
The results below are the times given (in h:min:s) for the first 50 people 

completing a marathon. 

2,07'11 2'08,15 2,09,36 2,09,45 2,10'45 
2,10,46 2,11,42 2,11,57 2,12,02 2,12,11 
2,13,12 2,13,26 2,14,26 2,15,34 2,15'43 
2,16,25 2,16,27 2,17,09 2,18,29 2,19,26 
2,19,27 2,19,31 2,20,00 2,20'23 2,20,29 
2,21'47 2,21,52 2,22,32 2,22'48 2,no8 
2,H17 2,23,28 2,23'46 2,H48 2,23,57 
2,24,04 2,24,12 2,24,15 2,24,24 2,24,29 
2,24'45 2,25,18 2,25,34 2,25,56 2,26,10 
2,26,22 2,26,51 2,27,14 2,27,23 2'27'37 

The data can be arranged into a grouped frequency table as follows. 

Group Frequency 

2:05:00 St< 2:10:00 

2:10:00 S t < 2:15:00 

2:15:00 St< 2:20:00 

2:20:00 S t < 2:25:00 19 

2:25:00 !:. t < 2:30:00 

Note that, as with discrete data, the groups do not overlap. However, as the data is 
continuous, the groups are written using inequalities. The first group includes all 
times from 2 h 5 min up to but nor including 2 h 10 min. 
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With continuous data, the upper and lower OOund of each group are the 
numbers written as the limits of the group. In the example aOOve, for the group 
2:05:00 st< 2:10:00, the lower OOund is 2:05:00; the upper bound is considered 
to be 2:10:00 despite it not actually being included in the inequality. 

Frequency histograms for grouped data 
A frequency h istogram displays the frequency of either continuous or grouped 
discrete data in the form of bars. There are several imJX)rtant features of a frequency 
histogram for grouped data. 

• The bars touch. 
• The horizontal axis is labelled with a scale. 
• The bars can be of varying width. (Note: In this course, the width of all bars 

will be constant). 
• The frequency of the data is represented by the area of the bar and not the 

height. (Note: In the case of bars of equal width, the area is directly 
proJX)rtional to the height of the bar and so the height is usually used as the 
measure of frequency.) 

The table shows the marks out 
of 100 in a mathematics exam 
for a class of 32 students. 

Draw a histogram representing 
this data. 

All the class intervals are the same. 
As a result the bars of the histogram 
will all be of equal width, and the 
frequency can be plotted on the 
vertical axis. The histogram is shown. 
Note that the upper and lower bounds 
are used to draw the bars. 

Test marks Frequency 

1-10 

11-20 

21-30 

31---40 

41-50 

51---60 

61 - 70 

71---80 

81-90 

91 - 100 

Test score 
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• Exercise 2.3.2 
I The table shows the distances travelled to school by a class of 30 students. 

Distance(km) Frequency 

OSd<l 

1Sd<2 

2Sd<3 

3Sd<4 

4Sd<S 

5Sd<6 

6Sd<7 

7Sd<8 

Draw this information on a histogram. 

2 The heights of students in a class were measured. The results are shown in 
the table. 

Height (cm) Frequency 

14S-

ISO-

ISS-

160-

16S-

170-

17S-

180- 185 

Draw a histogram to represent this data. 

Note: In the context this question, 145- means the height (h) falls within the 

range 145 sh< 150. 
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2.4 Cumulative frequency 
A cumulative frequency graph is particularly useful when trying to calculate the 
median (the middle value) of a large set of grouped discrete data or continuous data, 
or when trying to establish how consistent a set of results are. Calculating the 
cumulative frequency is done by adding up the frequencies as we go along. 

The duration of two different brands of battery, A and B, is tested. Fifty batteries of 
each type are randomly selected and tested in the same way. The duration of each 
battery is then recorded. The results of the tests are shown in the table below. 

Type A: duration (h) Frequency Cumulative frequency 

0 St< S 

5 St< 10 

10 St< 15 16 

15 St< 20 10 26 

20 S t<25 12 38 

25 St< 30 45 

30 St< 35 so 

Type B: duration (h) Frequency Cumulative frequency 

0 St< 5 

5 St< 10 

10 St< 15 10 12 

15 :S: t < 20 23 35 

20 :S: t<25 44 

25 St< 30 48 

30 :S: t< 35 so 

a Plot a cumulative frequency curve for each brand of battery. 
b Estimate the median duration for each brand. 
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a The points are plotted at the upper boundary of each class interval rather 
than at the middle of the interval. So, for type A, points are plotted at 
(5, 3), (10, 8), etc. The points are joined with a smooth curve which is 
extended to include (0, 0). 

50 
Type A battery 

g40 

i 
j 30 
~ 25 ••••••••••••• 

§ 20 

" 
10 

0 5 10 15 20 25 30 35 
Duration(h) 

50 
Type B battery 

g 40 

l 30 

I 2s ---- --------

" § 20 

" 
10 

0 5 10 15 20 25 30 35 
Duration(h) 

Both cumulative frequency curves are plotted above. 

b The median value is the value which occurs half-way up the cumulative 

frequency axis. This is shown with broken lines on the graphs. Therefore: 
median for type A batteries = 19 h 
median for type B batteries = 18 h 
This tells us that, on average, batteries of type A last longer ( 19 hours) 
than batteries of type B (18 hours). 

Graphing software can prcx:luce a cumulative frequency curve and help with 
calculating the median value. 

The example on the next page takes the data for battery A above. 



Autograph 

Select ~ to produce a statistics page. 

+ to enter the grouped data 

properties as shown. Click 'OK' 

Click on the cumulative frequency graph 

icon lL : 
Ensure 'cumulative frequency' and 'curve 
fit' are selected. 

Click 'OK'. 

To change the scale on the axes use ~ . 

To calculate the median, click on the 
'cumulative 

frequency diagram measurement' icon 

t! and select 'Median'. Click 'OK'. 

A horizontal line is drawn at the middle 
value on the cumulative frequency axis. 
A vertical line can be dragged at its base 
until it intersects the horizontal line on 

the curve. 

The median result is shown at the base 
of the screen. 

GeoGebra 

Cumulative frequency 83 

= = = 

At present GeoGebra does not have a cumulative frequency graphing 

facility. 
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Quartiles 
The cumulative frequency axis can also be represented in terms of percentiles. A 
percentile divides the cumulative frequency scale into hundredths. The maximum 
value of cumulative frequency is found at the 100th percentile. Similarly the 
median, being the middle value, is also known as the 50th percentile. 

In addition to these, the cumulative frequency scale can be divided into quarters. 
The 25th percentile is known as the lower quartile (Q1), whilst the 75th percentile 
is the upper quartile (Q

3
). 

Graphing software can also be used to calculate the upper and lower quartiles. 

Autograph 

Enter the data for battery A and produce 
the cumulative frequency graph as 

shown on the previous page. 

To ca lculate each of the quartiles, click 
on the 'cumulative frequency diagram 

measurement' icon b! and select 

'LQ(25%)'. Click 'OK'. 

A horizontal line is drawn at the lower ~ ~ ~ 
quartile va lue on the cumulative 
frequency axis. A vertical line can be 
dragged at its base until it intersects the 
horizontal line on the curve. 

The lower quartile result is shown at the 
base of the screen. 

The above procedure can be repeated 
for the upper quartile. 
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• Exercise 2.4.1 
I Sixty athletes enter a cross-country race. Their finishing times are recorded and 

are shown in the table below. 

Finishingtime(h) 0-- 0.5- 1.0- 1.5- 2.Q.-. 2.5- 3.0--3.5 

Frequency 34 16 

Cumulative freq. 

a Copy the table and calculate the values for the cumulative frequency. 
b Draw a cumulative frequency curve of the results. 
c Show how your graph could be used to find the approximate median 

finishing time. 
d What does the median value tell us? 

2 Three mathematics groups take the same test in preparation for their final exam. 
Their raw scores are shown below. 

Group A 12, 21, 24, 30, 33, 36, 42, 45, 53, 53, 57, 59, 61, 62, 74, 88, 92, 93 
Group B 48, 53, 54, 59, 61, 62, 67, 78, 85, 96, 98, 99 

0-C~~~~~~~~~~~~~~~~" 

a Using the class intervals O s x < 20, 20 s x < 40 etc., draw a grouped 
frequency table and cumulative frequency table for each group. 

b Draw a cumulat ive frequency curve for each group. 
c Show how your graph could be used to find the median score for each group. 
d What does the median value tell us? 
e From your graph, estimate the upper and lower quartile for each group. 

3 The table below shows the heights of students in a class over a three-year period. 

Height(m) Frequency 2010 Frequency2011 Frequency 201 2 

150 Sh< 155 

155Sh<160 

160 Sh< 165 11 10 

165 Sh< 170 

170 Sh< 175 

175Sh<180 

180 Sh< 185 

a Construct a cumulative frequency table for each year. 
b Draw the cumulative frequency curve for each year. 
c Show how your graph could be used to find the median height for each year. 
d What does the median value tell us? 
e From your graph, est imate the upper and lower quartile height for each year. 
f Comment on your results in part e above. 
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Box and whisker diagrams 
So far we have seen how cumulative frequency curves enable us to make estimes of 
the medium and quaniles of grouped data. 

Box and whisker diagrams (also known as OOx and whisker plots or box plots) 
provide another visual way of representing data. The diagram below demonstrates what 
a 'typical' box and whisker diagram looks like and also highlights its main features. 

Minimum 0 1 0 2 
value 

0 3 Maximum 
value 

The box and whisker diagram shows all the main features of the data, i.e. the 
minimum and maximum values, the upper and lower quartiles and the median. The 
OOx represents the middle 50% of the data (the interquartile range) and the 
whiskers represent the whole of the data (the range). 

For discrete data, the median position is given by the formula ~' where n 

represents the number of values. Similarly the position of the lower quartile can be 

calculated using the formula n : l and the upper quartile by the formula )( n: l). 

The shoe sizes of 15 boys and 15 girls from the same class are recorded in the 
frequency table below. 

Shoe size 

Frequency(boys) 

Frequency(girls) 

a Calculate the lower quartile, median and upper quartile shoe sizes for the 
boys and girls in the class. 

b Compare this data using two box and whisker diagrams (one for boys and 
one for girls). 

c What conclusions can be drawn from the box and whisker diagrams? 

a Lower quartile boy = ¥ = 4th 

Median boy = ~ = 8th 

Upper quartile boy = J( lS / I) = 12th 

Lower quartile girl is the 4th 

Median girl is the 8th 

Upper quartile girl is the 12th 

i.e. q 1 = 7 

i.e. q1 = 8 

i.e. q} = st 
i.e. ql = st 
:::::::~ 
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b For box and whisker diagrams it is necessary to know the maximum and 
minimum values. 
Minimum boy sh oe size is 6, maximum boy shoe size is 9f. 
Minimum girl shoe size is 5, maximum girl sh oe size is 8. 

Girls 

s s; a a; 7 7~ a a; g g~ 

Note: There is no scale 
on the y-axis as it is not 
relevant in a box and 
whisker diagram. 
Consequently, the 
height of a box does not 
have a particular value. 

c • The overall range of data is greater for boys than it is for girls. 
• The middle 50% of girls have a narrower spread of sh oe size than the 

middle 50% of boys. 

A GOC can also produce a box and whisker diagram. The instructions that fo llow 
are for the boys' data above. 

Casio 

8 U to select the stat. mode. 

Enter the shoe sizes in List 1 and the boy's frequency in List 2. 

to select the graphing option. 

to set the graph type and identify 

l•-><e a to obtain the minimum, lower 
quartile, median, upper quartile 
and maximum values. 

Note: Although a y-axis scale needs to be entered, it has no effect on the shape of the 
box and whisker diagram. 
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Texas 

• rn to enter the data into lists. 

Enter the boy's shoe size into List 1 and the frequency in List 2. 

~ ...__J [:] to select the type of graph and its 

properties, i.e. turn Plot 1 on, choose the box and whisker 
plot graph and ensure that data is taken from L1 and its 
frequency from L2 as shown. 

to determine the scale of the axes. 

\_.) to graph the box and whisker diagram. 

.,_.; ~ to obtain the minimum, lower quartile, 

median, upper quartile and maximum values. 

L1 L2 L3 ,_ , 
li .S: ~ 

' 1 7.S: ~ . , 
p ~ 

XMin=5 
XMax=1 0 
Xsc.1=1 
YMin =0 
YMax=t 
Yscl = l 
Xres= l 

I ---c:o- 11 

1

"'"·~ 11 
."' '' I 

Note: Although a y-axis scale needs to be entered, it has no effect on the shape of the 
box and whisker diagram. 

• Exerc ise 2.4. 2 
Using a GOC or otherwise, answer the following questions. 

I A football team records, over 20 matches, the number of goals it scored and the 
nwnber of goals it let in in each match. The results are shown in the table below. 

Number of goals 

Frequency of goals scored 

Frequency of goals let in 

a For goals scored and goals let in, find: 
i) themean 
ii) themedian 
iii) the lower quartile 
iv) the upper quartile. 

b Using the same scale, draw box and whisker diagrams to represent the data. 
c Write a brief report about what the box and whisker diagrams tell you 

about the team's results. 
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2 Two competing holiday resorts record the number of hours of sunshine they have 
each day during the month of August. The results are shown below. 

Hours of sunshine 10 11 12 

Resort A 

ResortB 12 10 

a For each resort find the number of hours of sunshine represented by: 
i) themean 
ii ) themedian 
ii i) the lower quartile 
iv) the upper quartile. 

b Using the same scale, draw box and whisker diagrams to represent the data. 
c Based on the data and referring to your box and whisker diagrams, explain 

which resort you would choose to go to for a beach holiday in August. 

3 A teacher decides to tackle the problem of students arriving late to his class. To 
do this, he records how late they are to the nearest minute. His results are shown 
in the table below. 

Number of minutes lat e 9 10 

Number of students 

After two weeks of trying to improve the situation, he records a new set of 
results. These are shown below. 

Num ber of minutes late B 9 10 

Numberof students 14 7 

The teacher decides to analyze these sets of data using box and whisker diagrams. 
By carrying out any necessary calculations and drawing the relevant box and 
whisker diagrams, decide whether his strategy has improved student punctuality. 
Give detailed reasons for your answer. 

2.5 Measures of central tendency 
'Average' is a word which, in general use, is taken to mean somewhere in the 
middle. For example, a woman may describe herself as being of average height. A 
student may think that he or she is of average ability in maths. Mathematics is 
more precise and uses three main methods to measure average. 

• The mode is the value occurring most often. 
• The median is the middle value when all the data is arranged in order of size. 
• The mean is found by adding together all the values of the data and then 

dividing the total by the number of data values. 
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1 
The numbers below represent the number of goals scored by a team in the first 15 
matches of the season. Find the mean, median and mcx:le of the goals. 

I O 2 4 I 2 I I 2 5 5 0 I 2 3 

Mean= l + 0 + 2 + 4 + l + 2 + I + l~ + 2 + 5 + 5 + 0 + 1 + 2 + J 

Arranging all the data in order and then picking out the middle number gives the 
median: 0 0 I l I I I (D z 2 2 3 4 5 5 

The mcx:le is the number that appears most often. Therefore the mode is I. 

Note: If there is an even number of data values, then there will not be one middle 
number, but a middle pair. The median is calculated by working out the mean of 
the middle pair. 

Your GOC is also capable of calculating the mean and median of this set of data. 

Casio 

8 U to select the stat. mode. 

Enter the data in List 1. 

to access the calculations menu. 

to check the setup. 

to perform the statistical calculations. 

The following screen summarizes the 

results of many calculations. 

The screen can be scrolled to reveal further 
results . 

Note: The mean is given by X and the median by 'Med'. 

The lower quartile, q1, and upper quartile, q3, are also displayed on 

this screen, as Q1 and Q3 respective ly. 
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Texas 

• ~ to enter the data into lists. 

Enter the data in List 1 . 

• ~ to select the 'Cale' menu. 

~ followed by ~ ~ to perform 

statistical calculations on the 1-variable data 
in List 1. 

The following screen summarizes the results 

of many calculations. 

The screen can be scrolled to reveal further 
results. 

11-var 5'ats c, • 

1-var St.at.s 
)(;2 
!><.•30 
I x h:96 
Sx:t. 603567451 
ox:1.::;49193338 

+n:15 

Note: The mean is given by X and the median by 'Med'. 

The lower quartile, q1, and upper quartile, q3' are also displayed on 
this screen, as Q 1 and Q3 respectively. 

• Exercise 2.5.1 
I Find the mean, median and mcxle for each set of data. 

a The number of goals scored by a hockey team in each of 15 matches 
1 0 2 4 0 1 1 1 2 5 3 0 1 2 2 

b The total scores when two dice are rolled 
745732868765119738765 

c The number of students present in a class over a three-week pericxl 
28 24 25 28 23 28 27 26 27 25 28 28 28 26 25 

d An athlete's training times (seconds) for the IOOmetres 
14.0 14.3 14.1 14.3 14.2 14.0 13.9 13.8 
13.9 13.8 13.8 13.7 13.8 13.8 13.8 

2 The mean mass of the 11 players in a football team is 80.3 kg. The mean mass of 
the team plus a substitute is 81.2 kg. Calculate the mass of the substitute. 
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3 After eight matches a basketball player had scored a mean of 2 7 points. After 
three more matches his mean was 29. Calculate the total number of points he 
scored in the last three games. 

Large amounts of data 
When there are only three values in a set of data, the median value is given by the 
second value, i.e. l (}) 3. 

When there are four values in a set of data, the median value is given by the 

mean of the second and third values, i.e l ~ 4. 

When there are five values in a set of data, the median value is given by the third 
value. 

If this pattern is continued, it can be deduced that for n sets of data, the median 

value is given by the value at~. This is useful when finding the median of large 

sets of data. 

The shoe sizes of 49 people are recorded in the table below. Calculate the median, 
mean and modal shoe size. 

Shoe size 

Frequency 

As there are 49 data values, the median value is the 25th value. We can use the 
cumulative frequency to identify which class this falls within. 

Shoe size 

Cumulative frequency 11 20 28 34 40 45 49 

The median occurs within shoe size 5. So the median shoe size is 5. 
To calculate the mean of a large data set, we use the formula 

X = ':i. :x where n = ':i. f and ':i. fx means the sum of the product off and x. 

Shoesize,x 

Frequency,( 

tx 14 20 40.5 40 33 36 32.5 28 

Mean shoe size = ¥t = 5.10 

Note: The mean value is not necessarily a data value which appears in the set or a 
real shoe size. 

The modal shoe size is 4. 
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These calculations can also be carried out on your GOC. 

Casio 

8 U to select the stat. mode. 

Enter the shoe sizes in List 1 and their 
frequency in List 2. 

to access the calculations menu. 

to check the setup. 

to perform the statistical 

calculations. 

The screen summarizes the results of 
many calculations and can be scrolled to 
reveal further results. 
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Texas 

• ~ to enter the data into lists. 

Enter the shoe size in List 1 and the 
frequency in List 2 . 

• ~ to select the 'Cale' 

~ menu. 

~ followed by 

to perform statistical 

calculations on the 1-variable data in List 
1 with frequency in List 2. 

The screen summarizes the results of 
many calculations and can be scrolled to 
reveal further results. 

1-Var Stats 
X=5. 102040816 
! x =250 
! x 2=1334 

~~;H~~~~r~f 
+n=49 
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• Exercise 2.5.2 

Group 

I An ordinary dice was rolled 60 times. The results are shown in the table below. 
Calculate the mean, median and mode of the scores. 

Score 

Frequency 12 11 12 10 

2 Two dice were rolled 100 times. Each time their combined score was recorded. 
Below is a table of the results. Calculate the mean, median and mode of the 

Score 10 11 12 

Frequency 14 16 13 11 

3 Sixty flowering bushes are planted. At their flowering peak, the number of flowers 
per bush is counted and recorded. The results are shown in the table below. 

Flowers per bush 

Frequency 10 16 18 

a Calculate the mean, median and mode of the number of flowers per bush. 
b Which of the mean, median and mode would be most useful when 

advenising the bush to potential buyers? 

Mean and mode for grouped data 
As has already been described, sometimes it is more useful to group data, panicularly 
if the range of values is very large. However, by grouping data, some accuracy is lost. 

The results below are the distances (to the nearest metre) run by twenty srudents 
in one minute. 

256 271 271 274 275 276 276 277 279 280 
281 282 284 286 287 288 296 300 303 308 

Table 1: Class interval of 5 

Frequency 

Table 2: Class interval of 10 

Group 

Frequency 
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Table 3: ClaS5 interval of20 

Group 

Frequency 15 

The three tables above highlight the effects of different group sizes. Table l is 
perhaps too detailed, whilst in Table 3 the group sizes are too big and consequently 
most of the results fall into one group. Table 2 is the most useful in that the spread 
of the results is still clear, although detail is still lost. In the 270-279 group we can 
see that there are eight students, but without the raw data we would not know 
where in the group they lie. 

To find the mean of grouped data we assume that all the data within a group 
takes the mid-interval value. 

:l: fx X= ---;-

where i is the estimated mean, x is the mid-interval value and n = 'I,f. 

Group 

Mid-interval va lue,x 254.5 264.S 274.5 284.5 294.S 304.5 

Frequency,( 

tx 254.5 2196 1991.5 294.S 913.5 

Estimated mean = S~~O = 282.5 

The estimate of mean distance run is 282.5 metres. 
The modal group is 270-279. 

The GOC can work out the mean, median and quartiles of grouped data. The 
mid-interval value should be entered in List I and the frequency in List 2. Then 
proceed as before. 

• Exercise 2.5.3 

I A pet shop has 100 tanks containing fish. The number of fish in each tank is 
recorded in the table below. 

Number offish Q..-9 10-19 20-29 30- 39 41}...49 

Frequency 12 24 42 15 

a Calculate an estimate for the mean number of fish in each tank. 
b Write down the modal group size. 
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2 A school has 148 Year 12 students studying Mathematics. Their percentage 
scores in their Mathematics mock exam are recorded in the grouped frequency 
table below. 

% Score Q.-9 10--19 20--29 30-39 40--49 50- 59 60---69 70--79 80--89 90--99 

Frequency 36 47 28 10 

a Calculate an estimate of the mean percentage score for the mock exam. 
b What was the mcx:lal group score! 

3 A stationmaster records how many minutes late each train is to the nearest 
minute. The table of results is given below. 

No. of minutes late 0--4 5---9 10--14 15-19 20- 24 25- 29 

Frequency 16 

a Calculate an estimate for the mean number of minutes late a train is. 
b What is the m<Xial number of minutes late/ 
c The stationmaster's report concludes: 'Trains are, on average, less than five 

minutes late'. Comment on this conclusion. 

2.6 Measures of dispersion 

Range and the interquartile range 
The range of a distribution is found by subtracting the lowest value from the highest 
value. Sometimes this will give a useful result, but often it will not. A better measure 
of dispersion is given by looking at the spread of the middle half of the results, i.e. 
the difference between the upper and lower quartiles. This result is known as the 
interquartile range. 

1:l[··············· 50 -------------: i 

25 ---------! ! ! 

~ 
Interquartile range 

Key: 
q1 Lower quartile 
q

2 
Median 

q3 Upper quartile 
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Consider again the two types of batteries A and B discussed earlier (page 81). 

a Using the graphs, estimate the upper and lower quartiles for each battery. 
b Calculate the interquartile range for each type of battery. 
c Based on these results, how might the manufacturers advertise the two types of 

battery? 

Type A battery Type B battery 
50 50 

~ 40 ~ 40 
~ 37.5 5i 37.5 

I 30 l 
30 

I ., 
25 § 25 

~ 20 ~ 20 il a 
12.5 12.5-

10 10 

0 5 10 15 20 25 30 35 0 5 
Duration(h) Duration(h) 

a Lower quartile of type A = 13 h Lower quartile of type B = 15 h 
Upper quartile of type A = 25 h Upper quartile of type B = 21 h 

b Interquartile range of type A = 12 h Interquartile range of type B = 6 h 

c Type A: on 'average' the longer-lasting battery 
Type B: the more reliable battery 

• Exercise 2.6.1 

I Forry boys enter for a school javelin competition. The distances thrown are 
recorded below. 

Dist ance th rown (m) 0-- 4Q.. 60--- S0....100 

Frequency 15 10 

a Construct a cumulative frequency table for the above results. 
b Draw a cumulative frequency curve. 
c Calculate the median distance thrown. 
d Calculate the interquanile range of the throws. 
e If the top 20% of boys are comidered for the final, estimate (using the 

graph) the qualifying distance. 
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2 The masses of two different types of oranges are compared. Eighty oranges are 
randomly selected from each type and weighed. The results are shown below. 

Type A TypeB 

Mass(g) Frequency Mass(g) Frequency 

7S- 75-

100- IOCJ-. 16 

125- 15 12S- 43 

150- 32 ISCJ-. 10 

175- 14 17S-

200- 200-

225---250 225-250 

a Construct a cumulative frequency table for each type of orange. 
b Draw a cumulative frequency graph for each type of orange. 
c Calculate the median mass for each type of orange. 
d Using your graphs estimate: 

i) the lower quartile 
ii) the upper quartile 
iii) the interquartile range 
for each type of orange. 

e Write a brief report comparing the two types of orange. 

3 Two competing brands of battery are compared. A hundred batteries of each 
brand are tested and the duration of each is recorded. The results of the tests are 
shown in the cumulative frequency graphs below. 100. 80 

60 

40 

20 

0 10 20 30 40 

Duration(h) 

~100. gi 80 f 60 

"5 40 
§ 
u 20 

0 10 20 30 40 

Duration(h) 

a The manufacturers of brand X claim that on average their batteries will last 
at least 40% longer than those of brand Y. Showing your method clearly, 
deduce whether this claim is true. 

b The manufacturers of brand X also claim that their batteries are more 
reliable than those of brand Y. Is this claim true? Show your working clearly. 



100 DESCRll'r!VE STATISTICS 

Standard deviation 
The standard deviation of data is a measure of dispersion that does take into account 
all of the data. It gives an average measure of difference (or deviation) from the 

mean of the data. The larger the value of the standard deviation, the more widely 
spread or dispersed the data is. 

For example: 
The ages of two groups of people are given below. 

Group l 
Group 2 

6 10 16 16 22 26 JO 
16 16 16 16 16 16 JO 

The mean, median, mcx:le and range of the data are: 

Mean Median Mode Range 

Group 1 16 16 16 28 

Group2 16 16 16 28 

These measures suggest that the data is the same, or at least very similar. However, 
if we look at the deviation from the mean, we will find that they are not. 

~ : 
The formula for the standard deviation of a set of data is given by sn = A.j ~--- , 

where sn is the standard deviation 
x is each of the data values 
X is the mean of the data 
n is the number of data values. 

The standard deviation of the ages of each group can be calculated as follows: 

Group 1 X= 16, n = 8 Group2 X= 16, n =8 

{x-.i) {x-Xl2 (x-X) (x-.i)2 

-14 196 -14 196 

-10 100 16 

10 -6 36 16 

16 16 

16 16 

22 36 16 

26 10 100 16 

30 14 196 30 14 196 

L(x-X)l = 664 L <x-W=392 

L<x-xr' =83 L(x-X)l 
--=49 

n n 

j L<x;xF =9.11 J L<x;XJi =7 
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From the results it can be seen that the standard deviation for group 1 is greater 
than that for group 2. This implies that the data is more spread out. 1 

1he formula given aOOve for the standard deviation can be cumbersome as the mean: 
value has to be subtracted from each data value. A more efficient formula for the : 

standard deviation is sn = J L: -X1• With this formula the mean of the data is : 

squared and subtracted only once. : 
Your GDC can also calculate the standard deviation of data. The instructioru : 

below relate to the data for group 1 above. 1 

Casio 

8 U to select the stat. mode. 

Enter the data in List 1. 

to access the calculations menu. 

to check the setup. 

to perform the statistical calculations. 

The screen summarizes the results of many 
calculations and can be scrolled to reveal 
further results. 

Note: The calculator gives two types of standard deviation, xon and 
xon_1• The standard deviation you will need on this course is xon. 
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Texas 

• ~ to enter the data into lists. 

Enter the data in List 1 . 

• ~ to select the 'Cale' menu. 

~ followed by~ ~ to perform 

statistical calculations on the 1-va riable data 
in List 1. 

The screen summarizes the results of many 
calculations and can be scrolled to reveal 
further results. 

I 1- var St.at.s L1I 

1-var St.at.s 
5(;2 
I x•30 
I x 2:96 
Sx:1. 603567451 
ax:1 . ::1 4 9 193338 

+n=15 

Note: The calculator gives two types of standard deviation, sx and ax. 
The standard deviation you will need on this course is ax. 

You will notice that there appears to be different notation used for the standard 
deviation. It is imponant therefore for you to be familiar with the notation that 
your calculator uses and also what this course uses. 

When the data is given in a frequency table, the formula for the standard 

deviation of a set of data is given bys,,= j L f (xn - :i'F. 
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A certain type of matchbox claims to contain 50 matches in each box. A sample of 
60 boxes produced the following results. 

Numberofmatches,x Frequency, ( fx 

4S 144 

49 11 539 

so 28 1400 

51 16 816 

52 104 

Total 60 3003 

Calculate: 
a the mean 
b the standard deviation. 

,-fx 3003 
a X = Lf = """""6l.) = 50.05 

b , ~ j i f(x-x)' ~ 146.85 ~ 0.884 
" I f V6CJ 

• Exercise 2.6.2 
Using a GOC or otherwise, calculate: 
i) themean 
ii ) the range 
ii i) the interquartile range 
iv) the standard deviation 
for the data given in questions 1-4. 

l a 6, 2, 3, 8, 7, 5, 9, 9, 2, 4 
b 72, 84, 83, 81, 69, 77, 85, 79 

(x - i ) 

-2.05 

-1.05 

-0.05 

0.95 

1.95 

C 1.6, 2.9, 3.7, 5.5, 4.2, 3.9, 2.8, 4.5, 4.2, 5.1, 3.9 

(x - i )l f (x - i )x2 

4.2025 12.6075 

1.1025 12.1275 

O.Cl025 0.07 

0.9025 14.44 

3.8025 7.605 

48.85 

2 The number of goals a hockey team scores during each match in a season 

Number of goals 

Frequency 11 

3 The number of shots in a round for each player in a golf tournament 

Num ber of shots 

Frequency 11 17 43 18 
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4 The number of leners posted to 50 houses in a street 

Number of letters 

Frequency 12 

5 The results for a series of experiments are given below. 

Experiment 10 

Result 6.2 6.1 6.3 6.3 6.7 6.1 6.2 6.3 6.1 5.9 

Experiment 11 12 13 14 15 16 17 18 19 20 

Result 6.0 6.2 6.1 6.3 6.0 6.1 6.2 6.3 6.1 

The result for experiment 20 is obscured. However it is known that the mean (i) 
for all 20 experiments is 6.2. 

Calculate: 
a the value of the 20th result 
b the standard deviation of all the results. 

• Student assessment 1 
I State which of the following types of data are 

discrete and which are continuoll5. 
a The number of goals scored in a hockey 

match 
b The price of a kilogram of carrots 
c The speed of a car 
d The number of cars passing the school gate 

each hour 
e The time taken to travel to school each 

morning 
f The wingspan of butterflies 
g The height of buildings 

2 Four hundred students sit their mathematics 
!GCSE exam. Their marks (as percentages) are 
shown in the table below. 

Mark (%) Frequency Cumulative frequency 

31-40 21 

41-50 55 

51-60 125 

61-70 74 

71-80 52 

81-90 45 

91-100 28 

a Copy and complete the above table by 
calculating the cumulative frequency. 

b Draw a cumulative frequency curve of the 
results. 

c Using the graph, estimate a value for: 
i) the median exam mark 
ii) the upper and lower quartiles 
iii ) the interquartile range. 

3 Eight hundred students sit an exam. Their marks 
(as percentages) are shown in the table opposite. 



Marie (%) Frequency Cumulative f requency 

1-10 10 

11-20 30 

21-30 40 

31-40 so 
41-50 70 

51-60 100 

61-70 240 

71-80 160 

81-90 70 

91-100 30 

a Copy and complete the above table by 
calculating the cumulative frequency. 

b Draw a cumulative frequency curve of the 
results. 

c An A grade is awarded to any student 
achieving at or above the upper quartile. 
Using your graph, deduce the minimum mark 
required for an A grade. 

d Any student below the lower quartile is 
considered to have failed the exam. Using 
your graph, identify the minimum mark 
needed so as not to fail the exam. 

e How many students failed the exam? 
f How many students achieved an A grade? 

4 A businesswoman travels to work in her car 
each morning in one of two ways; either using 
the country lanes or using the motorway. She 
records the time taken to travel to work each 
day. The results are shown in the table below. 

Time(mins) Mot orway Country lanes 
frequency f requency 

lOS t< 15 

15S t<20 

20S t<25 

25S t<30 10 

30S t<35 

35 St< 40 

40S t<45 

Student assessments 105 

a Complete a cumulative frequency table for 
each of the sets of results shown aOOve. 

b Using your cumulative frequency tables, 
plot two cumulative frequency curves - one 
for the time taken to travel to work using 
the motorway, the other for the time taken 
to travel to work using country lanes. 

c Use your graph to find the following for 
each method of travel: 
i) the median travelling time 
ii) the upper and lower quartile travelling 

times 
ii i) the interquartile range for the travelling 

times. 
d With reference to your graph or 

calculations, describe which is the most 
reliable way for the businesswoman to get 
to work. 

e If she had to get to work one morning 
within 25 minutes of leaving home, which 
way would you recommend she goes? 
Explain your answer fully. 

5 Two classes take a maths test. One class 
contains students of similar ability; the other is 
a mixed ability class. The results of the tests for 
each class are presented using the OOx and 
whisker diagrams below. 

Describe clearly, giving your reasons, which of 
the two OOx and whisker diagrams is likely to 

belong to the mixed ability maths class and 
which is likely to belong to the other maths class. 
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• Student assessment 2 
I Find the mean, median and m<Xle of the 

following sets of data. 
a 4 5 5 6 7 
b 6372728486 
C J 8 12 18 18 24 
d 49387113538 

2 The mean mass of the 15 players in a rugby 
team is 85 kg. The mean mass of the team plus a 
substitute is 83.5 kg. Calculate the mass of the 
substitute. 

3 Thirty children were asked about the number of 
pets they had. The results are shown in the 
table below. 

Number of pet s 0 3 4 S 6 

Frequency S S 3 7 3 

a Calculate the mean number of pets per child. 
b Calculate the median number of pets per child. 
c Calculate the mcxlal number of pets. 

4 Thiny families live in a street. The number of 
children in each family is given in the table below. 

Number of 
children 

Frequency 

0 1 3 4 5 6 

3 S 8 9 3 0 2 

a Calculate the mean number of children 
per family. 

b Calculate the median number of children 
per family. 

c Calculate the modal number of children. 

5 The number of people attending a disco at a 
club's over 30s evenings are shown below. 

89 94 32 45 57 68 127 138 
23 77 99 47 44 100 106 132 
28 56 59 49 96 103 90 84 
136 38 72 47 58 110 

a Using groups 0- 19, 20-39, 40-59, etc., 
draw a grouped frequency table of the above 
data. 

b Using your grouped data, calculate an 
estimate for the mean number of people 
going to the disco each night. 

6 The number of people attending thirty 
screenings of a film at a local cinema is given 
below. 

21 JO 66 71 10 37 24 21 
62 50 27 31 65 12 38 34 
53 34 19 43 70 34 27 28 
52 57 45 25 JO 39 

a Using groups 10-19, 20-29, 30-39, etc., 

draw a grouped frequency table of the above 
data. 

b Using your grouped data, calculate an 
estimate for the mean number of people 
attending each screening. 

7 Find the standard deviation of the following set 
of numbers. 

8, 8, 10, 10, 10, 12, 14, 15, 17, 20 

8 A hockey team scores the following number 
of goals in their matches over a season. 

Goals scored 

Freq uency 

Calculate: 
a themean 
b therange 

2 3 4 5 

4 12 8 11 4 

c the standard deviation. 



Examination questions 
1 120 Mathematics students in a school sat an 

examination. Their scores (given as a 
percentage) were summarized on a cumulative 
frequency diagram. This diagram is given below. 

110 

100 

90 

g 80 

~ 70 

i 60 

.1ii 50 

J 40 

30 

20 

10 

0o 10 20 30 40 50 60 70 80 90 100 
Examination score 

a Copy and complete the grouped frequency 
table for the students. [3] 

Examination score x (%) Frequency 

0 Sx S:20 14 

20 <XS 40 26 

40<x :S60 

60<x sao 

80<xS 100 

b Write down the mid-interval value of the 
40 :S: x < 60 interval. [I] 

c Calculate an estimate of the mean 
examination score of the students. [2] 

Paper 1, May 10, Q9 
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2 56 students were given a test out of 40 marks. 
The teacher used the following box and whisker 
plot to represent the marks of the students. 

a Writedown 
i ) the median mark; 

ii) the 75th percentile mark; 
iii ) the range of marks. [4] 

b Estimate the number of students who 
achieved a mark greater than 32. [2] 

Paper 1, N ov 10, QS 

3 The weights of 90 students in a school were 
recorded. The information is displayed in the 
following table. 

Weight(kg) Number of students 

40 SW< SQ 

SO s w<60 28 

60 s w<70 35 

70 s w<BO 20 

a Write down the mid-interval value for the 
interval 50 :S: w < 60. [ l ] 

b Use your graphic display calculator to 

find an estimate for 
i) the mean weight; 
ii) the standard deviation. 

c Find the weight that is 3 standard 
deviatioru below the mean. 

[J] 

[2] 

Paper I , N ov 10, Q2 



Applications, project ideas 
and theory of knowledge 

1 Have statisti~ published 
about the African 
continent had 1.1 

detrimentaleffeetupon 
an ordinary person's 
vieWofthatcontinent? 

2 HOW far is it like!)' .that 
the taking of opinion polls 
before an election itself 
in~uences the result of the 
election? If it does.should 
the taking of such polls be 
regulated? 

3 can any sample bean 
accurate re~ection of a 
larger group? can. th~re 
bea perfec:t~ues~on.1na 
~uestionnaire wtuch is 
independent of both the 
interviewer and 
interviewee? 

4 Early political opinion 
polls in t~e USA 
presidentia l election, 
which were conducted by 
telephone. tumedoutto 
be wildly inaccurate. Why 
weretheysoinacci.mlte? 



s .v.anystatistical tenns 
hove a different meaning 
in normal conversotion. 
oiscu~ some of these 
terms. ooesthe use of 
unusual symbOls make it 
moreorleSseaytto 
understandstatistiCS? 

6 Which formofst:otistical 
display is the easiest to 
understand? ooes display 
depend upon context? 
is standard deviation a 
discovery or a creation of 
mathematics? 

TO Statistical 
IB sWdent~ speaking an 
to ChOOse ~ss:o.re_ likely 
projeettn tistics 
This state an any other. 
fomithe::ttcould 
statistics pr~';.;! a 

7Chartsand 
be used to . graphs can 
confuse in rn(orm orta 
The m. advertising 
mu/d ;use of statisti~ 
project. ""'1 the basis of a 

8 'In a modern democracy 
whoever spends most gets 
elected.' oiscussthis 
statement. Did money 
in~uence the choice of 
Roman Emperors? 

' 11 Ear1ieritwos mentioned 
that the roe gave two 
different types of 
standard deviation. 
tnvestigate the difference 
t,et,,Yeen the twO. 



Logic, sets and probability 

Syllabus content 
3.1 Basic concepts of symbolic logic: definition of a proposition; symbolic 

notation of propositions. 

3.2 Compound statements: implication,~; equivalence,<=}; negation, ---, ; 
conjunction, Ai disjunction, v ; exclusive disjunction, y_. 

Trans lat ion between verbal statements and symbolic form. 

3.3 Truth tables: concepts of logical contradiction and tautology. 

3.4 Converse; inverse; contrapositive. 

Logical equivalence. 

Testing the validity of simple arguments through the use of truth tables. 

3.5 Basic concepts of set theory: elements x EA; subsets A c B; 
intersection A n B; union A U B; complement A'. 

Venn diagrams and simple applications. 

3.6 Sample space: event, A; complementary event, A '. 

Probability of an event. 

Probability of a complementary event. 

Expected value. 

3.7 Probability of combined events, mutually exclusive events, 
independent events. 

Use of tree diagrams, Venn diagram;;, sample space diagrams and tables 
of outcomes. 

Probability using 'with replacement' and 'without replacement'. 

Conditional probability. 
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Introduction 
If the three areas of logic, sets and probability are looked at from a historical 
perspective, then logic came first. The study of logic developed in Olina, India 
and Greece, each independently of the other two, in the fourth century BC. 

In the seventeenth century Pascal and others began to study probability. The 
study of sets did not truly begin until around 1900 when Georg Cantor and Richard 
Dedekind began work on the theory of sets. 

Georg Cantor 

3.1 Logic 

Aristotle384--322 BC 

In philosophy, traditional logic began with the Greek philosopher Aristotle. His six 
texts are collectively known as The Organan. Two of them, Prior AMlytics and De 
Inrerprer.atione, are the most imJX>rtant for the study of logic. 

The fundamental assumption is that reasoning (logic) is built from propositions. 
A proJX>sition is a statement that can be true or false. It consists of two terms: one 
term (the predicate) is affirmed (true) or denied (false) by the other term (the 
subject): for example 

'All men [subject] are mortal [predicate].' 

There are just four kinds of proposition in Aristotle's theory of logic. 

A type: Universal and affirmative - 'All men are mortal.' 
I type: Particular and affirmative - 'Some men are philosophers.' 
E type: Universal and negative - 'No men are immortal.' 
0 type: Particular and negative - 'Some men are not philosophers.' 

This is the fourfold scheme of propositions. The theory is a formal theory 
explaining which combinations of true premises give true conclusions. 

A century later, in China, a contemJX)rary of Confucius, Mozi 'Father Mo' 
(430 BC), is credited with founding the Mohist school of philosophy, which 
studied ideas of valid inference and correct conclusions. 
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What is logic? 
Logic is a way to describe situations or knowledge that enables us to reason from 
existing knowledge to new conclusions. It is useful in computers and artificial 
intelligence where we need to represent the problems we wish to solve using a 
symOOlic language. 

Logic, unlike narural language, is precise and exact. (Ir is not always easy to 
understand logic, but it is necessary in a computer program.) An example of a 
logical argument is: 

All students are poor. 
I ama student. 
By using logic, it follows that I am poor. 

Note: if the original statement is false, the conclusion is still logical, even though it is 
false,e.g. 

All students are rich. (is not true) 
I am a student. 
By using logic it follows that I am rich! 

It is not the case that all students are rich but, if it were, I would be rich because I 
am a student. This is why computer programmers talk of'Garbage in, garbage out'. 

Logic systems are already in use for such things as the wiring systems of aircraft. 
The Japanese are using logic experiments with robots. 

• Exercise 3.1.1 
I You have four letters. A letter can be sent sealed or open. Stamps are either 

lOcents or 15 cents. 

Unsealed Sealed 

Which envelope must be turned over to test the rule ' If a letter is sealed, it must 
have a 15 cent stamp'? 

2 You have four cards. 
A letter A-Z is on one side. 
A number 0-9 is on the other side. 

You have these cards: 

Which card do you turn over to test the rule 'If a card has a vowel on one side, 
it must have an even number on the other side'? 
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3.2 Sets and logical reasoning 
Symbols used in logic 
There are some symOOls that you will need to become familiar with when we study 
logic in more detail. 

The following symbols refer to the relationship between two propositions p 
andq. 

Symbol Meaning 

pandq(conjunction} 

porqorboth(inclusivedi5junction} 

::::_ p or q but not both (exclusive di5junction} 

lfpthenq{implication) 

If p =} q and q =} p the statements are equivalent, i.e. p ~ q (equivalence} 

If p is true, q cannot be true. p --, q {negation) 

A proposition is a stated fact. It may also be called a statement. It can be true or 
false. For example, 

'Nigeria is in Africa' is a true proJX)sition. 

'Japan is in Europe' is a false proposition. 
These are examples of simple propositions. 

Compound statement: Two or more simple propositions can be combined to form a compound 
proposition or compound statement. 

Conjunction: 

N egation: 

Two simple propositions are combined with the word and, e.g. 

p: Japan is in Asia. 
q: The capital of Japan is Tokyo. 

These can be combined to form: Japan is in Asia and the capital of Japan is 
Tokyo. 

This is written p A q, where A represents the word and. 

The negation of any simple proposition can be formed by putting 'not ' into the 
statement,e.g. 

p: Ghana is in Africa. 
q: Ghana is not in Africa. 

Therefore q = --, p (i.e. pis the negation of q). 

If p is true then q cannot also be true. 
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Implication: 

Converse: 

Equivalent 
proposit ions: 

Disjunction: 

For two simple propositions p and q, p ~ q mearu if p is true then q is also true, 
e.g. 

p: It is raining. 
q: I am carrying an umbrella. 

Then p ~ q states: If it is raining then I am carrying an umbrella. 

This is the reverse of a proposition. In the example above the converse of p ~ q 
is q ~ p. Note, however, although p ~ q is true, i.e. If it is raining then I must 
be carrying an umbrella, its converse q ~pis not necessarily true, i.e. it is not 
necessarily the case that: If I am carrying an umbrella then it is raining. 

If two propositions are true and converse, then they are said to be equivalent. 
For, example if we have two propositions 

p: Pedro lives in Madrid. 
q: Pedro lives in the capital city of Spain. 

these propositions can be combined as a compound statement: 

If Pedro lives in Madrid, then Pedro lives in the capital ciry of Spain. 

i.e. p implies q (p ~ q) 

This statement can be manipulated to form its converse: 

If Pedro lives in the capital of Spain, then Pedro lives in Madrid. 

i.e. q implies p (q ~ p) 

The two combined statements are both true and converse so they are said to be 
logically equivalent (q ¢cc} p). Logical equivalence will be discussed further in 
SectionJ.4. 

For two proposition;;, p and q, p v q means either p or q is true or both are true, e.g. 

p: It is sunny. 
q: I am wearing flip-flops. 

Then p v q states either it is sunny or I am wearing flip-flops or it is both sunny 
and I am wearing flip-flops. 

Exclusive disjunction : For two propositions, p and q, p y_ q mearu either p or q is true but not both are 

Valid arguments: 

true,e.g. 

p: It is sunny. 
q: I am wearing flip-flops. 

Then p y_ q states either it is sunny or I am wearing flip-flops only. 

An argument is valid if the conclusion follows from the premises (the statements). 
A premise is always assumed to be true, even though it might not be, e.g. 

London is in France. the first premise 
France is in Africa. the second premise 
Therefore London is in Africa. the conclusion 
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• Exercise 3.2.1 
I Which of the following are propositions? 

a Are you from Portugal? b Capetown is in South Africa. 
c Catalan is a Spanish language. d Be careful with that. 
e x = 3 f x.t3 
g I play football. h Go outside and play. 
i Apples are good to eat. j J is a letter of the alphabet. 

2 Form compound statements using the word 'and' from the two propositions given 
and state whether the compound statement is true or false. 

a t: Teresa is a girl. a: Abena is a girl. 
b p:x<B q:x>-1 
c a: A pentagon has 5 sides. b: A triangle has 4 sides. 
d I: London is in England. e: England is in Europe. 
e k:x < y I:)'< z 
f m: 5 is a prime number n: 4 is an even number 
g s: A square is a rectangle. t: A triangle is a rectangle. 
h p: Paris is the capital of France. g: Ghana is in Asia. 
i a: 3 7 is a prime number b: 51 is a prime number 
j p: parallelograms are rectangles t: trapeziums are rectangles 

3.3 Truth tables 
In probability experiments, a coin when tossed can land on heads or tails. These are 
complementary events, i.e. P(H ) + P(T) = L 

In logic, if a statement is not uncertain, then it is either true (T) or false (F). If 

there are two statements, then either both are true, both are false or one is true and 
one is false. 

A truth table is a clear way of showing the possibilities of statements. 
Let proposition p be 'Coin A lands heads' and proposition q be 'Coin B lands 

heads' . The truth table below shows the different possibilities when the two coins 
are tossed. Alongside is a two-way table also showing the different outcomes. Note 
the similarity between the two tables. 

p q Coin A Coin B 
T T 

T f 

f T 

f f 

Truth table Two-way table 
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Conjunction, disjunction and negation 
Extra columns can be added to a truth table. 

p A q (conjunction) means that 00th p and q must 

be true for the statement to be true. 

p v q (inclusive disjunction) means that either p or q, 
or both, must be true for the statement to be true. 

p,::::: q (exclusive disjunction) means that either p or q, 
but not both, must be true for the statement to be true. 

---, p represents a negation, i.e. p must not be true for 
the statement to be true. 

• Exercise 3.3.1 
I Copy and complete the truth table for three propositions 

p, q and r. It may help to think of spinning three coins 
and drawing a table of possible outcomes. 

p Aq 

p v q 

p v q 
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2 Copy and complete the truth table below for the three statements p, q and r. 

p v q ---,p v r 

Logical contradiction and tautology 
Logical contradiction 

(p v q)A(-,p v r) 

A contradiction or contradictory proposition is never true. For example, let p be 
the proJX)sition that Rome is in Italy. 

p: Rome is in Italy. 

Therefore ---, p, the negation of p, is the proJX)sition: Rome is not in Italy. 

lfwe writep A ---, p we are saying Rome is in Italy and Rome is not in Italy. This 
cannot be true at the same time. This is an example of a logical contradiction. 

A truth table is shown below for the above statement. 

---,p pA---,p 

Both entries in the final column are F. In other words a logical contradiction must 
be false. 

Show that the compound proJX)sition below is a contradiction. 

(p V q) A [(~ p) A (~ q)] 

Construct a truth table: 

---,p ---,q p v q (---,p)A (-,q) (p V q) A [(-,p) A (-,q)] 

Because the entries in the last column are all false, the statement is a logical 
contradiction. 
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Tautology 
The manager of the band Muse said to me recently: ' If Muse's album "Resistance" is 
a success, they will be a bigger band than U2.' He paused 'Or they will not'. 

This is an example of a tautology: 'either it does or it doesn't'. It is always true. 

A compound proposition is a tautology if it always true regardless of the truth 
values of its variables. 

Consider the proposition: All students study maths or all students do not study 
maths. This is a tautology, as can be shown in a truth table by coruidering the 
resultofp v ---. p. 

---. p p v ---.p 

Since the entries in the final column p v ---, p are all true, this is a tautology. 

Show that (p v q) v [(---. p) A (---. q)] is a tautology by copying and completing the 
truth table below. 

---. p ---. q p v q (-,p)A(-, q) {p V q) V [(-,p) A (-, q) ] 

As the entries in the final column (p v q) v [(---. p) A (---, q)] are all true, the 

statement is a tautology. 

• Exercise 3.3.2 
I Describe each of the following as a tautology, a contradiction or neither. Use a 

truth table ifnece1.Sary. 
a p A---, q 
b q A---, q 
C p V ---, q 

d q v ---, q 
e [p V (---, q)] A [q V (---, q)] 

2 By drawing a truth table in each case, deduce whether each of the following 
propositions is a taurology, contradiction or neither. 

a ---, pA ---, q 
b ~ (~ p) v p 
C q A ---, T 

d (p Aq) AT 

e (p Aq) VT 
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3.4 Implication; converse; inverse; 
contrapositive and logical equivalence 

1 

Implication 
'If' is a word introducing a conditional clause. 

Later in your life someone might say to you, ' If you get a degree, then I will buy 
you a car'. 

Let us look at this in a truth table. 

p: You get a degree. 
q: I will buy you a car. 

The first row is simple: 

You get a degree, I buy you a car, and therefore I have kept my promise. 

The second row too is straightforward: 

You get a degree, I don't buy you a car, and therefore I have broken my promise. 

The last two rows seem more complicated, but think of them like this. If you do not 
get a degree, then I have kept my side of the bargain whether I buy you a car or not. 

Therefore, the only way that this type of statement is false is if a 'promise' is 

broken. 

Logically p =:, q is true if: 

pis false 
orq is true 
or p is false and q is true 

Similarly p =:, q is only false if p is true and q is false. 

In the following statements, as.sume that the first phrase is p and the second phrase q. 

Determine whether the sratement p =:, q is logically true or false. 

I ' If 5 X 4 = 20, then the Earth moves round the Sun.' 
As 00th p and q are true, then p =:, q is true, i.e. the statement p =:, q is logically 

2 'If the Sun goes round the Earth, then I am an alien.' 
Since p is false, then p =:, q is true whether I am an alien or not. Therefore the 
statement is logically true. 

This means that witty replies like: 

'If I could run faster, I could be a professional footballer' 
'Yes and if you had wheels you'd be a professional skater' are logically true, since 
the premisep, 'if you had wheels', is false and therefore what follows is irrelevant. 
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• Exercise 3.4.1 

1 

I In the following statements, assume that the first phrase is p and the second 
phrase is q. Determine whether the statement p =:, q is logically true or false. 

a If2 + 2 = 5 then 2 + 3 = 5. 
b If the moon is round, then the Earth is flat. 
c If the Earth is flat, then the moon is flat. 
d If the Earth is round, then the moon is round. 
e If the Earth is round, then I am the man on the moon. 

2 Descartes' phrase 'Cogito, ergo sum' translates as ' I think, therefore I am'. 
a Rewrite the sentence using one or more of the following: 'if, 'whenever' , 

'it follows that', 'it is necessary', 'unless', 'only'. 
b Copy and complete the following sentence: 'Cogito ergo sum' only breaks 

down logically if Descartes thinks, but . ' 

Logical equivalence 
There are many different ways that we can form comJX)und statements from the 
proJX)sitions p and q using connectives. Some of the different comJX)und 
proJX)sitions have the same truth values. These propositions are said to be 
equivalent. The symbol for equivalence is <=>. 

Two proJX)sitions are logically equivalent when they have identical truth values. 

Use a truth table to show that -, (p I\ q) and -, p v -, q are logically equivalent. 

pAq ---, (pAq) ---, p ---, q ---, p V ---,q 

Since the truth values for -, (p A q) and -, p v -, q (columns 4 and 7) are identical, 

the two statements are logically equivalent. 

Converse 
The statement 'All squares are rectangles' can be rewritten using the word 'if as: 

' If an object is a square, then it is a rectangle'. p =} q. (true in this case) 

The converse is: 

q =} p. ' If an object is a rectangle, then it is a square.' (false in this case) 

Inverse 
The inverse of the statement ' If an object is a square, then it is a rectangle' 
(p =:,q) is: 

---,p =:, ---, q. 'If an object is not a square, then it is not a rectangle.' (false in this case) 
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Contrapositive 
The contrapositive of the statement 'If an object is a square, then it is a rectangle' 

(p =:, q) is: 

---, q =:, ---, p. ' If an object is not a rectangle, then it is not a square.' (true in this case) 

Note: 

A statement is logically equivalent to its contraJJ05itive. 
A statement is not logically equivalent to its converse or inverse. 
The converse of a statement is logically equivalent to the inverse. 

So if a statement is true, then its contrapositive is also true. 
If a statement is false, then its contraJX)sitive is also false. 

And if the converse of a statement is true, then the inverse is also true. 

If the converse of a statement is false, then the inverse is also false. 

To summarize: 
given a conditional statement: p =:, q 
the converse is: q =:, p 
the inverse is: ---, p =:, ---, q 
the contraJX)sitive is: ---, q =:, ---, p 

Statement: 'All even numbers are divisible by 2.' 
a Rewrite the statement as a conditional statement. 
b State the converse, inverse and contraJX)Sitive of the conditional 

statement. State whether each new statement is true or false. 

a Conditional: 'If a number is even, then it is divisible by 2.' (true) 

b Converse: 'If a number is divisible by 2, then it is an even number.' (true) 
Inverse: 'If a number is not even, then it is not divisible by 2.' (true) 
Contrapositive: 'If a number is not divisible by 2, then it is not an even 

number. (true) 

Note: The contrapositive both switches the order and negates. Ir combines the 

converse and the inverse. 
On a truth table it can be shown that a conditional statement and its 

contraJX)sitive are logically equivalent 

---,p ---,q 
Implication 

p~q 

Contrapos itive 
---, q=:, ---,p 

Note: If we have a tautology, we must have logical equivalence. For example, 
'If you cannot find the keys you have lost, then you are looking in the wrong place.' 
Obviously if you are looking in the right place then you can find your keys. (So the 

contraJX)sitive is equivalent to the proJX)sition.) 
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• Exercise 3.4.2 
I Write each of the following as a conditional statement and then write its 

converse, inverse or contraIXJsitive, as indicated in brackets. 

Example Being interested in the Romans means that you will enjoy Italy. 
(converse) 

Solution: Conditional statement. If you are interested in the Romans, then you 
will enjoy Italy. 

Converse.If you enjoy Italy, then you are interested in the Romans. 

a You do not have your mobile phone, so you cannot send a text. (inverse) 

b A small car will go a long way on 20 euros worth of petrol. (contrapositive) 
c Speaking in French means that you will enjoy France more. (converse) 
d When it rains I do not play tennis. (inverse) 

e We stop playing golf when there is a threat of lightning. (inverse) 
f The tennis serve is easy if you practise it. (contrapositive) 
g A six-sided polygon is a hexagon. (contrapositive) 
h You are less than 160 cm tall, so you are smaller than me. (inverse) 
i The bus was full, so I was late. (contrapositive) 
j The road was greasy, so the car skidded. (converse) 

2 Rewrite these statements using the conditional 'if'. Then state the converse, 
inverse and contrapositive. State whether each new statement is true or false. 

a Any odd number is a prime number. 
b A polygon with six sides is called an octagon. 
c An acute-angled triangle has three acute angles. 
d Similar triangles are congruent. 
e Congruent triangles are similar. 
f A cuboid has six faces. 
g A solid with eight faces is a regular octahedron. 
h All prime numbers are even numbers. 

3.5 Set theory 
The mcxlem study of set theory began with Georg Cantor and Richard Dedekind in an 
1874 paper titled 'On a characteristic property of all real algebraic numbers'. It is most 
unusual to be able to put an exact date to the beginning of an area of mad1ematics. 

The language of set theory is d1e most common foundation to all mathematics 
and is used in the definitions of nearly all mathematical objects. 

A set is a well-defined group of objects or symbols. The objects or symbols are 
called the elements of the set. If an element e belongs to a set S, this is represented 
as e E S. If e does not belong to set S this is represented as e f;i!:: S. 

I A particular set consists of the following elements: 
{South Africa, Namibia, Egypt, Angola, ... }. 

a Describe the set. 
b Add another two elements to the set. 
c Is the set finite or infinite? 



a The elements of the set are countries of Africa. 
b e.g. Zimbabwe, Ghana 
c Finite. There is a finite number of countries in Africa. 

2 Consider the set 
{[, 4, 9, 16, 25, ... }. 
a Describe the set. 
b Write another two elements of the set. 
c Is the set finite or infini te? 

a The elements of the set are square numbers. 
b e.g. 36, 49 
c Infinite. There is an infinite number of square numbers. 

• Exercise 3.5.1 
I For each of the following sets: 

i) describe the set in words 
ii ) write down another two elements of the set. 

a {Asia, Africa, Europe, ... } 
b 12, 4, 6, 8, ... } 
c {Sunday, Monday, Tuesday, ... ) 
d Uanuary, March, July, ... } 
, {[, 3, 6, 10, ... } 
f {Mehmet, Michael, Mustapha, Matthew, ... } 

{11, 13, 17, 19, ... } 
{a,e,i, ... ) 

i {Earth, Mars, Venus, ... } 
A={xl3~x~l2) 
S={yl -5~y~5) 

2 The number of elements in a set A is written as n(A). 
Give the value of n(A) for the finite sets in question I above. 

Subsets 
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If all the elements of one set X are also elements of another set Y, then X is said to 
be a subset ofY. 

This is written as X <;; Y. 

If a set A is empty (i.e. it has no elements in it), then this is called the empty set 

and it is represented by the symbol 0. Therefore A = 0. 
The empty set is a subset of all sets. For example, three girls, Winnie, Natalie 

and Emma, form a set A. 

A = {Winnie, Natalie, Emma} 
All the possible subsets of A are given below: 
B = {Winnie, Natalie, Emma) 
C = {Winnie, Natalie} 
D = {Winnie, Emma} 
E = {Natalie, Emma) 
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F = {Winnie} 
G ={Natalie} 
H = {Emma) 
1=0 

Note that the sets Band I aOOve are coruidered as subsets of A, 

i.e.Ai;;;Aand0i;;;A. 

However, sets C, D, E, F, G and Hare considered proper subsets of A. This 
distinction in the type of subset is shown in the notation below. For proper 
subsets,wewrite: 

Cc A and D c A etc. insteadofC i;;; A and Di;;; A. 

Similarly G r£. H implies that G is not a subset of H 
G r[_ H implies that G is not a proper subset of H . 

A - {l, 2, 3, 4, 5, 6, 7, 8, 9, 101 
a List the subset B of even numbers. 
b List the subset C of prime numbers. 

a B - {2, 4, 6, 8, IOI 
h c-12, 3,5, 11 

• Exercise 3.5.2 
I P is the set of whole numbers less than 30. 

a List the subset Q of even numbers. 
b List the subset R of odd numbers. 
c List the subset S of prime numbers. 
d List the subset T of square numbers. 
e List the subset U of triangular numbers. 

2 A is the set of whole numbers between 50 and 70. 
a List the subset B of multiples of 5. 
b List the subset C of multiples of J. 
c List the subset D of square numbers. 

3 J = {p, q, r} 
a List all the subsets of J. 
b List all the proper subsets of]. 

4 State whether each of the following statements is true or false. 
a {Algeria, Mozambique) i;;; {countries in Africa) 
b {mango, banana} i;;; {fruit} 
, {[, 2, 3, 41 ~ {[, 2, 3, 41 
d {[, 2, 3, 41 C {[, 2, 3, 41 
e {volleyball, basketball) r£ {team sport) 
f 14, 6, 8, 101 <t. {4, 6, 8, 101 
g {potatoes, carrots} i;;; {vegetables} 
h {12, 13, 14, 15) rt. {whole numbers) 
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The universal set 
The universal set (U) for any particular problem is the set which contains all the 
possible elements for that problem. 

The complement of a set A is the set of elements which are in U but not in A. 
The set is identified as A '. Notice that U' = 0 and 0 ' = U. 

I If U = {I, 2, J, 4, 5, 6, 7, 8, 9, 10) and A = {I, 2, 3, 4, 5), what set is represented 
by A'? 

A' consists of those elements in U which are not in A. 
Therefore A ' = {6, 7, 8, 9, 10). 

2 If U is the set of all three-dimensional shapes and P is the set of prisms, what set 
is represented by P'? 

P' is the set of all three-dimensional shapes except prisms. 

Intersections and unions 
The intersection of two sets is the set of all the elements that belong to both sets. 
The symbol n is used to represent the intersection of two sets. 

If P = {I, 2, J, 4, 5, 6, 7, 8, 9, 10) and Q = {2, 4, 6, 8, 10, 12, 14, 16, 18, 20) then 
P n Q = {2, 4, 6, 8, 10) as these are the numbers that belong to both sets. 

The union of two sets is the set of all elements that belong to either or both sets 
and is represented by the symbol U. 

Therefore in the example above, 
PU Q - {I, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 14, 16, 18, 20). 

Unions and intersections of sets can be shown diagrammatically using Venn diagrams. 

Venn diagrams 
Venn diagrams are the principal way of showing sets diagrammatically. They are 
named after the mathematician John Venn (1834~1923). The method consists 
primarily of entering the elements of a set into a circle or circles. 

Some examples of the uses of Venn diagrams are shown below. 

A = {2, 4, 6, 8, 10) can be represented as: 

AC' ) 8 

10 

6 
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Elements which are in more than one set can also be represented using a Venn 
diagram. 

P = {J, 6, 9, 12, 15, 18) and Q = {2, 4, 6, 8, 10, 12) can be represented as: 

0 

The elements which belong to both sets are placed in the region of overlap of the 
two circles. 

As mentioned in the previous section, when two sets P and Q overlap as they do 
above, the notation P n Q is used to denote the set of elements in the intersection, 
i.e. P n Q = {6, 12). Note that 6 E P n Q; 8 $. P n Q. 

J = {10, 20, 30, 40, 50, 60, 70, 80, 90, 100) and K = {60, 70, 80) can be represented 
as shown below; this is shown in symbols as KC J. 

X = {l, J, 6, 7, 14) and Y = {3, 9, 13, 14, 18) are represented as: 

The union of two sets is everything which belongs to either or both sets 
and is represented by the symbol U. Therefore, in the example above, 
XU Y - {[, 3, 6, 7, 9, 13, 14, 18). 
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• Exercise 3.5.3 
I Using the Venn diagram, deduce whether the following statements are true or 

false. E means 'is an element of and fl: means 'is not an element of'. 

a 5 EA 
c 201;l: A 
e 50 fl. B 

b ZOE B 
d SOEA 
f An B - {10, 20) 

2 Copy and complete the statement A n B = { .} for each of the Venn diagram5 
below. 

B b A B c A 
Red 

Orange 

Blue 

Indigo 

Violet 

Purple 

Pink 

3 Copy and complete the statement A U B = { .} for each of the Venn diagrams 
in question 2 above. 

4 Using the Venn diagram, copy and 
complete these statements. 

a U-{ ... J 
b A'-{ ... ) 

5 Using the Venn diagram, copy and 
complete the following statements. 

a U-{ ... J 
b A'-{ ... ) 
c A nB= { ... J 
d AU B - { ... ) 
, (A nB)' -{ ... ) 
f A nB• -{ ... ) 

0 
(]Jl B 

2 8 

7 3 4 
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C 

a Using the Venn diagram, describe in words the elements of: 
i) setA ii) setB iii) setC. 

b Copy and complete the following statements. 
i) A n B = { ... } ii) A n C = { ... } iii) B n C = { 

iv) A n 8 n C = { v) A U B = { ... ) vi) C U B = I 

7 A 

a Using the Venn diagram, copy and complete the following statements. 
i) A={ ... } ii) B = { ... } iii) C' = { ... } 

iv) An B = { ... } v) AU B = { ... } vi) (An 8)' = I 
b State, U5ing set notation, the relationship between C and A. 

a Copy and complete the following statements. 
i) W= { ... } ii) X={ ... } 
iv) W n Z = { ... } v) W n X = { 

b Which of the named sets is a subset ofX/ 

iii)Z' = { ... } 

vi)Yn Z = { 
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9 A = {Egypt, Libya, Morocco, Chad) 
B = {Iran, Iraq, Turkey, Egypt} 

a Draw a Venn diagram to illustrate the above information. 
b Copy and complete the following statements. 

i) A n B = { ... ) ii) A U B = { ... ) 

10 P- {2,3, 5, 7, 11, 13, 17} 
Q-{11, 13, 15, 17, 19) 

a Draw a Venn diagram to illustrate the above information. 
b Copy and complete the following statements. 

ii P n Q - 1 ... J iii Pu Q - 1 ... J 

11 B - {2, 4, 6, 8, 10) 
AU B - {l, 2, 3, 4, 6, 8, 10) 
AnB-{2,4) 
Draw a Venn diagram to represent the above information. 

12 X = {a, c, d, e, f, g, I) 
Y = {b, c, d, e, h, i, k, l, m} 
Z= {c,f,i,j,m} 

Draw a Venn diagram to represent the above information. 

13 P - {[, 4, 7, 9, 11, 15) 
Q -15, 10, 15) 
R - {[, 4, 9) 
Draw a Venn diagram ro represent the above information. 

Commutative, associative and distributive 
properties of sets 
Set A - {2, 3, 4), B - {[, 3, 5, 71 and C - {3, 4, SJ. ACID 2 

3 

1 

s AU B =BU A= {l, 2, 3, 4, 5, 71 
4 AnB-BnA- {3} 

7 

Therefore the union and intersection of sets are commutat ive (the same whichever 
way round the sets are ordered). 
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lfC is added to the Venn diagram, we get: 

2 
1 

7 
3 

A@ 
4 5 (An B) n C - An (B n C) - {3} 

(AU B) UC - AU (BU C) - {I, 2, 3, 4, 5, 71 

Therefore the union and intersection of sets are associat ive (the order of the 
operations does not matter). 

From the Venn diagram above it can also be seen that: 

Au~nq-~u~n~uq-~~~~ 
An~uq-~n~u~nq-~~ 

Therefore the union is dis t ribut ive over the intersection of sets. 

Problems involving sets 

l In a class of 31 students, some study physics and some study chemistry. If 22 
study physics, 20 study chemistry and 5 study neither, calculate the number of 
students who take both subjects. 

The information given above can be entered in a Venn diagram in stages. 
The students taking neither physics nor chemistry can be put in first (as shown). 

This leaves 26 students to be entered into the set circles. 

If x students take both subjects then: 

n(P) = 22 - x + x 
n(C) = 20 - x + x 

PUC= 31 - 5 = 26 



Therefore 22-x+x+20-x=26 
42 - X = 26 

X = 16 
Substituting the value of x into the Venn diagram gives: 
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Therefore the number of students taking both physics and chemistry is 16. 

2 In a region of mixed farming, farms keep goats, cattle or sheep. There are 77 
farms altogether. 19 farms keep only goats, 8 keep only cattle and 13 keep only 
sheep. 13 keep both goats and cattle, 28 keep both cattle and sheep and 8 keep 
both goats and sheep. 

a Draw a Venn diagram to show the above information. 
b Calculate n(G n C n S). 

First of all draw a panly complete Venn 
diagram, filling in some of the information 
above. 

We know that:. 

n(Only G) + n(Only C) + n(Only S) = 19 + 8 + 13 = 40 

So the number of farms that keep two or more types of animal is 
77 - 40 - 37. 
So, if n(G n C n S) = x (i.e. xis the number of farm.5 keeping cattle, sheep 
and goats), then 

13 - x+ 8- x+ 28- x+x = 37 
49 - 2x = 37 
49 - 37 = 2x 

6=x 
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It is then easy to complete the Venn diagram as shown: 

b As worked out in part a and shown in the diagram, n(G n C n S) = 6. 

• Exercise 3.5.4 
l In a claS5 of 35 students, 19 rake Spanish, 18 take French and 3 take neither. 

Calculate how many take: 
a both French and Spanish 
b just Spanish 
c just French. 

2 In a year group of 108 students, 60 liked football, 53 liked tennis and 10 liked 
neither. Calculate the number of students who liked football but not tennis. 

3 In a year group of 113 students, 60 liked hockey, 45 liked rugby and 18 liked 
neither. Calculate the number of students who: 

a liked both hockey and rugby 
b liked only hockey. 

4 One year, 37 students sat an examination in physics, 48 sat an examination in 
chemistry and 45 sat an examination in biology. 15 students sat examinations in 
physics and chemistry, 13 sat examinations in chemistry and biology, 7 sat 
examinations in physics and biology and 5 students sat examinations in all three. 

a Draw a Venn diagram to represent this information. 
b Calculate n(P UC U B). 
c Calculate n(P n C). 
d Calculate n(B n C). 
e How many students took an examination in only one subject? 

5 On a cruise around the coast ofTurkey, there are 100 passengers and crew. They 
speak Turkish, French and English. 

Out of the rota\ of 100, 14 speak all three languages, 18 speak French and 
Turkish only, 16 speak English and French only, and 10 speak English and 
Turkish only. 

Of those speaking only one language, the number speaking only French or only 
English is the same and 6 more than the number that speak only Turkish. 

a How many speak only French? 
b How many speak only Turkish ? 
c In total, how many speak English/ 
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6 In a group of 125 students who play tennis, volleyball or football, 10 play all 
three. Twice as many play tennis and football only. Three times as many play 
volleyball and football only, and 5 play tennis and volleyball only. 

If x play tennis only, Zx play volleyball only and Jx play football only, 
determine: 

a how many play tennis 
b how many play volleyball 
c how many play football. 

The analogy of logic and set theory 
The use of No or Never or A ll ... do not in statements (e.g. No French people are 
British people) means the sets are disjoint, i.e. they do not overlap. 

The use of A ll or If ... then or No ... not in statements (e.g. There is no nurse 
who does not wear a uniform) means that one set is a subset of another. 

The use of Some or Most or Not all in statements ( e.g. Some televisions are 
very expensive) means that the sets intersect. 

The validity of an argument can be tested using 
Venn diagrams. 

If p, q and rare three statements and if p =:, q and 
q =:, r, then it follows that p =:, r. 

In terms of sets, if A, Band Care all proper 
subsets ( C) of the universal set U and if A C B and 
BCCthenACC. 

Diagrammatically this can be represented as 
shown in the Venn diagram opposite: 

I P is the set of French people and Q is the set of British people. 
Draw a Venn diagram to represent the sets. 

The Venn diagram is as shown, 
i.e.PnQ=0 
In logic this can be written p Y q, 
i.e. p or q but not both. 

2 Pis the set of nurses and Q is the set of people who wear uniform. 
Draw a Venn diagram to represent the sets. 

P is a subset of Q as there are other 
people who wear uniforms apart 
from nurses, i.e. P C Q 
In logic this can be written p =:, q. 
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3 Pis the set of televisions and Q is the set of expensive electrical goods. Draw a 
Venn diagram to represent the sets. 

P intersects Q as there are expensive electrical goods that are not televisions 
and there are televisions that are not expensive. 
In logic the intersection can be written p A q. 

• Exerc ise 3.5.5 
I Draw a Venn diagram to illustrate the following sets. 

Q: students wearing football shirts 
P: professional footballers wearing football shirts 

Shade the region that represents the statement 'Kofi is a professional footballer 
and a student'. How would you write this using logic symbols? 

2 Draw a Venn diagram to illustrate the following sets. 
Q: students wearing football shirts 
P: professional footballers wearing shirts 

Shade the region that satisfies the statement 'Maanu is either a student or a 
professional footballer but he is not both'. How would you write this using logic 

symbols? 

3 Draw a Venn diagram to illustrate the following sets. 
P: maths students U: all students. 

Shade the region that satisfies the statement 'Boamah is not a maths student'. 
How would you write this using logic symbols? 

4 Draw a Venn diagram to illustrate the following sets. 
P: five-sided shapes U: all shapes 

Shade the region that satisfies the statement 'A regular pentagon is a five-sided 
shape'. How would you write this using logic symbols? 

5 Draw a Venn diagram to illustrate the following sets. 
Q: multiples of 5 U: integers 

Shade the region where you would place 17. How would you write this using logic 
symbols? 

6 Draw a Venn diagram to illustrate the following sets. 
P: people who have studied medicine 
Q: people who are doctors 

Shade the region that satisfies the statement 'All doctors have studied medicine'. 
How would you write this using logic symbols? 

7 Illustrate the statement 'People with too much money are never happy' using a 
Venn diagram with these sets. 

P: people who have too much money 
Q: people who are happy 

Shade the region that satisfies the statement 'People with too much money are 
never happy'. How would you write this using logic symbols? 



Probability 135 

8 Draw a Venn diagram to illustrate the following sets. 
P: music lessons Q: lessoru that are expensive 

Shade the region that satisfies the statement 'Some music lessons are expensive'. 
How would you write this using logic symbols? 

3.6 Probability 

Pierre de Fermat 

Although Newton and Galileo had some thoughts about chance, it is accepted that 
the study of what we now call probability began when Blaise Pascal (1623-1662) 
and Pierre de Fermat (of Fermat's last theorem fame) corresponded about problems 
connected with games of chance. Later Christiaan H uygens wrote the first book on 
the subject, The Value of all Chances in Games of Fortune, in 1657. This included a 
chapter entitled 'Gambler's Ruin'. 

In 1821 Carl Friedrich Gauss (1777-1855), one of the greatest mathematicians 
who ever lived, worked on the 'normal distribution', a very important contribution 
to the study of probabiliry. 

Probability is the study of chance, or the likelihcxx:I of an event happening. In 
this section we will be looking at theoretical probability. But, because probability is 
based on chance, what theory predicts does not necessarily happen in practice. 

Sample space 
Set theory can be used to study probability. 

A sample space is the set of all possible results of a trial or experiment. Each 
result or outcome is sometimes called an event. 

Complementary even ts 
A dropped drawing pin can land either pin up, U, or pin down, D. These are the 
only two possible outcomes and cannot both occur at the same time. The two 
events are therefore mutually exclusive (cannot happen at the same time) and 
complementary (the sum of their probabilities equal 1). The complement of an 
event A is written A '. 

Therefore P(A) + P(A ') = I. In words this is read as 'the probability of event A 
happening added to the probability of event A not happening equals l '. 

I A fair dice is rolled once. What is its sample space? 
The sample space S is the set of possible outcomes or events. Therefore 
S = {l, 2, 3, 4, 5, 6) and the number of outcomes or events is 6. 

a What is the sample space, S, for two drawing piru dropped together. 
b How many possible outcomes are there? 

a S - {UU, UD, DU, DD) 
b There are four possible outcomes. 

3 The probability of an event B happening is P(B) = l Calculate P(B'). 

P(B) and P(B ') are complementary events, so P(B) + P(B ') = L 

P(B')=l-!=l 
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• Exercise 3.6.1 
I What is the sample space and the number of events when three coins are tossed? 

2 What is the sample space and number of events when a blue dice and a red dice 
are rolled? (Note: (1, 2) and (2, 1) are different events.) 

3 What is the sample space and the number of events when an ordinary dice is 
rolled and a coin is tossed? 

4 A mother gives birth to twins. What is the sample space and number of events for 
their sex/ 

5 What is the sample space if the twins in question 4 are identical? 

6 Two women take a driving test. 
a What are the JX)SSible outcomes? 
b What is the sample space? 

7 A tennis match is played as 'best of three sets'. 

a What are the JX)SSible outcomes? 
b What is the sample space? 

8 If the tennis match in question 7 is played as 'best of five sets', 

a what are the possible outcomes? 
b what is the sample space? 

Probability of an event 
A favourable outcome refers to the event in question actually happening. The total 
number of JX)SSible outcomes refers to all the different types of outcome one can get 
in a particular situation. In general: 

Probability of an event = number of favourable outcomes 
total number of equally likely outcomes 

This can also be written as: P(A) = n(A), 
n(U) 

where P(A) is the probability of event A, n(A) is the number of ways event A can 
occur and n( U) is the total number of equally likely outcomes. 

Therefore 

if the probability = 0, it implies the event is imJX)ssible 
if the probability= l, it implies the event is certain to happen 

An ordinary, fair dice is rolled. 
a Calculate the probability of getting a 6. 

b Calculate the probability of not getting a 6. 

a Number of favourable outcomes = l (i.e. getting a 6) 

Total number of JX)SSible outcomes= 6 (i.e. getting a 1, 2, J, 4, 5 or 6) 

Probability of getting a 6, P(6) = i 
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b Number of favourable outcomes= 5 (i.e. gening a I, 2, 3, 4, 5) 
Total number of possible outcomes= 6 (i.e. getting a I, 2, 3, 4, 5 or 6) 

Probability of not getting a six, P( 6') = % 

From this it can be seen that the probability of not getting a 6 is equal to I 
minus the probability of getting a 6, i.e. P(6) = I - P(6'). 

These are known as complementary events. 

In general, for an event A, P(A) = I - P(A'). 

• Exercise 3.6 .2 
l Calculate the theoretical probability, when rolling an ordinary, fair dice, of 

getting each of the following. 
a ascoreofl b ascoreof5 
c an odd number 
e a score of7 

a Calculate the probability of: 
i) being born on a Wednesday 

d a score less than 6 
f a score less than 7 

ii ) not being born on a Wednesday. 
b Describe the result of adding the answers to a i) and ii) together. 

3 250 tickets are sold for a raffle. What is the probability of winning if you buy: 
a I ticket b 5 tickets 
c 250tickets d O tickets/ 

4 In a class there are 25 girls and 15 boys. The teacher takes in all of their books in 
a random order. Calculate the probability that the teacher will: 

a mark a book belonging to a girl first 
b mark a book belonging to a boy first. 

5 Tiles, each lettered with one different letter of the alphabet, are put into a bag. If 
one tile is drawn out at random, calculate the probability that it is: 

a anAorP b avowel 
d anX, YorZ. 

e a letter in your first name. 

6 A boy was late for school 5 times in the previous 30 school days. If tomorrow is a 
school day, calculate the probability that he will arrive late. 

7 3 red, 10 white, 5 blue and 2 green counters are put into a bag. 
a If one is picked at random, calculate the probability that it is: 

i) a green counter 
ii ) a blue counter. 

b If the first counter taken out is green and it is not put back into the bag, 
calculate the probability that the second counter picked is: 
i) a green counter 
ii) a red counter. 
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8 A spinning wheel has the numbers O to 36 equally spaced around its edge. 
Assuming that it is unbiased, calculate the probability on spinning it of getting: 

a the number 5 b an even number 
c an cxl.d number 
e a number greater than 15 
g a multiple of 3 or 5 

d zero 
f a multiple of 3 
h a prime number. 

9 The letters R, C and A can be combined in several different ways. 
a Write the letters in as many different combinations as possible. 
b If a computer writes these three letters at random, calculate the 

probability that: 
i) the letters will be written in alphabetical order 
ii) the letter R is written before both the letters A and C 
iii) the letter C is written after the letter A 
iv) the computer will spell the word CART if the letter Tis added. 

10 A normal pack of playing cards contains 52 cards. These are made up of four 
suits (hearts, diamonds, clubs and spades). Each suit consists of 13 cards. These 
are labelled ace, 2, 3, 4, 5, 6, 7, 8, 9, 10, Jack, Queen and King. The hearts and 
diamonds are red; the clubs and spades are black. 

If a card is picked at random from a normal pack of cards calculate the 
probability of picking: 

a a heart b a black card 
c afour 
e a Jack, Queen or King 
g an even numbered card 

d a red King 
f the ace of spades 
h a seven or a club. 

3.7 Combined events 
You1, illcomeacros1 
IDme of these ideas 
inthe6iologyand 
Physics Diploma 

In this section we kx:ik at the probability of two or more events happening: 
combined events. If only two events are involved, then two-way rabies can be 
used to show the outcomes. 

Two-way tables of outcomes 

a Two coins are tossed. Write down all the possible outcomes in a two-way table. 
b Calculate the probability of getting two heads. 
c Calculate the probability of getting a head and a tail in any order. 

Coin1 

Head Tail 

b All four outcomes are equally likely, therefore the probability of getting HH is 

c The probability of getting a head and a rail in any order, i.e. HT or T H, is i = 
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• Exercise 3.7.1 
I a Two fair tetrahedral dice are rolled. If each is numbered 1-4, draw a two-way 

table to show all the IXJssible outcomes. 
b What is the probability that both dice show the same number? 
c What is the probability that the number on one dice is double the number on 

the other? 
d What is the probability that the sum of both numbers is prime? 

2 Two fair dice are rolled. Copy and complete the diagram to show all the possible 
combinations. 

What is the probability of getting: 
a a double 3 
b any double 
c a total score of 11 
d a total score of7 
e an even nwnber on both dice 
f an even number on at least one dice 
g a 6 or a double 

~ 

3,6 

3,5 

4 3,4 

3 3,3 

3,2 5,2 6,2 

1 1,1 2,1 3,1 4,1 

h scores which differ by J 1 2 3 4 5 6 
i a total which is either a multiple of 2 or 5? 

Tree diagrams 
When more than two combined events are being considered, two-way tables cannot 
be used and therefore another method of representing information diagrammatically 
is needed. Tree diagrams are a good way of doing this. 

a If a coin is tossed three times, show all the possible outcomes on a tree diagram, 
writing each of the probabilities at the side of the branches. 

b What is the probability of getting three heads? 
c What is the probability of getting two heads and one tail in any order? 
d What is the probability of getting at least one head? 
e What is the probability of getting no heads? 

Toss 1 Toss2 Toss3 Outcomes 

< " 
HHH 

( "<:~: HHT 
HTH 
HTI 

< "< " 
THH 

' T THT 
T < H TIH T 

! T TIT 
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b To calculate the probability of getting three heads, multiply along the branches: 

P(HHH) = t x t x t = k 
c The successful outcomes are HHT, HTH, THH. 

P( two heads, one rail any order) 

- P(HHT) + P(HTH) + P(THH) 

= (t X t X t) + (t X t X t) + (t X t X t) = k + t + k = i 
Therefore the probability isl 

d This refers to any outcome with either one, two or three heads, i.e. all of them 
except TIT. 

P(TTT) =t xf x t=k 
P(at least one head) = l - P(TIT) = I - f = i 
Therefore the probability is i• 

e The only successful outcome for this event is TIT. 

Therefore the probability is!, as shown in part d. 

• Exercise 3.7.2 
I a A computer uses the numbers I, 2 and 3 at random to make three-digit 

numbers. Assuming that a number can be repeated, draw a tree diagram to 
show all the possible combinations that the computer can print. 

b Calculate the probability of getting: 
i) the number 131 
iii) a multiple of 11 
v) a multiple ofZ or 3 

ii) an even number 
iv) a multiple of 3 
vi) a palindromic number. 

2 a A family has four children. Draw a tree diagram to show all the possible 
combinations of boys and girls. [Assume P(girl) = P(boy).] 

b Calculate the probability of getting: 
i ) all girls ii ) two girls and two boys 
iii ) at least one girl iv) more girls than boys. 

3 a A netball team plays three matches. In each match the team is equally likely 
to win, lose or draw. Draw a tree diagram to show all the possible outcomes 
over the three matches. 

b Calculate the probability that the team: 
i) wins all three matches 
ii) wins more times than it loses 
iii ) loses at least one match 
iv) doesn't win any of the three matches. 

c Describe why it is not very realistic to assume that the outcomes are equally 
likely in this case. 
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4 A spinner is split into quarters. 

a If it is spun twice, draw a probability tree showing all the poS5ible outcomes. 
b Calculate the probability of getting: 

i) twogreens 
ii) a green and a blue in any order 
iii) a blue and a white in any order. 

Tree diagrams for unequal probabilities 
In each of the cases considered so far, all of the outcomes have been assumed to be 
equally likely. However, this need not be the case. 

In winter, the probability that it rains on any one day is f 
a Using a tree diagram, draw all the possible combinations for two consecutive 

days. Write down each of the probabilities by the sides of the branches. 
b Calculate the probability that it will rain on both days. 
c Calculate the probability that it will rain on the first day but not the second day. 
d Calculate the probability that it will rain on at least one day. 

Day1 Day2 Outcomes Probability 

< s,;, s,;,,s,;, 

<~~~::· :::: ::::: 
~ Norain Norain, Norainfx; = /g-

Note how the probability of each outcome is found by multiplying the 
probabilities for each of the branches. 

b P(R, R) = t x t = * 
c P(R, NR) = t x i = ~ 
d The outcomes which satisfy this event are (R, R), (R, NR) and (NR, R). 

Therefore the probability is ~ + ~ + ~ = ~ 
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• Exercise 3.7.3 
I A particular board game involves players rolling a dice. However, before a player 

can start, he or she needs to roll a 6. 
a Copy and complete the tree diagram below showing all the possible 

combinations for the first two rolls of the dice. 

Roll 1 Roll2 

.------s;, y s;, ---------- Nots• 
~ Six 

6 Not six-C::::::: 
Not six 

Outcomes Probability 

Six, Six 

b Calculate the probability of each of the following. 
i) Getting a six on the first throw 
ii) Starting within the first two throws 
iii) Starting on the second throw 
iv) Not starting within the first three throws 
v) Starting within the first three throws 

c If you add the answers to b iv) and v) what do you notice? Explain. 

2 In Italy! of the cars are foreign made. By drawing a tree diagram and writing the 

probabilities next to each of the branches, calculate each of these probabilities. 
a The next two cars to pass a particular spot are both Italian. 
b Two of the next three cars are foreign. 
c At least one of the next three cars is Italian. 

3 The probability that a morning bus arrives on time is 65%. 
a Draw a tree diagram showing all the JX)SSible outcomes for three 

consecutive mornings. 
b Label your tree diagram and use it to calculate the probability of each of 

the following. 
i) The bus is on time on all three mornings. 
ii) The bus is late the first two mornings. 
iii) The bus is on time two out of the three mornings. 
iv) The bus is on time at least twice. 

4 Light bulbs are packaged in cartons of three; 10% of the bulbs are found to be 
faulty. Calculate the probability of finding two faulty bulbs in a single carton. 

5 A volleyball team has a 0.25 chance of losing a game. Calculate the probability 
of the team achieving: 

a two consecutive wins 
b three consecutive wins 
c 10 consecutive wins. 
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Tree diagrams for probability problems with and 
without 'replacement' 
In the examples considered so far, the probability for each outcome remained the 
same throughout the problem. However, this need not always be the case. 

I A bag contains three red balls and seven black balls. If the balls are put back 
after being picked, find the probability of picking: 

a two red balls 
b a red ball and a black ball in any order. 

This is selection with replacement. Draw a tree diagram to help visualise the 
problem. 

a The probability of a red followed by a red, P(RR) = ft x ft= ~. 
b The probability of a red followed by a black or a black followed by a red is 

P(RB) + P(BR) - (/0 x ?0) + (i70 x /0) - ?c!:i + 1
2c!:i - {~. 

2 Repeat question 1, but this time each ball that is picked is not put back in the bag. 

This is selection without replacement. The tree diagram is now as shown. 

2 

Y "' t==~:,, 
~ _y_-- red 

{a black~ ! black 

a P(RR) = ft x i = ~. 

b P(RB) + P(BR) = (ft x f) + (-to x %) = ~ + ~ = ~. 

• Exercise 3.7.4 
I A bag contains five red balls and four black balls. If a ball is picked out at 

random, its colour is recorded and it is then put back in the bag, what is the 
probability of choosing: 

a two red balls 
b two black balls 
c a red ball and a black ball in this order 
d a red ball and a black ball in any order? 
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1 

2 Repeat question I but, in this case, after a ball is picked at random, it is not put 
back in the bag. 

3 A bag contains two black, three white and five red balls. If a ball is picked, its 
colour recorded and then put back in the bag, what is the probability of picking: 

a two black balls 
b a red and a white ball in any order? 

4 Repeat question J but, in this case, after a ball is picked at random, it is not put 
back in the bag. 

5 You buy five tickets for a raffle. I 00 tickets are sold altogether. Tickets are picked 
at random. You have not won a prize after the first three tickets have been drawn. 

a What is the probability that you win a prize with either of the next two 
draws? 

b What is the probability that you do not win a prize with either of the next 
two draws? 

6 A bowl of fruit contains one apple, one banana, two oranges and two pears. Two 
pieces of fruit are chosen at random and eaten. 

a Draw a probability tree showing all the possible combinations of the two 
pieces of fruit. 

b Use your tree diagram to calculate the probability that: 
i) both the pieces offruit eaten are oranges 
ii) an apple and a banana are eaten 
iii) atleast one pear is eaten. 

Use of Venn diagrams in probability 
You have seen earlier in this topic how Venn diagrams can be used to represent 
sets. They can also be used to solve problems involving probability. 

Probability of event, A, P(A) = :~t~ 
I In a survey carried out in a college, students were asked for their favourite 

subject. 

15 chose English 
8 chose Science 
12 chose Mathematics 
SchoseArt 

If a student is chosen at random, what is the probability that he or she likes 
Science best? 
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This can be represented on a Venn diagram as: 

There are 40 students, so the probability is ;fu = f. 
2 A group of 21 friends decide to go out for the day to the local town; 9 of them 

decide to see a film at the cinema, 15 of them get together for lunch. 
a Draw a Venn diagram to show this information if set A represents those 

who see a film and set B those who have lunch. 
b Determine the probability that a person picked at random only went to 

the cinema. mu a 9 + 15 - 24; as ,hm are only 21 people, A(]JB 
this implies that 3 people see the film and 6 3 12 
have lunch. This means that 
9 - 3 = 6 only went to see a film and 
15 - 3 = 12 only had lunch. 

b The number who only went to the cinema is 6, as the other 3 who saw a 

film also went out for lunch. Therefore the probability is fr = l 

• Exercise 3.7.5 
I In a class of 30 students, 20 study French, 18 study Spanish and 5 study neither. 

a Draw a Venn diagram to show this information. 
b What is the probability that a student chosen at random studies 00th 

French and Spanish? 

2 In a group of 35 students, 19 take Physics, 18 take Chemistry and 3 take neither. 
What is the probability that a student chosen at random takes: 

a 00th Physics and Chemistry 
b Physics only 
c Chemistry only? 

3 108 people visited an art gallery; 60 liked the pictures, 53 liked the sculpture, 10 
liked neither. 

What is the probability that a person chosen at random liked the pictures but 
not the sculpture? 
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4 In a series of examinations in a school: 
3 7 students took English 
48 students took French 
45 students took Spanish 
15 students took English and French 
13 students took French and Spanish 
7 students took English and Spanish 
5 students took all three. 
a Draw a Venn diagram to represent this information. 
b What is the probability that a student picked at random took: 

i) all three 
ii) English only 
iii) French only? 

Laws of probability 
Mutually exclus ive events 
Events that cannot happen at the same time are known as mutually exclusive 
events. For example, if a sweet bag contains 12 red sweets and 8 yellow sweets, let 
picking a red sweet be event A, and picking a yellow sweet be event B. If one sweet 
is picked, it is not possible to pick a sweet which is 00th red and yellow. Therefore 
these events are mutually exclusive. 

This can be shown in a Venn diagram: 

P(A) = i whilst P(B) = fa. 
As there is no overlap, P(A U 8) = P(A) + P(B) =~+fa= ¥o- = L 

i.e. the probability of mutually exclusive event A or event 8 happening is equal to 
the sum of the probabilities of event A and event 8 and the sum of the probabilities 
of all possible mutually exclusive events is L 

In a 50m swim, the world record holder has a probability of 0. 72 of winning. The 
probability of her finishing second is 0.25. 

What is the probability that she either wins or comes second? 

Since she cannot finish both first and second, the events are mutually exclusive. 

Therefore P(lst U 2nd)= 0.72 + 0.25 = 0.97. 
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Combined events 
If events are not mutually exclusive then they may occur at the same time. 

These are known as combined events. 

For example, a pack of 52 cards contairu four suits: clubs( ... ), spades ( ~ ),hearts 
( ¥ ) and diamonds ( + ).Clubs and spades are black; hearts and diamonds are red. 
Each suit contains 13 cards. These are ace, 2, 3, 4, 5, 6, 7, 8, 9,10, Jack, Queen and 
King. 

A card is picked at random. Event A represents picking a black card; event B 
represents picking a King. 

In a Venn diagram this can be shown as: 

P(A) =¥i-=f and P(B) =fi-=-& 
However P(A U B) '# ¥i- + "1'J because K~ and K ... belong to both events A and B 
and have therefore been counted twice. This is shown in the overlap of the Venn 
diagram. 

Therefore, for combined events, P(A U B) = P(A) + P(B) - P(A n B) 

i.e. the probability of event A or B is equal to the sum of the probabilities of A and 
B minus the probability of A and B. 

In a holiday survey of 100 people: 

72 people have had a beach holiday 
16 have had a skiing holiday 
12 have had both. 

What is the probability that one person chosen at random from the survey has had 
either a beach holiday (B) or a ski holiday (S)? 

P(B) = {k P(S) = rt%- P(B n S) = Mi 
Therefore P(B U S) = "t&5 + rt%- - f&s = i£i 
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Independent events 
A student may be born on l June, another student in his class may also be born on 
1 June. These events are independent of each other (assuming they are not twins). 

If a dice is rolled and a coin spun, the outcomes of each are also independent, 
i.e. the outcome of one does not affect the outcome of another. 

For independent events, the probability of both events occurring is the product 
of each occurring separately, i.e. 

P(A n B) - P(A) x P(B) 

I I spin a coin and roll a dice. 
a What is the probability of getting a head on the coin and a five on the dice? 
b What is the probability of getting either a head on the coin or a five on 

the dice, but not OOth? 

a P(H) =f P(S) =! 
Both events are independent therefore P(H n 5) = P( H ) x P(S) 

=!xi 
I 

= IT 
b P( H U 5) is the probability of getting a head, a five or both. 

Therefore P(H U 5) - P( H () 5) removes the probability of both events 
occurring. 
The solution is P( H U 5) - P(H n 5) = P(H ) + P(5) - P( H n 5) 

=t+i-& 

=rt 
2 The probabilities of two events X and Y are given by: 

P(X) - 0.5, P(Y) - 0.4, ,nd P(X n Y) - 0.2. 

a Are events X and Y mutually exclusive? 
b Calculate P(X U Y). 
c What kind of events are X and Y? 

a No: if the events were mutually exclusive, then P(X () Y) would be Oas 
the events could not occur at the same time. 

b P(X U Y) - P(X) + P(Y) - P(X n Y) 
=0.5+0.4-0.2 
- 0.7 

c Since P(X n Y)= P(X) x P(Y), i.e. 
0.2 = 0.5 x 0.4, events X and Y must be independent. 
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Conditional probabili ty 
Conditional probability refers to the probability of an event (A) occurring, which is 
in tum dependent on another event (B ). 

For example, a group of ten children play two tennis matches each. The table 
below shows which matches the children won and lost. 

Child First mat ch Second match 

Woo Woo 

Lili! Woo 

Lili! Woo 

Woo Lili! 

Lili! Lili! 

Woo Lili! 

Woo Woo 

Won Woo 

Lili! Woo 

to Lili! Woo 

Let winning the first match be event A and winning the second match be event B. 
An example of conditional probability would be as follows: calculate the probability 
that a boy picked at random won his first match, if it is known that he won his 
second match. 

Because we are told that the boy won his second match, this will affect the final 
probability. This is written as P(A I B), i.e. the probability of event A given that 
event B has happened. 

P(A I B) - P(t(~/) 

or P(A I B) = n(~(2) B) where n is the number of times that event happens. 

Using the table above, for a child picked at random: 

a Calculate the probability that the child lost both matches. 
b Calculate the probability that the child won his first match. 
c Calculate the probability that a child won his first match, if it is known that he 

won his second match. 

a P(A' n B') = n(:(ct) = ti 

b P(A) = ;~~~ = fo" = t 
c P(A IB)=n(~(~)B)=t 

Note: The answers to band care different although both relate to the probability 
of a child winning his first match. 
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Venn diagrams are very useful for conditional probability as they show n(A n B) 
clearly. 

In a class of 25 students, 18 play football, 8 play tennis and 6 play neither sport. 

a Show this information on a Venn diagram. 
b What is the probability that a student chosen at random plays both sports? 
c What is the probability that a student chosen at random plays fCX>tball, given 

that he also plays tennis/ 

a 18 + 8 + 6 = 32. As there are only 25 students, 7 must play both sports. 

b P(F n T) = n(~(~t) = "ft 
c P(F I T) = n(~(~)T) = + 

• Exercise 3.7.6 
l The Jamaican IOOm women's relay team has a 0.5 chance of coming first in the 

final, 0.25 chance of coming second and 0.05 chance of coming third. 
a Are the events independent? 
b What is the team's chance of a medal? 

2 I spin a coin and throw a dice. 
a Are the events independent? 
b What is the probability of getting: 

i) a head and a factor of 3 
ii) a head or a factor of 3 
iii) a head or a factor of 3, but not both? 

3 What is the probability that two people picked at random both have a binhday 
in June? 
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4 Amelia takes two buses to work. On a particular day, the probability of her 
catching the first bus is 0. 7 and the probability of her catching the second bus is 
0.5. The probability of her catching neither is 0.1. 

a Are the events independent? 
b If A represents catching the first bus and B the second: 

i) State P(A U B)'. 
ii) Find P(A U B). 
iii) Given that P(A U B) = P(A) + P(B) - P(A n B), calculate 

P(A n 8). 
iv) Calculate the probability P(A I B), i.e. the probability of Amelia 

having caught the first bus, given that she caught the second bus. 

5 The probability of Marco having breakfast is 0.75. The probability that he gets a 
lift to work is 0.9 ifhe has had breakfast and 0.8 if he has not. 

a What is the probability of Marco having breakfast then getting a lift? 
b What is the probability of Marco not having breakfast then getting a lift? 
c What is the probability that Marco gets a lift? 
d If Marco gets a lift, what is the probability that he had breakfast? 

6 ln@s has a driving test on Monday and a Drama exam the next day. The 
probability of her passing the driving test is 0. 73. The probability of her passing 
the Drama exam is 0.9. The probability of failing both is 0.05. 

Given that she has passed the driving test, what is the probability that she also 
passed her Drama exam? 

7 An Olympic swimmer has a 0.6 chance of a gold medal in the IOOm freestyle, a 
0. 7 chance of a gold medal in the 200 m freestyle and a 0.1 chance of no gold 
medals. Given that she wins the IOOm race, what is the probability of her 
winning the 200m race? 

8 a How many students are in your class? 
b How likely do you think it is that two people in your class will share the same 

birthday? Very likely/ Likely/ Approx 50-50? Unlikely? Very unlikely? 
c Write down everybody's birthday. Did two people have the same birthday? 

Below is a way of calculating the probability that two people have the same 
birthday depending on how many people there are. To study this it is easiest to 
look at the probability of birthdays being different. When this probability is less 
than 50%, then the probability that two people will have the same birthday is 
greater than 50%. 

When the first person asks the second person, the probability of them not 

having the same birthday is ~ ( i.e. it is 1h that they have the same birthday). 

When the next person is asked, as the events are independent, the probability 
of all three having different birthdays is: 

(¥ot) X (-lit) - 99.2% 

When the next person is asked, the probability of all four having different 
birthdays is: 

(~) X (*) X (lli) = 98.4% 

and so on .. 
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d Copy and complete the table below until the probability is 50%. 

Number of people Probability of them not having the same birthday 

~:99.7% 

(~)"(~)=99.2% 

(~)" (~) "(~) = 98.4% 

10 

15 

20 

e Explain in words what your solution to part d means. 

• Student assessment 1 
I Describe the following sets in words. 

, {1,3, 5, 71 
b {1,3, 5, 7, ... ) 
, {[, 4, 9, 16, 25, ... ) 
d {Arctic, Atlantic, Indian, Pacific) 

2 Calculate the value of n(A) for each of the sets 
shown below. 
a A is the set of days of the week 
b A is the set of prime numbers between 50 

and60 
c A= {x I xis an integer and -9~x~ -3) 
d A is the set of students in your class 

3 Copy this Venn diagram three times. 

[[IJ 
a On one copy shade and label the region 

which represents A n B. 
b On another copy shade and label the region 

which represents A U B. 
c On the third copy shade and label the region 

which represents (An B)'. 

4 If A= {w, o, r, k}, list all the subsets of A with 
at least three elements. 

5 lfU - {[, 2, 3, 4, 5, 6, 7, 8) ,nd P -12, 4, 6, 8), 
what set is represented by P'? 

6 A hexagonal spinner is divided into equilateral 
triangles painted alternately red and black. 
What is the sample space when the spinner is 
spun three times? 

7 If pis the prop:isition 'The Amazon river is in 
Africa', write the prop:isition ---,pin words. 

8 What is meant by p v q? 

9 Calculate the theoretical probability of: 
a being born on a Saturday 
b being born on the 5th of a month in a non­

leap year 
c being born on 20 June in a non-leap year 
d being born on 29 February. 

10 A coin is rossed and an ordinary, fair dice is 
rolled. 
a Draw a two-way table showing all the 

JX>S,Sible combination;;. 
b Calculate the probability of getting: 

i) aheadanda6 
ii ) a tail and an odd number 
iii) a head and a prime number. 
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• Student assessment 2 
I If A = {2, 4, 6, 8), write all the proper subsets of 5 The Venn diagram below shows the number of 

A with two or more elements. elements in three sets P, Q and R. 

2 X = {lion, tiger, cheetah, leopard, puma, 
jaguar, cat} 
Y = {elephant, lion, zebra, cheetah, gazelle) 
Z = {anaconda, jaguar, taranrula, mosquito) 
a Draw a Venn diagram to represent the above 

information. 
b Copy and complete the statement 

XnY-{ ... J. 
c Copy and complete the statement 

Yn z- { ... }. 
d Copy and complete the statement 

x n Y n: - 1 ... J. 
3 U is the set of natural numbers, M is the set of 

even numbers and N is the set of multiples of 5. 
a Draw a Venn diagram and place the numbers 

l, 2, 3, 4, 5, 6, 7, 8, 9, 10 in the appropriate 
places in it. 

b If X =Mn N, describe set X in words. 

4 A group of 40 people were asked whether they 
like tennis (T) and football (F). The number 
liking both tennis and football was three times 
the number liking only tennis. Adding 3 to the 
number liking only tennis and doubling the 
answer equals the nwnber of people liking only 
football. Four said they did not like sport at all. 
a Draw a Venn diagram to represent this 

information. 
b Calculate n(T n F). 
c Calculate n(T n F'). 
d Calculate n(T' n F). 

If n(P U Q U R) = 93 calculate: 

b n(P) 
C n(Q) 
d n(R) 
e n(PnQ) 
f n{QnR) 
g n(P n R) 
h n(R U Q) 
i n(PnQ)'. 

6 What is meant by p A q/ 

7 Copy and complete the truth rable below. 

p Aq p v q 

8 What is a tautology/ Give an example. 

9 A goalkeeper expects to save one penalty out of 
every three. Calculate the probability that he: 
a saves one penalty out of the next three 
b fails to save any of the next three penalties 
c saves two out of the next three penalties. 
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• Student assessment 3 
I The probability that a student takes English is 

0.8. The probability that a student rakes English 
and Spanish is 0.25. 

What is the probability that a student takes 
Spanish, given that he takes English? 

2 A card is drawn from a standard pack of cards. 
a Draw a Venn diagram to show the following: 

A isthesetofaces 
8 is the set of picture cards 
C is the set of clubs 

b From your Venn diagram find the following 
probabilities. 
i) P(ace or picture card) 
ii) P(not an ace or picture card) 
iii) P(clubor ace) 
iv) P(club and ace) 
v) P(ace and picture card) 

3 Students in a school can choose to study one or 
more science subjects from Physics, Chemistry 
and Biology. 

In a year group of 120 students, 60 took 
Physics, 60 took Biology and 72 took 01emistry; 
34 took Physics and Oiemistry, 32 took 
Chemistry and Biology and 24 took Physics and 
Biology; 18 took all three. 
a Draw a Venn diagram to represent this 

information. 
b If a student is chosen at random, what is the 

probability that: 
i) the student chose to study only one 

science subject 
ii) the student chose Physics or G-iemistry, 

and did not choose Biology? 

4 A class took an English test and a Maths test. 
40% passed both tests and 75% passed the 
English test. 

What percentage of those who passed the 
English test also passed the Maths test/ 

5 A jar contains blue and red counters. Two 
counters are chosen without replacement. The 
probability of ch005ing a blue then a red 
counter is 0.44. The probability of ch005ing a 
blue counter on the first draw is 0.5. 

What is the probability of choosing a red 
counter on the second draw if the first counter 
chosen was blue? 

6 In a group of children, the probability that a 
child has black hair is 0.7. The probability that 
a child has brown eyes is 0.55. The probability 
that a child has either black hair or brown eyes 
is0.85. 

What is the probability that a child chosen at 
random has both black hair and brown eyes? 

7 A ball enters a chute at X. 

a What are the probabilities of the ball going 
down each of the chutes labelled (i), (ii) 
and (iii)? 

b Calculate the probability of the ball landing 
in: 
i) trayA 
ii) trayC 
iii) tray B. 

Examination questions 
I A fitness club has 60 members. 35 of the 

members attend the club's aerobics course (A) 
and 28 members attend the club's yoga course 
(Y). 17 members attend both courses. A Venn 
diagram is used to illustrate this situation. 



a Write down the value of q. [l] 
b Find the value of p. [2] 
c Calculate the number of members of the 

fitness club who attend neither the aerobics 
course (A) nor the yoga course (Y). [2] 

d Shade, on a copy of the Venn diagram, 
Nn~ W 

Paper 1, May 10, Q6 

2 Police in a town are investigating the theft of 
mobile phones one evening from three cafi':s, 
'Alan's Diner', 'Sarah's Snackbar' and 'Pete's Eats'. 

They interviewed two suspects, Matthew and 
Anna about that evening. 

Matthew said: "I visited Pete's Eats and 
visited Alan's Diner and I did not visit Sarah's 
Snackbar." 

Let p, q and r be the statements: 

p: I visited Alan's Diner 
q: I visited Sarah's Snackbar 
r: I visited Pete's Eats 

a Write down Matthew's statement in 
symbolic logic form. 

What Anna said was lost by the JX)lice, 
but in symbolic form it was 

(q vr) ~,p 

[3] 

b Write down, in words, what Anna said. [3] 

Paper I, May 11 , Q4 

3 Part A 

The following Venn diagram represents the 
students studying Mathematics (A), Further 
Mathematics (B) and Physics (C) in a school. 

50 students study Mathematics 
38 study Physics 
20 study Mathematics and Physics but not 
Further Mathematics 
10 study Further Mathematics but not Physics 
12 study Further Mathematics and Physics 
6 study Physics but not Mathematics 
3 study none of these three subjects. 

Examination questions 155 

a GJpy and complete the Venn diagram. [J] 
b Write down the number of students who 

study Mathematics but not Further 
Mathematics. [l] 

c Write down the rota! number of students 
in the school. [I] 

cl Write down n(B U C). [2] 

Part B 

Three proJX)sitions are given as 

p: It is snowing 
q: The roads are open 
r: We will go skiing 

a Write the following comJX)und statement in 
symbolic form. 
'It is snowing and the roads are not open.' [2] 

b Write the following comJX)und statement in 
words. 
(,pAq)~T [3] 

c Copy and complete the truth table. [3] 

Paper 2, Nov 09, Q2 



Applications project ideas 
and theory of knowledge 

3 Set theory is an area that 
could be studied as a 
project beyond the 
Mathematical studies 
Syllabus. Your teacher 
may suggest some areas 
of study. 

6 The set of whole numbers 
andthesetofs~uare . 
numbers have an infinite 
number of elements.Does 
this mean that the~e a,:t 
different values of infinity? 

q How do governments 
use probability to 
plan ahead? 

2 ~esearch and discuss 
B~rtrand's Box Paradox-. 

Th'.s could be the starting 
POmt for a project on 
paradoxes. 

s DraW a venn diagram to 
represent Belief, Truth and 
Knowledge. Discuss the. 
statement 'Knowledge 1s 
found where belief and 
truth intersect.' 

7 What is the difference 
between zero and an 
empty set? 1savacuum 
an empty set? 



* . 
9 Ateachersaysthatshe 

will give a surprise test on 
one~ekdayofthefollowing 
week.Whycanthetestnot 
be a surprise if it is given on 
the Friday? syextending tt,c:it 
reasoning, the testconnotbe 
given on n,ursday either, 
ond so on. Discuss the falla()' 

of this reason•;".;:.•·---" 

j 

12 wnatisa 
paradox7 'lt,is 
statementisalie.' 
1sthata pamdox? 
Discuss. 

8 A pile of 100 000 grains of 
sond is Qheap.1fsand is 
removed one groin at a 
time, at wh1Jt point does 
the pile cease to bea 
heap? 

11 1 putout three cards fQcedown, one 
of which isan ace. I know the position of 
the ace. vou pick a card, but do not 
turn it rNer. I then tut'l"I wer o card 
which is not the ace. You are then 
offered the opportunity to change your 
pid: to the remaining corcl. oesign a 
probability experiment fOr many trials as 
GI class activity. \o\'tly does the probability 
of you choosing the ace increase if you 
m1Jke the change? HOW much does the 
probability change by? This could be the 
starting pointforo project. 



Statistical applications 

Syllabus content 
4. 1 The normal distribution. 

The concept of a random variable; of the parametersµ and a; of the bell 
shape; the symmetry about x = µ. 

Diagrammatic representation. 

Normal probability calculariom. 

Expected value. 

Inverse normal calculations. 

4 .2 Bivariate data: the concept of correlation. 

Scatter diagrams; line of best fit, by eye, passing through the mean point. 

Pearson's prOOuct- moment correlation coefficient, r. 

Interpretation of positive, zero and negative, strong or weak correlations. 

4 .3 The regression line for y on x. 

Use of the regression line for prediction purposes. 

4.4 The xi test for independence: formulation of null and alternative 
hypotheses; significance levels; contingency tables; expected frequencies; 
degrees of freedom; p-values. 

4.1 The normal distribution 
You will have seen in Topic 2 that data can be grouped and graphed as a frequency 
histogram. The frequency histogram below shows the mass (kg) of 100 randomly 

chosen adults. 

40 
I 

30 =i 
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Mass(kg) 

It is likely that both the mean and median mass will fall in the modal class, 60- 70. 
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The shape of the distribution is approximately symmetrical about the mean, 
median and medal class. 

As the class intervals become smaller, the frequency distribution may look as 
follows: 
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Mass(kg) 

If a smooth curve is plotted through the centre of the top of each column, this can 
represent the shape of the distribution if the class interval was 'infinitely' small, as shown. 

10 20 30 40 50 60 70 80 90 100 
Mass(kg) 

This is approximately the typical bell-shaped curve of a normal distribution curve. 
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In a normal distribution curve, the mean, median and mcx:le all coincide with the 
bell's peak. Its height and width will depend on the spread of the distribution. The 
greater the spread of the distribution, the shallower its peak. Similarly, data that has 
little spread,will have a more pronounced peak. 

In the normal distributions below, one represents the height of 200 students 
chosen randomly in a school, the other represents the heights of 200 students in 
one year of the same school. 

I\ 

-V I\. 
I / \ "-

Discuss which distribution above is likely to belong to the heights of all the 
students in the school. 

Two parameters affect the shape of a normal distribution curve, the mean value 
(u) - also known as the expected value, and the standard deviation (a). Open the 
'4.1 Normal distribution I' GeoGebra file on the website. Observe how the shape of 
the normal distribution curve changes as /1 and a change. 

The area under the normal distribution curve represents the whole 'population' 
in question. Note: the word 'population' does not necessarily have to mean people. 
The population can represent anything from which data is collected, e.g. the mass 
of 100 oranges, the lifespan of 1500 batteries, the heights of 500 sunflowers, etc. 

From the shape of a normal distribution curve it can be deduced that most of the 
population lies close to the mean. The further from the mean a value is, the less 
likely it is to occur in the population. 

Open the '4.1 Normal distribution 2' GeoGebra file on the website. The shape of 
the normal distribution curve can be changed by altering the parameters /I and a. 
The percentage of the population that falls within I, 2 and 3 srandard deviations of 
the mean is given. 
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• Exercise 4.1.1 
Using the GeoGebra files mentioned on the previous page as a re.source, answer the 
following questions. 

l What effect does increasing the expected value /1 have on the shape and position 
of a normal distribution curve? 

2 What effect does increasing the standard deviation a have on the shape and 
position of a normal distribution curve! 

3 Two normal distribution curves, A and B, are shown below. 

A 

h 
a Which curve shows the distribution with the greater mean? Justify your 

answer. 
b Which curve shows the distribution with the greater standard deviation? 

Justify your answer. 

4 Approximately what percentage of the population falls: 
a within one standard deviation of the mean? 
b within two standard deviations of the mean/ 
c within three standard deviations of the mean? 

5 The nonnal distribution curve below represents the heighn, of a large group of people. 

The mean height of the population is 130cm and the standard deviation 10cm. 
a Copy the diagram and label on the horizontal axis: 

i) the mean height of 130cm 
ii) the height 145cm. 

b Justify your choices in pan a above. 
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6 The normal distribution curve below represents the mass (kg) of a large group of 
yoW1g adults. The expected value (mean) is 65 kg. The standard deviation is 7 kg. 

a Copy the diagram and shade the region that represents the pan of the 
population with a mass greater than 65 kg. 

b A person is picked at random from the population. What is the probability 
that he/she has a mass greater than 65 kg? 

c What is the probability that a person picked at random has a mass between 
58 kg and 72 kg? ]U5tify your answer. 

d What is the probability that a person picked at random has a mass less 
than 51 kg? Justify your answer. 

So far most of the calculations and diagrams have dealt with cases where the value in 
question is a multiple of the standard deviation. However, this need not be the case. 

The lengths (cm) of a certain type of snake are recorded. It is found that the 

distribution of the lengths follows a normal distribution with an expected value 
(mean) of 125 cm and a standard deviation of 10cm. 

a Draw a normal distribution curve showing the above data. 
b A snake is chosen at random from the population. 

What is the probability that its length is less than 138cm? 

80 90 100 110 120 130 140 150 160 170 

Note: the peak of the curve coincides with the mean value of 125 cm. 
Also, as over 99% of the data falls within three standard deviations of the 
mean, the 'tails' of the curve are drawn to just over 30 cm from the mean. 
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b It is always good practice to draw a normal distribution curve to show the 
area that is being calculated. 

80 90 100 110 120 130 140 150 160 170 

One standard deviation above the mean would be a length of 135 cm, two 
srandard deviations would be 145 cm. The length in question is 138 cm, 
which falls between the two. Your GOC is able to calculate this probability. 

.. U to select the 
'stat' mode 

to select 'dist'. 

to select 'norm' 

to select the 'Ned' 

cumulative option. 

Casio 

Enter the lower and upper bounds, 
the mean and standard deviation . • The fi na I screen gives the 
probability P(Length :S: 138) 

Norrna l C.D 
Lower :0 
UPPet" : 138 

~ :l~s l~fzr,res: None 

Nor11al C.D 
P =0.90319951 
z:Low=>·12 . 5 
z=u,. •1.3 

Note: The lower bound in this case is not a fixed value, as in theory a 
length could go as low as zero. In other cases the lower bound could 

be a large negative number. Care therefore needs to be taken when 
choosing lower (or upper) bounds. 
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tm•to select 'Distr' 

U to select 'normalcdf' the 
cumulative option 

Texas 

Enter the numbers (O, 138, 125, 1 O) L] 
The numbers refer to (lower bound, upper 

bound, mean, standard deviation). 

The probability is displayed on the screen. 

~l"l~~:~f( 
~norl"l.a 1 c df ( 
3:invNorl"I ( 
4: invT( 
5: lPdf( 
6: tcdf( 
?.J..X~Pdf( 

norl'lalcdf ( 0, 138, 
125, 10) 

norl'lalcdf ( 0, 138, 
125, 10) 

• 9031994506 

Note: The lower bound in this case is not a fixed value, as in theory a 
length could go as low as zero. In other cases the lower bound could 
be a large negative number. Care therefore needs to be taken when 
choosing lower (or upper) bounds. 

• Exercise 4.1.2 
I The results(%) of people sitting a Maths exam can be considered to be normally 

distributed with a mean of60% and a standard deviation of 12%. 
a Sketch the normal distribution curve for the information given above, 

labelling the horizontal scale clearly. 
b An A grade is awarded to students achieving at least 80%. What 

percentage of students achieved an A grade? 
c A fail is awarded for a score of 45% or less. What percentage of students 

failed the exam! 
d AC grade is awarded to students achieving between 60% and 70%. What 

percentage of students achieved a C grade! 

2 The time taken for competitors to run a 10 km race is recorded. The distribution 
is found to be normal with parametersµ = 52 minutes and a= 4 minutes. 

a A competitor is picked at random. What is the probability that he finishes 
the race in under 45 minutes? 

b What is the probability that a competitor picked at random takes longer 
than l hour to finish the race? 

c 5500 competitors complete the race. How many completed the race in 
under 40 minutes? 
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3 Two different brands of batteries, X and Y, have the same mean lifespan of 
45 hours when tested. However the results of brand X have a standard deviation 
of 8 hours, whilst those of brand Y have a standard deviation of 2 hours. Assume 
the lifespans of both batteries are normally distributed. 

a On the same graph, sketch the distributions of each brand, labelling them 
clearly. 

b A battery of brand X is picked at random. What is the probability that it 
lasts longer than 60 hours? 

c A battery is picked at random and tested. It lasts less than 40 hours. Which 
brand is it most likely to belong to? Justify your answer. 

d Is it possible for a brand Y battery to last more than 55 hours? Justify your 

4 The lengths of telephone calls at a call centre are assumed to be normally distributed 
with a mean length of 6 minutes and a standard deviation of 2.5 minutes. 

a A telephone call is picked at random. What is the probability that it lasted 
longer than 9 minutes? 

b What is the probability that a call lasts between 5 and 6 minutes? 
c Sketch the distribution and label the horizontal axis clearly. 
d With reference to your sketch, describe why the assumption that the 

lengths of calls are normally distributed is incorrect. 

5 500 g cereal packets are filled by a machine. The masses (g) of cereal in the 
packets are normally distributed with an expected mass of 510 g and a standard 
deviation of 4 g. 

a What is the probability that a packet picked at random will have a smaller 
mass than that stated on the packet? 

b The company fills 1.8 million packets a year. How many packets would be 
expected to have less than 500g of cereal in them? 

6 The masses (kg) of pumpkins are recorded. The masses are normally distributed 
with the following parameters:/,= 5.6kg and a= 1.2kg. 

The pumpkins are labelled 'large', 'medium' and 'small' according to their 
mass. A pumpkin with a mass greater than 6.6kg is labelled 'large'. A pumpkin 
with a mass less than 4kg is labelled 'small'; the rest are labelled 'medium'. 

a What is the probability that a pumpkin selected at random is large? 
b What is the probability that a pumpkin selected at random is small? 
c If 8400 pumpkins are labelled medium, how many pumpkins are there 

altogether? 

Inverse normal calculations 
The calculations so far for the normal distribution have involved finding the 
probability of an event happening ( e.g. the probability that a mass is greater or less 
than a particular value). The probability relates to the area under the relevant part 
of the curve. 

It is important though to be able to work backwards. These are known as inverse 
normal calculations. 
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The heights of a group of boys are normally distributed with a mean of 175 cm and 
a standard deviation of 7 cm. The college basketball team is looking for new 
players. It is only considering boys whose heights fall in the top 10% of the 
population. 

What is the minimum height that a OOy must be in order to be considered for the 
basketball team? 

It is always gocxl. practice to draw a normal distribution curve to display the 
information clearly. 

1451~1S1M1~1701~1M1851001%1%195210 

The minimum height required is indicated as',! on the graph, as 10% of the data 
falls above this value. 

Your GOC will calculate this value for you. 

• U to select the 
'stat' mode 

to select 'dist' 

to select 'norm' 

Casio 

v-w1r>c1ow to select the 'lnvN' inverse 
' normal option. 

The final screen gives the value of x. 

Inverse Norma l 
x =183. 97086 1 

Note: the 'tail' in this instance is to the right as the top 10% is being 

considered. However, the same va lue for x could be calculated using 

the tail in the left and an area of 90%. 



Texas 

tm•to select 'Distr' 

D to select 'invNorm' the inverse 
normal option. 

Enter the numbers (0.9, 175, 7) L] 
The numbers refer to (the area 

measured from the left tail, mean, 
standard deviation). 

The probability is displayed on the screen. 
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~l"l~~:~f( 
~norl"l.i l c df ( 
3:invNorl"I ( 
4: invTC 
5: l Pdf( 
6: tcdf( 
?.J..X~Pdf( 

invNorl"I(. 3 ,175, 7 
) 

invNorl"I(. 3 ,175, 7 
) 

183.370861 

Note: The area is always measured from the left tail. 

• Exercise 4.1.3 
I The amount of time people spend travelling to work each day is considered to 

be normally distributed with a mean of 45 minutes and a standard deviation of 
13 minutes. 

a Sketch a normal distribution curve to illustrate this data. 
b 20% of the population arrive at work within x minutes of leaving home. 

Calculate the value of x. 
c 60% of the population arrive at work within y minutes of leaving home. 

Calculate the value of y. 

2 Exam results are normally distributed with a mean of 50 and a standard deviation 
of 15. 

a The examination board awards an A grade to the top 15% of students. 
What is the minimum score necessary for an A grade? 

b A fail is awarded to the bottom 12% of students. What is the maximum 
score that is still considered a fail? 

c AC grade is awarded to the middle 15% of students. What range of scores 
is awarded a C grade? 

3 The lengths (cm) of cucumbers are normally distributed with an expected value 
of 25 cm and a standard deviation of 5 cm. A supermarket rejects cucumbers 
whose lengths fall in the top 8% and the bottom 20%. 

a Sketch the normal distribution curve and shade the region representing the 
cucumbers that are rejected. 

b Calculate the minimum length of cucumber accepted by the supermarket. 
c Calculate the maximum length of cucumber accepted. 
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4 The mean adult length of a species of alligator is 2.3 m with a standard deviation 
of 15 cm. Find an interval which is symmetrical about the mean within which 
99% of the lengths of the alligators lie. 

5 The mass (g) of chicken eggs at a farm are recorded and found to be normally 
distributed withµ = 59 and a = 3. 140 eggs have a mass of less than 52 g. 

a How many eggs were recorded at the farm? Give your answer to the 
nearest 10. 

b The heaviest 400 eggs are labelled 'super size'. What is the minimum mass 
needed for an egg to be labelled 'super size'? 

4.2 Scatter diagrams, bivariate data and 
linear correlation 

You1,illcomeacros1 
bivariate data in the 
Biology.Physic;, 
Chemi1tryandSocial 
Science1Diploma 

When we record information about two different aspects (or variables) of a data 
item, such as height and mass of children or temperature and number of ice creams 
sold on particular days, we are collecting bivariate data. We can use the value of 
the two variables for a data item as the coordinates of a point to represent it on a 
graph called a scatter diagram (or scatter graph). Scatter diagrams are particularly 
useful if we wish to see if there is a relationship between the two variables. How the 
points lie when plotted indicates the type of relationship between the two variables. 

The heights and weights (masses) of 20 children under the age of five are recorded. 
The heights were recorded in centimetres and the weights in kilogram;;. 

He ight 32 34 45 46 52 59 63 64 71 73 

Mass 5.834 3.792 9.037 4.225 10.149 6.188 9.891 16.010 15.806 9.929 

He ight 86 87 95 96 96 101 108 109 117 121 

Mass 11.132 16.443 20.895 16.181 14.000 19.459 15.928 12.047 19.423 14.331 

a Plot a scatter diagram for the data above. 
b Comment on any relationship that you see. 

~I I 
[ I I I I I I I I I I I I I 

·. 
10 20 30 40 50 60 70 80 90 100 110 120 130 140 

Height(cm) 
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b The points tend to lie in a diagonal direction from bottom lefr to top right. This 
suggests that as height increases then, in general, weight increases too. Therefore 
there is a positive correlation between height and weight. 

Lines of best fit 
If the scatter diagram shows that there is a relationship between the two variables, 
we can use a line of best fit to estimate the value of one variable given a value of 
the other variable. To do this we draw a straight line passing through the data, i.e. 
a line of best fir. It will pass through the point (X, j) and leaves approximately half 
the points above the line and half the points below it. It does not need to pass 
through the origin. 

Using the data about the height and weight of children in the previous example, 
estimate the weight of a child with a height of 80cm. 

We have to assume that this child will follow the trend set by the other 20 
children. To deduce an approximate value for the weight, we draw a line of best fit 
through the data, passing through the point (i, 5i). 

X = 77.75, j = 12.535 

30~ 

25 

~20 • • • 

i 15 • i/, Y) • : • 
::i!:10 • • • • 

6 ••• 

I 
10 20 30 40 50 60 70 80 90 100 110 120 130 140 

Height(cm) 

The line of best fit can now be used to give an approximate solution to the 
question. If a child has a height of 80cm, you would expect his/her weight, by 
reading from the graph below, to be in the region of 13 kg. 

"be 25 

~20 • • • 

i 15 ---------------------------~ --~ - • • • • 
::i!:,o • • • i . . 

6 • • • i 
~ 

10 20 30 40 50 60 70 80 90 100 110 120 130 140 
Height(cm) 
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Your GOC and graph ing software can plot scaner diagrams and analyze them. 
For example, plot the following data for an ice cream vendor on a scatter 

diagram and, if appropriate, draw a line of best fit. 

Temperature(°C) 

Number of ice creams sold 

Casio 

SET V, "°" V Cl!I U to select the stat. mode. 

Enter the temperature data in List 1 and the 
number of ice creams sold in List 2. 

to access the statistical graphing menu. 

to check the setup. 

to plot the scatter diagram. 

to select the graph calculation menu. 

as the line of best fit required is 

to plot the line of best fit. 

,[. . ~ 
!\'" 

Note: The screen which gives the properties of the line of best fit also 
gives the value of r. This represents the product-moment correlation 
coefficient w hich is dealt w ith later in this topic. 
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Texas 

• ~ to enter the data into lists. 

Enter the temperature data in List 1 and the 
number of ice creams sold in List 2. 

~ ~ r:J to enter the statistical 

plot setup. 

Turn 'Plot 1' to 'On'. Choose the scatter 
diagram and ensure the x values are from 
List 1 and the yvalues from List 2. 

to set scale the scale for each axis. 

\_-) to plot the scatter diagram . 

• ~ to select the 'Cale' menu. 

~ to find the linear equation of the line 

of best fit through the points. 

to calculate the equation of the line of best 
fit w ith x values from List 1 and yvalues 
from List 2. 
.... to display the equation in the form 
l......ll r=ax+b. 

1······ 
l1 (1):: J 5 

~

r1ou r1ou 
Off 
e: • ~.lb.. 

2:.:~I:::::. 
Xlis.l. iL1 
Ylh.l.:L2 
Mark: 1:1 • 

WINDOW 
Xl'"l i n::0 
Xl'"l.ax::35 
Xscl=5 
Yl'"l i n=0 
Yl'"l .ax=50 
Yscl =5 
Xres=l 

1~JnRe9(ax+b ) L,, I 

LinRe9 
'=' "'-=IX+b 
.a= 1 . 707604017 
b=-9.081492109 
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Autograph 

On the 2D-graph page option, click on 

~ to enter the data. 

Enter the temperature in the x column 

and the number of ice creams sold in 
they column. 

Click 'OK' to graph the data. 

To identify the coordinate (x, y), select 
'Object' followed by 'centriod' 

To draw a linear line of best fit, select 
'Object' followed by 'Best fit'. A straight 

line is a polynomial of order 1. 

Click 'OK' to graph the line of best fit . 

Select the line. Its equation will appear 

at the base of the screen. 

·[-~.. .. 
: . ·: :.· .. 

~- - -. . . - Ordor: [IJ_: 

r .. / 
-~ 
•. - . . .. -
Streight Line: y-1 .703x-9.D81 
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Click 'View' ----t 

'Spreadsheet' to open a 

spreadsheet. 

Enter the temperature 

in column A and the 
number of ice creams 
sold in column 8. 

Highlight the data. 

Select 'Two Variable 

Regression Analysis' 

from the drop-down 

The scatter graph 

appears in a new 
w indow. Select the 
'Linear' option from the 

regression model list. 
A line of best fit is 

plotted and its 
equation appears at the 
base of the screen. 

GeoGebra 

"'~ 
"12) :;;;Jffi ::;. __ 

~
. ::==--
;;-......... -
A.--
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Types of correlation 
There are several types of correlation depending on the arrangement of the points 
plotted on the scatter diagram. These are described below. 

'~ 

'l£: 
'L··· ... .... 

X 

'~ 

'~ 

X 

A strong positive correlation. 
The points lie tightly around the line of best fit. 
As x increases, so does y. 

A weak positive correlation. 
Although there is direction to the way the points are 
lying, they are not tightly packed around the line of 
best fit. 
As x increases, y tends to increase too. 

No correlation. 
There is no pattern to the way in which the points 
are lying, i.e there is no correlation between the 
variables x and y. As a result, there can be no line of 
best fit. 

A strong negative correlation. 
The points lie tightly around the line of best fit. As x 
increases,y decreases. 

A weak negative correlation . 
The points are not tightly packed around the line of 
best fit. As x increases, y tends to decrease. 



Scatter diagrams, bivariate data and linear correlation 175 

• Exercise 4.2.1 
I State what type of correlation you might expect, if any, if the following data was 

collected and plotted on a scatter diagram. Justify your answer. 
a A student's score in a Mathematics exam and their score in a Science 

exam 
b A student's hair colour and the distance they have to travel to school 
c The outdoor temperature and the number of cold drinks sold by a shop 
d The number of goals your opponents score and the number of times you win 
e A person's height and the person's age 
f A car's engine size and its fuel consumption 

2 The table shows the readings for the number of hours of sunshine and the 
amount of rainfall in millimetres for several cities in Europe. 

City Hou rs o f sunshine Rainfall (mm) 

Athens 12 

Belgrade 10 61 

Copenhagen 71 

Dubr<Nnik 12 26 

Edinburgh 83 

Frankfurt 70 

Geneva 10 64 

Helsinki 68 

Innsbruck 134 

Krakow 111 

Lisbon 12 

Marseilles 11 

Naples 10 19 

Oslo 82 

Plovdiv 11 37 

Reykjavik so 
Sofia 10 68 

Tallinn 10 68 

Valletta 12 

York 62 

Zurich 136 

a Plot a scatter diagram of hours of sunshine against amount of rainfall. Use a 
spreadsheet or graphing software if possible. 

b What type of correlation, if any, is there between the two variables? 
Comment on whether this is what you would expect. 
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3 The United Nations keeps an up-to-date database of statistical information on 
its member countries. The table below shows some of the information available. 

Country Life expectancy Adult illi teracy Infant mortali ty 
at b irth rate rat e (per 1000 

(years,2005-2010) (%,2009) births,2005-2010) 

Female Male 

Australia 84 79 

Barbados 80 74 0.3 10 

Brazil 76 69 10 24 

Chad 50 47 68.2 130 

China 75 71 6.7 23 

Columbia 77 69 7.2 19 

Congo 55 53 18.9 79 

'""' 81 77 0.2 

Egypt 72 68 33 35 

France 85 78 

Germany 82 77 

India 65 62 34 55 

Israel 83 79 2.9 

Jap.1n 86 79 

Kenya 55 54 26.4 64 

Mexico 79 74 7.2 17 

Nepal 67 66 43.5 42 

Portugal 82 75 5.1 

Russian Federation 73 60 0.5 12 

Saudi Arabia 75 71 15 19 

South Africa 53 50 12 49 

United Kingdom 82 77 

United States of America 81 77 

a By plotting a scatter diagram, deduce if there is a correlation between the 
adult illiteracy rate and the infant mortality rate. 

b Are your findings in part a above what you expected? Justify your answer. 
c Without plotting a scatter diagram, comment on whether you think there 

is likely to be a correlation between male and female life expectancy at 
birth. Explain your reasons. 

d Plot a scatter diagram to test if your predictions in part c were correct. 
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4 The table below gives the average time raken for thirty students in a class to get 
to school each morning and the distance they live from the school. 

Dista nce (km) 2 10 18 15 3 4 6 2 25 23 3 5 7 8 2 

Time(mins) 5 17 32 38 8 14 15 7 31 37 5 18 13 15 8 

Dista nce (km) 19 15 11 9 2 3 4 3 14 14 4 12 12 7 1 

Time (mins) 27 40 23 30 10 10 8 9 15 23 9 20 27 18 4 

a Plot a scatter diagram of distance travelled against time taken. 
b Describe the correlation between the two variables. 
c Describe why some students who live further away may get to school 

quicker than some of those who live nearer. 
d Draw a line of best fit on your scatter diagram. 
e A new student joins the class. Use your line of best fit to estimate how far 

away she might live if she takes, on average, 19 minutes to get to school 
each morning. 

Pearson's product-moment correlation coefficient 
Karl Pearson was a statistician and one of the few mathematicians who launched a 
totally new field. In his case, he joined the zoologist Walter Weldon to study what 
he called 'biometry'; that is, he applied statistical analysis to animal evolution, 
among other areas. 

Pearson's product-moment correlation coefficient, r, measures the correlation 
between two variables x and y. 

The range of values for r is -1 s rs l 

where -1 indicates a perfect negative correlation between x and y. 
0 indicates no correlation between x and y 
l indicates a perfect positive correlation between x and y. 

The value for r can be calculated by the following formula 

r=~ 
sxs, 

where sx, represents the covariance of xand y (a measure of how much two 
variables change together) 
5x represents the standard deviation of x 
s, represents the standard deviation of y. 

Note: You will be given the value of the covariances"" if the formula is needed in 
an examination. However, it can be calculated using the formula 
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The table below shows the JX)Sition of a football team in the English Premier 
League and the goal difference, that is the difference between the goals scored and 
goals conceded. 

Position 

Goa l diffe rence +23 +20 +21 +18 +14 +16 +11 +9 +3 

Position 10 11 12 13 14 15 16 17 18 

Goa l diffe rence -2 ---4 -11 -9 -10 -14 -17 -33 

a Ifsx,o=- 77.14,calculate 

i) sx 
ii) s, 
iii)r. 

b Interpret the value of r. 

a i) sx=J L:-i2,wherei=~ 

~ . ffi 
ii) s,=y--:---y\where)·=y~ 

s,=~=15.25 

iii) r = ~ = 5.19 ~·tt.zs = -0.975 

b r is very close to -1, implying a strong negative correlation. In this case this is 

misleading, as one would expect that the higher the position in the table the 
greater the goal difference. However, in this case a higher position in the table is 
represented by a lower number, i.e. the top position is l rather than 18. 
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The values for\, s, and r can be calculated using the GOC. 

Casio 

8 U to select the stat. mode. 

Enter the position data in List 1 and the 
goal difference data in List 2. 

to access the calculations menu. 

to check the setup. 

The data has 2 variables (position and goal 
difference). They are in List 1 and List 2 
respectively and each data value is to be 
counted once. 

to perform the statistical calculations 

with two variables. 

The screen summarizes the results. Where Sx 

is Xan and SY is yan. 

To access the value of r from this screen, 
QUlr 

press • followed by to select 

the regression menu. 

to choose the linear regression 'X' 

option. 

The equation of the line of best fit is given, 
including the value of r. 
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Texas 

• ~ to enter the data into lists. 

Enter the position data in List 1 and the goal 
difference in List 2. 

• ~ to select the 'Cale' menu. 

rn followedby ~~-~ 

rn to perform statistical calculations on 

the 2-variable data with x values in List 1 

and yvalues in List 2 r:J. 
The screen summarizes the results for both 
sets of data. sx is uxand syis oy. 

Access the equation for the line of best fit 

and the value of r from this screen by 

• ~ to select the 'Cale' menu. 

~ to select 'LinReg (ax+ b)' and type 

to calculate the equation of the straight line 
and give the value of r. 

'" 

r1 11 1······ 
l1(1)-1 

2-Var Stats L 1 , L 

' 

2-Var Stats 
X=9.S 
I x• 171 
I x l:2109 
Sx:5.338539126 
" x•S . 188127472 it=18 

2-Var Stats 
N=I. 944444444 z..,. 35 

I'::IZ=4253 
S':,1::IS.68990767 
0'.1=15 .24784947 

.J.!x..,: - 1056 
I 

Li nRe9 
'ol=ax +b 
a • -2 . 8658410?3 
b=29. 16993464 
rh,, 9508418S3 
r= -. 97S1112003 

Note: The calculator gives two types of standard deviation, sy and ax. 

The standard deviation you will need on this course is ax, even 
though the formula for standard deviation uses the notation sx. 

If r is not displayed on the screen, 'DiagnosticOn' needs to be set. 

This is done via ~ rn and scrolling down to select 

'DiagnosticOn'. 
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Autograph 

On the 2D-graph page option, 

click on ~ to enter the data . 

Enter the team's position in the 
x column and the goal 
difference in they column. 

Ensure both the 'Show 
Statist ics' and 'Perform 
Autoscale' options are selected. 

Click 'OK' to graph the data. 

Both the graph and the 
statistics window are shown on 
the screen. 

The value of the 
product- moment correlation 
coefficient r is one of the 
statistics shown. 

1 n 

~ ShowS!atistK::s 

~ PerformAutoscaie 

Junbefof Porlts,n:18 

Mean,y:1.91'1 

Strdard~tion,•:S.188 

StandordOeYiabon,y:15.25 

CUtolabonCool'ff,r:-0.9751 

Spcamon'• ~Cool'ff:-0.9897 

J«M<~Hi90flliY:y•-2.1166x +29.17 

x..,.,--y~li>e:x• -0.3.l18y-ti0.!.5 
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GeoGebra 

Click 'View' ---t 'Spreadsheet' to 

open a spreadsheet. 

Enter the team's position in 

column A and the goal 
difference in column 8. 

Highlight the data. 

Select 'Two Variable Regression 
Analysis' from the drop-down 

The scatter graph appears in a 
new window. 

Click on 'Options' and select 
'Show statistics'. 

The product-moment 
correlation coefficient r is one 

of the statistics shown. 

r 

-~--
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• Exercise 4.2.2 
You are expected to use a GOC to calculate the value of the prcxluct-moment 
correlation coefficient. 

I The table below shows the height of women in an Olympic high jump event and 
the maximum height they jumped. 

Height of competitor (ml 1.76 1.83 1.74 1.75 1.80 1.81 1.73 1.80 1.78 1.82 

Height ju mped (ml 1.83 2.06 1.75 1.88 2.04 2.02 1.78 1.90 1.78 1.90 

a Plot a scatter diagram of the results. 
b Calculate X, the mean height of the competitors, and y, the mean height 

jumped. 
c Draw a line of best fit on your scatter diagram. 
d Write down the value of r, the prcxluct-moment correlation coefficient, 

and comment on its value. 

2 The table below shows the percentage scored by a group of students in a mock 
English examination and what they scored in the final examination. 

Mock % 72 68 83 81 54 59 77 82 69 81 32 54 37 88 28 

Final % 75 66 90 81 48 52 81 85 70 90 27 52 34 96 17 

a Plot a scatter diagram of the results. 
b Calculate i, the mean practice score, and Y, the mean final score. 
c Draw a line of best fit on your scatter diagram. 
d Write down the value of r, the prcxluct-moment correlation coefficient, 

and comment on its value. 

3 The same group of students also took a mock and final examination in 
Mathematics. Their percentage scores are in the table below. 

Practice% 72 68 84 78 53 59 77 82 55 62 30 51 40 88 43 

Final % 76 71 90 80 58 81 77 90 54 67 50 58 60 87 64 

a Calculate r and comment on its value. 
b Comment on any differences between r calculated in this question and the 

previous question. 
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4 The product-moment correlation coefficient was calculated for data on each of 
the relationships listed below. 

• The distance someone travels to work and the time it takes 
• A group of students' results in an Art examination and their results in a 

Mathematics examination 
• The value of a second-hand car and its age 
• The size of a pwnpkin and its weight 
a Which relationship is likely to have the following values of r? Justify your 

i) 0.98 
ii) 0.2 
iii) -0.8 

b Estimate a value for r for the relationship not chosen in part a above. 

Justify your answer. 

5 For the students in your class, measure in centimetres their height and the 
length of their right foot. 

a Plot a scatter diagram of the results. 
b Calculate X, the mean height, and Y, the mean foot size. 
c Draw a line of best fit on your scatter diagram. 
d Write down the value of r, the product-moment correlation coefficient, 

and comment on its value. 
e Would you expect the value of r be very different if the data had been 

collected from a class of 11-year-old students? Justify for your answer. 

4.3 The regression line for yon x 
You1, illcomeacros1 
these graphical 
technique~ in the 
Chemi1tryOiploma 

Lines of best fit were drawn by eye in the earlier part of this work on correlation. 
Another, more accurate, line is called a regression line for yon x. This line is the 
optimum line of best fit. 

The formula for the regression line for y on x is 

' y - Y = (s)1(x - i) 

where X is the mean of x 
5iisthemeanofy 
5x is the standard deviation of x 
s_., is the covariance. 
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The table below shows the number of hours 20 students spent studying Spanish in 
the month before an examination and their percentage score. 

Hours of study 21 32 13 40 15 26 27 18 19 10 

Exam mark (%) 62 90 58 78 80 66 56 62 68 50 

Hours of study 21 22 33 44 25 46 17 28 19 20 

Exam mark (%) 74 70 76 80 63 95 57 69 58 64 

' a Find the correlation coefficient r, where r = .....2... 
sxs, 

b Find the equation of the regression line for y on x. 
c Estimate the score for the student who studies JO hours in the month before the 

examination. 

a i = ~ = i: = 24.8 y = ~ = 
1
~~

8 
= 68.8 

, ~J Lix' ~J _li_l_l_±- 248' ~ 968 
X n 20 • • 

s =J L y
1 

- ~2 =J 97268 
- 6881 = 1140 , n J 20 · · 

Lry _ (Ix)(Iy) 35 742 _ 496 x 1376 

s = n 20 80.86 
~ w 

5x:, 80.86 
Thereforer=~= 9.68 x ll.40 =0.733. 

Note: The values for i, Y, Lx2, Ly1, Lxy, sx, s,, sx:i and r can all be taken from your 
calculator, once the data has been entered in two lists as shown before. 

' b )' - Y = (s} (x - i) 

)' - 68.8 =~(x - 24.8) 

)' = 0.863 (x - 24.8) + 68.8 

)' = 0.86Jx + 47.39 

Note: As there are many stages to these calculations, there is the possibility of 
rounding errors. The full answer at each stage should be saved in the memory 
of your calculator. 

The equation of the regression line for yon x can be calculated on your GOC as 
shown before. 
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c As the equation for the regression line has been calculated, this can now be used 
to estimate further values. 
Substitute x = 30 into the equation of regression line: 

'J = 0.863x + 47.39 
y = 0.863 x JO+ 47.39 = 73.29 

Therefore the estimated score for a student who studied 30 hours is 73%. 

Autograph and GeoGebra have the facility to produce the equation of the 
regression line for)' on x efficiently as shown below. 

Autograph 

On the 2D-graph page option, click on 

~ to enter the data. 

Enter the hours of study in the x column 
and the percentage score in they 
column. 

Click 'OK' to graph the data. 

To plot the regression line for yon x, 
click 'Object' and select 'y-on-x 
Regression Line'. 

Its equation will appear at the base of 
the screen. 

-~ 
: .· .. ;.:-.-_· .. . 

. . . _ _, __ 

-~- . . . 
~ . . . : :· ··. . . 



Click 'View' ---t 

'Spreadsheet' to open a 

spreadsheet. 

Enter the hours of study in 
column A and the exam 
mark in column B. 

Highlight the data. 

Select 'Two Variable 
Regression Analysis' from 

the drop-down menu. 

The scatter graph appears 

in a new window. 
Select 'Linear' from the 

Regression Model drop­

down menu. 

The equation of the 
regression line will appear 
under the graph. 
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GeoGebra 

~-·-.. I .. ., 
Cl i:.;. 

[ii1 12J Bill :::: •. -. 
f: _~•,1 0,,._..,_ 

~---

L ·~·~ 
. - -<~ 

: ... .... . 

When the predicted value falls within the range of the given data, then estimates 
are generally valid (interpolation). However, when the predicted value falls outside 
the range of the data (extraJX)lation), it is susceptible to large errors as 
there is the assumption that the data continues to behave linearly outside the 
given range. 
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For example, if using the data above we attempted to predict the examination 
score for a student who studied for 100 hours in the month prior to the exam, the 
extrapolation may produce invalid results as the data ranges from 10 to 46 hours of 
study, and 100 hours is clearly outside of this range. 

Substituting x = 100 into the equation gives: 

'J = 0.863 X 100 + 47.39 = 133.7 

This indicates a score of 134%, which is clearly not possible. 

Note: In GeoGebra there is the additional facility of evaluating values from the 
regression line. 

Evaluate: x" ~ Y" §D 

• Exercise 4.3.1 
Use your GDC to answer the following questions. 

I A group of club cyclists take part in a 25 kilometre race. The table below shows 
the time taken and the mean number of hours' training per week done by each 
cyclist in the ten weeks prior to the race. 

Hourstraining 12 20 3 6 28 22 16 9 1 11 24 17 13 9 

Race time (mins) 80 55 90 86 52 66 70 80 88 74 56 69 74 78 

a Calculate the correlation coefficient r. 
b Calculate the equation of the regression line for 'J on x. 
c Estimate how long, to the nearest minute, the race would have taken for 

someone who trained, on average, 18 hours per week. 
d Comment on the validity of your answer to part c above. 

2 The score ( out of 161) for ten students in an IQ test at the age of 11 was 

compared with their percentage in an 1B Mathematics examination. The results 
are shown below. 

IQ score 90 100 105 88 96 125 130 142 128 105 

18 exam score 

a Calculate the correlation coefficient r. 
b Calculate the equation of the regression line for 'J on x. 
c Two further students had IQ results of95 and 155. Predict their respective 

1B scores. 
d Comment on the validity of your answers to part c above. 
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3 The table shows the salary and the number of years experience of a group of 
firefighters. 

SalaryS(OOOs) TI 27 ® ® ~ 32 25 ~ 27 ® 37 33 

Years of experience 7 4 20 18 11 7 3 17 15 12 

a Calculate the correlation coefficient rand comment on its value. 
b Calculate the equation of the regression line for 'J on x. 
c Estimate the salary of a firefighter with ten years' experience. Comment on 

the validity of your estimation. 
d A firefighter has a salary of$100000. Estimate his age using your equation 

of the regression line from pan b. Comment on the validity of your answer. 

4 The air temperature was taken at various heights by a meteorological balloon. 
The results are shown below. 

Height (OOOs m) 12 16 20 24 28 32 36 40 

Temperature (°C) 4 -20 -32 --40 --46 -48 -51 -57 -60 

a Calculate the correlation coefficient r. Comment on its value. 
b Calculate the equation of the regression line for 'J on x. 
c Estimate the height of the balloon if the outside temperature is recorded as 

- 70 °C. Comment on the validity of your answer. 

4.4 The x2 test for independence 
Youmayuse thisin 
Biology,Psychology 
and Geography 
Oiplomacour"1s 

A chi-squared (x1) test for independence is used to assess whether or not paired 
observations, expressed in a contingency table (two-way table), are independent. 

For example: 
Volunteen; are testing a new drug in a clinical trial. It is claimed that the new 

drug will result in a more rapid improvement rate for sick patients than would 
happen if they did not receive the drug. 

The observed results of the trials are presented in the contingency table below. 

Imp roved Did not improve Total 

Given drug 55 40 95 

Not g iven drug 42 43 85 

Total 97 83 180 

It is difficult to tell from the results whether or not the drug had a significant 
JX15itive effect on improvement rate. Although the results show that more 
volunteers improved than did not improve when given the drug, it is not certain 
whether the difference in results is significant enough to justify the claim. In order 
to verify the claim, a chi-squared (x2) test for independence can be carried out. 

The first step is to set up a null hypothesis (Ha). The null hypothesis is always 
that there is no link between the variables and it is contrasted against an 
altemative h ypothesis (H

1
) which states that there is a link between the variables. 

The null hypothesis is treated as valid unless the data contradicts it. 
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In the example above: 

H0: There is no link between patients being given the drug and improvement rates. 
H 1: There is a link between patients being given the drug and improvement rates. 

The observed results need to be compared with expected or theoretical JX)pulation 
results. 

Of the 180 people in the sample, 95 were given the drug. So, from this we 

estimate that, in the JX)pulation, the probability of being given the drug is-&. 

A total of 97 patients in the trial improved. From the null hypothesis, we would 

expect -tk of these to have been given the drug, i.e. the expected number of 

improved patients who had been given the drug is -fkx 97 = 51.19. 

The next step is to draw up a table of expected frequencies for a group of 180 
patients under the null hypothesis that having the drug is independent of 
improvement. 

Imp roved Did not improve Tota l 

Given drug ~=51.19 ~=43.81 95 
180 180 

Not given drug ~=45.81 ~=39.19 85 
180 180 

Total 97 83 180 

Note: The full answer ro each calculation should be stored in your calculator's 
memory. 

The formula for calculating i- is as follows: 

(f - fl' x1 = L~, where fo are the observed frequencies 
• f

0 
are the expected frequencies 

Thereforexl= (55 s//c/9)1 + (40 43~j81)2 + (42 45~tl)l + (43 J/ic/9)1 
- l.299 

The importance of this number depends on two other factors: 

• The percentage level of significance required (p) 
• The number of degrees of freedom of the data ( t1 ). 

The level of significance refers to the percentage of the data you would expect to be 
outside the normal bounds. 

The number of degrees of freedom of the data relates to the amount of data that 
is needed in order for the contingency table to be completed once the totals for 
each row and column are known. In the example above, if any one of the four 
pieces of data are known, the rest can be deduced. 

In general, if the data in a contingency table has c columns and r rows, then the 
number of degrees of freedom, t1 = (c - l )(r - l ). 
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The result for x1 above needs to be compared with the result in a x1 table. (This 
is provided in the information booklet in your examination.) 

V= 1 

' 
' ' 

'" 
" " 

p = P(X~ c) 

I~ 
0 ' 

All the values in this table are known as critical values. The highlighted value of 
3.841 is the critical value for the 5% level of significance for data with l degree 
of freedom. 

Our calculation of x1 gave a value of 1.299. As 1.299 < 3.841, the null 
hyJX>thesis is supJX>rted, i.e. there is no evidence of a link between being given the 
drug and improvement rates in patients. 

If the calculated value of x1 is greater than the critical value then the null 
hypothesis is rejected. 

The table above has values for I degree offreedom (11 = 1). Sometimes it is felt 
that these estimates are not sufficiently accurate and a different methcxl known as 
Yates' continuity correction can be used. However, this method is beyond the scope 
of this book. 

The value ofx1 can be calculated using your GOC for the example above. 
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Casio 

The observed data needs to be entered as a 
matrix. 

to enter the matrix 

menu. CD to select matrix A. The 

dimensions refer to the number of rows x 

columns of the matrix, i.e. 2 x 2 CD 
Enter the observed data in matrix A. 

Now the x2 test can be applied: 

iii ii v .w;Mow to access the test 

menu within the statistics mode. 

to select 'CHI'. 

a to select matrix B 

CD to display the expected matrix B. 
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Texas 

The observed data needs to be entered as a 
matrix. 

to enter the edit mode. 

r:J to edit matrix A. Enter the dimensions 

of matrix A as rows x columns, i.e. 2 x 2. 

r:J 
Enter the observed data into matrix A. 

Now the x2 test can be applied: 

-~~toselectthe 

'Tests' option within the statistics menu. 

Scroll down to select 'C: i-Test'. r:J 
The default is for the observed data to be in 
matrix A and the expected matrix to be 
entered into matrix B. 

Select 'Calculate'. r:J 
The result for i2 is displayed on the screen. 

To check the expected values of matrix B 
from this screen: 

The matrix is displayed on the screen. Scroll 
across to view all the expected results. 

MATRIX!Al 2 X2 

" " 

MATRIX IA J 2 X2 
!~i .. 

)(2-Test. 
Observed : CA J 
ExPeCt..ed: (BJ 
Calculate Dr.aw 

)(2-Test. 
)(ho1 .2991559€,1 
p:. 2543674472 
df=l 

(BJ 
C [51.1i444444 4 .. . 

C4::i .S0::i::i::i:!l::i6 3 .. . 
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A television presenter on a motoring show claimed that 'men like cars with big 
engines and women do not'. In order to test the validity of this claim, data is 
collected from a random sample of men and women about the engine size of the 
cars that they own. This is presented in the contingency table below. 

Engine size (li tres) 1.6 1.8 2.0 2.3 2.8 3.0 5.0 Total 

24 16 18 26 

21 17 27 20 11 

Tot a l 45 33 45 46 19 

a Set up a null and alternative hypothesis. 
b Construct an expected frequency contingency table. 
c Calculate the value of x1• 

d State the number of degrees of freedom of the data. 

100 

100 

200 

e State, giving reasons, whether the presenter's statement was statistically valid at 
a 10% level of significance. 

a H0 Choice of engine size is independent of gender. 
H 1 Choice of engine size is dependent on gender. 

Enginesize(litres) 1.6 1.8 2.0 2.3 2.8 3.0 5.0 Total 

Male(f
0

) 100 x 45:ll.S 100 X 33= lG. 5 22.S 23 9.5 4.5 1.5 100 
200 200 

Female(f
0

) 22.5 16.S 22.S 23 9.5 4.5 1.5 100 

Total 45 33 45 46 19 9 3 200 

.2_ ,_(lo - f.)' _ (24 - 22.5)' (16 - 16.5)' ...... + (0 -1.51.5)' - 6.398 
c X - f. - 22.5 + 16.5 + 

d , - (2 - 1)(7 - 1) - 6 
e Look at the x1 table. 

• = 1 

' ; 
9.236 

~ 

As the x1 value of 6.398 is less than the critical value of 10.645, the null 
hypothesis is supported, i.e. the presenter's statement is not supported by 
statistical evidence. 
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• Exercise 4.4.1 
Check your answers using a GDC. 

I A survey of cyclists and non-cyclists was carried out to see whether their 
opinions differed as to whether helmets should be compulsory for cyclists. 

The results of the survey are given below. 

Helmet compulsory Helmet voluntary Tot al 

Cycl ist 65 235 

Non-cyclist 185 115 

Tot al 250 350 

a Set up a null and alternative hypothesis. 
b Construct an expected frequency contingency table. 
c Calculate the value of r!. 
d State the number of degrees of freedom of the data. 

300 

300 

600 

e State, giving reasons, whether the null hypothesis is supported or rejected 
at a 5% level of significance. 

2 Patients were given a new cancer drug. The patients selected for the trial were not 
expected to live for more than three months. For comparison purposes, a second 
group of similar patients were given a placeOO (a tablet which contains no drug). 

The results of the trial are given in the contingency table below. 

Alive after 3 months Not al ive after 3 mont hs Total 

Given drug 87 53 

Given placebo 65 65 

a Set up a null and alternative hypothesis. 
b Construct an expected frequency contingency table. 
c Calculate the value oft. 
d State the number of degrees of freedom of the data. 

140 

130 

e State, giving reasoru, whether the null hypothesis is supported or rejected 
at a I% level of significance. 
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3 A survey was carried out to establish whether or not smoking is related to high 
blood pressure. 

The blood pressure of a random sample of smokers and non-smokers was taken 
and the results are summarized in the contingency table below. 

High blood pressure Normal blood pressure Total 

Non-smoker 84 46 

Smoker 362 108 

Total 446 154 

a Set up a null and alternative hypothesis. 
b Construct an expected frequency contingency table. 
c Calculate the value of x1• 

d State the number of degrees of freedom of the data. 

130 

470 

600 

e State, giving reasons, whether the null hypothesis is supponed or rejected 
at a l % level of significance. 

4 A survey is done to see if the type of holiday preferred by French people is gender 
dependent. 

The results of the survey carried out on a random sample of French people are 
shown below. 

Beach Walking Cru ise Sail 

Male 62 51 22 31 

Female 89 37 45 28 

Total 151 88 67 59 

a Set up a null and alternative hypothesis. 
b Construct an expected frequency contingency table. 
c Calculate the value of x2• 

d State the number of degrees of freedom of the data. 

Ski Total 

44 210 

51 250 

95 460 

e State, giving reasons, whether the null hypothesis is supported or rejected 
at a 10% level of significance. 
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5 A music magazine carried out a survey to see if a person's preference in music 
was dependent on their age. The results from a random sample of people are 
shown below. 

Music Rock Po p Blues 

Ag, 

0-19 40 52 11 

20-39 18 46 18 

40+ 12 14 28 

Total 70 112 57 

a Set up a null and alternative hypothesis. 
b Calculate the value of i. 

Jazz 

17 

33 

24 

74 

c State the number of degrees of freedom of the data. 

Classical Tota l 

129 

16 131 

11 89 

36 349 

d State, giving reasons, whether the null hypothesis is supported or rejected 
at a 5% level of significance. 

• Student assessment 1 
1 State what type of correlation you might expect, if any, if the following data was collected and plotted 

on a scatter diagram. Justify your answer. 
a The age of a motorcycle and its second-hand selling price 
b The number of people living in a house and the number of rooms the house has 

2 Two normal distribution curves, A and B, are shown below. 

Which of the two curves has: 
a the greater mean/ Justify your answer. 
b the greater standard deviation? Justify your answer. 
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3 The lifespan of a brand of light bulb is said to be normally distributed with JI = 600 days and a = 100 days. 
a Sketch a normal distribution curve to show the above data. Label the horizontal axis clearly. 
b Calculate the percentage of light bulbs expected to last for longer than 650 days. Shade and label 

this region on your sketch. 
4 A department store decides to investigate whether there is a correlation between the number of pairs 

of gloves it sells and the outside temperature. Over a one-year period it records, every two weeks, how 
many pairs of gloves are sold and the mean daytime temperature during the same period. The results 
are given in the table below. 

Meantemp. (°C) 8 10 10 11 12 14 16 16 17 18 18 

Number of pairs of gloves 61 52 49 54 52 48 44 40 51 39 31 43 35 

Meantemp. (°C) 19 19 20 21 22 22 24 25 25 26 26 27 28 

Number of pairs of gloves 26 17 36 26 46 40 30 25 11 7 

a Plot a scatter diagram of mean temperature against number of pairs of gloves. 
b What type of correlation is there between the two variables? 
c How might this information be useful for the department store in the future? 

5 A group of dogs with kidney problems were given a new drug. A control group were not. The results 
were as follows. 

Improved Did not improve 

Given drug 162 9S 

Not g iven drug 104 46 

To tal 266 144 

a Set up a null and alternative hypothesis. 
b Construct an expected frequency contingency table. 
c Calculate the value of i. 
d State the number of degrees of freedom of the data. 

Total 

260 

150 

410 

e State, giving reasons, whether the null hypothesis is supported or rejected at a 5% level of 
significance. 
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• Student assessment 2 
1 State what type of correlation you might expect if the following data was collected and plotted on a 

scatter diagram. Justify your answers. 
a The amount someone earns and the amount they spend 
b A person's age and the number of brother and sisters they have 

2 The durations of songs on a girl's mpJ player are normally distributed with an expected value of 
3.8 minutes and a standard deviation of 0.4 minutes. 
a What percentage of songs last between 3.6 and 4.1 minutes? 
b Sketch a fully labelled normal distribution curve ro show the results obtained in part a above. 

3 In a school long jump competition, the lengths jumped are considered normally distributed with a 
mean of 2.8 m and a standard deviation of 1.1 m. 
a What percentage of students manage to jump further than 4.0 m? 
b Sketch the normal distribution curve, labelling the horizontal axis clearly and shading the region of 

the curve represented in part a above. 
c Explain, with reference to your sketch and the data given, why the data cannot be truly normally 

distributed. 

4 The popularity of a group of professional football players and their yearly salary is given in the table 
below. 

Popularity 10 

Salary(S million) 4.8 3.6 4.5 3.1 7.7 6.3 2.9 3.1 4.1 1. .8 

Popularity 11 12 13 14 15 16 17 18 19 20 

Salary(S million) 4.5 3.1 2.7 3.9 6.2 5.8 4.1 5.3 7.2 6.S 

a Calculate the equation of the regression line for y on x. 
b Calculate the value of the correlation coefficient r. 
c The statement is made in a newspaper 'Big money footballers are not JX)pular with fans'. Comment 

on this statement in the light of your results above. 

5 A vote was taken for or against a ban on foxhunting. The results for rown and country dwellers are 
recorded in the contingency table below. 

Town dwellers Country dwellers 

Ban foxhunting 4240 

Allow foxhunting 1360 

Tot al 5600 

a Set up a null and alternative hypothesis. 
b Calculate the value of i. 

1263 

2537 

3800 

Total 

S503 

3897 

9400 

c State whether the null hypothesis is supported or rejected at a 1% level of significance. 
Justify your answers. 
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Examination questions 
I Tony wants to carry out a x1 test to determine whether or not a person's choice of one of the 

three professions; engineering, medicine or law is influenced by the person's sex (gender). 
a State the null hypothesis, 1---\i, for this test. [l ] 
b Write down the number of degrees of freedom. [l] 
Of the 400 people Tony interviewed, 220 were male and 180 were female. 80 of the people 
had chosen engineering as a profession. 
c Calculate the expected number of female engineers. [2] 
Tony used a 5% level of significance for his test and obtained a p-value of 0.0634 correct to 

J significant figures. 
d State Tony's conclusion to the test. Give a reason for this conclusion. [2] 

Paper I , May 10, Q l O 

2 The heat output in thermal units from burning l kg of wood changes according to the wood's 
percentage moisture content. The moisture content and heat output of 10 blocks of the same type of 
wood each weighing I kg were measured. These are shown in the table. 

Moisturecontent %(x) 15 22 30 34 45 50 60 74 82 

Heat output (y) M 77 74 ~ @ 61 61 ~ ~ ~ 

a Draw a scatter diagram to show the aOOve data. Use a scale of2 cm to represent 10% on the 

x-axis and a scale of 2 cm to represent 10 thermal units on the y-axis. [4] 
b Write down 

i) the mean percentage moisture content, X; 

ii) the mean heat output, 9. [2] 
c Plot the point (X, 9) on your scatter diagram and label this point M. [2] 
d Write down the prcduct- moment correlation coefficient, r. [2] 

The equation of the regression line)' on xis)'= ---0.470x + 83.7. 
e Draw the regression line y on x on your scatter diagram. [2] 
f Estimate the heat output in thermal units of a I kg block of wood that has 

25% moisture content. [2] 
g State, with a reason, whether it is appropriate to use the regression line yon x to 

estimate the heat output in pan f. [2] 

3 Part A 
In a mountain region there appears to be a 
relationship between the number of trees 
growing in the region and the depth of snow in 
winter. A set of 10 areas was chosen, and in 
each area the number of trees was counted and 
the depth of snow measured. 
The results are given in the table opposite. 

Number of t rees (x) 

45 

75 

66 

27 

44 

28 

60 

35 

73 

47 

Paper 2, May 11 , Q i 

Depth of snow in cm (y) 

30 

50 

40 

25 

30 

35 

20 

45 

25 
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a Use your graphic display calculator to find 
i) the mean number of trees; 
ii) the standard deviation of the number of trees; 
iii) the mean depth of snow; 
iv) the standard deviation of the depth of snow. 

~;:7t:a~~:~\1~;'p:~~;~moment correlation coefficient, r. 

c Write down the equation of the regression line of yon x. 
d If the number of trees in an area is 55, estimate the depth of the snow. 
e i) Use the equation of the regression line to estimate the depth of snow in an area 

with lOOtrees. 
ii) Decide whether the answer in e i) is a valid estimate of the depth of snow in the area. 

Give a reason for your answer. 

PartB 

141 

[2] 
[2] 
[2] 

[2] 

In a study on 100 students there seemed to be a difference between males and females in their choice 
of favourite car colour. The results are given in the table below. Ai- test was conducted. 

Blue Red Green 

Males 14 

Females 31 24 17 

a Write down the total number of male students. [l] 
b Show that the expected frequency for males, whose favourite car colour is blue, is 12.6. [2] 
The calculated value ofx1 is 1.367. 
c i) Write down the null hypothesis for this test. 

ii) Write down the number of degrees of freedom. 

iii) Write down the critical value of x2 at the 5% significance level. 
iv) Determine whether the null hypothesis should be accepted. Give a reason for your answer. [5] 

P:iper 2, N ov 09, Q4 
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3 can we reliably use the_ 
equation of the re~~sion 
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of many un1vers1t1es 
f.Aathematics departments? 

4 It may help you to ' 
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product-moment 
correlationcoefficient.r, 
more clearly if you 
calculate it without using 
yourGDC. 

1 what is a 'Black swan 
Event'?Whatlessonsdoes 
it give students of 
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Geometry and trigonometry 

Syllabus content 
Revision: Coordinates in two dimensions: points; lines; midpoint; distance 
between two points. 

5.1 Equation of a line in two dimensions: the forms )' = mx + c and 
ax+/ry+d=O. 

Gradient; intercepts. 

Points of intersection of lines. 

Lines with gradients m1 and mr 

Parallel lines m1 = mr 

Perpendicular lines m1 x m1 = - L 

5.2 Use of sine, cosine and tangent ratios to find the sides and angles of 
right-angled triangles. 

Angles of elevation and depression. 

5.3 Useofthesinerule:
5
i:A = siI~B = si~C. 

Use of the cosine rule: a1 = bl + ,2 - 2bc cos A; cos A = b
1 

+ z'~ - a
1

• 

Use of area of a triangle: Jab sin C. 

Construction of labelled diagrams from verbal statements. 

5.4 Geometry of three-dimensional solids: cuboid; right prism; right pyramid; 
right cone; cylinder; sphere; hemisphere and combinations of these solids. 

The distance between two points, e.g. between two vertices or vertices with 
midpoints or midpoints with midpoints. 

The size of an angle between two lines or between a line and a plane. 

5.5 Volume and surface areas of the three-dimensional solids defined in 5.4. 
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Introduction 
On 22 October l 707 four English war ships, The Association ( the flagship of 
Admiral Sir Clowdisley Shovell) and three others, struck the Gilstone Ledges off 
the Scilly Isles and more than two thousand men drowned. Why? Because the 
Admiral had no way of knowing exactly where he was. He needed two coordinates 
to place his position on the sea. He only had one, his latitude. 

The story of how to solve the problem of fixing the second coordinate 
(longitude) is raid in Dava Sobel's book Longitude. The British Government offered 
a prize of £20000 (millions of pounds at today's prices) to anyone who could solve 
the problem of how to fix longitude at sea. 

Cartesian coordinates, using (x, )') coordinates, are named after Descartes. 
Rene Descartes ( 1596-1650) was a French philosopher and mathematician. He is 
considered one of the most original thinkers of all time. His greatest work is The 
Meditations (published in 1641) which asked 'How and what do I knowr 

His work in mathematics formed a link between algebra and geometry. He 
believed that mathematics was the supreme science in that the whole phenomenal 
world could be interpreted in terms of mathematical laws. 

In this topic we will look at fixing positions in one and two dimensions, the 
properties of triangles and the geometrical properties of common three-dimensional 
shapes. 

Revision of coordinates 
To fix a point in two dimensions (20), its pa;ition is given in relation to a 
point called the origin. Though the origin, axes are drawn perpendicular to each other. 
The horizontal axis is known as the x-axis, and the vertical axis is known as the y-axis. 

111 
1 2 3 4 5 X 

The x-axis is numbered from left to right. The y-axis is numbered from bottom to top. 
The position of point A is given by two coordinates: the x-coordinate first, 

followed by they-coordinate. So the coordinates of point A are (3, 2). 
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A number line can extend in both directions by extending the x- and y-axes 
below zero, as shown in the grid below. 

y 

D 

' 3 ~ X 

' 
> 

C B 

Points B, C, and D can be described by their coordinates: 

Point Bis at (3, -3) 
Point C is at (-4, -3) 
Point Dis at (-4,3) 

Calculating the distance between two points 
To calculate the distance between two points, the coordinates need to be given. 
Once these are known, Pythagoras' theorem can be used to calculate the distance. 

The ccordinates of two points are (1, 3) and (5, 6). Draw a pair of axes, plot the 
given points and calculate the distance between them. 

(! ,6) 

V 

4 l-t-J,<-t--t--t-t-1-1 
3 / 

2 
(1 ,3) 

Q 1 2 3 4 5 6 7 8 X 

By dropping a perpendicular from the point (5, 6) and drawing a line across 
from (1, J), a right-angled triangle is formed. The length of the hypotenuse of 

the triangle is the length we wish to find. 



1 

Using Pythagoras' theorem, we have: 

al= 31 + 41 

a1 = 25 

" -vs 
a = 5 

The distance between the two lX)ints is 5 units. 
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To find the distance between the JX)ints directly from the coordinates, use the 
formula: 

Without plotting the points, calculate the distance between the points (I, 3) and 
(5, 6). 

d - 'V ([ - 5)' + (3 - 6)' 

- 'V H)' + (-3)' 

-vs 
- 5 

The distance between the two points is 5 units. 

The midpoint of a line segment 
To find the midpoint of a line segment, use the coordinates of its end points. To 
find the x-coordinate of the midJX)int, find the mean of the x-coordinates of the 
end points. Similarly, to find the )'-coordinate of the midJX)int, find the mean of 
the y-coordinates of the end JX)ints. 

I Find the coordinates of the midJX)int of the line segment AB where A is (1, 3) and 
Bis (5, 6). 

The x-coordinate at the midpoint will be .!.f2 = 3 

They-coordinate at the midJX)int will be 3 
; 

6 
= 4.5 

So the coordinates of the midpoint are (3, 4.5). 

2 Find the coordinates of the midJX)int of a line segment PC>, where Pis (-2, -5) 
andQis(4, 7). 

The x-coordinate at the midJX)int will be - 2 
/ 4 

= l 

They-coordinate at the midJX)int will be -
5 t 7 

= I 

So the coordinates of the midpoint are (I, I). 
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• Revision exercise 
I i) Plot each of the following pairs of points. 

ii) Calculate the distance between each pair of points. 
iii)Find the coordinates of the midpoint of the line segment. 

a (5, 6) (I, 2) b (6, 4) (3, I) 
, (I, 4) (5, 8) d (0, 0) (4, 8) 
, (2, I) (4, 7) f (0, 7) (-3, I) 
g (-3,-3)(-1,5) h (4,2)(-4,-2) 
i (-3, 5) (4, 5) j (2,0) (2, 6) 
k (-4,3)(4,5) I (3,6)(-3,-3) 

2 Without plotting the points: 
i) calculate the distance between each of the following pairs of points 
ii) find the coordinates of the midpoint of the line segment. 

a (I, 4) (4, I) b (3, 6) (7, 2) 
, (2, 6) (6, -2) d (I, 2) (9, -2) 
, (0,3)(-J,6) f (-3,-5)(-5,-1) 
g (-2, 6) (2, 0) h (2, -3) (8, I) 
i (6, I) (-6, 4) j (-2, 2) (4, -4) 
k (-5, -3) (6, -3) I (3, 6) (5, -2) 

5.1 Straight lines 
Lines are made of an infinite number of points. This section deals with those points 
which form a straight line. Each point on a straight line, if plotted on a pair of axes, 
will have particular coordinates. The relatiomhip between the coordinates of the 
points on a straight line indicates the equation of that straight line. 

Gradient 
Yoo will come across The gradient of a straight line refers to its 'steepness' or 'slope'. The gradient of a 
this in the Economia straight line is constant, i.e. it does not change. The gradient can be calculated by 
Diploma course considering the coordinates of any two points (xp y1), (x1, y1) on the line. It is 

calculated using the following formula: 

Gradient = h:;;z~~:~t~;s:~::~::::n~~::;~~~ts 

By considering the x- and y-coordinates of the two points this can be rewritten as: 
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I The coordinates of two JX)ints on a straight line are ( I, 3) and (5, 7). Plot the 
two points on a pair of axes and calculate the gradient of the line joining them. 

7 - 3 4 
Gradient='s'='"T=4= 1 

1 • . 7) 

2 
(1 3) 4 

1 

012345678X 

Note: It does not matter which JX)int we choose to be (xi' y1) or (Xi, yi) as 
the gradient will be the same. In the example aOOve, reversing the JX)ints: 

3 - 7 -4 
Gradient = t="5 = ~ = l 

2 The coordinates of two JX)ints on a straight line are (2, 6) and (4, 2). Plot the 
two JX)ints on a pair of axes and calculate the gradient of the line joining them. 

2 - 6 -4 
Gradient =~=T= -2 (2 6) 

\ 
4 I\ 

\ 
2 (4 2) 

12345678x 

To check whether or not the sign of the gradient is correct, the following guideline 
is useful: 

Alineslopingthisway 
has a positive gradient 

Alineslopingthisway 
has a negative gradient 

Parallel lines have the same gradient. G:inversely, lines which have the same 
gradient are parallel. If two lines are parallel to each other, their gradients m1 
and m2 are equal: i.e. m1 = mr 
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I/ I/ I/ 
I/ I/ I/ 

/ / V 
/ / / 

/ / / 
I/ I/ I/ 

I/ I/ I/ ,, 

LI' L2, L3 all have the same gradient so are parallel. 

The x-axis and the y-axis on a graph intersect at right angles. They are 

perpendicular to each other. In the graph below, L1 and L2 are perpendicular to 

each other. 

/ 

" 
l's. I/ 

I"- / 
V 

' / 1"-
/ 

" .., 
V ,, 

The gradient m1 of line L1 is 1 and the gradient m2 of line L2 is -t. 
The prOOuct ofm1m2 gives the result -1, i.e. f x (-f) = -1. 

If two lines are perpendicular to each other, the product of their gradients is -1, i.e. 

m1m2= -1. 

Therefore the gradient of one line is the negative reciprocal of the other line, i.e. 
- 1 

ml=-;;-· 
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• Exercise 5.1.1 
I With the aid of axes if necessary, calculate: 

i) the gradient of the line joining the following pairs of points 
ii) the gradient of a line perpendicular to this line. 

, (5.6)(1,21 b (6,41(3, [) 
, (I, 4) (5, 81 d (0, 01 (4. 8) 
, (2, 11 (4, 71 f (0, 71 (-3, 11 
g (-3, -31 (-[, 5) h (4, 21 (-4, -21 
i (-3, 51 (4, 51 (2,01 (2, 61 
k (-4, 3) (4, 51 (3, 61 (-3, -31 

2 With the aid of axes if necessary, calculate: 
i) the gradient of the line joining the following pairs of points 
ii) the gradient of a line perpendicular to this line. 

, (I, 41 (4, 11 b (3, 61 (7, 21 
, (2, 6) (6, -21 d (I, 21 (9, -2) 
, (0, 31 (-3, 61 f (-3, -51 (-5, -1) 
g (-2, 6) (2, 01 h (2, -31 (8, 11 
i (6, 11 (-6, 41 (-2, 21 (4, -41 
k (-5, -JI (6, -31 (3, 61 (5, -21 

Equation of a straight line 
The C(X)rdinates of every point on a straight line all have a common relationship. 
This relationship, when expressed algebraically as an equation in terms of x and/or 
y, is known as the equation of the straight line. 

I By looking at the C(X)rdinates of some of the JX)ints on the line below, determine 
the equation of the straight line. 

Some of the JX)ints on the line have been identified and their C(X)rdinates 
entered in the table. By l(X)king at the table it can be seen that the only rule 
that all the JX)ints have in common is that y = 4. 

Hence the equation of the straight line is y = 4. 
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2 By looking at the coordinates of some of the points on the line below, determine 
the equation of the straight line. 

t. 
012345678x 

Once again, by looking at the table it can be seen that the relationship 
between the x- and )'-coordinates is that each )'-coordinate is twice the 
corresponding x-coordinate. 

Hence the equation of the straight line is y = Zx. 

• Exercise 5.1.2 
I For each of the following, find the coordinates of some of the points on the line 

and use these to find the equation of the straight line. 

·:· ,l· 
o, 2345678 x 012345678X 

'). ·1• 
o,2345678x 12345678x 
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·1• ·1· 
0 12345678x 0 12345678x 

y y 

-
\ 

I\ 
\ 

~~ is- . 
f- f- f-s_:: 

I\ 
\ 

'\ 
- 4 - 3 - 2 - 1 0 1 2 3 4 5 X - 4 - 3 - 2 - 1 0 1 2 3 4 5 X 

2 For each of the following, find the ccx,rdinates of some of the points on the line 
and use these to find the equation of the straight line. 

y y 

I/ 
/ I/ 

/ / 
I/ 

I/ / 
/, -f-f--

I/ / 
- - -:v 1 0 ' -v 3 ' 

1 0 ' 
/ 
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y ~ 
I 

I 

I 
I/ 

I 
I/ I/ 

- - 3 - 1 ov ' 
/ I/ 

/ - - - 1 0 ' 
/ I 

V 

- - 12 1 0 

3 For each of the following, find the coordinates of some of the points on the line 
and use these to find the equation of the straight line. 

y ~ 
_ ::--, K~ , ~ --~ 

I'\ 
I, 

"' "' " I'\ 

" - -p -~ 1 0 ' 
- - - ~ 1 0 ' 

' ' "' 
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y 

I\ 
\ 

I\ 

- II - I\) 0 2 - · --3 1 0 3 ' 

I\ 
\ 

' y 

I\ 

\ ··----
{ >--->----- \. 

1 
I\ 

- - 1 0 += 1f-----

2 f-----

- 1 ~ 2 

, L\ +~ 
I I 

4 a For each of the graphs in questions 2 and 3, calculate the gradient of the 
straight line. 

b What do you notice about the grad ient of each line and its equation ! 
c What do you notice about the equation of the straight line and where the line 

intersects they-axis? 

5 Copy the d iagrams in question 2. Draw two lines on the diagram parallel to the 
given line. 

a W rite down the equat ion of these new lines in the form y = mx + c. 
b What do you notice about the equations of d1ese new para llel lines! 

6 In question 3 you identified the equation of the lines shown in the form 
y = mx + c. Change the value of the intercept c and then draw the new line. 
What do you notice about this new line and the fi rst line? 
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In general the equation of any straight line can be written in the form: 

)' = mx+ C 

where m represents the gradient of the 
straight line and c the intercept with the 
y-axis. This is shown in the diagram. 

By looking at the equation of a 
straight line written in the form y = mx 
+ c, it is therefore possible to deduce the 
line's gradient and intercept with they­

axis without having to draw it. 

Gradient'm' 

I Find the gradient and y-intercept of these straight lines. 
a y=Jx-2 b y=-2x+6 

a Gradient= 3 
y-intercept = - 2 

b Gradient = -2 
y-intercept = 6 

2 Find the gradient and y-intercept of these straight lines. 
a Zy = 4x + 2 b y - Zx = -4 

C -4)' + 2x = 4 d )' ; J = -X + 2 

a Zy = 4x + 2 needs to be rearranged into gradient-intercept form 
(i.e.y = mx+ c): 

y = Zx + l 

Gradient= 2 
y-intercept = I 

b Rearranging y - Zx = -4 into gradient-intercept form, gives: 

y = 2x - 4 

Gradient= 2 
y-intercept = -4 

c Rearranging -4y + Zx = 4 into gradient-intercept form, gives: 

y = fx - I 

Gradient= f 
y-intercept = -1 

d Rearranging Y ; 
3 

= -x + 2 into gradient-intercept form, gives: 

y + 3 = -4x + 8 
y = -4x + 5 

Gradient= -4 
y-intercept = 5 
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• Exercise 5.1.3 
For the following linear equations, find 00th the gradient and y-intercept in each 

I a y = 2x + l 
dy=fx+4 
g y = -x 

2 a y - Jx = l 

d y+2x+4=0 

g 2 + )' = X 

3 a 2y = 4x - 6 

d h=-2x+J 

g 6y-6=12x 

4 a 2x-y=4 

d 12 - Jy = 3x 

g 9x - 2 = -y 

5 a Y; 2 
= ix 

d Zy i Jx = 6 

g~=6 

b y = Jx + 5 
e )' = -Jx + 6 
h y = -x - 2 

b )'+ix-2=0 

ey-ix-6=0 
h Bx-6+y=0 

b Zy = x + 8 

e Jy - 6x = 0 

h 4y-8+2x=0 

b x-y+6=0 

e 5x-b, = I 

h -Jx + 7 = -!)' 

b )': J = 2 

e Jy; 2 = -3 

h~=Z 

6 a 3x y- y = 2 b -x: Zy = y + l 

C l...=..!_ = 2 d .!. = .!. 
X + )' 'J X 

e -(6x2 + y) = y + 1 f Zx - ~)' + 4 = 4 

g y:1+3\:2=-l h*1 +~=-3 

C 'J = X - 2 
f y=-fx+I 
i y = -(Zx - 2) 

c y + 3 = -Zx 

f -Jx + y = 2 
i -(Jx + 1) + y = 0 

Ch =X- 2 
f ty +x= I 

i Zy - (4x - I)= 0 

c -Zy = 6x + 2 

f -jy +I= Zx 
i -(4x - 3) = -Zy 

c2r=0 
f t,: I - -2 

i -(x: Zy) = l 

i ~~6; ~ ~;; = l j -(x - !)'!: ~-yx - 2y) = _ 2 
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The equation of a line through two points 
The equation of a straight line can be deduced once the ccordinates of two points 
on the line are known. 

Calculate the equation of the straight line passing through the points (-3, 3) and 
(5,5). 

Plotting the two points gives: 

y I 
I 
I 

(5 )5) 

~,::tr,-::: " ......... --+-
I 
I 

- 4 - 3 - 2 - 1 0 1 2 3 4 5 X 

The equation of any straight line can be written in the general form y = mx + c. 
Here we have: 

Gradient= 5 ~ ( ~J) = ~ = i 
The equation of the line now rakes the form y = f x + c. 

Since the line passes through the two given points, their coordinates must 
satisfy the equation. So to calculate the value of c, the x- and y-coordinates of 
one of the points are substituted into the equation. 

Substituting (5, 5) into the equation gives: 

5 = t X 5 + C 

5 =ti+ C 

Therefore c = 5 - ti= Jf 
The equation of the straight line passing through (-3, 3) and (5, 5) is: 

y =ix+ 3i. 
We have seen that the equation of a straight line takes the form)' = mx + c. It can, 
however, also take the form ax+ by + d = 0. It is possible to write the equation 
y = mx + c in the form ax + by + d = 0 by rearranging the equation. 

In the example above, y =ix+ 3i can be rewritten as y = i + ¥· 
Multiplying both sides of the equation by 4 produces the equation 4y = x + 15. 
This can be rearranged to -x + 4y - 15 = 0, which is the required form with 
a = -1, b = 4 and c = -15. 
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• Exercise 5.1.4 
Find the equation of the straight line that passes through each of the following 
pairs of points. Express your answers in the form: 
i) 'J = mx+ C 

ii ) ax+ by + d = 0. 

l , (I. 1) (4, 7) 
d (0, -4) (3, -1) 
g (3, -4) (10, -18) 

2 , (-5, 3) (2, 4) 
d (2, 5) (I, -4) 
g (-5, 2) (6, 2) 

b (I, 4) (3, 10) 
, (I, 6) (2, 10) 
h (0, -1) (I, -4) 

b (-3, -2) (4, 4) 
, (-3, 4) (5,0) 
h (1, -3) (-2, 6) 

Drawing straight-line graphs 

, (1,5)(2,7) 
f (0, 4) (1,3) 
; (0, 0) (10, 5) 

, (-7, -3) (-1, 6) 
f (6, 4) (-7, 7) 
; (6, -4) (6, 6) 

To draw a straight-line graph only two points need to be known. Once these have 
been plotted the line can be drawn between them and extended if necessary at both 
ends. It is important to check your line is correct by taking a point from your graph 
and ensuring it satisfies the original equation. 

I Plottheliney=x+3. 

1• 0 12345678X 

To identify two points, simply choose two values of x. Substitute these into 
the equation and calculate their corresponding y-va\ues. 

When x = 0, y = 3. 
When x = 4, y = 7. 

Therefore two of the points on the line are (0, 3) and (4, 7). 
The straight line y = x + 3 is plotted as shown. 
Check using the point ( l, 4 ). 

Whenx = l, y = x + 3 = 4,so(l, 4) satisfiestheequationoftherequired line. 
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2 Plot the line y = -Zx + 4. 

I\ 

I\. 

I\ 
\ 

\ 

- - 12 1 0 J 

\ 
y=-2x+4 

When x = 2, y = 0. 
Whenx = -1,y = 6. 

The coordinates of two points on the line are (2, 0) and (-1, 6), and the line 
is plotted as shown. 

Check using the JX)int (0, 4). 

When x = 0, y = -2x + 4 = 4, so (0, 4) satisfies the equation of the required line. 

Note that, in questions of this sort, it is often easier to rearrange the equation into 
gradient-intercept form first. 

• Exercise 5.1 .5 
l Plot the following straight lines. 

a y = Zx + 3 b y = x - 4 

d y = -Zx e y = -x - I 

g -y = 3x - 3 h Zy = 4x - 2 

2 Plot the following straight lines. 
a -Zx + y = 4 b -4x + Zy = 12 
d2x=x+l e3y-6x=9 
g x+)·+2=0 h Jx+Zy-4=0 

3 Plot the following straight lines. 

ax;y=I bx+i=l 

d y+j=J e f+J=o 
g y-~x-y)=-1 h ~-i=o 

C 'J = Jx - 2 

f y = -fx + 4 
iy-4=3x 

C Jy = 6x - J 
f Zy + x = 8 
i 4=4y-Zx 

c j+f = I 

f -(2x4 + y) = I 

i -Z(x + )') + 4 = -y 
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Solving simultaneous equations 
The process of solving two equations and finding a common solution is known as 
solving equations simultaneously. Simultaneous equations can be solved 
algebraically by elimination or by substitution. 

By elimination 
The aim of this method is to eliminate one of the unknowns by either adding or 
subtracting the two equations. 

Solve the following simultaneous equations by finding the values of x and )' which 
satisfy both equations. 

a 3x + y = 9 
5x - y = 7 

b4x+)·=23 
x+y=B 

a 3x + y = 9 (1) 
5x - y - 7 (2) 

By adding equations (1) + (2) the variable y is eliminated: 

Bx= 16 
x=2 

To find the value of y, substitute x = 2 into either equation (I) or (2 ). 
Substituting x = 2 into equation ( I): 

3x + y = 9 
6+y=9 

y=J 

To check that the solution is correct, substitute the values of x and y into 
equation (2). If it is correct then the left-hand side of the equation will equal 
the right-hand side. 

Sx - y = 7 
10-3-7 

7 - 7 

b 4x+y=23 (1) 
X + 'J = 8 (2) 

By subtracting the equations i.e. ( 1) - (2), the variable y is eliminated: 

3x = 15 
x=S 

By substituting x = 5 into equation (2), y can be calculated: 

x+y=B 
5+y=8 

y = 3 



222 GEOMETRY AND TRIGONOMETRY 

Check by substituting both values into equation (I): 

4x + y = 23 
20+3=23 

23 - 23 

By substitution 
The same equations can also be solved by the method known as substitution. 

Solve these simultaneous equations by finding the values of x and y which satisfy 
00th equations. 

a Jx + y = 9 
5x - y = 7 

b4x+y=23 
x+y=8 

a3x+y=9 (1) 
5x - y = 7 (2) 

Equation (2) can be rearranged to give y = 5x - 7. This can now be substituted 
into equation ( l ): 

Jx + (Sx - 7) = 9 
Jx + Sx - 7 = 9 

Bx - 7 = 9 
Bx= 16 
x=2 

To find the value of y, x = 2 is substituted into either equation ( 1) or (2) as 
before giving y = 3. 

b4x+y=Z3 (1) 
X + )' = 8 (2) 

Equation (2) can be rearranged to give y = 8 - x. This can be substituted into 
equation ( l): 

4x + (8 - x) = 23 
4x+8-x=23 

3x+8=23 
Jx = 15 
x=5 

y can be found as before, giving a result of y = 3. 

Graphically 
Simultaneoll5 equations can also be solved graphically by plotting the lines on the 
&ime pair of axes and finding the p::lint of intersection. The Casio GOC can solve 
simultaneous equations algebraically. This gives the p::lint of intersection if the graphs 
do not need to be drawn. Currently the Texas GOC cannot solve simultaneous 
equations algebraically. However, both GOCs can solve them graphically. 
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Using a GOC or graphing .software, find the JX)int of intersection of the lines given 
by the equations below, either algebraically or a graphical method. 

3x+y=9 and 5x-y=7 

MethOO 1: Solving algebraically using the equation solve facility 

Casio 

S D 9 to select the 

'equation' mode from the menu 

to select 'Simultaneous'. 

to select the number of 
unknowns as 2. 

Enter the equation 3x + y = 9 into 
the first row of the matrix where a is 
the coefficient of x, b is the 
coefficient of y and c the constant. 

Enter the equation 5x - y = 7 into 
the second row of the matrix. 

to solve the equations 

simultaneously. 

anX+bnV=l,;n . . ' :[----.: ..:ii 

anx +t:inY=l,;n 

2 

Note: The calculator requests the equations in the form ax+ by= c 
not ax + by+ d = 0. 

The JX)int of intersection of the lines with equations Jx + y = 9 and Sx - y = 7 is 
(2,3). 
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Method 2: Solving graphically 

Your GOC and graphing software can solve simultaneous equations graphically. 
Firstly, rearrange each equation into gradient-intercept form, i.e. y = mx + c: 

3x + )' = 9----) y = -Jx + 9 
5x-y=7----)y=5x-7 

Then use the GOC or graphing software to plot both lines and find the point of 
intersection. 

Casio 

8 g to select the graph mode. 

Enter the equations y = -3x + 9 

and y = Sx - 7 

from the 'graph solve' menu. 

The results are displayed on the screen. 

....___J to enter the equations 

y = - 3x + 9 and y = Sx - 7 
to graph the equations 

~ simultaneously. 

Texas 

~ rn to calculate the 

coordinates of the point of intersection. 

Using the cursor select the first 'curve', 

then when prompted select the second 
'curve' Finally move the cursor over the 

point of intersection. 

r:J The calculator will give the 

coordinates of the point of intersection. 

:y: 
[-] 
[-] 

~'ISlCT 



Autograph 

Select ~ and enter the equations 

3x + y = 9 and Sx - y = 7. 

Select both graphs and click on 
'Object' followed by 'Solve 

f(x) - g(x)'. 

The results are displayed in the 
results box by selecting lia . 

GeoGebra 

Enter the equations 3x + y = 9 and 
Sx - y = 7 in turn into the input box. 

Type 'Intersect [a, b]' in the input 

box. 

The point of intersection is marked 
on the graph and its coordinates 
appear in the algebra window. 

Equa!lonSOIVflr 
Solutionx=2,y:3 
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Note: The letters 'a' and 'b' are in the command 'Intersect [a, b]' as 

GeoGebra automatically assigns the lines the labels 'a' and 'b' 

The point of intersection of the lines with equations Jx + y = 9 and Sx - y = 7 is 
(2,3). 



226 GEOMETRY AND TRIGONOMETRY 

• Exercise 5.1.6 
Solve these simultaneous equations either algebraically or graphically. 

I a X + 'J = 6 b X + )' = 11 
x-y=Z x-y-1=0 

d Zx + y = 12 ' Jx + y = 17 
Zx - y = 8 3x -y = 13 

2 ' 3x + Zy = 13 b 6x+5y=62 
4x = Zy + 8 4x-5y=B 

d 9x + Jy = 24 ' 7x -y = -3 
x-Jy=-14 4x+y=l4 

3 ' Zx + y = 14 b Sx + 3y = 29 
x+y=9 x+3y=l3 

dx+y=lO ' Zx + 5y = 28 
Jx = -y + 22 4x+5y=36 

4 ' x-y=I b3x-Zy=8 
Zx - y = 6 Zx - Zy = 4 

d X = 'J + 7 ' Bx - Zy = -2 
Jx - y = 17 Jx - Zy = -7 

5 ' X + )' = -7 b Zx + 3y = -18 
X - )' = -J Zx = 3y + 6 

d 7x + 4y = 42 ' 4x-4y=0 
9x-4y=-IO Bx+ 4y = 12 

6 ' Zx + Jy = 13 b Zx + 4y = 50 
Zx-4y+8=0 Zx + y = 20 

' x+y= 10 d Sx + Zy = 28 
3y=22-x 5x+4y=36 

7 ' -4x = 4y b Jx = 19 + Zy 
4x-8y=l2 -Jx +Sy= S 

d Jx +Sy= 29 ' -Sx + Jy = 14 
Jx + )' = 13 Sx+6y=S8 

Further simultaneous equations 

C X + y = 5 
x-y=7 

f 5x + )' = 29 
5x - )' = 11 

c x + Zy = 3 
Bx - Zy = 6 

f 3x =Sy+ 14 
6x+5y=58 

c 4x + Zy = 50 
x + Zy = 20 

f X +fry= -2 
3x + (ry = 18 

C 7x - Jy = 26 
Zx - 3y = I 

f 4x - y = -9 
7x - y = -18 

c Sx - 3y = 9 
Zx + 3y = 19 

f X - Jy = -25 
5x-3y=-17 

c Jx + Zy = 12 
-3x+9y=-12 

f -Zx +By= 6 
Zx = 3 - y 

If neither x nor )' can be eliminated by simply adding or subtracting the two 
equations then it is necessary to multiply one or both of the equations. The 
equations are multiplied by a number in order to make the coefficients of x (or y) 
numerically equal. 



Solve these simultaneous equations 

a Jx + 2y = 22 
x+y=9 

b5x-3y=l 
3x + 4y = 18 

a 3x + 2y = 22 (1) 
X + y = 9 (2) 

To eliminate y, equation (2) is multiplied by 2: 

3x+2y=22 (I) 
2x + 2y = 18 (3) 

By subtracting (3) from (1), the variable y is eliminated: 

x=4 

Substituting x = 4 into equation (2 ), we have: 

x+y=9 
4+y=9 

y = 5 

Check by substituting both values into equation ( I): 

Jx + 2y = 22 
12 + 10 = 22 

22 - 22 

b 5x - 3y = I (I) 
3x+4y=l8 (2) 
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To eliminate the variable y, equation (I) is multiplied by 4 and equation (2) is 
multiplied by 3. 

20x - 12y = 4 (3) 
9x+l2y=54 (4) 

By adding equations (3) and (4) the variable y is eliminated: 

29x = 58 
x=2 

Substituting x = 2 into equation (2) gives: 

Jx + 4y = 18 
6 + 4y = 18 

4y = 12 
y=J 

Check by substituting both values into equation ( I): 

5x - Jy = 1 
10-9-1 

1- 1 
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• Exercise 5.1. 7 
Solve these equations either algebraically or graphically. 

I ' 2x + y = 7 b Sx + 4y = 21 ' x+y=7 
Jx + Zy = 12 X + 2y = 9 3x+ 4y = 23 

d Zx - 3y = -3 ' 4x=4y+8 f x +Sy= 11 
Jx + Zy = 15 x+Jy= 10 Zx - Zy = 10 

2 a X + )' = 5 b Zx - Zy = 6 ' Zx + Jy = 15 
Jx - 2y + 5 = 0 x - Sy= -5 Zy = 15 - 3x 

d x-6y=0 ' Zx - 5y = -11 f X + )' = 5 
Jx - Jy = 15 3x + 4y = 18 2x - Zy = -2 

3 ' Jy = 9 + Zx b x+4y=l3 ' Zx=Jy-19 
Jx + Zy = 6 Jx - 3y = 9 Jx + Zy = 17 

dZx-Sy=-8 ' Sx - Zy = 0 f 8y=3-x 
-Jx - Zy = -26 Zx + 5y = 29 3x - Zy = 9 

4 ' 4x + Zy = 5 b 4x + y = 14 ' !Ox - y = -2 
3x+6y=6 6x - 3y = 3 -15x+3y=9 

d -Zy = 0.5 - Zx ' x+3y=6 f 5x - Jy = -0.5 
6x+3y=6 2x - 9-y - 7 3x + Zy = 3.5 

5.2 Right-angled trigonometry 

Lord Nelson would 

""'""" trigonometry in 
navigation 

Trigonometry and the trigonometric ratios developed from the ancient study of the 
stars. The study of right-angled triangles probably originated with the Egyptians and 
the Babylonians, who used them extensively in construction and engineering. 

The ratios, which are introduced in this chapter, were set out by Hipparchus of 
Rhodes about 150 BC. 

Trigonometry was used extensively in navigation at sea, particularly in the sailing 
ships of the eighteenth and nineteenth centuries, when it formed a major part of the 
examination to become a lieutenant in the Royal Navy. 

The trigonometric ratios 
There are three basic trigonometric ratios: sine, cosine and tangent and you should 
already be familiar with these. 

Each of the trigonometric ratia; relates an angle of a right-angled triangle to a ratio of 
the lengths of two of in; sides. 

The sides of the triangle have names, two of 
which are dependent on their position in relation 
to a specific angle. 

The longest side (always opJX!Site the right angle) 
is called the hypotenuse. The side opJXlsite the angle 
is called the opposite side and the side next to the angle 
is called the adjacent side. 

its. 
B adjacent C 
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Note that, when the chosen angle is at A, the sides 
labelled opposite and adjacent change. 

Tangent 
The tangent ratio is: 

length of apposite side 
tan C = length of adjacent side 

1 Calculate the size of angle BAC. 

tan x° = ~:u::~: = ~ 
x=ran- 1{t) 
X = 38.7 (3 s.f.) 

LBAC = 38. 7° (3 s.f.) 

2 Calculate the length of QR. 

tan42° = £ 
6xran42°=p 

p- 5.40 (3 ,.f.) 

QR= 5.40cm (3 s.f.) 

Sine 
The sine ratio is: 

length of opposite side 
sinN = length ofhyJX)tenuse 

E ~ pot,o,s, 

i~ 
B opposite C 

I~ 
adjacent C 

Qr7P 
pomv 

i["s: 
M N 
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I Calculate the size of angle BAC. 

. opposite 7 
sm x = hyJX)tenuse = TI 

x = sin-t(tz") 
X = 35.7 (J s.f) 

LBAC = 35. 7° (J s.t) 

2 Calculate the length of PR. 

sin 18° = .!.!. 
q 

qxsinl8° = 11 

11 
q = sin 18° 

q = 35.6 (3 s.f.) 

PR= 35.6cm (3 s.f.) 

Cosine 
The cosine ratio is: 

cos z = length of adjacent side 
length of hyp:,tenuse 

l Calculate the length XY. 

cos 620 = adjacent = 3.... 
hypotenuse 20 

z = 20 x cos 62° 

z = 9.39 (3 s.f.) 

XY = 9.39cm (3 s.f.) 

2 Calculate the size of angle ABC:. 

cos x = adjacent 
hypotenuse 

5.3 
cosx=u 

x =cos- 1(W) 
X = 6J.8 (J s.f.) 

LAOC = 63.8° (3 s.f.) 

~ 
B 7cm C 

11cm a 

~ 
R 

ts 
Y adjacent Z 

' y 
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Pythagoras' theorem 
Pythagoras' theorem states the relationship 
between the lengths of the three sides of a 
right-angled triangle: 

al= b1 + ,1 

I Calculate the length of the side OC. 

Using Pythagoras' theorem: 

al= b1 + ,1 

al= g1 + 151 
a1 = 64 + 36 = 100 

a= 100 
a= 10 

OC = lOm 

2 Calculate the length of the side AC. 

Using Pythagoras' theorem: 

al= bl+ ,1 
al- ,1 = bl 

b1 =144-25= 119 

b - [19 
b = 10.9 (3 s.f.) 

AC= 10.9m (3 s.f.) 
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B 

·~ 
A b C 

B 

.. ~ 
A am c 

A bm C Sl 
B 

Angles of elevation and depression 
The angle of elevation is the angle above the horizontal through which a line of 
view is raised. The angle of depression is the angle below the horizontal through 
which a line of view is lowered. 

I The base of a tower is 60m away from a 
point X on the ground. If the angle of 
elevation of the top of the tower from 
X is 40° calculate the height of the tower. 
Give your answer to the nearest metre. 

tan 40° = ih 
h=60xtan40°=50 

The height is 50 m. 
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2 An aeroplane receives a signal from a point X 
on the ground. If the angle of depression of 
point X from the aeroplane is 30°, calculate the 
height at which the plane is flying. 
Give your aruwer to the nearest 0.1 kilometre. 

sin30° =i 
h = 6 X sin 30° = 3.0 

The height is 3.0 km. 

• Exercise 5.2.1 
I Calculate the unknown length in each of the diagrams. 

b 

P~ Q 

\ lxcm 

d ' f 

16.4cm 

ZJA ~: LjA 
13.7cm 

com B 9.2 om Cxom 61' 

B C 

2 Calculate the size of the marked angle x0 in each of the following diagrams. 

L N P B 5cm A 

61om ~ 

M 1l ,V 
a 4cm R 
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3 Calculate the unknown length or angle in each of the following diagrams. 

A~ J~0 /om K Xv14om a' y 

15.2cm 

a~ ,s~ 

L 

B C z 

4 A sailing boat sets off from a point X and heads towards Y, a point 17 km north. 
At point Y it changes direction and heads towards point Z, a point 12 km away 
on a bearing of 090°. Once at Z the crew want to sail back to X. Calculate: 

a the distance Z:X. 
b the bearing of X from Z. 

5 An aeroplane sets off from G on a bearing of024° towards H , a point 250km 
away. At H it changes course and heads towards Jon a bearing of055° and a 
distance of 180km away. 

D 
a How far is H to the nonh ofG? 
b Howfaris H totheeastofG? 
c How far is J to the nonh of H ? 
d How far is J to the east of H ? 
e What is the shonest distance between G and J? 
f What is the bearing of G from J? 

6 Two trees are standing on flat ground. The 
angle of elevation of their tops from a 
point X on the grow1d is 40°. If the 
horizontal distance between X and the 
small tree is 8 m and the distance between 
the tops of the two trees is 20m, calculate: 

a the height of the small tree 
b the height of the tall tree 
c the horizontal distance between the ~ . 

---am____., 
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7 PQRS is a quadrilateral. The sides RS and QR 
are the same length. The sides QP and RS are 
parallel. 

Calculate: 
a angleSQR 
b angle PSQ 
c length PQ 
d length PS 
e the area of PQRS. 

8 Two hot air balloons are I km apart in the air. 
If the angle of elevation of the higher from 
the lower balloon is 20°, calculate: 

a the vertical height between the two 
ball cons 

b the horizontal distance between the 
two balloons. 

Give your aruwers to the nearest metre. 

p 

S~ Q v~ 
R 

9 A plane is flying at an altitude of 6 km directly over the line AB. It spots two 
boats A and B on the sea. If the angles of depression of A and B from the plane 
are 60° and 30° respectively, calculate the horizontal distance between A and B. 

l O Two people A and B are standing either side of a transmission mast. A is 130 m 
away from the mast and Bis 200m away. If the angle of elevation of the top of 
the mast from A is 60°, calculate: 

a the height of the mast to the nearest metre 
b the angle of elevation of the top of the mast from B. 

·· .. 
··-.... 

·· ... 

r4-130 m~ 200m---->I 
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5.3 Trigonometry and non-right-angled 
triangles 
Angles between 0° and 180° 
When calculating the size of angles using trigonometry, there is often more than 
one possible solution. Most calculators, however, will give only the first solution. 
To be able to calculate the value of a second possible solution, we need to look at 
the shape of trigonometrical graphs in more detail. 

The sine curve 
The graph of y = sinx is plotted below for x in the range O s x s 360", where x is 
the size of the angle in degrees. 

The graph of y = sinx has: 

• a period of 360° (i.e. it repeats itself every 360°) 
• a maximum value of I (at 90") 
• a minimum value of -1 (at 270"). 

sin30° = 0.5. Which other angle between 0° and 180° has a sine of0.51 

From the graph above it can be seen that sin 150° = 0.5. 
sinx = sin(180° - x) 
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• Exercise 5.3.1 ' ' 
I Write down each of the following in terms of the sine of another angle between : 

0° and 180°. : 
a sin60° b sin80" c sinllS" 1 

d sin 140° e sin 128° f sin 167" : 

' 2 Write down each of the following in terms of the sine of another angle between 1 

0° and 180°. : 
a sin35° b sin SO" c sin 30° I 

d sin48° e sin 104° f sin 127° : 

' 3 Solve these equations for 0° :s: x :s: 180°. Give your answers to the nearest degree.I 
a sinx = 0.33 b sinx = 0.99 c sinx = 0.09 : 
d sinx = 0.95 e sinx = 0.22 f sinx = 0.47 : 

4 Solve these equations for 0° s x :s: 180°. Give your answers to the nearest degree.1 

a sinx = 0.94 b sinx = 0.16 c sinx = 0.80 
d sinx = 0.56 e sinx = 0.28 f sinx = 0.33 

The cosine curve 
The graph of y = cos x is plotted below for x in the range O :s: x s 360°, where x is 
the size of the angle in degrees. 

As with the sine curve, the graph of y = cos x has: 

• a period of 360° 
• a maximum value of I (at 0° and 360°) 
• a minimum value of -1 (at 180°). 

Note that cos x0 = -cos(180 - x) 0
• 

I cos 60° = 0.5. Which angle between 0° and 180° has a cosine of -0.5? 

From the graph above it can be seen that cos 120° = -0.5 as the curve is 

symmetrical. 
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2 The cosine of which angle between O" and 180° is equal to the negative of cos 50°? 

cos 130° = -cos 50° 

• Exercise 5.3.2 
l Write down each of the following in terms of the cosine of another angle 

between 0° and 180°. 
a cos 20° 
d cos95° 

b cos 85° 
e cos 147° 

c cos32° 
f cos 106° 

2 Write down each of the following in terms of the cosine of another angle 
between 0° and 180°. 

a cos98° 
d cos 143° 

b cos 144° 
e cosl71° 

C COS 160° 
f cos 123° 

3 Write down each of the following in terms of the cosine of another angle 
between 0° and 180°. 

a -cos 100° 
d -cos 45° 

b cos 90° 
e -cos 122° 

C -COS 110° 
f -cos25° 

4 The cosine of which acute angle has the same value as: 
a COS 125° b COS 107° C -COS 120° 
d -cos 98° e -cos 92° f -cos 110° 

The sine rule 
B With right-angled triangles we can use the 

basic trigonometric ratios of sine, cosine and 
tangent. The sine rule is a relationship which 
can be used with non-right-angled triangles. 

The sine rule states that: 

a b C 

sin A"' sin B "'sinC ~ A b C 

It can also be written as: 

sin A sin 8 sin C 
---;- =----r- =~ 
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I Calculate the length of side BC. 

Using the sine rule: 

" b 
sin A= sin B 

" 6 
sin 40° = sin 30° 

a = sin 
6
300 x sin 40° 

a= 7.71 (3s.f.) 

BC= 7.7lcm(Js.f.) 

2 Calculate the size of angle C. 

Using the sine rule: 

sinA sinC 

sin 60° sin C 
- 6- ·6.5 

sin C = 6.5 x ~in 60° 

C = sin- 1(0.94) 

C • 69.8' (3 s.f.) 

• Exercise 5.3.3 

B 

65om/\6om 

~ A C 

l Calculate the length of the side marked x in each of the following. Give your 
answers to one decimal place. 

' ~ mm 

35' 
25° 

9mm 

b ~ 20om 

~ 

0 m 

0 

om 
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2 Calculate the size of the angle marked (I' in each of the following. Give your 
answers to one decimal place. 

f> Som 

0 

~ 35mm 

~ 
22mm 

1> d ~ ' 6om 

7cm 

30·40· 

3 Triangle AOC has the following dimensions: 

AC= lOcm,AB = 8cm and angleACB = 20°. 

a Calculate the two possible values for angle AOC. 
b Sketch and label the two possible shapes for triangle AOC. 

4 Triangle f'C)R has the following dimeruions: 

P(2 = 6cm, PR= 4cm and angle f'C)R = 40°. 

a Calculate the two possible values for angle QRP. 
b Sketch and label the two possible shapes for triangle f'C)R. 

The cosine rule 
The cosine rule is another relationship which can be used with non-right-angled 
triangles. 

B 

~ 
A b C 

The cosine rule states that: 

a1 = b1 + 2- 2bccosA 
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I Calculate the length of the side BC:. 

Using the cosine rule: 

al = b1+ c1 - 2/x: cosA 

a1 = 91+ 71 - (2 x 9 x 7 x cos50°) 

= 81 + 49 - (126 x cos50°) = 49.0 

a = 49.0 
a= 7.00 (3 s.f.) 

BC= 7.00cm (3 s.f.) 

2 Calculate the size of angle A. 

Using the cosine rule: 

a1 = b1 + c1 - 2bccosA 

Rearranging the equation gives: 

Ir+ cl - al 
cos A= --

2
bc--

151 + 121 - 201 

cosA=~=0.086 

A= cos- 1(-0.086) 

A= 94.9° (3 s.f.) 

• Exercise 5.3.4 

7cm 

9cm 

12 ~, 20cm 

A 

15cm 

I Calculate the length of the side marked x in each of the following. Give your 
answers to one decimal place. 

' b 

C 

2~ •=~ 
3m V-

15cm 
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2 Calculate the angle marked ()0 in each of the following. Give your answers to 
one decimal place. 

~ :_~:~ :.v-5'm 
25 m ,. 

d /7.4'm 
18cm 

' ~ 7cm ,. 
15om 

3 Four players W, X, Y and Z are on a rugby pitch. 
The diagram shows a plan view of 
their relative positions. 

Calculate: 
a the distance between players X and Z 
b angleZWX 
c angleW?:X. 
d angle Y?:X. 
e the distance between players Wand Y. 

10cm 

4 Three yachts A, Band Care racing off the 'Cape'. Their relative positions are 
shown in the diagram. 

Calculate the distance between Band C to the nearest !Om. 
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5 A girl standing on a cliff top at A can see 
two buoys X and Y, 200 m apart, floating on 
the sea. The angle of depression of Y from 
A is 45°, and the angle of depression ofX 
from A is 60° (see diagram). 

If A, X, Y are in the same vertical plane, 
calculate: 

a the distance A Y 
b the distance AX 
c the vertical height of the cliff. 

A 

- ~-- ·-~:········ 

\<:.:::······ ..... 

6 There are two trees standing on one side of a river bank. On the opposite side is 
a boy standing at X. 

Using the information given, calculate the distance between the two trees. 

50m 

The area of a triangle 
The area of a triangle is given by the formula: 

Area =fbh 

where b is the base and h is the vertical height of the triangle. 

From trigonometric ratios we also know that: 

sinC=~ 

Rearranging, we have: 

h = asinC 

Substituting for h in the original formula gives another formula for the area of a 
triangle: 

Area=~sinC 
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• Exercise 5.3.5 
I Calculate the area of the following triangles. Give your answers to one decimal 

place. 

, ~ om 

~ 
14cm 

' ~ 
40cm 

10' 
35cm 

b t;? 12mm 

80° 12 mm 

6omr97 y 
2 Calculate the value of x in each of the following. Give your answers correct to 

one decimal place. 

"" 15cm V 

9om~ 1600 
area= 20 cm2 

~ xom~ 

~ 
Som ~ 

area= 50Cffi< 
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3 ABCD is a schcd playing field. The following lengths are known: 

OA = 83m, OB= 122m, OC = 106m, OD= 78m 

Calculate the area of the school playing field to the nearest 100m2• 

·~~~- " 
~ 

D 

C 

4 The roof of a garage has a slanting length of J m and makes an angle of 120° at 
its vertex. The height of the garage is 4 m and its depth is 9 m. 

Calculate: 
a the cross-sectional area of the roof 
b the volume occupied by the whole garage. 

5.4 Geometry of three-dimensional solids 
Egyptian society arow,d 2000 BC was very advanced, particularly in its 
understanding and development of new mathematical ideas and concepts. One of 
the most imJX)rtant pieces of Egyptian work is called the 'Moscow Papyrus' - so 
called because it was taken to Moscow in the middle of the nineteenth century. 
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The Moscow Papyrus was written in aOOut 1850 BC 

and is important because it contains 25 mathematical 
problems. One of the key problems is the solution to 
finding the volume of a truncated pyramid. Although 
the solution was not written in the way we write it 
today, it was mathematically correct and translates into 
the formula: 

V = (a1 +ab+ b1)h 
3 

The application of trigonometry first to triangles and then to other two-dimensional 
shapes led to the investigation of angles between a line and a plane, and then further 
to the application of trigonometry to three-dimensional solids such as the cuOOid, 
pyramid, cylinder, cone and sphere. 

Trigonometry in three dimensions 

I The diagram shows a cube of edge length 3 cm. 
a Calculate the length EG. 
b Calculate the length AG. 
c Calculate the angle EGA. 
d Calculate the distance from the midpoint X of AB to the midpoint Y of BC. 

.:1~tf:J, 
_ _, · 3cm 

H 3cm G 

a Triangle EHG (below) is right angled. Use Pythagoras' theorem to 

calculate the length EG. 

A B 

{lrJ 
H 3cm G 

EG1 = EH2 + HG 1 

EG2 = 31 + 31 = 18 

EG = 18cm 

3cm ~ 

H 3cm G 
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b TriangleAEG (below) is right angled. Use Pythagoras' theorem to 

calculate the length AG. 

A B 

'~~ c •• ~ -...,..--... 
H 3cm G 

AG1 = AE1 + EG1 

AG1=31+ (,,[ts)1 

AG1 =9 + 18 

AG='-J27cm 

c To calculate angle EGA, use the triangle EGA: 

A 

,~~ 
E filcm G 

tanG =__l__ 
m 

Angle G (EGA) = 35.3° (3 s.f.) 

d To calculate the distance from 
X to Y, use Pythagoras' theorem: 

XY1 = XB2 + BYI 
XY1 = 1.51 + 1.51 
XY' - 4.5 
XY= 2.12cm 



2 In the cuboid ABCDEFGH, AB is 
12cm, AD= 9cm and BF= 5cm. 

a i) Calculate the length AC. 
ii) Calculate the length BE. 
iii) Calculate the length HB. 

b X is the midpoint of ffi and 
Y is the midpoint ofGH. 
i) Calculate the length XY. 
ii) Calculate the length XA. 

Geometry of three-dimensional solids 241 

@
Hy G 

D C 

9cm 
F 

m 
A 12cm B 

a i) To calculate AC, consider triangle ABC:. 
Triangle ABC is right angled, so use Pythagoras'theorem: 

~ ·-
ACZ = ABl + ACZ 
ACZ = 12z + 92 
ACZ = 144 + 81 
ACl = 225 
AC= 15cm 

A B 
12cm 

ii) To calculate BE, consider triangle ABE. 
Triangle ABE is right angled, so use Pythagoras'theorem: 

BP=ABZ+BE2 
BP= 122 + 51 
BP= 169 
BE= 13cm ·-~ 

A B 
12cm 

iii) To calculate HB, consider triangle EBH. 
Triangle EBH is right angled, so use Pythagoras'theorem: 

HBZ = EH2 + BEi 
HBZ = 91 + 13l 
HBZ = 81 + 169 
HB = 15.8cm .~~ 

E 13cm B 
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b i) To calculate XY, consider the triangle XYG with a right angle at G. 

XV =XGl + yoz 
xv= 2.51 + 61 
xv= 6.25 + 36 

XY = {42:is = 6.5 cm 

ii) To calculate XA consider the 
triangle AXZ. H G 

:cd2EP 
XZ = 9cm 

Calculate AZ using triangle ABZ. 

All = AB1 + BZl 
All= 121 + 2.52 

All= 144 + 6.25 
AZ= {tso.z5 = 12.3cm 

Then find XA, using triangle AX:L 

AXl = Az2 + xz2 
AXZ = 150.25 + 81 
AXZ = 231.25 
AX= 15.2cm 

• Exercise 5.4.1 
Give all your answers to one decimal place. 

I a Calculate the length HF. 
b Calculate the length of HB. 
c Calculate the angle BHG. 
d Calculate XY, where X and Y are the 

midpoints of HG and FG respectively. 

B 

4':oA C B 
E F 

4cm 

H 4cm G 

2 a Calculate the length CA. 
b Calculate the length CE. 
c Calculate the angle ACE. 2,:~ . 
~ 

H 5cm G 
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3 a Calculate the length EG. 
b Calculate the length AG. 
c Calculate the angle AGE. 

4 a Calculate the angle BCE. 
b Calculate the angle GFH. 

5 The diagram shows a right pyramid where A is 
vertically above X. 

a i) Calculate the length DB. 
ii) Calculate the angle DAX. 

b i) Calculate the angle CED. 
ii) Calculate the angle OBA. 

6 The diagram shows a right pyramid where A 
is vertically above X. 

a i) Calculate the length CE. 
ii) Calculate the angle CAX. 

b i) Calculate the angle BOE. 
ii) Calculate the angle ADB. 

12cm 

H 4cm G 

DOA CB 

7cm E F 

2cm 

H 3cm G 

~ -. 
~ ,m 

D 6cm E 

~ -. 
L:__D)m 

D 6cm E 



250 GEOMETRY AND TRIGONOMETRY 

7 In this cone the angle YXZ = 60°. 
a Calculate the length XY. 
b Calculate the length YZ. 
c Calculate the circumference of the base. 

8 In this cone, the angle XlY = 40°. 
a Calculate the length XZ 
b Calculate the length XY. 

9 lnthediagram,RS= 19.Zcm,SP= 16cmand 
TQ = 7 .2 cm. X is the midpoint of VW. Y is the 
midpoint ofTW. 

Calculate the following, drawing diagrams of 
right-angled triangles to help you. 

a PR b RV 
C PW d XY 
, SY 

P a 10 One corner of this cuboid has been sliced off 
along the plane QTU. 

WU=4cm. 

a Calculate the length of the three sides of 
the triangle QTU. 

b Calculate the three angles Q, T and U in 
triangleQTI.J. 

.. -'15fJ 
-· 6cm 

V 8cm W 

c Calculate the area of triangle QTU. 

The angle between a line and a plane 
T o calculate the size of the angle between the line AB and 
the shaded plane, drop a perpendicular from B. It meets 
the shaded plane at C. Then join AC. 
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The angle between the lines AB and AC represents the angle between the 
line AB and the shaded plane. 

The line AC is the projection of the line AB on the shaded plane. 

AOCDEFGH is a cuboid. 

a Calculate the length CE. 
b Calculate the angle between the 

line CE and the plane ADHE. 

DUA C B 

4cm •• E . . ·- F 

•. •• 2cm 

H 5cm G 

a First use Pythagoras' theorem to calculate the length EG: 

Db~ CB E~ ! 2cm 

4cm • 

:~ ----- -----;~: H 5cm G 

H 5cm G 

EG1 = EH1 + HG1 

EGl = 21+ 51 

EG1 = 29 

EG =Y29cm 

Now use Pythagoras' theorem to calculate CE: 

·-·0 , 
~ m 

H 5cm G 

CE2 = EG1 + co1 
CE' - (m)' + 4' 
CE2 = 29 + 16 

CE = Wern 
CE =6.7lcm(Js.f.) 

C 

~ 4cm 

E~ G 
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•= D~ . ~ E C. BF 5=l~~s: 
~ D E 

H 5cm G 

To calculate the angle between the line CE and the plane ADHE use the 
right-angled triangle CED and calculate the angle CED. 

sinE=~ 

5 
sin E = {45 

E -,in{k) 
E - 48.2' (3 s.f.) 

• Exercise 5.4.2 
l Write down the projection of each line 

onto the given plane. 
a TR onto RSWV 
b TRontoPQUT 
c SU onto PQRS 
d SUontoTUVW 
e PY onto QRVU 
f PY onto RSWV 

2 Write down the projection of each line 
onto the given plane. 

a KMontolJNM 
b KM onto JKON 
c KM onto HIML 
d IO onto HLOK 
e IO onto JKON 
f IO onto LMNO 

3 Write down the angle between the given 
line and plane. 

a PT and P()RS 
b PU and f'C)RS 
c SY and PS\'VT 
d RTandTUVW 
e SUandQRVU 
f PY and PS'XIT 
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4 a Calculate the length BH. 
b Calculate the angle between the line 

BH and the plane EFGH. 

5 a Calculate the length AG. 
b Calculate the angle between the line 

AG and the plane EFGH. 
c Calculate the angle between the line 

AG and the plane ADHE. 

6 The diagram shows a right pyramid where A is 
vertically above X. 

a Calculate the length BO. 
b Calculate the angle between AB and 

CBED. 

7 The diagram shows a right 
pyramid where U is vertically 
above X. 

a Calculate the length WY. 
b Calculate the length UX. 
c Calculate the angle 

between UX and UZY. 

8 ABCD and EFGH are square faces lying 
parallel to each other. 

Calculate: 
a the length DB 
b the length HF 
c the vertical height of the object 
d the angle DH makes with the plane 

AOCD. 

DOA CB 

3cm E _ F 

3cm 

H 4cm G 

·-·1=c1, 
~ m 

H 8cm G 

A 

;%- ' 
~ om 

D 6cm E 
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9 ABCD and EFG H are square faces lying 
parallel to each other. 

Calculate: 
a the length AC 
b the length EG 
c the vertical height of the object 
d the angle CXJ makes with the plane 

EFG H. 

5.5 Volume and surface area of 
three-dimensional solids 
A prism is any three-dimensional object which has a constant cross-sectional area 
Below are a few examples of some of the more common types of prism: 

Rectangular prism 
(cuboid) 

Circular prism 
(cyHnder) 

Triangular prism 

When each of the shapes is cut parallel to the shaded face, the cross-section is 
constant and the shape is therefore classified as a prism. 

Volume of a prism = area of cross-section X length ...-,y./ 
The surface area of a prism is the sum of the areas f -
of its faces. The surface area of a cuboid can be h 

calculated as: 

Surfaceareaofacuboid = Z(wl + lh + wh) 

To calculate the surface area of 
other prisms it is best to visualize 
the net of the solid. A cylinder is 
made up of one rectangular piece 
and two circular pieces. 

Area of circular pieces = 2 x rrr1 
Area of rectangular piece = 2nr x h 
T oral surface area = 2m2 + 2m-h 

= Znr(r + h) 

:I: 
~,~ 

1-----2n, ________., 
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I Calculate the volume and surface area of the L-shaped prism shown. 

i[r:12om 
6cm 

1 i ---- 8 5 ~ cm 

--5cm----... ~ 

The cross-sectional area can be split into two rectangles: 
Area of rectangle A = 5 x 2 = 10cm2 

Area of rectangle B = 5 x l = 5 cm1 

Total cross-sectional area= 10cm2 + 5cm1 = 15cm1 

Volume of prism = 15 x 5 = 75 
The volume of the prism is 75 cm3• 

The surface area of the prism = 2 x cross-sectional area + areas of other faces 
= 2 X 15 + (6 + 2 + 5 + J + l + 5) X 5 
= 2 x 15 + 22 x 5 = 140cm1 

The surface area of the prism is 140cm1. 

2 Calculate the volume and surface area of the cylinder shown. Give your answers 
ro one decimal place. 

Volume of a prism = area of cross-section x length 
= nr1h 
= rt X Jl X 7 
= 631t 
- 197.9 (l d.p.) 

The volume is 197 .9 cm3• 

Total surface area= 2nr(r + h) 
= 2rt X J X (3 + 7) 
=6nx 10 
= 601t 
- 188.5 (l d.p.) 

The total surface area is 188.5 cm2• 
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• Exercise 5.5.1 
I Calculate the volume and surface area of each of the following prisms. Where 

necessary, give your answers to one decimal place. 
a A cuboid with these dimensions: w = 6 cm, l = 23 mm, h = 2 cm. 
b A cylinder with a radius of 3.5cm and a height of 7.2cm. 
c A triangular prism where the base length of the triangular face is 5 cm, the 

perpendicular height is 24 mm and the length of the prism is 7 cm. 

2 The diagram shows a plan view of a cylinder iruide a box the shape of a cube. If 
the radius of the cylinder is 8cm, calculate: 

a the height of the cube 
b the volume of the cube 
c the volume of the cylinder 
d the percentage volume of the cube not occupied by the cylinder. 

D 
3 A chocolate bar is made in the shape of a triangular prism. The triangular face of 

the prism is equilateral and has an edge length of 4 cm and a perpendicular 
height of 3.5 cm. The manufacturer also sells these in special packs of six bars 
arranged as a hexagonal prism. If the prisms are 20 cm long, calculate: 

a the cross-sectional area of the pack 
b the volume of the pack 
c the surface area of the pack. ~~ 

35omj ~ 

''"' 
4 A cuboid and a cylinder have the same volume. The radius and height of the 

cylinder are 2.5 cm and 8cm respectively. If the length and width of the cuboid 
are each 5 cm, calculate its height to one decimal place. 

5 A section of steel pipe is shown in the 
diagram. The inner radius is 35 cm and 
the outer radius 36 cm. Calculate the 
volume of steel used in making the pipe 
if it has a length of 130m. 
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6 Two cubes are placed next to each other. The length of each of the edges of the 
larger cube is 4cm. If the ratio of their surface areas is l : 4, calculate: 

a the surface area of the small cube 
b the length of an edge of the small cube. 

7 A cube and a cylinder have the same surface area. If the cube has an edge length 
of6cm and the cylinder a radius of2cm calculate: 

a the surface area of the cube 
b the height of the cylinder 
c the difference between the volumes of the cube and the cylinder. 

8 Two cylinders have the same surface area. 
The shoner of the two has a radius of 3 cm 
and a height of 2 cm, and the taller cylinder 
has a radius of l cm. Calculate: 

a the surface area of (one of) the 
cylinders 

b the height of the taller cylinder 
c the difference between the volumes of 

the two cylinders. 

9 Two cuboids have the same surface area. 
The dimensions of one of the cuboids are 

length = 3 cm, width = 4 cm and height = 2 cm. 

Calculate the height of the other cuboid if its length is I cm and its width is 4cm. 

Volume and surface area of a sphere 
The volume of a sphere is given by the following formula: 

Volume of sphere = 1nr' 
The surface area of a sphere is given by the following formula: 

Surface area of sphere = 4nr1 

I Calculate the volume and surface area of 
the sphere shown, giving your answers to 
one decimal place. 
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Volume of sphere = fnr3 
= t X It X J3 

• 113.1 

The volume is 113.1 cm-3• 

Surface area of sphere = 4nr1 

=4Xnx31 

• 113.1 

The surface area is 113.lcm2• 

2 Given that the volume of a sphere is 150cm3, calculate its radius to one decimal 
place. 

V =fnr' 

~-~ 
r3 = 

3
; }~

0 
= Js.s 

r = 
3..[fs:8 = 3.3 

The radius isJ.Jcm. 

• Exercise 5. 5.2 
I Calculate the volume and surface area of each of the following spheres. The 

radill5 r is given in each case. 
a r=6cm b r=9.5cm c r=8.2cm d r=0.7cm 

2 Calculate the radius of each of the following spheres. Give your answers in 
centimetres and to one decimal place. The volume Vis given in each case. 

a V=720cm3 b V=0.2m3 

3 Calculate the radill5 of each of the following spheres, given the surface area in 
each case. 

a A= 16.5cm2 b A= IZOmm1 

4 Given that sphere B has twice the volume of 
sphere A, calculate the radius of sphere B. 

5 Calculate the volume of material used to 

make the hemispherical bowl shown, if the 
inner radius of the bowl is 5 cm and its outer 
radius5.5cm. 

,--s.scm---..-. 
.._scm-e 
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6 The volumes of the material used to make the sphere and hemispherical bowl 
shown are the same. Given that the radius of the sphere is 7 cm and the inner 
radius of the bowl is 10cm, calculate the outer radius rem of the bowl. 

7 A ball is placed inside a box into which it 
will fit tightly. If the radius of the ball is 
10cm, calculate: 

a the volume of the ball 
b the volume of the box 
c the percentage volume of the box 

not occupied by the ball. 

8 A steel ball is melted down to make eight smaller identical balls. If the radius 
of the original steel ball was 20cm, calculate to the nearest millimetre the 
radius of each of the smaller balk 

9 A steel ball of volume 600cm3 is melted down and made into three smaller 
balls A, B and C. If the volumes of A, B and C are in the ratio 7 : 5: 3, calculate 
to one decimal place the radius of each of A, B and C. 

l O The cylinder and sphere shown have the same radius and the same height. 
Calculate the ratio of their volumes, giving your amwer in the form: 
volume of cylinder : volume of sphere. 

11 Sphere A has a radius of8cm and sphere B has a radius of 16cm. Calculate the 
ratio of their surface areas in the form 1 : n 
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12 A hemisphere of diameter 10cm is attached 
to a cylinder of equal diameter as shown. 

If the total length of the shape is 20cm, 
calculate: 

a the surface area of the hemisphere 
b the length of the cylinder 
c the surface area of the whole shape. 

+D 
13 A sphere and a cylinder both have the same surface area and the same height 

ofl6cm. 

Calculate, to one decimal place: 
a the surface area of the sphere 
b the radius of the cylinder. 

LJ+ 
Volume and surface area of a pyramid 
A pyramid is a three-dimensional shape. Each of the faces of a pyramid is planar 
(not curved). A pyramid has a polygon for its base and the other faces are triangles 
with a common vertex, known as the apex. A pyramid's individual name is taken 
from the shape of the base. 

Square -based pyramid Hexagonal-based pyramid 

The volume of any pyramid is given by the following formula: 

Volume of a pyramid = f x area of base x perpendicular height 

The surface area of a pyramid is found simply by adding together the areas of all of 
its faces. You may need to use Pythagoras' theorem to work out the dimensions you 
need to calculate the volume and surface area. 
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A rectangular-based pyramid has a perpendicular height 
of 5cm and base dimensions as shown. Calculate the 
volume and surface area of the pyramid. 

Volume = f x base area x height 

=fx3x7x5 

- 35 

The volume is 35cm1• 

To work out the surface area you need to know the perpendicular height of the 
triangular faces of the pyramid. 

A A 

Ltic •-~ 
hl = 1.52 + 51 = 27.25 

h- '/2U5 

X 1.5cm F 

Area of two of the triangular faces = 2 x f x 7 x {27:is 

- 36.541 

Lh ·-~ 
E 3cm D X 3.5cm G 

g2 = 3.52 + 51 = 37.25 

g-"/3US 

Area of other two of the triangular faces = 2 x f x 3 x 1flis 
- 18.310 

Total surface area = area of base + area of triangular faces 
= 21 + 54.851 
- 75.9 

The surface area of the pyramid is 75.9 cm2• 
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• Exercise 5.5.3 
I Find the volume of each of the following pyramids. 

lit 
Base area= 50 cll'I< 

2 The rectangular-based pyramid shown has a sloping edge length of 12 cm. 
Calculate its volume and surface area, giving your answers to one decimal place. 

s,m 

3 Two square-based pyramids are glued together as shown. Given that all the 
triangular faces are identical, calculate the volume and surface area of the 
whole shape. 
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4 The top of a square-based pyramid is cut off. 
The cut is made parallel to the base. If the 
base of the smaller pyramid has a side length 
of 3 cm and the vertical height of the 
truncated pyramid is 6 cm, calculate: 

a the height of the original pyramid 
b the volume of the original pyramid 
c the volume of the truncated pyramid. 

5 Calculate, to one decimal place, the surface area of the truncated square-based 
pyramid shown. Assume that all the sloping faces are identical. 

16cm 

6 Calculate the perpendicular height hem for the pyramid, given that it has a 
volume of 168cm3• 

7 Calculate the length of the edge marked xcm, given that the volume of the 
pyramid is 14 cm3• 
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8 The top of a triangular-based pyramid 
(tetrahedron) is cut off. The cut is made 
parallel to the base. If the vertical height of 
the top is 6cm, calculate to one decimal 
place: 

a the height of the truncated piece 
b the volume of the small pyramid 
c the volume of the original pyramid. 

9 Calculate the surface area of a regular 
tetrahedron with edge length 2 cm. 

i ~ · 
6cm) ... : .. 

.-·· ·-... 
- 5cm 

~ 
~ 

a,m 

10 The two pyramids shown below have the same surface area. 

12cm 

Calculate: 
a the surface area of the tetrahedron 
b the area of one of the triangular faces on the square-based pyramid 
c the value of x. 

Volume and surface area of a cone 
A cone is a pyramid with a circular base. The 
formula for its volume is therefore the same as for 
any other pyramid. 

Volume = f X base area x height 

= fnr1h 
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Before we look at examples of finding the volume and surface area of a cone it is 
useful to look at how a cone is formed. A cone can be constructed from a sector of 
a circle. 

The length of the sloping side of the cone is equal to the radius of the sector. The 
base circumference is equal to the arc length of the sector. The curved surface area 
of the cone is equal to the area of the sector. 

Arc length and sector area 
An arc is part of the circumference of a circle between 
two radii. Its length is proportional to the size of the 
angle ¢, between the two radii. The length of the arc 
as a fraction of the circumference of the whole circle 
is therefore equal to the fraction that¢, is of 360°. 

Arc length = k x 2nr 

A sector is the region of a circle enclosed by two radii 
and an arc. The area of a sector is proportional to the 
size of the angle¢, between the two radii. As a 
fraction of the area of the whole circle, it is therefore 
equal to the fraction that¢, is of 360°. 

Area of sector = 
3
:

0 
x nr2 

Calculating the volume of a cone 
As we have seen, the formula for the volume of a cone is: 

Volume = f x base area x height 

= fnr2h 

(9" . 
' 

® . 
0 

1
,, . 1 Calculate the volume of the cone. 

Volume = fnr2h 

=fxnx41 x8 

- 134.0 ([ d.p.) 

The volume is 134 cm3 

1~ 61cm .... -····· ········-. ... 
4cm • 
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2 The sector below is assembled to form a cone as shown. 

a Calculate the base circumference of the cone. 
b Calculate the base radius of the cone. 
c Calculate the vertical height of the cone. 
d Calculate the volume of the cone. 

a The base circumference of the cone is equal to the arc length of the sector. 

sector arc length = 
3
:0 x 2nr 

= ~ X 211 X 12 = 58.6 

So the base circwnference is 58.6cm. 

b The base of a cone is circular, therefore: 

C =Znr 
C 58.6 

r =y;- =--y;-
- 9.33 

So the radius is 9.33cm. 

c The vertical height of the cone can be calculated using Pythagoras' theorem 
on the right-angled triangle enclosed by the base radius, vertical height and 
the sloping face, as shown below. 

9.33cm 

121 = h1 + 9.331 

h1 = IZ1 - 9.331 

h1 = 56.9 
h - 7.54 

So the height is 7 .54cm. 

d Volume = f x nr1h 

Note that the length of the sloping side is equal 
to the radius of the sector. 

= t X It X 9.33 1 X 7 .54 = 688 

So the volume is 688 cm3• 
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Note: Although answers were given to three significant figures in each case, where 
the answer was needed in a subsequent calculation, the exact value was used and 
not the rounded one. By doing this we avoid intrcx:lucing rounding errors into the 
calculations. 

Calculating the su rface area of a cone 
The surface area of a cone comprises the area of the circular base and the area of 
the curved face. The area of the curved face is equal to the area of the sector from 
which it is formed. 

Calculate the total surface area of this cone. 

Surface area of base = nr1 
= 25n 

The curved surface area can best be 
visualized if drawn as a sector as shown in 
the diagram: 

The radius of the sector is equivalent to the 
slant height of the cone. The arc length of 
the sector is equivalent to the base 
circumference of the cone. 

IP 1011" 
360 = 2411" 

Thereforetp = 150° 

Area of sector= j~~ x n x 121 = 60rc 

Total surface area= 60rc + 25n 

= 85n 

- 267 

The total surface area is 26 7 cm1. 

C) 
10ncm 
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• Exercise 5.5.4 
I For each of the following, calculate the length of the arc and the area of the 

sector. 0 is the centre of the circle. 

'[) 
O Som 

'O 6cm 

110°0 

2 A circular cake is cut. One of the slices is shown. 

Calculate: 
a the length acm of the arc 
b the total surface area of all the sides of the slice 
c the volume of the slice. 

3 Calculate the volume of each of the following cones. Use the values for the base 
radius r and the vertical height h given in each case. 

a r=Jcm, h=6cm 
b r=6cm, h=7cm 
c r=8 mm, 
d r = 6cm, 

h= 2cm 
h=44mm 

4 Calculate the base radius of a cone with a volume of 600cm1 and a vertical 
heightof!Zcm. 

5 A cone has a base circumference of 100cm and a slope height of 18cm. 
Calculate: 

a the base radius 
b the vertical height 
c the volume. 
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6 Calculate the volume and surface area of both of the following cones. Give your 
answers to one decimal place. 

' /\,." Llm "6 
,.__,scm ----

...-6cm., 

7 The two cones A and B shown below have the same volume. Using the 
dimeruions shown and given that the base circumference of cone Bis 60cm, 
calculate the height hem. 

8 The sector shown is assembled to form a cone. Calculate: 
a the base circumference of the cone 
b the base radius of the cone 
c the venical height of the cone 
d the volume of the cone 
e the curved surface area of the cone. 

9 Two cones with the same base radius are stuck together as shown. Calculate the 
surface area of the shape. 



270 GEOMETRY AND TRIGONOMETRY 

l O Two cones have the same total surface area. 

m ~ 

xom 

------------------------

._.5cm~ 

Calculate: 
a the total surface area of each cone 
b the value of x. 

---a cm ---

11 A cone is placed inside a cuboid as 
shown. If the base diameter of the cone 
is 12 cm and the height of the cuboid is 
16cm, calculate, to one decimal place 
where required: 

a the volume of the cuOOid 
b the volume of the cone 
c the volume of the cuboid not 

occupied by the cone. @.16cm 

. 

om 

12 The diagram shows two similar sectors which are assembled into cones. 
Calculate: 

a the volume of the smaller cone 
b the volume of the larger cone 
c the ratio of their volumes. 
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13 An ice cream consists of a hemisphere and a 
cone. Calculate: 

a its total volume 
b its total surface area. 

14 A cone is placed on top of a cylinder. Using 
the dimensions given, calculate 

a the total volume of the shape 
b its total surface area. 

15 Two identical truncated cones are placed end to end as shown. 

t(N;:]'m ( 
16cm : 

I •= " 

f 

T 
T 

Calculate the total volume of the shape. Give your answer to one decimal place. 

16 Two cones A and B are placed either end of a cylindrical tube as shown. 

Given that the volumes of A and B are in the ratio 2: I, calculate, to one 
decimal place: 

a the volume of cone A 
b the height of cone B 
c the volume of the cylinder. 
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• Student assessment 1 
I The coordinates of the end points of two line 

segments are given below. In each case: 
i) calculate the distance between the two end 

points 
ii) find the coordinates of the midpoint. 

, (-6,-1)(6,4) 
b (1, 2) (7, 10) 
, (2, 6) (-2,3) 
d (-10, -10) (0, 14) 

2 Sketch the following graphs on the same pair of 
axes, labelling each clearly. 
a X = -2 
b )' = J 
C :J = -Jx 

d y=i+4 

3 For each of the following linear equations: 
i) find the gradient and y-intercept 
ii) plot the graph. 

a y = X + l 
c2x-y=-4 

by=3-3x 
d Zy - 5x = 8 

4 Find the equation of the straight line which 
passes through each of the following pairs of 
points. Express your answers in the form 
)' = mx+ c. 
, (I, -1) (4, 8) b (0, 7) (3, 1) 
, (-2, -9) (5, 5) d (1, -1) (-1, 7) 

5 Solve the following pairs of simultaneous 
equations either algebraically or graphically. 
ax+y=4 b3x+y=2 

x-y=O x-y=2 
C )' + 4x + 4 = 0 d X - J = -2 

x + y = 2 3x + Zy + 6 = 0 

• Student assessment 2 
Diagrams are not drawn ro scale. 

I Calculate the length of the side marked xcm in 
each of the following. Give your answers correct 
to one decimal place. 

a ~ cm xcm 

30' 

b'"A 
~ 

'd xcm 

60' 

10.4cm 

d/\ 



2 Calculate the angle marked 8° in each of the 
following. Give your answers correct to the 
nearest degree. 

V 15cm 

= 

~ 
42om ~ 

6.3cm 

J7 
V 
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3 Calculate the length of the side marked q cm in 
each of the following. Give your answers correct 
to one decimal place. 

10cm 
qom 

I; / 
/ 
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• Student assessment 3 
Diagrams are not drawn to scale. 

l A map shows three towns A, B and C. Town A 
is due north of C. Town B is due east of A. The 
distance AC is 75 km and the bearing of C from 
Bis 245°. 

Calculate, giving your answers to the nearest 
IOOm: 
a the distance AB 
b the distance BC. 

2 Two trees stand 16m apan. Their tops make an 
angle of 8° at point A on the ground. 

a Express ()° in terms of the height of the 
shorter tree and its distance x metres from 
point A. 

b Express 9° in terms of the height of the taller 
tree and its distance from A. 

c Form an equation in terms of x. 
d Calculate the value of x. 
e Calculate the value 0. 

3 Two boats X and Y, sailing in a race, are shown 
in the diagram. Boat Xis 145m due north of a 
buoy B. Boat Y is due east of buoy B. Boats X 
and Y are 320m apart. 

x~ N 320m t 
145m 

y 

Calculate: 
a the distance BY 
b the bearing of Y from X 
c the bearing ofX from Y. 

4 Two hawks P and Q are flying vertically above 
one another. Hawk Q is 250m above hawk P. 
They both spot a snake at R. 

a 

R 
~ 2.8 km--------->1 

Using the information given, calculate: 
a the height of P above the ground 
b the distance between P and R 
c the distance between Q and R. 

' 250m 
1 

5 A boy standing on a cliff top at A can see a boat 
sailing in the sea at B. The vertical height of 
the boy above sea level is 164m, and the 
horizontal distance between the boat and the 
boy is 4km. 



Calculate: 
a the distance AB to the nearest metre 
b the angle of depression of the boat from the 

boy. 

6 Draw the graph of)' = sinx0 for 0° s x0 s 180°. 
Mark on the graph the angles 0°, 90°, 180°, and 
also the maximum and minimum values of)'· 

7 State each of the following in terms of another 
angle between 0° and 180°. 
a sin50° b sin 150° 
c cos45° d cosl20° 

8 Calculate the size of the obtuse angle marked 8° 
in this triangle. 

~ 
26 ~ 

• Student assessment 4 
Give all lengths to one decimal place and all 
angles to the nearest degree. 

I For the cuboid shown, calculate: 
a the length EG 
b the length EC A B 

c angle BEC. oe:::::::::::::: : c:::7! 
'""1 .... ,. ·L..:;;F 

H 10cm G 
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3 Draw a graph of y = cos 8°, for 0° s e• s 180°. 
Mark on the angles 0°, 90°, 180°, and also the 
maximum and minimum values of)'. 

4 The cosine of which other angle between O and 
180° has the same value as 
a cos 128° b -cos 80°? 

5 For the triangle shown, calculate: 
a the length PS 
b angleQRS 
c the length SR. 

Round your answers to one decimal place, 

where necessary. 

~ 120· 
P S R 

6 The Great Pyramid at Giza is 146m high. Two 
people A and B are looking at the top of the 
pyramid. The angle of elevation of the top of 
the pyramid from Bis 12°. The distance 

between A and Bis 25m. If both A and Bare 
1.8 m tall, calculate to one decimal place: 
a the distance from B to the centre of the base 

of the pyramid 
b the angle of elevation(} of the top of the 

pyramid from A 
c the distance between A and the top of the 

pyramid. 

2 Using the triangular prism shown, calculate: Note: A, B and the top of the pyramid are in 
a the length AD the same vertical plane. 
b the length AC 

c theangleACmakesw1ththeplaneCDEF~ f 
d the angle AC makes with the plane ABFE 

1 

6~~ C 18m l ~ ~ ... !?'. . T 
L______>,= 
E 9cm D 
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• Student assessment 5 
hs to one decimal place and all G ive all lengt t deoree. 

an oles to the neares " 

."' ams are not drawn w scale. 

Du.igr. m· quadrilateral, calculate: 
l ;orthet~ength JL 

b angle KJL 

c the length JM LM 
d the area ofJK . 

M 

2 For the square-based right pyramid shown, 

:al~~~a~=~gth BO 

b angle ABO . l le ABO 

c the area_oft~:~gtt of the pyramid. d the vertJCa 

~ 
9cm 

0 d J60c which 
3 Find two angles_betwe~ne~ Gai:e each angle to 

have the fol\owmg cosm 

the nearest degree. b -0.28 

a 0. 79 ot the graph of y = sine" 
4 a On one diag;:f~l= cos(}o, forOc s ()° s 

and the grap . h 

360c. h to find the angles for whtc b Use your grape 

sin8c = cos 8 . e of its corners 

5 The cuboid shown ~:t :~angle BOC. 
removed to leave a B 

.,~o: :_ ' 
6cm 

H, 5cm G 

Calculate to two significant figures: 
a lengthOC 
b length BC: 
c length DB 

d angle CBD . le BOC HD 
e the area of t~a;;kes with the plane AE .. 

f the angle A f the cuboid, X is the midpoint 
6 In the diagra~ o he midpoint ofTW. 

ofVW and y is t 

RS-24,m vo x w y 
~-W= T 
TQ=9cm U 

~~;late: b RV s R 

c WP d XY P a 
e SY. 



• Student assessment 6 
Give all your answers to one decimal place. 

I A sphere has a radius of 6.5 cm. Calculate: 
a its total surface area 
b its volume. 

2 A pyramid with a base the shape of a regular 
hexagon is shown. If the length of each of its 
sloping edges is 24cm, calculate: 
a its total surface area 
b its volume. 

12= 

3 The prism here has a cross-sectional area in the 
shape of a sector. 

Calculate: 
a theradiusrcm 
b the cross-sectional area of the prism 
c the total surface area of the prism 
d the volume of the prism. 
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4 The cone and sphere shown here have the same 
volume. 

.L ~ = 
i ~ 

If the radius of the sphere and the height of the 
cone are both 6 cm, calculate: 
a the volume of the sphere 
b the base radius of the cone 
c the slant height xcm 
d the surface area of the cone. 

5 The top of a cone is cut off and a cylindrical 
hole is drilled out of the remaining truncated 
cone as shown. 

Calculate: 
a the height of the original cone 
b the volume of the original cone 
c the volume of the solid truncated cone 
d the volume of the cylindrical hole 
e the volwne of the remaining truncated cone. 

A l B r 
--2smm --+-< 

,~ 56 mm -------->< 
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Examination questions 
I The following diagrams show six lines with equations of the form)' = mx + c. 

In the table below there are four possible conditions for the pair of values m and c. 
Match each of the given conditions with one of the lines drawn above. 

Condition Line 

m>Oandc>O 

m<Oandc>O 

m<Oandc<O 

m>Oandc<O 

[6] 

Paper I , N ov 10, Q4 

2 The base ofa prism is a regular hexagon. The 
centre of the hexagon is O and the length of OA 
isl5cm. 
a Write down the size of angle AOR [l ] 
b Find the area of triangle AOB. [3] 

The height of the prism is 20 cm. 
c Find the volume of the prism. [2] 

Paper I, N ov 10, Q l 2 

\o/ -------- ,-., 
15cm 

diagram not 
to scale 



3 A r(X)m is in the shape of a cuboid. Its tl(X)r 
measures 7.2m by 9.6m and its height is 3.5m. 

,,rJ·1S;I 
A 7.2m B diagram not 

to scale 

a Calculate the length of AC. [2] 
b Calculate the length of AG. [2] 
c Calculate the angle that AG makes 

with the floor. [2] 

Paper I, May 11, Q7 

4 Part A 

The diagram below shows a square based right 
pyramid. AOCD is a square of side 10 cm. VX is 
the perpendicular height of 8 cm. M is the 
midpoint of BC. 

V 

-~~_: 

10cm C 

a Write down the length ofXM. 
b Calculate the angle of VM. 
c Calculate the angle between 

VMandABCD. 

[[] 
[2] 

[2] 
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Part B 

A path goes around a forest so that it forms the 
three sides of a triangle. The lengths of two 
sides are 550m and 290m. These two sides meet 
at an angle of 115°. A diagram is shown below. 

a Calculate the length of the third side of 
the triangle. Give your answer correct 
to the nearest lOm. [4] 

b Calculate the area enclosed by the path 
that goes around the forest. [3] 

lruide the forest a second path forms the three 
sides of another triangle named ABC. Angle 
BAC is 53°, AC is 180m and BC is 230m. 

diagram not to scale 

c Calculate the size of angle ACB. 141 
Paper 2, Nov 09, Qi 



Applications, project ideas 
and theory of knowledge 

1 The ~uman bmin has a 
lon~1tudina1 fissure (a long crock) 
Which separates it into two ' 
hem!spheres. The function of each 
hemisphere is difkrent. Popular 
~S,Khology talks o( 'left bmin 
~ght brain thinking' Where 0~ 
s,d~ or anot~er is responsible for 
logic, creativity, etc. Find out 

::~e~~~t::~~s'.dea and discuss 

2 Pythago,a,l ,,m has 
a large number of proofs 
These include Garfield's · 
p~oof. Proof using similar 
triangles, Euclid's proof 
and others. These types of 
proof could form the basis 
ofa project. No proof that 
uses.trigonomet,y/s 
cons,d~red valid. \.-Vhy do 
Youth,nkthis/sl 

s investigate the 
'!1athematics of doodles 
like the one shown 
This ~u/d be deve/~ped as 
apro1ect. 

3 The terms arithmetic. algebm 
and geometry used to be 
studied in schools as separate 
subjects (and still are in parts of 
the USA) . Discuss the state~ent 
that these terms are bec~ming 
redundant. What you think are 
now the most important areas 
of mathematics and shoul.d 
they,oro:mthey, be studied 
in isolation? 

4 Euclidean geometry _is an 
wdomatic !>)'Stem. D1scu~s 
what this means and d1~cover 
the main axioms of Euclidean 
geometry.Einstein's~eo~of 
c.eneral Relativity.maintains 
that space-time 1s 
non-Euclidean. Find out 
more about non-Euclidean 
geometry. 



7 What are conic .sections? 
The invesugatio,i of COiiie 
Sectio,is COUid form the 
bosisofaprojea:. 

11 Euler's formula is 
COrlCerned ~th ~gular 
sonds. By using the 
interior a"gle of regular 
~ons it is possible to 
~ Which regular 
solids COrl be Const:n,(ted, 

l~thisfurther. 

12 ISittruethat 

Pythagoras' Theorem is a 
special case of the cosi,ie 
rule? This could be the 
.sta,t of a projm on 
'gtnera/ity' lYourteacher 
•• explain thistemi). 



Mathematical models 

Syllabus content 
6. 1 Concept of a function, domain, range and graph. 

Function notation, e.g. f(x), v{t), C(n). 

Concept of a function as a mathematical model. 

6.2 Linear models. 

Linear functions and their graphs, f(x) = mx + c. 

6.3 Quadratic models. 

Quadratic functioru and their graphs (parabolas): f(x) = ax2 + bx + c, a'# 0. 

Properties of a parabola: symmetry; vertex; intercepn; on the x-axis and y-axis. 

Equations of axis of symmetry, x = - {;. 

6.4 Exponential models. 

Exponential functions and their graphs:f(x) = ka" + c, a E O+,a -:t:. I, k #0; 

f(x) = ka--"- + c, a E O+,a '# l, k -:t:. 0 

Concept and equation of a horizontal asymptote. 

6.5 Models using functions of the form f(x) = ax" + bx"+ .. , m, n EZ. 

Functions of this type and their graphs. 

The y-axis as a vertical asymptote. 

6.6 Drawing accurate graphs. 

Creating a sketch from information given. 

Transferring a graph from GDC to paper. 

Reading, interpreting and making predictions using graphs. 

Included all the functions above and additions and subtractions. 

6.7 Use of a GOC to solve equations involving combinations of the functions above. 
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Introduction 
Leibniz was the first to use the term 'function', although 
not in the sense it is used in this topic. Euler used the 
term in work done aroW1d 1750. Both of these 
mathematicians were aware of the work of Girolamo 
Cardano, and the concept of'function' may have 
developed from this. It is also JX)SSible that all three of 
these mathematician;; were aware of the much earlier 
srudies of Al-Karkhi. 

Cardano was a famous Italian mathematician. In 
1545 he published a book Ars Magna ('Great Art') 
in which he showed calculations involving solutions 
to cubic equations (equations of the form Leonhard Euler (1707-1783) 

ax3 + bx1 + ex+ d = 0) and quartic equations 
(equations of the form ax"+ bx1 + cx1 + dx + e = 0). 

His bocik (the tide page is shown here) is one of the 
key historical texts on algebra. 

It was the first algebraic text written in Latin. In 
1570, because of his interest in astrology, Cardano 
was arrested for heresy; no other work of his was 
ever published. 

Al-Karkhi was one of the greatest Arab 
mathematicians. He lived in the eleventh century. 
He wrote many books on algebra and developed a Girolamo Cardano (1501-1576) 

theory of indices and a method of finding square rocits. 

6.1 A function as a mapping 
A relationship between two sets can be shown as a 
mapping, which links elements in one set with 
elements in the other set. 

A function is a special type of relationship, which 
can be shown as a mapping with particular 
characteristics. 

Consider the equation)' = Zx + 3; -1 ::;; x :S: 3. A 

domain 

table of results can be made and a mapping diagram drawn. 

domain range 

-1 

range 
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If a mapping is a function, each value in set B ( the range: the values that the 
function can take) is produced from a value in set A (the domain: the values that x 
can take). The relationship aOOve is therefore a function and, as a function, it can 
be written: 

f(x) = Zx + 3; -1 s x s J 

It is customary to write the domain after the function, because a different domain 
will produce a different range. 

A mapping from A to B can be a one-to-one mapping or a many-to-one mapping. 
The function above, f(x) = Zx + 3; -1 s x :s: 3, is a one-to-one function, as 

each value in the domain maps to a unique value in the range, i.e. no two values 
in the domain can map to the same value in the range. However, the function 
f(x) = x1; x E Z, for example, is a many-to-one function, as some values in the 

range can be generated by more than one value in the domain, as shown. 

domain range 

It is important to understand that, for a mapping to represent a function, one value 
in the domain (set A) must map to a single value in the range (set B). Therefore 
the mapping f(x) = x1; x E "ll. shown above represents a function. 

Some mappings do not represent functions. Consider the relationship 'J = ±~. 
The following table and mapping diagram can be prOOuced. 

domain range 

±1 

±2 

±3 

16 :!:.4 

This relationship is not a function as one value in the domain produces more than 
one value in the range. 
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It is also important to remember the mathematical notation used to define 
different domains. The principal ones will be: 

Notation Meaning 

Thesetofintegers{O, :t:1, :t:2, :t:3, ... } 

z+ The set of po5itive integers (1, 2, 3, .. .} 

Thesetofnaturalnumbers{O, 1, 2, 3, ... }, i.e. positive integers and zero 

Q The set of rational numbers, i.e. numbers that can be expressed as a fraction t 
The set of real numbers, i.e. numbers that exist 

Calculating the range from the domain 
The domain is the set of input values, whilst the range is the set of output values 
for a function. (Note: The range is not the difference between the greatest and least 
values, as in statistics.) The range is therefore dependent not only on the function 
itself, but also on the domain. 

Calculate the range for each of the following functions. 

a f(x)=x3 -Jx; -2 sx s 3 
b f(x)=x3 - 3x;xE[R 

a f(x)=x3 -Jx; -2 sx s 3 

The graph of the function is shown. 
As the domain is restricted to 

-2 s x :S: 3, the range is limited 
to values from -2 to 18. 

This is written as: 
Range -2 s f(x) s 18. 

b f(x)=x3 - 3x;xE[R 

The graph will be similar to the one 
in part a except that the domain is 
not restricted. As the domain is for all 
real values of x, this implies that any 
real number can be an input value. 
As a result, in the range will also be 
all real values. 

This is written as: Range f(x) E R. 

~ -~ 

/ 

' 3 

I 
I 

f(x) ., 
1& 

.. 
& 
~ 

\ Do ain 

,, I 

Note: If the domain of a function is x E [R, then it is often omitted. 

I 
I 

X 
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• Exercise 6.1.1 
I Which of the following mappings shows a function? 

a domain range 

• 
• 

c domain range 

00 • 
• 

b domain range 

• 
• 

d domain range 

• 
• 

2 Write down the domain and range of each of the following functions. You could 
plot the functions using your GOC. 

a f(x)=2x-l;-lsxs3 

c f(x) = x1 + 2; -3 s x s 3 

e h(r) = r + 3 

g f(n) = -n1 + 2 

b f(x) = 3x + 2; -4 s x s 0 

d g()')=f;y>J 

f f(y) - 4 

6.2 Linear functions and their graphs 
(Note: This topic is also covered in Section 5.1.) 

The function g(x) = Zx + 3; -1 s x s 3 gives the following graph. 

y 
~-~ 1 

I 

I 
V 

I 
I 

L 
I 

' p I X 

The domain of the function is -1 s x s 3, whilst its range is l s g(x) s 9. 
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Evaluating linear functions 

I a For the linear function h(r) = 2r - 5, determine h(7). 
b Ifh(r) = 45 determiner. 

a h(7) - 2(7)-5 
-9 

b 45 = 2r - 5 $ 2r = 50 $ 1 = 25 

2 Twolinearfunctionsaregivenasf(x) = 2x + 1 andg(x) = 3x - 6. 

y _ , 
,w= f3x-~1 IW= 

I/ 

_ _,, I 

- 10 
/ 
I 

I 

I I 

~ 2 I' 1p 11,! X 

I 
I 

Find the values of x andf(x) where f(x) = g(x). 

Graphically this can be interpreted as the coordinates of the JX)int where the 
two functions intersect. 

At the JX)int of intersection the two functions are equal, i.e. 2x + 1 = 3x - 6. 

Solving the equation gives x = 7. 

T o find the )'-coordinate, calculate either f(7) or g(7 ). 

/(7) - 2(7) + I - 15. 
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• Exercise 6.2.1 

I Iff(x) = 
3
x: 

2
, calculate each of the following. 

a f(Z.5) b f(O) , f(-0.5) d f(-6) 

2 If g(x) = Sx; 3
, calculate each of the following. 

a g(O) b g(-3) c g(-LS) d g(-9) 

3 If h(x) = -
6\ + 8 , calculate each of the following. 

a h(4) b h(l.5) c h(-2) d h(-0.5) 

4 If f(x) = -S:s 7, calculate each of the following. 

a f(3) b f(-1) c f(-7) d tH> 
5 A plumber charges a 50 euro callout charge and then 25 euros for each 15 

minutes. 
a Write down the plumber's charges as a function f(x), where xis the time in 

hours. 
b Derermine/(2.5). 

a Plot on the same graph the functions f(x) = 4x + 2 and g(x) = 23 - Jx. 
b Determine x, where f(x) = g(x). 

6.3 Quadratic functions and their graphs 
The general expression for a quadratic function takes the form ail + bx + c, where 
a, b and c are constants. Some examples of quadratic functions are given below. 

y = Zx2 + Jx - 12 y = x2 - Sx + 6 y=3x2+2x-3 

Plotting quadratic functions is also covered in Section 1.6. When the graph of a 
quadratic function is plotted, a smOClth curve, called a parabola, is produced. For 
example: 

I x I ~ I _, I _, I -I I O I I I 2 I 3 I ,: I 

I X 1-: I ~: I ~ I ~: I 
O 

I ~I I ~ I :. 1 _:. 1 
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- - 4 4,4--<-+---+-,I+--< 

I 

\ I 
V I 

4 3 2 1 

Both graphs above are symmetrical about the y-axis. The y-axis is therefore the axis 
of symmetry. For quadratic functions of the formf(x) = ax1 +bx+ c, the equation 

of the axis of symmetry is given by x = -i;. The vertex of the graph can also be 

found as it lies on the axis of symmetry. 

l a Plotagraphofthefunctiony = x1- 5x + 6for0 s xs 5. 
b Deduce the equation of the axis of symmetry and the coordinates and nature 

of the vertex. 

a First produce the table of values, then plot the points to draw the graph. 

I x I O I I I 
2 

I 
3 

I 
4 

I S I 

• b It can be seen from the graph that the equation of the axis of symmetry is x = !. 
Ir can also be calculated using the formula x = -~, where a = l and b = - 5. 

-5 5 
x= -2x1=z, 

Whenx =f,y = (f)1- 5(f) + 6 =¥--¥-+ 6 = -i· 
So the vertex is at (f, -i) and is a minimum. 
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2 a Plotagraphofthefunctiony = -x1+ x + Zfor -3 sxs 4. 
b Deduce the equation of the axis of symmetry and the ccx:irdinates of the vertex. 

a First produce the table of values, then plot the points to draw the graph. 

I X I ~;, I ~ I _, I 
O 

I ' I 
2 

I :, 1-~0 I 
y 

I/ ' 3 2 1 I\ ' 
~~ 4 

:::tt - 6 

- . I 

, .. 

b It can be seen from the graph that the equation of the axis of symmetry is x = f. 
Ir can also be calculated using the formulax = -f, where a= -1 and b = I. 

[ I a 
x=-2x(-1)=2 

Whenx =f,y = -(f)2 +f+ 2 = -f+f+ 2 = zt. 
So the vertex is at (f, zf) and is a maximum. 

Notice that when a is positive, the vertex is a minimum and when a is negative, 
the vertex is a maximum. Stationary points are dealt with further in Topic 7. 
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The above work can also be calculated and drawn using either your GOC or 
graphing software. Example 1 above is shown. 

Casio 

to select the table 
mode. Enter the 

equation y = x2 - 5x + 6. 

to set the table parameters. 

V·WiJ>dow tO give the 

coordinate of 
the minimum point (2.5, - 0.25). 

Table Setting 
X 

Start. : 0 rt,r~s 

N VI 't' I r-,--11 

Note: Once the minimum point is calculated, the x-value w ill give the 
equation of the axis of symmetry. 
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Texas 

~ to select the function. 

Enter the equation y = x2 - Sx + 6. 

~ to set the table 
~ ~ parameters. 

Enter Tblstart = 0, 11Tbl = 1, lndpnt: 
Auto, Depend:Auto. 

P.!!1111 to tabulate the 
~ \.__.) results. 

to graph the table of 
L-J results. 

to calculate the coordinates of the 
minimum point. 

Using the cursor select a point to 
the left of the minimum, then, 
when prompted, select a point to 
the right of the minimum. The 
calculator will then search for the 
minimum within this range. 

TABLE SETUP 
Tbl5tart=0 
.:i.Tbl=l 

o~:~~; 111 ~~t 

X Y1 -· 1 ' ' " ' " ' ' ' ' • 12 

X=0 

Note: Once the minimum point is calculated, the x-value will give the 
equation of the axis of symmetry. 
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Autograph 

Select ~ and enter the 

equation y = x2 - Sx + 6. 

To change the scale on the axes 

use 12" . 

Select the curve then click 
'Object' followed by 'Table of 
Values'. After entering the 

parameters, the results will 

appear in the results box. 

To find the axis of symmetry, 
find the coordinate of the 
minimum point. Select 'Object' 
followed by 'Solve f(x) = O'. 

This finds where the gradient of 
the graph is zero. The solution 
appears in the results box. 

r··--= 

,, .... _ 
jTab1eotv11uesotE~ation1 
I~ r(") 

I
' • 
! ~ 

Equation Solver. 
Solution: )(=2.5, y =-0.25 

Note: The equation of the axis of symmetry is given by the 
x-coordinate of the minimum point. 
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GeoGebra 

Type Function [x" 2 - Sx + 6,0,S] 

into the Input box. This produces 
the graph drawn within the limits 
0 S XS 5. 

To change the scales of the axes 
select 'Options' ..... 'Settings' ..... 

'Graphics' and enter the relevant 

information. 
To find where the graph intersects 
the x-axis, type 'Root[f]'. The 
points are marked on the graph as 

A and Band their coordinates 
displayed in the algebra window. 

Type 'Midpoint [A,B]' in the input 

box. The midpoint will appear as C 
on the graph and its coordinates 
in the algebra window. 

Type 'x=x(C)'. The axis of symmetry 

is drawn through the x-coordinate 
of C. Its equation is displayed in the 

algebra window. 
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Accurate graph plotting 
To plot an accurate graph, follow some simple rules. 
• Label the axes accurately. 
• Label the scale accurately. 
• Use a table of results to obtain the coordinates of the points to plot on your graph. 
• For linear functions, use a ruler to draw the straight lines. 
• For curved functions, draw a smooth curve through the points rather than a 

succession of straight lines joining them. 

• Exercise 6.3.1 
For each of the following quadratic functions: 

a corutruct a table of values and then plot the graph 
b deduce or calculate the equation of the axis of symmetry and the coordinates 

and nature of the venex. 

I y = x2 + X - 2, -4 S X S 3 

2 'J = -,?- + 2x + J, -J S XS 5 

J 'J = x2 - 4x + 4, -1 S XS 5 

4 'J = -x.1 - 2x - l, -4 S XS 2 

5 J = x_1 - 2x - 15, -4 S XS 6 

6 y = Zi'- - Zx - 3, -2 s x s 3 

7 y = -Zx1 + x + 6, -3 s x s 3 

8 'J = J,?- - Jx - 6, -2 S XS 3 

9 y = 4x.1 - 7x - 4, -1 S XS 3 

10 y = -4x2 + 4x - l, -2 S XS 3 

Solving quadratic equations graphically 

a Drawagraphofy = x'-- 4x + 3 for-2 s x s5. 
b Use the graph to solve the equation x1 - 4x + 3 = 0. 

a First produce the rable of values, then plot 
the points to draw the graph. 

y ~- , 
~ , 1 

~ 10 

~- 1 

2 1 ' 
I 

/ 
X 
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b To solve the equation, it is necessary to find the values of x when y = 0, i.e. 
where the graph crosses the x-axis. These points occur when x = I and x = 3 
and are therefore the solutions. 

The GDC and graphing software will also find the solution to quadratic equations 
graphically. In the explanations below, it is assumed that you can already plot the 
graph on your GOC or software. 

Casio 

Graph the equation y = x 2 - 4x + 3. 

G·Sotv to access the graph solve 

to find the roots of the 
equation (i.e. w here the graph 

intersects the x-axis). The first root is 
displayed. 

Use the cursor pad a to scroll to 
the next root. 

Texas 

Graph the equation y = x 2 - 4x + 3. 

to access the graph 
calc. menu. 

~ to calculate the coo rdinates of 
~ the roots (i.e. where the graph 

intersects the x-axis). 

Using the cursor pad ~ select a 

point to the left of the first root. L] 
Using the cursor pad ~ select a 

point to the right of the first root. L] 
The calculator w ill then search for the 
root w ithin this range. 

Repeat the above steps to find the 
second root. 

µ_ 
Ldt Bound? 
X=.712765"!16 Y=.6S"1i!ll71 'tB 

l '[;l 
~ 
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Autograph 

Graph the equation y = x2 - 4x + 3. 

Select the curve then click 'Object' 
followed by 'Solve f(x) = O'. 

The points are marked on the 

graph and their coordinates can be 
displayed in the results box. This is 

accessed by selecting [!a . 

GeoGebra 

Graph the equation y = x2 - 4x + 3. 

In the input box type 'Root[f]', this 

finds where the graph intersects the 
x-axis. The points are marked on the 

graph as A and B their coordinates 
are displayed in the algebra window. r

E~. ~ / 

-~ 

The number of roots will depend on the shape and position of the quadratic curve. 
The maximum number of real roots is two, as a quadratic cannot cross the x-axis 
more than twice. However, if the graph touches the x-axis (i.e. the x-axis is a 
tangent to the curve) then there is only one real (repeated) root. If the graph does 
not cross the x-axis then there are no real roots. 

b1 '~ 
0 X O X 

One root No real roots 
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• Exercise 6.3.2 
Solve each of the quadratic equations below by plotting a graph of the function. 

I x2-x-6=0 

2 -x.1 + l = 0 

3 x1-6x+9=0 

4 -x2-x - 2 = 0 

5 x2- 4x + 4 = 0 

6 2x1-7x+3=0 

7 -2x2+4x-2=0 

8 3x2-5x-2=0 

In the previous worked example, y = x1 - 4x + 3, a solution could be found to the 
equation x1 - 4x + 3 = 0 by reading off where the graph crossed the x-axis. This 
graph can, however, also be used to solve other quadratic equations. 

Use the graph of y = ,?- - 4x + 3 to solve the equation x2 - 4x + I = 0. 

x1 - 4x + l = 0 can be rearranged to give: 
x2-4x+3=2 .. 
Using the graph of y = x1 - 4x + J and plotting 
the line y = 2 on the same graph gives the 
graph shown. 

- ~ 14"-+--t--t-+-+-+--

Where the curve and the line cross gives the 
solution to x1 - 4x + 3 = 2 and hence the 
solution rox1- 4x +I= 0. 

Therefore the solutions to x1 - 4x + l = 0 are 
x "" 0.3 andJ.7. 

• Exercise 6.3.3 

\ .. 

\ 

2 l 

I 

I~ / : 

Using the graphs that you drew for Exercise 6.3.2, solve the following quadratic 
equations. Show your method clearly. 

I x1-x-4=0 

4 -x.1-x=O 

7 -2x2+4x=-1 

2 -x2 - l = 0 

5 x1-4x+l=0 

8 3x1 = 2 + Sx 

3 x1-6x+8=0 

6 Zx.1 - 7x = 0 
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Factorizing quadratic expressions 
In order to solve quadratic equations algebraically, it is necessary to know how to 
factorize quadratic expressions. 

For example, the quadratic expression x1 + 5x + 6 can be factorized by writing it 
as a product of two brackets: (x + 3)(x + 2). A method for factorizing quadratics is 
shown below. 

I Factorize x1 + 5x + 6. 

On setting up a 2 X 2 grid, some of the information 
can immediately be entered. As there is only one 
term in x1, this can be entered, as can the corutant 
+6. The only two values which multiply to give x1 are 
x and x. These too can be entered. 

We now need to find two values which multiply to 
give +6 and which add to give +5. The only two 
values which satisfy both these conditions are +J 
and + 2. The grid can then be completed. 

Therefore x1 + Sx + 6 = (x + 3)(x + 2). 

2 Factorize x1 + 2x - 24. 

+6 x[[J· x8 
- 24 -·8 

Therefore x1 + 2x - 24 = (x + 6)(x - 4). 

3 Factorize 2x1 + l lx + 12. 

+3 x[[ xS 
12 +4 2 

Therefore 2x1 + l lx + 12 = (2x + J)(x + 4). 

D 
X +3 

:fIJ 
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4 Factorize x1 - lOx + 25. 

- 5 

- 5x 

25 - 5 - 5x 25 

Therefore x1 - lOx + 25 = (x - 5)(x - 5) = (x - 5)1. 

• Exercise 6.3.4 
Factorize the following quadratic expressions. 

l a x1 + 7x + 12 b x1 +Bx+ 12 C x1 + lJx + 12 
d x1 - 7x + 12 e x1 - Bx+ 12 f x1 - 13x + 12 

2 a x1+6x+5 b x1+6x+8 C x1 + 6x + 9 
d x1 + lOx + 25 e x1 + 22x + 121 f x1 - 13x + 42 

3 a x1 + 14x + 24 b x.1+ llx+24 cx1-10x+24 
d x1 + 15x + 36 ex1+20x+36 f x1 - IZx + 36 

4 a x1 + 2x - 15 b x1 - Zx - 15 C x1 + X - 12 
d x_1 - X - 12 e x1 + 4x - 12 f x1 - 15x + 36 

5 a x1-2x-8 bx1-x-20 C x1 + X - JO 
d x_1 - X - 42 e x1 - Zx - 63 fx1+3x-54 

6 ' 2x2 + 4x + 2 b 2x2 + 7x + 6 c 2x1 +x-6 
d 2x2 - 7x + 6 e 3x2 +Bx+ 4 f 3x1 +llx-4 
g 4x2 + llx + 9 h 9x2-6x+l i 6x2 -x-1 

Solving quadratic equations algebraically 
x1 - Jx - 10 = 0 is a quadratic equation which, when factorized, can be written as 
(x - S)(x + 2) = 0. 

Therefore either (x - 5) = 0 or (x + 2) = 0 since, if two things multiply to make 
zero, then one of them must be zero. 

x-5=0 or x+2=0 
x=5 or x=-2 

It is important to understand the relationship between a quadratic equation wrinen 
in factorized form and the graph of the quadratic. 
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In the example above x1 - 3x - 10 factorized to (x - S)(x + 2). The equation 
x.1- 3x - 10 =Ohadsolutionsx = 5 andx = -2. 

The graph of y = x1 - 3x - 10 is as shown . 

. : 

~ - \ ra~ 
I 

a 6 a '/ X 

\ ) 

'-- V 

"" 

It cros.ses the x-axis at 5 and -2 because these are the points where the function 
has the value 0. These values are directly related to the factorized form. 

Solve each of the following equations to give solutions for x. 

a ,:1 - X - 12 = 0 
bx1+2x=24 
C x1-6x=0 
d x1-6x+9=0 

,:1 - X - 12 = 0 

(x-4)(x+3)=0 

so either x-4=0 

x=4 

b This becomes x1 + 2x - 24 = 0 

so either 

so either 

(x + 6)(x - 4) = 0 

X + 6 = 0 

X = -6 

x1 - 6x = 0 

x(x - 6) = 0 

x=O 

x1 -6x+9 =0 

(x-3)(x-3) =0 

(x-3)1=0 

X =3 

X + 3 = 0 

X = -3 

X - 4 = 0 
x=4 

X - 6 = 0 

x=6 

Note: For a repeated factor, there is only one distinct root. 
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You can use your GOC to solve a quadratic equation. Although you are expected to 
be able to solve quadratic equations, your calculator is a useful tool for checking 
your answers. 

Solve the quadratic equation x1 - x - 12 = 0 using your GOC. 

Casio 

Select 'Equation' from the main menu. 

to select Polynomial, followed 

to select Polynomial of Degree 2 

to solve the equation and display 

the results on the screen, i.e. x = 4 and -3. 

Texas 

• 
llillllil to access the equation solver 
~ and enter the equation 

0 =x2-x- 12. 

Type an initial value for x, e.g. 0. Leave the 
bound at its default setting. The calculator 
will search for a solution in this range. 

Highlight the initial value of x. 

~is-I to solve and display a 
~l...ll solution to the equation, 

i.e. X = -2.999 ... 

To find the other solution restrict the 
bound to include the second solution, e.g. 
Bound = {O,S} and repeat the above steps. 

aXl!+bX+c•0 

![~ 

EQUATI ON SOLVER 
e'"'ln:0=x~ - x -1 2 

X2:-X- 12=0 

-12 

X=-1 
boi.m d=(-1E99, 1 ... 

X' - X-1 2=0 
• X= -2 . 999999999 .. . 

boun d=(-1E99, 1 .. . 
• left- rt=0 

Note: With this calculator, you need to know how many solutions 
there are and roughly where the solutions lie before using the 
equation solver. 
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• Exercise 6.3.5 
I Solve the following quadratic equations by factorizing. 

a x 2 + 7x + 12 = 0 b x 1 + Sx +12 = 0 
c x 2 + 3x - 10 = 0 d x2 - 3x - 10 = 0 
e x 1 + 5x = -6 f x1 + 6x = -9 
gx1 -2x=8 h x1 -x=20 
i x 1 + x = 30 j x1 - x = 42 

2 Solve the following quadratic equations. 
ax1 -9=0 
C x 2 - 144 = Q 

e9x1 -36=0 
g x2 +6x+8=0 
i xl - 2x - 24 = 0 

3 Solve the following quadrat ic equations. 
a xl + 5 x = 36 
c x1 -Bx=0 
e 2x1 +5x+3=0 
g x 1 + 12x=0 
i 2x1 = 72 

b x1 = 25 
d 4x 2 - 25 = 0 
fx1 -i=O 
h x 2 -6x+8=0 
j xl - Zx - 48 = 0 

b x1 +2x=-l 
d x1 - 7x = 0 
f 2x 1 - Jx - 5 = 0 
h x1 + IZx + 27 = 0 
j 3x 2 - 12 = 288 

In questions 4-10, construct equations from the information given and then solve 
them to find the unknown. 

4 When a nwnber xis added to its square, the total is 12. Find two possible values 
forx. 

5 If the area of the rectangle below is !Ocm1, calculate the only possible value for x. 

6 If the area of the rectangle below is 52 cm2, calculate the only possible value for x. 

(x+9)cm 

7 A triangle has a base length of2xcm and a height of (x - J)cm. !fits area is 

18 cm 2, calculate its height and base length. 

8 A triangle has a base length of(x - 8)cm and a height of2xcm. If its area is 
20cm1, calculate its height and base length. 
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9 A right-angled triangle has a base length of xcm and a height of(x - l)cm. If 
its area is 15 cm 1, calculate its base length and height. 

10 A rectangular garden has a square flowerbed of side length xm in one of its comers. 
The remainder of the garden consists of lawn and has dimensions as shown. 

If the total area of the lawn is 50m2, calculate the length and width of the 
whole garden. 

The quadratic formula 
In general a quadratic equation takes the form ax1- + bx + c = 0 where a, b and c are 
integers. Quadratic equations can be solved by the use of the quadratic formula, 
which states that: 

--b±~ x---z,--
This is particularly useful when the quadratic equation has solutions but does not 
factorize neatly. 

I Solve the quadratic equation x2 + 7x + 3 = 0. 

a= l, b = 7 and c = 3. 

Substituting these values into the quadratic formula gives: 

-7±~ 
2 x I 

~7±\149 ~ 12 
X = 2 

::l!.:1J1 
x= 2 

Therefore x = - 7 ; 6·08 or x = - 7 -
2 

6.0S 

x = - 0.46 (2 d.p.) or x = -6.54 (2 d.p.) 
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2 Solve the quadratic equation x1 - 4x - 2 = 0. 

a = l, b = -4 and c = -2. 

Substituting these values into the quadratic formula gives: 

~~) dH)' - (4 x Ix -2) 
2 x I 

~ x= 2 

~ x= 2 

Thereforex = ¥orx = ~ 

x = 4.45 (2 d.p.) or x = - 0.45 (2 d.p.) 

3 If possible, solve the quadratic equation x1 + x + 3 = 0. 

a= l, b = I and c = 3. 

- l±\ll2-4x l xJ 
2 x I 

_, .,m 
x- --z-

This has no solution as it involves the square root of a negative number. 
This implies that the graph does not cross the x-axis. 

• Exercise 6.3.6 
Solve the following quadratic equations using the quadratic formula. Give your 
answers to two decimal places. 

la x.1-x-13=0 
cx1+5x-7=0 
ex1+5x-13=0 

2 a x1 + 7x + 9 = 0 
C 4x1-20x+25=0 
e x1 + X - 18 = 0 

3 a x1-2x-2=0 
C x1-x-5=0 
e x.1-Jx+ l =0 

4 a 2x1 - Jx - 4 = 0 
c 5x.1 - Sx +I= 0 
e Jx.1 - 4x - 2 = 0 

b x1+4x-11=0 
d x1+6x+ll=0 
f x1-9x+l9=0 

b ,' - 35 - 0 
d x1-5x+7=0 
f ,' - 8 - 0 

b x1-4x-11=0 
d x1+2x+7=0 
f x1-Sx+3=0 

b 4x1+2x-5=0 
d -2x1 + 5x - 2 = 0 
f -7x1 -x+ 15 =0 
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6.4 Exponential functions and their graphs 
Note: You should be familiar with the laws of indices for this section. 

Functions of the form y = aX, where a is the base number and x the exponent 
(power), are known as exponential functions. Plotting an exponential function is 
done in the same way as for other functions. 

Plot the graph of the function y = zxfor -3 S x S 3. 

I x IO~:, I ,-:, I ~: I O I l I 
2 

I 
3 

I 
The graph above gets closer and closer to the x-axis as 

x gets smaller. For example, when x = -3, y = zx is 

y = z-3 =-b-=f;whenx = -4,)' = zxis 

y =Z-4="fr=ft. 

y 

Therefore the graph will get closer and closer to the x-axis 
but not cross it. The x-axis is therefore an asymptote. 

V 

• Exercise 6.4.1 
I For each of the functions below: 

i draw up a table of values of x and f(x) 

ii plot a graph of the function 

3 2 1 

iii check your graph using either your GOC or graphing software. 
a f(x) = 3X, -3 S x S 3 b f(x) = Ix, -3 S x S 3 

/ 

c f(x) = 2x + 3, -3 s x s 3 d f(x) = 2x + x, -3 s x s 3 
e f(x) = 2x - x, -3 s x s 3 f f(x) = Y - xl, -3 s x s 3 

I 

V 

2 A tap is dripping at a constant rate into a container. The level ( I cm) of the 
water in the container is given by the equation l = 2'-1 where r hours is the 
time taken. 

a Calculate the level of the water after 3 hours. 
b Calculate the level of the water in the container at the start. 
c Calculate the time taken for the level of the water to reach 31 cm. 
d Plot a graph showing the level of the water over the first 6 hours. 
e From your graph, estimate the time taken for the water to reach 45 cm. 

X 

3 Draw a graph of 'J = 4-" for values of x between -1 and J. Use your graph to find 
approximate solutions to both of the following equations. 

a 4x = JO 
b 4-" = 1 

4 Draw a graph of 'J = 2x for values of x between - 2 and 5. Use your graph to find 
approximate solutions to the equation 2x = 20. 
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General equation of the exponential function 
An exponential graph takes the form y = ka-' + c, x E [ft 

The constants k, a and c affect the shape of the graph. 

• Exercise 6.4.2 

You 1, ill come ilCTOS5 
exponentialgro1,1h 
and decay in the 
6iologyandf'hysic, 
Diplomacour~~ 

Use the GeoGebra file '6.4 Graphs of exponential functions' on the website. 
The file shows two exponential graphs: one of the form )' = lur + c and the 
other of the form y = ka-x + c. By moving the sliders, each of the constants 
k, a and c can be changed and the resulting transformation observed. 

I By changing the value of c in the equation y = kax + c, describe mathematically 
the transformation that occurs. 

2 By changing the value of k, describe mathematically the transformation that 

3 What effect does the value of a have on the graph? 

4 Describe the graphical relationship between y = ka-' + c and)' = ka-x + c. 

Exponential growth and decay 
The story is told of the Chinese emperor who wanted to reward an advisor who had 
averted a famine. The advisor saw a chessboard and asked for one grain of rice to be 
placed on the first square, two on the next square, four on the next and so on. By 
the 64th square his reward would exceed the present world grain harvest! This is an 
example of exponential growth. 

In England, the cup competition for football begins with 256 teams in round l 
playing a knockout system. This reduces to 128, 64, 32 and so on. This is an 
example of exponential decay (continuing until there is one winner). 

Other examples of phenomena that experience exponential growth and decay 
are bacteria, viruses, population, electricity, air pressure, light passing into water, 
compound interest and radioactive decay. 

The formulae for exponential growth and decay are: 

Growth: y = a( 1 + r)x 
Decay: 'J = a(l - rY 

where a is the initial amount 
r is the growth/decay rate expressed as a fraction out of 100 
x is the number of time intervals 
'J isthefinalamotU1t. 

Earlier we used the Chinese emperor's chessboard example to illustrate the effects 
of continued doubling, starring with 1. For this the general formula y = a( l + r Y 
has r = 1 (as doubling is represented by 100% growth) and a = I. Therefore we 
obtain the equation: 

y = 1(1 + OX=:, y = 2x 
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In the example of the cup football competition, the rate of decay is 50% 
and the initial amount is 256. These values can be substituted into the formula 
y = a( I - r)x, where a = 256, r = 0.5. Therefore we obtain the equation: 

y • 256([ -0.5)'~y • 256 X (1)' 
To find the number of rounds needed until there is one winner, we solve the 
following equation: 

l•256x(ff 
I [ 

256 = "F 
256 • 2' 
zs = zx 
x=B 

Therefore the number of rounds is 8. 
Notice that, as there is no constant term in these equations, the horizontal 

asymptote of the graph would be y = 0. 
Another application of the formula is in compound interest and depreciation, 

covered in Section 1.9. 

The general formulay = a(I + r}xis rewritten as: 

where A is the final amount 
C is the capital or starting amount 
r is the interest rate, usually a percentage 
n is the number of time periOOS, usually in years. 

I What is the final amount when €2500 are invested at 6% per annum for 5 years 
at compound interest? 

A-c(1 +TOO)" 
A = 2500( 1 + t&-Y = 2500 x 1.065 = 3345.56 

The final amount is €3345.56. 

2 A new car cost US$20000 and depreciates on average 20% each year for 8 years. 

What is it worth after 8 years? 

A-c(1 +TOO)" 
A = 20000( l - ~)8 = 20000 x 0.88 = 3355.44 

The car is wonh US$3355.44 after 8 years. 
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• Exercise 6.4.3 
I A single virus can double every hour. Use your calculator to calculate the 

number of viruses there would be after 24 hours. 

2 The half-life of plutonium 239 is 24000 years. How long will lg of 
plutonium 239 take to decay to I mg? 

3 In 1960 the JX)pulation of China was 650 million. The JX)pulation was expected 
to increase by 50% every 10 years. What would have been the projected 
population ofOiina for 2010? Give your answer to two significant figures. 

4 A pesticide has a half-life of 20 years. Its use was discontinued after it was found 
to be harmful. How much will remain of 100g of the pesticide after 200 years? 

5 A chess tournament has 512 entrants in a knockout event. How many remain 
after six rounds have been played? 

6 A rain forest covers l 000 000 km1. It is thought that the rate at which it is 
being lost is 5% per year. 

a What area of the forest will be left in 20 years' time? Give your answer to 

three significant figures. 
b The rate of loss is in fact 10% per annum. How long will it take before the 

forest covers an area less than 500000km1? 

7 The number ofbacteria in a Petri dish has reached I million from I bacterium in 
20 hours. What is the rate of increase? Give your answer to two significant figures. 

8 After seven years the population of a region was reduced to half of its original 
number. What is the average annual rate of reduction? Give your answer as a 
percentage to the nearest whole number. 

6.5 The reciprocal function and higher­
order polynomials 
Graph drawing 
This topic has been covered within some of the earlier sections in relation to 
drawing graphs of different rypes of function (linear, quadratic and exJX)nential). As 
a general reminder, here are the basic guidelines for drawing an accurate graph, as 
given earlier in this topic. 

• Label the axes appropriately. 
• Label the scale for each axis accurately. 
• Use a table of results to obtain the coordinates of the points to plot. 
• For linear functions, use a ruler to draw the straight lines. 
• For curved functions, draw a smooth curve through the JX)ints rather than a 

succession of straight lines joining them. 
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Graph sketching 
A sketch of a function is different from an accurate plot. A sketch should show the 
main features of the function but is not plotted using a table of values. It should: 

• show the general shape of the function 
• show the position of relevant features such as: 

- intercepts 
- maxima, minima or points of inflexion 
- asymptotes 

• have labelled axes. 

The reciprocal function 
The graph of y = 1 is shown. This 

belongs to the family of curves whose 

equations take the form y = x : b, 

where a and b are rational. 

To investigate the effect that a has on 
the shape of the graph, let b = 0, i.e. 
. . a 
mvest1gate y = ;· 

This can be done using a GOC or 
graphing software as follows. 

Casio 

to select the dynamic 
graphing mode. 

Enter the equation y = A ..- x. 

to enter the values for 

the dynamic variable A. 

Xscale: 1, Ymin: - 10, Ymax: 10, Yscale: 1. 

1 2 3 4 5 X 

-5, Xmax: 5, 
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Texas 

This calculator does not have a dynamic 
graphing facility. However, several of the 

functions can be graphed simultaneously to 
observe the family of curves, e.g. 

Y= },Y = f, Y=f etc. EE 
Note: The scale on the axes may need to be changed by selecting 

I b) and entering the following: Xmin = - 5, Xmax = 5, Xscl = 1, 

Ymin = - 10, Ymax = 10, Yscl = 1. 

Autograph 

Select ~ and enter the equation y= f 
Select the constant controller .• • . 

Change the settings so that a changes 
in increments of 1. 

Use 1iJ to change the value of a and 
(iJ see the graph move. 

Note: Autograph can display the family of curves or animate the 

display, by selecting I ()ptjons I and selecting either 'family plot' or 

'animation' and entering the parameters as required . 

GeoGebra 

Select the 'slider' tool ~ and click on 

the draw ing pad. This w ill enable you to 
enter the values for 'a' and the 

incremental change as shown. 

~ to place the slider on the 

drawing pad. 

Type f(x) = 1 into the input box. 

The effect of 'a' can be observed by 

dragging the slider. 
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a 
To see the effect of b on the shape of the graph y = ~' let a = l and change 

the values of b in a similar way to that shown above. 

• Exercise 6.5.1 
I Describe the effect that changing a has on the shape of the graph y = x : b. 

2 Describe the effect that changing b has on the shape of the graph y = x : b. 

The graph y =~has a particular property. It does not cross the y-axis (the line 

x = 0) or the x-axis (the line y = 0). The graph gets closer and closer to these lines 

but does not meet or cross them. These lines are known as asymptotes to the curve. 

Therefore the graph of y = ~ has a vertical asymptote at x = 0 and a horizontal 

asymptote at y = 0. Although clear from the graph, they can be calculated as follows. 

I Calculate the equations of any asymptotes for the graph of y = ~. 

Vertical asymptote: This occurs when the denominator = 0 as! is undefined. 
Therefore the vertical asymptote is x = 0. 

Horizontal asymptote: This can be deduced by looking at the value of y as x 
tends to infinity (wrinen as x ----+ ±<><>). 

Asx----++"°,y----+Oasf----to Asx----+-"",Y----tOas±----tO 

Therefore the horizontal asymptote is y = 0. 

2 Calculate the equations of any asymptotes for the graph of y = x ~ J + I and 

give the coordinates of any points where the graph crosses either axis. 

Vertical asymptote: This occurs when the denominator is 0. 

x - J = 0, so x = J. Therefore the vertical asymptote is x = 3. 

Horizontal asymptote: Locik at the value of y as x----+ ± ""· 

Asx----t-"",Y----tlasx~J----+0 

Therefore the horizontal asymptote is y = l. 

To find where the graph intercepts the y-axis, let x = 0. 

Substituting x = 0 into x ~ J + l gives )' = -i + I = j 

To find where the graph intercepts the x-axis, let y = 0. 

Substituting y = 0 into x ~ J + l gives: 0 = x ~ 
3 

+ I 

x~J = -1 

x=Z 

Therefore the intercepts with the axes occur at (o, f) and (2, 0). 



The reciprocal function and higher-order polynomials 313 

The graph of y = x ~ 
3 

+ l can now be sketched as shown. 

Note: The asymptotes are shown with dashed lines. 

• Exercise 6.5.2 
For each of the equations in questions 1-3: 
i) calculate the equations of the vertical and horizontal asymptotes 
ii ) calculate the coordinates of any points where the graph intercepts the axes 
ii i) sketch the graph 
iv) check your graph using either a GOC or graphing software. 

I a p:;-:h 
2 

cy=~ 

2 a y = ~ + 2 

C y=~+4 

Jay=~ 

2 
C y = Tx":"T 

b y = x! 3 

d y = x-=._\ 

b y=~-3 

d y = x! 4 - I 

hy=zx~l+l 

d y = 4x- ~ I + 2 
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I Use a GOC or graphing software to graph the function y = (x _ zJ(x + l) 

and determine the equations of any asymptotes. 

Graphing .software will prcx:luce the following graph of the function: 

The equations of any asymptotes can be determined as before. 

Vertical asymptote: This occurs when the denominator is 0: (x - 2)(x + I) = 0 

Therefore the vertical asymptotes are x = 2 and x = - L 

Horizontal asymptote: Look at the value ofy as x ----t ±oo. 

Asx----t±oo, 

y ----+ 0 as (x _ Z)\x + l) ----+ 0 

Therefore the horizontal asymptote is y = 0. 

Therefore a more informative sketch is: 
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2 Use a GOC or graphing software to graph the function y = ~ + 2 
and determine the equations of any asymptotes. + x -

The graphing software will 
produce the following graph 
of the function: _J 

The equatioru of the asymptotes are determined as before. 

Vertical asymptote: This occurs where the denominator is 0. 

x1+x-6=0 

Factorising gives (x - 2)(x + 3) = 0 

Therefore the vertical asymptotes are x = 2 and x = -3. 

Horizontal asymptote: Look at the value of y as x----) :!:"'. 

AsX----):!:CIO,y----)2as~----)o 

Therefore the horizontal 
asymptoteisy = 2. 

Therefore a more informative 
sketch is: 

• Exercise 6.5.3 
For each of the equations in the following questioru: 
i) calculate the equations of any vertical or horizontal asymptotes 

L 

ii) calculate the coordinates of any JX)ints where the graph intercepts the axes 
iii) sketch the graph of the function with the aid of a GOC or graphing software. 

I a y = (x - 1)
1
(x - 2) 

c y = x(x ~ 5) + 1 

b y = (x - 4)\x + 3) 

d y = (x; 2)1- 3 
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2 a y=x2+jx-4 b P x1 + 3~ - 10 

c y=x1 +ix+l+ 3 d y= 2i1--
1
7x - 4 - I 

Higher-order polynomials 
Earlier in this topic you saw how a quadratic equation can sometimes be factorized, e.g. 

x1 - 4x - 5 = (x - 5)(x + 1) 

This can be used to find where the graph 
of y = x2 - 4x - 5 intercepts the x-axis, 
i.e. when y = 0. (x - S)(x + I)= 0 gives 
x = 5 andx = -1 as shown. 

y 

_ lJ r~ 
3 

\ 

·-

I 
X 

I/ 

" / ,_., 

The reverse is therefore also true. A quadratic equation that intercepts the x-axis at 
x= 3 and -6can bewrittenasy = (x - J)(x+ 6) = x2 +3x- 18. 

The same is true of higher-order polynomials. 

Using a GDC or graphing software, graph the cubic equation y = x3 - 2x1 - Sx + 6 
and, by finding its roots, rewrite the equation in factorized form. 

Casio 

Select the graphing mode and enter 
the equation y = x3 - 2x2 - 5x + 6. 

Note: Although the GDC w ill also find they-intercept, it is quicker 
simply to substitute x = 0 into the equation, i.e. they-intercept is +6. 
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Texas 

r and enter the equation 
~ Y=X3- 2x2- Sx+6. 

~ to graph the function. 

~ to select the 'graph 
~ i.__.) calc.' menu. 

~ to find where the graph is zero 
lr..:...il (i.e. crosses the x-axis). 

Use the cursor key to select a left 
bound. Press enter and then use the 
cursor key to select a right bound. The 
calculator will search for a solution 
within this range. Press enter twice to 
display the answer. 

Repeat the process for the other roots. 

Note: Although the GDC will also find they-intercept by entering a 
value of x = 0, it is quicker simply to substitute x = 0 into the 
equation, i.e. they-intercept is +6. 

Select ~ and enter the equation 
y=x3 -2x2--Sx+6. 

Select the graph and choose 
'Object' and 'Solve f(x) = O'. 

The results are displayed at the 
bottom of the screen, or by 

accessing the 'results box' tffil . 

Ii I ----rtT 
iit#d·· 

Equation Sotver. 
Solution: x=-2, y=O 
Solution: x=1, y=O 

J5olution: ~=:J,y=O 

·¥· 
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GeoGebra 

Type f(x) = x A 3 - 2x A 2 - Sx + 6 

into the input box. 

Type: Root[f]. This finds the roots 
for the polynomial f. 

The results are displayed in the 
algebra w indow. 

Free objects 
Q f(x)•x~-2x" -5x+6 
Dependent obJects r ~ A•(-2, 0) 
~ B•(1 , 0) 

L (j C=(J, 0) 

The roots of the equation are therefore x = - 2, l and 3, so the equation can be 
written in factorized form as 'J = (x + 2)(x - l)(x - 3). 

The y-intercept is found by substituting x = 0 into the equation, giving y = 6. 

You can also use your GOC in a similar way to find the stationary JX)ints of the 
curve. The algebraic method for finding the stationary points of a curve is covered 
in Topic 7. 

• Exercise 6.5.4 
For each of the equations in the following questions: 
i) Use a GOC or graphing software to sketch the function. 
ii) Determine the )'-intercept by using x = 0. 
iii) Rewrite the equation in factorized form by finding the roots of the equation. 

I a y=x3+6x1+ llx+6 
C 'J = x3 - x1 - 12x 

2 a y=x3-3x+2 
C 'J = -x4 + :zx3+ 3x1 

b y=x3-3x1+3 
d y = x3 - 4x 

b y=x3-4x1+4x 
d y = -x3 + x1 + 22x - 40 

6.6 Solving unfamiliar equations graphically 
When an equation has to be solved, it can be done graphically or algebraically. The 
following example shows how equations can be solved graphically. 
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Solvex+ 2 =?· 
Method I: Rearrange the equation to form the quadratic equation x1 + Zx - 3 = 0. 
This produces the graph shown. The roots can be calculated as shown earlier in 
the topic. 

Method 2: Both sides of the original equation can be plotted separately and the 
x-coordinates of their JX>ints of intersection calculated. 

Solution: x = I and x = -3. 

y 

I ' I 

4 ~ X o...cl 

\ I 
' 

I/ 
/ 

r,... Y= + 

· - -~~ 

Casio 

Select t he g raphing mode and enter 

t he equations y = x + 2 and y = i. 

Texas 

and ente r t he equations 
..__; y=x+ 2andy= ~ . 

....__,) to graph the functions. 

y 

7. 
I/ 

v ~ 

\ ' 

Yl=X+2 
Y2=3+X 

I I/ 
/ 

/ 
~ x 

~ 

X 
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I and enter the equations 

~ y =X + 2 andy =?-
..__; to graph the functions. 

P!!II to select the 'graph calc.' 
~ !-J Menu. 
rs, to find the intersection of the two 

- graphs. 
~ F,11,,... to select both graphs 
l.....lll.....ll l.....111 and confirm the first 

intersection point. 

Repeat the above steps for the second 
point of intersection. When prompted for 
the 'guess', move the cursor over the 
second point of intersection. 

Autograph 

Select ~ and enter the equations 

y = x + 2 and y = i. 
Select the graphs, choose 'Object' 
and 'Solve f(x) = g(x)'. 

The results are displayed at the 
bottom of the screen, or by accessing 
the 'results box' [ml . 

GeoGebra 

Typ~ f(x) = x + 2 and g(x) = ? into 
the input box. 

IMR· 

!
Equ.itlon Solver. 
Solution x=·3, y=·1 
S~utlon. x=1,y=3 

·• 

To find the points of intersection, 
select the 'intersect two objects' icon. 

Click on the curve and the straight 
line; the intersection point is 
marked. Its coordinates appear 
in the algebra window. 

Repeat for the second point of 
intersection. 

r"k'· - . . . 

. ~ . 

1 
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• Exercise 6.6.1 
I Using either a GOC or graphing software, solve the following equations. 

ax+ l =~ b~=2x+S 
6 I 

c ~ =-;r 

d 2x-~=9 
4x' I 

e5=x - 5 f x1 -3x-6=-; 

2 Solve the following equatioru using either a GDC or graphing software. Give 
your answers to one decimal place. 

a 6x = zx b zx-1=2-x2 , (ff - 3 - x' - 6x' 

e ~-5=-~ f 3 + sinx = si~x 

• Student assessment 1 
1 Which of the following is not a function? Give 

reasons for youraruwer. 
b 

OO·oo· . . . . . . . . 
2 State the domain and range for these functions. 

a f(x) = 3x - 2; -3 s x s I 
b g(x) = x1; x E R 

3 Calculate the range of f(q) = 4q + 7; -1 sq s 5. 

4 For the function g(x) = Jx; 
2

, determine: 

, g(4) b g(O) , g(-3) 

5 Calculate the coordinates of the point of 
intersection of each pair of linear functions. 
a f(p) = -2 - Zp andf(q) = Zq + 10 
b y=2x-landx+y=8 
c 3x + Zy = 7 and Sx + Zy = 7 

6 The graph of the temperature conversion from 
Celsius to Fahrenheit uses the formula 
F = !c + 32, where F andC are the 
temperatures in degrees Fahrenheit and 
Celsius respectively. 
a PlotagraphofF =!C +32;0 s Cs !Oil 

b Use the graph to estimate the following 
temperatures in degrees Fahrenheit. 
il 10°c iO 40°c iiil so 0c 

c Use the formula to check your answers to 
partb. 

7 The cost C in euro of prcxlucing a CD for a 
band is given by C(n) = 210000 + I .Sn 
where n is the number of copies made. Each CD 
sells for 12 euro. 
a Write down the function R(n) for the revenue. 
b Draw on the same axes graphs for cost and 

revenue. 
c What value of n represents the break-even 

point (i.e. the point where costs= revenue)? 

d What is the profit if the CD sells 250000 copies? 
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• Student assessment 2 
I a Copy and complete the table below for the 

function f(x) = x1 + 3x - 9. 

b Plot a graph of f(x) for the given domain. 
c Deduce the range for f(x). 

2 Factorize each of the following quadratic functioru. 
a f(x) = x.1 - 9x + 18 b h(y) = 3y1 + y - 2 
c f(x) = x1 - 3x - 10 d h(x) = 2x1 + 7x - 4 

3 Solve the following quadratic equatioru. 
a x1 + 6x + 8 = 0 b 2x1 + 10 = 12x 
c x1 + !Ox + 25 = 0 d 3x1 - 4 = 7x 

4 Using the quadratic formula x = - b ± ~ - 4ac 

for solving quadratic equations of the form 

ax1 + bx + c = 0, solve the following equations. 
a 4x1 - 6x + I = 0 b 5x2 - IZx - 3 = 0 

5 Calculate the final amount saved if €4000 is put 
into an account paying 7 .5% interest per year, 
for !Oyears. 

6 The number of a type of bacteria increases by 
25% every hour. If the initial number is x, 
calculate in terms of x the number of bacteria 
after 24 hours. 

7 An oil-field is being depleted by 10% each year. It 
currently holds IO million barrels of oil. How long 
will it be before it is reduced to I million barrels? 

8 The amount of light which passes through water 
decreases off a coral reef by 12.5% per metre. 
At how many metres is there only 10% of the 
light at the surface? Give your answer to the 

• Student assessment 3 
1 The functionf(x) = zx - 2 is to be plotted 

within -3 s x s J. 
a Construct a table of values of x andf(x). 
b Plot a graph of the function. 
c Write down the equation of any asymptotes. 

2 A large container is used to store wheat grain. To 
empty the grain from the container a hatch is 
opened near the base for it to pour out. The level 
(h m) of grain in the container after time (t hours) 
is given by the formula h = Z( - ,+J) + 0.1. 

a Construct a table of values of rand h for 
0 s rs 8. 

b Plot a graph to show the level of grain in the 
container over time. 

c What is the level of grain in the container at 
the start? 

d What is the equation of the asymptote? 
e Describe the meaning of the asymptote in the 

context of this problem. 

3 For the equation y = x ~ J + 1: 

a calculate the equations of any vertical and 
horizontal asymptotes 

b calculate the coordinates of any points where 
the graph intercepts the axes 

c sketch the graph. 

4 For the equation )' = Zx ~ 
4 

- I: 

a calculate the equations of any vertical and 
horizontal asymptotes 

b calculate the coordinates of any points where 
the graph intercepts the axes 

c sketch the graph. 

5 For the functionf(x) = (x + 1/(x _ S): 

a calculate the equations of any vertical and 
horizontal asymptotes 

b calculate the coordinates of any points where 
the graph intercepts the axes 

c sketch the graph. 
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6 For the function f(x) = ~ + 2: 

a calculate the equation;; of any vertical and 
horizontal asymptotes 

b calculate the coordinates of any points where 
the graph intercepts the axes 

c sketch the graph. 

Examination questions 
I Given the function f(x) = 2 x Y for - 2 s x s 5, 

a find the range off; [4] 
b find the value of x given thatf(x) = 162. [2] 

Paper I, Nov 09, Qi l 

2 The diagram below shows the graph of a 
quadratic function. The graph passes through 
the lX)ints (6, 0) and (p, 0). The maximum 
point has ccordinates (0.5, 30.25). 

a Calculate the value of p. [2] 
b Given that the quadratic function has an 

equation 'J = -x.1 + bx + c where b, c E Z, 
find band c. [4] 

Paper I, Nov 09, Ql3 
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3 The function f(x) = 5 - 3(2-x) is defined for 
X ~ 0. 
a i) On a copy of the axes below sketch the 

graph of f(x) and show the behaviour of 
the curve asxincreases. 

ii) Write down the cOC1rdinates of any 
intercepts with the axes. [4] 

b Draw the line y = 5 on your sketch. [l] 
c Write down the number of solutions to 

theequationf(x) = 5. [l] 

Paper 1, May 10, Q!S 

4 Consider the function f(x) = 1.25 - irX, where a 
is a positive constant and x <!:: 0. 

The diagram shows a sketch of the graph off. 
The graph intersects the y-axis at point A and 
the line L is its horizontal asymptote. 

a Find the y-coordinate of A. [2] 
The point (2, 1) lies on the graph of y = f(x) 
b Calculate the value of a. [2] 
c Write down the equation of L [2] 

Paper 1, May 11, QlS 



Applications, project ideas 
and theory of knowledge 

2 lhe terms mapping, 
function.domain ~nd 
range have a specifi.c 
meaning in this topic. 
what are their more 
general metmings? 

1 The study of supply and 
dem1.md, and grap~s 
representing them, is 
fundamen~al to ~e study 
of econom1cs. lh1stype of 
graph work could_form 
the basis ofa proJect. 

( . >. 
' ·~ 

\; 
,:_~ l 

3 Compound interest is usually 
calcul~ted annually but 
S~etimes it is calculated eve,y 
SIXmonthsorashorterintervai 
\.-\!hat would be the effect of . 
compounding eve,y day 
or ,hour o,- minute? This Study 
cf thenaturalexponentiale' 
cou!d form the basis of a 
P'OJect on growu, and decay. 

4 what type of grl:lph is 
obtained bya study of 
radioactive decay? ooessuch 
a graph show the . 
mathematical basis of 
radioactive decay or are _we 
imposing our mathematical 
structure onto it? Discuss the 
long-term problem of what to 
do with radioactive waste. 



s oescribe the terms 
'parallel' and 
'perpendicular' by 
reference to functions . 

7 Any business is concerned 
with cash ~ow. and cost 
and revenue functions. 
The study of these in a 
company could form the 
basis of a project. 

8 Discuss the statement that 
'to know about Descartes 
Nev.rton and c;auss has n~ 
relevance to learning 
mathematics'.can 
mathematics be studied 
without any reference to 
its historical context? 

' 6 ooesa graph without 
labels or a scale have any 
meaning?Would 
reversing the position of 
thexandyaxes have 
anyeffectuponthestudy 
of graphs of functions? 

9 There are a number of 
unusual and unfamiliar 
functions which produce 
interesting graphs. The 
study of these could form 
thebasisofaproject. 

10 Leonhard rnlerwrote 
seventyvolumesofwork 
on mathematics.Isa 
great mathematician 
onewhoisprolificlike 
him,oronewhomakes 
on!yonemajor 
breakthrough? 



Introduction to differential 
calculus 

Syllabus content 
7.1 Concept of the derivative as a rate of change. 

Tangent to a curve. 

7.2 The principle thatf(x) =ax"=:, f'(x) = anx"-1• 

The derivative of functions of the form 

f(x) = ax'+ b~1 + ... , where all exponents are integers. 

7 .3 Gradients of curves for given values of x. 

Values of x where f'(x) is given. 

Equation of the tangent at a given point. 

Equation of the line perpendicular to the tangent at a given point (normal). 

7.4 Increasing and decreasing functions. 

Graphical interpretation of f'(x) > 0, f'(x) = 0, f'(x) < 0. 

7.5 Values of xwhere the gradient of a curve is O (zero). 

Solution of f(x) = 0. 

Stationary points. 

Local maximum and minimum points. 

7 .6 Optimization problems. 

Introduction 
Pierre de Fermat was a great French mathematician who proposed and solved many 
mathematical problems. He is most famous for 'Fermat's Last Theorem', which he 
proposed in 1637. Although seemingly simple, the theorem was not proved until 
358 years later, in 1995. 

Fermat's last theorem is an extension of Pythagoras' theorem. It states that: ' If an 
integer n is greater than 2, then the equation d' + Ii' = c' has no solutions.' Fermat 
suggested that he had found a simple proof of this, however it is not accepted by 
mathematicians tcxlay. 
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Andrew Wiles, a Cambridge mathematician, worked secretly for many years to 
find a proof. This proof was extremely complex, building on work on elliptical 
curves by Eves Hellegouach, and required a proof of the T aniyama-Shimura 
conjecture. However, the final proof by Wiles is accepted as a work of genius 
because of the innovative way in which he brought together ideas. 

Everyone accepts that Andrew Wiles proved Fermat's Last Theorem. However, 
this is not the case with the discovery of calculus. Sir Isaac Newton (1643-1727), 

Andrew Wiles another Cambridge mathematician, is accepted as one of the most influential men 
in human history. His work on gravitation and the Laws of Motion in his book, 
Philosophae Natura/is Principia Mathematica, influenced mathematics and science for 
hundreds of years. His work was only taken funher by the great mind of Albert 
Eirutein. Newton is credited by many as discovering calculus. 

Gottfried Wilhelm Leibniz (1646-1716), the German mathematician and 
Philosopher, worked on what we now term calculus at the same time as Newton. 
The suggestion that Leibniz, who wrote poetry in addition to writing on maths, 
politics, law, theology, history and philology, had stolen Newton's ideas on 
calculus and merely improved them, caused a bitter argument that went on long 
after they had both died. 

Claims as to who should get the credit for an invention are not W1usuaL Did 
Alexander Graham Bell or Antonio Meucci invent the telephone? Did the Scot John 
Logie Baird, the American Philo Taylor Farnsworth or the Russian Vladimir Kosma 
Zworkin, discover television? It often depends upon the country in which the lx>ok 
you read was published. It has been suggested that 'there is a time for a discovery' and 
that if one person had not made the breakthrough, someone else would have. This 
claim is supported by one of the great modem discoveries, the structure of the DNA 
molecule. Watson and Crick discovered the double helix structure but other 
scientists, panicularly Rosalind Franklin, were very close to a solution. 

Calculus is the cornerstone of much of the mathematics studied at a higher 
level. Differential calculus deals with finding the formula for the gradient of a 
function. In this topic, the functions will be of the formf(x) =ax"+ bx>-1 +. 
where n is an integer. 

7.1 Gradient 
You will already be familiar with finding the gradient of a straight line, shown below. 

The gradient of the line passing through points (x
1
, y

1
) and 

Yi - Yi 
(Xi, y1) is calculated by~· Therefore the gradient of 

the line passing through points P and Q is ~~ = i = f6 = f 
The gradient of a linear function (a straight line) is 

constant, i.e. the same at any point on the line. However 
non-linear functions, such as those that produce curves 
when graphed, are more difficult to work with as the 
gradient is not constant. 
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The graph opposite shows the function 
f(x) = xl-. Point Pis on the curve at (3, 9). If 
P moves along the curve to the right, the 
gradient of the curve becomes steeper. If P 
moves along the curve towards the origin, the 
gradient of the curve becomes less steep. 

See GeoGebra file '7.1 Gradient ofy • x21 • 

y 
18 

16 

12 

10 

-4 -3 -2 -1 0 1 2 3 4 X 

The gradient of the function f(x) = x1 at the point P(l, l) can be calculated as 
follows. 

Mark a JX)int Q 1(3, 9) on the graph and draw the line segment PQJ. The gradient 
of the line segment P(21 is only an approximation of the gradient of the curve at P. 

Gradient of P(l1 = M = 4 

Mark a point Q1 closer to P, for example (2, 4) and draw the line segment F'C>1. The 
gradient of the line segment PQ1 is still only an approximation of the gradient of 
the curve at P, but it is a better approximation than the gradient of PQr 

Gradi,m of PQ, - M -3 

y 
18 

y 
18 

16 

12 

10 

a, 
(2, 4) 

2 
p (1, 1) 

-1 0 1 2 3 4 X 

!fa JX)int Q
3 

(1.5, 1.51) is chosen, the gradient PQ
3 

will be an even better 
approximation. 

1.51 - I 
Gradient of PQ3 = ""13'"-=-T = 2.5 

For the point~ (1.25, 1.251
), the gradient of PQ. = 't~z~2 

~ 1
1 

= 2.25 

1.12 - I 
For the point~(l.l, 1.1 2), the gradient of~= TI-=T = 2.1 
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See GeoGebra file '7.1 Gradient of line segment PC>'. 
The results above suggest that, as point Q gets closer to P, the gradient of the 

line segment PC> gets closer to 2. 
It can be proved that the gradient of the function is f(x) = x1 is 2 when x = 1. 

Consider points P andQ on the functionf(x) = x1• Pis at (I, 1) and Q, h units 
from Pin the x-direction has coordinates (1 +h, (1 +h)1). 

Gradient of line segment PC>= ('i:~1
- -, I = l + 2h: hl - I = h(\+h) = 2 + h 

As Q gets closer to P, h gets smaller and smaller (tends to 0), therefore the gradient 
(2 + h) of the line segment PQ tends to 2. 

Therefore the gradient at P(l, I) is 2. 

In general: 
The gradient of a curve at the point Pis the same as the gradient of the 

tangent to the curve at P. 
See GeoGebra file '7. I Line passing through P and Q'. 

• Exercise 7.1.1 
I Using the proof above as a guide, find the gradient of the function f(x) = x1 

when: 
ax=2 bx=3 cx=-1 
d By looking at the pattern in your results, complete this sentence. 

For the function f(x) = x1, the formula for the gradient is .. 

2 Find the gradient of the function f(x) = 2x2 when: 
a x=I b x=2 c x=-2 
d By looking at the pattern in your results, complete this sentence. 

For the function f(x) = 2x2, the formula for the gradient is .. 

3 Find the gradient of the function f(x) = fx2when: 
ax=I b x=2 cx=J 
d By looking at the pattern in your results, complete this sentence. 

For the function f(x) = fx1, the formula for the gradient is .. 
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In each case in Exercise 7 .1.1, a rule was found for calculating the gradient at any 
point on the particular curve. This rule is known as the gradient function f(x) or 

!, i.e. the function f(x) = x1 has a gradient functionf(x) = Zx 

or!= Zx. 

Note: tis also known as the rate of change of y with x. 

You can check this by graphing a function and its gradient function simultaneously 
on a computer. 

• Type equation y = x2 + x 
• Select curve. 
• Click on the gradient 

function icon J . 

• Type equation 
f(x)=x2 +x 

• Type Derivative [fl 

Autograph 

GeoGebra 

Note: The equation of the gradient function is given in the algebra 
window. 
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Exercise 7 .1.2 
I Using graphing software as shown 

above, find the gradient functions of Function f(x) Gradient function f (x) 

each of the following functions. 
i' a f(x) = x3 

b f(x) - 3i' 2x' 
c f(x) =x1 + 2x fx2 
d f(x) = x1 - 2 
e f(x) = Jx - 3 x2 +x 2x + 1 
f f(x) = 2x2 - x + I x' 

2 Copy and complete the table by 3x' 
entering your gradient functions 
from question l above and from xi+ 2x 

Exercise 7.1.1. x2 - 2 
3 Describe any patterns you notice in 3x- 3 

your table for question 2, between a 
2x2 -x+ 1 function and its gradient function. 

The functions used so far have all been polynomials. There is a relationship 
between a JX)lynomial function and its gradient function. This is summarized below. 

If f(x) = ax" then~= an,..n--1, 

i.e. to work out the gradient function of a JX)lynomial, multiply the coefficient of x 
by the JX)Wer of x and then subtract I from the JX)Wer. 

I Calculate the gradient function of the functionf(x) = 2x-'. 

~ = J X zx!3- l) = 6x1 

2 Calculate the gradient function of the function f(x) = 5x~. 

~ = 4 x Sx(4-l) = 20x3 

• Exercise 7 .1.3 
I Calculate the gradient function of each of the following functions. 

a f(x) - x4 b f(x) - x' c f(x) - 3x' 
dM-~ •M-~ fM-~ 

2 Calculate the gradient function of each of the following functions. 

a f(x) = lx3 

d f(x) = fx~ 

b f(x) = ix4 
e f(x) = ix-' 

C f(x) = ix1 
f f(x) = ix-' 
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-= 7.2 Differentiation 
The process of finding the gradient function is known as differentiation. 
Differentiating a fw1etion produces the derivative or gradient function. 

I Differentiate the fw1etion f( x) = 3 
with respect tox. 

The graph of f(x) = 3 is a horizontal 
line as shown. 

A horizontal line has a gradient of 
zero. Therefore, 

f(x) =3=>t=0. 

This can be calculated using the rule 
for differentiation: 

f(x) = 3 can be written asf(x) = 3.xO 

~ = 0 X Jx(IJ.-l) = 0 

-2 -1 0 1 2 3 4 5 6 7 8 X 
-1 

In general therefore, the derivative of a constant is zero. 

Iff(x) = c => ~ = 0. 

2 Differentiate the function f(x) = Zx with respect to x. 

The graph of f(x) = Zx is a straight line as shown. 

From work done on linear graphs, you know 
the gradient is 2. Therefore, 

f(x) = Zx=>~= 2. 

This tco can be calculated using the rule for 
differentiation: 

f(x) = Zxcanbewrittenasf(x) = 2x1• 

t= l xzxO- l) = 2,!J 

But x0 = l, therefore t = 2. 

In general, therefore, if f(x) =ax ~ '*= a. 
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3 Differentiate the function f(x) = fx-' - 2x + 4 with respect to x. 

Graphically the function and its derivative are as shown. 

It can be seen that the derivative of the function f(x) is a quadratic. The 
derivative can be calculated to be f'(x) = x1 - 2. 

This suggests that the derivative of a function with several terms can be 
found by differentiating each of the terms individually, which is indeed the 
case. 

4 Differentiate the functionf(x) = lx3: x1 with respect tox. 

Before differentiating, rewrite functioru as sums of terms in powers of x. 

lx3: xl can be written as ¥ + ~ 
and simplified to 2x1- + x. 

Thereforef(x) = lx-': x1- = 2x2 + x => ~ = 4x + L 

Note: A common error here is to differentiate each of the terms 

individually. 

The derivative of lx3: x.2 is not 
6x

1 t lx . 

• Exercise 7.2.1 
I Differentiate each of the following expressions with respect to x. 

a 5x3 b 7,?- C 4x6 

f fx5 
. I 
' 8 
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2 Differentiate the following expressions with respect to x. 

a 3x1 + 4x b 5x3 - 2x1 c 10x3 - fx1 
d 6x3-Jx1+x e 12x4-2x1+5 

g -Jx4 + 4x1 - l h -6x5 + Jx4 - x+ I 

f fx3-fx1 +x-4 
i -ix6+ jx3- 8 

3 Differentiate the following expressions with respect to x. 

a x3;x2 b 9 c 6x3~zx1 

d x3 ;}xl e Jx(x + I) f 2x1(x - 2) 

g (x + 5)1 h (2x - l)(x + 4) i (x1+x)(x-3) 

Negative powers of x 
So far all the polynomials that have been differentiated have had positive powers of 
x. This section looks at the derivative of polynomials with negative powers of x, for 
example differentiating from first principles the function f(x) = x-1 with respect to x. 

You will know from your work on 

indices that x-1 can be written as~. 

The function f(x) is shown graphically 

with P(x, ~) and Q(x + h, x ! h). 

Gradient of line segment PC> 
1 I x+h x h 

y~ 

y:f(x) 

.. :~ 
' ' 
X X+h 

~ - x+h ~-~ x(x+h) I 
=x - (x+h)= -h =-----=-,;-=-x(x+h) 

As Q gets closer to P, h gets smaller and therefore the gradient of PQ tends to -~. 

This tells us that for f(x) = x-1, the derivativef'(x) = -~ = -x-1• 

It can be seen that the original rule for the derivative of polynomials, namely if 
f(x) = ax" then f'(x) = anx"-1, is still valid when n is negative. 

f(x) = x-1 

f(x) = -1 X x(-l - l) = -x-1 
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l Find the derivative of x-1• 

~= -2 xx<-2-n 
dx 2 

- -Zr' - --;, 

2 Calculate!, when y = 2x-1 + x-1 + 2. 

~= -1 x 2x(-l - l) + -2 x x<-2- ]) + O 

= -2x-l - Zx-3 

- -Z(j+~) 

3 Differentiate -!_s with respect to x. 

~irst write the expression -!r in the form ax", where a is a constant and n an 
mteger: 

-!s= 2 X~= 2x-
5 

~= -5 x2x(-S- l) 

--100- - ~ 

• Exercise 7.2.2 
I Find the derivative of each of the following expressions. 

a X-l b X-3 C 2:x-2 d -X-1 e -t x-3 

2 Write down the following expressions in the form ax", where a is a constant and 
nan integer. 

a .l b l 
' ' 

3 Calculate f'(x) for the following curves. 

2 
J,' 

3 
e "'f;T 

a f(x) = 3x-1 + 2x b f(x) = 2x2 + x-1 + l 

c f(x) = 3x-1 - x-2 + 2x d f(x) = -!r + x3 

e f(x) = ~ - ~ + l f f(x) = --& + -& 

f -b 

So far we have only used the variables x and y when finding the gradient function. 
This does not always need to be the case. Sometimes it is more convenient or 

appropriate to use other variables. 
56
:b_ 

If a stone is thrown vertically upwards from the 
ground, with a speed of !Oms- 1, its distance (s) from its 

jXlint of release is given by the formulas = !Or - 4.9t1, 
where tis the time in seconds after the stone's release. 

This is represented graphically as shown. 

0 1 2 t 
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The velocity ( v) of the stone at any JX)int can be found by calculating the rate of 

change of distance with respect to time, i.e. *· 
Therefore, ifs = lOt - 4.9r2 

v = * = 10 - 9.Bt 

I Calculate* for the function s = 6t1 - 4r + L 

*= 12t-4 

2 Calculate* for the function r = ~ + 2r1 -1. 

Rewriting the function as r = 6t-l + Zr1 -1 

*= -12r
3 

+ 4t = -¥+ 4r 

3 Calculare#rforthefunctionv=(r3+ t)(~-1). 
Expanding the brackets gives: v = Zr - r3 + ~ - l 

Therefore #r = 2 - Jr1 
-~ 

• Exercise 7.2.3 
I Differentiate each of the following with respect to t. 

a y = 3t1 + t b v = Zt3 + t1 c m = 5t3 - t1 

d y = 2r1 e r=fr2 f s = t4- r 2 

2 Calculate the derivative of each of the following functions. 

a y = Jx-1 + 4 b s = 2r1 - 1 c v = r 1 - ~ 

d P=.t;-+zl e m=I-f f a=f-t' 
3 Calculate the derivative of each of the following functions. 

a y=x(x+4) b r=t(/-t) c v=r(++r2
) 

d p=r1(~-3) e a=x(x-1 +f) f y=r1(r-fr) 
4 Differentiate each of the following with respect to r. 

a y = (t + l)(t - I) b r = (t - 1)(2t + 2) 

, p-(++1)(+-1) 
e v= (~+ 1)(t-1) 

d a= (r1 + t)(r1 - 2) 
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7.3 The gradient of a curve at a given point 
You have seen that differentiating the equation of a curve gives the general 
equation for the gradient of any JX)int on the curve. Using the general equation of 
the gradient, gradients at specific points on the curve can be calculated. 

For the function f(x) = fx2 - Zx + 4, the gradient functionf'(x) = x - 2. The 

gradient at any JX)int on the curve can be calculated using this. 
For example, when x = 4, f '(x) = 4 - 2 

- 2 
i.e. the gradient of the curve f(x) = f x2 - Zx + 4 is 2 when x = 4, as shown below. 

:Gradient of curve 
:atx=4is2 

-1 0 1 2 3 4 5 6 7 X 

GOCs and graphing software can also help to visualize the question and check the 
solution. 

8 Cl and enter the 

equation of the curve. 
to plot the graph. 

,. ... .. 
The gradient of the curve at 
x = 4 is displayed on the screen. 

Casio 

Note: If the* derivative feature is not displayed on the screen, it 

can be turned on via the set up menu. 
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Texas 

~ and enter the equation of 

± the curve. 

r,._-) to plot the graph. 

~ 
dy 

and select dx· 

~ r::J to calculate the 
gradient when x = 4. 

Autograph 

• Type equation y = 1x2 - 2x + 4 

\J • Select the curve. 
Click on coordinate icon , 

and enter the value x = 4. 

~ 
A point is plotted on the curve 
at X = 4. 

• Click on the point. Select 
'object' followed by 'tangent'. / A tangent is drawn to the curve 

at x = 4. Its equation and the 
coordinate of the point are 
displayed at the base of the screen. 

Note: The equation of the tangent is displayed at the base of the 
screen, i.e. y = 2x - 4. The gradient can therefore be deduced from this. 

GeoGebra 

• Type equation 

ti 
f(x) =1xA2 - 2x + 4 ......... 

• Type 'Tangent[4, f]'. This 
draws a tangent to the curve 

~ . atx = 4. 

. 

Note: The equation of the tangent is displayed in the algebra window, 
i.e. y = 2x - 4. The gradient can therefore be deduced from this. 
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Calculate the gradient of the curve f(x) = x3 + x - 6 when x = -1. 

The gradient function f'(x) = 3x1 + I. 

Whenx = -1,f'(-1) = 3(-1)1 + 1 = 4, 

i.e. the gradient is 4. 

• Exercise 7.3.1 
I Find the gradient of each of the following functions at the given values of x. 

a f(x) = x1; x = 3 

b f(x) = tx2 - 2; X = -3 

C f(x) = 3x1 - 4x2 - 2; X = 0 
d f(x) = -x1 + 2x - l; x = l 
e f(x) = -+ x3 + x - 3; x = -1 , x = 2 
f f(x) = 6x; x = 5 

2 Find the gradient of each of the following functions at the given values of x. 

a f(x) =~;x= 2 

b f(x) = ~j X = l 

c f(x) = ~ - 3x; x = 2 

d f(x) = x1 - ~; x = - 1 

e f(x) = b + x1 -1; x = 2 

f f(x) = ~ - ~ + ~; X = t, X = -+ 
3 The number of people, N, newly infected on day r of a stomach bug outbreak is 

given by N = 5r2 - tt3• 

a Calculate the number of new infectioru, N, when: 
i) r = l ii ) r = 3 iii) r = 6 iv) t = 10. 

b Calculate the rate of new infections with respect to t, i.e. calculate~. 

c Calculate the rate of new infections when: 
i) r = l ii) r = 3 iii) r = 6 iv) t = 10. 

d Using a GOC, sketch the graph of N agairut t. 
e Using your graph as a reference, explain your answers to part a. 
f Using your graph as a reference, explain your answers to part c. 
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4 A weather balkxm is released from the ground. Its height h (m) after time 
t (hours) is given by the formula h = 30t1 - r3, rs 20. 

a Calculate the balloon's height when: 
i) t= 3 ii) t = 10. 

b Calculate the rate at which the balloon is climbing with respect to time t. 
c Calculate the rate of ascent when: 

i) r = 2 ii) r = 5 iii) r = 20. 
d Using a GDC, sketch the graph of h agairut t. 
e Using your graph as a reference, explain your answers to part c. 
f Use your graph to estimate the time when the balkxin was climbing at its 

fastest rate. Explain your amwer. 

Calculating x, when the gradient is given 
So far we have calculated the gradient of a curve for a given value of x. It is 
possible to work backwards and calculate the value of x, when the gradient at a 
JX)int is given. 

Consider the fw1etion f( x) = x7- - Zx + I. Ir is known that the gradient at a 
particular jXlint on the curve is 4. It is JX>ssible to calculate the coordinate of 
the point. 

The gradient function of the curve is f(x) = 2x - 2. 
As the gradient at this particular jXlint is 4 (i.e. f(x) = 4), an equation can be formed: 

2x - 2 = 4 
2x = 6 
x=J 

Therefore, when x = J, the gradient of the curve is 4. 
Once again a GOC and graphing software can help solve this type of problem. 

The function f(x) = x-' - x1 - 5 has a gradient of 8 at a JX>int Pon the curve. 

Calculate the JX>ssible coordinates of jXlint P. 

The gradient function f '(x) = Jx2 - 2x 

At P, Jx1 - 2x = 8. 

This can be rearranged into the quadratic Jx1 - 2x - 8 = 0 and solved either 
algebraically or graphically as shown in Section 1.6. 
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Graphically 

-2 -1 .5 -1 --0.5 0.5 1.5 2.5 X 

-2 

-6 

From the graph it can be seen that x = -1 f and x = 2, i.e. there are two possible 
positions for point P. 

By substituting these values of x into the equation of the curve, the )'-coordinates of 
P can be calculated. 

1(-1t)=(-1tf-(-1tY-s = -W= -917 
f(Z)-21 -21 -5--1 

Therefore, the possible coordinates of Pare (- if, -917) and (2, -1). 

Algebraically 

The quadratic equation 3x1 - Zx - 8 = 0 can be solved algebraically by factorizing. 

(3x + 4)(x - 2) = 0 

Therefore, (3x + 4) = o~x = -for(x - 2) = o~x = 2. 

Your GOC can also be used to solve (quadratic) equations. 

Casio 

8 and select Equation mode. 

to select Polynomial. 

to select polynomial of degree 2. 

to solve the equation. 

aXl•bX•c."'0 
._L_L___s_ 
CI -I ~ 

a)(f-+bX• c.=0 
--'--

;[~ 

-• 
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Texas 

• 
~ to select equation solver and 
~ then enter the equation. 

!EQUATION SOLVER 
le~n: 0=3X' - 2X- 8 

~lrr..llllll o 1n one sou 10n. • X=-l. 333333333 __ _ prilllll,... , t· d I 1· 13X> - 2X-8=0 

Change the value of x to a number closer • ~~~~~~£;i E99' 1... 
to the second solution, e.g. x = 1. 

1

3X> - 2X-8=0 ~CJ to find the second solution. • g~~nd=(-1 E99, 1 ... 
• left-rt=0 

Note: To find the second solution, you will already need to know 

approximately where it is. This can be done by graphing the 
equation first. 

Once the values of x have been calculated, the values of y can be calculated 
as before. 

• Exercise 7.3.2 
I Find the coordinate of the point P on each of the following curves, at the given 

gradient. 

a f(x) = x1 - 3, gradient = 6 

b f(x) = 3x1 + I, gradient= 15 

c f(x) = 2x1 - x + 4, gradient = 7 

d f(x) = +x1 - 3x - l, gradient= -3 

e f(x) = fx2 + 4x, gradient = 6 

f f(x) = --}x1 + Zx + 1, gradient = 4 

2 Find the coordinate(s) of the point(s) on each of the following curves, at the given 
gradient. 

a f(x) = fx3 + fx2 + 4x, gradient= 6 

b f(x) = fx3 + 2x2 + 6x, gradient = 3 

C f(x) = tx1 - 2-,!,, gradient= -4 

d f(x) = x3 - x1 + 4x, gradient = 5 
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3 A stone is thrown vertically downwards off a tall cliff. The distance (s) it travels 
in metres is given by the formulas= 4t + 5t1, where r is the time in seconds 
after the stone's release. 

a What is the rate of change of distance with time#? (This represents the 
velocity.) r 

b How many seconds after its release is the stone travelling at a velocity 
of9ms- 1? 

c The stone hits the ground travelling at 34 ms- 1• How many seconds did 
the stone take to hit the ground? 

d Using your answer to pan c, calculate the distance the stone falls and 
hence the height of the cliff. 

4 The temperature (T °C) inside a pressure cooker is given by the formula 
T = 20 + 12r1 - r3; t s 8, where tis the time in minutes after the cooking starred. 

a Calculate the temperature at the start. 
b What is the rate of temperature increase with time? 
c What is the rate of temperature increase when: 

i) t = l ii) t = 4 iii) r = 81 

d The pressure cooker was switched off when ¥r = 36. 

How long after the start could the pressure cooker have been switched off? 
e What was the temperature of the pressure cooker if it was switched off at 

the greater of the two times calculated in part d? 

Equation of the tangent at a given point 
As was seen in Section 7.1, the gradient of a tangent drawn at a point on a curve is 
equal to the gradient of the curve at that point. 

What is the equation of the tangent tof(x) = fx2 + 3x + l in the graph below? 

The function f(x) = fx1 + 3x + I has a gradient function of f '(x) = x + J 

At point P, where x = l, the gradient of the curve is 4. 

The tangent drawn to the curve at Palso has a gradient of 4. 

As it is a straight line, it must take the form )' = mx + c. The gradient m is 4 
as shown above. 
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Therefore, y = 4x + c. 

As the tangent passes through the point P( 1, 4-!), these values can be substituted 
for x and y so that c can be calculated. 

4-f=4 +c 

= H = t 
The equation of the tangent is therefore y = 4x + f. 

Equation of a normal to a curve 
You saw in Section 5.1 that there is a relationship between the gradients of lines 
that are perpendicular (at right angles) to each other. If two lines are perpendicular 
to each other, the product of their gradients is -1, i.e. m1m2 = -1. Therefore the 

gradient of one line is the negative reciprocal of the other line. i.e. m1= - ~. 

In the previous section, it was possible to work out the equation of a tangent to the 
curve at a given point. A line drawn at right angles to the tangent, passing through 
the same point on the curve, is known as the nonnal to the curve at that point. 

It is possible to calculate the equation of the normal to the curve in a similar way 
to calculating the equation of the tangent. 

In the previous example the equation of the tangent to the curve 

f(x) = fxl + Jx +lat the JX)int P(l, 41") was calculated as 'J = 4x + t, 
Calculate the equation of the normal to the curve at P. 

The curve, the tangent and normal at P are shown below. 

It is already known that the tangent at P has a gradient of 4. 
As the prcxluct of the gradients of the tangent and normal is -1, the 

gradient of the normal can be calculated to be -t. 
TI1e normal is a straight line, so its equation must take the form 'J = mx + c. 
As the normal also passes through the JX)int P(l, 41"), the values of x, 'J and 

m can be substituted into 'J = mx + c so that c can be calculated. 

4=(-ix l)+c 

c = 4f=.!J-
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The equation of the normal is therefore y = - ix + ~. 

In the form ax+ by + c = 0 the equation of the normal is as follows: 

4y =-x + 19 
x + 4y - 19 = 0 

• Exercise 7.3.3 
l For the function f(x) = x2 - Jx + 1: 

a calculate the gradient function 
b calculate the gradient of the curve at the point A(2, 1). 

A tangent is drawn to the curve at A. 
c What is the gradient of the tangent? 
d Calculate the equation of the tangent in the form y = mx + c. 
e What is the gradient of the normal to the curve at A? 
f Calculate the equation of the normal in the form y = mx + c. 

2 For the function f(x) = 2x2 - 4x - 2: 
a calculate the gradient of the curve where x = 2. 

A tangent is drawn to the curve at the point (2, -2). 
b Calculate the equation of the tangent in the form y = mx + c. 
c What is the gradient of the normal to the curve at the point (2, - 2)? 
d Calculate the equation of the normal in the form ax+ by + c = 0. 

3 A tangent is drawn to the curve f(x) = fx2 - 4x - 2 at the point P(O, -2). 
a Calculate the gradient of the tangent at P. 
b Calculate the equation of the tangent in the form y = mx + c. 
c Calculate the equation of the normal to the curve at P. Give your answer 

in the formy = mx + c. 

4 A tangentT1 is drawn to the curvef(x) = -fx2 - 3x +lat the point P(-2, 6). 
a Calculate the equation ofT1• 

Another tangent, T1, with equation y = 10, is also drawn to the curve at a pointQ. 
b Calculate the coordinates of point Q. 
c T 1 and T1 are extended so that they intersect. Calculate the coordinates of 

the point of intersection. 

5 A tangentT1 is drawn to the curvef(x) = -x2 + 4x +lat thepointA(4, 1). 
a Calculate the gradient of the tangent at A. 
b Calculate the equation of the tangent in the form y = mx + c. 

Another tangentT
1 

is drawn at the point 8(2, 5). 
c Calculate the equation ofTr 
d Calculate the equations of the normals N 1 and N 2, where N 1 is the normal 

to T 1 at point A and N1 is the normal to T 2 at point B. Give your answers 
in the formy = mx + c. 

e N 1 and N 2 are extended so that they intersect. Calculate the coordinates of 
the point of intersection. 
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6 A tangent T, drawn on the curve f(x) = -P,:2 - x - 4 at P, has an equation 
'J = -3x - 6. 

a Calculate the gradient function of the curve. 
b What is the gradient of the tangent T? 
c What are the coordinates of the point P? 

7.4 Increasing and decreasing functions 
The graph shows the hean rate of an adult male over a period of time. 

l~ 
Time 

By simply looking at the graph, it is easy to see when his heart rate is increasing, 
decreasing and when it is at a maximum. 

By comparing the shape of the graph with its gradient, we can see that when the 
gradient is positive, the hean rate is increasing. When the gradient is negative, the 
heart rate is decreasing. When the gradient is zero, the heart rate is at its maximum. 

This section will look at the properties of increasing and decreasing functions. 
For the function f(x) = x1 the following observations can be made. 
When x > 0 the gradient is positive, therefore f(x) is an increasing function for 

this range of values of x. 
When x < 0 the gradient is negative, therefore f(x) is a decreasing function for 

this range of values of x. 
When x = 0 the gradient is zero, therefore f(x) is stationary at this value of x. 

12 

10 
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l a Using your GOC, sketch the function f(x) = x3 - 5x1 + 8. 
b Calculate the range of values of x for which f(x) is a decreasing function. 

b f(x) = x3 - 5x1 + 8, thereforef'(x) = 3x1 - !Ox. 

For a decreasing function, f'(x) < 0. 

Therefore, either solve the inequality 3x1 - !Ox < 0 to find the range of 
values ofx. 

Or, from the graph it can be deduced that the function is decreasing between 
the stationary points A and B. 

At the stationary points,f'(x) = 0 so the quadratic 3x1 - !Ox= 0 is solved to 

find the stationary points. 

3x1 - !Ox= 0 
x(3x - 10) = 0 

x=Oorlf 

Therefore f(x) = x3 - 5x1 + 8 is a decreasing function in the range O < x < .!_f. 
2 Show that f(x) = x' + x - 8 is an increasing function for all values of x. 

f'(x) - J,2 + 1 

For f(x) to be an increasing function, f(x) > 0. 

3x1 + I > 0 for all values of x as x1 is never negative. 

Therefore f(x) is an increasing function for all values of x. 
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• Exercise 7.4.1 
I For each of the following, calculate: 

i) f'(x) 
ii) the range of values of x for which f(x) is increasing. 

a f(x) = x1 - 4 b f(x) = x2 - Jx + 10 
c f(x) = - x1 + !Ox - 21 d f(x) = x3 - 12.x1 + 48x - 62 

•M-~+fu I M-~-~ 
2 Using the functions and your calculations in question l above find, in each case, 

the range of values of x for which f(x) is a decreasing function. 

3 a Prove that f(x) = fx3 + fx is an increasing function for all values of x. 

b Prove thatf(x) = fx3 - x -ix5 is a decreasing function for all values of x. 

4 Calculate the range of values ofk in the functionf(x) = x' + x1 - kx, given that 
f(x) is an increasing function for all values of x. 

7 .5 Stationary points 
In the previous section we looked at the concept of increasing and decreasing 
functions. If the gradient of a curve is positive (i.e. f'(x) > 0), then it is an 

increasing function for that value of x. If the gradient of a curve is negative 
(i.e. f'(x) < 0), then the function is a decreasing one for that value of x. 

However, there are cases where the gradient function is zero (i.e. f'(x) = 0). 

This section looks at those cases in more detail. 

The curve above is an increasing function between A and B and between C and D 
(where x takes values in the range x

1 
< x < x

2 
and x

3 
< x < x4 respectively). It is a 

decreasing function between B and C, between D and E and between E and F 
(where x takes values in the range x

2 
< x < x

3
, x

4 
< x < x

5 
and x

5 
< x < x6 

respectively). However, at points B, C, D and Ethe gradient function is zero. These 

are known as stationary points. 
There are different types of stationary point. Points Band Dare called local 

maxima. Point C is a local minima, whilst point Eis a point of inflexion. 

It is not necessary ro sketch a graph in order to find the position of any 
stationary points or to find out what type of stationary point they are. 

Note: The term 'local maxima' implies that it is a maxima within a given range 

of x values. It is not necessarily the greatest value of the function. In the example 
above, B is a local maxima, however it is not the greatest value of the function. 
D prcx:luces a greater value of f(x). 
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a Find the coordinates of the stationary points on the curve with equation 

'J = fx3 - 4x + 5. 

b Determine the nature of each of the stationary points. 

a lf y=fx3-4x+5,~=x1 -4. 

At a stationary point, t = 0. 

Therefore, solve x1 - 4 = 0 to find the x coordinate of any stationary point. 

x'- 4 = 0 
x'= 4 
x=2orx=-2 

When x = 2 and x = -2 are substituted into the equation of the curve, the 
y-coordinates are found. 

Whenx = 2: 'J =f(2)3 -4(2) + 5 = -f 

Whenx=-2: )'=f(-2)3 -4(-2)+5=10f 

The coordinates of the stationary points are (2, -f) and (-2, !Of). 

b There are several methods that can be used to establish the type of stationary 
point. 

i) Graphical deduction 
As the curve is a cubic of the form y = ax3 + bx1 + ex + d and a, the 
coefficient of x3, is positive, the shape of the curve is of the form 

(Vrammh,nV\ 
therefore it can be deduced that the coordinates of the stationary points are 

(-2.,oM 

N 
Hence (-2, 10 f) is a maximum point and (2, -f) a minimum point. 
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ii) Gradient inspection 

The gradient of the curve either side of a stationary point can be calculated. 

At the stationary point where x = 2, consider the gradient at x = 1 and x = 3. 

~=x1 -4 whenx= l,~= -3 

whenx = J,~= 5 

The gradient has changed from negative to positive as x increased, therefore 
the stationary point must be a minimum. 

At the stationary point where x = -2, consider the gradient at x = -3 and 
X = -L 

whenx = -3,1= 5 

whenx = -1,~= -3 

The gradient has changed from positive to negative as x increased, therefore 
the stationary point must be a maximum. 

In general: 

A maximum stationary point 

A minimum stationary point 

' : 
A JX)int of inflexion stationary JX)int : 

~<0 : 

"' ' 
A GOC and graphing software can also be used to find the position of any 
stationary points. For example, find the coordinates of the stationary points for the 

graph of:y = fx3 - 4x + 5. 

' 



Casio 

• Cl to select the graph mode. 

Enter the equation y = 1°x3 - 4x + 5 

to graph the function. 

to access the graph solve menu. 

to find any maximum points. 

Texas 

to enter the function. 

Enter the equation y = 1°x3 - 4x + 5 

I..__) to graph the function. 

P!!!IIII ..... to search for the 
~ ':,.__.) ~ maximum point. 

~ to move to the left of the 

maximum point. c:J 
~ to move to the right of the 

maximum point. 

c:J c:J to find the maximum point. 

~ ~ rn to search for the 

minimum point, followed by the same 

procedure described above for the 
maximum point. 
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/ 
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Autograph 

Select ~ and enter the equation 

y = fx3 
- 4x + 5 

To change the scale on the axes use ~ . 

Select the curve then click 'Object' 

followed by 'f'(x) = O'. 

The solutions appear at the base of the tll f#!!l!HI!?· ·······l:lfif 
screen or more clearly in the results box 

by selecting ~ !
;Equation Solver. 
Solutlon: x:-2, y:10.33 
Solution: x=2, y--0.3333 

GeoGebra 

Enter the equation 

y = fx"3 - 4x + 5 into the input 

field. 

To find the position of any 

stationary points type 

'TurningPoint [fl' into the input 
field. The points are plotted on the 
graph and their coordinates 
displayed in the algebra window. 

r~-rll. I .I/ tL 

There is also a way of finding stationary points using the second derivative B­
Although it is beyond the scope of this textbook, you may wish to investigate it as 
it is, in most cases, an efficient method. 

• Exercise 7. 5.1 
For questions I and 2, calculate: 
i) the gradient function 
ii) the C(X)rdinates of any stationary JXJints. 

l a f(x) = x1 - 6x + 13 
c f(x) = -x1 + Bx - 13 

2 a f(x) = x3 - 12x1 + 48x - 58 

c f(x) = x3 - Jx1- 45x + 8 

b f(x) = x1 + 12x + 35 
d f(x) = -6x + 7 

b f(x) = x3 - 12x 
d f(x)=fx-'+fx1-4x-5 
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For questions 3 and 4: 
i) calculate the gradient function 
ii) calculate the coordinates of any stationary points 
iii) determine the type of stationary point 
iv) calculate the value of the )'-intercept 
v) sketch the graph of the function. 

3 a f(x) = l - 4x - x1 

c f(x) = - f x3 + 3x1 - 4x 

4 a f(x) = x3 - 9x1 + 27x - 30 

7.6 Optimization 

b f(x) = f x3 - 4x1 + 12x - 3 
d f(x) = x3 - tx1 - 30x + 4 

b f(x) = xi - 4x3 + 16x 

You will come across You will have seen earlier in this topic that the process of calculating a rate of 
this in the Physics change, known as differentiation, is useful for calculating maxima and minima. This 
Diploma course. has many applications in the real world, in particular with optimization problems. 

Optimization problems are often concerned with minimising costs, maximising 
profits, minimising waste, etc. and therefore differentiation is a useful tool. 

A cardboard box manufacturer uses sheets of cardboard, with dimensions 
50cm x 75 cm, to make the main part of the box (i.e. the box without the lid). 

The box is made by cutting squares out of each corner and then folding up the sides 
as shown below: 

Calculate the maximwn volume possible for the box. 

The shape of the box depends on the size of the square removed from each 
corner of the sheet of cardboard. Let each square removed from each corner 
have a side length of x cm. 

The dimensions of the box will therefore be as shown: 
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The volume of a cuboid is calculated by Length x Width x Height 
In this example V = (75 - 2x)(50 - 2x)(x) 
Expanded this gives V = 4x3 - 25Dx1 +3750x 
The above equation implies that the volume of the box is also dependent 

on the value of x (i.e. the size of the square removed from each comer). 
A graph can be plotted of V against x to see how the volume changes with x. 

20000 

15000 

10000 

10 15 

As volume cannot be negative, the values of x must lie within OS x S 25. 
This can also be deduced from the size of the card. As the width is only 50 
cm, the maximum sized square that can be removed from each comer is one 
with a side length of 25 cm. 

From the graph we can see that the volume changes as x changes. The 
volume appears to have a maximum value when x is approximately 10cm. 

To calculate the optimum value of x, we can use differentiation to 

calculate the rate of change of volume V with x. 

~ = 12x1 -500x+3750 

At a maxima,~ = 0 

Therefore we need to solve the equation 12xl - 500x +3750 = 0 
6x1-250x+ 1875 =0 

Using the quadratic formula to calculate x: 

250 ±,J 2562 - 4 X 6 X 1875 
x6 

X"' 9.8 or3 i.9 (I d.p.) 

As 31.9 cm falls outside the domain ofx, the optimum value of x = 9.8 cm. 
The maximum volume V can be calculated by substituting x = 9.8 into the 

equation for V. 
V = 4 x 9.8J - 250 x 9.81 + 3750 x 9.8 
V = 16505 cmJ 
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• Exercise 7.6.1 
I A farmer has 500m of fencing. He wants to make a rectangular enclarure for some 

of his cattle. One side of the enclosure runs along the side of an existing wall. The 
fencing will be used to make the other three sides of the enclosure as shown. 

-----------T :r 
The farmer wants to build an enclosure with the greatest possible area. 

a If the length of the shorter side of the enclosure is x metres, write down, in 
terms of x, an expression for the length of the longer side. 

b Write down a formula for the area A of the enclosure in terms of x. 

c Find the rate of change of A with x ( i.e. ~ ). 
d Deduce the value of x that produces the maximum area. 
e Calculate the maximum area of the enclosure. 
f Using a GOC or graphing software to help, sketch the graph of x against A 

and find the coordinates of the maximum point. 

2 A shop sells a type of mobile phone for $100. At this price the shop sells on 
average 150 of the phones each month. The owner of the store wishes to 
increase her profits. She knows that each $1 increase in the price of the phone 
will lead to two fewer phones being sold each month. The shop buys each phone 
for$60. 

a What is the profit currently made on each phone/ 
b If the price of the phones is increased by $x, write down, in terms of x, the 

profit now made on each phone sold. 
c Comment on why the new number of phones sold each month is now 

given by the expression 150 - 2x. 
d Write down, in terms of x, a formula for the new profit P. 

e Calculate the rate of change of P with x (i.e. i ). 
f What is the value of x that maximises the profit? 
g Assuming that x must be an integer value: 

i) What price should each phone be sold for? 
ii ) What is the maximum profit/ 
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3 The diagram shows a metal tin in the shape of a cuboid. The base of the tin is x cm 
by 4x cm, the height of the tin is h cm and its volume is 6400cm1. 

a Find an expression for h in terms of x. 

(A cm1) of metal sheet used to hem 
b Show that the formula for the area ( u 

make 

thetm1sA =8x2+ 
16

~ xcm 

c Cakula,,~ ._ _____ _, 

d Find the value of x for which A is a minimum. 
e Prove that your value of A is a minimum. 

4 The diagram shows a closed cylinder used as a 
water tank. The radius of the base of the tank is r 
cm, the height of the tank is h cm. The total 
surface area of the tank is 50000cm1. 

a Show that the volume (V cm3) of the cylinder is 
given by V= Z5DC0r- m-3. 

b Show that the maximum volume of the 
cylinder is 858400cm3 correct to four 
significant figures. 

[J i 
hem 

l 
• Student assessment 1 
I Find the gradient function of each the 

following. 
a y =x3 

C 'J = -tx1 + 2x 

b 'J = 2x.1- X 

d J = jx3 + 4x1 - X 

2 Differentiate the following functions with 
respect tox. 
a f(x) = x(x + 2) 

b f(x) = (x + 2)(x - 3) 

c f(x) = x3; x d f(x) = x3 ~ 2x2 

e f(x) = ~ f f(x) = x1 ; 2 

3 Find the gradient of the following curves at the 
given values of x. 

a f(x) = fx2 + x; x = I 

b f(x) = -x3 + 2x1 + x; x = 0 

c f(x) = fxi- + x; 

d f(,) = (x - J)(x + 8); 

I 
X = -z 

I x=4 
4 Determine the gradient of the normal to each of 

the curves in question J at the given values of x. 

5 A stone is dropped from the top of a cliff. The 
distance it falls (s) is given by the equation 
s = 5t1, where s is the distance in metres and 
r the time in seconds. 
a Calculate the velocity v, by differentiating 

the distances with respect to time t. 
b Calculate the stone's velocity after 3 seconds. 
c The stone hits the ground travelling at 

42 m s-1• Calculate: 
i) how long it took for the stone to hit the 

ground 
ii) the height of the cliff. 



• Student assessment 2 
I The function/(x) = x3 + ,} - I has a 

gmdient of zero at points P and Q, where 
the x-coordinate of Pis less than that ofQ. 
a Calculate the gradient function f'(x). 
b Calculate the coordinates of P. 
c Calculate the ccxmlinates ofQ. 
d Detennine which of the poi nts P or Q is a 

maximum. Explain your method clearly. 

2 a Explain why the point A( l , I ) lies on the 
curvey = x1 - x1 + x. 

b Calculate the gradient of the curve at A. 
c Calculate the equation of the tangent to the 

curve at A. 
d Calculate the equation of the normal to the 

curve at A. Give your answer in the form 
ax+by+c=O. 

3 /(x) = (x - Z)l + 3 
a Calculatef(x). 
b Detennine the range of values of x for which 

f (x) is a decreasing function. 

4 f(,) = ,:+ - h' 
a Calculatef(x). 
b Determine the coordinates of any stationary 

points. 
c Determine the nature of any stationary point. 
d Find where the graph intersects or touches: 

i ) they-axis 
ii) the x-axis. 

e S ketch the graph of /(x). 

Examination questions 
1 Let/(x) • 2:r!- + x - 6. 

a Find f(x). [3] 
b Find the value off (-3 ). [l] 
c Find the value of x for which f(x ) • 0. [21 

Paper I , No,• 09, Q6 

2 Consider the function/(x) = x3 + ~ , x '$- 0. 
a Calcu[ate/(2). (2] 

Examination questions 357 

b Sketch the graph of the function y • /(x) 
for -5:Sx:55 and-200:S:y:S:200. (4] 

c Find f(x). [J] 
d Find f (l). [2[ 
e Write down the coordinates of the local 

maximum point on the graph off. [2] 
f Find the range off. [JJ 
g Find the gradient of the tangent to the 

graph of/at x• I. [21 

There is a second point on the graph off at 
wh ich the tangent is parallel to the tangent 
atx= I. 
h Find the x-coordinate of this point. [2] 

Paper 2, May 11, QJ 

3 Part A 
a Sketch the graph of y = 2r for -2 :s; x s J. 

Indicate clearly where the curve 
intersects the y-axis. IJJ 

b W rite down the equation of the 
asymptote of the graph y = zr. (21 

c On the same axes sketch the graph of 
y = 3 + 2x - xl. Indicate clearly where 
this curve intersects the x and y axes. [J] 

d Using your graphic display calculator, 
solve the equation 3 + 2x - x1 • 2". [2] 

e Write down the maximum value of the 
fun ction/(x) • 3+2x - x2• [I] 

f Use Differential Calculus to veri fy that 
your answer to part e is correct. (51 

Part B 
The curve y = px2 + qx - 4 passes through 
the point (2, - 10). 
a Use the above information to write 

down an equation in p and q. [2] 
The gradient of the curve y = px2 + qx - 4 
at the point (2, -10) is I. 

bi) Findt . 121 

i i) Hence, fi nd a second equation in 
p and q. (31 

c Solve the equations to find the value of 
p and of q. (JJ 

Paper 2, Nov 09, QS 



Applications, project ideas 
and theory of knowledge 

If you look up history of 
1 calculus, you will find that 

Leibniz and NeWtOn bo!e same 
discovered calculus at 
time. "Their work followed on 
fromtheearlierw.°rkofthe 
1raqi mathematirn.m 1bn ~I 1 
Haytham. 1~ there .a 'rea:tes 
formajord1scove~1esto 
made? Discuss with refe~ence 
tothetelephone,televis1on, 
radioactivity and the structure 
of DNA. 

5 'Calculus is the p~int at 
which mathematics and 

real life part company'. 
Discuss with reference to 
calculus and other . 
odvanced mathematics. 

2 Terms used in cal~ul,us, 
such as 'differential, 
'derivative' 1.md 
'integration', have other 

mecmings elsewhere. 
How did these wor~s 
become mathematical 

terms? 

6 was calculus invented_ or 
discovered? Discuss with 
reference to pointl and 
to the history of 
mathematics. 

3 Discussthes~teme.nt 
that calculus 1s easier 
to do than to 
understand. 

4 How far was China's 
'one child' policy 
in~uenced by 
calculations of the 
Probable future 
population of China? 
Did these predictions 
use calculus? 

7 A possible project 'AOUld 
be to extend your 
knowledge of calculus 
beyond the syllabus 
requirements of 
Mathematical studies. 
Consult your teacher 
for some possible areas 
of study. 



8 'A good GDC means 
everyone is capable of 
doing higher maths.' 
Discuss with particular 
reference to calculus. 

11 The introduction to this 
topic suggests that a 
genius is one who 'brings 
ideas together in a new 
way'. Do you agree with 
this definition ordo you 
have another? 

9 Areas of mathematics 
whichv.'1:!reoncethe 
frontiers of knowledge, 
(thinkEudidean geometry 
and trigonometry) are in 
time studied by young 
children.WillCl.llcUIUSbe 
studied in primary schools 
by the end of the century? 

12 Look up Fermat's Last 
Theorem. lhe BBC Horizon 
series made a progmmme on 
Andrew Wiles' work to prove 
thetheorem.1tm1.1ybe 
available and isa brilliant 
ex1.1mpleofm1.1king1.1very 
difficult proof understandable. 
Watch it if you can. 



Revision exercises 

1.2 Approximation 
Approximation: decimal places; significant figures. Percentage errors. Estimation. 

1 Round each of the following numbers to the nearest: 
i 1000 ii 100 iii 10 
a 2842 b 129J8 C 9581 d 496 

2 Round each of the following numbers to: 
i one decimal place ii two decimal places iii three decimal places. 
a 2.1827 b 0.9181 C 9.9631 d 0.0J86 

3 Round each of the following numbers to: 

i one significant figure ii two significant figures iii three significant figures. 
a 3.9467 b 20.)6 C 0.01548 d 0.9752 

4 Without using a calculator estimate the answer to the following calculations. 
Show your workings clearly. 

a JQ5 X 9 

d 408 + 18.8 

b 19.21 

B.71 >< 1.91 

e ------rr:-r-

26.1 X J.8 
, --11-

f ()2.2 X J.1)1 

5 Estimate the area of each of the following shapes. Show your workings clearly. 

12.3cm CJ49cm b t_ ~ 
38f~ 

51 .6cm 0181cm[]> d ~ 

5.2cm 

8.7cm 9.4cm 

~ 22.4cm --+----- 22.4cm----.. 16.4cm 

6 a Calculate the actual area of each of the shapes in question 5. 
b Calculate the percentage error in your estimates for each of the areas. 

continued on next page . 
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7 A certain brand of weighing scales claim that they are accurate to within :t:3% of the actual mass 
being weighed. 
A suitcase is weighed and the scales indicate a mass of 18.5kg. Calculate 
a the maximum possible mass of the case 
b the minimum possible mass of the case. 

8 The value n is sometimes approximated to either J or¥· 
A circle has a radius of 8 cm. 
a Using the n button on your calculator, calculate the area of the circle, giving your answer correct 

to five decimal places. 
b Calculate the percentage error in the area if n is approximated to 3. 

c Calculate the percentage error in the area if n is approximated to¥-· 

9 The formula for converting temperatures given in degrees Celsius (C) to temperatures in degrees 

Fahrenheit (F) is F = i C + 32. 

a The temperature in a classrcom is recorded as 18 °C. Convert this to degrees Fahrenheit using the 
formula above. 
An approximate conversion is to use the formula F = 2C + 30. 

b Calculate the temperature of the classroom in degrees Fahrenheit using the approximation above. 
c Calculate the percentage error in using this approximation for a temperature of 18 °C. 
d What would the percentage error be for a temperature of 30°C! 
e At what temperature would the percentage error be zero! 

10 The formula for calculating the velocity of a stone dropped from rest off a cliff is given by v = gr, 
where vis the velocity in ms-1, g the acceleration in ms-1 and r the time in seconds. 
a Taking gas 9.81 ms-1, calculate the velocity of the stone after 6 seconds. 
b Calculate the velocity of the stone if g is approximated to !Oms-2• 

c Calculate the percentage error in the approximation. 
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1.3 Standard form 
Expressing numbers in the form a x 10'< where I s a < 10 and k is an integer. 
Operations with numbers in this form. 

I Which of the following numbers are not in the form a x 10" where I s a < 10 and k E ?L.? 
a 7.3 x 103 b 60.4 x 101 c LO x 10-1 

d 0.5 X 103 e J.874 X 105 f 8 X lQ---'i 

2 Write down the following numbers in the form a X 10" where I s a< 10 and k E "IL. 
a 32000 b 620 C 777000000 
d 90000 e 8 million f 48.5 million 

3 The distance (in kilometres) from London to five other cities in the world is given below. 

London to Tokyo 
London to Paris 
London to Wellington 
London to Cambridge 
London to Cairo 

9567km 
343km 
18831km 
78km 
3514km 

Write down each of the distances in the form a x 10" where l s a < 10 and k E Z correct to two 
significant figures. 

4 Calculate each of the following, giving your answers in the form a x ID" where l s a < 10 and k E "!L. 
a 500 X 6000 b 20 X 450000 
c 3 million x 26 d 5 million X 8 million 

5 Write down the following in the form a x 101 where I s a < 10 and k E Z. 
a 0.04 b 0.0076 C 0.000005 d 0.03040 

6 Write down the following numbers in ascending order of magnitude. 
lix~ Ux~ Mx~ 
Ux~ ~-~ Mx~ 

7 Calculate each of the following, giving your amwer in the form a x !Ok where I s a < 10 and k E Z. 
a 6.3 x 101..;.. 8.4 x 105 b 400..;.. 800000 

1.5 X 101 

C 7 X 104.;.. 4.2 X !08 d ~ 

8 Deduce the value of n in each of the following. 

a 0.0003 = J X JO" b 0.000046 = 4.6 X 10" 
c 0.0051 = 2.s x 10" d 0.0006" = 2.16 x 10-10 

9 A boy walks 40 km at a constant rate of 2 m s- 1• 

Calculate how long, in seconds, the boy takes to walk the 40 km. 
Give your answer in the form a x 10'< where I s a < 10 and k E Z. 

10 The Earth's radius is approximately 6370km. 
Calculate the Earth's circumference in metres, giving your answer in the form ax 10" where I s a< 10 

and k E Z correct to three significant figures. 



SI units of measurement 363 

1.4 SI units of measurement 
S I (Systi!me International) and other basic units of measurement: for example, kilogram (kg), metre (m), 
second (s), litre (I), metre per second (m s- 1 ), Celsius scale. 

I Write down an estimate for the following using the appropriate unit. 
a The mass of a large suitcase 
b The length of a basketball court 
c The height of a two-storey building 
d The capacity of a car's fuel tank 
e The distance from the North Pole to the South Pole 
f The mass of a table-tennis ball 

2 Convert the following distances. 
a 20cm into millimetres 
c 46 mm into centimetres 
e 320m into millimetres 

3 Convert the following masses. 
a 100kg into tonnes 
c 3.6 tonnes into kilograms 
e 8.67kg into milligrams 

4 Convert the following capacities. 
a 2600 ml into litres 
c 1.65 litres into millilitres 

5 The masses of four containers are as follows: 

25kg 0.35t 650g 0.27kg 

b 35 km into metres 
d 60m into kilometres 
f 95 mm into kilometres 

b 60g into kilograms 
d 14 g into milligrams 
f 2560g into tonnes 

b 80ml into litres 
d 0.085 litres into millilitres 

Calculate the total mass of the four containers in kilograms. 

6 The lengths of five objects are as follows: 

56mm 24cm 0.672m 1030mm 1.5cm 

Calculate the length, in metres, of the five objects if they are laid end to end. 

7 The liquid contents of four containers are emptied into a tank with a capacity of 30 litres. The 
capacities of the four containers are as follows: 

3250ml l.OSlitres 26000ml 762ml 

Calculate the overspill, in litres, after the liquids have been poured in. 
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1.6 Graphical solution of equations 
Use of a GDC to .solve: pairs of linear equations in two variables; quadratic equations. 

For these questions, use of a GOC or graphing software is expected. 

I Sketch the following straight-line graphs on the same axes, labelling each clearly. Write the 
coordinate of the point at which they intercept the y-axis. 

a )' = X - 5 b y = Zx - 5 C )' = -X - 5 

2 The diagram shows four straight-line graphs. The line y = x + 2 is marked. Write down possible 
equations for the other three graphs. 

3 Find the coordinates of the points of intersection of the following pairs of linear graphs. 

a )' = 8 - X 

y = Zx - 1 
b Jx + Zy = 2 

J)' = X + 14 
c y=3-4x 

3y + lOx = 16 

4 a Sketch the following linear graphs on the same axes. 

)' = ix + J X = 2y + 8 
b Explain why there are no points of intersection. 

5 Sketch each of the following quadratic equations on separate axes. 
a y = x1 + 6x + 8 b y = x1 - 16 
c y = 9 - x1 d y = -(x - J)(x - 5) 

6 For each of the following quadratic equations: 
i sketch the graph 
ii find the coordinates of any roots. 
a y = x1 - lOx + 21 
c y = - x1 + lOx - 25 
e y=8x1 -2x-1 

b y = 12 + 4x - x1 
d y = 2x1 - 12x + 20 

d y=fx-3 
X - 4)' = 6 
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1. 7 Arithmetic sequences and series 
Arithmetic sequences and series, and their applications. 
Use of the formulae for the nth term and the sum of the first n terms of a sequence. 

I In each of the following sequences, the recurrence relation and u1 are given. 
i Calculate and tfi, u1 and u4• 

ii State whether the sequence is arithmetic or not. 

a Un+l = Un - 6, u1 = 15 b Un+l = 12 - Un' u1 = 15 

C un+l =Jun+ 2,ul =t d Un+]= Zunz- 5 ,ul = 5 

2 In each of the following arithmetic sequences 
i deduce the formula for the nth term ii calculate the 20th term. 
a 4, 9, 14, 19, 24 b 3, -5, -13, -21, -29 

C -4.5, -2, 0.5, J, 5.5 d 3.5, J.25, J, 2.75, 2.5 

3 In the following arithmetic sequences: 
i deduce the common difference d ii deduce the formula for the nth term. 
a - 25, ... , ... , ... , - 1 b 7 •... , ... , ... , ... , ... , - 14 
c u

4 
= - 12, u

10 
= 100 d ~ = 19, u41 = - \28 

4 Write down in full the terms of the following series. 
; 1 a 

a ~Zn-1 b ~-n+6 c ~6-1°'1 
. 

d ~3(-n+Z) 

5 Write down the following arithmetic series using the L notation. Each series starts at n = L 
a 2 + 6 + 10 + 14 + 18 b 5 + 3 + I + - 1 + -3 + -5 

c ---t + 1 + zt + 4 +sf+ 7 d - 4.1 + - 4.Z + - 4.J + - 4.4 

6 Sol~1 the following. is 

" a ~Jn b ~ZO-n d L -Zn+ 50 . 
7 The 5th and 15th terms of an arithmetic series are - 10 and 10 respectively. 

Calculate: 
a the common difference d 
c the 20th term 

b the first term 
d S20• 

8 The 11th term of an arithmetic series is 65. If S11 = 495, calculate: 
a thefirstterm 
b the common difference 

C SW 

9 The 7th term of an arithmetic series is 2.5 times the 2nd term, x. If the 10th term is 34, calculate: 
a the common difference in tenns of x 
b the first term 
c the sum of the first IO terms. 

10 The first term of an arithmetic series is 24. The last term is - 12. If the sum of the series is 150, 
calculate the number of tenns in the series. 
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1.8 Geometric sequences and series 
Geometric sequences and series. 
Use of the formula for the nth term and the sum of the first n terms of the sequence. 

I Describe in words the difference between an arithmetic and a geometric sequence. 

2 In each of the following geometric sequences, the recurrence relation and u
1 

are given. 

i Calculate the values of Ui, u_, and u4• 

i i State whether the sequence is geometric or not. 

a un+l = 4un + 2,u1 =0 b u,,+J =-Jun,ul = l 

6 - 2u 
d un+1= - 2- ",u1=4 

3 For the geometric sequences below calculate: 
i the common ratio r 
ii the next two terms 
iii the formula for the nth term. 
a 5, 15, 45, 135 
C J6, 24, 16, 10} 

b 1296. 216. 36. 6 

d 4, - 10, 25,--62! 

4 The nth term of a geometric sequence is given by the formula un = -3 x 4" - 1• 

Calculate: 
a ul' !ti and u3 
b the value of n if u,, = - 12 288. 

5 Part of a geometric sequence is given as ... , 27, ... , ... , l, ... where u.z and u5 are 27 and l 
respectively. Calculate: 
a the common ratio r b u, 

6 A homebuyer takes out a loan with a mortgage company for $300000. The interest rate is fixed at 
5.5% per year. If she is unable to repay the loan during the first four years, calculate the amount extra 
she will have to pay by the end of the fourth year, due to interest. 

7 Solve the following sums. 

h ~-2or-1 

8 In a geometric series, u1 = 10 and u6 =*·Calculate: 
a the common ratio r 
b thefirstterm 

c Sr 

9 Four consecutive terms of a geometric series are (p - 5), (p), (2p) and (3p + 10). 
a Calculate the value of p. 
b Calculate the two terms before (p - 5). 
c Ifu

3
= (p - 5),calculateS

10
• 

l O In a geometric series u1 + u1= 5. If r = j, find the sum of the infinite series. 
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1.9 Simple interest and compound interest 
Financial applications of geometric sequences and series: compound interest; annual depreciation. 

I Find the simple interest paid on the following capital sums C, deposited in a savings account for 
n years at a fixed rate of interest of r%. 
a C = £550 n = 5 years r = 3% 
b C=$8000 n= lOyears r=6% 
c C = €12 500 n = 7 years r = 2.5% 

2 A capital sum of £25COO is deposited in a bank. After 8 years, the simple interest gained was £7COO. 
Calculate the annual rate of interest on the account assuming it remained constant over the 8 years. 

3 A bank lends a business $250000. The annual rate of interest is 8.4%. When paying back the loan, 
the business pays an amount of$105000 in simple interest. Calculate the number of years the business 
took out the loan for. 

4 $15000 is deJX)Sited in a savings account. The following arithmetic sequence represents the total 
amount of money in the savings account each year. Assume that no further money is either deposited 
or taken out of the account. 

Number of years 

Totalsavings in account(S) 15000 15375 15750 16125 16500 16875 

a Explain, giving reasons, whether the sequence above simulates simple interest or compound interest. 
b Calculate the interest rate. 
c Srate the formula for calculating the total amount of money (T) in the account after n years. 
d State the formula for calculating the total amount of interest (I) gained after n years. 

continued on next page .. 
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5 $15 000 is deposited in a savings account. The following geometric sequence represents the total 
amount of money in the savings account each year. Assume that no further money is either deposited 
or taken out of the account. 

Number of years Total savings in account (S) 

15000 

16500 

18150 

19965 

21 961.50 

24157.65 

a Explain, giving reasons, whether the sequence above simulates simple interest or compound interest. 
b Calculate the interest rate. 
c State the formula for calculating the total amount of money (T) in the account after n years. 
d State the formula for calculating the total amount of interest (I) gained after n years. 

6 Find the compound interest paid on the following capital sums C, deposited in a savings account for n 
years at a fixed rate of interest of r% per year. 
a C = £400 n = 2 years r = 3% 
b C = $5000 n = 8 years r = 6% 
c C = €18000 n = 10 years r = 4.5 % 

7 A car is bought for €12500. Its value depreciates by 15% per year. 
a Calculate its value after: 

i !year ii Zyears. 
b After how many years will the car be worth less than €1000? 

8 €40CO is invested for three years at 6% per year. What is the interest paid if the interest rate is 
compounded: 
a yearly? b half-yearly? 
c quarterly? d monthly? 
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2.3 and 2.5 Grouped discrete or continuous data 
and Measures of central tendency 
Grouped discrete or continuous data: frequency tables; mid-interval values; upper and lower boundaries. 
Frequency histograms. 
Measures of central tendency. 
For simple discrete data: mean; median; mode. 
For grouped discrete and continuous data: estimate of a mean; mcxlal class. 

1 The amount of milk (in litres) drunk by a group of students in a week is given in the table below. 

Number of litres 

Frequency 

a Draw a frequency histogram for this data. 
b State the mcxlal value. 
c Calculate the mean number of litres drunk per student. 
d Calculate the median number of litres drunk per student. 

2 The masses M kg of suitcases being checked-in for a flight at an airport are recorded. The results are 
shown below. 

Mass(kg) OSM<S SSM<lO 10SM<15 1SSM<20 20SM<25 2SSM<30 

Frequency 18 64 105 

a State the mcxlal group. 
b Estimate the mean mass of the suitcases. 
c State, giving reasons, which group the median mass belongs to. 

3 The mass M kg of football players in a team is recorded. 
For the team of 11 players, the total of their masses is 836 kg. 
a Calculate the mean mass, 1v1, of the 11 players. 

94 18 

b The mean of 11 players and I substitute is 76.75kg. Calculate the mass of the substitute. 

continued on next page .. 
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4 The cost (C euros) of a litre of unleaded petrol at different petrol stations is shown in the frequency 

histogram below. 

10 

0 
0.96 

~ -h 
0.98 

~-

f--
_J_ 

1.02 

a How many petrol stations were surveyed? 

4-
1.04 

b Estimate the mean price of unleaded petrol. 

~-
~ 

H-
1.06 C 
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2.4 Cumulative frequency 
Cumulative frequency tables for grouped discrete data and for grouped continuous data; cumulative 
frequency curves; median and quartiles. 
Box and whisker diagrams. 

1 The percentage test result (x) for 20 students in a class are given in the grouped frequency table below. 

Percentage 0$ X< 20 20~X<40 40$X<60 60$X<80 80~X < 100 

Frequency 

a Calculate the cumulative frequency for the data. 
b Draw a cumulative frequency curve for the results. 
c From your graph estimate the median test result. 

2 A business surveys its employees to find how long it takes them to travel to work each morning 
(t minutes). The results are displayed below. 

Time(min) 15 $ f< 30 30~1 < 45 45~t<60 60$t<75 

Freq uency 12 

a Calculate the cumulative frequency for the data. 
b Draw a cumulative frequency curve for the results. 

22 

c From your graph estimate the median time taken to travel to work. 

12 

d From your graph estimate the time taken to travel to work by the middle 50% of the employees. 
e Draw a box plot to summarize the data. 

3 150 students enter an international Maths competition. The scores are out of a maximum 300 points. 
The scores (x) for the 150 students are summarized in the table below. 

Score O~x<SO SO~x<100 100~x<150 1SO~X<200 200$X<250 250$X < 300 

Frequency 25 56 

a Draw a cumulative frequency curve of the scores. 
b From your graph estimate the median score. 

32 21 

c Students in the top 25% are invited to take part in the next round of the competition. From your 
graph estimate the score needed for a student to be in the top 25%. 

continued on next page .. 
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4 The mass (m grams) of forty apples of the same variety was recorded at a market and at a supermarket. 
The results are given in the table below. 

Mass(g) 60Sm< 100 100Sm< 140 140Sm< 180 180Sm<220 220Sm<260 

Frequency(market ) 12 

Frequency (supermarket) 28 

a On the same axes draw two cumulative frequency graphs, one for the mass of the apples at the 
market and the other for the mass of apples at the supermarket. 

b Using your graph complete the table below. 

Minimum value Lowerquartile Median Upper quart ile Max imum va lue 

Market 

Supermarket 

c Use your results table above to draw a OOx and whisker diagram for each set of apple data. 
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2.6 Measures of dispersion 
Measures of dispersion: range; interquartile range; standard deviation. 

1 For the following lists of numbers calculate: 
i the range ii the interquartile range. 
a 2 6 12 14 15 15 17 21 22 22 
b 26 27 I 14 18 7 19 3 12 

2 The number of goals conceded by a f<X)tball team is recorded. The results are given in the frequency table 
below. 

Number of goals conceded O 1 2 3 4 5 

Frequency 7 6 2 5 2 1 

Calculate: 
a the range in the number of goals scored 
b the interquartile range of the number of goals scored. 

3 Calculate the standard deviation using the formulas = J L (x - X)
1 

of the following lists of numbers. 
a 3477788889 n n 

b I 4 6 8 10 12 15 18 24 30 

4 The temperatures (in cc) at two holiday resorts are recorded every other day during the month of 
June. The results are given in the table below. 

Day 9 11 13 15 17 19 21 23 25 27 29 

Temperature Reso rt A 23 24 22 24 25 26 25 23 23 24 22 24 24 26 27 

Temperature Resort B 15 17 24 28 33 33 26 22 22 19 16 16 15 26 31 

a Calculate the mean temperature for resort A and B. 
b Calculate the range of temperatures at both resorts. 
c Calculate the interquartile range of temperatures at both resorts. 
d Calculate the standard deviation of the temperature at both resorts. 
e Explain the meaning of your answer to part d. 

5 The times (in seconds) taken by two sprinters to run 100m during their training sessions are recorded 
and given below. 

Sprinter A 11.2 10.9 11.0 10.8 10.9 11.0 I LI 1 LI 10.9 
SprinterB 10.2 9.9 10.l 11.8 11.2 10.1 10.l 10.3 10.4 

a Calculate the mean sprint time for each runner. 
b Calculate the standard deviation of the sprint times for each runner. 
c Which runner is faster? Justify your answer. 
d Which runner is more consistent? Justify your answer. 

continued on next page .. 
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6 Two classes sit the same Maths exam. One of the classes has students of similar mathematical ability, the 
other has students of different abilities. A summary of d1eir percentage scores is presented below. 

Mean Standard deviation 

Class A 65 

ClassB SO 

From the results table deduce which class is likely to have students of similar mathematical ability. 
Give reasons for your answer, which refer to the table above. 
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3.1 and 3.2 Logic and Sets and logical reasoning 
Basic concepts of symbolic logic: definition of a proposition; symbolic notation of propositions. 
Compound statements: implication,=:,; equivalence,~; negation, ---, ; conjwKtion, Ai disjunction, v ; 
exclusive disjunction, y_. 

Translation between verbal statements and symbolic form. 

I State whether the following are propositions. 
For each proJX)sition state whether it is true, false or indeterminate. 
a Five squared is twenty-five. 
b Linear equations can include values of x7-. 
c y equals plus nine. 
d No dogs can talk. 
e It is snowing today. 
f How many students are there in your class? 

2 Write down the following compound propositions using the symbols for conjunction (and), disjunction 
(or, or both) and exclusive conjunction (or but not both). 
p: Anna has a brother. 
q: Petra has a sister. 

a Anna has a brother and Petra has a sister. 
b Anna has a brother or Petra has a sister or both are true. 
c Anna has a brother or Petra has a sister but not both are true. 
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3.3 and 3.4 Truth tables and Implication: 
converse; inverse; contrapositive and logical 
equivalence 
Truth tables: concepts of logical contradiction and tautology. 
Converse; inverse; contrapositive. 

Logical equivalence. 
Testing the validity of simple arguments through the use of truth tables. 

I Draw a truth table for the three propositions p, q and r. 
Compare it with the sample space for the result of tossing three coiru. 

2 Why is p A q and p ..,.,_ q a contradiction? 

3 A truth table for the proJX)Sitions p and q is given below. 
Copy and complete the table. 

4 Construct a truth table to show that ---, (p v q) is logically equivalent to (---, p) A (---, q). 

5 For the following proJX)Sitioru, 
i rewrite the propositions using 'if ... then' 
ii state the converse, inverse and contraJX)sitive of the propositions 
iii state whether the propositions are true or false. 
a An odd number is divisible by two. 
b An octagon has eight sides. 
c An icosahedron has twelve faces. 
d Congruent triangles are also similar. 

6 a Draw a truth table for (p=:, q) y_ (q =:> p). 
b Comment on the meaning of(p =:> q) y_ (q =:> p) by referring to your table. 

7 a Illustrate the proposition (p =:> q) y_ (q =:> p) on a Venn diagram by shading the correct region(s). 
b Describe the shaded region(s) using set notation. 
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3.5 Set theory 
Basic concepts of set theory: elements x E A; subsets A c B; intersection A n B; union A U B; 
complement A'. 

I In the following questions: 
i describe the set in words 
ii write another two elements in the set. 
a {Egypt, Morocco, Zimbabwe, Nigeria, ... ) 
b {3, 6, 9, 12, ... } 
c {Amazon, Nile, Mississippi, ... ) 

d lt.J,i,f, ... ) 
2 In the following, set A = {integers between 20 and 50). 

a List the subset B {even numbers). 
b List the subset C {prime numbers). 
c List the subset D {square numbers). 

3 In the following, set P = {a, b, c). 
If Q C P, list all the possible sets Q. 

4 State whether each of the following statements is true or false. 
a {odd numbers) i::;:; {real numbers) 
b {1,3,5, 7,9)C{primenumbers) 
c {New York, Paris, Tokyo) rt. {cities) 
d {euro, dollar, yen, rupee} i::;:; {currencies) 

5 If the universal set U = {5, 10, 15, 20, 25, 30, 35, 40, 45, 50). 
A= {35, 40, 45, 50) where AC U. Deduce the set defined by A'. 

6 U = {days in the week) and P = {Monday, Sunday}. Deduce the set defined by P' . 

7 The set M = {Alex.Johanna, Sarah, Vicky, Asif, Gabriella, Pedro) and the 
set N = {Alex, Gabriella, Frances, Raul, Luisa). 
If the universal set U =MUN, write the following sets. 
a M UN b M n N c M n N' 

8 The set E = {even numbers), F = {odd numbers) and the universal set U = {positive integers}. Describe 
the contents of the following sets. 
a EUF b EnF c E'nF 
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3.6a Sample space 
Sample space: event, A; complementary event, A'. 

I Two ordinary dice are rolled and their scores added together. 
Write down the sample space of the combined scores. 

2 A packet of sweets contains sweets of three different colou~: red, yellow and green. 
Write down the sample space if two sweets are picked at random. 

3 Two students sit a maths exam. 
a What are JX)SSible complementary results? 
b What is the sample space? 

4 In a football match the total number of goals scored is 5. 
a What are the possible complementary results? 
b What is the sample space for the number of goals scored by each team? 

5 A mother gives binh to triplets. 
a What is the number of events for the sex of the babies! 
b What is the sample space for the sex of the babies? 

6 A pack of cards is shuffled thoroughly. Assuming that, for a particular game, three cards are picked at 
random and only their colour is important: 
a what are the complementary events 
b what is the sample space for the colour of the three cards? 
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3.6b and 3.7a Probability and Combined events 
Probability of an event. 
Probability of a complementary event. 
Expected value. 
Probability of combined events, mutually exclusive events, independent events. 

I There are 10 red, 6 blue and 8 green sweets in a packet. 
a If a sweet is picked at random, calculate the probability that it is: 

i red ii red or blue. 
b If the first sweet taken from the packet is blue and not put back, calculate the 

probability that the second sweet is: 
i red ii blue or green. 

2 A four-sided dice (numbered l to 4) and a six-sided dice (numbered I to 6) are rolled 
and their scores added together. 
a Copy and complete the two-way table below showing all the possible outcomes. 

Six-s ided dice 

1 2 3 4 5 6 

b Calculate the probability of getting a total greater than 8. 
c Calculate the probability of getting a total score of 6. 
d What is the expected (mean) value when the two dice are rolled? 

3 A hexagonal spinner is split into sixths as shown. 

The spinner is spun twice. 
a Draw a tree diagram ro show all the possible outcomes. 
b Write the probability of each outcome on each branch. 
c Calculate the probability that the spinner lands on blue on both occasions. 
d Calculate the probability that the spinner lands on blue at least once 

out of the two spins. 

continued on next page .. 
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4 A football team plays three matches. The team can either win, draw or lose. The results 
of each match are independent of each other. The probability of winning is f and the 
probability of drawing is i· 
a Calculate the probability of losing. 
b Calculate the probability that the team wins all three matches. 
c Calculate the probability that the team does not lose all three matches. 

5 A student buys 15 tickets for a raffle. JOO tickets are sold in total. Two tickets are drawn at random. 
Calculate the probability that: 
a she wins 00th prizes 
b she wins at least one prize. 

6 A college offers three sports clubs for its students to attend after school. They are volleyball (V), 
basketball (B) and Football (F). The number of srudents attending each is shown in the Venn 

diagram below. 

a How many students attend none of the SJX)rts clubs? 
A student is picked at random. Calculate the following probabilities. 
b The probability that the student plays volleyball 
' P(Vn B) d P(Vn B n F) ' P(VU F) f P(F' ) 

7 The following are three sets of numbers. 
A - {2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 22, 24, 26, 28, 30) 
B - {3, 6, 9, 12, 15, 18, 21, 24, 27, JO} 
C - {5, 10, 15, 20, 25, 30) 

a Draw a Venn diagram showing the three sets of numbers. 
b A number is picked at random. Calculate the following probabilities. 

i P(A) ii P(B UC) iii P(A' n B) 

8 In a class of 30 students, 24 study Biology, 14 study Chemistry and l studies neither. 
a Draw a Venn diagram to show this information. 
b A student is picked at random. Calculate the following probabilities. 

i P(B') ii P(B UC) iii P(B n C ' ) 
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3.7b Venn diagrams 
Use of tree diagrams, Venn diagrams, sample space diagrams and tables of outcomes. 

1 a Copy the Venn diagram below. 

[]JJ 
U = {Integers from l to 20), 
A - {I, 3, 5, 7, 9, ll, 13, 15, 17, 19) 
B - {2, 3, 5, 7, ll, 13, 17, 19) 

b Enter the information above in the Venn diagram. 

2 The Venn diagram shows three sets of numbers. 

Complete the following. 
, P - { ... ) b R - { ... ) , PnQ-1 .. ) 
d P u Q - { ... ) , P' n Q - I .. J 

3 The Venn diagram shows three sets of numbers. 
Complete the following. 
a LnN ={ ... ) 
b NU M - { ... ) 
c LnMnN={ ... J 
d N' n L - { ... ) 
e N' UL'={ ... } 
f M' U L n N - { ... ) 

continued on next page .. 



382 REVISION EXERCISES 

4 In the Venn diagram, the numbers shown represent the number of members in each set. 
For example, n(E) = 3. 

a State whether the following statements are true or false. 
i CCB ii ECA iii DnC=0 

b Write down the number of members in each of the following statements. 
i n(B) ii n(A) iii n(A n B) 
iv n(A U E) v n(A n B n D) vi n(A' n D) 

5 Draw a Venn diagram to represent the following sets. 
A - {3, 4, 7, SJ B - {[, 2, 4, 5, 6, 7, 9) C - {l, 2, 6) 

6 In a college 60% of students study Mathematics and 40% study Science. 
75% of students study either Maths or Science or both. 
Draw a Venn diagram to represent this information. 

7 A language school offers three languages for its students to study: English, 
Spanish and Oiinese. Each student is required to study at least two languages. 
85% study English, 50% study Spanish and 20% study all three. 
Copy and complete the following Venn diagram for the information above. 

~ 
C 



3.7c Laws of probability 
Probability using 'with replacement' and 'without replacement'. 
Conditional probability. 
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1 In a 100m sprint, the record holder has a probability of0.85 of winning. He has a 0.08 probability of 
coming second. 
a What is his probability of finishing in the fim two? 
b Given that he hasn't come first, what is the probability that he has come second? 

2 I spin a coin and throw a dice. What is the probability of getting: 
a a tail and a multiple of 2 
b a tail or a multiple of 2 
c a tail or a multiple of 2, but not both? 

3 Three friends have a birthday in the same week. Assuming that they are independent events, calculate 
the probability that they are all on different days. 

4 Raul takes a bus followed by a train to work. On a particular day the probability of him catching the 
bus is 0.65 and the probability of catching the train is 0.6. 
The probability of catching neither is 0.2. A represents catching the bus and B the train. 
a State P(A U B)' 
b Find P(A U B) 
c Given that P(A U B) = P(A) + P(B) - P(A n B) calculate P(A n B). 
d Calculate P(B IA), the probability of catching the train given that he caught the bus. 

5 Julie revised for a multiple choice Science exam. Unfortunately she only managed to revise 60% of the 
facts necessary. During the exam, if there is a question on any of the ropics she revised she gets the 
aruwercorrect. 
If there is a question on any of the ropics she hasn't revised, she has a! chance of getting it right. 
a A question is chosen at random. What is the probability that she got the answer correct? 
b If she got a question correct, what is the probability that it was on one of the 

topics she had revised? 

6 Miguel has a driving test on one day and a Drama exam the next. The probability of him passing the 
driving test is 0.82. The probability of him passing the Drama exam is 0.95. The probability of failing 
both is 0.01. Given that he has passed the driving test, what is the probability that he passed his 
Drama exam too? 
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4.1 The normal distribution 
The normal distribution. 
The concept of a random variable; of the parameters/, and a ; of the bell shape; the symmetry about 
x = µ. 
Diagrammatic representation. 
Normal probability calculations. 
Expected value. 
Inverse normal calculations. 

l The diagrams below show two normal distribution curves. 

The shaded area in the first graph represents data that is within one standard deviation of the mean. 
In the second, the shaded area represents data that is within two standard deviations of the mean. 
a Approximately what percentage of data is shaded in the first distribution? 
b Approximately what percentage of data is shaded in the second distribution? 

2 The graph below shows two normal distribution curves, P and Q. 

~ 
' ' 

a What statistical measures are the same for both distributions? Justify your aruwer. 
b What statistical measure is different between the two distributioru/ Justify your answer. 

continued on next page . 
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3 The lengths of two species of snake, X and Y, are known to be normally distributed as shown: 

30 40 50 60 70 80 90 100 110 120 130 140 150 160 170 180 

Species X has parameters/1 = 100cm and a= 20cm. 
Species Y has parameters/1 = 150cm and a= 5cm. 
A snake 150 cm (correct to three significant figures) long is caught. 
a What species is it most likely to belong to? Justify your answer. 
b The snake is found to belong to species X. What is the probability that a snake belonging to 

species Xis 150 cm or more? 

4 500 g bags of frozen peas are sold at a supermarket. It is known that although the bags are labelled as 
500g, the population is normally distributed with a mean of 520g and a standard deviation of 12g. 
a What percentage of bags have less than 500g of peas? 
b The supermarket sends any bags with less than 480 g back to the supplier. If the supermarket orders 

10000 bags in one year, how many would they expect to have to send back to the supplier? 

5 In a Maths exam, the results are known to be normally distributed with a mean mark of 60 and a 
standard deviation of 18. 
a An A grade is awarded to the top 15% of candidates. What is the minimum mark needed to be 

awarded an A Grade? 
b A C grade is awarded to the 10% of candidates that fall symmetrically about the mean 

(i.e. 5% above and 5% below the mean). What range of scores are awarded a C grade? 

6 A number of people are randomly selected and weighed. The masses are normally distributed with a 
mean of 65 kg and a standard deviation of 7 kg. 
It is found that 26 people are over 74 kg. 
a Sketch the distribution to show all the information given above. 
b Calculate the total number of people surveyed. 
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4.2 and 4.3 Scatter diagrams, bivariate data and 
linear correlation and The regression line for yon x 
Bivariate data: the concept of correlation. 
Scatter diagram5; line of best fit, by eye, passing through the mean point. 
Pearson's product-moment correlation coefficient, r. 
Interpretation of positive, zero and negative, strong or weak correlations. 
The regression line for y on x. 
Use of the regression line for prediction purposes. 

I Write down the possible correlation (if any) between the following variables. Justify your answers. 
a The height of a child and the child's mass 
b A student's result in a Maths exam and the same student's result in a Science exam 
c A student's result in a Maths exam and the same student's result in an Art exam 
d The outside temperature and the number of umbrellas sold 
e The number of cigarettes a woman smokes during pregnancy and the mass of her baby 
f The number of people living in a household and the amount of water which the household uses 
g A person's height and their intelligence 

h The number of DVDs sold and the attendance at cinemas 

2 Describe the correlation, if any, depicted in the following scatter diagrams. ·L .. ·· bL··.· . . . .. . . 
3 A farmer wishes to find a way of increasing the milk yield of his herd of cows. He decides to mix a 

special feed with the ordinary feed to see whether it has any effect on the yield. The results are shown 
in the table below. 

Special feed (%) 

Milk yield (litres) 2050 2100 2180 2230 2300 

Special feed(%) 16 18 20 22 24 

Milk yield (litres) 2540 2600 2650 2720 2800 

a Plot a scatter graph of the results, with the yield on the y-axis. 
b Calculate the mean special feed % (X) and the mean milk yield (j). 
c Plot the point (X, j) on the graph and label it clearly. 

10 12 14 

2360 2390 2470 

26 28 30 

2830 2850 2860 

continued on next page . 
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d Assuming the relationship between the two variables is linear, draw a line of best fit passing through 
the point (X, j). 

e Use your line of best fit to predict the yield the farmer would get if the percentage of special feed 
was 15%. 

f Calculate the equation of the line of best fit in the form y = mx + c. 
g Use your equation of the line of best fit to extrapolate the results and predict the milk yield if the 

percentage of special feed was I 00%. 
h Do you think your answer to part g is valid/ Justify your answer. 

4 A supermarket cow1ts the average number of people entering the store during a pericxl of time and the 
amount of money collected at the tills. The results are displayed below. 

Average number of people in store Amount collect ed at t ills(£) 

72 3006 

51 2021 

12 812 

108 3102 

156 4671 

92 4092 

26 1125 

48 1995 

52 1991 

61 2082 

17 742 

306 

88 4128 

16 738 

a Using your GOC, calculate Pearson's prcxluct- moment correlation coefficient. 
b Explain the meaning of your answer to pan a. 

5 A lorry driver starts a journey with 1000 litres of fuel in his fuel tank. During his journey he records 
the amount of fuel left in the tank and the number of kilometres he has travelled. The results are 
displayed below. 

Dista nce t ravelled (km) so 150 300 700 1000 2000 4000 

Fuelin tank (litres) 1000 985 970 930 850 785 575 215 

a Using your GOC, calculate the equation of they on x regression line, giving it in the form y = mx + c. 
b Explain the meaning of the value of m in the context of this problem. 
c Use your equation to predict how much fuel he has left in the tank if he has travelled 3000 km. 
d Use your equation to estimate how far he can travel on lCOO litres of fuel. 
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4.4 The x2 test for independence 
The i- test for independence: formulation of null and alternative hypotheses; significance levels; 
contingency tables; expected frequencies; degrees of freedom; p-values. 

l The numbers of male and female students getting either a distinction, pass or fail for a course are given 
in the contingency table below. 

Distinction Pass Fail Tot a l 

Male 18 84 28 130 

Female 20 132 18 170 

Tota l 38 216 46 300 

a State the number of degrees of freedom of the table. 
b Assuming the results are independent, construct a contingency table to show the expected 

frequencies. 
c It is thought that the likelihood of failing is dependent on the gender of the student. 

i State the null hypothesis (H0). 

ii State the alternative hypothesis (H
1
). 

(f" - fl' 
d Using the formula x1 = L fe for testing independence, calculate the value of i. 
e Decide whether failing is dependent on gender at the 5% level of significance. Justify your amwer 

clearly. 

2 Researchers wish to know if students prefer a different type of film genre according to their gender. 
The results of their survey are given in the contingency table below. 

Romance Horror Action Comedy Total 

Male 14 15 18 so 

Fema le 25 15 10 30 80 

Tota l 28 29 25 48 130 

a State the number of degrees of freedom of the table. 
b Assuming the results are independent, construct a contingency table to show the expected 

frequencies. 
c It is thought that there is a difference in the viewing preferences of males and females. 

i State the null hypothesis (H0) • 

ii State the alternative hypothesis (H
1
). 

d Calculate the value of x1• 

e State whether viewing preferences are dependent on gender at a significance level of: 
i 10% ii 5% iii 1%. 

continued on next page . 
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3 A holiday resort wishes to survey its customers as to their level of satisfaction with the resort. 
Customers were asked to rate the resort either as 'excellent', 'good', 'satisfactory' or 'poor'. In particular 
they wish to see whether the level of satisfaction is dependent on age. The results are displayed below. 

Excellent 

Under16 10 

16-25 

26-55 

Over55 

a State the null hypothesis. 
b Calculate the value of i. 

Good Satisfactory 

21 23 

11 12 

25 12 

38 40 

c State whether the null hypothesis is rejected at a significance level of: 
i 1% ii 5% iii 10%. 

Poor 

20 

19 
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5.1 Straight lines 
Equation of a line in two dimensions: the fonns y = mx + c and ax + lry + d = 0. 
Gradient; intercepts. 
Points of intersection of lines. 
Lines with gradients, m1 and mr 
Parallel lines m1 = mr 
Perpendicular lines m1 x m2 = -1. 

I Calculate the gradient of the line passing through the points with the following C(X)rdinates. 
a (3, 5) and (5, 13) b (6, 1) and (10, -9) 

2 The gradients ( m) of straight lines are given. Calculate the gradient of a line perpendicular to each of 
the ones stated. 
a m = 4 b m = -6 2 

C m =3 

3 Find the length of the following line segments. 

/ ,'"~ 
(1 , 4) (2,7) 

d m = -ti 

4 Calculate the coordinates of the midpoint of the line segments in question 3 above. 

5 The following tables give the x- and y-coordinates of several points on a line. Deduce from the 
coordinates the equation of the line in the form y = mx + c. 

b 
X y X y 

-2 -7 -2 0 

-1 -4 

0 -1 

1 2 

2 5 2 2 

6 Deduce the gradient and )'-intercept of the following straight lines from their equations. 
a )' = x - 2 b )' = -Jx + l 
c Zy - 4x + 6 = 0 d Jy + Sx - 12 = 0 

continued on next page . 
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7 Calculate the equation of the straight line passing through the following pairs of points. Give your 
answers in the form 
i )' =mx+ C ii ax+lry+d=O 

(1 , 3) 

8 Plot the following straight lines. Indicate clearly where they intercept both axes. 
a )' = 2x - 4 b 2x + 2y - I = 0 

9 Solve the following simultaneous equations either algebraically or graphically. 
a y-2x= I b y=5-2x 

5y+2x=17 x+3y=5 

10 The cost of buying three cups of tea (t) and one cake (c) is $4.40. The cost of buying two cups of tea 
and three cakes is $4.80. 
a Construct two equations from the information given. 
b Solve the two equations simultaneously and work out the cost of: 

i one cup of tea ii one cake. 
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5.2 Right-angled trigonometry 
Use of sine, cosine and tangent ratios to find the sides and angles of right-angled triangles. 
Angles of elevation and depression. 

I Copy the right-angled triangle below. The angle xis shown. 
In relation to the angle x label the sides 'opposite', 'adjacent' and 'hypotenuse'. 

2 Calculate the size of the angle marked x in each of the following right-angled triangles. 

~ 0 [76.Som x 
6cm 
~ 10cm 

3 Calculate the length of the side marked a in each of the following right-angled triangles. 

·.~ ·-~ 
15.2cm 

continued on next page . 
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4 Calculate the length of the sides marked a and the size of the angles marked x in each of the following 
diagrams. 

5 Towns A, Band Care situated as shown.Bis due Nonh of A, whilst C is due East of A. 

a Calculate the distance BC:, giving your answer to three significant figures. 
b Calculate the bearing of C from B. 

continued on next page .. 
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6 Two towers X and Y are 120m apart. The height of tower Xis 58m and the height of tower Y is 72m. 
A tightrope walker attaches a rope from X to Y as shown. 

E 
~ 

-+------- 120m _______._ 

a Calculate the angle of elevation of the tightrope. 
b Calculate the distance walked by the tightrope walker getting from X to Y. 

7 Three villages X, Y and Z are shown in the diagram below.Xis Northwest ofY and 20km away. Z is 
Northeast ofY. The distance XZ is 56km. 
Calculate the distance between villages Y and Z. 

z 

?----7 y 
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5.3 Trigonometry and non-right-angled triangles 
Use of the sine rule: si;A = si!B = si~C. 

b1 +cl_ al 
Use of the cosine rule: a1 = b1 + c1 - ZbccosA; cos A = ~. 

Use of area of a triangle = fab sin C. 

Construction of labelled diagrams from verbal statements. 

I Write down all the possible solutions for the angle x, where O !> x !> 180° for each of the following. 
a sinx = 0.65 b sinx = 0.25 c sinx = I d sinx = 0 

2 Write down all the possible solutions for the angle 0, where O !> () !> 360° for each of the following. 
a cos() = 0.5 b cos() = -0.4 c cos() = -1 

3 Use the sine rule to find the length of the side marked x below. 

4 Find the size of angle A in the triangle below. 

continued on next page .. 
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5 Use the cosine rule to answer the following questions. 
a Find the length of the side labelled a. 

12cm 

b Calculate the size of angle a. 

6 Calculate the area of the following triangle. 

7 Calculate the size of angle C in the triangle below. 

~ c 

V "'m 
B 

8 a Construct the following triangle with a ruler and a pair of compasses. 
Triangle P()R with PC> = 6cm, PR = 7 cm and QR = 9 cm 

b Calculate the size of angle PRQ. 
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5.4 and 5.5 Geometry of three-dimensional solids 
Geometry of three-dimensional solids: cuboid; right prism; right pyramid; right cone; cylinder; 
sphere; hemisphere and combinations of these .solids. 
The distance between two points, e.g. between two vertices or vertices with midpoints or midpoints 
with midpoints. 
The size of an angle between two lines or between a line and a plane. 
Volume and surface areas of the three-dimensional solids defined in 5.4. 

1 The cube in the diagram has edge lengths of 10 cm as shown. 
Calculate: 
a the length BO 
b the length of the lxx:ly diagonal BH 
c the size of angle DBH . 

2 The diagram shows a square-based pyramid. The centre 
of the base, X, is directly beneath the 
pyramid's apex E. Mis the midpoint of CB. 
Calculate: 
a the length ex 
b the height of the pyramid EX 
c the distance XM 
d the angle the face BC:E makes 

with the base of the pyramid. 

3 Calculate the total surface area of the shapes below. 

'§ 5cm 
-

m 9cm 

6cm 
3cm 

continued on next page .. 
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4 The diagram shows a triangular prism. Its cross-section is 
a right-angled triangle. 
Calculate: 
a the length of the edge OJ 
b the total surface area of the prism 
c the volume of the prism 
d the angle OL makes with the base JKLM. 

5 The sector shown has a radius of 14 cm and an angle at 
its centre of 260°. 
Calculate: 
a the length of the arc 
b the area of the sector. 

6 The sphere and cube below have the same volume. 

7cm 
Calculate the radius, r, of the sphere. 

0 

5cm 

14cmu 

V 

7 Two points A and Bare directly opposite each other on the surface of a cylinder as shown. 

a Calculate the circumference of the top of the cylinder. 
b A line is drawn on the surface of the cylinder. It represents the shortest distance from A to B on the 

cylinder's surface. Calculate the length of this line from A to B. 
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6.3 Quadratic functions and their graphs 
Quadratic models. 
Quadratic functions and their graphs (parabolas): f(x) = ail +bx+ c, a'# 0. 
Properties of a parabola: symmetry; vertex; intercepts on the x-axis and y-axis. 

Equation of the axis of symmetry, x = -i;. 

1 For each of the quadratic functions below: 
i use a GOC ro sketch the function 
ii write down the coordinates of the points where the graph intercepts the x-axis 
iii write down the value of the y-intercept. 
a f(x) = x1- - 9x + 20 b f(x) = x1- - 3x - 18 
c f(x)=(x-4) 1 d f(x)=x1-+ IOx+27 

2 Write down the equation of the axis of symmetry of each of the following quadratic functions. 
a y = x1 - 2x b y = -x2 - 4x 
c y = x (5 - x) d y = -x2 + 3x - 10 

3 Write down a possible equation of a quadratic function with each of the following axes of symmetry. 
a X = 6 b X = -5 

4 Factorize the following quadratic functions. 
a f(x) = x1 + llx + 30 b f(x) = x1- + 4x - 12 
c f(x) = -x.1 + Sx - 15 d f(x) = x1 - 36 

5 Solve the following quadratic equations by facrorizing. 
a x.1-Jx-4=0 b x1-2x-24=0 
c -x2+10x-16=0 d x2=llx-28 

6 The following quadratic equations are of the form ax1 + bx + c = 0. 

Solve them by using the quadratic formula x = 

a x1 + 5x- 25 = 0 
C 4x1+8x+J=0 

7 For each of the following: 
i form an equation in x 

b x1+9x-24=0 
d -x1 + 9x - 15 = 0 

ii solve the equation to find the possible value(s) of x. 

x+6 b /\ Jl+
2 ·B ~ 
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6.4 Exponential functions and their graphs 
Exponential models. 
ExIXJnential functions and their graphs:f(x) = kd' + c, a E IQ+,a '# l, k ':# O; 
f( x ) = ka-x + c,a E Q+,a'# l,k':#0 
Concept and equation of a horizontal asymptote. 

I i Plot the following exponential functions. 
ii State the equation of any asymptotes. 
a f(x) = zx + I b f(x) = _zx + 2 c f(x) = Jx - J 

2 A tap is dripping at a constant rate into a container. The level (1cm) of water in the container is given 

by the equation l = 3' + 5, where tis the time in hours. 
a Calculate the level of water in the container at the start. 
b Calculate the level of water in the container after 4 hours. 
c Calculate the time taken for the level of the water to reach 248 cm. 
d Plot a graph to show the level of water over the first 6 hours. 
e Use your graph to estimate the time taken for the water to reach a level of l m. 

3 a Plot a graph of y = 5x for values of x between -1 and 3. 
b Use your graph to find approximate solutions to the following equations. 

i 5x = 100 ii 5x = 50 

4 The graph below shows a graph of the function/(x) = zx . 

• a Copy the graph and on the same axes sketch the graph of f(x) = zx + 3. Label it clearly. 
b On the same axes sketch the graph off(x) = _zx + 6. Label it clearly. 

5 The half-life of plutonium 239 is 24000 years. How longwill 2g of plutonium 239 take to decay to 
62.Smg? 
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6.5, 6.6 and 6.7 Sketching and drawing graphs 
Models using functions of the form f(x) = ~ + bx" + .. , m, n e Z. 
Functions of this type and their graphs. 
The y-axis as a vertical asymptote. 
Drawing accurate graphs. 
Creating a sketch from information given. 
Transferring a graph from GOC to paper. 
Reading, interpreting and making predictions using graphs. 
Included all the functions above and additions and subtractions. 
Use of a GDC to solve equations involving combinatioru of the functioru above. 

For the equatioru given in questions l and 2: 
a Calculate the equation of any asymptote. 
b Calculate the coordinates of any points where the graph intercepts the axes. 
c Sketch the graph. 
d Oieck your graph using a GDC. 

I 
I y=~ 

For the equatioru given in questions 3 and 4: 
a Calculate the equatioru of any vertical or horizontal asymptotes. 
b Calculate the coordinates of any points where the graph intercepts the axes. 
c Sketch the graph of the function with the aid of a GDC. 

I 
3 Y = (x + Z)(x - J) 

I 
4 y= -~. 

5 For the equation y = - Zx1 - 1Jx2 - 13x + 10: 
a Use a GDC to sketch the function. 
b Determine where the graph intersects both the x and y axes. 
c Rewrite the equation in factorised form. 

6 Using a GDC, solve the equation Zx2 - 11 = i-5x. 
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7.2 and 7.3 Differentiation and The gradient of a 
curve at a given point 
The principle that f(x) = ax" => f'(x) = anx"- 1• 

The derivative offunctioru of the formf(x) =ax"+ bx"- 1 + ... ,where all exponents are integers. 
Gradients of curves for given values of x. 
Values of x where f(x) is given. 
Equation of the tangent at a given point. 
Equation of the line perpendicular to the tangent at a given point (normal). 

l Differentiate the following functions with respect to x. 
a f(x) = ,,?- + 3x - 4 b f(x) = ! x1 - 5x + 4 

C f(x) - 2x' - 4x' d f(x)=fx6-fx4-I 

2 Find the derivative of the following expressions. 
a x- 1 b zx-3 

C x-' + Zx-' - 3 d 2_ x' 
3 For each of the following functions, find the derivative f (x) with respect to x. 

a f(x) = x(x - 3) b f(x) = Zx2(x + 2) 
c f(x) = (x - Z)(x + 3) d f(x) = (x1 - Jx)(x + 4) 

4 Find the derivative of each of the following expressions. 

Zx' -x' , - x­
x3 - 2x1 , - ,.-

5 The graph of the functionf(x) = x1- - 4x + l is shown below. 

y 

I I 
l I 

0 \ I X 

- -• 
- ~ 

I\. / 

a Calculate the gradient functionf'(x). 
b Calculate the gradient of the graph when: 

i x=3 ii x=Z iii x=O. 
continued on next page . 
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6 The graph of the function f(x) = fx1 - 4x + 2 is shown below. 

y 

I I 
I I 

I I 
1 I 1 X 

\ I 
\ V 

J 

a Calculate the gradient functionf'(x). 
b Calculate the values of x at the JX)ints on the graph where the gradient is: 

i O ii 2 iii -5. 

7 A curve has the equation 'J = x-' + 4x + 2. 

a Find~. 

b Deduce from your answer to part a the least possible value of~. Justify your aruwer. 

c Calculate the value(s) of x where~ is: 

i 7 ii 4 iii JL 

continued on next page .. 
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8 The function f(x) = x3 - 13x + 12 is shown below . 

. ! 
, oo 

I ~ 
I'\. I 

p ~ 3 2 

I 

( '-.;c/ X ,. 
I 

a Calculate the gradient functionf'(x). 
b Calculate the gradient of the curve when x = 3. 
c Give the gradient of the tangent to the curve at the point (3, 0). 
d Calculate the equation of the tangent to the curve at the point (J, 0). 
e Write down the gradient of the normal to the curve at the JX)int (3, 0). 
f Calculate the equation of the normal to the curve at the point (3, 0). Give your answer in the form 

ax+by+c=O. 

9 The function f(x) = -x2 - 2x + 8 is shown below. 

y --I I\ 

I \ 

~ 3 2 ( X 

I I 

a Calculate the gradient function. 
b Show that the points A(-2, 8) and B(l, 5) lie on the curve. 
c Calculate the gradient of the curve at points A and B. 
d Calculate the equation of the tangent to the curve at A. 
e Calculate the equation of the normal to the curve at B. 
f Calculate the coordinates of the point of intersection of the tangent at A and the normal to the 

curve at B. 
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7.4, 7.5 and 7.6 Increasing and decreasing 
functions, Stationary points and Optimization 
Increasing and decreasing functions. 
Graphical interpretation of f(x) > 0, f(x) = 0, f(x) < 0. 
Values of x where the gradient of a curve is O (zero). 
Solution of f'(x) = 0. 
Stationary points. 
Local maximwn and minimum points. 
Optimization problems. 

I The functionf(x) = x1 + 6x + 7, is shown . 
From the graph deduce the range of values of x for 
which f(x) is a decreasing function. 

• 2 For each of the following calculate: 
i f(x) 
ii the range of values of x forwhichf(x) is increasing. 
a f(x) = x2 - 18 b f(x) = x2 - lOx + 27 
c f(x) = -x1 + Bx - 10 d f(x) = x3 - 2x1 - Bx 

3 Prove that f(x) = f x3 + xis an increasing function for all values of x. 

4 Calculate the range of values of k in the functionf(x) = fx' + x1 + kx, given that f(x) is an increasing 
function for all values of x. 

5 A function is of the form f(x) = x1 + bx+ c. State: 
a the number of stationary points 
b the nature of the stationary point(s). 

6 For the function f(x) = f x3 + f x1 - 20x + 2: 
a calculatef(x) 
b solve the equation f(x) = 0 
c explain the significance of your answer(s) to part b in relation to stationary points 
d from the equation of the function, deduce the nature of the stationary point(s). Give reasons for 

your answers. 

continued on next page .. 
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7 Forthefunctionf(x) = x3- !Zx - 5: 
a calculate f(x) 
b solve the equation f (x) = 0 
c determine the cocirdinates of the stationary points 
d determine the nature of the stationary points 
e calculate the y-intercept of the graph of the function 
f sketch the graph. 

8 Two rectangles of width x cm are cut from a rectangular piece of card with dimensions 20cm by 50cm 
as shown below. The remaining card is the net of a cuboid of height x cm. 

f I xcm 

6 
~ 

i Ixom 
f+------- 50 cm -------+-1 

a Find expressions in terms of x for the length and width of the base of the cuboid. 
b Show that the volume (V) of the cuboid is 2x3 - 70x2 + 500x cml. 
c Find the value of x for which the volume of the cuboid is a maximum. Give your answer to 

one decimal place. 
d Using your answer to part c, find the maximum volume of the cuboid. Give your answer correct to 

the nearest whole number. 
e Show that your answer to part d above is a maximum. 



Answers to exercises and 
student assessments 

Presumed knowledge Student assessment 3 
assessments 
Student assessment I 

I' - b < 
d > 

z ' 32 33 34 35 

b 20 21 22 23 

C 9.7 9.a 9.9 10 

d 15 16 17 16 

3 a x ~ -I b x< 2 
C -2 ,s; x< 2 d -1 :!"o; x ,i;; I 

4 ' 

- 3 -2 

5 ft.f,t.t,k 
S1 uden1 assessmen t 2 

I a 23 

2 6, 15 

3 9000 

4 22977 

5 360.2 

b 18 

6 -&-:%t=*=*6 =~ 
7 ' 2T6° b J.k 
8 ' 0.4 b 1.75 

' o.si d 1.6 

9 ' 4! 5 b fo 
' 1!1 

10 d 2"$3" 

36 

24 25 

I a 'fo b 45 cm 

2 a 375g b 625g 

3 a 450m b 80cm 

4 ' 1, 25 b 1.75m 

5 300,750, 1950 

6 60°, 90°, 90°, 120° 

7 150° 

8 a 13.5 h b 12pumps 

~~ 
6fcm 4 cm 

IO a 4 min 48 s b 1.6 litres/min 

Studen t assc5sment 4 

Fraction 

2 750m 

3 €525 

4 £97200 

5 a 29.2% 
d 8.3% 

6 8.3% 

Decimal Pen:entage 

0.25 "" 
0.6 '°" 

0.625 62.5% 

2.25 

b 21.7% 
C 20% 

225% 

C 125% 
f 10% 
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7 a ¥6500 b 61.8% 

8 $200 $25 $5 24 $10 

9 $462 $4000 $4500 $5500 

10 15 marks 

11 35000 

12 25 000 units 

13 470 tonnes 

Student assessment 5 

1 a 6x-9y+l5z 
c -8m2n + 4mn1 

e -2x - 2 

g 2 

2 a 8(2p - q) 
C 5pq(p - 2q) 

3 , 0 
d 7 

4a n=p-4m 

lOpx 
C )' = ---:r-
e r=~ 

4mn 

b -7 
'7 

5 a (q + r)(p - Jr) 
C 750000 

6 a x2-2x-8 
C x2 + 2xy+y1 

e 6x1 - 13x + 6 

7 a (x - ll)(x + 7) 
c (x - 12)(x + 12) 
e (2x - 3)(x + 4) 

cp=(?r)2-q 

9 a x4 

',' 
b nq 

d ± 
q 

b 8pm - 28p 
d 20p'q - Sp'q' - Sp' 
f 22x2 - 14x 

h ~l - X 

b p(p - 6q) 
d 3pq(3 - 2p + 4q) 

, 29 
f 35 

b Y = 4x J 5z 

d y=~-x 

f q = r(m - n) - p 

b (I+<)(!- <)(I+,') 
d 50 

b x2 - l6x + 64 
d x' - 121 
f 9x1-30x+ 25 

b (, - 3)(x - 3) 
d 3(x - 2)(x + 3) 
f (2x - 5)1 

b ,-.{# 
d X = ___!L 

' - t 

Student assessment 6 

1, 9 b 11 ' -4 
d 6 

2 ' 1.5 b 7 ' 4 
d 3 

3 ' -10 b 12 ' 10 

d lli 
4 ' 16 b -st ' 2 

d J.5 

5 a X = 5 'J = 2 b x=3fy=4 
C X = 5 'J = 4 

6 ' 4x+40=180 b X = 35° 

' 35', 70', 75 ' 

7 9 

8 30', 30', 30', 30', 30', 30'. 45'. 45'. 45', 45' 

9 ' 

Perimeter= 54cm 

b4x-6=54 
c length= 15 cm width= 12 cm 

10 a x,x-8,x-23 b 55,47,32 

Student assessment 7 

l a 23 X 51 b 21 X JS 

2 a 4x4x4 b 6x6x6x6 

3 a 800 b 27 

4 a 7 b -2 C -1 

d t 
5 a 22 x JS b 214 

6 a 6x6x6x6x6 

b2x2xix2x2 



Student assessment 8 

1 a Circumference = 34.6cm 
Area = 95.0cm1 

b Circumference = 50.3 mm 
Area = 20 Ll mm1 

2 9.9cm1 

3 a 39.3cm2 b 34cm1 

4 a Circumference = 27 .Ocm 
Area=58.lcm1 

b Circumference = 4 7. l mm 
Area= 176.7mml 

5 325.8cm2 

6 a 56.Scm2 b 108cm2 

c IOl.3cm2 

c 254.5cm2 

Introduction to the graphic 
display calculator 
Exercise I 

1' 25 

2 ' 12 

3 ' 169 

4 ' 216 

5 ' 3510 

Exercise 2 

I' 11 
d 144 

2 a 100rccm1 

b 36ncm1 

b 18 ' 40 
b 6 '5 

b 4 ' 13 

b 9 '4 

b 149530 ' 0 

b -1 ' 79 

' 6 f 18ft 

c C = 16ncm1, D = ncm1 

d 534cm2 

e the area of the circle pattern 

3 a 18cm1 b 24cm2 c 106cm1 

d 254cm2 

4 a 523.6cm3 b ZJ56.2cm3 c 785.4cm3 

Exercise 3 

I a Graph vi) 
c Graph ii) 
e Graph x) 
g Graph v) 
i Graph iv) 

b Graph vii) 
d Graphiii) 
f Graphi) 
h Graph ix) 
j Graph viii) 

Introduction to this graphic display calculator 409 

2 a y=-x-5 by=Zx-4 
C 'J = -(X + 5)2 d y = -(x - 5)1 -3 

3 a y=-x+5 by=Zx+4 
C )' = (x - 5)1 d y = (x + 5)2 +3 

4 Student's screens 

Exercise 4 

l a )'-intercept= -3 x-intercept = ± 1.7 
b )'-intercept = 11 x-intercept None 
c )'-intercept = I x-intercept = -0.5, 1.3, 3.2 
d )'-intercept = 3.5 x-intercept = -1.2 

2 a (-if, if) 
b (-3.45, 4.45) and (1.45, -0.45) 
c (-1.29, -0.67) and (1.29, -0.67) 
d (-0.77, -1.71), (0.88, -1.61) =d (5.89, 15.3) 

Exercise 5 

-14 - 10 -10 -8 26 

05 1.5 

1.33 

0.5 1.5 2 2.5 3 

1.22 1.41 1.58 1.73 1.87 2 

2 a 0, 3.6, 7.2, 10.8, 14.4, 18, 21.6, 25.2, 28.8, 
32.4,36m..-1 

b 18m..-1 

3 a 0, 6.25, 10, 11.25, 10, 6.25,0, -8.75, -20m 
b 11.25m 
c 1.5s 
d 3, 
e because they give negative heights 

Exercise 6 

l a mean = 7 .58, median = 8.5, mode = 10 
b mean= 14.7, median= 14, mode= 12.2 



410 ANSWERS TO EXERCISES AND STUDENT ASSESSMENTS 

2 mean = 3.63, median = 3, m<Xle = 2 

3 a Test A: mean= 5.33, median= 6, mcx:le = 6 
Test B: mean= 5.33, median= 6, mcxl.e = 6 

b Student's answers 
c Student's answers 

Topic 1 

Exercise 1.1.l 

I ' f\l,Z,Q, R b Z,Q,R 

' R d Q,R 

2 ' Rational b Rational ' Irrational 

3 ' Rational b Rational ' Rational 

4 ' Irrational b Rational ' Rational 

5 ' Irrational b Irrational ' Rational 

6 a Rational b Rational ' Rational 

7 Rational 

8 Irrational 

9 Rational 

10 Rational 

Exercise 1.2.l 

I ' 69000 b 74000 

' 89000 d 4000 

' 100000 f 1000000 
2 a 78500 b 6900 

' 14100 d 8100 

' 1000 f 3000 
3 a 490 b 690 

' 8850 d 80 

' 0 f 1000 

Exercise 1.2.2 

I a 5.6 b 0.7 

' 11.9 d 157.4 

' 4.0 f 15.0 
g 3.0 h l.O 
i 12.0 

2 ' 6.47 b 9.59 

' 16.48 d 0.09 

' 0.01 f 9.30 
g 100.00 h 0.00 
i 3.00 

Exercise 1.2.3 

l a 50000 b 48600 , 7000 
d 7500 , 500 f 2.57 
g 1000 h 2000 i 15.0 

2 a 0.09 b 0.6 C 0.94 
d l e 0.95 f 0.003 
g 0.0031 h 0.0097 i 0.01 

3 a 420 b 5.05 ' 166 
d 23.8 e 57.8 f 4430 
g l.94 h 4.ll i 0.575 

Exercise 1.2.4 

Answers may vary slightly from those given. 

I a 1200 b 3000 , 3000 
d 150000 e 0.8 f 100 

2 a 200 b 200 , 30 
d 550 , 500 f 3000 

3 a 130 b 80 ' l 
d 4 , 200 f 250 

4 c because 689 x 400 = 700 x 400 = 280000 

e because 77 .9 x 22.6 = 80 x 20 = 1600 

f because 
8

.40~
2 

46 = ~ x 50 = 2000 

5 a 120m2 

6 a 200cm3 

Exercise 1.2.5 

la 0.4% 

b 40m1 c 400cm2 

b 4000cm3 c 2000cm3 

b 2.04% C 0.8% 

2 The second player as his percentage error is 
3.2% and the first player's is 4%. 

3 a 9737.5m b 9262.5m 

4 a 118.2kmh-1 b 2.9% 

Exercise 1.3. 1 

1 dande 

2 a 6 X 105 b 4.8 X 107 C 7.84 X 1011 

d 5.34 X 105 

' 7 X 106 f 8.5 X 106 

J a 6.8 X 106 b 7.2 X 108 C 8 X 105 

d 7.5 X 107 e 4 X 109 f 5 X 107 

4 a 6 x !OS b 2.4 X 107 
' L4 X 108 

d3x109 

' 1.2 X 1013 f LS x 107 

5 1.44 X lOllm 



6 a 8.8 X 108 
d 4.2 X 1012 

7 a 2 X 101 

d 2 X 1Q4 

8 a 4.26 x 10s 
C 6.388 X 107 
e 4.5 X 108 
g 8.15 X 1010 

9 Mercury 
Venus 
Earth 
Mars 
Jupiter 
Sa tum 
Uranus 
Neptune 

Exercise 1.3.2 

1 a 6 X lQ- 4 

C 8.64 X 10-4 

e 7 X 10- 7 

2 a 6.8 X 10-4 
C 4.2 X 10- lO 

e 5.7 X 10- ll 

3 a -4 
d -5 

b 2.04 X IQll c 3.32 X lQll 

e 5.1 x 1011 f 2.5 x 1015 

b 3 X 105 C 4 X 106 
e 2.5 X 106 f 4 X 104 

b 8.48 X 109 
d 3.157 X 109 

f 6.01 X 1Q7 
h 3.56 X 1Q7 

5.8 X 1Q7 km 
1.08 X 108km 
LS x 108km 
2.28 X 108km 
7.78 X 108km 
1.43 X 109 km 
2.87 X 109 km 
4.5 X 1Q9 km 

b -3 
' -7 

b 5.3 X lQ- S 

d 8.8 X lQ- 8 

f 4.145 X lQ- 4 

b 7.5 X lQ- 7 

d8xl0-9 

f 4 X lQ- ll 

' -8 

4 6.8 X 105 6.2 X 1QJ 8.414 X lQl 

5.8 X 10- 7 6.741 x 10-4 3.2x lQ- 4 

5.57 X 10-9 

Exercise 1.4.1 

1 a one hundred b a hundredth 
c one thousand d a thousandth 
e one thousand f a thousandth 
g a thousandth h one thousand 
i a millilitre j one million 

2 a kilogram b centimetre 
c metre or centimetre d millilitre 

f metre 
g litre h km 
i litre j centimetre 

Topic1 411 

3 Student's lines 

4 Student's estimates - aruwers may vary 
considerably 

Exercise 1.4.2 

1 a 40mm b 62mm ' 280mm 
d 1200mm e 880mm f 3650mm 
g 8mm h 2.3mm 

2 a 2.6m b 89m C 2J00m 
d 750m e 2.Sm f 400m 
g 3800m h 25000m 

3 a 2km b 26.5km C 0.2km 
d 0.75km e 0.1km f 5km 
g 15km h 75.6km 

Exercise 1.4.3 

1 a 2000kg b 7200kg ' 2.8kg 
d 0.75kg e 450kg f 3kg 
g 6.5kg h 7000kg 

2 a 2600ml b 700ml C 40ml 
d 8ml 

3 ' 1.5\itres b 5.28 litres c 0.75 litres 
d 0.025 litres 

4 ' 138.3 tonnes b 1.383 X 105 kg 

5 ' 720ml 

Exercise 1.5.1 

1 334.69 francs 

2 7 7 500 drachmas 

3 141.86 schillings 

4 9036.14 escudos 

5 164francs 

6 7531645.57 markkas 

7 17113.40pesetas 

8 1266.60 punts 

9 4 948 980 lire 

10 15636.36 schillings 

b 0.53 litres 



412 ANSWERS TO EXERCISES AND STUDENT ASSESSMENTS 

Exercise 1.5.2 

I a £7.81 

2 a £282258 

3 a IY = $0.01 

b 7711 rand 

b £256598 

b $1-100¥ 

4 a I rouble= 0.15 shekel 
b I shekel = 6.86 roubles 

5 a $33331200 
C €20665344 

1366579200 rupees 
1734 ounces 

Exercise 1.6. l 

I , (3, 2) b (5, 2) c (2, 1) 
d (-4, 1) , (4, -2) f (3, -2) 
g (-1, -1) h (-3, -3) 
i Infinite solutions 
j No solution 

2 The lines in part i are the same line. 
The lines in part j are parallel. 

Exercise 1.6.2 

l a i y 

I 
\ I 

\ I 
p ,- X 

ii x =land 2 
b i y 

I I 
I I 

2 - - ~ -

3 I 10 X 

I I 
I 

\ 
1 

I 
\ 

\ L ---
16- - ---.. 

ii x= -6and2 
' i y 

,,--..., 
2 ' / f'\ 

I I\ 

I 
- 14 _ , 

" 

ii x = 3 and 5 
d i 

\ 

\ 

~ 

y 

,·-
~ -,~ 

I/ 
- f-" 

2 

ii N o solution/No real solutions 

' i y 

~ 

/'. '\ 
I I\ 

I ._'l_ ~- ~ so ~~ 

~1- , 
- - , \ 

ii No solution/No real solutions 

X 

X 

X 

\ 

I 



2 a i 
y 

\ 

\ 
3 l'.·H 

f"C ,-.... / 

ii x = -2 and 3 

b i 
y 

,.,~ 
I/ 

I/ 
' ) ~ ' 

I 
ii x = -2 and 8 

' i 

'/ 

0 ~ ~ y 

I 

/ 

I 
I r--.. 
I " I 
4 

I 
I 

I"<~ 
I/ I'\ 

V 

ii X = -5 

Exercise 1.7. 1 

I a 8, 13, 18;arithmetic 
b -2, -8, -20; not arithmetic 
c 1, -3, 13; not arithmetic 
d -2, 5, -2; not arithmetic 
e 4, 0, -4; arithmetic 
f 9, 3, 5; not arithmetic 

2 a i) 3n + 2 ii )32 
b i) 4n-4 ii )36 
C i) n - 0.5 ii )9.5 
d i) -Jn + 9 ii ) -21 
e i) 3n - 10 ii ) 20 
f i) -4n - 5 ii ) -45 

X 

'\ 
''\ 1p X 

\ 

y 

1 C X 

~ 

\ 

Topic 1 413 

3 ' 

,,~ 197 4n-3 

75 

,,~ 59 449 6n-1 

100 

,,~ -47 -97 -n+3 

100 

,,~ 

50 

,,~ 10 145 3n-5 

20 50 

,,~ -5.5 -7 - 11 .5 -34 - 79 - 1.5n-4 

4 ' i) +4 ii) 4n + I iii) 201 
b i) +1 ii) n - 1 ii i) 49 

' i) +3 ii) 3n - 13 ii i) 137 
d i) +0.5 ii) 0.5n + 5.5 ii i) 30.5 

' i) +4 ii) 4n - 62 iii ) 138 
f i) -3 ii) -3n + 75 iii) -75 

5 Syears 

Exercise 1.7.2 

I ' 308 b 488 ' -187 
d 0 

2 a -15 b -95 ' -55 
d n(n + 17) 

4 

3 ' 3 b -5 ' 52 
d 470 

4 a 0.5 b 2 ' 2475 

5 ' +8 b -44 ' -80 

6 ' 
X b 6 ' 150 3 
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7 11 Exercise 1.9.1 

8 ' Student's proof b 12 I ' NZ$34.85 b £420 ' 102¥ 

' 19 d 252 baht ' HK$369.60 

Exercise 1.8. l 2 ' Syears b 4.1 years ' 5 years 

I Geometric b Geometric 
d Syears ' 6years f 7 years 

' 
' Not geometric d Geometric 3 ' 7% b 4% C J.5% 

' Nor geometric f Nor geometric d 7.5% ' 8% f 11% 

2 ' ii 3 ii) 162,486 4 ' 400Ft b NZ$200 ' €850 
iii) u,, = 2(3)"- 1 d lZOObaht ' €4000 f US$1200 

b i) I 
ii) fs-, 5 4% 5 

jii) Un= zs(t)n-l 6 2 years 
d ii -3 ii ) -243, 729 

jjj) Un - -3" 
7 4.5% 

3 ' -6, -12, -24 b 8 
8 9.5% 

4 ' -4 b l 
4 ' -65536 

9 AU$315 

Exercise 1.8.2 
10 6% 

I ' i) 2 ii) !9p Exercise 1.9.2 

b i) -3 ii) 14i62 I $11033750 

' i) 1.5 ii) 566.65 (2 d.p) 2 €52087.50 

d i) ft ii) ll.11111111 3 $10368 

2 ' i) 8 ii) 3280 4 1331 students 

b i) 7 ii) 1¥ 5 3276800 tonnes 

' i) 9 ii) w- 6 2 yean; 

d i) n ii ) ac;_-/) 7 Syears 

nst 8 3 years 4 months 

3 ' 1364 b ' 62 
9 ' $525 b $537.75 C $549.02 

4 ' 6 b ft ' 
93Jl 
18 10 ' €149.40 b €152.30 ' €154.84 

5 ' I or3 b I 85 -, 4 Student assessment 1 

6 ' 823543 b 960800 1 ' Rational b Irrational ' Rational 

Exercise 1.8.3 d Rational ' Rational f Irrational 

I ' 27 b 16 10 2' 6470 b 88500 ' 65000 - T '9 
d .!2. d 10 

5 

2 a ± b 4 J2 3 ' 3.8 b 6.8 ' 0.85 
C 81 d 1.58 ' 10.0 f 0.008 

d 0.000381 
4 ' 40 b 5.4 0.06 ' 

3 ' 3 b l 
2 d 49000 ' 700000 f 687000 

4 ll. 
2 5 92.3 cm3 



Answers to questions 6-8 may vary from those given 
below. 

6 18000 yards 

7 a 25 b 4 '4 

8 170cm1 

9 a 168.02cm2 b Student's calculation 

10 1.63% 

Student assessment 2 

I a 6 x 106 
C J.8 X 109 

e 4.6 X 108 

2 7.41 X 10-9 

4.21 X 107 

J a 6 X 106 
8 X 10- l 

b 6 X 106 
8 X 10- l 

b 4.5 X 10-J 
d 3.61 X 10-7 
f 3 X lOO 

J.6 X 10-S 
6.2 X 107 

8.2 X 105 
5.2 X 10' 
8.2 X 105 
4.4 X 1Q- J 

5.5 X 10- 3 

4.9 X 108 

4.4 X 10-J 

5.2 X 10" 

4 , 3 
d 6 

b 9 
' -1 

' -3 
f 8 

5 a 1.2 X 108 
C 2 X 105 

6 43.2 minutes 

7 4.73 x 1015 km 

8 1.62 x 1011 mm 

9 7kg 

Student assessment 3 

I a i) 4n - 3 ii )J7 
b i ) -Jn + 4 ii) -26 

b 5.6 X 1()8 
d 2.5 X 105 

2 a u5 = 27,u100 = 597 b u5 = L5,u 100 = -46 

3 ' 

Position 

,,~ fn-5 

4 $405 

5' 
I 

-1 

6 ' 70 

7' +3 

8 ' +4 

9 ' i) 11 

b i) 13 

10 a 363 

11, (2,1) 

ii ) X = J 

b i) y 

I 

1 
.. 

b 243 

b 595 

b -12 

b 4 

ii) 20470 

ii) 27Jl 
32 

b .lli2 
5 

b (-2, 3) 

I/ 

I 

I 

i / 
ii ) x=4and6 

Student assessment 4 

I =16.4% 

2 £561167 

3 59% 

4 2001 

5 a €480000 

6 4 years 

7 8 days 

8 a €900000 

9 5 years 

b €499200 

b €955080 

Topic 1 415 

' 10 

C 330 

C 220 

X 

\ 

\ 

C £978091 
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Student assessment 5 

1 13.6% 

2 $1782000 

3 81% 

4 2007 

5 a €300000 b €900000 

6 6years 

7 11 days 

8 a $1020000 b $1109000 C $1148 000 

9 11 years 

Examination questions 

I a l.52 x 106 m1 

b 5.26% 

2 a 2.84 

b 770.70 CHF 

3 a ~=f 
b 78732 

, 10 

4 Part A 

a Option I: Amount = 

25 000 + ZS(Xl~\~ 6 x3 = 29 500.00 (29 500) 

Option 2: Amount= 

2sooo(1 +~)3 = 28940.63 

Option 3: Amount= 

2sooo(1 + 12ii~i)3"'11 
= 28863.81 

b Option l is the best investment option. 

PartB 

a 142 
c Sn= 3.2n1 + 138.Sn 
, 645 
f 10 

Topic 2 
Exercise 2 .1.1 

I Discrete 

2 Continuous 

3 Discrete 

4 Continuous 

5 Discrete 

6 Discrete 

7 Continuous 

8 Discrete 

9 Continuous 

10 Continuous 

Exercise 2.2.1 

I a Number of chocolates Tally 

35 1111 

36 Jl!fll 
37 1111 

38 Jl!fl 

~':ffifil ~ 6 

l' 
2 

O 35 36 37 38 
Number of chocolates 

2 Student's own results 

Exercise 2.3.1 
Score 

la Class 12X 
31-.-40 

41-50 

51---60 

71--80 

81 - 90 

91-100 

Frequency 

4 

7 

3 

6 

Frequency 



Class 12Y 

Score Frequency 

31-40 

41-SO 

61-70 

81-90 

91-100 

b Student's own response 

Number of apples Frequency 

1- 20 

21-40 

41--60 

61-80 11 

81 - 100 

101 - 120 

121 - 140 

141-160 

Exercise 2.3.2 

Distance (km) 

Topic2 417 

16 1~ 1$1001~ 1701751W 1~ 

Height(cm) 

Exercise 2 .4 .1 

l ' 

Finishing 
time (h) 0- 0.5- 1.0- 1.5- 2.0- 2.5- 3.0-3.S 

Frequency 0 

Cumulative 0 
f requency 

60 

50 

40 

30 

20 

10 

6 34 16 

6 40 56 59 60 

0.5 1.0 1.5 2.0 2.5 3.0 3.5 

Finishingtime(h) 

c Median = 1.8 hours 
d As many runners finished before as after the 

median. 
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2 a Groupe 

Group A Group B Groupe 16 

Score Freq. Cum. Freq. Cum. Freq. Cum. 
16 

freq. freq. freq. g 14 

~ 12 
Osxc:: 20 I 10 

20 sxc:: 40 i 
~ 6 

40 sxc::60 12 8 4 

60sxc:: 80 15 

80 S X < 100 16 12 17 eo 100 

Test score 

Group A ' Uroup A median = 50 
Group B median = 70 

18 Group C median = 78 
16 d As many students were above as below the 

r median. 

12 e Group A: Lower quartile "" 35, 

~ 10 Upper quartile • 69 

1 6 Group B: Lower quartile "" 55, 

1 6 Upper quartile "' 85 

4 
Group C: Lower quartile "" 54, 

u Upper quartile • 90 

3 a 
0 20 40 60 eo 100 

Test score 2010 2011 2012 
Group B Height(cm) Fn,q. Cum. Freq . Cum. Freq . Cum. 

16 
fn,q. fn,q . fn,q . 

16 150 :5h< 155 6 

j 14 155 :S h < 160 8 14 11 

12 160 S h < 165 11 25 10 21 17 
10 

j 6 
165 S h < 170 4 29 25 25 

6 170 :5 h < 175 30 28 27 

175 :S h < 180 0 30 30 29 

180S h < 185 0 30 30 30 

0 20 40 6-0 100 
Test score 
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2010 2012 

30 30 

28 28 

28 28 

24 24 

22 22 

20 20 

18 18 

16 16 

12 12 

10 10 

150 155 160 165 170 175 180 185 150 155 160 165 170 175 180 185 

Height(cm) Height(cm) 

2011 ' Median (2010) = 161 cm 

30 
Median (2011) = 162cm 
Median (2012) = 164cm 

28 d As many students are taller than the median 
28 as shorter than the median. 
24 ' 2010: Lower quartile"' 156, 
22 Upper quartile "' 164 

20 2011: Lower quartile"' 158, 

18 Upper quartile "' 166 

16 2012: Lower quartile"' 160, 
Upper quartile "' 168 

f Student's own comments 
12 

10 Exercise 2.4.2 

l ' Goa ls scored Goa ls let in 

i) Mean 1.15 2.00 

ii) Median 

150 155 160 165 170 175 180 185 iii)q, 

Height(cm) iv) q1 1.5 
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~ Goals let In 

~ ! Goalsscored 

1 2 3 4 5 

c Student's own repon 

Z a 
Resort A Resort B 

I) Meiln 8.5 8.5 

11) Median 

tll) q, 

Iv) ql 10 

~ ResortA 

~ Resorts 

1 2 3 4 5 6 7 8 9 10 11 12 

c S tudent's own response 

3 Student's own explanation using the box and 
whisker diagrams below. 

Before 

0123456 1011 

Exercise 2.5. 1 

I a Mean= 1.67 
Mode= I 

b Mean= 6.2 
Mode = 7 

c Mean= 26.4 
Mode• 28 

d Mean = 13.95s 
Mode = 13.Ss 

2 91.1 kg 

3 103 points 

Median= I 

Median= 6.5 

Median • 27 

Median • 13.9s 

Exercise 2.5.2 

I Mean = 3.35 Median = 3 
Mcxle = I and 4 

2 Mean = 7 .03 Median = 7 
Mcxle=7 

3 a Mean .. 6.33 Median = 7 
Mode = 8 

b The mode as it gives the h ighest number of 
nowers per bush . 

Exercise Z.5.3 

1 a 29.1 
b 30-39 

2 a 60.9 
b 60-69 

3 a 5mins 50secs 
b 0-4 
c Student's own comments 

Exercise 2.6 . ) 

l a 

Distance thrown (ml o- 20- 40- 60- 80-100 

Frequency 15 10 

Cumu laUve f requency 4 13 28 38 40 

40 ,. 
[ " 28 

j 24 

.~ 20 

I 16 

il 
12 

20 40 60 SO 100 

Distancethrown (m) 



' 
d 

' 
2 ' 

i 
.[ 

I 
~ 
il 

Median= 50m 
Interquartile range= 28m 
Qualifying distance = 66m 

Type A 

Mass(g) Frequency Cum. freq . 

75-

100- 11 

125- 15 26 

150- 32 58 

175- 14 72 

200- 78 

225-250 80 

TypeB 

Mass(g) Frequency Cum. freq . 

75-

100- 16 16 

125- 43 59 

150- 10 69 

175- 76 

200- 80 

225-250 80 

Type A 

80 

70 

60 

50 

40 

30 

20 

10 

o ~ 1001~1~,n~~~ 
Mass(g) 

60 

70 

60 

50 

40 

30 

20 

10 
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Type B 

0 75 100 125 150 175 200 225 250 
Mass(g) 

c Median type A= 157 g 
Median type B = 137g 

di) LowerquartilerypeA=l40g 
LowerquartilerypeB= 127g 

ii) Upper quartile type A = l 78 g 
Upper quartile type B = 150g 

iii) Interquartile type range type A= 38g 
Interquartile type range type B = 23 g 

e Student's own report 

3 a Student's own explanation 

b Student's own explanation 

Exercise 2.6.2 

I a ii 5.5 ii) 7 iii) S 
iv) 2.58 

b ii 78.75 ii) 16 iii) 9 
iv) 5.40 

' ii 3.85 ii) 3.9 iii) 1.6 
iv) 1.05 

2 ii 2.31 ii) 6 iii )2 
iv) 1.43 

3 i i 71.53 ii) 8 iii)! 
iv) 1.44 

4 i) 2.72 ii) 6 iii) J 
iv) 1.69 

5 a 6.5 b 0.18 

Student assessment I 

I a Discrete 
d Discrete 
g Continuous 

b Discrete c Continuous 
e Continuoll5 f Continuous 
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2 a ~--~---~--~ 
Mark (%) Frequency Cumulative 

31-40 

41-50 

51-60 

61-70 

71-80 

81-90 

91-100 

400 

350 

300 

21 

55 

125 

74 

52 

45 

28 

Exam mark(%) 

c i) Median = 60% 
ii) Lower quartile= 52% 

Upper quartile = 74% 
iii) !QR= 22% 

frequency 

21 

76 

201 

275 

327 

372 

400 

80 100 

3 ' ~ M-,~,,~(%~)~-,-",-,-'"-,,~-c,-m-,~,a1-,,-, ~ 
frequency 

1-10 

11-20 

21-30 

31-40 

41-50 

51-60 

61-70 

71-80 

81-90 

91-100 

800 

700 

600 

500 

400 

300 

200 

100 

c Agrade ~ 72% 
d Fai1 <50% 

10 

30 

40 

so 

70 

100 

240 

160 

70 

30 

Exam mark(%) 

e 200 students failed. 
f 200 students achieved an A grade. 

10 

40 

80 

130 

200 

300 

540 

700 

770 

800 

100 
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4 ' 

Time(mins) 10st<15 1Ss:t<20 20s:t<25 25St<30 30s:t<35 3Ss:t<40 40s:t<45 

Motorway 
f requency 

Mot orway 
cumulat ive 
f requency 

Country lanes 
f requency 

Country lanes 
cumulat ive 
f requency 

20 
18 

i716 _ 
ij14 

[" 
i 1~ 

~ 6 -

il 

15 17 18 19 

10 

19 20 20 

Mot orway times to get t o work 

10 15 20 25 30 35 40 45 

20 
18 

g,s -
g:14 
[12 
ai,o 
~ 8 

~ 6 il -

Time(mins) 

Country lanes times toget towork 

00~-~-,~o--,~. --2'-, ~-2~s~-,~,-~,s 

Time(mins) 

c i) Motorway median = 21 mins 
ii) Motorway lower quartile = 17 mins 

Motorway upper quartile = 25 mins 
iii) Motorway !QR = 8 mins 

d Student's explanation 
e Student's explanation 

~untry lanes median = 26 mins 
~untry lanes lower quartile = 23 mins 
~untry lanes upper quartile = 28 mins 
~untry lanes !QR = 5 mins 

20 

20 
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5 Box and whisker diagram A is likely to belong 6 a 
to mixed ability class + student's explanation. 
Box and whisker diagram B is likely to belong to 

the other class + student's explanation. 

Student assessment 2 

I a Mean=S.4 
MOOe = 5 

b Mean= 75.4 
MOOe = 72 

c Mean= 13.8 
Mode =18 

d Mean= 6.1 
MOOe = 3 

2 61kg 

3 a 2.83 

4 ' 2.4 

b 3 

b 2 

Median= 5 

Median= 72 

Median= 15 

Median= 6 

' 3 

' 3 

Group 

10-19 

20-29 

30-39 

40-49 

50-59 

60-69 

70-79 

b 39.2 

7 3.8 

8 a 2.05 

Mid-interva l 
va lue 

14.S 

24.S 

34.S 

44.S 

54.S 

64.S 

74.S 

b 5 C 1.26 

Examination questions 
5 a 

M id- interva l 
Group 

va lue 
Freq uency I a 

Frequency 

Q.....20 20--40 40...-60 60----80 80~100 
0-19 9.5 

Freq. 14 26 58 16 
20-39 29.5 

b 50 
40-59 49.5 

60-79 69.5 ' 45for45.7 

80-99 89.S 2 ' i 30 ii 32 iii 28 
b0.25x56=14 

100-119 109.5 
3 ' 55 

120-139 129.5 b i 62.5 or62.6 ii 8.86 

' 36.0 
b 75.5 



Topic 3 

Exercise 3. 1.l 

1 Letter B 

2 Carel E 

Exercise 3.2. l 

I a No b Yes c Yes 
d No e Yes f Yes 
g Yes h No i Yes 
j Yes 

2 a Teresa is a girl and Abena is a girl. (True) 
b -l<x<S(True) 
c A pentagon has five sides and a triangle has 

4 sides. (False) 

d London is in England and England is in 
Europe. (True) 

e x<y<z (True) 
f 5 is a prime number and 4 is an even number. 

(True) 
g A square is a rectangle and a triangle is a 

rectangle. (False) 
h Paris is the capital of France and Ghana is 

in Asia. (False) 

i 3 7 is a prime number and 51 is a prime 
number. (False) 

j Parallelograms are rectangles and trapeziums 
arerectangles.(True) 

Exercise 3.3. l 

p q ' 

T T T 

T T f 

T f T 

T f f 

f f f 

Topic 3 425 

p q r ~p pvq -pv r (pvq)A(-pvr) 

T T T F 

T T F F 

T F T F 

T F F F 

F T T T 

F T F T 

F F T T 

F F F T 

Exercise 3.3.2 

l a Neither b Contradiction c Neither 
d Ta urology e Tautology 

2 a Neither 

q - p -q - p A -q 

b Neither 

c Neither 

q " ~, 
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d Neither 

r p " q (p "q) " r 

e Neither 

r p " q (p "q) v r 

Exercise 3.4.l 

l a True b False 
d True e False 

2 a I think so it follows that I am. 
b ... does not exist. 

Exercise 3.4.2 

c True 

Note: The students may use different words but the 
sense should be the same. 

I a If you do not have your mobile phone then 
you cannot send a text. 
If you have your phone you can send a text. 

b If you cannot travel a long way on 20 euros 
then you do not have a small car. 
If you do not have a small car then you 
cannot travel a long way on 20 euros. 

c If you can speak French then you will enjoy 
France more 
If you do enjoy France more then you do speak 
French. 

d If it rains then I do not play tennis. 
If it does not rain then I do play tennis. 

e We stop playing golf if there is a threat of 
lightening. 
We do not stop playing golf if there is not a 
threat of lightening. 

f A tennis serve is easy if you practice it. 
If you do not practice it then a tennis serve is 
hard. 

g If a polygon has six sides then it is a hexagon. 
If a polygon is not a hexagon then it does not 
have six sides. 

h If you are less than 160 cm tall then I am 
taller than you. 
If you are not less than 160 cm tall then you 
are taller than me. 

i If the bus was full then I was late. 
If I was not late then the bus was not full. 

j If the road was greasy then the car skidded. 
If the car skidded then the road was greasy. 

2 a Statement: If a number is an odd number 
then it is a prime number. (False) 
Converse: If a number is a prime number 
then it is an odd number. (False) 
Inverse: If a number is not an odd number 
then it is not a prime number. (False) 
Contrapositive: If a number is not a prime 
number then it is not an odd number. (False) 

b Statement. If a polygon has six sides then it is 
called an octagon. (False) 
Converse. If a polygon is called an octagon 
then it has six sides. (False) 
Inverse. If a polygon does not have six sides it 
is not called an octagon. (False) 

Contrapositive. If it is not called an octagon 
then it does not have six sides. (False) 

c Statement. If it is an acute-angled triangle 
then it has three acute angles. (True) 
Converse. If it has three acute angles then it 
is called an acute-angled triangle. (True) 

Inverse. If it is not called an acute-angled 
triangle then it does not have three acute 
angles. (True) 



Contrapositive. If it does not have three acute 
angles then it is not called an acute-angled 
triangle. (True) 

d Statement. If two triangles are similar then 
they are congruent. (False) 
Converse. If two triangles are congruent then 
they are similar. (True) 
Inverse. If two triangles are not similar then 
they are not congruent. (True) 
Contrapositive. If two triangles are not 
congruent then they are not similar. (False) 

e Statement. If two triangles are congruent 
then they are similar. (True) 
Converse. If two triangles are similar then 
they are congruent. (False) 
Inverse. If two triangles are not congruent 
then they are not similar. (False) 
Contrapositive. If two triangles are not 
similar then they are not congruent. (True) 

f Statement. If a solid is a cuboid then it has 
sixfaces.(True) 
Converse. If a solid has six faces then it is a 
cuboid. (True) 
Inverse. If a solid is not a cuboid then it does 
not have six faces. (True) 
Contrapositive. If a solid does not have six 
faces then it is not a cuboid. (True) 

g Statement. If a solid has eight faces then it is 
called a regular octahedron. (False) 
Converse. If a solid is called a regular 
octahedron then it has eight faces. (True) 
Inverse. If a solid does not have eight faces 
then it is not called a regular octahedron. 
(True) 
Contrapositive. If a solid is not called a regular 
octahedron then it does not have eight faces. 
(False) 

h Statement. If a number is a prime number 
then it is an even number. (False) 
Converse. If a number is even then it is a 
prime number. (False) 
Inverse. If a number is not a prime number 
then it is not even. (False) 
Contrapositive. If a number is not even then 
it is not prime. (False) 

Exercise 3.5. l 

1 a i) Continents of the world 
ii) Student's own answers 

b i) Even numbers 
ii ) Student's own answers 

c i) Days of the week 
ii ) Student's own answers 

d i) Months with 31 days 
ii ) Student's own answers 

e i) Triangle numbers 
ii ) Student's own answers 
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f i) Boy's names beginning with the letter m 
ii) Student's own answers 

g i) Odd numbers 
ii) Student's own answers 

hi) Vowels 
ii) o, u 

i i) Planets of the solar system 
ii) Student's own answers 

j i) Numbers between 3 and 12 inclusive 
ii) Student's own answers 

k i) Numbers between -5 and 5 inclusive 
ii) Student's own answers 

2 , 7 '7 d 7 
f Unquantifiably finite, though theoretically 

infinite 
h 5 i 9 

Exercise 3.5.2 

l a Q = {2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 22, 24, 
26,28) 

b R - {[, 3, 5, 7, 9, II, 13, 15, 17, 19, 21, 23, 25, 
27,29) 

, 5-12,3,5,7,ll,13,17,19,23,29) 
d T - {[, 4, 9, 16, 25) 
, U - {[, 3, 6, 10, 15, 21, 28) 

2 a B = {55, 60, 65) 
b C - 151, 54, 57, 60, 63, 66, 69) 
, D - 164) 

J , {p, q, d, IP, qJ, IP, d, lq, d, lpJ, lqJ, Id, I I 
b IP, qJ, IP, d, lq, d, lpJ, lqJ, Id 

4 ' True b True c True 
d False ' False f Tru, 
g True h False 

Exercise 3.5.J 

I ' True b True ' False 
d False ' False f Tru, 
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2 , A n B - 14, 6) b A n B - 14, 9) 
c A n B = {yellow, green} 

3 a A U B = {2, 3, 4, 6, 8, 9, 10, 13, 18) 
b AU B- 11,4,5, 6, 7,8,9, 16) 
c A U B = {red, orange, blue, indigo, violet, 

yellow, green, purple, pink} 

4 a U = {a, b, p, q, r, s, t} 
bA'={a,b} 

5 , U - 11, 2, 3, 4, 5, 6, 7, 8) 
b A' - {[, 4, 6, 8) 
c AnB=/2,JJ 
d AU B- 11, 2,3, 4,5, 7,8) 
, (An B)' - {[, 4, 5, 6, 7, SJ 
f A nB' -15, 71 

6 a i) A= {even numbers from 2 to 14) 
ii) B = {multiples of 3 from J to 15) 
iii) C = {multiples of 4 from 4 to 20) 

b ii A n B - 16, 12) 
ii) An C = {4, 8, 12) 
iii) 8 nC= {12} 
iv) An B n C = {12) 
vi AU B - 12, 3, 4, 6, 8, 9, 10, 12, 14, 15) 
vi) CUB= {3, 4, 6, 8, 9, 12, 15, 16, 20) 

7 a i) A= {l,2,4,5,6, 7) 
ii) B = {3, 4, 5, 8, 9) 
iii) C' = {l, 2, 3, 4, 5, 8, 9) 
iv) An B = {4, 5) 
vi AU B - {[, 2, 3, 4, 5, 6, 7, 8, 9) 
vii (An B) ' - 11, 2, 3, 6, 7, 8, 9) 

b CCA 

8 a i) W={l,2,4,5,6,7,9,10) 
ii) X = {2, 3, 6, 7, 8, 9) 
iii): '= {I, 4, 5, 6, 7, 8, 10) 
iv) wn Z = {2,9) 
vi W n X - 12, 6, 7, 9) 
vi) Y n Z = I }or0 

b : 

9 , A 

b i) A n 8 = {Egypt} 
ii) A U 8 = {Libya, Morocco, Oiad, Egypt, 

Iran, Iraq, Turkey} 

10 a P 

h ii P n Q - 111, 13, 111 
ii) P U Q - 12, 3, 5, 7, 11, 13, 15, 17, 19) 

11 

CID 

13 

Exercise 3.5.4 

1, 5 

2 45 

b 14 

Ja!O bSO 

, 13 



b 100 

'75 

5 a 16 

c 15 

b 10 

6 a 45 
Exmise 3.5.5 b 65 

TOOJ 
TOOJ 
KI] 
KJJ 

d 13 

' 56 

' 90 

p,q 

pvq 

_________ 2 ro,"p>icic 3 429 

'[I] 
'[~J 
·1001 
·rn1 
Exercise 3.6. 1 

q =>P 

p~ -,q 

p,q 

l ~H, THH, THT ITH 2 I 8 mnts ' , HHT, HTH, HIT 

{(1,1)(12)(13 ' 
(2, 1)(2:2)(2' 3:g·:)11,5)(1,6) 
(J, 1)(3, 2)(3: 3)(3, )(2, 5)(2, 6) 
(4, 1)(4, 2)(4 3)(4. :){3, 5)(3, 6) 
(5, 1)(5, 2)(5: 3)(5 ){4, 5)(4, 6) 
(6, 1){6, 2){6 3)(6, 4){5, 5)(5, 6) 

3 {( ' '4){6, 5)(6 6) 
H, l)(H, Z)(H J)( H ' l 36 events 

(T, l){T, 2)(T .. 3)(T •/)IH, 5)(H, 6) 

4 {(M M){M F)(F M)(; /T, 5)(T, 6)) 12 mnts 

5 {(M M)(F F) )} 4 events 
12 events 

6 a Pass or fail 
b {(P P)(P F)(F P)(FF)} 

7 a Winorlose 
b {(2, 0)(2, 1)(1, 2)(0, 2)) 

8 a Winorlose 
b {(3, 0){3, 1)(3 2 ' )(2, 3)(1, 3)(0,J)} 
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Exercise 3.6.2 

I a I b ! ' 
I 

1,6 2,6 3, 6 4,6 5, 6 6,6 6 6 2 
d i ' 0 f 1 6 

1, 5 2, 5 3, 5 4, 5 5, 5 6,5 

2 ' i) i ii)~ b Total= I 

I 
b fo-

1, 4 2,4 3, 4 4, 4 5, 4 6,4 
3 a Tso ' 1 Dice2 

d 0 1, 3 2, 3 3, 3 4, 3 5, 3 6, 3 

4 a 5 b l 8 8 1,2 2, 2 3, 2 4,2 5, 2 6,2 

5 I 
b ft 21 

a IT C 26 
2,1 3, 1 5,1 6, 1 

d 1-
26 ' Student's own answer 

6 ! 
6 

Dice1 

7 a i) ft ii) t 
' 

I b ! ' 
I 

36 6 Tii 
b i ) 19 ii) f§ d ! I j 

6 ' 4 4 
I b .!! 18 II 

h t i 11 

8 ' "fi j) C J7 g 36 Tii 

d -fr 21 f 12 
Exercise 3.7.2 e TI" "fi 

17 h !! g "IT j) I ' {<Ee: 9 a RCA RAC CRA CAR ARC ACR 112 

b i) i ii) t iii) t I 113 
iv) 24 1 2~i 121 

10 a i b ! I d I 122 
2 C TI 26 123 

j 
f I 5 h 4 

3 ~~ 
131 e IT 52 g IT IT 132 

Exercise 3.7. l 3 133 

{<Ee: 211 
I ' Dice 1 212 

213 

2 2~i 221 

I \,\ 2,1 3,1 4, l 222 
223 

" 2 1,2 2,2 3,2 4, 2 3~ ; 231 

" 232 
3 1,3 2,3 3,3 4,3 

3 233 

4 1,4 2,4 3,4 4, 4 ,~i 311 
312 

b .!. I 
d ft 313 

4 ' 4 
3

~

2 ~i 
321 
322 
323 

3~i 331 
332 
333 
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2 , \ ,,,~<.~'.::} ··(:5! ~ 
G BBGG ~ B WB 

<
s < B BGBB O WO 

G GBGBG ( GBG 
G< B BGGB B W BW 

G BGGG B BB 

<
B< B GBBB O BO 

<
B G GBBG / G 0G 

G o < BGBGB o ~ wow 
GGBGG ~~ 

<
s < B GGBB G G GGBG b i) ft ii) t iii)f 

G< ~ ~~~~ Exercise 3 .
7

.
3 

I a 

b 1) "ft 
iv) ft 

3 ' 

b i) "ti 
iv) TI 

ii) ! iii) ft 

~

w<E: ; "::: 
WWD 

W L / ~ WLW 
' WLL 

D WLD 

0 L.. ~wDW 
' WDL 

~

w<E: ~ r~ 
D LWD 

L L L___ W LLW 
' L LLL 

D LLD 

0
L w LOW 

' L LDL 

~

w<E: ~ = D DWD 

D L / W DLW 
' L DLL 

D OLD 

0
L w oow 
' L DDL 

D ODD 

ii) w iii) "ff 

c Student's own aruwer 

Roll 1 Roll2 Probability 

' l / so < s" 
Outcomes 

Six, Six 

Six,Notsix 

Notsix, Six 
~ I Notsix 

I Notsix.<;:: Six 
I Notsix. Not six, Not six 

b i) t iii* txt•B 
iv) ffi v)"fk iii) :ft 

c They add up to l 2 a rs b ':cause either iv Of V • 

J a 125 C _.2§_ 125 

~ L &ito.Js L 

~

.35 L ~ g OT L, L, L 
o.es OT )- L L, L, OT 

0 0. :!OT t:8UIT 
OT ~ L < 6r gr,L,L 
~ OT 8:~r L OT, L, OT 

~ OT T, OT, L 

b i) 0.275 .. . OT, OT, OT 

iv) 0.718 n ) 0.123 
iii ) 0.444 

4 0.027 
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Exercise 3.7 .4 

1aM b .!£ 
81 

d~ 

2 a fa b l 
6 

d .l. 
9 

3 a "st b -to 

4 a -Js b l 
J 

5 a tf& b .fil11.. 
9312 

6 ' ( '~: i p 

! A 

B~ ~ 
+@ A 0 ~ 

p 

~ A p I B 
0 
p 

b i) "ft ii ) rt 
Exercise 3.7.5 

"[EJ 
b .!l 

JO 

2afs=+ b li = .1 
35 5 

3 ..il. 
108 

20 
C 8) 

5 
C [8 

AB 
AO 
AP 
BA 
BO 
BP 
OA 
OB 
00 
OP 
PA 
PB 
PO 
pp 

iii) f 

]J 

35 

b i ) Tt5 ii ) 1£ 
Exercise 3.7.6 

1 a No (mutually exclusive) 
b 0.8 

2 a Yes 

b i ) t ii ) t iii) t 

iii) i& 

3 Tk if each month is equally likely, or 5!~9 if 
taken as 30 days out of 365. (Leap years 
excluded - though this could be an extension.) 

4 a Yes 
b i ) 0.1 

iv)0.4 

5 a 0.675 
d 0.77 

6 0.93 

7 0.66 

ii)0.9 iii) 0.2 

b 0.2 C Q.875 

8 e Only 23 people are needed before the 
probability of two sharing the same birthday 
is greater than 50%. 



Student assessment I 

I a {odd numbers from I to 7) 
b {odd numbers} 
c {square numbers} 
d {oceans} 

2 ' b 2 
d Student's own answer 

' 7 

4 {o, r, k), {w, r, k}, {w, o, k}, {w, o, r), {w, o, r, k} 

5 P' - {l, 3, 5, 71 

6 {(r r r)(b r r)(r b r)(r r b)(b b r)(b r b)(r b b) 
(bbb)J 

7 The Amazon river is not in Africa. 

8 p V q means either p or q or both must be true 
for the statement to be true. 

9 a+ l 
C fil 

d Titi" 
10, ~~~~-~~~~ 

H 1H 2H 3H 4H SH 6H 

T 1T 2T 3T 4T ST 6T 
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Student assessment 2 

· ~~~~~~~~~~~~~,~ 
{2, 4, 8), {2, 6, 8), 14, 6, 8) 

b {lion, cheetah} c 0 d 0 

3 ' 

b X = {multiples of 10) 

4 a Let the number liking only tennis be x. 

KIDJ 
b 15 '5 d 16 

5 a 5 b 35 , 40 
d 50 ' 15 f 12 
g 10 h 78 i 78 

6 pandq. 
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q p Aq p Vq 

8 A statement that is always true. Student's 

example. 

9 a# 
Student assessment 3 

I 0.31 

bi) * 
iv) -Jr 

m1} 
v) 0 

b i) ffo ii) ffo 

6 
C If 

iii) * 

4 0.53 

5 0.88 

6 0.4 

7 a i ) 0.8 
b i ) 0.06 

ii )0.7 
ii )0.56 

Examination questions 

I a 17 
b 18 
, 14 

iii) 0.3 
iii) 0.38 

'[]]] 
2 a r APA --.q 

b If I visited (either) Sarah's Snackbar or Pete's 
Eats (then) I did not visit Alan's Diner. 

3 Part A 

b 28 
, 59 
d 48 

Part B 

a PA -.q 
b If it is not snowing and the roads are open 

(then) we will go skiing. 



r -P -p ,.,q (-p,.,q)~, 

Topic 4 

Exercise 4.1.l 

1 The normal distribution curve is translated to 
the right. 

2 The normal distribution curve becomes 
shallower and more spread out. 

3 a Distribution B, as its peak is further to the 
right than that of distribution A. 

b Distribution B, as it is more spread out than 
that of distribution A. 

4 a Approximately 68% of data falls within one 
standard deviation of the mean. 

b Approximately 95% of data falls within two 
standard deviations of the mean. 

c Approximately 99. 7% of data falls within 
three standard deviations of the mean. 

Topic4 435 

5 ' 

90 100 110 120 130 140 150 160 170 

b i) The mean coincides with the peak of the 

distribution. 

6 ' 

ii) AI; approximately 99.7% of the data falls 

within three standard deviations of the 
mean, the 'tails' of the curve should be 
drawn to approximately 100 and 160 on the 
horizontal axis. 

35 40 45 50 55 60 65 70 75 80 85 90 95 

b 0.5 

c Approximately 0.68 as 68% of data falls 
within one standard deviation of the mean. 
58 kg and 72 kg are both one standard 
deviation from the mean. 

d Approximately 0.025 as 51 kg is two standard 
deviations from the mean. Approximately 5% 
of data is more than two standard deviations 
from the mean, i.e less than 51 kg or greater 
than 79 kg. Therefore due to symmetry only 
about 2.5% of data is less than 51 kg. 
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Exercise 4.1.2 

l' 

b 4.74% 
C 10.6% 
d 29.8% 

2 a 0.04006 
b 0.0228 
c About 7 competitors 

3 ' 

15 20 25 30 35 40 45 50 55 60 65 70 75 

b 0.0304 
c Likely to be from brand X as 26.6% of brand 

X batteries are expected to last less than 40 
houn; compared with only 0.6% of batteries 

from brand Y. 

4 a 0.115 
b 0.155 

,,, 
d Look at the left 'tail' of the distribution 

curve. Three standard deviations below the 
mean gives a negative number. It is not 
possible to have a call lasting a negative 
amount of time. 

5 a 0.00621 
b Approximately 11 1 77 packets will have a 

mass less than 500 g 

6 a 0.202 
b 0.0912 
c 11 890 pumpkim 

Exercise 4.1.3 

l' 

d In theory yes, but the probabiliry is very small _.c___1==.--"--.L.L----'-_L_.L-L--"--.L.L----'-_L_.L.C-S,,~ 
(0.0000003) -5 0 5 1015202530354045505560657075808590 

b 34.l minutes 
c 48.3 minutes 



2 a 65.6 
b 32.4 
c 47.Z ~ C :2:: 52.8 

3 ' 

% 

0 5 10 15 20 25 30 35 40 45 50 

b 20.8cm 
c 32.0cm 

4 191.4 ~ L :2:: 268.6cm 

5 a 14260 
b 64.)g 

Exercise 4 .2. l 

I Students' answers may differ from those given 
below. 
a Possible positive correlation (strength 

depending on topics tested) 
b No correlation 
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2 ' 
Sunshine and rainfall corre lation 

1~, >-~~~~~~~~~~~ 

1~f-l-l-+->--+-l--+--+-->-l-ll-l-

120 f-l-l-+->--t--l---l--t-->-l.-ll-l-

110 f-l-l-+->--+-l--+--+-->-l.-ll-l-

100 f-l-l-+->--+-t--+--+-->-+-"f--l-

OO f-1-1-+->--t--l---l--t-->-+-f--l-

I 80 f-1-l-+->---l--l-_,_-t-_,_l-ll-l­

J : f-1-1-+->--+->--+--+-->->--'l-l-

W r-1-1-+->--+-+--+--+-->-+-"f--l-

~ f-1-1-+->--+-t--+--+-->-+-f--l­

~ f-f--l-+->--+-t--+--+-->-+-"---+-

20 f-l-l-+->--+-t--+--+-->-l.-l---+-

10 C--af---.l-+->--t---l--l--t-->-1.-l-+-

1 2 3 4 5 6 7 8 9 10 11 12 13 
Hours of sunshine 

b Graph shows a very weak negative 
correlation. Student's answers as to whether 
this is what they expected. 

3 ' 
Adult illiteracy and infant mortality correlation 

140> >-~~~~~~~~~~~~ 

130 f-1-l-+->--t--l---l--+-->-+-l-l-+-e 

120 f-1-l-+->--t--l---l--+-->-+-f---.l-+--l 

~ ~:s;~::ec::::~~:~::n(}\7~~/~o~ q;~::;;ong) f 110 f-l-l-+->--t--l---l--+-->-+-1-l-+--l 

e Depends on age range investigated. 0-16 Zi 100 f-1-<-+-+-+-+--+--+--+-+-f--l-+--l 

years likely to be a positive correlation. Ages ~ 90 f-1-<-+-+-+-+--+--+--+-+-f--l-+--l 
16+ little correlation. 

f Strong positive correlation 
I so r->-<-+--.f--+-+--+--+--+-+-f--l-+--l 

; 70 f-1-l-+->--t--l---l--+-->-+-f---.l-+--l 

~ M f---il-l-+---1--t--l---l--t-+-l.-l-+-+--l I ~ f---if--!-.-+-+-+-+--+--+-+-+-"f--!-+--l 

40 f--'f--l-+-t--t--1--+-+-'+-+-"f--!-+--l i 30 f---if--l-+-t--t--t--+--+-+-+-"-+-+--l 

10 J-'l-l-+---1--t--l---l--t-+-l.-l-+-+--l .. 
0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 

Adult illiteracy rate(%) 
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b Student's answer, however it is important to 

stress that although there is a correlation, it 
doesn't imply that one variable affects the 
other. 

c Student's own explanation 

d life expectancy correlation 

4 , d 

~:11 ~.'° . . . ~ 60 • 

~ 50 I 

~ 
~ 40 

0 50 60 70 80 90 
Female life expectancy 

Distance travelled and t ime 
taken correlat ion .c:. :.S 30 ! 20 • • • 

10 

0 5 10 15 20 25 30 

Distance(kni 

b (Strong) positive correlation 
c Student's own explanation 
e Approximately 10km 

Exercise 4.2.2 

I " 
y 

2. 1 

I 

2. 0 I 

I 

9 
I 

I fii, 

I/ 

s 

I 

I 

7 
I 

I ,., 
Height of competitor (m) 

b X = 1.78m y = 1.89m 
d r = 0.79 

I 

This implies a fairly gocd correlation, i.e. the 
taller the competitor, generally the greater 
the height jumped. 



2 " 

100 

90 

80 

70 
V. 

60 
/ x. 

J 

' ~ 50 /• 
/ 

40 

• V 
30 . / 
20 

J . 
/ 

10 
/ 

b X = 64.3% j = 64.3% 
d r = 0.99 

" 50 
Mock% 

This implies a very strong correlation 
between the mock % and the final % for 
English. 

Jar=0.89 
This implies a strong correlation between the 
mock % and final % for Mathematic;;. 

b Although 00th show a strong correlation 
between mock % and final %, the results 
appear to suggest that it is stronger for 
English. 

4 ab Student's solutions and justifications 

5 a-d Student's own data, graph and analysis. 
e r is likely to be lower for 11-year-old students 

than for 17-year-old students as children of 
11 are at different stages of development. 

I 

I.{ 
J 

Exercise 4.3. 1 

I a r = -0.959 
b y = -L468x + 92.742 
c y = 66 minutes 
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d A valid estimate as 18 hours is within the 
data range collected. 

2 a r = 0.970 b y = 0.866x - 24.433 
c IQ: 95 ----) IB: 58% IQ: 155 ----) IB: 110% 
d The estimate for the IQ of 95 is valid as it 

falls in the range of the data collected. The 
estimation for the IQ of 155 is an 
extrapolation producing an 1B result greater 
than 100% and is therefore invalid. 

3 a r = 0.973 indicates a strong positive 
correlation between the salary and the 
number of years of experience. 

b 'J = 0.00116x - 28.552 
c x = $33 200 - this is a valid estimate as 10 

years falls within the data range collected. 
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d 87 years experience - this value falls outside 
the data range collected. TI1e result implies a 
firefighter approximately 100 years old, and is 
therefore invalid. 

4 a r = -0.946 indicates a strong negative 
correlation , i.e. as height increases, 
temperature decreases. 

b y = -0.00189x + 7.4 
c Height = 41 000 m - although - 70°C is 

slightly outside the data range, this is 
marginal and therefore the answer is likely to 
be valid. 

Exercise 4.4,l 

I a H
0

: A person's opinion regarding the 
wearing of safety helmets is independent of 
whether they are a cyclist or not. 
H

1 
: A person's opinion regarding the 

wearing of safety helmets is dependent on 
whether they are a cyclist or not. 

Helmet Helmet 
Total 

compulsory voluntary 

Cycl ist 125 175 300 

Non-cyclist 125 175 300 

Total 250 350 600 

C Xl = 98.743 
d I degree of freedom 

, i - 4.040 
d I degree of freedom 
e 4.040 < 6.635, therefore the null hypothesis is 

valid. TI1e drug does not affect the chances of 
survival. 

3 a Ho : Being a smoker does not cause high 
blcxxl pressure. 
H 1 : Being a smoker does cause high blood 
pressure. 

High blood Normal blood Total 
pressure pressure 

Non-smoker 96.63 33.37 130 

Smoker 349.37 120.63 470 

Total 446 154 600 

, x'-8.215 
d I degree of freedom 
e 8.215 > 6.635 therefore the null hypothesis is 

rejected. Smoking does cause high blcxxl 
pressure. 

4 a Ho : Gender and holiday preference are 
independent events. 

H 1 : Holiday preference is affected by gender. 

Beach Walking Cru ise Sail Ski Total 

Male 68.93 40.17 30.59 26.93 43.37 210 

e The table gives a critical value of 3.841. Female 82 .07 47.83 36.41 32.07 51.63 250 

98. 743 > 3.841, therefore the null hypothesis Total 151 88 67 59 95 460 
is rejected. The opinions are dependent on 
whether they are cyclists or not. 

2 a H0 : Being given the drug and living for more 
than 3 months are independent events. 
H 1 : Being given the drug does affect the 
chance of surviving for longer than 3 months. 

Alive after Not a live 

3 months after Total 
3 months 

Given drug 78.81 61.19 140 

Given placebo 73.19 56.81 130 

Total 152 118 270 

C Xl = 12.233 
d 4 degrees of freedom 
e 12.233 > 7.779 therefore the null hypothesis is 

rejected. Holiday preference is dependent upon 
gender. 

5 a Ho : Age and musical preference are 
independent. 
H 1 : Musical preference is dependent on age. 

b x2 = 49.077 
c 8 degrees of freedom 
d 49.077> 15.507 therefore the null hypothesis 

is rejected. Musical preference is dependent 
upon age. 



Student assessment I 

I Student's answers may differ from those given 
below. 
a Negative correlation (likely to be strong). 

Assume that motorcycles are not rare or 
vintage. 

b Factors such as social class, religion and 
income are likely to affect results therefore 
little correlation is likely. 

2 a B has the greater mean as its peak is to the 
right of A's. 

b B has the greater standard deviation as the 
distribution is more spread out than A. 

3 ' 

250 300 350 400 450 500 550 600 650 700 750 800 850 900 950 

b 30.9% 

4 ' Gloves sold and outside 
temperature correlation 1:. ~ 50 • • • 

~ 40 • : 

" 30 j 20 •• 
E • 
i 10 

0 5 10 15 20 25 30 

Mean outside temperature 
("C) 

b The graph indicates a negative correlation. 
c Student's own explanation 

5 a H
0

: The drug has no effect on the dog's 
condition. 
H

1 
: The drug improves the dog's condition. 
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Improved 
Did not 

Total 
improve 

Given drug 168.68 91.32 260 

Not given drug 97.32 52.68 150 

Total 266 144 410 

, :r! - 2.06 1 
d l degree of freedom 
e 2.061 < 3.841 therefore the null hyJX>thesis is 

supported, i.e. the drug does not significantly 
improve the dog's condition. 

Student assessment 2 

I a Likely to be fairly strongly positively 
correlated, although there will be exceptions, 
e.g. unemployed, people who borrow money, 
people who save a lot. 

b No correlation 

2 a 46.5% 
b 

3 a 13.8% 

46.5% 

3.8o 

c Approximately 99.7% of data that is 
normally distributed falls within three 
standard deviations of the mean. Three 
standard deviations below the mean in this 
example would give -0.5 m, i.e. a negative 
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length, which is not possible. This is also 
shown on the sketch where the left 'tail' is 
negative. Therefore the data is not truly 
normally distributed. 

4 a y=7624lx+3.76x106 
b r=0.277 
c There doesn't appear to be a correlation 

between a footballer's salary and his 
popularity. This does not supJX)rt the 
statement in the newspaper report. 

5 a H0 : The opinion on whether to ban fox 
hunting is independent of whether you live 
in the city or the country. 
H 1 : The opinion on whether to ban fox 
hunting is dependent on whether you live in 
the city or the country. 

h x2 = 1683.0l 
c 1683.01 > 6.635 therefore the null hypothesis 

is rejected, i.e. the opinion to ban fox 
hunting is dependent on whether you live in 
the country or the city. 

Examination questions 

l a Chosen profession is independent of gender. 
Or There is no as.sociation between gender 
and chosen profession. 

b 2 
, 36 
d p-value > 0.05 so accept H0• 

2 ace 

"111111111_ 

:f 80 
"§ 70 
-a 
~ 60 

§_ 50 

S 40 
s 
f!. 30 

J :: 
0 10 20 30 40 50 60 70 80 90 

Moisture content % (x) 

b i X = 42 
ii y = 64 

d--0.998 

f 72.0 (or 71.95 or 72) 
g Yes since 25% lies within the data set and r is 

close to -I. 

3 Part A 

a i 50 
ii 16.8 
iii 30.5cm 
ivl2.3cm 

b 0.911 (or 0.912 or 0.910) 
C y = 0.669x - 2.95 
d 33.8cm 
e i 64.0 (or 63.95 or 63.9) 

ii It is not valid. It lies too far outside the 
values that are given. 

Part B 

, 28 

b 29x45(~ _Q_ 100)•126 100 JOO X 100 X • 

c i The favourite car colour is independent of 
gender. 

ii 2 
iii 5.991 (or 5.99) 
iv Accept the null hypothesis since 

1.367 < 5.991. 

Topic 5 

Revision exercise 

1 a ii) 5.66units 
b ii) 4.24 units 
c ii) 5.66units 
d ii) 8.94units 
e ii) 6.32units 
f ii) 6.71 units 
g ii) 8.25 units 
h ii) 8.94units 
i ii) 7 units 
j ii) 6units 
k ii) 8.25 units 
1 ii) 10.82 rn1its 

2 a i) 4.25 units 
b i) 5.66 units 
c i) 8.94units 
d i) 8.94units 
e i) 4.24units 
f i) 4.47 units 
g i) 7.21 units 

iii)(3,4) 
iii) (4.5, 2.5) 
iii) (3,6) 
iii)(2,4) 
iii)(J,4) 
iii) (-1.5,4) 
iii) (-2, I) 
iii) (0,0) 
iii) (0.5,5) 
iii)(2,3) 
iii) (0,4) 
ii) (0, 1.5) 

ii) (2.5,2.5) 
ii) (5,4) 
ii) (4,2) 
ii) (5,0) 
ii) (-1.5,4.5) 
ii) (-4, -3) 
ii) (0,3) 



h i) 7.21 units 
i i) 12.37 rn1its 
j i) 8.49 Wlits 
k i) 11 Wlits 
1 i) 8.25 rn1its 

Exercise 5.1.1 

1 a i) 1 
b i) 1 
Ci) 1 
d i) 2 

e i) J 

f i) 2 

g i) 4 

h i) t 
i i) 0 
j i) infinite 

k i) + 
I Df 

2 a i) -1 
b i) -1 

C i) -2 

d i) -+ 
e i) -1 

f i) -2 

g i) -t 
h i) ± 
i i) -t 
j i) -1 

k i) 0 

1 i) -4 

Exercise 5.1.2 

1 a y = 7 
C X =7 
e y = X 

g y = -x 

2 a y = X + J 
C y = X - 2 

e )' =P.: + 5 

ii) -1 
ii) -1 
ii) -1 
ii) -t 
ii)-+ 

ii) -t 
ii) -+ 

ii) -2 

ii) (5, -1) 
ii) (0, 2.5) 
ii) (I, -1) 
ii) (0.5, -3) 
ii) (4, 2) 

ii) infinite 
ii) 0 

ii) -4 

ii) -t 
ii) 1 
ii) 1 

ii) t 
ii) 2 

ii) 1 

ii)+ 
ii) ± 
ii) -t 
ii) 4 

ii) 1 

ii) infinite 

ii)+ 

b y = 2 
d X = J 
f y = +x 
h y = -2x 

b y = X + 3 
d y = 2x + 2 

f y = fx - 1 

3 a y = -x + 4 
C 'J = -2x - 2 

ey=-t'X+2 

Topic 5 443 

b y=-x-2 
dy=-t°X+3 
f y = -4x + 1 

4 a 2 a 1 b 1 c 1 d 2 e t f t 
3 a -1 b -1 c -2 d -f e -f f -4 

b The gradient is equal to the coefficient of x. 
c The constant being added/subtracted 

indicates where the line intersects the y-axis. 

5 b Only the intercept c is different. 

6 The lines are parallel. 

Exercise 5.1.3 

1 am =2 c= I 

c m = I c = - 2 

e m = -3 c = 6 

g m=-1 c=O 

j m = -2 C = 2 

2am=3c=l 

C m = -2 C = -3 

e m=f c=6 

g m = l C = -2 

i m =3 c = 1 

3 a m = 2 c = -3 

C m = 2 C = -4 

e m = 2 c = 0 

gm =2 c= 1 

i m=2 c=-f 

4 a m = 2 c = -4 

cm=-3c=-l 

e m = 10 c = -2 

g m = -9 C = 2 

i m=2 c=-f 

5 a m = 2 c = -2 

C m = l C = 0 

e m=-1 c=f 

gm=Jc=-12 

i m = -3 C = 0 

b m=3 c=5 

dm=fc=4 

f m = -j C = l 

h m=-1 c=-2 

bm =-fc=2 

d m = -2 C = -4 

f m= 3 c=2 

h m=-8c=6 

b m=f c=4 

d m = -8 C = 12 

f m = -3 C = 3 

hm =-fc=2 

bm=lc=6 

dm=-lc=4 

f m = -3 C = t 
h m=6 c=- 14 

b m=2 c=J 

d m=f c=6 

f m = -4 C = 2 

h m=O c=O 
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6am=lc=0 

C m = -3 C = 0 

e m = -2 c = -j" 
g m=-fc=O 
j m = 3 C =0 

Exercise 5.1.4 

I a i) y = 2x - l 
bi)y=3x+I 
C i) 'J = 2x + J 
di)y=x-4 
e i) y = 4x + 2 
f i) )' = -x + 4 
g i) y = -Zx + 2 
h i) y = -3x - I 

i i) y = fx 
2ai))·=i"X+!f 

bi) y=fx+1 
C i) 'J =fx+-!f 
di)y=9x-13 

ei)y=-fx+f 

fi) y=-fr+~ 
g i) y = 2 
h i) y = -3x 
j i) X = 6 

Exercise 5.1.5 

l' 

I - -v-
I 

J 

y 

I 
V 

v· 
0 

I 
J 

b m = -t C = -2 

dm=lc=O 

f m=fc=-4 

hm=-±c=-i 
i m=-fc=-f 

ii) Zx-y-1=0 
ii) Jx-y+l=O 
ii) 2x-y+3=0 
ii) x-y-4=0 
ii) 4x-y+2=0 
ii) x+y-4=0 
ii) Zx+y-2=0 
ii) 3x+y+l=0 
ii) x - Zy = 0 

jj ) X - 7y + 26 = 0 

ii) 6x - 7y + 4 = 0 

ii) 3x - Zy + 15 = 0 

ii) 9x - y - 13 = 0 

ii) x + Zy - 5 = 0 

ii) 3x+l3y-70=0 
ii) y - 2 = 0 

ii) Jx + y = 0 

ii) x-6=0 

X 

- - - - 0 

I/ 
I/: 

o I 

I 

I\ 
\ 

I\ 
\ 

\ 
\ 

\ 

/ 
/ 

I 

I 

\ 
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4 L__ i--4---

- N - 0 

17' 

y; 

J 

- - - 0 - - - f 0 

I I 

2 ' y 

I \ , 
I/ 

S l- l-t-- , 
\ 

I/ 

- 1, - 0 X 

I\ I/ 
, 

I/ 
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I 
I/ 

'l- -1--1--

/ 
V 

I/ 
-t--i---- r---.tr--- I 

/ 
V 

/' 

I 
- , 7 - - 0 - - - >j- 0 

I 
I 

I 
V 

I 
V 

- - - - 0 - - - - 0 

---t-6 1-t---

---i-,h -t---

- - - - 0 
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- -\>- 4 f- --

\ 

' - - 3 - 2 - 0 2 3 , 

\ 

\ I 
y 

s- j\ f- H e- e- e-

- - r-- 0 ' 
\ 

y 

1, 
~ 

" ' - - - 0" ' 

" l's 

--i-- 5'1- --

- - - - 0 

Exercise 5. 1.6 

I a X = 4 )' • 2 
C X = 6 )' = - J 
e X = 5 )' • 2 

2 a X:) J"' 2 
C X = I y.., I 
e x"' I y = 10 

) a X = 5 J"" 4 
c x = JO y = 5 
e X = 4 J"" 4 

4 a x=5y• 4 
C X = 5 y"' J 
e x = I y.,. 5 

I 
I 

6 t- t--r--

' 41\t-r-

' 
I\ 

' 

b x=6 y=5 
d X = 5 'J = 2 
f X = 4 )' = 9 

b x=7y=4 
d x = I y = 5 
f X = 8 'J = 2 

b x=4 y=J 
d x=6 y=4 
f x=lOy=-2 

b X = 4 )' = 2 
d X = 5 'J = -2 
f X = -) 'J"' -J 



5 a X = -5 )' = -2 
C X = 4 )' =Jt 

b X = -3 )' = -4 
d X = 2 )' = 7 

e X = l )' = l 

6ax=2y=J 
C x=4 y=6 

7 a X = l )' = -1 
C X = 4 )' = 0 
e X = 2 )' = 8 

Exercise 5.1.7 

I a x = 2 )' = J 
C X = 5 )' = 2 
e X = 4 )' = 2 

2 a X = l )' = 4 
cx=3y=3 
e X = 2 )' =3 

3ax=0y=3 
C X = l )' = 7 
e X = 2 )' = 5 

4a x=ly=0.5 

C x=f y=4 

e X = 5 )' =+ 
Exercise 5.2.1 

I' 19.2cm 
d 31.8cm 

2 a 81.1° 

3 a 43.6° 

4 a 20.8km 

5 a 228km 
d 147km 

6 a 6.7m 

7 a 48.2° 
d 8.9cm 

8 a 342m 

9 6.9 km 

10 a 225.2m 

f X = 2 )' = 9 

b X = 5 )' = 10 
d x=4 y=4 

bx=llj"y=S 
dx=3y=4 
f X = 1 y = 1 

bx=ly=4 
d X = J )' = J 
f x = 6 y = 1 

b X = 5 )' = 2 
d X = 6 )' = l 
f X = 2 )' = J 

b X = 5 )' = 2 
d x=6 y=4 
f X = J )' = Q 

bx=2.5y=4 

d x=t y=+ 

f x=+ y = I 

b 15.1cm c 43.8cm 
e 6.2cm f 2.1cm 

b 63.4° C 38.7° 

b 19.5cm C 42.5° 

b 215° 

b 102km ' 103km 
e 415km f 217° 

b 19.6m ' 15.Jm 

b 41.8° c 8cm 
e 76.0cm2 

b 940m 

b 48.4° 
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Exercise 5.3.1 

I ' sin 120° b sin 100° ' sin65° 
d sin40° ' sin52° f sin 13° 

2 ' sin 145° b sin 130° ' sin 150° 
d sin 132° ' sin 76° f sin53° 

3 ' 19°, 161° b 82°, 98° ' 5°,175° 
d 72°, 108° ' 13°, 167° f 28°, 152° 

4 ' 70°, 110° b 9°, 171° ' 53°,127° 
d 34°, 146° ' 16°, 164' f 19°, 161° 

Exercise 5.3.2 

I ' -cos 160° b -cos 95° ' -cos 148° 
d -cos 85° ' -cos33° f -cos 74° 

2 ' -cos 82° b -cos 36° ' -cos20° 
d -cos37° ' -cos 9° f -cos57° 

3 ' cos 80° b -cos 90° ' cos 70° 
d cos 135° ' cos 58° f cos 155° 

4 ' -cos 55° b -cos 73° ' cos 60° 
d cos 82° ' cos88° f cos 70° 

Exercise 5.3.3 

I ' 8.9cm b 8.9cm ' 6.0mm 
d 8.6cm 

2 ' 33.2° b 127.3° ' 77.0' 
d 44.0° 

3 a 25.3°, 154.7° 
b A 

10cm 
8cm 

8cm 

,~ 
C B B 

4 a 74.6°, 105.4° 
b p 

m cm 
cm 

~ 

Q R R 



450 ANSWERS TO EXERCISES AND STUDENT ASSESSMENTS 

Exercise 5.3.4 Exercise 5.4.2 

l ' 4.7m b 12.1cm ' 9.1cm l ' RW b TQ ' SQ 
d 3.1cm ' 10.7cm d WU ' QV f SY 

2 ' 125.1° b 108.2° C JJ.6° 2 ' JM b KN ' HM 
d 37.0° ' 122.9° d HO 'JO f MO 

3 ' 42.9m b 116.9° ' 24.6° 3 ' LTPS b LUPQ ' LVSW 
d 33.4° ' JS.Om d LRTV ' LSUR f LVPW 

4 370m 4 ' 5.83cm b 31.0° 

5 ' 669m b 546m ' 473m 5 ' 10.2cm b 29.2° ' 51.3' 

6 73.9m 6 ' 6.71cm b 61.4° 

Exercise 5.3.5 7' 7.81cm b 11.Jcm ' 12.4' 

l ' 70.0cm1 b 70.9mm1 

' 121.6cm1 
8 ' 14.1cm b 8.49cm ' 7.5cm 

d 17.0cm1 d 69.3° 

2 ' 24.6° b 13.0cm ' 23.1cm 9 ' 17.0cm b 5.66cm ' 7.00cm 
d 63.2° d SI.I' 

3 16S00m1 Exercise 5.5.1 

4 ' J.9m2 b 222m3 l ' Volume = 27 .6cm3, surface area = 60.Bcml 

Exercise 5.4.l 
b Volume= 277.lcm3, surface area 

= 235.Jcml 
l ' 5.7cm b 6.9cm ' 54.7° c Volume = 42 cm3, surface area = 95.5 cml 

d 2.8cm 
2 ' 16cm b 4096cm1 

' 3217cm3 

2 ' 5.8cm b 6.2cm ' 18.9° d 21.5% 

3 a 6.4cm b 13.6cm ' 61.9° 3 ' 42cm1 b 840cm3 

' 564cml 

4 ' 75.3° b 56.3° 4 6.3cm 

5 ' i)7.2cm ii) z1.1c 5 2.90m3 

b i ) 33.7° ii) 68.9° 
6 ' 24cm2 b 2cm 

6 a i ) 8.5cm ii) 28.JC 
7' 216cm2 b 15.2cm ' 25.0cm3 

b i ) 20.6° ii) 61.70 

7' 6.5cm b 11.3cm 70.7cm 8 ' 94.2cm2 b 14cm ' 12.6cm3 

' 
8 ' 11.7cm b 7.6cm 

9 4.4cm 

9 ' 25.0cm b 20.5cm 26.0cm 
Exercise 5.5.2 

' 
d 12.5cm ' 22.0cm l ' Volume= 905 cm3, surface area= 452cm2 

10 a TIJ = TQ = 10cm, QU = 8.5cm 
b Volume= 3591 cm3, surface area= 1134cm1 

' Volume = 2309.6 cm3 (I d.p.), surface area 
b Q • U • 64.8°, T • 50.4° 

=845cm1 

' 38.5cm1 
d Volume= IA cm3 (I d.p.), surface area 

=6.16cm2 



2 a 5.6cm 

3 a 1.15cm 

4 6.30cm 

5 86.7cm3 

6 11.9cm 

b 0.4m 

b 3.09mm 

7 a 4190cm3 b 8000cm3 c 47.6% 

8 10.0cm 

9 A=4.lcm,B=3.6cm,C=3.lcm 

10 3: 2 

11 l: 4 

12 a 157cm1 b 15.0cm c 707cm1 

13 a 804.2cm2 b 5.9cm 

Exercise 5.5.3 

I a 40cm3 

d 70cm-3 
b 133cm3 c 64cm3 

2 Volume= 147.lcm\surfacearea = 157.4cm1 

3 Volume = 44.0cm3, surface area = 73.3 cm1 

4 a 8cm b 384cm3 c 378cm3 

5 112L9cm2 

6 7cm 

7 5cm 

8 a 3.6cm b 21.7cm3 c 88.7cm3 

9 6.93cm2 

10 a 693cm1 b 137cm1 c 23.6cm 

Exercise 5.5.4 

1 a Arc length = 6.3 cm, sector area = 25.1 cm2 

b Arc length = 2.1 cm, sector area = 15. 7 cm2 

c Arc length = 11.5 cm, sector area = 34.6cm1 

d Arc length= 23.6 cm, sector area = 58.9cm2 

2 a 4.19cm 

3 a 56.5cm3 

d 166cm3 

b 114cm1 

b 264cm3 

c 62.8cm3 

c l.34cm3 
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4 6.9 1cm 

5 a 15.9cm b 8.41cm c 2230cm3 

6 a Volume= 559.2cm3, surface area= 414.7cm1 

b Volume= Jl l 7.0cm3, surface area 
= 1649.3cm1 

7 3.88cm 

8 a 33.0cm b 5.25cm 
d 2llcm3 e 148cm2 

9 113lcm1 

10 a 314cm2 b 12.5 

11 a 2304cm3 b 603.2cm3 

12 a 81.6cm3 b 275cm3 

13 a 8L8cm3 b 10lcm1 

14 a 771m3 b 487m1 

15 J166.7cm3 

16 a 654.5cm3 b 12.5cm 

Student assessment I 

1 a i) 13 units 
b i) 10 units 
C i) 5 units 
d i) 26units 

2 abed 

ii) (0, 1.5) 
ii) (4, 6) 
ii) (0, 4.5) 
ii) (-5,2) 

y =3 

5 4 3 2 10 

\ 

c 7.31cm 

c 1700.8cm3 

C 8:27 

c 2945.2cm3 
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3 a i) m"' I c"' I 
ii) 

--~~ 

y 

I 

+++~ 
, I _J__ l--12 
:IJ'L~ I-~ 

I/ I 
5 4 3 - o/" '10 I 

1/ 1 
/ 

b i) m"' -JC= J 
ii ) 

I 
I 
I 

4 X 

c i) m"' 2c = 4 
ii) 

y 

~~ ~~ 
,,_ ~~1-

7 1- -I- -'-
e--- -~ ,IJ ~--
~- -~ .~ ~--

I 
I/ 

I 
I/ 

5 4 3 2 ,0 2 3 

' I I 
I 

d i ) m • fc = 4 
ii ) 

e---<-+-+-+-: 1 = =:= ___ ,_ ~---~ 

---~ r.---~ 
- , 1·----

5 i 4 3 t ,o 

I ' 
4 a y=Jx- 4 b y=-2x+7 

c y = 2x - 5 d y = -4x + 3 

X 



5 a X = 2 )' = 2 

b x=l y= -1 
C X = - 2 )' = 4 
d X = - 2 )' = 0 

Student assessment 2 
I a 4.0cm b 43.9cm 

d 3.9cm 

2 a 37° b 56° 
d 34° 

3 a 5.0cm 
d 28.5cm 

b 6.6cm 

Student assessment 3 

1 ' 160.8km b 177.5km 

c 20.8cm 

C 31° 

c 9.3cm 

2 ' tan8 =~ b tan(}= (x :·516) 

5 7.5 
d 32m ' 8.88° 

C -; = (x + 16) 

3 ' 285m b 117° ' 297° 

4 ' 1.96km b 3.42km C 3.57km 

5 ' 4003m b 2.35° 

6 Student's graph 

7 ' sinl30° b sin30° ' -cosl35° 
d -cos60° 

8 134° 

Student assessment 4 

1 ' 11.7cm b 12.3cm ' 29° 

2 ' 10.8cm b 11.9cm C 30° 
d 49° 

3 Student's graph 

4 ' -cos52° b cos 100° 

5 ' 9.8cm b 30° ' 19.6cm 

6 ' 678.4m b 11.6° ' 718.0m 

Student assessment 5 

1 ' 18.0m b 27° ' 28.Bm 
d 278m1 

2 a 12.7cm 
d 14.7cm 

3 a 38°, 322° 

b 67° 

b 106°, 254° 

Topic 5 453 

c 9J.4cm1 

4, ~ 

1 

! ,a : o· eo· 

-1 

b (} = 45°, 225° 

5 a 5.8cm 
d 47° 

b 6.7cm 
e 19cm1 

c 7.8cm 
f 37° 

6 a 31.2cm 
d 14.6cm 

b 25.6cm c 32.6cm 
e 27.6cm 

Student assessment 6 

1 ' SJ0.9cm2 b 1150.3cm3 

2 ' 1210.7cm1 b 2897.9cm3 

3 ' 22.9cm b 229.2cm1 

d 1833.5cm3 

4 ' 904.8cm3 b 12.0cm 
d 958.2cm2 

5 ' 10.0cm b 82.lcm3 

d 30.8cm3 
' 41.lcm-3 

Examination questions 

Condition Line 

m<Oandc<O 

2 a 60° 
b 97.4cm1 

c 97.4 x 120 = 11700cm3 

3 a 12m 
b 12.5m 
C 16.3° 

' 985.lcm1 

' 13.4cm 

' 71.8cm3 
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4 Part A 

a 5cm 
b 9.43cm 
C 58.0° 

Part B 

a 720m 
b 72300m2 

C 88.JC 

Topic 6 

Exercise 6. 1. l 

I a, bandc 

2 a domain: -1 ~x~ 3 
b domain: -4~x~O 
c domain:-3~x~3 
d domain: y > 3 
e domain: r E R. 
f domain: y E R. 
g domain: n E R. 

Exercise 6.2. l 

I ' 2.375 b 0.5 
d -4 

2 ' -1 b -6 
d -16 

range: -3 ~f(x) :S: 5 

range: -IO~f(x) :S: 2 

:~::: ~ ! ~~:)) ! t' 
range:h(t)EIR 
range:f(y) = 4 
range:f(n) ~ 2 

C 0.125 

' -3.5 

3 ' -4 b -0.25 ' 5 
d 2.75 

4 ' 2.75 b 0.25 ' -3.5 
d 0.5 

5 a f(x) = 50 + IOOx 
b €300 

6 ' 
y 

"" 
\ I 

\ V 
I 

\ 

.. .. I 
I \ 

I I\ 
I 

I \ 

' ~ vo ,p 

I \ 
I/ I\ 

I 

bx= 3 

Exercise 6.3 .1 

I a 
x -4 -3 -2 -1 0 

y 10 4 0 -2 -2 0 4 10 

y 
---~r-141----

---1-1-1-21----

- ..-- -i-- 1-1-01--- >--

\ I 

I 
\ I 

5 4 3 1~ 101/ 

b x = -f, (-0.5, - 2.25), minimum 

X 



2 ' 

X -3 -2 -1 0 

y -12 -5 0 0 -5 -12 

y 

/ 
4 3 12 1 ,0 ~ X 

7 

I I 
' . 
, . . 

b x = l, (I, 4), maximum 

' , I : I ~, I : I ' I : I ' I : I : I 
y 

ae 

\ I 

7 

2 ,o X 

b x = 2, (2, 0), minimum 
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4 

, I : I ~: I ~: I ~: 1-; I :, I -', I :, 1 

• b x = -1, (-1, 0), maximum 

5 ' 

y 

\ 

5 4 ' 2 10 

\ 

' I/ 
I / 

• 
b x = I, (1, -16), minimum 

I 

I 

X 
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6' ~~~~~~~~~ 

I : I ~' I-,' I :, I ~, I ' I ' I 
8 ' x -2 - 1 0 

y 12 0 -6 -6 0 12 

• 
- 1- l Of----

\ I 
\ I 

3 2 0 

b x = f, (0.5, -3.5), minimum 
\ I 

7' ~~~~~~~~-~~ 

I X 1-, 1-, 1-l I O 

I ' I ' I ' I 
y -15 -4 3 6 S -9 

b x = t, (0.5, -6.75), minimum 9, ~------~ x -1 0 
y 

7 -4 -7 -2 11 

,r - \ --, ' -- y 

- c+' r-~--
4 ' ,o ' 

\ 
- f<o ----

I 
I .. I 

I .. 
\ 

<0 
2 1\ X 

b x = f, (0.25, 6.125), maximum 

I 

' 
b x = f, (0.875, -7.0625), minimum 



10 a ~~~-~~~~~ 
x -2 -1 0 

y -25 -9 -1 -1 -9 -25 

y 

2 1 0 ' 
I\ 

I 

~~ 1 

=~ 142.1-~ ~~ 

~4~ ~ ~~ 
~ &,- ~ ~ 

'" 
~ ~ i,, ~~ ~ 

'°' 

b x = f, (0.5, 0), maximum 

Exercise 6.3.2 

I -2 and 3 

2 -1 and I 

3 3 

4 No solution (graph does not cross x-axis) 

5 2 

6 0.5 andJ 

7 1 

8 -Jand 2 

Exercise 6.3.3 

1 -1.6 and 2.6 

2 No solution 

3 2 and 4 

4 -1 andO 

5 0.3 andJ.7 

6 Oand3.5 

7 -0.2 and 2.2 

8 -Jand 2 

Exercise 6.3.4 

l a (x + 4)(x + 3) 
c (x + lZ)(x + l) 
e (x - 6)(x - 2) 

2 a (x + S)(x + I) 
C (x + J)2 
e (x + 11)2 

3 a (x + IZ)(x + 2) 
c (x - 6)(x -4) 
e (x + 18)(x + 2) 

4 a (x + S)(x - 3) 
c (x + 4)(x - 3) 
e (x + 6)(x - 2) 

5 a (x - 4)(x + 2) 
c (x + 6)(x - 5) 
e (x + 7)(x - 9) 

6 a Z(x + 1)1 

c (Zx - J)(x + 2) 
e (Jx + Z)(x + 2) 
g (Zx + 3)1 

i (Jx + l)(Zx - I) 

Exercise 6.3.5 

l a -4and -3 
c -5 and 2 
e -3 and -2 
g -2 and 4 
i -6and 5 

2 a -3 and 3 
c -12 and 12 

e -2 and 2 

g -4and -2 
i -4and6 

3 a -9 and 4 
c Oand8 
e -l.Sand-1 
g -12and0 
i -6and6 

4 -4and3 

5 2 

6 4 
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b (x + 6)(x + 2) 
d (x - 3)(, -4) 
f (x - 12)(x - I) 

b (x + 4)(x + 2) 
d (x + 5)2 
f (x - 6)(x - 7) 

b (x + 8)(x + 3) 
d (x + 12)(x + 3) 
f (x - 6)2 

b (x - 5)(x + 3) 
d (x - 4)(x + 3) 
f (x - 12)(x - 3) 

b (x - 5)(x + 4) 
d (x + 6)(x - 7) 
f (x + 9)(x - 6) 

b (2x + 3)(x +2) 
d (2x - 3)(x - 2) 
f (3x - l)(x + 4) 
h (3x -1)2 

b -2 and -6 
d -2 and5 
f -3 
h -4 and5 
j -6and 7 

b -5 and 5 
d -2.5 and 2.5 

f -fandf 
h 2 and4 
j -6and8 

b -1 
d Oand 7 
f -1 and 2.5 
h -9 and -3 
j 10 and 10 

7 x = 6, height= 3cm, base length= 12cm 
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8 x • 10, height= 20cm, base length= 2cm 

9 x: 6, base= 6cm, height= 5cm 

JO llmx6m 

Exercise 6.3.6 

I a -3.14 and 4.14 
c -6.14 and 1.14 
e -6.89 and l.89 

2 a -5.30and-l.70 
c 2.S 
c -4.77 and 3.77 

3 a -0.73 and 2.73 
c -J.79and2.79 
c 0.38 and 2.62 

4 a -0.85 and 2.35 
c 0.14 and 1.46 
e -0.39 and l . 72 

Exercise 6 .4. l 

I a i 

-3 -2 -1 

b -5.87and 1.87 
d No solution 
f 338 and 5.62 

b - 5.92 and 5.92 
d Nosolution 
f - 2.83 and 2.83 

b -1.S7and5.87 
d - 3.83 and 1.83 
f 0.39and7.61 

-1 .40 and 0.90 
- 2 and -0.5 
-1.54 and IJ9 

f(.x) 0.04 0.11 0.33 1 

y 

I 

~~~ a17 k:'.~~ 
1-

1 
1 0 2 3 X 

27 

3 2 1 0 

C ; 

-3 -2 -1 

f(K) 3.125 3.25 3.5 4 

--- 12----

11 



d i 

-3 -2 -1 

f{x) -2.875 -1.75 -0.5 1 ii . 
" ; ' 

-3 -2 -1 

3.125 2.25 1.5 

y 

I 
I 

\ 

\ 
l's. IJ 

4 3 2 10 X 

6 11 

f i 
-3 -2 -1 

f (x) -8.96 -3.89 -0.67 1 

y 

---r-£-ll-------

--- 1-5+--1----- -

--- ~ t-i----

I 

I 
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5 18 

2 a 7cm b 0cm c 5 hours 

e Approximately sf hours 

3 a x= 2.5 

4 x=4.J 

Exercise 6.4 .2 

I Translation(~) 

b x= -f 

2 Stretch parallel to y-axis of scale factor k. 

3 Changes the slope of the curve. 

4 Reflection in the y-axis. 

Exercise 6 .4 .3 

l 16 777216 

2 240000 years 

3 4900 million 

4 0.098g 

5 8 

6 a 358000km1 
b 7 years 

7 2.0 

8 9% 
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Exercise 6.5. l 

l The graph is stretched by a scale factor 'a' 
parallel to the y-axis. 

2 The graph is translated ( ~b). 

Exercise 6.5.2 

I a i) Venical asymptote: x = -1 
Horizontal asymptote: y = 0 

ii) Graph intercepts y-axis at (0, 1) 

iii) y 

I 
l 

'--
-~!'.::-

0 

•- --~ 

1: 
I 

b i) Venical asymptote: x = -3 
Horizontal asymptote: y = 0 

ii) Graph intercepts y-axis at (o, f) 
iii) y 

-1-- 1--1 1--3- .--1--1---

'" 

I -
I -

c i) Venical asymptote: x = 4 

Horizontal asymptote: y = 0 

X 

ii) Graph intercepts y-axis at (o, -t) 

iii) y 

~r& 
\ 
\ 
'~ -.- l)J 1/2 X 

\ 

d i) Vertical asymptote: x = 3 

Horizontal asymptote: y = 0 

ii) Graph intercepts y-axis at (o, +) 
iii) y 

I 

-r> I 

L-" 
Io Y' 1 

- f-> 
I 
I 

2 a i) Vertical asymptote: x = 0 

Horizontal asymptote: y = 2 

X 

ii) Graph intercepts x-axis at (-t, o) 
iii ) y 

~ I'.. 

~ ~ ~ 1p X 

1---1--- 1--2 



b i) Vertical asymptote: x = 0 

Horizontal asymptote: y = -3 
ii ) Graph intercepts x-axis at (t, o) 
iii) y 

~ 20 

\ -
c i) Vertical asymptote: x = 1 

Horizontal asymptote: y = 4 

X 

ii ) Graph intercepts x-axis at (f, o) and 

y-axis at (0,3) 

iii) y 

I 

'-

" 
-

I -, ' ~ o I 

d i) Vertical asymptote: x = -4 
Horizontal asymptote: )' = - I 

X 

ii) Graph intercepts x-axis at (-3, 0) and 

y-axis at (o, -+) 
iii) 

\ 
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3 a i ) Vertical asymptote: x = -t 
Horizontal asymptote: y = 0 

ii) Graph intercepts y-axis at (0, l) 

iii) 

b i ) Vertical asymptote: x = t 
Horizontal asymptote: y = I 

ii ) Graph intercepts axes at (0,0) 
iii ) y 

\ 
\ 

~ 

' ~ 
0 

c i) Vertical asymptote: x = + 
Horizontal asymptote: y = 0 

X 

ii ) Graph intercepts y-axis at (0, -2) 

iii ) y 

I 
I 

>-!; X 
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d i) Vertical asymptote: x = f 
Horizontal asymptote: y = 2 

ii ) Graph intercepts x-axis at (-f, o) and the 

y-axis at (0, 3) 
iii) y 

r 

B f ~ p o 

Exercise 6.5.3 

l a i) Vertical asymptotes: x = I and 2 

Horizontal asymptote: y = 0 

ii) Graph intercepts y-axis at (o, f) 
iii) y 

/ ' ~ 0 

~~• 

X 

X 

b 1) VertJCa! asymptotes x = -3 and 4 

Honzontal asymptote y = 0 

c i ) Vertical asymptotes: x = 0 and 5 

Horizontal asymptote: y = I ;,"~ iJt 
-d i) Vertical asymptote: x = -2 

Horizontal asymptote: y = -3 
ii )Graph intercepts the x-axis at (-z :!: .Jfo) 

and the y-axis at (o, -zf) 
iii ) 

2 a i) Vertical asymptotes: x = -4 and I 

Horizontal asymptote: y = 0 

ii) Graph intercepts the y-axis at (o, -f) 
m ) Y 



b i) Vertical asymptotes: x = -5 and 2 

Horizontal asymptote: y = 0 
ii) Graph intercepts the y-axis at (o, -"to) iii) . 

- Q X 

c i) Vertical asymptote: x = -1 

Horizontal asymptote: y = 3 
ii) Graph intercepts the y-axis at (0, 4) 

iii) 

• d i) Vertical asymptotes: x = -f and 4 

Horizontal asymptote: y = - I 
ii) Graph intercepts the x-axis at (7 '\

189
, o) 

and the y-axis at (o, --t) iii) • . 
1 X 

2 
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Exercise 6.5.4 

la i) 

4 1-1--...--...--

ii) Graph intercepts the y-axis at (0, 6) 

iii) (x + J)(x + Z)(x + I) 

b i) r-r-r- ~ +- ,-- r,--,.---

\ 

ii) Graph intercepts the y-axis at (0, 3) 

iii) (x + 0.88)(x - l.35)(x - 2.53) 

C i) 

r-r-.---- "1-5 --

·1 

- p 

I 
I 
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ii) Graph intercepts the y-axis at (0, 0) 

iii) x(x+J)(x-4) 

d i) y 

" 
a 6 ~ ~o X 

-~ l 

ii) Graph intercepts the y-axis at (0, 0) 

iii) x(x+Z)(x- 2) 

2 ' y 

a 6 ~ 0 X 

ii) Graph intercepts the y-axis at (0, 2) 

ii i) (x+Z)(x- l)(x-1) 

b i) y 
---~ (}·----

' I 
I 

"'I 

ii) Graph intercepts the y-axis at (0, 0) 

iii ) x(x - Z)(x - 2) ci). 
0 X 

l& 

ii) Graph intercepts the y-axis at (0, 0) 

iii) -xl(x+ l)(x-3) 

0 X 

di). 
ii) Graph intercepts the y-axis at (0, -40) 
iii) -(x+S)(x-Z)(x- 4) 

Exercise 6.6. 1 

1 a x=4and-5 
bx= -Jandf 

c x = -+and+ 
dx=-i"and7 

ex= landf 

f x= -2, land4 

2 a x = 0.2 and 4.9 
bx= -L6and LO 
c x = -0.5, 0.7 and 5.9 
d x= -0.Sand 1.3 
e x = 0.4 and 2.2 
f x = 17.6° and 162.4°; 0° :S:x:S: 360° 



Student assessment I 

I b is not a function as each input value should 
only prcxl.uce one output value. 

2 a domain: -3 :5 x :5 l range: -11 :5/(x) :5 l 
b domain:x E Rrange:g(x) ~ 0 

3 3 :5 f(q) :5 27 

4 a 5 b -1 

5, (-3,4) b (3,5) 

6 ' 

220 

200 

180 

160 

140 

120 

100 

80 

60 

40 

20 

V 

/ 
I/ 

V 

C -¥ 
, (o,f) 

/ 

/ 

20 40 60 80 100 X 

b i) = 50°F 

7 a R(n) = 12n 
b 
€ 

30000 

25000 

20000 

15000 

10000 

5000 
/ 

/ 

ii)= l04°F iii ) = 176 °F 

/ '' 

V 

1,,-
/ 

5000 10000 15000 20CX)() 25000 30000 n 

c 20000 copies 
d = 2.4 million euros (Exact £2415000) 
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Student assessment 2 

-3 -2 -1 0 1 2 3 

f(x)"' x2 + 3x - 9 -9 -11 -11 -9 -5 1 9 

b. Y. ,. 
X 

c Range: -11.25 :E'.f(x) :E'. 9 

2 a f(x) = (x - 3)(x - 6) 
b h(y) - (3y - Z)(y + I) 
c f(x) = (x - 5)(x + 2) 
d h(x) = (2x - l)(x + 4) 

3 a x = -4 and -2 

C X = -5 

4 a x = 0.191 and 1.31 
b x = 2.62 and -0.228 

5 €8244.13 

6 211.Sx 

7 22 yea~ 

8 17m 

h x=land5 

dx=landf 
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Student assessment 3 

l ' 

-3 -2 -1 

f(x) -1.875-1.75 - 1.5 -1 

' ~ 

C 'J = - 2 

2 ' 

-

y 

0 V 

I 

I 
/ 

/ 
X 

0.6 0.35 0.225 0.163 0.131 

I 
I 

3 
I\ 

\ 

" ~-
0 

c Whent = 0,h=8.lm 
d y = 0.1 

' 

e There is always 10cm (0.1 m) of grain left in 
the container. 

3 a Vertical asymptote x = 3 
Horizontal asymptote y = 1 

b (o, f) ,nd (I, 0) 

I 

~ 
t- - - 2-r-j-t'\-1-t-i-l-j-t-j 

I 

4 a Vertical asymptote x = 2 
Horizontal asymptote y = -1 

h (o, -f) ,nd (t, o) 
y 

\ 
I \ 

'-1----
~ 

--~~• 
I 

5 a Vertical asymptotes x = -1 and 5 
Horizontal asymptote y = 0 

h (o, -+) 

/ 

/ 

X 



6 a Vertical asymptotes x = 2 and 3 
Horizontal asymptote y = 2 

h (o, z-l-) 
y 

--.I· 
/ \ 

, 

Examination questions 

1 a i"::s;f(x):S;486 

b 4 

2 a - 5 

b b = l,c = 30 

3 a i 

ii (0, 2) 
b .see graph 

4 a 0.25 
b 2 
C )'"' 1.25 

X 

Topic 7 

Exercise 7. 1.1 

1 a 4 
d Zx 

2 , 4 
d 4x 

3 , I 
d X 

Exercise 7. 1.2 

b 6 

b 8 

b 2 

I a t = 3x1 b t = 6x 

c !=2x+2 d !=2x 
e!=J f~=4x-1 
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' -2 

' -8 

'3 

Function f (x) Gradient function f'(x) 

2x1 4x 

3x-3 

2x1 -x+ 1 4x- 1 

3 If then f(x) = ax" then!= anx"- 1• 

Exercise 7. 1.3 

I a 4x3 b Sx~ c 6x 
d 15x' '!Bx' f 56'° 

2' x' b x' I 

' I' 
d Zx' e~ f tx2 
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Exercise 7,2,l 

la 15x2 

d fx 
g 0 

2 a 6x + 4 
C 3Qx1- X 

e48x'-4x 

g -12x1 + Bx 

i -tx5+ 2x1 

3 a 2x + I 

d fx +f 
g 2x + 10 

Exercise 7,2,2 

b 14x C 24x5 

e 4x5 f Jfx~ 
h 6 i 0 

b 4 

15x1 - 4x 
18x1 - 6x + I 

f x1- X + I 
h -30x~+ 12x-'-1 

c 6x + I 
e 6x + J 

h 4x + 7 
f 6x1- Bx 
i 3x2-4x-3 

2 a x- 1 b 2x- 1 C 3x-l 

d j:c3 e ¥c1 f tx-3 
b 4x-:<1 3 a -3x- 2 +2 

c -3x-2 + 2x-3 + 2 
e -Sx-5 + Jx-4 

Exercise 7.2.3 

l a 6t + I 
d -k1 

2 a -3x-2 

d -2J-5 + 2 

3 a 2x+4 
d 2 - 6, 

4 a 2t 
C -2C3 

e 2t1 -1+ I 

Exercise 7.3.l 

b 

' 
b 

' 
b 

' 

d -3x-~+3x2 
f x-3 -x-4 

6t1 + 2t C 15t1 -2i 
-r-3 f 4r3 + 2(-3 

-2t- 2- 1 C -Zr-3 + r-1 

f + n-~ f -~- 3-3t2 

I -2t C Jr' 
x-x-1 f Jt-4 

b 4< 
d 3t1 - 2 + 4t-3 

f -9t-4+~-6-4t 

l , 6 
d 0 

b -3 C 0 
e -fand-5 f 6 

2 a -i b -2 

C -3ft d -3 

e 3¥z- f -36 and -68 

3 a i) 4-t ii) Jlf iii) 72 
iv) 0 

h~=!Ot-¥1 

c i) st ii) I~ iii) 6 

iv) -50 
e The graph increases during the first 6- 7 

days, hence number of new infections 
increases. When t = 10 the graph is at zero, 
hence number of new infections is zero. 

f The rate is initially increasing, i.e. the 
gradient of the graph is increasing. After 
approximately 4 days, the rate of increase 
starts to decrease, i.e. the gradient of curve 
is less steep. After 10 seconds the gradient 
is negative, hence the rate of increase 
is negative tco. 

4 a i) 243m ii) 20C0m 

b i=60r-Jtl 

c i ) 108mh -1 ii) 225mh - 1 iii) Omh - 1 

e The steepness of the graph indicates the rate 
at which the ballcon is ascending. After 20 
hours the graph has peaked therefore the rate 
of ascent is Omh- 1• 

f The steepest pan of the graph occurs when 
t = 10 hours. Therefore this represents when 
the ballcon is climbing at its fastest. 

Exercise 7.3.2 

1 a (3, 6) 
C (2, 10) 
, (J, 15) 

2 a (1, 4%) and (-2, -sf) 

b (2.5, 19.75) 
d (0, -1) 
f (-5, -14) 

b (-1, -41) ,nd (-3, -9) 

C (2, -st) 
d (l,4)and(-f,-1-H-) 

3a*=4+10t 

c 3 seconds 

b f seconds 

d 57m 



4 a 20°C b ~=24t - 3t1 

C i) 21°C/min 
ii ) 48°C/min 
iii) 0°C/min 

d t = 2 or 6 minutes e 236 °C 

Exercise 7.3.3 

I a f(x) =2x-3 bl 
C 1 d y = X - 1 
e - 1 f y = -x + 3 

2 a 4 b y = 4x - 10 

c - t dx+4y+6=0 

3 a -4 b y = -4x - 2 
C y = -}.,:- 2 

4a-2x+2 b(-6,10) 
C (-4, 10) 

5 a -4 b y = -4x + 17 
C y = 5 

d N 1:y=ix,N1:x=2 

e (2,f) 

6 a f(x) = -x - 1 b -3 
, (2, -8) 

Exercise 7.4.1 

I a i) f'(x) = 2x 

b i ) f'(x) = 2x - 3 

Ci) f'(x) = -2x+ 10 
d i) f'(x) = 3x1 - 24x + 48 

ii )x<4andx>4 
e i ) f'(x) = -3x1 + 25 

ii ) -::Jj<x<:}j 
f i) f'(x) =x3 - X 

ii) -1 <x<O andx> l 

ii) x>O 

ii )x>f 

ii) x< 5 

2 a x<O 

d never 

b x<f 
5 

c x/5 

e x< -::{jandx>::{j 

f x<-landO<x<l 

3 a f(x)=x1 +f 
x1;;,, 0 for all values ofx, ~x1 + f >Oforall 
valuesofx 
Therefore f (x) is an increasing function for 
all valuesofx. 
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b f(x) - x' - I - x' - x' (I - x') - I 
Whenx< -1 orx> 1 ~ (1 -x1) <0 
thereforef(x) <0 
When -l<x< I ~O< x2 (1-x2)< 1 
thereforef(x) <0 
Hencef(x) is a decreasing function for all 
valuesofx. 

4 k< -t 
Exercise 7.5.1 

I a i) f(x)=Zx-3 ii ) (3, 4) 
b i) f(x) = 2x + 12 
C i) f(x) = -2x + 8 
d ii f(x) - -6 

ii ) (-6, -1) 
ii ) (4,3) 
ii ) no stationary points 

2 a i) f(x)=Jx1-24x+48 
ii ) (4,6) 

b ii f(x) - 3x'- 12 
ii) (-2, 16) and (2, -16) 

c i ) f(x) = 3x1 - 6x - 45 
ii) (-3, 89) and (5, -167) 

d i)f(x)=x2+3x-4 

ii l(-4. uf),nd(l,-7-j-) 

3 a i) f(x) = -4 - 2x 
ii) (-2,5) 
iii ) (-2,5)isamaximum 
iv) (0, 1) 
vi y 

I/ !'\ 

I i 

e t • b 0 

I 
~ 

I 

.~~ 

I I 
I I 

' 
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b i) f(x) = x1 - 8x + 12 

ii ) (z, 7f) and (6, -3) 

iii) (z, 7f) is a maximum, (6, -3) is a 

minimum 

iv) (0, -3) 
v) 

y 

C 
-1-, 

I t\ 
\ 

\ 
I 

\ 

c i) f(x)=-2x1+6x-4 

ii ) (1, -1:l-)and (z, -1-j-) 

I 
I 

\ I/ 

,0 X 

iii) (!, -tf) is a minimum point, (z, -tf) 
is a maximum point 

iv ) (0, 0) 
v) 

I 

p 

d i) f(x) = 3x1 - 9x - 30 

ii ) (-2, 38) and (s, -133+) 
iii ) (-2, 38) is a maximum point, (s, -133f) 

is a minimum point 
iv) (0, 4) 
v) 

y 

<> 
,-
,-
·-

/ ' "' I\ 
I 
I 

1 
<> \ 

I 
I \ I ,-- I , __ 

7& 

\ 

00 
I 
I 

<> \ 
ro 

I 

X 



4 a i) f(x) = 3x1 - 18x + 27 ii) (3, -3) 
iii) (3, -3) is a JX)int of inflexion 
iv) (0, -30) .,. 

b ii /'(,) • 4x' - 12x' + 16 
ii) (-1, -11) and (2, 16) 
iii) (-1,-ll)isaminimumJX)int,(2, 16)is 

a JX)int of inflexion ;'B 
Exercise 7.6.l 

I a 500-Zx 

b A=500x-2:x1 

"' 
t,s 

c500-4x 

d 125m 

e 31250ml 

A 

I/ 
I 

I 
0 ,p 

V 

10 

(1 2 , 3 25 ) 

:, 
\ 

I\ 

I\ 

1 0 20 ' 11' 3)0' 
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2 a $40 

b 40+x 
c Each x increase in price leads to a 2x decrease 

in phones sold. 
d P = (40+x)(l50- 2x) = 6000+ 70x- 2:xl 
e 70 - 4x 
f 17.5 
g i $117 or$118 

ii $6612.50 

3 a h=~ 

C 16x-~ 

d 10cm 

e Whenx = 9 cm 

Whenx = 11 cm 

~--535 

~-438 

Gradient changes from negative to JX)Sitive 
therefore the stationary point is a minimum. 

4 b V = 858 387 cm3 = 858 400 cm3 ( 4 s.f.) 

St udent assessment I 

l a ~=Jx1 

C t= -X + 2 

2 a f'(x)=2x+2 
C f'(x) = 2x 
e f'(x) = -3x- l 

3 a I'll)• 2 

, l'H)-9 
4 a -+ 

I 
C -9 

Sa v= !=tor 

c i) 4.2 seconds 

b ~=4x- l 

d t=2x2+8x-1 

b /'(,). Zx- l 
d f(x) = x + 1 
f f'(x) = 1 - 2x-1 

b /'(0) • l 

d /'(ti - sf 
b -[ 

d -fr 
b v = 30ms- l 

ii) 88.2m 
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Student assessment 2 

l a f(x) = 3x2 + Zx 

b P(-f, -#) 
, Q(O, -1) 
d P is a maximum and Q a minimum 

2 a Substituting (1, l) into the equation gives 
I= l3 - 11 + l ~ I= I 

b 2 
c y = Zx - I 
d x + Zy - 3 = 0 

3 a f(x) = Zx - 4 
b x< 2 

4 a f(x) = 4x1 - 4x 
b (0,0),(1,-1),nd(-l,-1) 
c (0,0) isamaximum,(l, -1) and(-!, -1) 

are both minimwn JX)ints 
d i) (0,0) 

ii) (0, 0), ('/2, 0) and (-'/2, 0) 

Examination questions 

a 4x + I 
, 32 

m 

b -11 C -{-

y 

-ttrffl 
3_ -2..-r 0 

- ---f\ 
X 

'Jx'-~ 
d 0 
e (- 2, - 32) 

f b>32}Ub<-32} 

g -45 

h - 1 

3 Part A 

-2 

b y = 0 
d x = ---0.857 orx = 1.77 

' 4 
f f ' (x) = 2 - 2x 

At a maximum: 2 - 2x = 0 
x= l 

/(1) =3+2x 1 - 12 = 4 

Part B 

a 4p+2q=---6arZp +9q=-3 

b i Zpx+q ii4p+q=l 

c p=Z,q= - 7 



Index 

abacus 1,16 
adjacent side, of a triangle 228 
Al-Karkhi 283 
Al-Khwarizmi, Ab.iJa'far 

Muhammad lbn Musa 19 
altemativeh)'}Xlthesis( H l) 189 
ancient Greeks see Aristotle; 

Pythagoras 
angle 

between a line and a plane 
250---4 

of depression/elevation 231- 2 
apex,ofapyramid 260 
approximation 21- 6, 327---8, 360- 1 

in science 71,202 
Arab mathematicians 19, 283, 358 
arc of a circle, length 265 
area,ofatriangle 242--4 

su al.!osurfacearea 
arguments , valid 114 

sualwlogic 
Aristotle 111 
arithmetic sequences 46--54, 365 
arithmeticseries 50---4,365 
asymptotes 306---9,312- 16 
averages 89 
axes, of a coordinate system 205, 

325 
axiomatic system 280 
axisofsymmetry 289 

Basic (computer language) 16 
bell-shapedcurve 159 
Benrand's box paradox 156 
biometry 177 
bivariate data 168,386 
Black Swan event 202 
OOunds, upper and lower 79 
OOx and whisker plots 86----8 
Brahmi numerals 19 
brain, hemispheres 280 

calculus 
easytodo ! 358,359 
furtherstudy 358 
historicalaspects 326-7,358 
real-lifeapplications 358,359 
terminology 358 

Cantor,Georg 111,122 
capital 367 
Cardano, Girolamo 283 
Cartesian coordinates 205 
cashflow 325 
charts Jee data, displaying 
China, one-child policy 358 
Chinese philosophy 111 
chi-squared (x2) test for 

independence 189-91 
circular prism see cylinder 
classintervals 79 
commission, for currency exchange 

35,36 
commodity money 35 
common difference 48, 49 
common ratio 55 
complement of a set 125 
compound interest 62- 5, 307,324, 

367---8 
compound statement 113 
conditional probability 149-50 
cone, volume and surface area 

264- 71 
conic sections 281 
conjunction 113, 116 
contingency tables (two-way tables) 

115,138,189 

contrapositive 121 
converse 114,120,376 
coordinate, calculating from gradient 

function 340- 2 
coordinate systems 205---8 
correlation 174-7, 203, 386---7 

seealwPearson'spro.:luct-moment 

correlation coefficient (r) 
cosine curve 236---7 
cosine ratio (cos) 230 

cosine rule 239---40, 281 
cost and revenue functions 325 
critical values 191 
Croesus 35 
cuOOid, properties 254 
cumulative frequency 81 - 3, 371- 2 
cuneiform 19 
currency con~·ersion 35, 36 

currency exchange market 37 

currencytrading 71 
cylinder, properties 254 

data 
bivariate 168,386 
discrete and continuous 72 
dispersion 97 
displaying 73- 7, 109 
largeamounts 92 
see alw grouped data 

decimalplaces,approximatingto 
22 

Dedekind,Richard 111,122 
degrees of freedom 190 
depreciation 308 
derivative 

ofafunction 332 
of ixilynomials with negative 

ixiwersofx 334---6 
see alw gradient function; second 

derivative 
Descartes, Rene 205,325 
differentiation 332---6 
disjunction, exclusive/inclusive 

113,114,116 
distance between two p:>ints, 

calculating 206--7 
domains 284---6 
doodles, mathematical properties 

280 

economics 324 
Egyptian mathematics 228, 244- 5 
Einstein, Albert 280,327 
elementsofaset 122 
empty set 123,156 
Enigma machine 16 
equations 

graphical solution 364 
of a line through two points 

218-19 
of the nonnal to a curve 344-6 
of a straight line 208- 19, 390- 1 
of the tangent at a given point 

343--4 
equivalence 120,376,377 
estimation 

ability 17 



of answers to calculations 23- 5 
of the mean 96 

Euler, Leonhard 283, 325 
Euler'sformula 281 
Eurozone 35--6 

combined 138---9, 377,379,380 
complementary IJ5, 137 
independent 148 
mutually exclusive 135,136,146 
probabilityof 136 

exchange rate see currency 
conversion 

expected frequencies 190 
exponential functions 306---9, 400 

Fennat, Pierre de 135,326 
Fermat's last theorem 326-7, 359 
Fibonacci sequence 46, 70 
frequency histogram 73--4, 159---60, 

370 
forgroupeddata 79---80 

frequencytable 73 
grouped 77 

functions 
historicalconcept 283 
increasing and decreasing 346-8 
asmappings 283--6 
meaning of term 324 
range and domain 284--6 
unfamiliar 318---21,325 

Galileo 27 
Gau,s, Carl Friedrich 135, 325 
generality 281 
general relativity 280 
genius, definition 359 
geometric sequences 54-6, 365 
geometric series 56-9, 365 
geometry 

Euclidean and non-Euclidean 
280,281 

three-dimensional 244- 71, 
397---8 

gold 35 
goods,scarce 35 
gradient 327-31 

approximating 327---8 
ofacurveatagivenpoint 

337--40 
of increa'ling and decreasing 

functions 346---8 
positive/negative 209 

of a straight line 208- 11, 390- 1 
gradient function 330,340 

zero 348 
see also derivative 

gradient- intercept form 216 
graphical solution 

ofequations 3S----46 
oflinearequations 3S----42 
ofquadraticequations 43--6, 

295---8 
of simultaneous equations 222-4 
ofunfamiliarequations 318---21 

graphic display calculator (GOC) 
incalculus 359 
computing power 17 
using 1- 15 

graphs 
drawing/plotting 6-9, 120, 

219- 20,310,318 
of exponential functions 306---9 
oflinearfunctions,a 286---8 
ofquadraticfunctions 289---305 
straight-line 219-20 
\·enex 289 
seealsodata,displaying 

grouped data 
discrete or continuous 77- 9, 369 
mean and mode 95- 7 
median 81 

growth and decay, exponential 
307---9 

Hein, Piet 281 
Hellegouach,Eves 327 
Hex 281 
Hipparchus of Rhodes 228 
Huygens, Christiaan 135 
hypotenuse 228 
hypothesistesting 189---97 

lbn al Haytham 358 
imaginary numbers 20 
implication 114, 119-20, 376 
independence, chi-squared ( 2) test 

189---91 
Indian mathematics 19 
indices 

negative 30- 1 
positive 27- 30 

inference, valid 111 
infinity, value(s)of 156 
integers 19, 70 
interest Jee compound interest; 

simple interest 

interquartile range 86, 97- 100 
intersection 

CGC'Trace'facility 9- 10 

of sets 125, IJ3 
inventions and discoveries 327, 

358 
inverse 120- 1, 376 
inverse normal calculations 165---8 
irrationalnumbers 20 

knight's move 71 
knowledge, truth and belief 17, 156 

law of diminishing returns 17 
Leibniz, Gottfried Wilhelm 283, 

327,358 
linear equations, graphical solution 

38---42 
linear functions 

evaluating 287---8 
graphs 286----8 

lineofbestfit 169-72 
optimum 184 

lists, for storing data 12- 13 
logic 

applications 111 
historical a<;pects 111 
andsettheory 133 
symbolic notation 113,375 
terminology 112 

logical contradiction 117 
logical equivalence see equivalence 
logical fallacy 157 
longitude 205 

many-to-one mapping 284 
mappings 283--6 

meaning of tenn 324 
mathematical tables 16, 17 
mathematics 

frontiers of knowledge 359 
historicalcontext 325,358 
important areas 280, 359 
language 70, 71 

=•ima/mini= 
calculating 349 
local 338,348 

mean 
definition 89 
estimating 96 
finding 90- 2 
forgroupeddata 95- 7 
of normal distribution 159 



measwes of central tendency 
89- 95,369 

measwes of dispersion 97- 104, 
373---4 

median 
definition 89 
finding 90---2 
of grouped data 81 
oflargedarasets 92 
of normal distribution 159 

Mesopotamia 18---19 
midpoint of a line segment 207- 8 
mode 

definition 89 
finding 90---2 
for grouped data 95- 7 
of normal distribution 159 

money 
historicalaspects 35---6 
importance in politics 109 

MoscowPapyrus 244- 5 
Mmi (Father Mo) 111 

naturalnumbers 19---21 
negation 113,116 
Nelson, Lord 228 
Newton,lsaac 325,327,358 
non-linear functions, gradient 

327---8 
normal to a curve, equation 344---6 
normal distribution 135, 159---68, 

384- 5 
notation 

domains 284-6 
logic I 13,375 
probability 135 
scientificsustandardfonn 
set theory 122,125,337 

null hypothesis (HO) 189 
number system, historical aspects 

18---19 
numerical solution, exact 70 

observations, independent 189 
one-to-one mapping 284 
opinion polls 108 
opposite side, of a triangle 228 
optimization 353---6, 405---6 
origin, of a coordinate system 205 
outcomes 

two-way tables 115,138 
types 136 
sualwevents 

pandemics 359 
papermoney 35 
parabola 43,289 
paradoxes 156,157 
parallelism,defining 325 
parallel lines, gradient 209 
Pascal, Blaise 46,111,135 
Pascal'striangle 46 
Pearson, Karl 177 
Pearson's prcx:luct-moment 

correlation coefficient (r) 
177---84, 202 

percentageerror 25---6 
percentiles 84 
perpendiculariry, defining 325 
Pisano, Leonardo (Filxmacci) 46 
point of inflexion 348 
polynomials 

derivative 334-6 
gradiemfunctions 330 
higher-order 316---18 

population predictions 358 
predicate 111 
premises,inlogic Ill 
prime numbers 70, 71 
prisms,volumeandsurfacearea 

254- 7 
probability 

of combined events lJS----48 
experimental 157 
historicalaspects 111 
laws 146---7,383 
notation 135 
problems with and without 

replacement 143---4 
projection, ofa line on a plane 251 
proof 70 
prop:>sitions 

equivalent 114 
logical 111, 113 
sualioequivalence 

punchcarlli 16 
pyramid, volume and surface area 

260--4 
Pythagora'l' theorem 206,231,280, 

281 

quadratic equations 
algebraic solution 300--4 
graphical solution 43---6, 120--3 

quadratic expressions 
factorization 299---300 
graphs 289---305,399 

quadratic fonnula 304- 5 
quartiles 84-5 
questionnaires 108 

radioactivedecay 307,324 
range 

ofadistribution 97 
ofafunction 284----6 
meaning of term 324 

rationalnumbers 20 
realnumbers 20 
reciprocal function 309- 16 
rectangular prism see cuboid 
recurrence relation 47 
regression linefory onx 184--9, 

386---7 
representativemoney 35 
reservecurrency 37 
=1" 

consistency 81 
observed 189 

risk 157 

ofanequation 43 
ofaquadratic 297 

rounding 21 - 2 
Russell's antinomy 156 

samplespace 135,378 
sampling 108 
scatterdiagrams 168---74,386---7 
scientific notation iee standard form 
second derivative 352 
sector of a circle, area 265 
selection with and without 

replacement 143---4 
sequences 

arithmetic 46--54 
geometric 54---6 
pairing 70 

series 50 
arithmetic 50---4 
geometric 56---9 
pairing 70 

sets 
disjoint 133 
and logical reasoning 113- 15 
ofnumbers 19---21 
properties 129---30 

set theory 
furtherstudy 156 
historical aspects 111 
notation 122,125,337 
useinprobability 135 



SI see Systeme Internationale 
significance level (p) 190 
significant figures, approximating to 

22-3 
simple interest 59,367---8 
simultaneous equations 

graphical solution 222--4 
multiplying 226---7 
solution by elimination 221- 2 
solutionbyMihstitution 222 

sinecurve 235---6 
sine ratio (sin) 229--30 
sinerule 237---8 
sliderule 16 
solids, regular 281 
sphere, volume and surface area 

257---60 
standard deviation 100--4, 109 
standardfonn 27- 31 
statement see prOJX)Sition 
stationary points 348..--53, 405 
statistics 

effect on public opinion 108 
furtherstudy 109 
historicalaspects 72 
misuse 109 
specialized terminology 109 

straight-line graphs, 
plotting/drawing 219--20 

straight lines,gradient 327 

subsets 123--4,133 
sum, of an arithmetic series 51--4 
Sumerians 18 
supply and demand, graphs 324 
surface area 

ofacone 264- 71 
ofaprism 254 
ofapyramid 260---4 
ofasphere 257---60 

symbolic logic see logic 
Systeme Internationale (SI) units of 

measurement 31---6,363 

tables of results, using GOC 11 - 12 
tangent at a given i:oint , equation 

343--4 
tangentratio(tan) 229 

trigonometry 
historical aspects 228 
non-right-angled 235--44, 395---6 
right-angled 22S-34, 392- 4 
three-dimensional 245- 50 

truthtables 115- 18 
two-way tables see contingency 

tables 

union,ofsets 125 
units of measurement 31---6 
universalset 125 

variables, relationship 168 
Venn, John 125 
Venn diagrams 125- 9, 133, 144-5 , 

146, 156, 157,381- 2 
T aniyama---5himura conjecture 
tautology 118,121 , 376 
temperaturescales 34-6 
tenn-to-tennrule 47,55 
torus,geometry 281 
treediagrams 139---44 
triangles 

327 venex,ofagraph 289 
volume 

area 242--4 
non-right-angled 235 
right -angled 228..--34 
sides 228----9 

triangularprism 254 
trigonometric ratios 228..--30 

ofacone 264- 71 
ofa prism 254- 7 
ofapyramid 260---4 
ofasphere 257---60 

Weldon,Walter 177,203 
Wiles,Andrew 327,359 

Yates' correction 191 



Dear Student 

The following free resources are available on the Mathematical 
Studies for the IB Diploma Second Edition website: 

• PowerPoint presentations 
• spreadsheet activities 
• GeoGebra activities 
• Personal Tutor - audio-visual walkthroughs to help your 

understanding of more complex topics 

• answers to the revision exercises 
• fully worked solutions to all the exercises throughout the book 
• instructions for the Texas TI-Nspire calculator. 

Ta access these resources please go to 
www.hodderplus.co. uk/ lBMSSL2 

You will need the following user name and password to access the 
online materials: 

User name: IBMSSL 
Password: exponential 

Please note that the user name and password are both case sensitive. 
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