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SUMMARY AND REVIEW

TEST

ina wants to establish a college fund for
her newborn daughter that will have
accumulated $120,000 at the end of

18 yr. If she can count on an interest rate of 6%,
compounded monthly, how much should she deposit
each month to accomplish this?

This problem appears as Exercise 95 in Section R.2.



http://media.pearsoncmg.com/aw/aw_mml_shared_1/copyright.html

2 Chapter R « Basic Concepts of Algebra

Identify various kinds of real numbers.

*  Use interval notation to write a set of numbers.
 Identify the properties of real numbers.

* Find the absolute value of a real number.

The Real-Number
System
Real Numbers

In applications of algebraic concepts, we use real numbers to represent
quantities such as distance, time, speed, area, profit, loss, and tempera-
ture. Some frequently used sets of real numbers and the relationships
among them are shown below.

Negative integers:
=y =2, =8, cco

Real
numbers

Numbers that can be expressed in the form p/q, where p and g are in-
tegers and q # 0, are rational numbers. Decimal notation for rational
numbers either terminates (ends) or repeats. Each of the following is a
rational number.

a)0 0 = — for any nonzero integer a
a
-7
b) —7 —7 = —or 7
1 -1
1
9] i 0.25 Terminating decimal

5 _
d) — T —0.45 Repeating decimal

Copyright © 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley
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Section R.1 + The Real-Number System 3

The real numbers that are not rational are irrational numbers. Decimal
notation for irrational numbers neither terminates nor repeats. Each of the
following is an irrational number.

a) 7= 3.1415926535... There is no repeating block of digits.

(% and 3.14 are rational approximations of the irrational number 77.)
b) V2 = 1.414213562... There is no repeating block of digits.
c) —6.12122122212222... Although there is a pattern, there is no

repeating block of digits.

The set of all rational numbers combined with the set of all irrational
numbers gives us the set of real numbers. The real numbers are modeled
using a number line, as shown below.

Each point on the line represents a real number, and every real number
is represented by a point on the line.

2.9 -3 Vi oz 2

-5 —4 -3 -2 -1 0 1 2 3 4 5

The order of the real numbers can be determined from the number
line. If a number a is to the left of a number b, then a is less than b
(a < b). Similarly, a is greater than b (a > b) if a is to the right of b on
the number line. For example, we see from the number line above that
-29< —%, because —2.9 is to the left of —%. Also, % > /3, because %
is to the right of V/3.

The statement a =< b, read “a is less than or equal to b,” is true if either
a < bistrue or a = bis true.

The symbol € is used to indicate that a member, or element, belongs to
a set. Thus if we let @ represent the set of rational numbers, we can see from
the diagram on page 2 that 0.56 € Q. We can also write V2 & @ to indi-
cate that \/2 is not an element of the set of rational numbers.

When all the elements of one set are elements of a second set, we say that
the first set is a subset of the second set. The symbol C is used to denote this.

For instance, if we let R represent the set of real numbers, we can see from
the diagram that @ C R (read “Q is a subset of R”).

Interval Notation

Sets of real numbers can be expressed using interval notation. For example,
for real numbers a and b such that a < b, the open interval (g, b) is the set
of real numbers between, but not including, a and b. That is,

(a,b) = {x|a < x < b}.

The points a and b are endpoints of the interval. The parentheses indicate
that the endpoints are not included in the interval.

Some intervals extend without bound in one or both directions. The
interval [a, ), for example, begins at a and extends to the right without
bound. That is,

[a,°) = {x|x = a}.

The bracket indicates that a is included in the interval.

Copyright © 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley
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The various types of intervals are listed below.

Intervals: Types, Notation, and Graphs

INTERVAL SET
TYPE NOTATION NOTATION GRAPH
Open (a,b) {x|a<x< b} [
< 7
Closed [a,b] {x|la=x= b} [ ]
a b
Half-open [a,b) {x|a=x< b} L
r 7
a
Half-open (a,b] {x|a<x= b} ¢ ]
a b
Open (a, ) {x|x> a} ¢
a
Half-open [a,0) {x|x = a} L
r
a
Open (~o,b) {x|x < b} \
b
Half-open (—00,b] {x|x= b} ]
b

Video

The interval (—°,0), graphed below, names the set of all real num-
bers, R.

N
Y

EXAMPLE 1 Write interval notation for each set and graph the set.

a) {x|—4<x<5} b) {x|x= 1.7}
o {x|-5<x=-2} d) {x|x< \/5}
Solution

L )
-\ Y
-5-4-3-2-1 0 1 2 3 4 5

a) {x|—4 < x<5}=(—4,5)

b) {x|x21.7}=[1.7,00); —————+ ;[‘ ——

—5-4-3-2-1 0 1 2 3 4 5

( 1
y 1 H—t——+—
5-4-3-2—-1 0 1 2 3 4 5

o {x|-5<x=-2}=(-5-2]

Copyright © 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley
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Section R.1 + The Real-Number System 5

d) {x|x < \/5} = (—00,\/5);

B

Y —
5-4-3-2-1 0 1 2 3 4 5 —

Properties of the Real Numbers

The following properties can be used to manipulate algebraic expressions as

well as real numbers.

Properties of the Real Numbers

For any real numbers 4, b, and c:

a+ b=0>b+ aand
ab = ba

a+ (b+c)=(a+ b)+ cand
a(bc) = (ab)c

a+0=0+a=a
—ata=a+ (-a)=0

al1=1-a=a

1
a-—=—-a=1 (a#0)
a

AN

alb+ ¢) = ab + ac

Commutative properties of
addition and multiplication

Associative properties of
addition and multiplication

Additive identity property
Additive inverse property

Multiplicative identity property
Multiplicative inverse property

Distributive property

Note that the distributive property is also true for subtraction since
alb—c)=db+ (—c]=ab+ a(—c) = ab — ac.

a) 8-5=5-8
) 14+ (—14) =0
e) 2(a—b)=2a—-2b

Video

EXAMPLE 2 State the property being illustrated in each sentence.

b)5+(m+n)=0GB+m+n
d6-1=1-6=6

Solution
SENTENCE PROPERTY
a) 8-5=5-8 Commutative property of multiplication:

b)s5+(m+n=0GB+m+n

¢ 14+ (—14) =0
d6-1=1-6=6

e) 2(a—Db)=2a—2b

ab = ba

Associative property of addition:
a+(b+c)=(a+b) +c

Additive inverse property: a + (—a) = 0
Multiplicative identity property:
al1=1-a=a

Distributive property:

alb+ ¢c)=ab+ ac -

Copyright © 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley
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6 Chapter R « Basic Concepts of Algebra

Absolute Value

The number line can be used to provide a geometric interpretation of
absolute value. The absolute value of a number a, denoted |a|, is its dis-
tance from 0 on the number line. For example, |—5| = 5, because the
distance of —5 from 0 is 5. Similarly, E‘ = ;i, because the distance of i
from 0 is %.

Absolute Value
For any real number g,

a, ifa=0,
FER
a, ifa<0.

When a is nonnegative, the absolute value of a is a. When a is negative,
the absolute value of a is the opposite, or additive inverse, of a. Thus,
|a] is never negative; that is, for any real number a, |a| = 0.

Absolute value can be used to find the distance between two points on
the number line.

) . . N Distance Between Two Points on the Number Line

For any real numbers a and b, the distance between a and b is
la—b=b—a |a — b|, or equivalently, [b — a].

% EXAMPLE 3 Find the distance between —2 and 3.
I_ia Solution  The distance is
Grapher | Video
Hel |-2 — 3| =|—-5| =5, or equivalently,

3 - (=2 =B +2/=5=>5

We can also use the absolute-value operation on a graphing calculator to
find the distance between two points. On many graphing calculators, ab-
solute value is denoted “abs” and is found in the MATH NUM menu and also
in the CATALOG.

abs (—2-3)

abs 3—(—2))

Copyright © 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley
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Exercise

Exercise

Exercise

Exercise Set

In Exercises 1— 10, consider the numbers —12, \/i 5.3,

—1,/8,0,5.242242224..., —\/14,V/5, —1.96, 9,
42,V25,V/4,2.

1. Which are whole numbers?

2. Which are integers?

3. Which are irrational numbers?

4. Which are natural numbers?

5. Which are rational numbers?

6. Which are real numbers?

7. Which are rational numbers but not integers?
8. Which are integers but not whole numbers?
9. Which are integers but not natural numbers?

10. Which are real numbers but not integers?

Section R.1 The Real-Number System
25.
L |
L 1
X x+h
26.
L ]
\ 1
X x+h
27.
L
\
p
28.
y
1
q

Write interval notation. Then graph the interval.

11. {x| -3 = x =3} 12. {x| -4 < x < 4}

13.{x| 4=x< -1} 14. {x|1 < x = 6}

In Exercises 29—46, the following notation is used:

N = the set of natural numbers, W = the set of whole
numbers, 7 = the set of integers, Q) = the set of
rational numbers, | = the set of irrational numbers, and
R = the set of real numbers. Classify the statement as
true or false.

15. {x|x = —2} 16. {x|x > —5}
17. {x|x > 3.8} 18. {x|x = V3}
19. {x|7 < x} 20. {x| —3 > x}
Write interval notation for the graph.
21.
1 1 1 1 1 1 / ! . 4 I ) 1
T T T T T T r T T T T } T
-6 =5 —4 -3 -2 —1 1 2 3 4 5 6
22.
Il Il Il Il Il r 4 4 1 Il Il Il Il
T T T T T L T T J T T T T
-6 -5 —4 -3 -2 -1 0 1 2 3 4 5 6
23.
1 r 4 4 4 4 \ 1 1 1 1 1 1
T T T T T / T T T T T T
-10 =9 -8 -7 —6 -5 —4 -3 -2 -1 0 1 2
24.
1 / 4 4 4 1 1 1 1 1 1 1 1
T \ T T T 1 T T T T T T T
-0 -9 -8 -7 —6 -5 —4 -3 —2 —1 0 1 2

29.6 € N 30.0 & N
31.32€Z 32.-10.1 € R
33.—%6@ 3. Ve € Q
35. V11 € R 36. -1 €W
37.24 ¢ W 38.1€ /7
39.1.089 & | 40.N C W
41.WC 7 42.7 €N
43.0CR 4.7 CQ
45.RC 7 46.0Q C [

Name the property illustrated by the sentence.
47.6 - x=x"-6
48.3+(x+y)=0B+x) +y

49. -3-1= -3 50.x+4=4+x
51. 5(ab) = (5a)b 52.4(y — z) = 4y — 4z

Copyright © 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley
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8 Chapter R Basic Concepts of Algebra

53.2(a+b)=(a+ b2 54 -7+7=0

55. —6(m + n) = —6(n + m)

56.t+ 0=t
1

57.8 - —=1
8

58.9x + 9y = 9(x + y)

Simplify.

59, |—7.1] 60. |—86.2|

61. [347 62. |—54|
12

63. |-\V97| 64. |—
19

65. [0| 66. |15]

5
67. | 68. |- V3|

Find the distance between the given pair of points on
the number line.

69. =5, 6 70. =2.5, 0
15 23
71. =8, =2 72. —, —
8 12
73.6.7, 12.1 74. —14, =3
3 15
75. ——, — 76. —3.4, 10.2
4 8
77. =7, 0 78.3, 19

Collaborative Discussion and Writing

To the student and the instructor: The Collaborative
Discussion and Writing exercises are meant to be
answered with one or more sentences. These exercises
can also be discussed and answered collaboratively by
the entire class or by small groups. Because of their
open-ended nature, the answers to these exercises do

not appear at the back of the book. They are denoted
by the words “Discussion and Writing.”

79. How would you convince a classmate that division is

not associative?

80. Under what circumstances is \a a rational number?

Synthesis

To the student and the instructor: The Synthesis

exercises found at the end of every exercise set challenge

students to combine concepts or skills studied in that
section or in preceding parts of the text.

Between any two (different) real numbers there are
many other real numbers. Find each of the following.
Answers may vary.

81. An irrational number between 0.124 and 0.125

82. A rational number between —\/2.01 and —V/2

1 1
83. A rational number between ———and ——
101 100

84. An irrational number between V/5.99 and V6

85. The hypotenuse of an isosceles right triangle with
legs of length 1 unit can be used to “measure” a
value for /2 by using the Pythagorean theorem,

as shown.
A=17+1
¢ 1 2=2
c= \/E
.

1

Draw a right triangle that could be used to
“measure” V10 units.

Copyright © 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley
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Section R.2 « Integer Exponents, Scientific Notation, and Order of Operations 9

o Simplify expressions with integer exponents.
*  Solve problems using scientific notation.
*  Use the rules for order of operations.

Integer
Exponents,

Integers as Exponents

Scientifi When a positive integer is used as an exponent, it indicates the number of
cientiric times a factor appears in a product. For example, 7> means 7 + 7 + 7 and 5!

Notation, and means 5.
Order of

Ope rations For any positive integer 1,
an == a . a . a .« e a
n factors

where a is the base and 7 is the exponent.
Zero and negative-integer exponents are defined as follows.

For any nonzero real number a and any integer m,

1
0 _ —m _
a’=1 and am—ﬁ.

EXAMPLE 1 Simplify each of the following.

a) 6° b) (—3.4)°
Solution
a) 6" =1 b) (—3.4)° =1 p—

EXAMPLE 2 Write each of the following with positive exponents.
1 -3

X
47 b) ——— —
) ) (0827 )
Solution
1
a) 470 = E
1 ~(=7) 7
b) 08 (0.82) = (0.82)
x73 _ 1 1 y8
C)T8=x3 F=F'y8=? |

Copyright © 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley
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10 Chapter R « Basic Concepts of Algebra

The results in Example 2 can be generalized as follows.

For any nonzero numbers a and b and any integers m and #,

a™ b

b="  a™
(A factor can be moved to the other side of the fraction bar if the
sign of the exponent is changed.)

EXAMPLE 3 Write an equivalent expression without negative exponents:
X378
L 10

Solution  Since each exponent is negative, we move each factor to the other
side of the fraction bar and change the sign of each exponent:

x—3y—8 ZlO

z 10 x3y8 p—

The following properties of exponents can be used to simplify
expressions.

Properties of Exponents

For any real numbers a and b and any integers m and #, assuming 0 is
not raised to a nonpositive power:

am - q" = g"tn" Product rule

am

— =a""" (a#0) Quotient rule

a

(a™" = g™ Power rule

(ab)™ = ab™ Raising a product to a power
a\"” a"

<E> =y (b#0) Raising a quotient to a power

EXAMPLE 4 Simplify each of the following.

S5 3 48"
Ay Ty B Text
o (177 d) (2572

455 42\ 73
e) (_g’)
9z

Copyright © 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley
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Section R.2 - Integer Exponents, Scientific Notation, and Order of Operations 11

Solution

a) y—s . J,3» _ L —5+3 _ y—z

y ,or—

12
48x " ﬁxlzﬂx

T = = 38
16x 16

b)

_ . _ 1
O (t3) =1t =¢ 15)Orﬁ

32
—2\5 _ 15(=2)5 — 27.—10
d) (257%) = 27(s7%)’ = 32s » O 15

: 45x_4y2 -3 Sx_4y2 -3
e —_— —
978 z 8

5*3x12y*6 x12 x12
z

= , Or
24 53y6224 125y6224 —

Scientific Notation

We can use scientific notation to name very large and very small positive
numbers and to perform computations.

Scientific Notation
Scientific notation for a number is an expression of the type

N X 10™,

where 1 = N < 10, Nis in decimal notation, and m is an integer.

Keep in mind that in scientific notation positive exponents are used for
numbers greater than or equal to 10 and negative exponents for numbers
between 0 and 1.

EXAMPLE 5 Undergraduate Enrollment. In a recent year, there were
16,539,000 undergraduate students enrolled in post-secondary institutions
in the United States (Source: U.S. National Center for Education Statistics).
Convert this number to scientific notation.

Solution We want the decimal point to be positioned between the 1 and
the 6, so we move it 7 places to the left. Since the number to be converted is
greater than 10, the exponent must be positive.

16,539,000 = 1.6539 X 107 -

Copyright © 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley
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EXAMPLE 6 Mass of a Neutron. The mass of a neutron is about
0.00000000000000000000000000167 kg. Convert this number to scien-
tific notation.

Solution We want the decimal point to be positioned between the 1 and
the 6, so we move it 27 places to the right. Since the number to be converted
is between 0 and 1, the exponent must be negative.

0.00000000000000000000000000167 = 1.67 X 10~ -

EXAMPLE 7 Convert each of the following to decimal notation.
a) 7.632 X 107* b) 9.4 X 10°

Solution

a) The exponent is negative, so the number is between 0 and 1. We move the
decimal point 4 places to the left.

7.632 X 10~* = 0.0007632

b) The exponent is positive, so the number is greater than 10. We move the
decimal point 5 places to the right.

9.4 X 10° = 940,000 p—

Most calculators make use of scientific notation. For example, the num-
ber 48,000,000,000,000 might be expressed in one of the ways shown below.

4.8613 |

4813 |

travels in one year and is about 5.88 X 10'2 miles. How many miles is it
from Earth to Alpha Centauri C? Express your answer in scientific notation.

' : EXAMPLE 8 Distance to a Star. The nearest star, Alpha Centauri C, is
% Ii‘ about 4.22 light-years from Earth. One light-year is the distance that light
Grapher | Video

Solution
4.22 X (5.88 X 10'?) = (4.22 X 5.88) X 102
= 24.8136 X 10'? This is not scientific
notation because
24.8136 > 10.

= (2.48136 X 10') x 102
= 2.48136 X (10! X 10'?)

= 2.48136 X 10" miles Writing scientific
notation -

4.22x5.88E12
2.48136E13

Copyright © 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley
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Section R.2 - Integer Exponents, Scientific Notation, and Order of Operations 13

Order of Operations

Recall that to simplify the expression 3 + 4 - 5, first we multiply 4 and 5 to
get 20 and then add 3 to get 23. Mathematicians have agreed on the follow-
ing procedure, or rules for order of operations.

Rules for Order of Operations

1. Do all calculations within grouping symbols before operations
outside. When nested grouping symbols are present, work from
the inside out.

Evaluate all exponential expressions.

Do all multiplications and divisions in order from left to right.
4. Do all additions and subtractions in order from left to right.

&0 1

EXAMPLE 9 Calculate each of the following.

10+ (8-6)+9-4
2+ 3

a) 8(5—3)>—20 b)

Solution

a) 8(5 — 3)3 —20=28"-2>-20 Doing the calculation within
parentheses
=8-8—20 Evaluating the exponential expression

=64 — 20 Multiplying
= 44 Subtracting
10+(8—-6)+9-4 10+2+9-4
25 + 3? 3249
_5+36 41 I
41 41

b)

Note that fraction bars act as grouping symbols. That is, the given ex-
pression is equivalent to [10 + (8 — 6) + 9 - 4] = (2° + 3%).

We can also enter these computations on a graphing calculator as shown
below.

8(5-3)"3-20
44
(10/(8—6)+9+4)/(2°5+32)
-

To confirm that it is essential to include parentheses around the numer-
ator and around the denominator when the computation in Example 9(b) is
entered in a calculator, enter the computation without using these parenthe-
ses. What is the result?
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EXAMPLE 10 Compound Interest. If a principal P is invested at an
interest rate r, compounded n times per year, in t years it will grow to
an amount A given by

rnt
A=Pl1+—|.
n

Suppose that $1250 is invested at 4.6% interest, compounded quarterly. How
much is in the account at the end of 8 years?

Solution We have P = 1250, r = 4.6%, or 0.046, n = 4, and t = 8. Sub-
stituting, we find that the amount in the account at the end of 8 years is
given by

0.046 \*8
A=1250(1+ )

Next, we evaluate this expression:

A =1250(1 + 0.0115)*®  Dividing

= 1250(1.0115)*8 Adding
= 1250(1.01 15)32 Multiplying in the exponent
~ 1250(1.441811175) Evaluating the exponential expression
=~ 1802.263969 Multiplying
=~ 1802.26. Rounding to the nearest cent
The amount in the account at the end of 8 years is $1802.26. -
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N

Exercise Set

Simplify.
1. 18°

3.x7 - x°
5.5%.576

7.m - m®

9. y3 . y_7
11.72-77°-7

13. 2x° - 3x?

15. (—3a">)(5a77)

17. (5a%b) (3a%b%)

2
4
6.6>- 67
8

10. b~ % - b'?
12.3-375. 3¢
14.3y* - 4y

16. (—6b~ %) (2b77)
18. (4xy?) (3x~*y°)

19. (6x3y°) (—7x%79)

21. (2x)*(3x)?

23. (—2n)3(5n)?

25. —5

X
27.—¢

X
29. —%

3. =%

20. (8ab”) (—7a°b?)
22. (4y)*(3y)°
24. (2x)°(3x)?

26. —5

28. °—;
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33. (2ab?)?
35. (—2x°)°
37.(=5¢ a2
39. (3m*)*(2m™>)*

2 —3.,7\3
41.<x_1y)
z

24a10b—867 =5
B | —F—=
12a% 3¢

34, (4xy°)?

36. (—3x2)*

38. (—4x 2z %73
40. (4n~ YH2(2n’)?

35 —8\4
42.(’6_4)
z

125p12q_14r22 —4
44. 8 6.—15
25p°q°r

6.4 X 1077 1.1 X 1074
" 8.0 X 10° "2.0x 10771
1.8 X 1073 1.3 X 10*
7.2 % 1077 5.2 X 1010

Solve. Write the answer using scientific notation.

Convert to scientific notation.

45. 405,000 46. 1,670,000

47.0.00000039 48. 0.00092

49. 234,600,000,000 50. 8,904,000,000

51.0.00104 52.0.00000000514

53. One cubic inch is approximately equal to
0.000016 m’.

54. The United States government collected
$1,137,000,000,000 in individual income taxes in a
recent year (Source: U.S. Internal Revenue Service).

Convert to decimal notation.

55.8.3 X 107° 56. 4.1 X 10°

57.2.07 X 107 58.3.15 X 10~ °
59. 3.496 X 100 60. 8.409 X 10!
61.5.41 X 1078 62.6.27 X 10710

63. The amount of solid waste generated in the United
States in a recent year was 2.319 X 108 tons (Source:
Franklin Associates, Ltd.).

64. The mass of a proton is about 1.67 X 10~ 2* g.

Compute. Write the answer using scientific notation.

65. (3.1 X 10°) (4.5 X 107?)
66. (9.1 X 10~17)(8.2 X 10%)
67. (2.6 X 107 18)(8.5 X 107)
68. (6.4 X 10'2)(3.7 X 107°)

73.

74.

75.

76.

77.

78.

79.

80.

Distance to Pluto. The distance from Earth to the
sun is defined as 1 astronomical unit, or AU. It is
about 93 million miles. The average distance from
Earth to the planet Pluto is 39 AUs. Find this
distance in miles.

Parsecs.  One parsec is about 3.26 light-years and
1 light-year is about 5.88 X 10'% mi. Find the
number of miles in 1 parsec.

Nanowires. A nanometer is 0.000000001 m.
Scientists have developed optical nanowires to
transmit light waves short distances. A nanowire
with a diameter of 360 nanometers has been used in
experiments on :the transmission of light (Source:
New York Times, January 29, 2004). Find the
diameter of such a wire in meters.

iTunes. In the first quarter of 2004, Apple
Computer was selling 2.7 million songs per week on
iTunes, its online music service (Source: Apple
Computer). At $0.99 per song, what is the revenue
during a 13-week period?

Chesapeake Bay Bridge-Tunnel. The 17.6-mile-long
Chesapeake Bay Bridge-Tunnel was completed in
1964. Construction costs were $210 million. Find
the average cost per mile.

Personal Space in Hong Kong.  The area of Hong
Kong is 412 square miles. It is estimated that the
population of Hong Kong will be 9,600,000 in 2050.
Find the number of square miles of land per person
in 2050.

Nuclear Disintegration. One gram of radium
produces 37 billion disintegrations per second. How
many disintegrations are produced in 1 hr?

Length of Earth’s Orbit. The average distance from
the earth to the sun is 93 million mi. About how far
does the earth travel in a yearly orbit? (Assume a
circular orbit.)
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16 Chapter R Basic Concepts of Algebra

Calculate.

81.3-2—4-22+6(3—-1)
82.3[(2+4-2%) —6(3 —1)]
83.16 ~ 4 -4 + 2256
84.20-273 + 210+ 78
54@—6Y—4-3+2$

8
31 4+ 190
[48 —6)> +4](3—2-38)
86. 5
2°(2° + 5)

Compound Interest. — Use the compound interest
formula from Example 10 in Exercises 87— 90.
Round to the nearest cent.

87. Suppose that $2125 is invested at 6.2%, compounded
semiannually. How much is in the account at the end
of 5 yr?

88. Suppose that $9550 is invested at 5.4%, compounded
semiannually. How much is in the account at the end
of 7 yr?

89. Suppose that $6700 is invested at 4.5%, compounded
quarterly. How much is in the account at the end
of 6 yr?

90. Suppose that $4875 is invested at 5.8%, compounded
quarterly. How much is in the account at the end
of 9 yr?

Collaborative Discussion and Writing

91. Are the parentheses necessary in the expression
4+ 25 + (10 — 5)? Why or why not?

92.1s x 2 < x ! for any negative value(s) of x2 Why or
why not?

Synthesis

Savings Plan.  The formula

r 12-¢
1+—] -1
12

B
12

S=P

gives the amount S accumulated in a savings plan when
a deposit of P dollars is made each month for t years in
an account with interest rate r, compounded monthly.
Use this formula for Exercises 93— 96.

93. Marisol deposits $250 in a retirement account each
month beginning at age 40. If the investment earns
5% interest, compounded monthly, how much will
have accumulated in the account when she retires
27 yr later?

94. Gordon deposits $100 in a retirement account each
month beginning at age 25. If the investment earns
4% interest, compounded monthly, how much will
have accumulated in the account when Gordon
retires at age 65?

95. Gina wants to establish a college fund for her newborn
daughter that will have accumulated $120,000 at the
end of 18 yr. If she can count on an interest rate of
6%, compounded monthly, how much should she
deposit each month to accomplish this?

96. Liam wants to have $200,000 accumulated in a
retirement account by age 70. If he starts making
monthly deposits to the plan at age 30 and can count
on an interest rate of 4.5%, compounded monthly,
how much should he deposit each month in order
to accomplish this?
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Simplify. Assume that all exponents are integers, all (3x%yh)? |2 K \2/ x2r\ 2] 3
denominators are nonzero, and zero is not raised to a 101. [ ——53 102 T\ T4
iy (=3x%7) ') \y
nonpositive power.
97. (x* - x3%)? 98. (x” - x77)°
99, (ta+x . tx*a)4 100. (mxfb . nx+b)x(mbn7b)x
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 Identify the terms, coefficients, and degree of a polynomial.
» Add, subtract, and multiply polynomials.

Polynomials
Addition,
Subtraction, and
Multiplication of

Polynomials

Polynomials are a type of algebraic expression that you will often encounter
in your study of algebra. Some examples of polynomials are

3x — 4y, 5p° — %yz +3y—2, —23a% and z°— V.

All but the first are polynomials in one variable.

Polynomials in One Variable
A polynomial in one variable is any expression of the type

Apx" + ap_1x™ L+ o+ x4+ aix + ag,

where 7 is a nonnegative integer and ay, ..., dp are real numbers,
called coefficients. The parts of a polynomial separated by plus
signs are called terms. The leading coefficient is a,, and the
constant term is ay. If a,, # 0, the degree of the polynomial is 7.
The polynomial is said to be written in descending order, because
the exponents decrease from left to right.

EXAMPLE 1 Identify the terms of the polynomial

2x* = 7.5x% + x — 12.
Solution  Writing plus signs between the terms, we have

2x* — 7550 + x— 12 =2x* + (=7.5x%%) + x + (—12),
so the terms are

2x4, —7.5x3, x, and —12. -

A polynomial, like 23, consisting of only a nonzero constant term has
degree 0. It is agreed that the polynomial consisting only of 0 has no degree.
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EXAMPLE 2 Find the degree of each polynomial.

a) 2x° — 9 b) y2 — 3+ 55* o 7
Solution
POLYNOMIAL DEGREE
a) 2x° — 9 3
3 3
b) y? =3+ 5y =5y 4 y? =3 4
c) 7=7x" 0 p—

Algebraic expressions like 3ab® — 8 and 5x*y? — 3x°y% + 7xy? + 6
are polynomials in several variables. The degree of a term is the sum of
the exponents of the variables in that term. The degree of a polynomial is
the degree of the term of highest degree.

EXAMPLE 3 Find the degree of the polynomial
7ab® — 11a*b* + 8.

Solution  The degrees of the terms of 7ab® — 11a%b* + 8 are 4, 6, and 0,
respectively, so the degree of the polynomial is 6. -

A polynomial with just one term, like —9y9, is a monomial. If a poly-
nomial has two terms, like x> + 4, it is a binomial. A polynomial with three
terms, like 4x> — 4xy + 1, is a trinomial.

Expressions like

x+ 1
x*+5

3
2x? — 5x + —, 9 —Vx, and
x

are not polynomials, because they cannot be written in the form a,x" +
ap—1x"" 1 4+ -+ 4+ a;x + ag, where the exponents are all nonnegative in-
tegers and the coefficients are all real numbers.

Addition and Subtraction

If two terms of an expression have the same variables raised to the same
powers, they are called like terms, or similar terms. We can combine, or
collect, like terms using the distributive property. For example, 3y? and
5y are like terms and

3y + 5y° = (3 + 5)y°
= 8y2.

We add or subtract polynomials by combining like terms.

EXAMPLE 4 Add or subtract each of the following.
a) (=5x° +3x> — x) + (12x°> — 7x% + 3)
b) (6x°y° — 9xy) — (5x°y° — 4xy)
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Solution
a) (—5x° +3x% — x) + (12x° — 7x> + 3)

= (—5x3 + 12x3) + (3x2 — 7x2) —x+3 Rearranging using
the commutative
and associative
properties
=(=5+ 12)x3 + (3 — 7)x2 —x+3 Using the distribu-
tive property
=7x —4x* —x+3

b) We can subtract by adding an opposite:
(6x*y> — 9xy) — (5x%y° — 4xy)

= (6962)/3 — 9xy) + (—5)&22}/3 + 4xy) Adding the opposite of
5x2f — 4xy

= 6x2y3 — 9xy — 5x2y3 + 4xy
= x2y3 — Sxy. Combining like terms

Multiplication

Multiplication of polynomials is based on the distributive property—for
example,

(x +4)(x+3) =x(x+ 3) + 4(x + 3) Using the distributive property

= x>+ 3x + 4x + 12 Using the distributive property
two more times
=x?+ 7x + 12. Combining like terms

In general, to multiply two polynomials, we multiply each term of one
by each term of the other and add the products.

EXAMPLE 5 Multiply: (4x'y — 7x%y + 3y) (2y — 3x%y).
Solution  We have
(4xty — 7x%y + 3y) (2y — 3x%y)
= 4x*y(2y — 3x%y) — 7x*y(2y — 3x%y) + 3y(2y — 3x%y)
Using the distributive
property
= 8x4y2 - 12x6y2 - 14x2y2 + 21x4y2 + 6y2 - 9x2y2
Using the distributive
property three more times
= 29x4y2 - 12x6)/2 - 23x2y2 + 6}/2. Combining like terms

We can also use columns to organize our work, aligning like terms under
each other in the products.

4x4y - 7x2y + 3y

2y — 3x2y
—12x6y2 + 213C4y2 - 9x2y2 Multiplying by —3x%y
8x4y2 - 14x2y2 + 6y2 Multiplying by 2y
—12x%y% + 29x%y? — 23x%)? + 6y Adding —
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= G

Video

We can find the product of two binomials by multiplying the First
terms, then the OQuter terms, then the Inner terms, then the Last terms. Then
we combine like terms, if possible. This procedure is sometimes called FOIL.
EXAMPLE 6 Multiply: (2x — 7) (3x + 4).

Solution  We have
F L

7SN N F o I L
(2x — 7)(3x + 4) = 6x* + 8x — 21x — 28

\\\I// = 6x> — 13x — 28

(0] [

We can use FOIL to find some special products.

Special Products of Binomials

(A+ B?=A> + 2AB + B? Square of a sum

(A— B)?>=A> - 2AB + B? Square of a difference

(A+ B)(A— B) = A> — B? Product of a sum and a difference

EXAMPLE 7 Multiply each of the following.

a) (4x + 1)? b) (3y* —2)° o) (x* +3y)(x* — 3y)
Solution

a) (dx+ 1) =(“4x)?+2 4x-1+1>=16x>+8x+ 1

b) 3y — 22 =0y —2-3y*-2+22=9p* — 12y + 4

Q) (x? + 3y) (x? = 3y) = (x?)* — 3p)* = x* — 9y? =
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o
Exercise Set

Determine the terms and the degree of the polynomial.
L—5y* +3° + 7y —y— 4

Exercise 2'2m3 _ mz —4m + 11

3.3a% — 74°0® + 5ab — 2

4.6p°q> — p*q* — 3pg® + 5

Perform the operations indicated.

5. (5x%y — 2xp? + 3xy — 5) +
(—2x%y — 3xy° + 4xy + 7)

6. (6x%y — 3xy? + 5xy — 3) +
(—4x%y — 4xy® + 3xy + 8)

7.2x+3y+z—7)+ (4x— 2y —z+8) +

(=3x+y—2z—4)
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8. (2x% + 12xy — 11) + (6x* — 2x + 4) +
(—x*—y—2)

9.3x> = 2x— x> +2) — (5x2 — 8x — x> + 4)

10. (5x% + 4xy — 3y% + 2) — (9x% — 4xy + 2y* — 1)

11. (x* — 3x% + 4x) — (3% + x> — 5x + 3)

12. (2x* — 3x* + 7x) — (5x° + 2x* — 3x + 5)

13.(a — b) (24> — ab + 3b?)

14. (n + 1) (n* — 6n — 4)

15.(x + 5)(x — 3)

16.(y —4)(y + 1)

17.(x + 6) (x + 4)

18.(n — 5)(n — 8)

19. (2a + 3)(a + 5)

20.(3b+ 1)(b—2)

21. 2x + 3y) 2x + y)

22.(2a — 3b)(2a — b)

23.(y + 5)

24.(y + 7)°

25. (x — 4)?

26. (a — 6)°

27. (5x — 3)?

28. (3x — 2)?

29. (2x + 3y)?

30. (5x + 2y)?

31. (2x* — 3y)?

32. (4x% — 5y)?

33.(a+ 3)(a — 3)

34.(b+ 4)(b — 4)

35.(2x — 5)(2x + 5)

36. (47 — 1) (4y + 1)

37. (3x — 2y) (3x + 2y)

38. (3x + 5y) (3x — 5y)

39.2x + 3y +4)(2x + 3y — 4)
40. (5x + 2y + 3)(5x + 2y — 3)
4. (x + D (x— 1) (x> + 1)
2.(y-2)(y+2)(y* +4)

Collaborative Discussion and Writing

43. Is the sum of two polynomials of degree n always a
polynomial of degree n? Why or why not?

44. Explain how you would convince a classmate that
(A+ B # A* + B~

Synthesis

Multiply. Assume that all exponents are natural
numbers.

45. (a" + b") (a" — b")

46. (t* + 4)(t" = 7)

47.(a" + b")?

48. (7" — 1)

49.(x — 1)(x> + x+ 1)(x® + 1)
50.[(2x — 1) — 1]?

51. (x4 byeth

52, (¢mHmymEn L (gmenym=n

53.(a + b+ o)
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Factoring

* Factor polynomials by removing a common factor.

* Factor polynomials by grouping.

s Factor trinomials of the type x* + bx + c.

e Factor trinomials of the type ax* + bx + ¢, a # 1, using the FOIL
method and the grouping method.

*  Factor special products of polynomials.

To factor a polynomial, we do the reverse of multiplying; that is, we find an
equivalent expression that is written as a product.

Terms with Common Factors

When a polynomial is to be factored, we should always look first to factor
out a factor that is common to all the terms using the distributive property.
We usually look for the constant common factor with the largest absolute
value and for variables with the largest exponent common to all the terms.
In this sense, we factor out the “largest” common factor.

EXAMPLE 1 Factor each of the following.
a) 15 + 10x — 5x° b) 12x%y% — 20x°y
Solution
a) 15+ 10x —5x*=5-3+5-2x—5-x>=5(3 + 2x — x?)
We can always check a factorization by multiplying:
5(3 + 2x — x%) = 15 + 10x — 5x°.

b) There are several factors common to the terms of 12x%y? — 20x’y, but
4x%y is the “largest” of these.

12x2y2 - 20x3y = 4x2y- 3y — 4x2y- 5x
= 4x’y(3y — 5x) -

Factoring by Grouping

In some polynomials, pairs of terms have a common binomial factor that
can be removed in a process called factoring by grouping.

EXAMPLE 2 Factor: x° + 3x* — 5x — 15.
Solution We have

x>+ 3x% — 5x — 15 = (x> + 3x%) + (—=5x — 15)  Grouping; each

group of terms has
a common factor.

= xz(x +3) — 5(x + 3) Factoring a common
factor out of each
group

= (x+ 3)(x2 — 5). Factoring out the
common binomial
factor [
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Trinomials of the Type x* + bx + ¢

Some trinomials can be factored into the product of two binomials. To
factor a trinomial of the form x*> + bx + ¢, we look for binomial factors
of the form

(x+p)(x+ q)

where p - ¢ = c and p + g = b. That is, we look for two numbers p and g
whose sum is the coefficient of the middle term of the polynomial, b, and
whose product is the constant term, c.

When we factor any polynomial, we should always check first to deter-
mine whether there is a factor common to all the terms. If there is, we factor
it out first.

EXAMPLE 3 Factor: x> + 5x + 6.

Solution  First, we look for a common factor. There is none. Next, we look
for two numbers whose product is 6 and whose sum is 5. Since the constant
term, 6, and the coefficient of the middle term, 5, are both positive, we look
for a factorization of 6 in which both factors are positive.

PAIRS OF FACTORS | SuMS OF FACTORS
1,6 ‘ 7 The numbers we
R 5<———+—— need are 2 and 3.

The factorization is (x + 2) (x + 3). We have
x2+5x+6=(x+2)(x+3).
We can check this by multiplying:
(x+2)(x+3)=x>+3x+2x+6=x>+5x+ 6. -

EXAMPLE 4 Factor: 2y — 14y + 24.

Ii Solution  First, we look for a common factor. Each term has a factor of 2,
Video so we factor it out first:

292 — 14y + 24 = 2(y* — 7y + 12).

Now we consider the trinomial y*> — 7y + 12. We look for two numbers
whose product is 12 and whose sum is —7. Since the constant term, 12, is
positive and the coefficient of the middle term, —7, is negative, we look for
a factorization of 12 in which both factors are negative.

PAIRS OF FACTORS SUMS OF FACTORS
-1, —12 —13
—2 6 —8 The numbers we need
-3, —4 —7 <—— are —3 and —4.
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The factorization of y> — 7y + 12is (y — 3) (y — 4). We must also include
the common factor that we factored out earlier. Thus we have

292 — 14y + 24 =2(y — 3)(y — 4). -

EXAMPLE 5 Factor: x* — 2x® — 8x2.

Solution  First, we look for a common factor. Each term has a factor of

x2, so we factor it out first:

xt —2x% — 8x% = x*(x* — 2x — 8).
Now we consider the trinomial x*> — 2x — 8. We look for two numbers

whose product is —8 and whose sum is —2. Since the constant term, —38, is
negative, one factor will be positive and the other will be negative.

PAIRS OF FACTORS SUMS OF FACTORS
-1, 8 7
1, —8 -7
2 4 2 The numbers we
2, —4 —2<—— 1 needare2and —4.

We might have observed at the outset that since the sum of the factors is —2,
a negative number, we need consider only pairs of factors for which the
negative factor has the greater absolute value. Thus only the pairs 1, —8
and 2, —4 need have been considered.

Using the pair of factors 2 and —4, we see that the factorization of
x* — 2x — 8is (x + 2) (x — 4). Including the common factor, we have

xt—2x° — 8x2 = x*x + 2)(x — 4). -

Trinomials of the Type ax*> + bx + c,a # 1
We consider two methods for factoring trinomials of the type ax* + bx + ¢,

a# 1.

The FOIL Method
We first consider the FOIL methoed for factoring trinomials of the type
ax* + bx + ¢, a # 1. Consider the following multiplication.

F o

R

12x2 + 15x + 8x + 10

|1

=12x>+ 23x +10

(3x + 2)(4x + 5)

To factor 12x* + 23x + 10, we must reverse what we just did. We look for
two binomials whose product is this trinomial. The product of the First
terms must be 12x% The product of the Outside terms plus the product of
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the Inside terms must be 23x. The product of the Last terms must be 10. We
know from the preceding discussion that the answer is (3x + 2) (4x + 5).In
general, however, finding such an answer involves trial and error. We use the
following method.

To factor trinomials of the type ax? + bx + ¢, a # 1, using the FOIL
method:

1. Factor out the largest common factor.
2. Find two First terms whose product is ax?:

( x+ ) x+ )=a+bx+ec
|
FOIL

3. Find two Last terms whose product is c:
( x+ ) x+ )=ax’>+ bx+c
\
FOIL

4. Repeat steps (2) and (3) until a combination is found for which
the sum of the Outside and Inside products is bx:
( x+ ) x+ H=al+bx+ec
|
L I J FOIL
O

EXAMPLE 6 Factor: 3x> — 10x — 8.

Solution
1. There is no common factor (other than 1 or —1).

2. Factor the first term, 3x%. The only possibility (with positive coeffi-
cients) is 3x - x. The factorization, if it exists, must be of the form
Bx+  )x+ ).

3. Next, factor the constant term, —8. The possibilities are (—8) (1), 8(—1),
—2(4),and 2(—4). The factors can be written in the opposite order as well:
1(—8), —1(8),4(—2),and —4(2).

4. Find a pair of factors for which the sum of the outside and the inside
products is the middle term, —10x. Each possibility should be checked
by multiplying. Some trials show that the desired factorization is
(Bx+ 2)(x — 4). -

The Grouping Method
The second method for factoring trinomials of the type ax? + bx +
a # 1, is known as the grouping method, or the ac-method.
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To factor ax® + bx + ¢, a # 1, using the grouping method:
1.
2.
3.

Factor out the largest common factor.
Multiply the leading coefficient a and the constant c.

Try to factor the product ac so that the sum of the factors is b.
That is, find integers p and g such that pg = acand p + g = b.

Split the middle term. That is, write it as a sum using the factors
found in step (3).

Factor by grouping.

EXAMPLE 7 Factor: 12x> + 10x> — 8x.

Solution

1. Factor out the largest common factor, 2x:

12x° + 10x*> — 8x = 2x(6x> + 5x — 4).

2. Now consider 6x> + 5x — 4. Multiply the leading coefficient, 6, and the
constant, —4: 6(—4) = —24.

3. Try to factor —24 so that the sum of the factors is the coefficient of the
middle term, 5.

PAIRS OF FACTORS SUMS OF FACTORS

1, —24 —23

-1, 24 23
2, —12 —10

=2, 12 10
3, =8 =3

=3, 8 S<——1+——-3-8=-24,-3+8=5
4, —6 =2

—4, 6 2

4. Split the middle term using the numbers found in step (3):

5x = —3x + 8x.

5. Finally, factor by grouping:

6x2+5x—4=6x>—3x+8x— 4
=3x(2x— 1) + 4(2x — 1)
=(2x—1)3x + 4).

Be sure to include the common factor to get the complete factorization of
the original trinomial:

12x° + 10x* — 8x = 2x(2x — 1) (3x + 4). -
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Special Factorizations

We reverse the equation (A + B) (A — B) = A?> — B? to factor a difference
of squares.

A’ —B*=(A+ B)(A — B)

EXAMPLE 8 Factor each of the following.
a) x> — 16 b) 94> — 25 o) 6x* — 6yt

Solution
a) x> —16=x>—4>=(x+4)(x — 4)
b) 94> — 25 = (3a)> — 5> = (3a + 5)(3a — 5)
o) 6x* — 6yt =6(x* — y*)
= 6l — (5]
= 6(x2 + )’2) (xz - Yz) x2 — y? can be factored
further.

= 6()62 + yz) (x + y) (x — y) Because none of these factors
can be factored further, we
have factored completely.
-

The rules for squaring binomials can be reversed to factor trinomials
that are squares of binomials:

A> + 2AB + B> = (A + B)}
A* — 2AB + B> = (A — B)~

EXAMPLE 9 Factor each of the following.

a) x>+ 8x+ 16
b) 25y% — 30y + 9

Solution

A>+2-A-B+ B>= (A + B)?
a) x> +8x+16=x>+2-x-4+ 4> =(x + 4)

A> —2-A-B+ B*= (A — B)?
b) 25y — 30y + 9= (59)> — 2 -5y 3 + 32 = (57 — 3)? —
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28 Chapter R « Basic Concepts of Algebra

We can use the following rules to factor a sum or a difference of cubes:

A’ + B> = (A + B)(A* — AB + B%);
A® — B> = (A — B)(A’> + AB + B?).

These rules can be verified by multiplying.

EXAMPLE 10 Factor each of the following.

Ii a) x>+ 27

Solution
a) x> +27=x%+ 33
=(x+3)(x>—3x+9)
b) 16y° — 250 = 2(8y> — 125)
=2[(2y)’ - 5°]
=2(2y — 5)(4y> + 10y + 25) p—

Not all polynomials can be factored into polynomials with integer coef-
ficients. An example is x> — x + 7. There are no real factors of 7 whose sum
is —1.In such a case we say that the polynomial is “not factorable,” or prime.

I
I CONNECTING THE CONCEPTS
A STRATEGY FOR FACTORING

A. Always factor out the largest common factor first.
B. Look at the number of terms.
Two terms: Try factoring as a difference of squares first. Next, try

factoring as a sum or a difference of cubes. Do not try to factor a
sum of squares.

Three terms: Try factoring as the square of a binomial. Next, try
using the FOIL method or the grouping method for factoring a
trinomial.

Four or more terms: Try factoring by grouping and factoring out a
common binomial factor.

C. Always factor completely. If a factor with more than one term can itself
be factored further, do so.
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Factor out a common factor.

Exercise Set

Section R.4

Factor the difference of squares.

Factoring 29

1.
3.
5.

2x — 10
3x* — 9x?

40> — 12a + 16

7.a(b—2) + c(b—2)
8. a(x* —3) — 2(x* — 3)

LTy + 42
. 20y% — 59°
.61m% + 24n — 18

43. m* — 4
45.9x> — 25
47. 6x* — 6y?

49. 4xy* — 4xz?

51. 7pg* — 7py*

44.
46.
48.
50.
52.

z> — 81

16x* — 9

8a’ — 8b°
5x2y - 5yz4
25ab* — 25az*

Factor by grouping.

Factor the square of a binomial.

11.
13.
14.
15.
16.
17.
18.

9. x> + 3x* + 6x + 18

¥ oyi+3y-3

10.
12.

24x3 — 36x% + 72x — 108

54° — 104 + 25a — 50

@ —3a>—2a+6
2+ 62 — 2t — 12
X —x>—5x+5

X —x>—6x+6

3x° — x>+ 18x — 6

oy oy -2

53. 92 — 6y + 9
55.4z% + 12z + 9
57.1 — 8x + 16x°

59.a° + 244 + 144a
61.4p> — 8pq + 4q°

54.
56.
58.
60.
62.

x>+ 8x + 16

9z — 12z + 4

1 + 10x + 25x2
y> — 18y% + 81y
5a* — 10ab + 5b°

Factor the sum or difference of cubes.

Factor the trinomial.

19.
21.
23.
25.
27.
29.
31.
33.
35.
37.
39.
41.

pP+6p+8

x* + 8x + 12

t2 4+ 8t+ 15

x* = 6xy — 27}/2
2n2 — 20n — 48
yt — 4y’ — 21
20> + 9n — 56
12x2 + 11x + 2
4% + 15x + 9
292+ y—6

6a* — 29ab + 28b>
12a* — 4a — 16

20.
22.
24,

w2 — 7w+ 10
x>+ 6x+5

y2+ 12y + 27

L2 —2t— 15
.2a% — 2ab — 24b?
.mt — m? — 90
392+ 7y — 20
.6x% — 7x — 20
297+ 7y + 6
.20p° — 23p + 6

. 10m? + 7mn — 121

.12a> — 14a — 20

63.x° + 8 64. y° — 64

65.m> — 1 66. n° + 216
67.2y° — 128 68.8t° — 8

69.3a° — 244’ 70.250z* — 2z
7165 + 1 72.27x° — 8
Factor completely.

73. 18a’b — 15ab? 74. 4x*y + 12xy°
75.x° — 4x> + 5x — 20  76.z2° + 32> — 32— 9
77. 8x> — 32 78.6y> — 6

79. 4y* — 5 80. 16x% — 7

81. m> — 9n’ 82.25t> — 16

83. x% + 9x + 20 84.°+y—6
85.y2 — 6y + 5 86. x> — 4x — 21
87.2a> + 9a + 4 88.30° — b — 2
89.6x% + 7x — 3 90. 8x> + 2x — 15
91. y> — 18y + 81 92.n% + 2n + 1
93.92% — 24z + 16 94. 42 + 20z + 25
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95. x?y* — l4xy + 49 96. x’y* — 16xy + 64
97. 4ax* + 20ax — 56a 98.21x%y + 2xy — 8y
99.32° — 24 100. 4> + 108

101. 16a’b + 54ab’ 102. 24a’x* — 375a%x

103.y° — 39> — 4y + 12 104.p° — 2p*> — 9p + 18
105.x° — x> + x — 1 106. x°> — x> — x + 1

107. 5m* — 20 108. 2x% — 288

109. 2x° + 6x% — 8x — 24 110.3x° + 6x> — 27x — 54

111. 4¢? — 4cd + d° 112. 94> — 6ab + b?
113. m® + 8m® — 20 114. x* — 37x> + 36
115. p — 64p* 116. 125a — 8a*

Collaborative Discussion and Writing
117. Under what circumstances can A% + B? be factored?

118. Explain how the rule for factoring a sum of cubes
can be used to factor a difference of cubes.

Synthesis

Factor.

119. y* — 84 + 592 120. 11x* + x* — 80
121. y2 — & + 3y 122. 17 — o + 3t

123. x> + 3x + 7 124. x> — 5x + 2

2 1 2 2 1
125. 5% — x + 3 126. x> —3x + 3
127. (x + h)® — &° 128. (x + 0.01)> — x?

129. (y — 4)> + 5(y — 4) — 24
130.6(2p + q)*> — 5(2p + q) — 25

Factor. Assume that variables in exponents represent
natural numbers.

131. x*" + 5x" — 24

132. 4x*" — 4x" — 3

133. x> + ax + bx + ab

134. bdy? + ady + bcy + ac
135.25°™ — (x*" — 2x" + 1)
136. x% — 3t

137.(y — D' = (y— 1)
138.x% —2x° + xt — x? + 2x— 1
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30 Chapter R « Basic Concepts of Algebra

Determine the domain of a rational expression.

»  Simplify rational expressions.

*  Multiply, divide, add, and subtract rational expressions.
o Simplify complex rational expressions.

Rational
Expressions

A rational expression is the quotient of two polynomials. For example,

3 2 x> — 4
, and -
x“—4x—5

b

5 x—3

are rational expressions.
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The Domain of a Rational Expression

The domain of an algebraic expression is the set of all real numbers for
which the expression is defined. Since division by zero is not defined,
any number that makes the denominator zero is not in the domain of a
rational expression.

EXAMPLE 1 Find the domain of each of the following.

2 2 —
b) X 4

x—3 x> —4x—5

a)

Solution

a) Since x — 3 is 0 when x = 3, the domain of 2/(x — 3) is the set of all
real numbers except 3.

b) To determine the domain of (x*> — 4)/(x*> — 4x — 5), we first factor
the denominator:
x? — 4 . x> — 4
x> —4x—5 (x+1)(x—5)

The factor x + 1 is 0 when x = —1, and the factor x — 5 is 0 when
x = 5.Since (x + 1) (x — 5) = 0 when x = —1 or x = 5, the domain is
the set of all real numbers except —1 and 5. -

We can describe the domains found in Example 1 using set-builder
notation. For example, we write “The set of all real numbers x such that x
is not equal to 3” as

{x| x is a real number and x # 3}.

Similarly, we write “The set of all real numbers x such that x is not equal to
—1 and x is not equal to 5” as

{x|xis a real number and x # —1 and x # 5}.

Simplifying, Multiplying, and Dividing
Rational Expressions

To simplify rational expressions, we use the fact that

— —_ . — — 1 =

i
b-¢c b ¢ b b’
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9x> + 6x — 3
EXAMPLE 2 Simplify: ————
implify 125 — 12
Solution
9x% + 6x — 3 3(3x* +2x — 1)
12x* — 12 12(x? — 1)

3(x+1)(B3x— 1)

3 d(x+ D(x—1)
C3(x+ 1) 3x—1
T 3(x+ 1) 4(x—1)
3x — 1
T4(x— 1)
. 3x — 1
S 4(x— 1)

Factoring the numerator

and the denominator

Factoring the rational
expression
3x+1)
3(x+1)

Removing a factor of 1

Canceling is a shortcut that is often used to remove a factor of 1.

EXAMPLE 3 Simplify each of the following.
4% + 16x*

2—x
2x° + 6x* — 8x b)x2+x—6
Solution
4x3 + 16x* 22 x- x(x + 4) Factoring the numerator

26 + 6x2 — 8x  2-x(x+ 4)(x— 1)
22K x(x+14)
2 AxAE) (x— 1)

and the denominator

Removing a factor of 1:
2x(x +4) _

, 2x(x + 4)
X
_x—l
2—x 2 —Xx
b) . p =( T 3)( 2) Factoring the denominator
X X — X X —
o —Ux—2) 5 - - 2)
(x+3)(x—2) o
M) e factorof s ET 2 o 1
it 3) (—2) emoving a factor of 1: P
—1 1
= ,0r —

In Example 3(b), we saw that
2 —x 1
———— and —
x*+x—6 x+3

are equivalent expressions. This means that they have the same value for
all numbers that are in both domains. Note that —3 is not in the domain

of either expression, whereas 2 is in the domain of —1/(x + 3) but not in
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the domain of (2 — x)/(x*> + x — 6) and thus is not in the domain of both
expressions.

To multiply rational expressions, we multiply numerators and multi-
ply denominators and, if possible, simplify the result. To divide rational
expressions, we multiply the dividend by the reciprocal of the divisor and,
if possible, simplify the result—that is,

a

ac
= — and

< a a d_ad
b d bd b

<
d b ¢ bc

EXAMPLE 4 Multiply or divide and simplify each of the following.
x+ 4 x> =9

a .
) x—3 xX—x—2
b) Y1,y +y+1
y =1 y+2y+1
Solution
)x+4 ) (x +4)(x* —9)
a . =
x—3 x*—x—2 (x—3)(x*—x-2)
Multiplying the numerators and the denominators
(x+4)(x+ 3)(x—3) Factoring and
— 8
= _ removing a factor
(x—=3)(x—2)(x+ 1) R
of 1: =1
x—3
C(x+4)(x+3)
(x—2)(x+1)
b) y>’=1  y*+y+1 y =1 y*+2y+1  Multiplyingby

2 ) -2 2 the reciprocal
Y 1 y 2+l Y 1y +y+1 of the divisor
_ -yt
P -D+y+ 1)

DAy FD (D + 1)
(1) (=) (L tr 1)

Factoring and removing a factor of 1

=y+1 -

Adding and Subtracting Rational Expressions

When rational expressions have the same denominator, we can add or sub-
tract by adding or subtracting the numerators and retaining the common
denominator. If the denominators differ, we must find equivalent rational
expressions that have a common denominator. In general, it is most efficient
to find the least common denominator (LCD) of the expressions.
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34 Chapter R « Basic Concepts of Algebra

To find the least common denominator of rational expressions, factor
each denominator and form the product that uses each factor the
greatest number of times it occurs in any factorization.

EXAMPLE 5 Add or subtract and simplify each of the following.

x> —4x + 4 x+ 4
2x> —3x+1 2x—2

X 5
X2+ 1x+30  x2 + 9% + 20

a)

b)

Solution

xXX—4x+4  x+4

o —xt 1 2x-2
_ xP—4x+ 4 x+4
S (2x— D(x—1) * 20x— 1)

The LCDis (2x — 1)(x — 1)(2),0r 2(2x — 1) (x — 1).

Xt —4x+ 4 (2, x*t4 2x-1  Multiplyingeach
S 2x—1(x—1) 2 2(x—1) 2x—1  termbyltoget

a)

Factoring the denominators

the LCD
 2x*—8x+8 N 2x% + 7x — 4
2x—1)(x—1)(2) 2x—1)2x—1)
4x* —x+ 4 Adding th
= t t
2(2x — 1) (x — 1) g the€ numerators
X 5
b) — )
x“+ 1Ix+ 30 x*+ 9x+ 20
x > Factoring the

- (x+5)(x+6) B (x+5)(x+4) denominators
The LCDis (x + 5) (x + 6) (x + 4).
X x+ 4 5 x+ 6

C(x+5)(x+6) x+4 (x+5)(x+4) x+6
Multiplying each term by 1 to get the LCD

o x? + 4x B 5x + 30
(x+5)(x+6)(x+4) (x+5)(x+4)(x+6)
x? 4+ 4x — 5x — 30 Be sure to change the sign of every term
in the numerator of the expression

(x+5)(x+6)(x+4) being subtracted:

—(5x + 30) = —5x — 30
_ x> — x— 30
(x+5)(x+ 6)(x+ 4)

_ (xA475) (x — 6) Factoring and removing a
(xA475) (x + 6) (x + 4) factor of 1: x*s 1
x+5
. x—6
(x+6)(x+4) =
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Complex Rational Expressions

A complex rational expression has rational expressions in its numerator or
its denominator or both.

To simplify a complex rational expression:

Method 1. Find the LCD of all the denominators within the
complex rational expression. Then multiply by 1 using the LCD
as the numerator and the denominator of the expression for 1.

Method 2. First add or subtract, if necessary, to get a single
rational expression in the numerator and in the denominator.
Then divide by multiplying by the reciprocal of the denominator.

2|~
+
S

EXAMPLE 6 Simplify:

+
|-

Sl =

Solution

Method 1. The LCD of the four rational expressions in the numerator
and the denominator is a’b°.

1

7 313 Multiplying by 1
b o plying by
1

T 313 using ——
a b ga3b3

a? bz(h/l*/a) Factoring and removing a

(m)(bz — ba + az) factor of 1: bta =1
22 b+ a

a
b*> — ba + a?
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Method 2. We add in the numerator and in the denominator.

1 1 1 b 1 a .
—+E —'zﬁ‘z'—%TheLCDlsab.
a a a
1 1 1 b 1 a s
;-ﬁ-? ;'ﬁ'ﬁ‘ﬁ';%TheLCDISCI‘b'.
LA
_ab ab
E a’
a3
b+a
ab We have a single rational
== expression in both the numerator
b’ +a and the denominator.
a3b3
. b+ a . b’ Multiplying by the reciprocal
- ab B+ a3 of the denominator
(D @) () ()
(4) (B) (b+a) (b* — ba + a*)
a’b?
b> — ba + a?
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o |
Exercise Set

Find the domain of the rational expression.

Multiply or divide and, if possible, simplify.

(x> —4)(x+1)
(x+2)(x2—1)

7x* — 28x + 28
(x* — 4)(x*> + 3x — 10)
7x* + 1lx— 6
"x(x* — x— 6)

7.

3 5
1. —— 2.
4 8§ — x
3 3x — 3 15x — 10
Tx(x — 1) "2x(3x — 2)
x+5
"x2+4x—5

p) 2
x° — 1
o Xy 1
(x—y)7 x+y
lor—s 2 -2
rts (r—s)?
x? — 2x— 35 4x® — 9x
11. 3 5
2x” — 3x 7x — 49
x* +2x — 35 9x® — dx
12. 3 5
3x7 — 2x 7x + 49
@ —a—6 a>—2a—38
13. 5 )
a“—7a+ 12 a° — 3a— 10
—a—12 a+a—-6
14.

a2—6a+8.a2—2a—24
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Exercise

Section R.5 Rational Expressions
2 _ 2 _ a b
5, 2 — % . mor 36. +
r+s r+s a=b b—a
Note: b — a= —1(a — b).
16a2—b2;a+b ( ( ).
Tx—y x—y 37. x3 -3 y2
x — - 2x
173x+12;(x+4)2 oy
T2x -8 (x—4) 3804 24
3a —2b 2b— 3a
lsaz—a—2;a2—2a 9% + 2 ;
‘@?—a—-6 2a+ d 39. 2x >
3x°—2x—8 3x"+x—4
xz—yz'xz-f—xy—l—yz
19. 3y 2y
=yt X 2xy + P 40 -
x* =y x xy +y "2t 2 g, +
, , y 7y + 10 y 8y + 15
20,C2+8+62_2CI4 a1 5a n ab N 4b
o4 Cmdetd ‘a—-b a—-b a+b
2 2
X — -z x—y+z
51 ¢ y)2 M b o 82 3 5
(x+y) =2z x+ty—z ‘a—b b—a @ — b
@t D=9 a-b-3 7 x+8 )
(@a—b’*-9 a+b+3 43"'x+2_4—xz 4 — 4x + x*
Add or subtract and, if possible, simplify. 6 x+ 4 2% — 3
44, —
5 1 10 4 — 52 _ 2
23. > + — 24 — — = x+3 9—x 9 —6x+ x
2x  2x 9y 9y 1 X 2+
’5 3 2a 26a—3b a+ 5b 45°x+1+2—x+x2—x—2
‘2a+3 2a+3 “a+b a+b x—1 x+1 x-—6
46. - —
5 3 12 5 x—2 x+2 4-—x*
27— — = 28. 5 + —
4z 8z Xy o xy Simplify.
3 2 x*—y? a—b
29. - u
x+2 x"—4 Xy b
47.x_ 48.m
0.0 2 Y
a—-3 -9 y ab
x a b
T S o
P oy=20 y+4 19,2 50.
1 1 1 1
6 5 -t -7
32.— - y X a b
y+6y+9 y+3 g
a
3 x—5 ct—> a- -
33. + 222 51 € 5 b
x+y x"—y : B . b
5 1+ — b——
a” + 1 a—1 c a
34— —
a—1 a+1 2 b2
2 2 0T
y 2 X +xyty b a
—— + — 53. 54.
35)/—1+1—y X_Z_yz a* — ab + b?
(Note: 1 — y=—1(y — 1).) y x
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a—a! x L4yt
5. ——— 56— ——;
a+a x 7ty
1 2 5 3
+ —_
x—3 x+3 x+1 x—2
57, ——MMMMM™M™ 58, —M8M8™
3 4 1 2
— +
x—1 x+2 x—5 x+2
a 1+a 1 —x X
+
1—a a X 1+ x
59, —M8M8¥ 60.
1—a a 1+ x X
+ +
a 1+a X 1 —x
1+2+1 1 1
a*  ab b x* 2
61, ——— 62.
1 1 1 2+1
at b * xy y?

Collaborative Discussion and Writing

63. When adding or subtracting rational expressions, we
can always find a common denominator by forming
the product of all the denominators. Explain why it
is usually preferable to find the least common
denominator.

64. How would you determine which method to use for
simplifying a particular complex rational expression?

Synthesis
Simplify.
11
P C Rt e Xt x
) h ) h
Lo
o X P C R
h h
x+1 5
+1
-1 1
69. 70.1 +
x+1 1
-1 1+
x—1 1
1+
1
1+ —
X

Perform the indicated operations and, if possible,
simplify.

nn+1)(n+2) N (n+1)(n+2)

71
2-3 2
7 n(n+1)(n+2)(n+3)+(n+1)(n+2)(n+3)
) 2-3-4 2-3
x> =9 5x2—15x+45 x*+«x
73. = P
x° + 27 x“—2x—3 4 + 2x
?+2x—3 x*—1 2x + 1
74. >

C—x—12 x*—16 x>+2x+1
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38 Chapter R « Basic Concepts of Algebra

»  Simplify radical expressions.

* Rationalize denominators or numerators in rational expressions.
* Convert between exponential and radical notation.

»  Simplify expressions with rational exponents.

Radical Notation
R A number cis said to be a square root of aif c> = a. Thus, 3 is a square root
and Ratlonal of 9, because 3% = 9, and —3 is also a square root of 9, because (—3)* = 9.
EXPO“ ents Similarly, 5 is a third root (called a cube root) of 125, because 5% = 125. The
number 125 has no other real-number cube root.
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nth Root

A number cis said to be an nth root of aif ¢" = a.

The symbol Va denotes the nonnegative square root of a, and the sym-
bol ¥ a denotes the real-number cube root of a. The symbol \/a denotes
the nth root of a, that is, a number whose nth power is a. The symbol Vs
called a radical, and the expression under the radical is called the radicand.
The number n (which is omitted when it is 2) is called the index. Examples
of roots for n = 3, 4, and 2, respectively, are

V125, V16, and V/3600.

Any real number has only one real-number odd root. Any positive
number has two square roots, one positive and one negative. Similarly, for
any even index, a positive number has two real-number roots. The posi-
tive root is called the principal root. When an expression such as V4 or

6/5% : o . .
V23 is used, it is understood to represent thi(#)ﬂnapal (nonnegative)
root. To denote a negative root, we use —V4, —V/23, and so on.

% EXAMPLE 1 Simplify each of the following.

a) V36 b) —V36 ) V=8
Grl_all&her 5
d) \— e) V16
243
Solution

a) V36 = 6, because 6> = 36.
b) —V/36 = —6, because 6> = 36 and —(V/36) = —(6) = —6.
c) V=8 = —2,because (—2)° = —8.

32 2 2V 20 32
d) 5—=—,because | ===
243 3 3 3% 243

e) V=16 is not a real number, because we cannot find a real number that
can be raised to the fourth power to get —16. -

We can generalize Example 1(e) and say that when a is negative and n
is even, \/a is not a real number. For example, V=4 and V/ —81 are not
real numbers.

We can find V36 and —V/36 in Example 1 using the square-root
feature on the keypad of a graphing calculator, and we can use the cube-root
feature to find W/ —8. We can use the xth-root feature to find higher roots.

V(36) 3V(-8)

-V (36) 5%V/(32/243) » Frac

2/3
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I Stud y Ti P When we try to find ¥/ —16 on a graphing calculator set in REAL mode,
we get an error message indicating that the answer is nonreal.

The keystrokes for entering the
radical expressions in Example 1 on
a graphing calculator are found in
the Graphing Calculator Manual
that accompanies this text.

EBQuit
2: Goto

416 |

ERR:NONREAL ANS |

Simplifying Radical Expressions

Consider the expression V (—3)2. This is equivalent to \/§, or 3. Similarly,
V/32 = \/9 = 3. This illustrates the first of several properties of radicals,
listed below.

Properties of Radicals

Let a and b be any real numbers or expressions for which the given
roots exist. For any natural numbers m and n (n # 1):

1. If nis even, V an = |a.
2. If nis odd, \Va' = a.
3. Va-Vb=Vab.

n
nl a a

=

(b#0).

EXAMPLE 2 Simplify each of the following.
a) V(-5)? b) V(-5) o Va-Vs5  d) V50

V72 3 x?

Y= £) Vg5 \V216x5y3 h bl
e) Ve ) V38 ) 6x>y ) T
Solution

a) V(—5)2=|-5/=5  UsingProperty 1

b) V(=53 = -5 Using Property 2

) V4-\V/5=~/4-5="20  UsingProperty 3

d) V50 =V25-2=V25-V2=5V2  Using Property3

V72 72
e) —— = — Using Property 4
Ve 6
=V12=V4-3=V4-\V3 Using Property 3
=2V3
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Section R.6 - Radical Notation and Rational Exponents 41

f) % = (%)5 Using Property 5
=2 =32
g) V216x53 =V36-6-x4-x-y2-y
= \/W‘l}/2 \/@ Using Property 3

= |6x2y| V 6xy Using Property 1
= 6x2| y[V6xy 6x” cannot be negative, so absolute-

value signs are not needed for it.

h) \/? x Using P ty 4
— = = S1n. roper
16 % g Property
||

=— Using Property 1
4 -

In many situations, radicands are never formed by raising negative
quantities to even powers. In such cases, absolute-value notation is not re-
quired. For this reason, we will henceforth assume that no radicands are
formed by raising negative quantities to even powers. For example, we
will write Vx2 = x and Va5b = aV/ ab.

Radical expressions with the same index and the same radicand can
be combined (added or subtracted) in much the same way that we combine
like terms.

EXAMPLE 3 Perform the operations indicated.

a) 3V8x2 — 5V2x2
b) (4V3 +V2)(V3 - 5V2)

Solution
a) 3V8x2 — 5V2x2 =3V4x2 -2 — 5Vx2 -2
=3-2xV2 — 5x\V2
= 6xV2 — 5xV2
= (6x — Sx)\/i Using the distributive property
= xV2
b) (4V3 +V2)(V3 - 5V2) = 4(V3)" — 20V6 + V6 — 5(V2)

Multiplying
=4-34+(=20+1)V6—-5-2
=12 - 19V6 — 10
=2-19V6 —
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An Application

The Pythagorean theorem relates the lengths of the sides of a right triangle.
The side opposite the triangle’s right angle is called the hypotenuse. The
other sides are the legs.

The Pythagorean Theorem

The sum of the squares of the lengths
of the legs of a right triangle is equal c
to the square of the length of the
hypotenuse:

a? + b =%

EXAMPLE 4 Surveying. A surveyor places poles at points A, B, and Cin
order to measure the distance across a pond. The distances AC and BC are
measured as shown. Find the distance AB across the pond.

47 yd

Solution  We see that the lengths of the legs of a right triangle are given.
Thus we use the Pythagorean theorem to find the length of the hypotenuse:
t=a*+ 1’
c=Va+ b2 Solving for ¢
= \V/252 + 472

‘ V(252+472)

= V625 + 2209
53.23532662] —\/2834

~ 53.2.

The distance across the pond is about 53.2 yd. -

Rationalizing Denominators or Numerators

There are times when we need to remove the radicals in a denominator or a
numerator. This is called rationalizing the denominator or rationalizing
the numerator. It is done by multiplying by 1 in such a way as to obtain a
perfect nth power.
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EXAMPLE 5 Rationalize the denominator of each of the following.

3 V7
a) ? b) 3—9
Solution

Pairs of expressions of the form aVb + ¢Vd and aVb — ¢V d are
called conjugates. The product of such a pair contains no radicals and can
be used to rationalize a denominator or a numerator.

EXAMPLE 6 Rationalize the numerator: @/ .

Video | Solution
\/;C_\/;’:\/;C_\/;’.\/J—C"‘\/;’ The conjugate of \V'x — Vy

5 5 \/Q—C+\/)_/ iS\/;C‘i‘\/;.
2 2
=—(\S/—f/)}+&//_§) (A+ B)(A— B) = A% — B?
X~y

5Vx + 5Vy =

Rational Exponents

We are motivated to define rational exponents so that the properties for inte-
ger exponents hold for them as well. For example, we must have

1/2 172 a1/2+1/2

a s a =a1=a.

Thus we are led to define a'/? to mean Va. Similarly, a" would mean

Va. Again, if the laws of exponents are to hold, we must have
(al/n)m — (am)l/n — am/n

Thus we are led to define a™" to mean V a™, or, equivalently, (%)m
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Rational Exponents
For any real number a and any natural numbers m and n, n = 2, for

. n .
which V4 exists,

a/" = \/q,

a"n =\ gm = (\n/_a)m, and
1

—ml/n _

a "= am/n‘

We can use the definition of rational exponents to convert between
radical and exponential notation.

EXAMPLE 7 Convert to radical notation and, if possible, simplify each of
the following.

a) 73/4 b) 8—5/3
C) m1/6 d) (_32)2/5
Solution
a) 774 =73, or (%)3
1 1 1 1
b 8*5/3 [ — —_ =
) 85/3 (,\3/§>5 25 32
¢ m’® = m
d) (—32)¥5 =~/(—32)2=V1024 =4, or
(—32)5 = (V=32)" = (-2)* =4 —
EXAMPLE 8 Convert each of the following to exponential notation.
a) (\/4 7xy)5 b) V3
Solution
a) (V7xy)” = (729"
b) Va3 = 530 = x1/2 -

We can use the laws of exponents to simplify exponential and radical
expressions.

EXAMPLE 9 Simplify and then, if appropriate, write radical notation for

each of the following.

a) x7°- x?P b) (x + 3)%%(x +3) 12

) VN7

Solution

a) x06 . 523 = SI6F25 — (906 — (32 _ \/33 = \/xZ\/x = x\Vx

b) (x + 3)°2(x + 3)"2 = (x + 3)*712 = (x + 3)?

0 13/_\/§ — /712 = (71/2)1/3 = 716 = ~§/7 —
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We can add and subtract rational exponents on a graphing calculator.
The FRAC feature from the MATH menu allows us to express the result as a
fraction. The addition of the exponents in Example 9(a) is shown here.

5/6+2/3»Frac
3/2

EXAMPLE 10 Write an expression containing a single radical: a'/25>°.
Ii Solution a1/2b5/6 — a3/6b5/6 — (a3b5)1/6 — Y B35 —

Video
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Exercise

Exercise;

Simplify. Assume that variables can represent any real

Radical Notation and Rational Exponents

number.

1. V(-11)2 2.V(-1)2
3.V16y2 4.\V/3612
5 V(b + 1) 6.V (2c — 3)2
7.V =27x3 8.V —8y3
9. V/81x8 10. V16212

11. V32 12. V=32

13. V180 14. V48

15. V72 16. V250

17. V/54 18.V/135

19. V'128¢2d*4
21. V/48x6y4
23.Vx2 —4x + 4

20. V'162¢4d6
22.V/243m5n10
24.\V/x2 + 16x + 64

Simplify. Assume that no radicands were formed by
raising negative quantities to even powers.

25. V10 V30

26. V28 V14

27. V12 V33
29. V2x3y V12xy
31. V/3x2y V/36x

33.V2(x + 4) Va(x + 4)

28. V15 V35
30. V3y4z V20z
32. V/8x3y4 Vaxty

34. V4(x + 1)2 V18(x + 1)

-
35.
64

3

:

40m
\/3 5m
/32

v/ 24x5

37.

;

9.

(@)}
S

4a
2703

41.+

7x3
43.4 =
36y

45.9\/50 + 6\V2
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46 Chapter R Basic Concepts of Algebra

46.11V27 — 4V3

47.6\V20 — 4V45 + /30
48.2V/32 + 3V8 — 418

49. 8V 2x2 — 6V20x — 5V8x2
50. 2V/8x2 + 5V/27x2 — 3\Vx3

51 (V3 = V2) (V3 + V2)
52. (V8 + 2V5) (V8 — 2V/5)
53.(2V3 + V5) (V3 - 3V/5)
54. (V6 — 4V7)(3V6 + 2V7)
55. (1 + V3)

56. (V2 — 5)°

57. (V5 — Ve )

58. (V3 + V2 )

59. Distance from Airport. An airplane is flying at an
altitude of 3700 ft. The slanted distance directly to
the airport is 14,200 ft. How far horizontally is the
airplane from the airport?

AR e o oo

— b

60. Bridge Expansion. During a summer heat wave, a
2-mi bridge expands 2 ft in length. Assuming that
the bulge occurs straight up the middle, estimate
the height of the bulge. (In reality, bridges are built
with expansion joints to control such buckling.)

61. An equilateral triangle is shown below.

%/_/%/_/
a
2

IR

a) Find an expression for its height % in terms of a.
b) Find an expression for its area A in terms of a.

62. An isosceles right triangle has legs of length s. Find
an expression for the length of the hypotenuse in
terms of s.

63. The diagonal of a square has length 8V/2. Find the
length of a side of the square.

64. The area of square PQRS is 100 ft2, and A, B, C,
and D are the midpoints of the sides. Find the area
of square ABCD.

p B Q
A c
S D R

Rationalize the denominator.

2 3
65.\/: 66.4/—

3 7
67ﬂ 68\3/;
WVa /25

16 3
69.+ — 70.+ —

9 5
71— 72—
3+1V5 V3 -1
; 1-\V2 - V5 + 4
2V3 - Ve V2 +3V7
s 6 3
"V - Vn Vv + Vw
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Exercise

Exercise

Rationalize the numerator.

Section R.6

Radical Notation and Rational Exponents

47

Write an expression containing a single radical and

simplify.
117. V6 V2 118. V2 V8

119. Vxy Vx2y

121. Va*Vad

123, Via + %3 V(a + x)?
Va+x

4 Vix+ y2Vx+y

Ny

120. ¥ ab? \ab
122. Va3V a2

12

V12 V50
77. —— 78. ——
5 3
7 2
79.\3/: 80.+ —
2 5
g V11 o V5
BAVE) V2
9 -5 8 — V6
83, ——— 84, ——
3-V3 5-12
Va+ Vb Vp —Vq
85 ———— 86—
3a 1+ Vg
Convert to radical notation and simplify.
87. x*4 88. y¥°
89. 1674 90. 472
91.125 /3 92,3245

93. a5/4b—3/4

95. m5/3n7/3

94, x2/5)/_1/5

96. p7/6ql 1/6

Convert to exponential notation.

97. (V13)° 98. V173

99. V/202 100. (V/12)*
101. V11 102. V/7
103. V5 V/5 104. V2 V2
105. /322 106. /642

Simplify and then, if appropriate, write radical notation.

108. (3a°'°) (84*?)

X213 \112
110. | —
4y

al/2b5/8

107. (2a*?) (4a'?)

109 x6 1/2
“\op4

x2/3y5/6
. x71/3y1/2

111 112

: a1/4b3/8

113. (m'2n™/2)%3 114, (x53y1/3,2/3)3/5

Collaborative Discussion and Writing

125. Explain how you would convince a classmate
that Va + b is not equivalent to Va + Vb, for

positive real numbers a and b.

126. Explain how you would determine whether
10V26 — 50 is positive or negative without
carrying out the actual computation.

Synthesis
Simplify.
1
127. V1 + x2 + ——
~ V1 + x2
V1 - x2 x
128. V1 — x2 — ———
* 2V1 — x2

129. (VaVa)Va

130. (2a3b5/4C1/7)4 - (54a_2h2/3c6/5)_1/3
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48 Chapter R « Basic Concepts of Algebra

The Basics of
Equation Solving

Solve linear equations.
Solve quadratic equations.

An equation is a statement that two expressions are equal. To solve an equa-
tion in one variable is to find all the values of the variable that make the
equation true. Each of these numbers is a solution of the equation. The set
of all solutions of an equation is its solution set. Equations that have the
same solution set are called equivalent equations.

Linear and Quadratic Equations

A linear equation in one variable is an equation that is equivalent
to one of the form ax + b = 0, where a and b are real numbers and
a # 0.

A quadratic equation is an equation that is equivalent to one of

the form ax®> + bx + ¢ = 0, where 4, b, and c are real numbers and
a # 0.

The following principles allow us to solve many linear and quadratic
equations.

Equation-Solving Principles
For any real numbers a, b, and ¢,

The Addition Principle: If a = bis true,thena + c=b + ¢
is true.

The Multiplication Principle: 1f a = b is true, then ac = bc
is true.

The Principle of Zero Products: It ab = 0 is true, then a = 0 or
b=0,andif a = 0or b = 0, then ab = 0.

The Principle of Square Roots: If x> = k, then x = Vk or
x=—-Vk

First we consider a linear equation. We will use the addition and multi-
plication principles to solve it.
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EXAMPLE 1 Solve:2x + 3 =1 — 6(x — 1).

Solution We begin by using the distributive property to remove the
parentheses.

2x+3=1-6(x—1)

2x+3=1—6x+6 Using the distributive property
2x +3 =7 — 6x Combining like terms
8x+3=7 Using the addition principle to add 6x on
both sides
8x =14 Using the addition principle to add —3, or
subtract 3, on both sides
_ i Using the multiplication principle to
x 8 multiply by é, or divide by 8, on both sides
1
X = ? Simplifying

We check the result in the original equation.

CHECK: 2x+3=1—-6(x—1)

T
2- % +3 1~ 6(% - 1) Substituting ; for x
1+3 | 1-6(-13)
4 1+ 3
4 4 TRUE

The solution is % -

Now we consider a quadratic equation that can be solved using the prin-
ciple of zero products.

EXAMPLE 2 Solve: x* — 3x = 4.
Solution  First we write the equation with 0 on one side.
x?—3x=4
x?—3x—4=0 Subtracting 4 on both sides
(x+1)(x—4)=0 Factoring

x+1=0 or x—4=0 Using the principle of
zero products

x=-—-1 or x=4
CHECK: For —1: For 4:

x?—3x=4 x?—3x=4

T -1

(-1 —=3(—1) 2 4 42 —-3-47?4

1+3 16 — 12
4 | 4 TRUE 4 |4 TRUE

The solutions are —1 and 4. -
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The principle of square roots can be used to solve some quadratic equa-
tions, as we see in the next example.

EXAMPLE 3 Solve: 3x2 — 6 = 0.

Solution  We will use the principle of square roots.

3x2 = 6=0
3x> =6 Adding 6 on both sides
xr=2 Dividing by 3 on both sides to isolate x>

x=V2 or x=-V2 Using the principle of square roots

Both numbers check. The solutions are V2 and —V/2, or =V2 (read “plus
or minus V27). -
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= |
Exercise Set

Solve. 3l.x* — 8x=0 32t —9t=0
L.ox =15 =145 2 4x—7 =8l 3397 + 6y +9=10 3.7 +4n+4=0
Exercises| | 3.5x — 10 =45 4.6x—7=11 35. x% + 100 = 20x 36.y> + 25 = 10y
59t + 4= -5 6.5x+7=—13 37.x* —4x—32=0 38. 12 + 12t + 27 =0
J.8x 4 48 =3k — 12 8.15x + 40 = 8x — 9 39.3)2 + 8y +4=0 40.9y> + 157+ 4=0
9.7y — 1 =123 — 5y 10.3x — 15 =15 — 3x 41. 1222 +z=6 42.6x> — 7x =10
11.3x — 4 =5 + 12x 12.9t — 4 = 14 + 15¢ 43.12a° — 28 = 5a 44.21n* — 10 =n
13.5 —4a=a— 13 14.6 — 7x=x — 14 45. 14 = x(x — 5) 46.24 = x(x — 2)
15.3m—7=—13+m 16.5x — 8§ =2x— 8 47.x* — 36 =0 48.9> —81=0
17.11 — 3x = 5x + 3 18.20 — 4y = 10 — 6y 49. 72 = 144 50. t> = 25
19.2(x +7) =5x+ 14 20.3(y+4) =8y 51.2x* — 20 =0 52.3y2 = 15 =0
21.24 = 5(2t + 5) 22.9 = 4(3y — 2) 53.62° — 18 =0 54,5x> — 75 =0
23.5y — (2y — 10) =25 24.8x — (3x — 5) = 40

25.
26.
27.
28.
29.

7B3x+6) =11 — (x + 2)

9(2x +8) =20 — (x + 5)

43y — 1) —6=5(y + 2)

32n—5) —7=4(n—9)

x>+ 3x—28=0

30.

yP— 4y —45=0

Collaborative Discussion and Writing

55. When using the addition and multiplication
principles to solve an equation, how do you
determine which number to add or multiply by on
both sides of the equation?

56. Explain how to write a quadratic equation with

solutions —3 and 4.
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Synthesis 61. (5x% + 6x)(12x> = 5x—2) =0
Solve. 62. (3x> + 7x — 20) (x> — 4x) =0
57.3[5 — 3(4 — t)] — 2 =5[3(5¢t — 4) + 8] — 26 63.3%7 + 622 — 27x — 54 = 0
58.6[4(8 — y) = 5(9 +3y)] — 21 = 64.2x> + 6x% = 8x + 24

—7[3(7 + 4y) — 4]
59. x —{3x — [2x — 5x— (7x— 1))} =x+ 7

60.23 — 2[4 +3(x— 1)] + 5[x — 2(x + 3)] =
H{x—2[5— (2x+ 3)]}
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Chapter R Summary and Review !

Important Properties and Formulas

Properties of the Real Numbers

Commutative:

Associative:

Additive Identity:
Additive Inverse:

Multiplicative Identity:

Multiplicative Inverse:

Distributive:

a+b=>b+ g
ab = ba

a+ (b+c¢=
(a+b)+ ¢
a(bc) = (ab)c
at0=0+a=a

—a+a=
at(—a)=0
a-1=1-a=a
1 1
a-—=—-a=1
a a
(a##0)

a(b+ ¢) = ab + ac

Absolute Value

For any real number a,

a,
|a] = {
—a

ifa=0,
ifa < 0.

Properties of Exponents

For any real numbers a and b and any integers m
and #, assuming 0 is not raised to a nonpositive
power:

The Product Rule:  a™ - a" = a™"

m
The Quotient Rule: a_n =a"" (a#0)
a
The Power Rule: (@™t = g™
Raising a Product to a Power: (ab)™ = a™b™

Raising a Quotient to a Power:
a\" a”
b b"

Compound Interest Formula

ri’lt
A=P|1+—
n

(b#0)
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Special Products of Binomials
(A + B? = A> + 2AB + B?
(A — B)> = A> — 2AB + B?
(A+ B)(A — B) = A> — B?

Sum or Difference of Cubes
A+ B*=(A+ B)(42 — AB+ B
A* — B>=(A— B)(4* + AB + B?)

Properties of Radicals

Let a and b be any real numbers or expressions for
which the given roots exist. For any natural
numbers m and n (n # 1):

If n is even, \ a" = |al.
If nis odd, Va" = a.

Va- Vb= ab.
n 61_%
R (b#0)

Rational Exponents

For any real number a and any natural numbers m
and n, n = 2, for which V a exists,

alln = \n/—

a"" =/ qgm = (%)m, and
1

—m/n _

a "= am/n

Pythagorean Theorem

a? + b? = ¢?

Equation-Solving Principles

The Addition Principle: 1f a = b is true, then
a+ c= b+ cistrue.

The Multiplication Principle: If a = bis true,
then ac = bc is true.

The Principle of Zero Products: 1f ab = 0 is
true,thena = 0or b = 0,and if a = 0 or
b= 0, then ab = 0.

The Principle of Square Roots:  If x*> = k, then
x=Vkorx=-Vk
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Review Exercises I

Answers for all of the review exercises appear in the
answer section at the back of the book. If you get an

incorrect answer, return to the section of the text
indicated in the answer.

In Exercises 1—6, consider the numbers —43.89, 12, —3,

~1V7,V10, -1, -4, 72, —19, 31, 0.

1. Which are integers?

2. Which are natural numbers?

3. Which are rational numbers?

4. Which are real numbers?

5. Which are irrational numbers?

6. Which are whole numbers?

7. Write interval notation for {x| —3 = x < 5}.
Simplify.

8.|—3.5] 9.|16]

10. Find the distance between —7 and 3 on the
number line.

Calculate.

3t — (6 —7)*
11.5° — [2(42 — 32— 6)]° IZ'W
Convert to decimal notation.
13.3.261 X 10° 14.4.1 X 1074
Convert to scientific notation.
15.0.01432 16. 43,210

Calculate. Write the answer using scientific notation.

2.5 %X 1078
"32 %108

18. (8.4 X 10717) (6.5 X 10719)

Simplify.
54x0y 472
19. (7a°b*) (—2a~*p° 20, ———
(7a°b*) (=2a7b”) oxy2
21.V/81 22.V/ =32

Chapter R « Review Exercises

2 2

b—a! ” 7 X
‘a— bt 'yz—xy+x2

25. (V3 = V7) (V3 + V7)
26. (5x* — V2)?

23

25
27.8V5 + —
V5

28. (x + 1) (x* — xt + 2)
29. (5a + 4b) (2a — 3b)

30. (5xp* — 7xy* + 4x* — 3) —
(=3xp* + 2xy% — 2y + 4)

Factor.
3. +2x2 —3x— 6

32. 124> — 27ab*

33, 24x + 144 + x?
34, 9x° + 35x% — 4x
35.8x% — 1

36.27x° + 125y°
37.6x° + 48

38.4x° — 4x? — 9x + 9
39.9x% — 30x + 25
40.18x*> — 3x + 6

41. %> —ab— 6

42. Divide and simplify:

32 —12 x—2
X4 dx+4 x+2°

43, Subtract and simplify:

X 4
X2+ 9x+20 xX+7x+12°
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Write an expression containing a single radical.
45 Via+ b3 Va+tb

4.5 V/y2
Y Via+ by
46. Convert to radical notation: b”"°.

47. Convert to exponential notation:

8 m32n16
3

48. Rationalize the denominator:
Vx-Vy
Vx+Vy'

49. How long is a guy wire that reaches from the top of
a 17-ft pole to a point on the ground 8 ft from the
bottom of the pole?

Solve.
50.2x —7=7

51.5x —7=3x—9
52.8 — 3x= —7 + 2x
53.6(2x — 1) = 3 — (x + 10)
54, y> + 16y + 64 = 0

55. x> — x = 20

56.2x* + 1lx — 6 =0
57.x(x —2) =23

58. 92 — 16 = 0

59.7n> — 7 =0

Collaborative Discussion and Writing

60. Anya says that 15 — 6 <+ 3 - 4 is 12. What mistake is
she probably making?

61. A calculator indicates that 42! = 4.398046511 X 10'2.

How can you tell that this is an approximation?

Synthesis

Mortgage Payments.  The formula
r r\
12 12
P —_—
r n
1+—] -1
12

gives the monthly mortgage payment M on a home loan
of P dollars at interest rate r, where n is the total
number of payments (12 times the number of years).
Use this formula in Exercises 62—65.
62. The cost of a house is $98,000. The down payment
is $16,000, the interest rate is 6% %, and the loan
period is 25 yr. What is the monthly mortgage
payment?

63. The cost of a house is $124,000. The down payment
is $20,000, the interest rate is 5% %, and the loan
period is 30 yr. What is the monthly mortgage
payment?

64. The cost of a house is $135,000. The down payment
is $18,000, the interest rate is 7% %, and the loan
period is 20 yr. What is the monthly mortgage
payment?

65. The cost of a house is $151,000. The down payment
is $21,000, the interest rate is 6% %, and the loan
period is 25 yr. What is the monthly mortgage
payment?

Multiply. Assume that all exponents are integers.
66. (x" + 10) (x" — 4)

67. (1 + t7)?

68. (yb — ZC)(yb + 29
69. (a" — b")?

Factor.

70. y*" + 16y" + 64

71. x* — 3x' — 28

72. " — m"
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Chapter R Test

1. Consider the numbers
-8, %, V15, 0, —5.49, 36, V/7, 10%.

a) Which are integers?

b) Which are rational numbers?

¢) Which are rational numbers but not integers?
d) Which are integers but not natural numbers?

Simplify.
14
2. 5 3.(19.4| 4. |—1.2xy|

5. Write interval notation for {x| —3 < x < 6}. Then
graph the interval.

. Find the distance between —7 and 5 on the
number line.

7. Calculate: 32 ~2° — 12 + 4 - 3.
8. Convert to scientific notation: 0.0000367.
9. Convert to decimal notation: 4.51 X 10°.
10. Compute and write scientific notation for the
answer:
2.7 X 10*
3.6 X 1073
Simplify.
11.x 8- x° 12. (2p2)*(3y%)?

13. (=3a°b™ %) (547 'b%)

14. (3x* — 2x? + 6x) — (5x° — 3x* + x)

Chapter R Test 55
jﬁ
Factor.
23.92 — 3y — 18
24. x> + 10x% + 25x
25.2n° + 51 — 12
26. 8x% — 18
27.m° — 8
28. Multiply and simplify:
X2+ x—6 x? — 25
xP+8x+ 15 x> —4x+ 4
29. Subtract and simplify: —— >
. Subtract and simplify: — .
P x2—1 x>+ 4x—5
. . . 5
30. Rationalize the denominator: ———.
7-V3
517

31.
32.
33.

So
34

35
36
37

Convert to radical notation: ¢t
Convert to exponential notation: (\5/7)3

How long is a guy wire that reaches from the top of
a 12-ft pole to a point on the ground 5 ft from the
bottom of the pole?

lve.

LTx — 4 =24
By—=5)+6=8—(y+2)
2% +5x+3=0

22— 11=0

Synthesis

38.

15. (x + 3)(2x — 5) 16. (2y — 1)°
x_
17. = 18. V54
x+y
19. V40 20.3V75 + 2V27
21.V18 V10 22.(2+ V3)(5 - 2V3)

Multiply: (x — y — 1)%
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13
14
15
1.6
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Introduction to Graphing

Functions and Graphs

Linear Functions, Slope, and Applications
Equations of Lines and Modeling

More on Functions

The Algebra of Functions

Symmetry and Transformations
SUMMARY AND REVIEW

fEST,

verseas adoptions by U.S. parents have
increased by more than 200% from
1992 to 2002. In 1992, 6472 visas were
issued to orphans from other countries. In 2002,

20,099 visas were issued. Find the average rate of
change in the number of overseas adoptions over the
10-year period. (Source: National Adoption Informa-
tion Clearinghouse)

This problem appears as Exercise 39 in Section 1.3.
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Plot points.

* Determine whether an ordered pair is a solution of an equation.

* Graph equations.

*  Find the distance between two points in the plane and find the midpoint
of a segment.

* Find an equation of a circle with a given center and radius, and given an
equation of a circle, find the center and the radius.

*  Graph equations of circles.

Graphs

Graphs provide a means of displaying, interpreting, and analyzing data in a
visual format. It is not uncommon to open a newspaper or magazine and en-
counter graphs. Examples of bar, circle, and line graphs are shown below.

Land Mines jn Afghanistan

Where land mines are found in Afghanistan:
Agricultural :
land

apolis Lj .
Mlm-MKvlratho:,fe 200 Festiva]

ﬂ ndian

Number of Participgptg

Roads 25000 .........
Residential/ 1% 1%~ g1 20000 |....
areas .I
Irrigation 15000
systems 10090
Sources: United Nations; i 0
; Land itor: ol
hOWStuffworks.co n? mine Monitor; 5000 ..., .
0L ¥
77 )sq - -
¥ - Yeary, ik fo-§103
" ¥
L

Many real-world situations can be modeled, or described mathemati-
cally, using equations in which two variables appear. We use a plane to
graph a pair of numbers. To locate points on a plane, we use two perpen-
dicular number lines, called axes, which intersect at (0,0). We call this
point the origin. The horizontal axis is called the x-axis, and the vertical
axis is called the y-axis. (Other variables, such as a and b, can also be used.)
The axes divide the plane into four regions, called quadrants, denoted by
Roman numerals and numbered counterclockwise from the upper right.
Arrows show the positive direction of each axis.

Each point (x, y) in the plane is described by an ordered pair. The first
number, x, indicates the point’s horizontal location with respect to the
y-axis, and the second number, y, indicates the point’s vertical location with
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respect to the x-axis. We call x the first coordinate, x-coordinate, or ab-
scissa. We call y the second coordinate, y-coordinate, or ordinate. Such a
representation is called the Cartesian coordinate system in honor of the
French mathematician and philosopher René Descartes (1596—1650).

In the first quadrant, both coordinates of a point are positive. In the
second quadrant, the first coordinate is negative and the second is positive.
In the third quadrant, both coordinates are negative, and in the fourth
quadrant, the first coordinate is positive and the second is negative.

y EXAMPLE 1 Graph and label the points (—3,5), (4,3), (3,4), (—4,—2),

(—3,5) 5 (3) _4)> (03 4)) (_3> O)) and (0) 0)
0, 3, . .

PR SR Solution  To graph or plet (—3,5), we note that the x-coordinate, —3,

z (4,3) tells us to move from the origin 3 units to the left of the y-axis. Then we

| move 5 units up from the x-axis.* To graph the other points, we proceed
(3,0 (0, O)ﬂ in a similar manner. (See the graph at left.) Note that the point (4,3) is
AT 2342 % different from the point (3,4). -
(-4-2)

" S Solutions of Equations

5

Equations in two variables, like 2x + 3y = 18, have solutions (x, y) that are

ordered pairs such that when the first coordinate is substituted for x and the
second coordinate is substituted for y, the result is a true equation. The first
coordinate in an ordered pair generally represents the variable that occurs
first alphabetically.

EXAMPLE 2 Determine whether each ordered pair is a solution of

Ii 2x + 3y = 18.

Video ! ) (-5,7) b) (3,4)

Solution  We substitute the ordered pair into the equation and determine
whether the resulting equation is true.

a) 2x + 3y =18

T
2(=5) +3(7) 2 18 We substitute —5 for x and
—10 + 21 7 for y (alphabetical order).

11 18  FALSE

The equation 11 = 18 is false, so (—5,7) is not a solution.
b) 2x + 3y =18

|
2(3) +3(4) 2 18 We substitute 3 for x
6 + 12 and 4 for y.
18 18 TRUE

The equation 18 = 18 is true, so (3,4) is a solution.

*We first saw notation such as (—3,5) in Section R.1. There the notation represented an
open interval. Here the notation represents an ordered pair. The context in which the
notation appears usually makes the meaning clear.

Copyright © 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley


http://media.pearsoncmg.com/aw/aw_mml_shared_1/copyright.html
bounce01.html?3_7_qt
bounce01.html?6_4_a

60

Chaptern

Graphs, Functions, and Models

We can also perform these substitutions on a graphing calculator. When
we substitute —5 for x and 7 for y, we get 11. Since 11 # 18, (—5,7) is not a
solution of the equation. When we substitute 3 for x and 4 for y, we get 18,
50 (3,4) is a solution.

2(—5)+3+7

2:3+43x4

Graphs of Equations

The equation considered in Example 2 actually has an infinite number of
solutions. Since we cannot list all the solutions, we will make a drawing,
called a graph, that represents them. Shown at left are some suggestions
for drawing graphs.

To Graph an Equation

To graph an equation is to make a drawing that represents the
solutions of that equation.

Graphs of equations of the type Ax + By = C are straight lines.
Many such equations can be graphed conveniently using intercepts. The
x-intercept of the graph of an equation is the point at which the graph
crosses the x-axis. The y-intercept is the point at which the graph crosses
the y-axis. We know from geometry that only one line can be drawn
through two given points. Thus, if we know the intercepts, we can graph
the line. To ensure that a computational error has not been made, it is a
good idea to calculate and plot a third point as a check.

x- and y-Intercepts
An x-intercept is a point (a,0). To find a, let y = 0 and solve for x.
A y-intercept is a point (0, b). To find b, let x = 0 and solve for .

EXAMPLE 3 Graph: 2x + 3y = 18.

Solution  The graph is a line. To find ordered pairs that are solutions of this
equation, we can replace either x or y with any number and then solve for
the other variable. In this case, it is convenient to find the intercepts of the
graph. For instance, if x is replaced with 0, then
2-0+3y=18
3y =18
y = 6. Dividing by 3
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Suggestions for
Drawing Graphs

1. Calculate solutions and
list the ordered pairs in
a table.

2. Use graph paper.

3. Draw axes and label them

with the variables.

4. Use arrows on the axes
to indicate positive
directions.

5. Scale the axes; that is, label
the tick marks on the axes.
Consider the ordered pairs

found in step (1) when
choosing the scale.

6. Plot the ordered pairs,
look for patterns, and

complete the graph. Label

the graph with the
equation being graphed.

Grapher
Hel

Section 1.1« Introduction to Graphing 61

Thus, (0,6) is a solution. It is the y-intercept of the graph. If y is replaced
with 0, then
2x+3-0=18
2x =18
x=09. Dividing by 2
Thus, (9,0) is a solution. It is the x-intercept of the graph. We find a third so-
lution as a check. If x is replaced with 5, then
2-5+3y=18
10 + 3y = 18
3y=28 Subtracting 10
y=3. Dividing by 3
Thus, (5,%) is a solution.

We list the solutions in a table and then plot the points. Note that the
points appear to lie on a straight line.

y
10
\\ 9
8 _
7 ‘ 2x+3y=18
NU0,6) |
51N
4 8
y-intercept -3 \\(5’ 3)
2
: 0
NG
—4-3-2-1 23456 7 89N «x
2
3 x-intercept
4

Were we to graph additional solutions of 2x + 3y = 18, they would be
on the same straight line. Thus, to complete the graph, we use a straight-
edge to draw a line, as shown in the figure. This line represents all solutions
of the equation. Every point on the line represents a solution; every solution
is represented by a point on the line. -

When graphing some equations, it is easier to first solve for y and then
find ordered pairs. We can use the addition and multiplication principles to
solve for y.

EXAMPLE 4 Graph: 3x — 5y = —10.

Solution  We first solve for y:

3x —5y=—10
—5y= —3x—10 Subtracting 3x on both sides
y=3x+2. Multiplying by — ! on both sides
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Plot1 Plot2 Plot3
\Y1E(3/5)X+2
\Y2=
\Y3=
\Y4=
\Y5=
\Y6=
\Y7=

Graphs, Functions, and Models

By choosing multiples of 5 for x, we can avoid fraction values when calcu-
lating y. For example, if we choose —5 for x, we get

3 3
y=3x+2=3%(-5+2=-3+2=-1

The following table lists a few more points. We plot the points and draw
the graph.

y
(5,5)
X | y | (x’y) > y
4 o
3
—5 | =1 (=5—-1) 0,2)5 d 3x — 5y = —10, or
’ 3
o| 21102 e y=s5x+2
(0,2) >
5 51 (5,5) i e 2345
(—=5,—1) [
-3
4
“5

In the equation y = %x + 2, the value of y depends on the value
chosen for x, so x is said to be the independent variable and y the
dependent variable.

We can graph an equation on a graphing calculator. Many calculators
require an equation to be entered in the form “y =" In such a case, if
the equation is not initially given in this form, it must be solved for y
before it is entered. For the equation 3x — 5y = —10 in Example 4, we
enter y = %x + 2 on the equation-editor, or “y =", screen in the form
y = (3/5)x + 2, as shown in the window at left.

Next, we determine the portion of the xy-plane that will appear on the
calculator’s screen. That portion of the plane is called the viewing window.
The notation used in this text to denote a window setting consists of four
numbers [L,R,B,T], which represent the Left and Right endpoints
of the x-axis and the Bottom and Top endpoints of the y-axis, respectively.
The window with the settings [ —10,10, —10,10] is the standard viewing
window. On some graphing calculators, the standard window can be se-
lected quickly using the ZSTANDARD feature from the ZOOM menu.

10
WINDOW
Xmin = —10
Xmax = 10
Xscl =1 — Tl Y B
Ymin = —10 10 10
Ymax = 10
Yscl =1
Xres =1
-10

Xmin and Xmax are used to set the left and right endpoints of the x-axis,
respectively; Ymin and Ymax are used to set the bottom and top endpoints
of the y-axis. The settings Xscl and Yscl give the scales for the axes. For ex-
ample, Xscl = 1 and Yscl = 1 means that there is 1 unit between tick marks
on each of the axes.
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Plot1 Plot2 Plot3

\Y1E X2—-9X—12
\Y2=
\Y3=
\Y4=
\Ys5=
\Y6=
\Y7=

Figure 1

TABLE SETUP
TblIStart = —3
ATbl =1

Indpnt: LU Ask
Depend: LIy Ask

Figure 2

o
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After entering the equation y = (3/5)x + 2 and choosing a viewing
window, we can then draw the graph shown at left.

[Gem] EXAMPLE 5 Graph: y = x* — 9x — 12.

Solution Note that this is not of the form Ax + By = C, thus it is not
linear. We make a table of values, plot enough points to obtain an idea
of the shape of the curve, and connect them with a smooth curve. It is
important to scale the axes to include most of the ordered pairs listed in
the table. Here it is appropriate to use a larger scale on the y-axis than on

the x-axis.
‘ y=x—9x— 12
y
‘ 20
x Yy (x,9) \ I
15 ,
-3 | 24 (-3,24) 10 |
5
-1| =21 (-1,-2) \
—8—6—4 4 6 12
0| —121 (0,—-12) \ } x
—26 | (2,—26) 15 /
4| =32 | (4,-32) —20 \
—25
—32 5,—32
10| -2/ (0,-2)
12 24 | (12,24)
A A
(1) Select values
for x.
(2) Compute values for y. —

A graphing calculator can be used to create a table of ordered pairs
that are solutions of an equation. For the equation in Example 5,
y = x> — 9x — 12, we first enter the equation on the equation-editor screen
(see Fig. 1). Then we set up a table in AUTO mode by designating a value
for TBLSTART and a value for ATBL. The calculator will produce a table
starting with the value of TBLSTART and continuing by adding ATBL to
supply succeeding x-values. For the equation y = x> — 9x — 12, we let
TBLSTART = —3 and ATBL = 1 (see Fig. 2).

We can scroll up and down in the table to find values other than those
shown in Fig. 3. We can also graph this equation on the graphing calculator,
as shown in Fig. 4.

y=x>—9x—12

10
X Y1
24 _5 15
=2 10
-1 -2
0 -12
1 -20
2 -26
3 -30
X=-3
-35
Figure 3 Figure 4
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The Distance Formula

Suppose that a conservationist needs to determine the distance across an
irregularly shaped pond. One way in which he or she might proceed is to
measure two legs of a right triangle that is situated as shown below. The
Pythagorean theorem, a> + b* = 2, can then be used to find the length of
the hypotenuse, which is the distance across the pond.

A similar strategy is used to find the distance between two points in a
plane. For two points (x1,y;) and (x,, y2), we can draw a right triangle in
which the legs have lengths |x, — x| and |y, — y1].

y
(x2> )/2)
d
ly =l
(xp 1) ® (% 1)
|xz - x1|
x

Using the Pythagorean theorem, we have
& =l — 2 + [y2 = yil2

Because we are squaring, parentheses can replace the absolute-value
symbols:

= (x—x1)*+ (yn— n)

Taking the principal square root, we obtain the distance formula.
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The Distance Formula
The distance d between any two points (x1, 1) and (x, y2) is
given by

d=V(x; —x)? + (y, — n)

The subtraction of the x-coordinates can be done in any order, as can
the subtraction of the y-coordinates. Although we derived the distance for-
mula by considering two points not on a horizontal or a vertical line, the dis-
tance formula holds for any two points.

Ii1 ( EXAMPLE 6 Find the distance between the pair of points.
. a) (—2,2)and(3,—6) b) (—=1,—5)and (—1,2)
Video )
Solution  We substitute into the distance formula.

a) d=V[3 - (-2)P+ (-6 -2) b) d=V[-1 - ()P +(-5-2)7
= V52 + (—8)2 = V25 + 64 =V02+ (=7)2=V0 + 49
= V89 =94 =V49 =7
Y y
4 4
3 3
(=2,2) ) (=1,2) 5
\\! 1
—5-4- —‘—i 23 45 % —5-4-3-2F 4 %
-2 V89 =~ 9.4 lh )
BAN -
—af o\ 4
L \
I (-1,-3)"
(3) 76)
|
y EXAMPLE 7 The point (—2,5) is on a circle that has (3, —1) as its center.
(=2,5) Find the length of the radius of the circle.

Solution  Since the length of the radius is the distance from the center to a
point on the circle, we substitute into the distance formula:

o
G, -1 * r= \/[3 - (—2)]2 +(—1—5)2 Either point can serve as (xi, y1).
=V52 4+ (—6)2 = V6l = 7.8. Rounded to the nearest tenth
The radius of the circle is approximately 7.8. -

Midpoints of Segments

The distance formula can be used to develop a way of determining the
midpoint of a segment when the endpoints are known. We state the for-
mula and leave its proof to the exercise set.
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Y
4 (2,5)
3/
3
L5
( 2)//1
—5—4—;/9—1_1 2 3 4
=2
(_4> _2) i3
—4
-5
Y

(h, k)

(%)

The Midpoint Formula

If the endpoints of a segment are (x1, y1) and (x2, y2), then the
coordinates of the midpoint are

X1 A X2 )1 = Y2 Y ( )
2 > 2 0 X2 )2

(xl + %, N + }’2)
2 2

(xp }’1)

Note that we obtain the coordinates of the midpoint by averaging the
coordinates of the endpoints. This is a good way to remember the mid-
point formula.

EXAMPLE 8 Find the midpoint of the segment whose endpoints are
(—4,—2) and (2,5).

Solution  Using the midpoint formula, we obtain
—4+2 -2+5\ (-23
272 272
= -1,=
2 -

EXAMPLE 9 The diameter of a circle connects two points (2, —3) and
(6,4) on the circle. Find the coordinates of the center of the circle.

Solution  Since the center of the circle is the midpoint of the diameter, we
use the midpoint formula:

2+6 —3+4 8 1 1
_ , or —,— |, or 4,— .
2 2 22 2

The coordinates of the center are (4,%). -

Circles

A circle is the set of all points in a plane that are a fixed distance r from
a center (h, k). Thus if a point (x,y) is to be r units from the center, we
must have

r= \/(x — h)2 + ( y = k)2. Using the distance formula

Squaring both sides gives an equation of a circle. The distance r is the length
of a radius of the circle.
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The Equation of a Circle

The equation of a circle with center (, k) and radius r, in standard
form, is

(x=h?+ (y— k=1~

EXAMPLE 10 Find an equation of the circle having radius 5 and center
(3,=7).

Solution  Using the standard form, we have
[x — 3]2 +[y— (—7)]2 =52 Substituting
(x —3)>+ (y + 7)* = 25. p—

% EXAMPLE 11 Graph the circle (x + 5)* + (y — 2)* = 16.

Solution  We write the equation in standard form to determine the center
and the radius:

[x = (=5 + [y — 2]> = 4%

Grapher
el

The center is (—5,2) and the radius is 4. We locate the center and draw the
circle using a compass.

y
(x+5)2%+ (y—2)?2=16
J
7
6
/ NS
/ \ 4
(75, 2) 3
2
1
79\\;775757473 ,/711 x
2
3
L

If we square x + 5and y — 2 in the equation of the circle in Example 11,
we obtain another form for the equation:
(x+5?%+(y—27%=16
x2 4+ 10x+ 25+ y*? — 4y + 4 =16 Squaring
x* + y? + 10x — 4y + 13 = 0. Simplifying
This form is the general form of the equation of the circle. With equations

in general form, we can complete the square to find the center and the
radius of the circle.

Copyright © 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley


http://media.pearsoncmg.com/aw/aw_mml_shared_1/copyright.html
bounce01.html?8_0

68

Chapter1 « Graphs, Functions, and Models

' ( EXAMPLE 12 Find the center and the radius of the circle and graph it:
I_ii x4+ P —8x+2y+13=0.
Video

Solution  First, we regroup the terms in order to complete the square
twice, once with x> — 8x and once with y* + 2y:
X+ —8x+2y+13=0
(x2 — 8x) + (y2 +2y) + 13 = 0. Regrouping
Next, we complete the square inside each set of parentheses. We want to
add something to both x?> — 8x and y? + 2y so that each becomes the
square of a binomial. For x2 — 8x, we take half the x-coefficient,
%(—8) = —4, and square it, (—4)*> = 16. Then we add 0, or 16 — 16,
inside the parentheses. For y? + 2y, we have% -2=1and 1> =1, so we
add 1 — 1 inside the parentheses.
(x> =8x+0)+ (y*+2y+0)+13=0 Adding 0
(x> =8x+16—16) + (> +2y+1—-1)+13=0
(x> —8x+16)+ (2 +2y+1)—16—-1+13=0 Regrouping
(x—4P2+(y+1P2—4=0 Factoring and
simplifying
(x—4)+ (y+1)72=4 Adding 4

(x — 4)2 + [y — (—1)]2 =2? Writing in

standard form
The center is (4, —1) and the radius is 2.
y
M x2+y2—8x+2y+13=0
‘3‘ (x =42+ (y+1)?2=4
2
1 SR
/ AN
—372-1, [ 3 45% 7 X
1) \ (4> - J
[ \N_ _“
4
-5
|
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Circles can also be graphed using a graphing calculator. We show one
method of doing so here. Another method is discussed in Section 6.2.

When we graph a circle, we select a viewing window in which the dis-
tance between units is visually the same on both axes. This procedure is
called squaring the viewing window. We do this so that the graph will not
be distorted. A graph of the circle x> + y*> = 36 in a nonsquared window is
shown in Fig. 1.

x*+y2=36 x2+y2=36

-

=10

=l nnas tasannnanans maanlts)

Figure 1 Figure 2

On many graphing calculators, the ratio of the height to the width
of the viewing screen is % When we choose a window in which Xscl = Yscl
and the length of the y-axis is %the length of the x-axis, the window will be
squared. The windows with dimensions [ —6,6, —4,4], [—9,9, —6,6], and
[—12,12,—8,8] are examples of squared windows. A graph of the circle
x* + y* = 36 in a squared window is shown in Fig. 2. Many graphing
calculators have an option on the ZOOM menu that squares the window
automatically.

EXAMPLE 13  Graph the circle (x — 2)* + (y + 1)> = 16.

Solution The circle (x — 2)*> + (y + 1)* = 16 has center (2, —1) and
radius 4, so the viewing window [—9,9, —6, 6] is a good choice for the
graph.

To graph a circle, we select the CIRCLE feature from the DRAW menu and
enter the coordinates of the center and the length of the radius. The graph
of the circle (x — 2)* + (y + 1)* = 16 is shown here.

(x=22+@+1)*=16
6

Circle(2,—1,4)
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N A o ® O
v o NS

—5—4—3—2—12/1 2 3 4 5%

y Visualizing the Graph

Match the equation with its graph.

1.y=—x2+5x—3

/ 2. 3x —5y=15

321]7’5 6 7% 543{}3 4 5%

- —2

/ 2 2 3

/ 3. (x— 22+ (y— 4> =136 M
-5

4. y — 5x= —3

v~ )
= N W s 0T

s 4
C i H
3 55 2
\ f 5. x> + y2 = — '
4 “3-2-1 11 2 3 4\5 6 7%
—5—4—3\*~ 123 4 5% B /
' 5
B -3
3 L
- 6. 15y — 6x = 90 -
2
y 7.y=——7x—2 y
D /2 3 I s
6 12
; 2 2 9/
—10—8—6—4—)_} 2 4.4 8 10x B x"+y"+ox—2y—6=0 /
4 W5*12*9*6*373 3 6 x
s -6
Lo 9. 3x + 5y =15 T

10.y=x2—x—4

Answers on page A-4 3

] 4 6 8x —8-A6-5-4-3-2-1
-3

F12-10-8 -6 -4 —

g g
y‘kmammom*
- N

© o
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Exercise Set

Graph and label the given points by hand.

é 1. (4,0),(—3,-5),(—1,4),(0,2),(2,-2)
Exercise: 2. (1)4)) (_4) _2)’ (_5> 0)) (2’ _4)) (43 0)
3.(=5,1),(5,1),(2,3),(2,—1),(0,1)

4. (4,0), (4,—3),(—5,2),(—5,0),(—1,—5)

Express the data pictured in the graph as ordered pairs,
letting the first coordinate represent the year and the
second coordinate the amount.

5.
Exercises] |  Gift Card Sales (U.S.)
V4
J $43
$40
= N
g
= 3048
=
g
2 20
% =
5 J
10
1999 2000 2001 2002 2003 x
estimated
Source: Bain and Co.
6.
Consumption of Bottled Water (U.S.)
y
> 77 6.4
=]
.S 6
= 0
E 0 4.6
4 -
3 E %l ;
E [
LaakE
]
o)
5o Eﬂ
=
=]
Z 14
@ | I } }
98 ’99 ’00 01 ’02 ’03 x
Source: Beverage Marketing Corp.
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Use substitution to determine whether the given ordered

pairs are solutions of the given equation.

7.(1,—1), (0,3); y=2x—3
8.(2,5),(—2,-5); y=3x—1
9.(3,3) (13) 6x — 4y =1
10. (1.5,2.6), (—3,0); x> + y>* =9
1. (=3, -3),(0,3)s 2a + 56 =3
12.(0,2), 3,1); 3m + 4n =6
13. (—0.75,2.75), (2, —1); x> — y2 =3
14. (2, —4), (4, —5); 5x + 2y*> =70

Use a graphing calculator to create a table of values

with TBLSTART = —3 and ATBL = 1. Then graph the

equation by hand.

15.y=3x+5 16. y = —2x — 1
17.x—y=3 18.x+y=4
19.2x + y =4 20.3x —y=6
2l.y=—3x+3 22.3y — 2x =73
23.5x — 2y =8 24.y=2—3x
25.x —4y =5 26.6x —y=+4
27.3x — 4y =12 28.2x + 3y = —6
29.2x + 5y = —10 30.4x — 3y =12
3l.y = —x? 32.}/=x2
33.y=x>—3 34.y =4 — x?
35.y = —x* +2x + 3 36.y=x +2x— 1

In Exercises 37—40, use a graphing calculator to match

the equation with one of the graphs (a)—(d), which
follow.

a) b)

Copyright © 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley

&

Exercise;

&

Exercise:


http://media.pearsoncmg.com/aw/aw_mml_shared_1/copyright.html
bca0101a.html
bca0101a.html
bca0101b.html
bca0101b.html
bca0101c.html
bca0101c.html
bca0101d.html
bca0101d.html

b

72 Chaptern

Graphs, Functions, and Models

d)

-10

37.y=3 — x 38.2x —y=26

39.y=x>+2x+1 40.y=14 — x*

Exercise

Exercise

Exercise

Use a graphing calculator to graph the equation in the
standard window.

4l.y=2x+1 2.y=3x— 4
43.4x +y=7 44.5x + y= —8
45.y=1x+2 46.y=3x — 4
47.2x + 3y = —5 48.3x + 4y =1
9.y=x*+6 50.y = x> — 8
5ly=2— x° 52.y=5— x*

53.y= x>+ 4x— 2 54, y= x> —5x+ 3

Graph the equation in the standard window and in the
given window. Determine which window better shows
the shape of the graph and the x- and y-intercepts.
55.y=3x" — 6

[—4,4,—4,4]

56.y = —2x + 24
[—15,15,—10,30], with Xscl = 3 and Yscl = 5

[—1,1,—0.3,0.3], with Xscl = 0.1 and Yscl = 0.1

58.y =8 — x’
[-3,3,-3,3]

Find the distance between the pair of points. Give an
exact answer and, where appropriate, an approximation
to three decimal places.

59. (4,6) and (5,9) 60.(—3,7) and (2,11)

61. (6, —1) and (9,5) 62. (—4,—7) and (—1,3)
63.(—4.2,3) and (2.1, —6.4)

64. (=3, —4) and (=3,)

65.(—1,4)and (3,4)

66. (0.6, —1.5) and (—8.1, —1.5)

67. (\/_, —\/g) and (—\/8,0)
68. (—V/2,1) and (0,V7)

69. (0,0) and (a, b)

70. (r,s) and (—r, —s)

71. The points (—3, —1) and (9, 4) are the endpoints of
the diameter of a circle. Find the length of the
radius of the circle.

72. The point (0, 1) is on a circle that has center (—3,5).
Find the length of the diameter of the circle.

The converse of the Pythagorean theorem is also a true
statement: If the sum of the squares of the lengths of two
sides of a triangle is equal to the square of the length of
the third side, then the triangle is a right triangle. Use
the distance formula and the Pythagorean theorem to
determine whether the set of points could be vertices of
a right triangle.

73.(—4,5),(6,1),and (=8, —5)

74.(=3,1), (2,—1), and (6,9)

75.(—4,3),(0,5), and (3, —4)

76. The points (—3,4), (2, —1), (5,2), and (0, 7)
are vertices of a quadrilateral. Show that the
quadrilateral is a rectangle. (Hint: Show that the

quadrilateral’s opposite sides are the same length
and that the two diagonals are the same length.)

Find the midpoint of the segment having the given
endpoints.

77. (4, —9) and (—12, —3)
78.(7,—2) and (9,5)

79. (6.1, —3.8) and (3.8, —6.1)
80. (—0.5, —2.7) and (4.8, —0.3)
81. (—6,5) and (—6,8)
82.(1,—2)and (—1,2)

83. (=4, —3) and (=3, 3)

84. (5, 3) and (=5, 3)
85.(V3,—1) and (3V/3,4)

86. (—V/5,2) and (V/5,V7)

87. Graph the rectangle described in Exercise 76. Then
determine the coordinates of the midpoint of each
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of the four sides. Are the midpoints vertices of a | 100. Center (4, —5), tangent to the x-axis |
j rectangle? Exercise

88. Graph the square with vertices (5, —1), (7, —6) Find the center and the radius of the circle. Then graph

(12,6), and (0, 11). Then determine’ the r)ni d)point) the circle by hand. Check your graph with a graphing

of each of the four sides. Are the midpoints vertices calcul&;tor. -

of a square? 101. x° + y* =4 é
89. The points (\/7, —4) and (\/E, 3) are endpoints of 102, x* + )’2 =81 AR

:}}12 (Ciii:cllr;eter of a circle. Determine the center of 103. 2 + ( y— 32 = 16

' 104. (x + 2)* + y* =100

90. The points (—3, \/§) and (1, \/E) are endpoints of ( F Ay

the diagonal of a square. Determine the center of 105. (x — 1)% + ( y— 5)2 =36

the square.

106. (x — 7)* + (y + 2)> =25
In Exercises 91 and 92, how would you change the

. o . 2 2 _
window so that the circle is not distorted? Answers 107.(x + 4)° + (y +5)" =9
may vary. 108. (x + 1)> + (y — 2)> = 64

91. 92. 5 5
(x+ 372+ (y—2)? =36 (x— 472 + (y+5)2 = 49 109. x™ + y* = 6x — 2y = 6 =0

110. x> + y> + 4x — 8y + 19 =0

L x>+ >+ 2x+2y=7

112. x> + y* — 10x + 6y = —30

. ) . o _ Find the equation of the circle. Express the equation in
Find an equation for a circle satisfying the given standard form.

conditions.
é 93. Center (2, 3), radius of length g

113. 114.

. Exercise:
Exercises! | 94. Center (4, 5), diameter of length 8.2

y
- ST . ,72 .
95. Center (—1,4), passes through (3,7) . (—\2\ . \
96. Center (6, —5), passes through (1,7) e - i L
97. The points (7,13) and (—3, —11) are at the ends of v v
a diameter.

<4
98. The points (—9,4), (—2,5), (=8, —3), and
(—1, —2) are vertices of an inscribed square.
. . 115. 116.
99. Center (—2,3), tangent (touching at one point) to y y
the y-axis - - o
[ 20] [ L e 120
y : :
P o )’_\ : SR
| ‘ R IR el m“::
i : o : 10 16 N8 A4 PR
3 [ ; g
) P! * L _ L L [ .
-2 —30 =8
4
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Collaborative Discussion and Writing

To the student and the instructor: The Collaborative
Discussion and Writing exercises are meant to be
answered with one or more sentences. They can be
discussed and answered collaboratively by the entire
class or by small groups. Because of their open-ended
nature, the answers to these exercises do not appear at
the back of the book. They are denoted by the words
“Discussion and Writing.”

117. Explain how the Pythagorean theorem is used to
develop the equation of a circle in standard form.

118. Explain how you could find the coordinates of a
point % of the way from point A to point B.

Synthesis

To the student and the instructor: The Synthesis
exercises found at the end of every exercise set challenge
students to combine concepts or skills studied in that
section or in preceding parts of the text.

119. If the point ( p, q) is in the fourth quadrant, in
which quadrant is the point (g, —p)?

Find the distance between the pair of points and find
the midpoint of the segment having the given points
as endpoints.

120. <a,i> and <a + h, ! )
a a+ h
121. (a,\/a) and (a + h,Va+ h)

Find an equation of a circle satisfying the given
conditions.

122. Center (—5,8) with a circumference of 1077 units
123. Center (2, —7) with an area of 367 square units

124. Find the point on the x-axis that is equidistant
from the points (—4, —3) and (—1,5).

125. Find the point on the y-axis that is equidistant
from the points (—2,0) and (4, 6).

126. Determine whether (—1, —3), (—4, —9), and (2, 3)
are collinear.

127. Swimming Pool. ~ A swimming pool is being
constructed in the corner of a yard, as shown.
Before installation, the contractor needs to know
measurements a; and a,. Find them.

128. An Arch of a Circle in Carpentry. Ace Carpentry
needs to cut an arch for the top of an entranceway.
The arch needs to be 8 ft wide and 2 ft high. To
draw the arch, the carpenters will use a stretched
string with chalk attached at an end as a compass.

a) Using a coordinate system, locate the center of
the circle.

b) What radius should the carpenters use to draw
the arch?

Determine whether each of the following points lies on
the unit circle, x* + y2 =1.

- Unit circle:
x2+ y2 =1

ij
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129. [ —, —— 130. (0, —1)
2 2
V2 V2 1 V3
131. | ——=,== 132. [ =, ——
272 2 2

133. Prove the midpoint formula by showing that:

+ +
a) <¥,¥> is equidistant from the
points (x1, y1) and (x,, y2); and
b) the distance from (x;, y1) to the midpoint plus
the distance from (x,, ;) to the midpoint equals
the distance from (x1, 1) to (x2, y2).

Section 1.1 Introduction to Graphing 75

134. Consider any right triangle with base b and height
h, situated as shown. Show that the midpoint of the
hypotenuse P is equidistant from the three vertices
of the triangle.

y

(0, h)

(0,0) b (b, 0) x
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Determine whether a correspondence or a relation is a function.
* Find function values, or outputs, using a formula.

* Determine whether a graph is that of a function.

* Find the domain and the range of a function.

* Solve applied problems using functions.

We now focus our attention on a concept that is fundamental to many areas
of mathematics—the idea of a function.

Functions

We first consider an application.

Thunder Time Related to Lightning Distance. During a thunderstorm, it is
possible to calculate how far away, y (in miles), lightning is when the
sound of thunder arrives x seconds after the lightning has been sighted. It
is known that the distance, in miles, is é of the time, in seconds. If we hear
the sound of thunder 15 seconds after we’ve seen the lightning, we know
that the lightning is % - 15, or 3 miles away. Similarly, 5 sec corresponds to
1 mi, 2 sec to %mi, and so on. We can express this relationship with a set
of ordered pairs, a graph, and an equation.

10
15

Ordered 4
y | Pairs: (x,y) | Correspondence w 3
g
s 4
0 (0,0) 0—0 %o -
=9 3
1 1 1 =
g ?
2 2 2 e
5 (2.3) 2—>3 £ 1
a
1 (5,1) >—>1 5 10 15 20 «x
2 (10,2) 10 —>2 Time for sound of thunder
3 (15,3) 15—>3 to arrive (in seconds)
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The ordered pairs express a relationship, or correspondence, between
the first and second coordinates. We can see this relationship in the graph as
well. The equation that describes the correspondence is

Y=g
This is an example of a function. In this case, distance y is a function of
time x; that is, y is a function of x, where x is the independent variable
and y is the dependent variable.

Let’s consider some other correspondences before giving the definition
of a function.

DOMAIN RANGE

To each registered student there corresponds an I. D. number.
To each mountain bike sold there corresponds its price.

To each number between
—3and 3 there corresponds the square of that number.

In each correspondence, the first set is called the domain and the second set
is called the range. For each member, or element, in the domain, there is
exactly one member in the range to which it corresponds. Thus each regis-
tered student has exactly one I. D. number, each mountain bike has exactly
one price, and each number between —3 and 3 has exactly one square. Each
correspondence is a function.

Function

A function is a correspondence between a first set, called the
domain, and a second set, called the range, such that each member
of the domain corresponds to exactly one member of the range.

It is important to note that not every correspondence between two sets
is a function.

EXAMPLE 1 Determine whether each of the following correspondences
is a function.

a) 644

6—"
—3—
53— 9
00— 0
b) Sandra Bullock Air Force One
George Clooney Miss Congeniality
Harrison Ford O Brother Where Art Thou
Julia Roberts =———— The Pelican Brief

Denzel Washington J Pretty Woman
Remember the Titans
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Solution

a) This correspondence is a function because each member of the domain
corresponds to exactly one member of the range. Note that the definition
of a function allows more than one member of the domain to correspond
to the same member of the range.

b) This correspondence is not a function because there are members of the
domain (Julia Roberts and Denzel Washington) that are paired with more
than one member of the range (Roberts with The Pelican Briefand Pretty

Woman and Washington with The Pelican Brief and Remember the Titans).
|

EXAMPLE 2 Determine whether each of the following correspondences
is a function.

DOMAIN CORRESPONDENCE RANGE
a) Years in which a The person elected A set of presidents
presidential
election occurs
b) The integers Each integer’s A subset of the
cube root real numbers
¢) All states in the A senator from The set of all
United States that state U.S. senators
d) The set of all The state a senator All states in the
U.S. senators represents United States
Solution

a) This correspondence is a function because in each presidential election
exactly one president is elected.

b) This correspondence is a function because each integer has exactly one
cube root.

¢) This correspondence is not a function because each state can be paired
with two different senators.

d) This correspondence is a function because each senator represents only
one state. -
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9<_2

2——> 4
Figure 1
—2——> 5
5—— 7
0—— 1
4 ——>—2
Figure 2
_5\
0——=>3
6

Figure 3

When a correspondence between two sets is not a function, it may still
be an example of a relation.

Relation

A relation is a correspondence between a first set, called the domain,
and a second set, called the range, such that each member of the
domain corresponds to at least one member of the range.

All the correspondences in Examples 1 and 2 are relations, but, as we
have seen, not all are functions. Relations are sometimes written as sets of
ordered pairs (as we saw earlier in the example on lightning) in which
elements of the domain are the first coordinates of the ordered pairs and
elements of the range are the second coordinates. For example, instead of
writing —3—> 9, as we did in Example 1(a), we could write the ordered
pair (—3,9).

EXAMPLE 3 Determine whether each of the following relations is a func-
tion. Identify the domain and the range.

a) {(9,—5),(9,5),(2,4)}

b) {(=2,5),(5,7),(0,1),(4, —2)}
o) {(—5,3),(0,3),(6,3)}
Solution

a) The relation is not a function because the ordered pairs (9, —5) and
(9,5) have the same first coordinate and different second coordinates
(see Fig. 1).

The domain is the set of all first coordinates: {9,2}.

The range is the set of all second coordinates: {—5,5,4}.

b) The relation is a function because no two ordered pairs have the same
first coordinate and different second coordinates (see Fig. 2).

The domain is the set of all first coordinates: {—2,5,0,4}.
The range is the set of all second coordinates: {5,7,1, —2}.

¢) The relation is a function because no two ordered pairs have the same
first coordinate and different second coordinates (see Fig. 3).

The domain is {—5,0,6}.
The range is {3}. -

Notation for Functions

Functions used in mathematics are often given by equations. They gener-
ally require that certain calculations be performed in order to determine
which member of the range is paired with each member of the domain.
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‘ y=flx) =2 —9x— 12

——
NS

Lo
—_—
=2

/

—8-6-4 & 468812 %
! II
-15
-25
=300\

-
w
o

Y1=2X2—-X+3

-10

X=-7

|
w
S| TTTrT I T
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For example, in Section 1.1 we graphed the function y = x* — 9x — 12
by doing calculations like the following:

forx= —2,y=(—2)*> — 9(—2) — 12 = 10,
forx=0,y=0>—9-0—12=—12, and
forx=1,y=1—=9-1—12= —20.

A more concise notation is often used. For y = x> — 9x — 12, the in-
puts (members of the domain) are values of x substituted into the equation.
The outputs (members of the range) are the resulting values of y. If we call
the function f, we can use x to represent an arbitrary input and f(x)—read
“fof x,” or “fat x,” or “the value of fat x”—to represent the corresponding
output. In this notation, the function given by y = x* — 9x — 12 is written
as f(x) = x> — 9x — 12 and the above calculations would be

f(=2) = (=2)* = 9(=2) — 12 = 10,
f0)=02=9-0—12=—12,
f1) = 2-9-1—12=—20. Keep in mind that f(x)

does not mean f - x.

Thus, instead of writing “when x = —2, the value of y is 10,” we can
simply write “f(—2) = 10,” which can be read as “fof —2 is 10” or “for the
input —2, the output of fis 10.” The letters g and & are also often used to
name functions.

EXAMPLE 4 A function fis given by f(x) = 2x*> — x + 3. Find each of

the following.

a) f(0) b) f(=7)
) f(5a) d) fla—4)

Solution We can think of this formula as follows:

fO)=20 7= )+
Then to find an output for a given input we think: “Whatever goes in the
blank on the left goes in the blank(s) on the right.” This gives us a “recipe”
for finding outputs.
a) f(0)=20P2-0+3=0-0+3=3
b) (—7)=2(=7—(=7)+3=2-49+7+ 3 =108
¢) f(5a) =2(5a)* — 5a+3=2-254°> —5a+ 3 =50a"— 50+ 3
d fla—4)=2(a— 47— (a—4)+3
=20*—8a+16)—a+4+3
=2a*—16a+32—a+4+3
=2a’> — 17a + 39
We can find function values with a graphing calculator. Most calculators
do not use function notation “f(x) = ...” to enter a function formula. In-

stead, we must enter the function using “y = ....” At left, we illustrate find-
ing f(—7) from part (b), first with the TABLE feature set in ASK mode and
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then with the VALUE feature from the CALC menu. In both screens, we see
that f(—7) = 108. -

Graphs of Functions

We graph functions the same way we graph equations. We find ordered pairs
(x,7), or (x, f(x)), plot points, and complete the graph.

EXAMPLE 5 Graph each of the following functions.

a) flx)=x*>-5 b) flx) =x> — x ¢ flx) =Vx+4

Solution  We select values for x and find the corresponding values of f(x).
Then we plot the points and connect them with a smooth curve.

a) flx)=x*-5

x | f(® | xfx)

3| 4| (=39 s

2| =1 (=2,-1)

1| =4 | (=1,-4)
ol =5 |(0,-5) “5-4ms
1| —4 | (1,-4) (=2,-1)
2l -1l @2-1) A
3 4 1(3,4)

We can check the graphs with a graphing calculator. The checks for parts
(b) and (c) are shown at left. -
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Not a 5 (3,5) =
function 4
3
3,2
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1
*6*5*4*3*2*11 1 2 3 56 X
——"
3
4
6

Since 3 is paired with more than one
member of the range, the graph does
not represent a function.

Video
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To find a function value, like f(3), from a graph, we locate the input 3
on the horizontal axis, move vertically to the graph of the function, and then
move horizontally to find the output on the vertical axis. For the function
f(x) = x* — 5, we see that f(3) = 4.

Yy
\ . |
\ g [
f(3) =4 p
\ 3 Y1=x2-5
2
\ L \ ¢/
—6—5—4—3 1 1 345 6 6\t 1 g
2
\ 3 I X=3 Y=4
f)=+2-5 6
6

We know that when one member of the domain is paired with two or
more different members of the range, the correspondence is not a function.
Thus, when a graph contains two or more different points with the same first
coordinate, the graph cannot represent a function. (See the graph at left; note
that 3 is paired with —1, 2, and 5.) Points sharing a common first coordinate
are vertically above or below each other. This leads us to the vertical-line test.

The Vertical-Line Test

If it is possible for a vertical line to cross a graph more than once,
then the graph is not the graph of a function.

To apply the vertical-line test, we try to find a vertical line that crosses
the graph more than once. If we succeed, then the graph is not that of a func-
tion. If we do not, then the graph is that of a function.

EXAMPLE 6 Which of graphs (a) through (f) (in red) are graphs of
functions? In graph (f), the solid dot shows that (—1,1) belongs to the
graph. The open circle shows that (—1, —2) does not belong to the graph.

a) y b) y 9] y

e //> % < *

N

Copyright © 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley


http://media.pearsoncmg.com/aw/aw_mml_shared_1/copyright.html
bounce01.html?4_3_qt

82

Chaptern

y=1/(x—3)

Y1

ERROR
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9
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d) e) y )

4 A B
k : /\_J y T2 1_17 A

Solution  Graphs (a), (e), and (f) are graphs of functions because we can-
not find a vertical line that crosses any of them more than once. In (b), the
vertical line crosses the graph at three points, so graph (b) is not that of a
function. Also, in (¢) and (d), we can find a vertical line that crosses the
graph more than once, so these are not graphs of functions. -

Finding Domains of Functions

When a function f, whose inputs and outputs are real numbers, is given by a
formula, the domain is understood to be the set of all inputs for which the
expression is defined as a real number. When a substitution results in an ex-
pression that is not defined as a real number, we say that the function value
does not exist and that the number being substituted is not in the domain of
the function.

EXAMPLE 7 Find the indicated function values and determine whether
the given values are in the domain of the function.

a) f(1)and f(3), for f(x) = 713
b) ¢(16) and g(—7), for g(x) = Vx + 5

Solution
) i) ==
2 1-3 =2 2
Since f(1) is defined, 1 is in the domain of f.
1 1
3= — = —
B =555

Since division by 0 is not defined, the number 3 is not in the domain
of f.In a table from a graphing calculator, this is indicated with an ERROR
message. Thus, f(3) does not exist.

b) g(16) = V16 +5=4+5=9
Since g(16) is defined, 16 is in the domain of g
g=7)=V-7+5

Since V —7 is not defined as a real number, the number —7 is not in the
domain of g Note the ERROR message in the table at left. Thus, g(—7)
does not exist. -
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REVIEW SECTION R.1.
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5
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3
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Range %
75*473*7*171 2 3 45 X
=2 :
s Domain
—4
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Inputs that make a denominator 0 or that yield a negative radicand in
an even root are not in the domain of a function.

EXAMPLE 8 Find the domain of each of the following functions.

a) f(x)Zﬁ b) g(x) =V3—x+5
2 _
c) h(x) =% d) flx) =2 + |x]

Solution

a) The only input that results in a denominator of 0 is 3. The domain is
{x|x # 3}. We can also write the solution using interval notation and the
symbol U for the union, or inclusion, of both sets: (—20,3) U (3, ).

b) We can substitute any number for which the radicand is nonnegative,
that is, for which 3 — x = 0, or x =< 3. Thus the domain is {x|x = 3},
or (—9,3].

¢) We can substitute any real number in the numerator, but we must avoid
inputs that make the denominator 0. To find those inputs, we solve
x>+ 2x—3=0,0r (x+ 3)(x — 1) = 0. Since x> + 2x — 3 is 0 for
—3 and 1, the domain consists of the set of all real numbers except —3
and 1, or {x|x # —3 andx # 1}, or (=%, —3) U (=3,1) U (1,%).

d) We can substitute any real number for x. The domain is the set of all real
numbers, R, or (—00,0), -

Visualizing Domain and Range
Keep the following in mind regarding the graph of a function:

Domain = the set of a function’s inputs, found on the horizontal axis;
Range = the set of a function’s outputs, found on the vertical axis.

By carefully examining the graph of a function, we may be able to de-
termine the function’s domain as well as its range. Consider the graph of
flx) = V4 — (x — 1)2, shown at left. We look for the inputs on the x-axis
that correspond to a point on the graph. We see that they extend from —1
to 3, inclusive. Thus the domain is {x| =1 = x = 3}, or [—1,3].

To find the range, we look for the outputs on the y-axis. We see that
they extend from 0 to 2, inclusive. Thus the range of this function is
{ylo =y =2} 0r[0,2].

EXAMPLE 9 Graph each of the following functions. Then estimate the
domain and the range of each.

a) flx) =Vx+4 b) flx) =x* — x
¢ flx) = ﬁ d) flx) =x*—2x*—3
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Solution

—2F —F
—3 —3F
_4— 74 -
—5F —5k
Domain = [ —4,0); Domain = all real numbers,
range = [0,) (—00,%0); range = all real

numbers, (—,0)

) d) ‘ fl)=x*—22—3

y

— N W s Ul
T

Since the graph does not touch Domain = all real numbers,

or cross either the vertical line (—0,2); range = [ —4,%)

x = 2 or the x-axis y = 0,

2 is excluded from the domain

and 0 is excluded from the range.

Domain = (—%,2) U (2,%);

range = (—©0,0) U (0,%) -

Always consider adding the reasoning of Example 8 to a graphical
analysis. Think, “What can I substitute?” to find the domain. Think, “What
do I get out?” to find the range. Thus, in Examples 9(b) and 9(d), it might
not appear as though the domain is all real numbers because the graph rises
steeply, but by examining the equation we see that we can indeed substitute
any real number for x.
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Applications of Functions

EXAMPLE 10 Speed of Sound in Air. The speed S of sound in air is a
function of the temperature ¢, in degrees Fahrenheit, and is given by

5t + 2457
S(t) = 1087.7 | ——,
2457

where S is in feet per second.
a) Using the viewing window [ —1000, 2000, —1000, 3000], with Xscl =
500 and Yscl = 500, graph the function.

b) Find the speed of sound in air when the temperature is 0°, 32°, 70°, and
—10° Fahrenheit.

Solution

a) The graph is shown below. Note that S(#) must be changed to y and ¢
must be changed to x when the function is entered in a graphing calculator.

5x + 2457
=1087.7/
Y 2457

3000
X Y1
0 1087.7
32 1122.6
70 1162.6
—10 1076.6
—1000

X =

—1000

b) We use a graphing calculator with the TABLE feature set in ASK mode
to compute the function values. We find that

S(0) = 1087.7 ft/sec, S(32) = 1122.6 ft/sec,
S(70) = 1162.6 ft/sec, and S(—10) = 1076.6 ft/sec. —

I CONNECTING THE CONCEPTS

FUNCTION CONCEPTS GRAPH

Formula for f: f(x) =5 + 2x* — x*.

For every input, there is exactly one output. (1,6)

(1,6) is on the graph.

For the input 1, the output is 6. flx) =5+ 2x2 — x*

f1)y =6

Domain: set of all inputs = (—,)

HND\\IV
T T

Range: set of all outputs = (—%,6] L e

-2
—3F
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o |
Exercise Set

In Exercises 1—14, determine whether the
correspondence is a function.

l.a—>w

2.m——>q

b——>y n r
¢ z o><s

Exercise

.—6—>36 4, —3——=>2
—2——=>4 1 4
2 5—=>6
9——>38

.m A 6.a__ > r
n§3 b s
C c t

.
5><D d

Arctic Ocean

Kamch
Seaof |
Okhotsk )

 Kuril Islands

’

. World’s Ten Largest Earthquakes (1900-2003)

LOCATION AND DATE MAGNITUDE

Chile 9.5
(May 22, 1960)

Prince William Sound, Alaska———>9.2
(March 28, 1964)

Andreanof Islands, Aleutian Islands—— 9.1
(March 9, 1957)

Kamchatka 9.0
(November 4, 1952)
Off the coast of Ecuador 8.8

(January 31, 1906)

Rat Islands, Aleutian Islands ——— > 8.7
(February 4, 1965)

India—China border 8.6
(August 15, 1950)

Kamchatka 8.5
(February 3, 1923) /
Banda Sea, Indonesia

(February 1, 1938)
Kuril Islands
(October 13, 1963)

(Source: National Earthquake Information Center, U.S.
Geological Survey)

Ay
8. MAXIMUM SPEED ON THE GROUND
ANIMAL (IN MILES PER HOUR)
Cheetah 70
Lion 50
Zebra 40
Reindeer 32
Giraffe /
Grizzly bear 30
Elephant 25
Squirrel 12

10.

11.

12.

. A set of cars in

Giant tortoise —— X > 0.17
(Source: The World Almanac, 2004, p. 179)

DoMAIN CORRESPONDENCE RANGE

Each car’s A set of letters

a parking lot license number  and numbers

A set of people A doctor a A set of doctors
in a town person uses

A set of Each person’s A set of colors
members of eye color

a family

A set of An instrument A set of
members of each person instruments

a rock band plays
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DOMAIN CORRESPONDENCE RANGE 23. s(—4), s(—2), and s(0)
13. A set of A student sitting A set of students
Exercise students in in a neighboring
a class seat
14. A set of bags Each bag’s A set of weights
of chips on weight
a shelf
Determine whether the relation is a function. Identify
the domain and the range.
é 15.{(2,10), (3, 15), (4,20)}
Exercises! |16. {(3,1),(5,1),(7,1
{(3,1),(5,1),(7,1)} 24. g(—4), g(—1), and g(0)
17. {(_7) 3)1 (_21 1)) (_214)) (0) 7)}
18.{(1,3),(1,5),(1,7),(1,9)} (=55 s (3,5)
19. {(_2)1)1(0)1))(2')1))(411))(_3)1)} ‘;: g
20. {(5)0))(3)_1))(0>0))(51_1):(3)_2)} (_4;%) i: (2)%)
A graph of a function is shown. Find the indicated —5-4 '—é—'_l i /25 45 %
function values. (=3,-1) INAC 5_1)
21. (1), h(3), and h(4) ) Y F0.—3)
_4_
Exercise (=1,-3) —5r
Y
5 -
4 -
3r (3,2) 25.f(—1),f(0),andf(1)
oL ,
e, 1%\\(4, 1) y
_'_'_'_é_i_l_ 723 4\s & (-L2)a 2r
(1) _2) L
-2 1 f
5 (5,-2) (0,0)
4l [n e o
_5 -
_lk
—2r (1, —-2)
22. t(—4), t(0), and #(3)
" 26. g(—2), g(0), and g(2.4)
(=43 *[0,3) (3,3 y
t L
2 -
1F (—=2,4) 4:
e EMEEEERE’ 2
_2 | l_il 1 81 i 21 1 All 1 %
:i: gl \ll 84 —26176)
=T (0, —4)
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27.

28.

29.

30.

31.

32.

33.

34.

Given that g(x) = 3x*> — 2x + 1, find each of the
following.

a) (0) b) g(—1)

c) §(3) d) g(—x)

e) g(1 —1)

Given that f(x) = 5x% + 4x, find each of the
following.

a) f(0) b) f(=1)
<) f(3) d) f(1)
e) flt—1)
Given that g(x) = x>, find each of the following.
a) g(2) b) g(-2)
c) g(—x) d) g(3y)
e) g(2+ h)
Given that f(x) = 2|x| + 3x, find each of the
following.
a) f(1) b) f(-2)
c) f(=x) d) f(2y)
e) f(2—h)
Given that g(x) = i ; ;L, find each of the following.
a) g(5) b) g(4)
c) g(=3) d) g(—16.25)
e) g(x+ h)
Given that f(x) = 5 f = find each of the following.
a) f(2) b) f(1)
) f(—16) d) f(—x)

2
o fl-3
Find g(0), g(—1), g(5), and g(3) for

x
Sy

Find h(0), h(2), and h(—x) for
h(x) =x+ Vx2 — 1.

In Exercises 35 and 36, use a graphing calculator and
the TABLE feature set in ASK mode.

35.

Given that
g(x) = 0.06x> — 5.2x* — 0.8x,

find g(—2.1), g(5.08), and ¢(10.003). Round answers
to the nearest tenth.

36. Given that
h(x) = 3x* — 10x° + 5x2 — x + 6,
find h(—11), h(7), and h(15).

Find the domain of the function. Do not use a graphing

calculator.

37. f(x) = 7x + 4
38. f(x) = [3x — 2|

2
39, f(x) = 4 — =

1
40. f(x) = —
0=
x+5
41. f(x) =
2_
8
42, = —
f(x) x+ 4
13. f(») 1
Ax)=—5—
x> —4x—5
4 3
x*—2x"+7
44, =
= " 0x =%

45. f(x) = V8 — x
46. f(x) = x* — 2x
47. f(x) = 1514

Vx+1
X

48. f(x) =

Graph the function with a graphing calculator. Then
visually estimate the domain and the range.

49. f(x) = |x| 50. f(x) = |x| — 2

51. flx) = V9 — x2 52. flx) = —V25 — x2
53.f(x) = (x— 1P+ 2 54 flx) = (x—2)*+ 1
55. flx) = V7 — x 56. f(x) = Vx + 8

57.flx) = —x* + 4x — 1 58. f(x) =2x*> — x* + 5
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In Exercises 59—66, determine whether the graph is that
of a function. An open dot indicates that the point does
not belong to the graph.

59. y 60. y %D
X X
61. y 62. y
X X
63. y 64. y
o~
@)
OO x
[ ) x
@)
65. 66.
y Y
X % X

In Exercises 67—70, determine the domain and the
range of each function.

67. y 68. y
5 2
N ) /4‘,x
N /g
-1 [ 12345 =x [

Section 1.2 Functions and Graphs 89

71. Boiling Point and Elevation. The elevation E, in
meters, above sea level at which the boiling point of
water is ¢ degrees Celsius is given by the function

E(1) = 1000(100 — £) + 580(100 — 1)
At what elevation is the boiling point 99.5°? 100°?

72. Average Price of a Movie Ticket. The average price
of a movie ticket, in dollars, can be estimated by the
function P given by

| P(x) = 0.227x — 448.71 zoos

i PRICE: $8.00

»

THEATER 51

where x is the year. Thus, P(2005) is the average

price of a movie ticket in 2005. The price is lower

than what might be expected due to lower prices

for matinees, senior citizens’ discounts, and other

special prices.

a) Use the function to predict the average price in
2008 and 2010.

b) When will the average price be $8.50?
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73. Territorial Area of an Animal.  The territorial area of
an animal is defined to be its defended, or exclusive,
region. For example, a lion has a certain region over
which it is considered ruler. It has been shown that
the territorial area T, in acres, of predatory animals
is a function of body weight w, in pounds, and is
given by the function

T(w) = w3l

Find the territorial area of animals whose body
weights are 0.5 Ib, 10 Ib, 20 1b, 100 Ib, and 200 Ib.

Collaborative Discussion and Writing
74. Explain in your own words what a function is.

75. Explain in your own words the difference between
the domain of a function and the range of a
function.

Skill Maintenance

To the student and the instructor: The Skill Maintenance
exercises review skills covered previously in the text. You
can expect such exercises in every exercise set. They
provide excellent review for a final examination.
Answers to all skill maintenance exercises, along with
section references, appear in the answer section at the

back of the book.

Use substitution to determine whether the given ordered
pairs are solutions of the given equation.

76.(—3,—-2),(2,—3); > — x> = =5
77.(0, =7), (8,11); y = 0.5x + 7
78.(2,—2), (¥, 5); 15x — 10y = 32
Graph the equation.
79.y = (x — 1)
81. —2x — 5y =10

80.y=1x— 6
82.(x — 30 +y*=4

Synthesis

83. Give an example of two different functions that have
the same domain and the same range, but have no
pairs in common. Answers may vary.

84. Draw a graph of a function for which the domain is
[—4,4] and the range is [1,2] U [3,5]. Answers
may vary.

85. Draw a graph of a function for which the domain is
[—3,—1] U [1,5] and the range is {1,2,3,4}.
Answers may vary.

86. Suppose that for some function f, f(x — 1) = 5x.
Find f(6).

87. Suppose that for some function g
g(x + 3) = 2x + 1. Find g(—1).

88. Suppose f(x) = |x + 3| — |x — 4. Write f(x)
without using absolute-value notation if x is in
each of the following intervals.

a) (_OO) _3)
b)[—3,4)
c) [4,%°)

89. Suppose g(x) = |« + |x — 1|. Write g(x) without
using absolute-value notation if x is in each of the
following intervals.

a) (—OO’ 0)
b) [0,1)
o) [1,%0)
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L]

Determine the slope of a line given two points on the line.
* Solve applied problems involving slope and linear functions.

In real-life situations, we often need to make decisions on the basis of
Linear Fu nctions’ limited information. When the given information is used to formulate
an equation or inequality that at least approximates the situation mathe-
SIOPE, and matically, we have created a model. One of the most frequently used mathe-
App“cations matical models is linear—the graph of a linear model is a straight line.

Linear Functions

Let’s begin to examine the connections among equations, functions, and
graphs that are straight lines. Compare the graphs of linear and nonlinear
functions shown here.

Linear Functions

y y y y
5r 5 Xw 51
4 4r _ 4r
5L 30 y=35 3L N 4x +5y=20 3k
y=-x 2 2F 2F 2F
1+ 1 1 1r
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
—5-4-3-2-1 I\l 2 3 45X “5-4-3-2-1,1 12345 x —5—4-3-2-1 | 1 2 3 4 5% —5-4-3-2-1 | 1 2 3 x
—2r -2 -2 -2F
—3F -3r -3r = y=§—3
—4r —4r —4r —4
=5 —5r -5r =5r

y y y Y
5k 5F 5k 5F
4F 4F 4 y=Vx t+4 4r
3r y=x2-2 6 3F 3k 3F
2F Y=% af 2F 2F
- - 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 | I — 1 1 1 1 1 1
—5-4-3-2—1 | 123 45X —5—4-3-2-1 | 1 23 45%x —54-3-2-1] 123 45X —5-4-3-2-1 | 1 23 45X
—2F -2r —2F —2r
-3 -3 —3F —3F
—4r —4r —4f ~4r
-5 -5 -5F —5r
_ 2
y=—(x+3)
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Linear function:
y=mx+b

wos e

Vertical line: x = a

(nota function)

TN RN

(4,5)

(4,0)

—
o
w

5 x

(4) _3)

We have the following results and related terminology.

Linear Functions
A function fis a linear function if it can be written as

f(x) = mx + b,

where m and b are constants.

(If m = 0, the function is a constant function f(x) = b.If m = 1
and b = 0, the function is the identity function f(x) = x.)

Identity function: Constant function:
y=1l-x+0,ory=x y =0:x + b,or y = b (Horizontal line)
y y
5F 5
i (4.4) i
3F 3F
2F 2F
AL r
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
————— 1 4 1 23 45 x —5—4-3— —l_1 1 2 3 4 X
2_ ,‘-(1) _2)
—3,-3 B
( ) —3F y=x (_4>_2) -3k (3>_2)
—af -4 y=-2
75_ —5_

Horizontal and Vertical Lines

Horizontal lines are given by equations of the type y = b or
f(x) = b. (They are functions.)

Vertical lines are given by equations of the type x = a. (They are
not functions.)
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The Linear Function f(x) = mx + b and Slope

To attach meaning to the constant m in the equation f(x) = mx + b, we
first consider an application. Suppose FaxMax is an office machine business
that currently has stores in locations A and B in the same city. Their total
costs for the same time period are given by the two functions shown in the
tables and graphs that follow. The variable x represents time, in months.
The variable y represents total costs, in thousands of dollars, over that
period of time. Look for a pattern.

x y Graph A: Linear function X y Graph B: Nonlinear function
Total costs of FaxMax Total costs of FaxMax
- 10 | $50 in location A -10 | $10+ in location B
50 y 10 20 Y
S v S v
=20 1004 =20 304 Y.
50 350 10 40 250 /
230 | 1504 200 230 | 704 200 /
50 450 10 60 450 /
240 | 2004 g 400 M40 | 1304 g 400 /
50 § 350 10 80 g 350
250 | 2504 = 300 250 | 2104 5 300
50 g 250 10 100 E—<o 250
260 | 3004 200 ™60 | 3104 200 /
50 150 10 120 150 /
IS V. /
270 | 3504 100 270 | 4304 100 /
50 0 10 140 50 A
80 | 4004 ™80 | 5704
10 20 30 40 50 60 70 X 10 20 30 40 50 60 70
Months Months

We see in graph A that every change of 10 months results in a $50 thou-
sand change in total costs. But in graph B, changes of 10 months do not re-
sult in constant changes in total costs. This is a way to distinguish linear from
nonlinear functions. The rate at which a linear function changes, or the
steepness of its graph, is constant.

Mathematically, we define the steepness, or slope, of a line as the ratio
of its vertical change (rise) to the corresponding horizontal change (run).
That is, slope represents the rate of change of y with respect to x.

Slope
The slope m of a line containing points (x;, 1) and (x, 2) is
given by

7 (3% 7) o — e

72 run

g s _ b cltings by

 the change in x

% % x TN _ N n
X2 — X1 X1~ X
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Study Tip

Are you aware of all the learning
resources that exist for this
textbook? Many details are
given in the preface.

« The Student’s Solutions Manual
contains worked-out solutions to
the odd-numbered exercises in
the exercise sets.

» An extensive set of videotapes
supplements this text. These may
be available to you at your
campus learning center or
math lab.

« Tutorial software also
accompanies this text. If it is not
available in the campus learning
center, you can order it by calling
1-800-824-7799.

« You can call the Addison Wesley
Tutor Center for “live” help with
the odd-numbered exercises. This
service is available with
a student access number.

EXAMPLE 1 Graph the function f(x) = —%x + 1 and determine its
slope.

Solution  Since the equation for fis in the form f(x) = mx + b, we know
it is a linear function. We can graph it by connecting two points on the graph
with a straight line. We calculate two ordered pairs, plot the points, graph
the function, and determine the slope:

2
f(3)=—;-3+1=—2+1=—1;

2
fO)==-5-9+1=-6+1=-5

Pairs: (3,—1), (9, —5);

Slope = m=22"N
X2 — X1
5y _ -4 2
9—-3 6 37
Y
s =-2x+1
NG 2
N
L IN 4507 x
=2 (3’_1) \\
—3{Rise —4
—4 1
s Y N9, —5)
Run 6 s

The slope is the same for any two points on a line. Thus, to check our work,
note that f(6) = —% 6+ 1= —4+ 1= —3. Using the points (6, —3)
and (3, —1), we have

S -1-(=3) 2 2
3—-6 -3 3°
We can also use the points in the opposite order when computing slope,
so long as we are consistent:

_ 33—y _ -2 2

6—3 3 3°

Note also that the slope of the line is the number m in the equation for
the function f(x) = —%x + 1. -

The slope of the line given by f(x) = mx + b is m.
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EXPLORING WITH TECHNOLOGY  We can animate the effect of the slope m
in linear functions of the type f(x) = mx with the graphing calculator set in
SEQUENTIAL mode. Graph the following equations:

71 =% ¥y = 2x, y3=>5x, and y4 = 10x.

Enter these equations as y; = {1,2,5, 10}x. What do you think the graph of
y = 128x will look like?
Clear the screen and graph the following equations:

71 =% 2 = 0.75x, y3 = 0.48x, and ys = 0.12x.

What do you think the graph of y = 0.000029x will look like?
Again clear the screen and graph each set of equations:

Y= —% ¥y = —2x, y3 = —4x, and y4= —10x
and

- _ — _2 - 7 d =_1
y1= =X Y2 = 73% V3 = T 3% an Ya = T1pX

From your observations, what do you think the graphs of y = —200x and
¥ = — o509 will look like?

If a line slants up from left to right, the change in x and the change in y
have the same sign, so the line has a positive slope. The larger the slope, the
steeper the line, as shown in Fig. 1. If a line slants down from left to right,
the change in x and the change in y are of opposite signs, so the line has
a negative slope. The larger the absolute value of the slope, the steeper the
line, as shown in Fig. 2. When m = 0, y = 0x, or y = 0. Note that this hori-
zontal line is the x-axis, as shown in Fig. 3.

Figure 1 Figure 2 Figure 3

Horizontal and Vertical Lines

If a line is horizontal, the change in y for any two points is 0 and the
change in x is nonzero. Thus a horizontal line has slope 0 (see Fig. 4
on the next page).

If a line is vertical, the change in y for any two points is nonzero and
the change in x is 0. Thus the slope is not defined because we cannot
divide by 0 (see Fig. 5).
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Horizontal lines Vertical lines
y y
(x1, y1) m=0 (x1, y2)
(xz, J’1)
x
T Ny (x15 1)
m= X, — X m= X — X

B 0 _ N2 hn

T ox X - 0

B m is not

=0 defined
Figure 4 Figure 5

Note that zero slope and an undefined slope are two very different

concepts.
y EXAMPLE 2 Graph each linear equation and determine its slope.
5 =

5
4r = — = =
5L a) x 2 b) y 5
2 [ -
- Solution
a3 1o [ 123 45 % a) Since yis missing in x = —2, any value for y will do.

x==2| —2r
73 =
_4 =
_5 =
Choose any number for y; x must be —2.
Figure 6
y
5F . . .
ne 5 The graph (see Fig. 6) is a vertical line 2 units to the left of the y-axis. The
3- y=7 slope is not defined. The graph is not the graph of a function.
i: b) Since x is missing in y = %, any value for x will do.
1 1 1 1 1 1 1 1 1 1
54-3-1 [ 12345 %
_2 =
-3 0| 32
:;1 i -3 g Choose any number for x; y must be %
s

Figure 7

The graph (see Fig. 7) is a horizontal line %, or 2%, units above the x-axis.
The slope is 0. The graph is the graph of a constant function. -

Applications of Slope

Slope has many real-world applications. Numbers like 2%, 4%, and 7% are
often used to represent the grade of a road. Such a number is meant to tell
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how steep a road is on a hill or mountain. For example, a 4% grade means
that the road rises 4 ft for every horizontal distance of 100 ft.

Road grade =
(expressed as
a percent)

The concept of grade is also used with a treadmill. During a treadmill
test, a cardiologist might change the slope, or grade, of the treadmill to
measure its effect on heart rate. Another example occurs in hydrology. The
strength or force of a river depends on how far the river falls vertically com-

5.0 ft X pared to how far it flows horizontally.

EXAMPLE 3 Ramp for the Handicapped. Construction laws regarding
access ramps for the handicapped state that every vertical rise of 1 ft requires
a horizontal run of 12 ft. What is the grade, or slope, of such a ramp?

Solution  The grade, or slope, is given by m = % ~ 0.083 = 8.3%.

12 ft x

Slope can also be considered as an average rate of change. To find the
average rate of change between any two data points on a graph, we deter-
mine the slope of the line that passes through the two points.
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' ( EXAMPLE 4 News Consumption. In recent years, news consumption
Ii from newspapers has decreased while consumption from online sources has
Video increased. The graphs below illustrate both trends.

_-----—'--—'

Trends in News Consumption

Trends in News Consumption

L}
60 30 et ! :
Newspaper Online 25%.
20
S g 15
3 bl S
A~ 10
B/
ol «
H 1996 "‘_ 1998 2000 20020 1996 1998 2000 "- 2002
B’;} Year e S Year
Source: Pew Research Centre for People and the Press 2002 Source: Pew Research Centre for People and the Press 2002

a) Find the average rate of change in news consumption from newspapers
from 1996 to 2002.

b) Find the average rate of change in news consumption from online
sources from 1996 to 2002.
Solution

a) We determine the coordinates of two points on the graph. In this case,
we use (1996,50%) and (2002,41%). Then we compute the slope, or
average rate of change, as follows:

h .

Slope = Average rate of change = m
change in x

__#M-5%0 _-5__3__.1

2002 — 199 6 2 X

This result tells us that, on average, each year from 1996 to 2002 news
consumption from newspapers decreased 1% 5%. The average rate of
change over the 6-year period was a decrease of 15 % per year.

b) We determine the coordinates of two points on the graph. In this case, we
use (1996,2%) and (2002,25%). Then we compute the slope, or average
rate of change, as follows:

25 -2 23 5
Slope = ——— =3—.
2002 — 1996 6 6
On average, each year from 1996 to 2002 news consumption from on-
line sources increased 3 %. The average rate of change over the 6-year
period was an increase of 32 % per year. -
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Video

Algebraic Solution

We substitute into the function:

F(26) = 2.75(26) + 71.48
= 142.98.

Thus the female was 142.98 cm tall.

Copyright © 2006 Pearson
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Applications of Linear Functions

We now consider an application of linear functions.

EXAMPLE 5 Height Estimates. An anthropologist can use linear func-
tions to estimate the height of a male or a female, given the length of the
humerus, the bone from the elbow to the shoulder. The height, in centime-
ters, of an adult male with a humerus of length x, in centimeters, is given by
the function

M(x) = 2.89x + 70.64.

The height, in centimeters, of an adult female with a humerus of length x is
given by the function

F(x) = 2.75x + 71.48.

A 26-cm humerus was uncovered in a ruins. Assuming it was from a female,
how tall was she? What is the domain of this function?

Graphical Solution

We graph F(x) = 2.75x + 71.48 and use the VALUE
feature to find F(26).

y=2.75x+ 71.48
200

olx=26 Y =142.98 50
0

The female was 142.98 cm tall.

Theoretically, the domain of the function is the set of all real numbers.
However, the context of the problem dictates a different domain. One could
not find a bone with a length of 0 or less. Thus the domain consists of posi-
tive real numbers, that is, the interval (0,9). A more realistic domain might
be 20 cm to 60 cm, the interval [20,60]. -
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Exercise Set

In Exercises 1—4, the table of data contains
input—output values for a function. Answer the
following questions for each table.

a) Is the change in the inputs x the same?
b) Is the change in the outputs y the same?
c) Is the function linear?

7 y 8 y
al ﬁ(3’3)f : L 4
2{(0, 3) . ol (5,1)

N

(—3, —4)

9.(9,4) and (—1,2)
10. (—3,7) and (5, —1)
11. (4, —9) and (—5,6)
12. (—6,—1) and (2, —13)
13. (0.7, —0.1) and (—0.3, —0.4)
14.(=2,—3) and (3, 3)
15.(2,—2) and (4, —2)
16. (—9,8) and (7, —6)
17. (3,=3) and (=3, 3)
18. (—8.26,4.04) and (3.14, —2.16)
19. (16, —13) and (—8, —5)
20. (—10,—7) and (—10,7)
21. (m, —3) and (mm,2)
22.(V/2, —4) and (0.56, —4)

1. 2.
XY x y
-3 7 20 12.4
-2 110 30 24.8
-1 13 40 49.6
0] 16 50 99.2
1119 60 | 198.4
2|22 70 | 396.8
3125 80 | 793.6
3 4.
x y x y
11| 32 2| -8
26 | 57 4| -12
41| 82 6| —16
56 | 9.3 8| —20
71| 113 10 | —24
86 | 13.7 12 | 28
101 | 19.1 14 | —32
Find the slope of the line containing the given points.
5. y 6. y
\ 03 N
- 2\ . - i
(5,0) (=2,0)
_2_2 Zié\x :A 2 g ¥
—4 2

Graph the linear equation and determine its slope,
if it exists.

2.y=—3x+3 24.y=3x—14
25.2y — 3x = —6 26.x+2y=1
27.5x + 2y =10 28.2y —x=38
29.y= —3 30.x=3
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Determine the slope, if it exists, of the graph of the given
linear equation.
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38.

39. Overseas Adoptions.

3l.y=13x—5 32.y=—ix+7
33.x= -2 34.3x — 4y = —11
35.10y + x=9 36.y =2

37. Credit Card Debt.  In one decade, the average

household’s credit card balance rose 173%. Find the
average rate of change in the credit card balance
from 1992 to 2002.

Credit Card Debt

Debt (in thousands)
— N W s U1 NN 0 O

. W
GO LR
— .
’92 793 94 95 96 97 98 99 00 01 ’02

Year

Source: CardWeb.com

Unwanted Commercial E-mail.  Between 1999 and
2002, the number of unwanted commercial e-mail
messages, called spam, sent daily rose 460%. Find the
average rate of change in delivery of spam from 1999
to 2002.

Unwanted Commercial e-mail
Number of worldwide spam messages sent daily:

1999

2000

2001

2002

Messages (in billions)
Source: IDC o o

Overseas adoptions by U.S.
parents have increased by more than 200% from

1992 to 2002. In 1992, 6472 visas were issued to
orphans from other countries. In 2002, 20,099 visas
were issued. Find the average rate of change in the
number of overseas adoptions over the 10-year
period. (Source: National Adoption Information
Clearinghouse)

40.

41.

42.

43.

Chinese Adoptions. In 1992, 210 children from
mainland China were adopted by U.S. parents. The
number of Chinese children adopted ten years later,
in 2002, was 6062. Find the average rate of change in
the number of Chinese adoptions from 1992 to
2002. (Source: Bureau of Citizenship and
Immigration Services)

Running Rate.  An Olympic marathoner passes the

10-km point of a race after 50 min and arrives at the
25-km point 1% hr later. Find the speed (average rate
of change) of the runner.

Work Rate.  As a typist resumes work on a research
paper, é of the paper has already been keyboarded.
Six hours later, the paper is % done. Calculate the
worker’s typing rate.

Ideal Minimum Weight. One way to estimate the

ideal minimum weight of a woman in pounds is to

multiply her height in inches by 4 and subtract 130.

Let W = the ideal minimum weight and h = height.

a) Express W as a linear function of h.

b) Graph W.

¢) Find the ideal minimum weight of a woman
whose height is 62 in.

d) Find the domain of the function.
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44.

45.

46.

47.

Pressure at Sea Depth.  The function P, given by
P(d) =5d + 1,

gives the pressure, in atmospheres (atm), at a
depth d, in feet, under the sea.

a) Graph P.

b) Find P(0), P(5), P(10), P(33), and P(200).
¢) Find the domain of the function.

Stopping Distance on Glare Ice.  The stopping

distance (at some fixed speed) of regular tires on
glare ice is a function of the air temperature F, in
degrees Fahrenheit. This function is estimated by

D(F) = 2F + 115,
where D(F) is the stopping distance, in feet, when
the air temperature is F, in degrees Fahrenheit.
a) Graph D.
b) Find D(0°), D(—20°), D(10°), and D(32°).
¢) Explain why the domain should be restricted to
[—57.5% 32°].

Anthropology Estimates.
the function

M(x) = 2.89x + 70.64

Consider Example 5 and

for estimating the height of a male.
a) If a 26-cm humerus from a male is found in an

archeological dig, estimate the height of the male.
b) What is the domain of M?

Reaction Time. Suppose that while driving a car,
you suddenly see a school crossing guard standing in
the road. Your brain registers the information and
sends a signal to your foot to hit the brake. The car
travels a distance D, in feet, during this time, where
D is a function of the speed r, in miles per hour, of
the car when you see the crossing guard. That
reaction distance is a linear function given by

11 1
D(r)= —r+ —.
10 2

48.

49.

50.

a) Find the slope of this line and interpret its
meaning in this application.

b) Graph D.

¢) Find D(5), D(10), D(20), D(50), and D(65).

d) What is the domain of this function? Explain.

Straight-Line Depreciation. A marketing firm buys
a new color printer for $5200 to print banners for a
sales campaign. The printer is purchased on January 1
and is expected to last 8 yr, at the end of which time
its trade-in, or salvage, value will be $1100. If the
company figures the decline or depreciation in value
to be the same each year, then the salvage

value V, after ¢ years, is given by the linear function

V(1) = $5200 — $512.50¢, for0 <t < 8.

a) Graph V.
b) Find V(0), V(1), V(2), V(3), and V(8).
¢) Find the domain and the range of this function.

Total Cost.  The Cellular Connection charges $60
for a phone and $29 per month under its economy
plan. Write an equation that can be used to
determine the total cost, C(t), of operating a
Cellular Connection phone for ¢t months. Then
find the total cost for 6 months.

Total Cost.  Superior Cable Television charges a

$65 installation fee and $80 per month for “deluxe”
service. Write an equation that can be used to
determine the total cost, C(t), for ¢ months of deluxe
cable television service. Then find the total cost for

8 months of service.

In Exercises 51 and 52, the term fixed costs refers to
the start-up costs of operating a business. This includes
machinery and building costs. The term variable costs
refers to what it costs a business to produce or service
one item.

51.

52.

Kara’s Custom Tees experienced fixed costs of $800
and variable costs of $3 per shirt. Write an equation
that can be used to determine the total costs
encountered by Kara’s Custom Tees. Then
determine the total cost of producing 75 shirts.

It's My Racquet experienced fixed costs of $950 and
variable costs of $18 for each tennis racquet that is
restrung. Write an equation that can be used to
determine the total costs encountered by It’s My
Racquet. Then determine the total cost of
restringing 150 tennis racquets.
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53. Discuss why the graph of a vertical line x = a
cannot represent a function.

54. Explain as you would to a fellow student how the
numerical value of slope can be used to describe the
slant and the steepness of a line.

Skill Maintenance

If f(x) = x* — 3x, find each of the following.
55. 1(3)

56.f(5)

57. f(—5)

58.f(—a)

59. f(a + h)

Synthesis

60. Grade of Treadmills. A treadmill is 5 ft long and
is set at an 8% grade. How high is the end of the
treadmill?

Section 1.3

Linear Functions, Slope, and Applications 103

Find the slope of the line containing the given points.
61. (—c, —d) and (9¢, —24d)

62.(r,s + t) and (1, 5)

63.(z+ q,z) and (z — ¢q,2)

64.(—a— b,p+ g)and (a + b,p — q)

65. (a,a?) and (a + h,(a + h)?)

66.(a,3a+ 1)and (a + h,3(a + h) + 1)

Suppose that f is a linear function. Determine whether
each of the following is true or false.

67. f(cd) = f(o)f(d)

68. f(c + d) = f(o) + f(d)
69. f(c — d) = f(c) — f(d)
70. f(kx) = kf(x)

Let f(x) = mx + b. Find a formula for f(x) given each
of the following.
71. flx + 2) = f(x) + 2

72. f(3x) = 3f(x)
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Find the slope and the y-intercept of a line given the equation
y = mx + b, or f(x) = mx + b.

*  Graph a linear equation using the slope and the y-intercept.
* Determine equations of lines.
. * Given the equations of two lines, determine whether their graphs are
Equatlons of parallel or whether they are perpendicular.

Lines and * Model a set of data with a linear function.

. * Fit a regression line to a set of data; then use the linear model to make

Modeli ng predictions.

Slope-Intercept Equations of Lines

EXPLORING WITH TECHNOLOGY  We can explore the effect of the constant
b in linear equations of the type f(x) = mx + b with a graphing calcu-
lator. Begin with the graph of y = x. Now graph the lines y = x + 3 and
y = x — 4 in the same viewing window. Try entering these equations as
y = x + {0,3, —4} and compare the graphs. How do the last two lines differ
from y = x? What do you think the line y = x — 6 will look like?
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Try graphing y = —0.5x, y = —0.5x — 4,and y = —0.5x + 3 in the same
viewing window. Describe what happens to the graph of y = —0.5x when a
number b is added.

Y-INTERCEPT Compare the graphs of the equations

REVIEW SECTION 1.1.

y=3x and y=3x— 2.

Note that the graph of y = 3x — 2 is a shift down of the graph of y = 3x,
and that y = 3x — 2 has y-intercept (0, —2). That is, the graph is parallel
to y = 3x and it crosses the y-axis at (0, —2). The point (0, —2) is the
y-intercept of the graph.

y
3 P y=3x—2
I
|
2 v
|
1
1 1 1 (Q)O) 1 1 1 1
-4 =3 -2 -1 1 2 3 4 x

y=3x : 0, =2)
\T Y,

The Slope-Intercept Equation
The linear function f given by

y
flx) =mx+ b
has a graph that is a straight
line parallel to y = mx. The @ y = mx

constant m is called the slope,
and the y-intercept is (0, b).

We can read the slope m and the y-intercept (0, b) directly from the
equation of a line written in the form y = mx + b.

y=—025x— 3.8 EXAMPLE 1 Find the slope and the y-intercept of the line with equation
=1 y = —0.25x — 3.8.
i Solution
5l [ y:_025x_38
L —_—
- |
\
-5 Slope = —0.25; y-intercept = (0, —3.8) -
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Any equation whose graph is a straight line is a linear equation. To find
the slope and the y-intercept of the graph of a linear equation, we can solve
for y, and then read the information from the equation.

EXAMPLE 2 Find the slope and the y-intercept of the line with equation
3x —6y—7=0.

Solution  We solve for y:
3x —6y—7=0

—6y= —3x+7 Adding —3x and 7 on both sides
—é(—6y) = —é(—3x +7) Multiplyingby—é
y=lx—1.
Thus the slope is %, and the y-intercept is (0, — é) -

EXAMPLE 3 A line has slope —g and y-intercept (0,16). Find an equa-
tion of the line.

Solution We use the slope—intercept equation and substitute —g for m
and 16 for b:

y=mx+b
y=—§x+16. -

EXAMPLE 4 A line has slope —% and contains the point (—3,6). Find an
equation of the line.

Solution  We use the slope—intercept equation, y = mx + b, and substi-

tute —3 for m: y = —%x + b. Using the point (—3,6), we substitute —3
for x and 6 for yin y = —%x + b. Then we solve for b:

y=mx+b

y= —éx +b Substituting — 3 for m

6= — %(— 3) + b Substituting —3 for xand 6 for y

6=2+0b

4=b. Solving for b, the y-intercept is (0, b).
The equation of the line is y = —%x + 4. -

We can also graph a linear equation using its slope and y-intercept.

EXAMPLE 5 Graph: y = —3x + 4.

Solution This equation is in slope—intercept form, y = mx + b. The
y-intercept is (0, 4). Thus we plot (0,4). We can think of the slope (m = — %)
as %2

_ rise _ changeiny  —2 <—Move2 units down.

m -
run changeinx 3 <— Move 3 units to theright.
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Starting at the y-intercept and using the slope, we find another point by
moving 2 units down and 3 units to the right. We get a new point (3,2). In
a similar manner, we can move from (3,2) to find another point (6,0).

We could also think of the slope (m = —% as %3 Then we can start
at (0,4) and move 2 units up and 3 units to the left. We get to another point
on the graph, (—3,6). We now plot the points and draw the line. Note that
we need only the y-intercept and one other point in order to graph the line,
but it’s a good idea to find a third point as a check that the first two points
are correct.

Y
N 7
N\ 2
6 y=-—3x+4
—3,6
( )ING 5 (0.4)
31N
) (3,2)
N
! NLU(6,0)
—4—3-2— 4 X
~
=2
=3
4
|

Point-Slope Equations of Lines

Another formula that can be used to determine an equation of a line is the
point—slope equation. Suppose that we have a nonvertical line and that the
coordinates of point P; on the line are (x1, ;). We can think of Py as fixed
and imagine another point P on the line with coordinates (x, y). Thus the
slope is given by

y—n _
=m
X — X1
Multiplying both sides by x — x;, we get the point—slope equation of the line:
Yy _
X — X1
y — y1 = m(x — x1).

(x — x1) - m-(x — x1)

Point-Slope Equation
The point—slope equation of the line with slope m passing through
(x1, 1) is

y— y1 = m(x — x1).
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If we know the slope of a line and the coordinates of one point on the
line, we can find an equation of the line using either the point—slope
equation,

y = n=mx—x),
or the slope—intercept equation,

y = mx + b.

EXAMPLE 6 Find an equation of the line containing the points (2, 3)

and (1, —4).
Solution  We first determine the slope:
—4 -3
m =
1-2
_7
-1

Using the Point-Slope Equation: We substitute 7 for m and either of the
points (2, 3) or (1, —4) for (x1, y1) in the point—slope equation. In this case,
we use (2, 3).

y =y = m(x — x) Point—slope equation
y—3=7(x—2) Substituting
y—3=7x—14

y=7x—11

Using the Slope—Intercept Equation: We substitute 7 for m and either of the
points (2,3) or (1, —4) for (x, y) in the slope—intercept equation and solve
for b. Here we use (1, —4).

y=mx+b Slope—intercept equation
—4=7-1+0D Substituting
—4=7+0b
—11=15b Solving for b

Finally, we substitute 7 for m and —11 for bin y = mx + b to get

y=7x— 11 -

Parallel Lines

Can we determine whether the graphs of two linear equations are paral-
lel without graphing them? Let’s observe three pairs of equations and
their graphs.

Copyright © 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley


http://media.pearsoncmg.com/aw/aw_mml_shared_1/copyright.html
bounce01.html?2_3_l
bounce01.html?5_1_qt

108 Chapter1 « Graphs, Functions, and Models

y
S,
4,
3,
2,
1,
1 141 |

sS4
,2,
,3,
,4,
,5,

x=—4
x= =25
Parallel Parallel Not parallel
If two different lines, such as x = —4 and x = —2.5, are vertical,

then they are parallel. Thus two equations such as x = a;, x = a,, where
a; # ay, have graphs that are parallel lines. Two nonvertical lines, such
as y = 2x + 4and y = 2x — 3, or, in general, y = mx + by, y = mx + by,
where the slopes are the same and b; # by, also have graphs that are
parallel lines.

Parallel Lines

Vertical lines are parallel. Nonvertical lines are parallel if and only if
they have the same slope and different y-intercepts.

Perpendicular Lines

Can we examine a pair of equations to determine whether their graphs are
perpendicular without graphing the equations? Let’s observe the following
pairs of equations and their graphs.

x=35

Perpendicular Not perpendicular Perpendicular

Perpendicular Lines

Two lines with slopes #1; and m;, are perpendicular if and only if the
product of their slopes is —1:

mimy = —1.

Lines are also perpendicular if one is vertical (x = a) and the other
is horizontal (y = b).
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Figure 1

y="2x+t4, y,=2x-5

Figure 3
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If a line has slope m;, the slope m1; of a line perpendicular to it is —1/m;.
(The slope of one line is the opposite of the reciprocal of the other.)

EXAMPLE 7 Determine whether each of the following pairs of lines is
parallel, perpendicular, or neither.

a) y+2=5x, 5y + x= —15

b) 2y +4x=28, 5+ 2x= —y

) 2x+1=y, y+3x=4

Solution  We use the slopes of the lines to determine whether the lines are
parallel or perpendicular.

a) We solve each equation for y:
y=5x—2, y=—éx—3.

The slopes are 5 and — é Their product is —1, so the lines are perpendi-
cular (see Fig. 1). Note in the graphs at left that the graphing calculator
windows have been squared to avoid distortion. (Review squaring win-
dows in Section 1.1.)

b) Solving each equation for y, we get
y= —2x + 4, y= —2x — 5.

We see that m; = —2 and m, = —2. Since the slopes are the same and
the y-intercepts, (0,4) and (0, —5), are different, the lines are parallel
(see Fig. 2).

¢) Solving each equation for y, we get

y=2x+1, y= —3x+ 4.

Since m; =2 and mp = —3, we know that m; # m, and that
mymy = 2(—3) = —6 # —1. It follows that the lines are neither
parallel nor perpendicular (see Fig. 3). -

EXAMPLE 8 Write equations of the lines (a) parallel and (b) perpendi-
cular to the graph of the line 4y — x = 20 and containing the point (2, —3).

Solution  We first solve 4y — x =20 for y to get y = 1x + 5. Thus the
slope of the given line is § 4

a) The line parallel to the given line will have slope i. We use either the
slope—intercept equation or the point—slope equation for a line with
slope i and containing the point (2, —3). Here we use the point—slope
equation:

y =y =mx— x)
y—(=3)=1(x—2)

1 1
yr3=gx—3

1 _ 7
y=54x 7 3
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1.7 b) The slope of the perpendicular line is the opposite of the reciprocal of
47 i, or —4. Again we use the point—slope equation to write an equation
for a line with slope —4 and containing the point (2, —3):

J 8
4 y— y1=m(x — x1)
y=(=3) = —4(x - 2)
712l 1 1 1 1 1 1 1 1 1 1 112

y+3=—4x+38

Y
y= —4x + 5. -

-8 )3

Summary of Terminology about Lines

TERMINOLOGY MATHEMATICAL INTERPRETATION

Slope m=y2_y1,oryl_y2
X2 — X1 X1 — X2

Slope—intercept equation y=mx+b

Point—slope equation y =y =m(x— x)

Horizontal line y=1>

Vertical line xX=a

Parallel lines m; = my, by # by

Perpendicular lines mimy = —1

Mathematical Models

When a real-world problem can be described in mathematical language,
we have a mathematical model. For example, the natural numbers con-
stitute a mathematical model for situations in which counting is essential.
Situations in which algebra can be brought to bear often require the use
of functions as models.

Mathematical models are abstracted from real-world situations. The
mathematical model gives results that allow one to predict what will happen
in that real-world situation. If the predictions are inaccurate or the results
of experimentation do not conform to the model, the model needs to be

changed or discarded.

Recognize Collect
real-world data.
problem.

| |

4

Plot data.
Explain
and predict.

\I Construct
model.
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Mathematical modeling can be an ongoing process. For example, find-
ing a mathematical model that will enable an accurate prediction of popula-
tion growth is not a simple problem. Any population model that one might
devise would need to be reshaped as further information is acquired.

Curve Fitting

We will develop and use many kinds of mathematical models in this text. In
this chapter, we have used linear functions as models. Other types of func-
tions, such as quadratic, cubic, and exponential functions, can also model
data. These functions are nonlinear. Modeling with quadratic and cubic
functions is discussed in Chapter 3. Modeling with exponential functions is
discussed in Chapter 4.

Quadratic function: Cubic function: Exponential function:
y=ax2+hx+c,a>0 y=ax3+bx2+cx+d,a>0 y=ab5a,b>0
y y y

\

In general, we try to find a function that fits, as well as possible, obser-
vations (data), theoretical reasoning, and common sense. We call this curve
fitting; it is one aspect of mathematical modeling.

Let’s look at some data and related graphs or scatterplots and deter-
mine whether a linear function seems to fit the set of data.

Number of U.S. Travelers to Foreign Countries

Number of U.S. Travelers
to Foreign Countries, y

Year, x (in millions) Scatterplot
1994, 0 465 y U.S. Travelers to It appears that the data points
L0051 5.08 o 7 Foreign Countries can be represented or modeled
J : %; —~ L by a linear function.
1996, 2 5.23 § é 6r Lo " The graph is linear.
1997, 3 5.29 SE T
o) g sk w " -
1998, 4 5.63 £E w
=
1999, 5 5.75 Z 4r
2000) 6 6.08 1 1 1 1 1 1 1

Year

Sources: U.S. Department of Commerce; International Trade Administration; Tourism Industries
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Number of Cellular Phone Subscribers

Chapter1 « Graphs, Functions, and Models

Number of Cellular
Phone Subscribers, y
Year, x (in millions) Scatterplot
1990, 0 53 y Cellular Phone Boom It appears that the data points
1991 1 6 160 u cannot be modeled by a
i : 150 linear function.
140 ]
1992, 2 1.0 130l The graph is nonlinear.
1993, 3 16.0 "
120

1994, 4 24.1 %\110» n

.2 100F
1995, 5 33.8 =

g 90- .
1996, 6 44.0 2 8ok
1997, 7 55.3 B 7or .

S 60
1998, 8 69.2 =] "

z. 50
1999, 9 86.0 40+ "

301 "
2000, 10 109.5 S0l M
2001, 11 128.4 T
r 1 1 1 1 1 1 1 1 1 1 1 1

2002, 12 140.8 0 4 6 g8 10 12 X
2003, 13 158.7 Year

Source: Cellular Telecommunications & Internet Association

Looking at the scatterplots, we see that the data on U.S. foreign travel-

ers seem to be rising in a manner to suggest that a linear function might fit,
although a “perfect” straight line cannot be drawn through the data points.
A linear function does not seem to fit the data on cellular phones.

Number of travelers
(in millions)

U.S. Travelers to

Foreign Countries

EXAMPLE 9 Foreign Travel. Model the data given in the table on
foreign travel on the preceding page with two different linear func-
tions. Then with each function, predict the number of U.S. travelers to
foreign countries in 2006. Of the two models, which appears to be the
better fit?

Solution  We can choose any two of the data points to determine an
equation. Let’s use (1,5.08) and (5,5.75) for our first model.
We first determine the slope of the line:
575 — 5.08
5—-1

m = 0.1675.

Then we substitute 0.1675 for m and either of the points (1,5.08) or
(5,5.75) for (x1,y1) in the point—slope equation. In this case, we use
(1,5.08). We get

y — 5.08 = 0.1675(x — 1),

which simplifies to

y = 0.1675x + 4.9125, Model I
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(in millions)

- =

N

w

o~

U.S. Travelers to

Foreign Countries

Model 11
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where x is the number of years after 1994 and y is in millions.

For the second model, let’s use (0,4.65) and (6,6.08). Again we first
determine the slope:
6.08 — 4.65

6—0

m =~ (.2383.
We can use the slope—intercept equation. The y-intercept, (0,4.65), is one of
the data points. Substituting 0.2383 for m and 4.65 for b, we get

y = 0.2383x + 4.65, Model IT

where x is the number of years after 1994 and y is in millions.
Now we can predict the number of U.S. foreign travelers in 2006 by sub-
stituting 12 for x (2006 — 1994 = 12) in each model:

Model I y = 0.1675x + 4.9125
y = 0.1675(12) + 4.9125
~ 6.923;
Model II:  y = 0.2383x + 4.65
y = 0.2383(12) + 4.65
=~ 7.510.

Thus, using model I, we predict that there will be about 6.92 million U.S.
foreign travelers in 2006, and using model II, we predict about 7.51 million.

Since it appears from the graphs that model II fits the data more closely,
we would choose model II over model 1. -

Linear Regression

We now consider linear regression, a procedure that can be used to model
a set of data using a linear function. Although discussion leading to a com-
plete understanding of this method belongs in a statistics course, we present
the procedure here because we can carry it out easily using technology. The
graphing calculator gives us the powerful capability to find linear models
and to make predictions using them.

Consider the data presented on page 111 on the number of U.S. travel-
ers to foreign countries. We can fit a regression line of the form y = mx + b
to the data using the LINEAR REGRESSION feature on a graphing calculator.

EXAMPLE 10 Foreign Travel. Fit a regression line to the data given in

the table on foreign travel on page 111. Then use the function to predict the
number of U.S. travelers to foreign countries in 2006.

Solution  First, we enter the data in lists on the calculator. We enter the
values of the independent variable x in list L1 and the corresponding values
of the dependent variable y in L2 (see Fig. 1 on the next page). The graphing
calculator can then create a scatterplot of the data, as shown in Fig. 2.
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EDIT TESTS
1:1-Var Stats
2:2-Var Stats
3:Med-Med
BALinReg(ax+b)
5:QuadReg
6:CubicReg

74 QuartReg

Figure 3

LinReg
y=ax+b
a=.2153571429
b = 4.741071429
r2 = 9672715955
r=.9834996672

Figure 4

Graphs, Functions, and Models

~N

L1 L2 L3 a = "

0 465 | ————— = "

1 5.08

2 5.23

Bl 5.29

4 5.63

5 5.75

6 6.08 —2U ! ! ! ! ! ! ! 7
L2(7) = 6.08 0
Figure 1 Figure 2

When we select the LINEAR REGRESSION feature from the STAT CALC

menu, we find the linear equation that best models the data. It is
y = 0.2153571429x + 4.741071429 Regression line

(see Figs. 3 and 4). We can then graph the regression line on the same graph
as the scatterplot, as shown in Fig. 5.

7

Figure 5

To predict the number of U.S. foreign travelers in 2006, we substitute 12
for x in the regression equation.

Using this model, we see that the number of U.S. travelers to foreign
countries in 2006 is predicted to be about 7.33 million. Note that 7.33
is closer to the value found using model II than the one found using
model I in Example 9.

Y1(12)
7.33

The Correlation Coefficient

On some graphing calculators with the DIAGNOSTIC feature turned on, a
constant r between —1 and 1, called the coefficient of linear correlation,
appears with the equation of the regression line. Though we cannot develop
a formula for calculating rin this text, keep in mind that it is used to describe
the strength of the linear relationship between x and y. The closer || is to 1,
the better the correlation. A positive value of ralso indicates that the regres-
sion line has a positive slope, and a negative value of r indicates that the re-
gression line has a negative slope. For the foreign travel data just discussed,

r = 0.9834996672,

which indicates a very good linear correlation.
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T~ Visualizing the Graph AT

Match the equation with its graph.

1o 4
B . G )
6 2
4 1
, 2. 5y=2x+15
—6-5-4-3-2-1 N1 2 3 4%
—14-12-1p-8 -6 —4 2 12 3% B
~ 5 -2
—4 -3
—6 1 —4
-8 3. y= —?x — 4 s
-10 -6
5 4 > s
. X =
c ; H
3 3
2 2
1 1
7574737N 12 3 4 5x 5. y=-—x- 2 54321 [ 172734 5%
I -2
-3
—4 -4
-5 6 y: 2x =5

y
12
10
8
6
4
. —6-5pH-3-2-1 12 3 4%
/ -1
-2
};1@—’8—6—4—22 2 4 6 8%

7

y 10. y=x~|—?
E > J
15

10
s Answers on page A-7

7207157107575 5 1015 20 25 30 x

=10
=15
-20
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Exercise Set

Find the slope and the y-intercept of the equation.

Graph the equation using the slope and the y-intercept.

lLy=:x—7 2. flx) = —2x+ 3
3.x=—§ 4.y=§
5.f(x) =5 — 3x 6.y=2+3x

7.3x + 2y =10 8.2x —3y=12

9.y=—6 10. x = 10

11.5y — 4x =8 12.5x =2y +9=0

19.y= —3x— 3 20.y=3x+ 1

21. f(x) =3x — 1 22, f(x) = —2x + 5
23.3x — 4y = 20 24.2x + 3y = 15

25.x + 3y =18 26.5y — 2x = —20

Write a slope—intercept equation for a line with the
given characteristics.

Find the slope and the y-intercept of the graph of the
linear equation. Then write the equation of the line in
slope—intercept form.

13. y 14. y
—4 =2 / 2 04 X —4 =2 2 %
) -2
15. y 16. y
4 4
) 2 /
—4 =2 2 4 X -4 2 A2 4 X
-2 2
—4 4
17. y 18. y
4 4
2 2
-4 -2 2 4 X —4 -2 2.4 X
+2 -2
—4 —4

27.m = %, y-intercept (0,4)
28.m = —%, y-intercept (0,5)

29. m = —4, y-intercept (0, —7)
30.m = %, y-intercept (0, —6)

31. m = —4.2, y-intercept (0,%)
32. m = —4, y-intercept (O, —%)
33.m= %, passes through (3,7)
34.m = —%, passes through (5, 6)
35. m = 3, passes through (1, —2)

36. m = —2, passes through (—5,1)
37.m= —%, passes through (—4, —1)

38.m =2

=3, passes through (—4, —5)

39. Passes through (—1,5) and (2, —4)
40. Passes through (2, —1) and (7, —11)
41. Passes through (7,0) and (—1,4)

42, Passes through (—3,7) and (—1, —5)
43, Passes through (0, —6) and (3, —4)
44. Passes through (—5,0) and (O,%)

Write equations of the horizontal and the vertical lines
that pass through the given point.

45. (0, —3) 46.(—1,7)
47.(3,-1) 48.(0.03,0)

Exercise

Exercise:

2)
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Determine whether the pair of lines is parallel,

perpendicular, or neither.
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In Exercises 71—74, determine whether a linear model
might fit the data.

49.y=%x - 11, 50.y = —3x + 1,
y=—23—6x—11 y=—%x+l

51.y=§x—4, 52.y=%x—8,
y=—ix+4 y=8+ L5x

53.x + 2y =175, 54.2x — 5y = —3,
2x + 4y =38 2x + 5y=4

55.y = 4x — 5, 56.y =7 — x,
4y =8 — x y=x+3

Write a slope—intercept equation for a line passing
through the given point that is parallel to the given line.
Then write a second equation for a line passing through
the given point that is perpendicular to the given line.

57.(3,5), y=3x+ 1
58.(—1,6), f(x) = 2x+ 9
59.(=7,0), y = —0.3x + 4.3
60.(—4,—5), 2x + y= —4
61.(3,—2), 3x + 4y =5
62.(8,—2), y=4.2(x — 3) + 1
63.(3,—3), x=—1

64.(4,-5), y= —1

In Exercises 65—70, answer “true” or “false.”

65. The lines x = —3 and y = 5 are perpendicular.

66. The lines y = 2x — 3and y = —2x — 3 are
perpendicular.

67. The lines y = %x + 4and y = %x — 4 are parallel.

68. The intersection of the lines y = 2 and x = —;31 is
3
-32).
69. The lines x = —1 and x = 1 are perpendicular.

70. The lines 2x + 3y = 4 and 3x — 2y = 4 are
perpendicular.

71. 72.

2 =

g7 s’

= 4 = 8 gun

E E amE gu " "

£ 2 £ 4

e 2 0 | |

R % 2 4 6x 2% 5 10 x
2l Year 2] Year

73. 74.

2 A

g7 R i

= =20

210

g " a = [

£ 5 e, - s10r 4 "u n "

~ 1 1 1 g m 1 1 1
R % 2 4 x 2 % 2 4 6 x
2 Year 2] Year

In Exercises 75—80, do not use the REGRESSION feature
on a graphing calculator.

75. Hospital Stay.  The average length of time for a
patient’s stay in the hospital continues to decline.
The graph below illustrates data for certain years.

Length of time (in days)

1970 1980

Year

1990

2002

Source: National Center for Health Statistics a
-

a) Model the data with two linear functions. Let the
independent variable represent the number of
years after 1970—that is, the data points are
(0,7.8),(10,7.3), and so on. Answers will vary
depending on the data points used.

b) With each function found in part (a), predict the
average length of a hospital stay in 2007.

c) Which of the two models appears to fit the data
more closely (that is, provides the more realistic
prediction)?
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76.

77.

Motorcycle Sales.  The following graph illustrates the
annual total sales of motorcycles for certain years.

Motorcycle Sales

1000
900
800
700
600
500
400
300
200
100

Sales (in thousands)

1998 1999 2000 2001 2002

Source: Motorcycle Industry Council

a) Model the data with two linear functions. Let the
independent variable represent the years after
1998 —that is, the data points are (0, 432),
(1,546), and so on. Answers will vary depending
on the data points used.

b) With each function found in part (a), predict the
total motorcycle sales in 2006.

¢) Which of the two models appears to fit the data
more closely (that is, provides the more realistic
prediction)?

The Cost of Tuition at State Universities. Model the
data in the chart below with a linear function and
predict the costs of college tuition in 2004—2005,

in 2006—2007, and in 2010—2011. Answers will
vary depending on the data points used.

COLLEGE YEAR, x ESTIMATED TUITION, y
1997-1998, 0 $ 9,838
1998-1999, 1 10,424
1999-2000, 2 11,054
2000-2001, 3 11,717
2001-2002, 4 12,420

Sources: College Board; Senate Labor Committee

78. Foreign Travelers to the United States. Model the

data in the chart below with a linear function and
predict the number of foreign travelers visiting the
United States in 2005 and in 2008. Answers will
vary depending on the data points used.

FOREIGN TRAVELERS TO U.S., Y
YEAR, X (IN MILLIONS)
1994, 0 4.48
1995, 1 4.33
1996, 2 4.65
1997, 3 4.78
1998, 4 4.64
1999, 5 4.85
2000, 6 5.09

Sources: U.S. Department of Commerce;
International Trade Administration; Tourism
Industries

79. Egg Production. Model the data in the chart below

with a linear function and predict egg production
in 2006, in 2010, and in 2012. Answers will vary
depending on the data points used.

EGG PRODUCTION, Y
YEAR, X (IN BILLIONS)
1994, 0 73.9
1995, 1 74.8
1996, 2 76.4
1997, 3 77.5
1998, 4 79.8
1999, 5 82.7
2000, 6 84.4
2001, 7 85.7
2002, 8 86.7

Sources: U.S. Department of Agriculture;
National Agricultural Statistics Service
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80. Graying Work Force.  The percentage of Americans
older than 65 who are continuing to work is
increasing. Model the data in the chart below with a
linear function and predict the percentage of
Americans over 65 who will be working in 2010 and
in 2014. Answers will vary depending on the data
points used.

PERCENTAGE OVER 65
YEAR, X ‘WHO ARE WORKING, Y
1986, 0 10.8%
1991, 5 114
1996, 10 12
2001, 15 13

Source: U.S. Bureau of Labor Statistics

In Exercises 81—85, use the REGRESSION feature on
a graphing calculator.

81. Maximum Heart Rate. A person who is exercising
should not exceed his or her maximum heart rate,
which is determined on the basis of that person’s
sex, age, and resting heart rate. The following table
relates resting heart rate and maximum heart rate
for a 20-year-old man.

RESTING HEART MAXIMUM HEART
RATE, H RATE, M
(IN BEATS PER MINUTE) (IN BEATS PER MINUTE)
50 166
60 168
70 170
80 172

Source: American Heart Association

a) Use a graphing calculator to model the data with
a linear function.

b) Estimate the maximum heart rate if the resting
heart rate is 40, 65, 76, and 84.

¢) What is the correlation coefficient? How
confident are you about using the regression
line to estimate function values?

82. Study Time versus Grades. A math instructor
asked her students to keep track of how much
time each spent studying a chapter on functions
in her algebra—trigonometry course. She collected
the information together with test scores from
that chapter’s test. The data are listed in the
following table.

STUDY TIME, X TEST GRADE, Y
(IN HOURS) (IN PERCENT)
23 81%
15 85
17 80
9 75
21 86
13 80
16 85
11 93

a) Use a graphing calculator to model the data with
a linear function.

b) Predict a student’s score if he or she studies 24 hr,
6 hr, and 18 hr.

¢) What is the correlation coefficient? How
confident are you about using the regression line
to predict function values?
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83. Easter Candy Sales.  From 1999 to 2002, sales of
Easter candy remained relatively constant, as shown
in the following figure.

Easter Candy Sales (in billions)
1999

o G B

2000

M“f a % .f':sp $1.9

2001

. §o

e &80 -

Source: National Confectioners Association

a) Use a graphing calculator to model the data with
a linear function.

b) Estimate the sales of Easter candy in 2005 and
in 2010.

¢) Find the correlation coefficient for the regression
line and determine whether the line fits the data
closely.

84. a) Use a graphing calculator to fit a regression line
to the data in Exercise 76.
b) Predict motorcycle sales in 2006 and compare the
value with the result found in Exercise 76.
¢) Find the correlation coefficient for the regression
line and determine whether the line fits the data
closely.

85. a) Use a graphing calculator to fit a regression line to
the data in Exercise 75.

b) Predict the average length of a hospital stay in
2007 and compare the result with the estimate
found with the model in Exercise 75.

¢) Find the correlation coefficient for the regression
line and determine whether the line fits the data
closely.

Collaborative Discussion and Writing

86. A company offers its new employees a starting salary
with a guaranteed 5% increase each year. Can a
linear function be used to express the yearly salary as
a function of the number of years an employee has
worked? Why or why not?

87. If one line has a slope of —% and another has a slope
of %, which line is steeper? Why?

Skill Maintenance

Find the slope of the line containing the given points.
88.(5,7) and (5, —7)

89.(2,—8) and (-5, 1)

Find an equation for a circle satisfying the given
conditions.

90. Center (0, 3), diameter of length 5

91. Center (—7, —1), radius of length %

Synthesis

92. Road Grade. Using the following figure, find the
road grade and an equation giving the height yas a
function of the horizontal distance x.

y

] 92058m

‘ 13,740 m X

93. Find k so that the line containing the points (=3, k)
and (4, 8) is parallel to the line containing the
points (5,3) and (1, —6).

94. Find an equation of the line passing through the
point (4,5) and perpendicular to the line passing
through the points (—1,3) and (2,9).

95. Ted Williams and the War Years. Ted Williams
played for the Boston Red Sox from 1939-1960.
Many credit him with being the greatest hitter of all
time. Unfortunately, his career totals are somewhat
less impressive than others’ because his career was
interrupted from 1943-1945 by World War II and
from 1952-1953 by the Korean War. Some assert that
if he had been playing during the war years, he
would have broken Hank Aaron’s home run record
of 755 and runs batted in (RBI) record of 2297.
Williams’ statistics are on the next page.
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NUMBER OF NUMBER
YEAR, X  HOMERUNS,H  OFRBISs, R
1939 31 145
1940 23 113
1941 37 120
1942 36 137
1943 0* 0*
1944 0* 0*
1945 0* 0*
1946 38 123
1947 32 114
1948 25 127
1949 43 159
1950 28 97
1951 30 126
1952 17 3t
1953 13f 34f
1954 29 89
1955 28 83
1956 24 82
1957 38 87
1958 26 85
1959 10 43
1960 29 72
*World War II
fKorean War

a) Excluding all data from the war years, fit a linear
regression equation H = mx + b to the data
regarding the number of home runs. Then use the
equation to predict how many home runs
Williams would have hit in each of the war years.
What is the correlation coefficient? How
confident are you of your prediction?

121
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b) Would Williams have broken Aaron’s home run
record?

¢) Excluding all data from the war years, fit a linear
regression equation R = mx + b to the data
regarding the number of RBIs. Then use the
equation to predict how many RBIs Williams
would have had in each of the war years. What is
the correlation coefficient? How confident are you
of your prediction?

d) Would Williams have broken Aaron’s RBI record?
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*  Graph functions, looking for intervals on which the function is
increasing, decreasing, or constant, and estimate relative maxima
and minima.

* Given an application, find a function that models the application;
find the domain of the function and function values, and then graph
the function.

More on

Functions *  Graph functions defined piecewise.
Because functions occur in so many real-world situations, it is important to
be able to analyze them carefully.
Increasing, Decreasing, and Constant Functions
On a given interval, if the graph of a function rises from left to right, it is said
to be increasing on that interval. If the graph drops from left to right, it is
said to be decreasing. If the function values stay the same from left to right,
the function is said to be constant.
y _ 2 y glx) =4 y
_ h(x) =5—(x + 1 = =
(—1,5) ol | M) (x +1) sk sL | fx=1x—2|
4 4F
3- 3-
2F 2k
1F 1F
—5—4-3-2-1 | 123 45% —5-4-3-2-1 | 123 45%
ok ot
_3 = _3 =
_4 = _4 =
s s
X% Constant X
Increasing Decreasing Decreasing Increasing

We are led to the following definitions.

Increasing, Decreasing, and Constant Functions

A function f is said to be increasing on an open interval I, if for
all a and b in that interval, a < b implies f(a) < f(b). (See Fig. 1.)

A function f is said to be decreasing on an open interval I, if for all
aand b in that interval, a < b implies f(a) > f(b). (See Fig. 2.)

A function f is said to be constant on an open interval I, if for all a
and b in that interval, f(a) = f(b). (See Fig. 3.)
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y (b, f(b)) y y
(e f() |
1 . \ (a. f(a)) (@ f@) (b D)
far s i / (b N / /
: : 7 fo
l l fla) l l
1 1 1 1
! a b x a b x
I I I I I I
Fora<bin [ f(a) < f(b); For a<bin f(a) > f(b); Forallaand b in I, f(a) = f(b);
fis increasing on I fis decreasing on I fis constant on I.
Figure 1 Figure 2 Figure 3
y EXAMPLE 1 Determine the intervals on which the function in the figure
5+ at left is (a) increasing; (b) decreasing; (c) constant.
al
3 5.2) Solution When expressing interval(s) on which a function is increas-
20 ¢ ing, decreasing, or constant, we consider only values in the domain of
1r the function.

1 1 1 1 1 1 1
=3\ -1 | 1 2345 6\7 . . .
\ “1F / x a) For x-values (that is, values in the domain) from x = 3 to x = 5, the
3.-2) y-values (that is, values in the range) increase from —2 to 2. Thus the
-3 ’ function is increasing on the interval (3, 5).

-5} b) For all x-values from negative infinity to —1, y-values decrease; y-values
also decrease for x-values from 5 to positive infinity. Thus the function is
decreasing on the intervals (—%, —1) and (5, ).

¢) For x-values from —1 to 3, y is —2. The function is constant on the
interval (—1,3). -

In calculus, the slope of a line tangent to the graph of a function at a
particular point is used to determine whether the function is increasing,
decreasing, or constant at that point. If the slope is positive, the function is
increasing; if the slope is negative, the function is decreasing. Since slope
cannot be both positive and negative at the same point, a function cannot
be both increasing and decreasing at a specific point. For this reason, in-
creasing, decreasing, and constant intervals are expressed in open interval
notation. In Example 1, if [3,5] had been used for the increasing interval
and [5,%) for a decreasing interval, the function would be both increasing
and decreasing at x = 5. This is not possible.

Relative Maximum and Minimum Values

Consider the graph shown at the top of the next page. Note the “peaks”
and “valleys” at the x-values ¢, ¢, and c¢3. The function value f(c;) is
called a relative maximum (plural, maxima). Each of the function values
f(c1) and f(c3) is called a relative minimum (plural, minima).
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y
Relative _—
maximum
Relative
| minimum
o
Lo
H | | |

Study Tip : P -
Have reasonable expectations
about the time you need to study
for this course. Make an hour-by-
hour schedule of your typical Relative Maxima and Minima
week. Include work, school, home, Suppose that f is a function for which f(c) exists for some cin the
sleep, study, and leisure times. Try domain of f. Then:
to schedule time for study when ) ) ) i
you are most alert. Choose a f(c) is a relative maximum if there exists an open interval I
setting that will enable you to containing ¢ such that f(¢) > f(x), for all xin I where x # ¢; and
maximize your powers of f(c) is a relative minimum if there exists an open interval I
concentration. Plan for success, and containing c such that f(¢) < f(x), for all x in I where x # c.
it will happen.

Simply stated, f(c) is a relative maximum if f(¢) is the highest point in
some open interval, and f(¢) is a relative minimum if f(¢) is the lowest point
in some open interval.

If you take a calculus course, you will learn a method for determining
exact values of relative maxima and minima. In Section 2.4, we will find
exact maximum and minimum values of quadratic functions algebraically.
The MAXIMUM and MINIMUM features on a graphing calculator can be
used to approximate relative maxima and minima.

EXAMPLE 2 Use a graphing calculator to determine any relative
% i‘ maxima or minima of the function f(x) = 0.1x> — 0.6x> — 0.1x + 2 and
G'ﬁ.ﬁhe' Video to determine intervals on which the function is increasing or decreasing.

Solution We first graph the function, experimenting with the window
as needed. The curvature is seen fairly well with window settings of
[—4, 6, —3, 3]. Using the MAXIMUM and MINIMUM features, we determine
the relative maximum value and the relative minimum value of the function.

y=0.1x> — 0.6x> — 0.1x + 2 y=0.1x> — 0.6x> — 0.1x + 2
3 3
-4 6 -4 6
Maximum Minimum
X = —.0816657 Y = 2.0041105 X =4.0816679 Y= —1.604111
3 -3
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We see that the relative maximum value of the function is about 2.004.
It occurs when x = —0.082. We also approximate the relative minimum:
—1.604 at x = 4.082.

We note that the graph rises, or increases, from the left and stops
increasing at the relative maximum. From this point, the graph decreases to
the relative minimum and then begins to rise again. The function is increas-
ing on the intervals

(—0,-0.082) and (4.082,%)
and decreasing on the interval

(—0.082,4.082). —

Applications of Functions
Many real-world situations can be modeled by functions.
EXAMPLE 3 Car Distance. Emma and Brandt drive away from a camp-

ground at right angles to each other. Emma’s speed is 65 mph and Brandt’s
is 55 mph.

a) Express the distance between the cars as a function of time.
b) Find the domain of the function.
c) Graph the function.

Solution

a) Suppose 1 hr goes by. At that time, Emma has traveled 65 mi and Brandt
has traveled 55 mi. We can use the Pythagorean theorem then to find
the distance between them. This distance would be the length of the
hypotenuse of a triangle with legs measuring 65 mi and 55 mi. After
2 hr, the triangle’s legs would measure 130 mi and 110 mi. Observing
that the distances will always be changing, we make a drawing and let
t = the time in hours that Emma and Brandt have been driving since
leaving the campground.

Brandt’s
distance,

m 55¢
-

Emma’s
distance, *
65t
* -
‘ ’

After thours, Emma has traveled 65¢ miles and Brandt 55¢ miles. We
can use the Pythagorean theorem:

[d(1)]? = (651)* + (551)%.
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= 85.15x

500

[ B e B L

Video

y=20x — x?
120

Maximum
—5X =10.000007 Y=100\___Jp5
0

Because distance must be nonnegative, we need consider only the posi-
tive square root when solving for d(¢):

d(t) = V(65t)2 + (55¢t)2
= V422512 + 3025¢2
= /725012

= V7250 V12
=~ 85.15| t| Approximating the root to two decimal places
=~ 85.15t. Sincet = 0, |t| = t.

Thus, d(t) = 85.15t, t = 0.

b) Since the time traveled, t, must be nonnegative, the domain is the set of
nonnegative real numbers [0, ).

¢) Because of the ease of using a graphing calculator, we can almost always
visualize a problem by making a graph. Here we observe that the func-
tion is increasing. -

EXAMPLE 4 Storage Area. The Sound Shop has 20 ft of dividers with
which to set off a rectangular area for the storage of overstock. If a corner of
the store is used for the storage area, the partition need only form two sides
of a rectangle.

a) Express the floor area of the storage space as a function of the length of
the partition.

b) Find the domain of the function.

¢) Graph the function.

d) Find the dimensions that maximize the floor area.

Solution

a) Note that the dividers will form two sides of a rectangle. If, for
example, 14 ft of dividers are used for the length of the rec-
tangle, that would leave 20 — 14, or 6 ft of dividers for the
width. Thus if x = the length, in feet, of the rectangle, then

e 20 — x = the width. We represent this information in a
sketch, as shown at left.
. . The area, A(x), is given by

A(x) = x(20 — x) Area = length - width.
= 20x — x%.
The function A(x) = 20x — x* can be used to express the
rectangle’s area as a function of the length.

b) Because the rectangle’s length must be positive and only 20 ft of dividers
is available, we restrict the domain of A to {x]|0 < x < 20}, that is, the
interval (0, 20).

c) The graph is shown at left.
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d) We use the MAXIMUM feature as shown on the previous page. The max-
imum value of the area function on (0, 20) is 100 when x = 10. Thus the
dimensions that maximize the area are

Length = x= 10ft and

TABLE 1 Width = 20 — x =20 — 10 = 10 ft. -
X
(x=0) | fin =4 Functions Defined Piecewise
=5 4 Sometimes functions are defined piecewise using different output formulas
-2 4 for different parts of the domain.
0
[eem| EXAMPLE 5 Graph the function defined as
TABLE 2 4, for x = 0,
x flx) =44 — x> for0<x=2,
0<x=2) | flx) =4—x* 2x — 6, forx> 2.
3 33 Solution We create the graph in three parts, as shown and described
1 3 below. We list some ordered pairs in tables shown at left.
2 0
‘ flx) =4— % for 0<x<2
TABLE 3
5
x
x>2) | fx)=2x—6 (a) 3\\(b) flx) =2x—6,for x>2
‘ 2
2! 1 f) = 4, forx<0 | e\ ©
3 0 5432l 2/ 45 X
5 4 2 V'/

a) We graph f(x) = 4 only for inputs x less than or equal to 0, that is, on the
interval (—°,0]. (See Table 1.)

b) We graph f(x) = 4 — x? only for inputs x greater than 0 and less than or
equal to 2, that is, on the interval (0,2]. (See Table 2.)

c) We graph f(x) = 2x — 6 only for inputs x greater than 2, that is, on the
interval (2,0). (See Table 3.) -

To graph a function defined piecewise using a graphing calculator, con-
sult your user’s manual or the Graphing Calculator Manual that acompanies
this text. You might try the following way to enter the function formula for
Example 5. It incorporates parenthetic descriptions of the intervals. With
this method, you need to graph in DOT mode.

fx)=4 (x=0)+ (4 —x*) (x>0)(x=2)+ (2x—6) (x>2)
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y
4
(_2> 3) 3
2
1
—5—4-3-2—-1 1 4 X
(72) 74) g

y= (x2 — 4)/(x + 2)

3.1

—4.7|——

-6
X Y1
—2.3 —4.3
—2.2 —4.2
—2.1 —4.1
ERROR
-1.9 -39
—-1.8 —3.8
—1.7 —3.7
X="2
int(1.8)
1
int(2)
2
int(—3.6)

4.7

EXAMPLE 6 Graph the function defined as

x> —4
Py for x # —2,
X
flx) = 3, forx = —2.

Solution When x # —2, the denominator of (x> — 4)/(x + 2) is
nonzero, so we can simplify:
=4 (x+2)(x—2)
= = x
x+ 2 x+ 2

— 2.

Thus

flx) =x—2, forx# —2.

The graph of this part of the function consists of a line with a “hole” at the
point (—2, —4), indicated by the open dot. The hole is necessary since the
function is not defined for —2. At x = —2, we have f(—2) = 3 (by the defi-

nition of the function), so the point (—2,3) is plotted above the open dot.
|

The hand-drawn graph of f(x) = (x*> — 4)/(x + 2) for x# 2, in
Example 6, can be checked using a graphing calculator. When y =
(x* — 4)/(x + 2) is graphed, the hole may or may not be visible, depending
on the window dimensions chosen. First, graph using the dimensions of
your choosing. Then use the ZDECIMAL feature from the ZOOM menu. Note
the hole will appear, as shown in the graph at left. (See the Graphing Calcu-
lator Manual that accompanies this text for further details on selecting win-
dow dimensions.) If we use the TABLE feature set in ASK mode, as shown in
the table at left, the ERROR message indicates that —2 is not in the domain of
the function g given by g(x) = (x> — 4)/(x + 2). However, —2 is in the
domain of the piecewise function f because f(—2) is defined to be 3.

A piecewise function with importance in calculus and computer
programming is the greatest integer function, f, denoted f(x) = [x], or
int(x).

Greatest Integer Function
f(x) = [x] = the greatest integer less than or equal to x.

The greatest integer function pairs each input with the greatest integer
less than or equal to that input. Thus, x-values 1, l%, and 1.8 are all paired
with the y-value 1. Other pairings are shown below.

—36—>—4 —i——>-1  S&—>0 21-—>2
—31/7 —0257 0.9~ 22/7

4 4

These values can be checked with a graphing calculator using the INT(
feature from the NUM submenu in the MATH menu.
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EXAMPLE 7 Graph f(x) = [x] and determine its domain and range.

Solution The greatest integer function can also be defined as a piecewise
function with an infinite number of statements. When plotting points by
hand, it can be helpful to use the TABLE feature on a graphing calculator.

y
5
4
-3, for—-3=x< -2, 3
=2, for—2=x<—1, f
—L for—1=x<0, 54321 2345 x
flx) =[x] = 0, for0=x<1,
1, forl =x<2, -3 ‘ flx) =[]
2, for2=x<3, g ‘
3, for3 = x<4, =0

WEe see that the domain of f(x) is the set of all real numbers, (—2°,°), and
the range is the set of all integers, {..., —3,—2,—1,0,1,2,3,...}. -

If we used a graphing calculator set in CONNECTED mode for Example 7,
we would see the graph on the left below. CONNECTED mode connects
points (or rectangles called pixels on a graphing calculator) with line seg-
ments. We would see the graph on the right if we used DOT mode. The DOT
mode is preferable, though even it does not show the open dots at the end-
points of the segments.

-5 -5
y = int(x), CONNECTED mode y = int(x), DOT mode

Thus we must be careful when analyzing graphs of functions on
graphing calculators. The use of technology must be combined with an
understanding of the basic concepts of functions. This is why we balance
technology with a discussion of hand-drawn graphs.
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Exercise Set

Determine the intervals on which the function is
(a) increasing, (b) decreasing, and (c) constant.

7.-12. Determine the domain and the range of each of
the functions graphed in Exercises 1-6.

1. y 2. y
—4 2.4 x ~4.in2 2.:.4 x
: =2 : =2
; £ o
3. y 4. y
2 (\
4 2.4 % —4.72 2.4 X
L ) ) f
—4 —4
5. y
4
2
1210 -8 \6 4 |2 24 5
-2
-4
6.

T2 2.4 08,0100 X

Using the graph, determine any relative maxima or
minima of the function and the intervals on which the
function is increasing or decreasing.

I3, fly=—x+5x-3 . flx) = x> —2x +3

y
4r (2.5,3.25)

) N N N T N N N |
4 2 | 2

15. 16.

f9 = g = 520 —x 42
Yy
Y ok

4
(—0.667,2.370) | 4 (3.601,2.921)

2=

f(x) = —0.09x% + 0.5x% — 0.1x + 1

Exercise

Exercise
h

x 2 2 4

—2[ 1 (0.103,
L 0.995)

Graph the function. Estimate the intervals on which the
function is increasing or decreasing and any relative
maxima or minima.

17. f(x) = x*

18. flx) = 4 — x*

19. f(x) = 5 — |«

20. f(x) = |x + 3| = 5
21. f(x) = x> — 6x + 10
22. f(x) = —x* — 8x — 9

Graph the function using the given viewing window.
Find the intervals on which the function is increasing or
decreasing and find any relative maxima or minima.
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23. flx) = —x> + 6x% — 9x — 4,
[—3,7,—20,15]

24. f(x) = 0.2x°> — 0.2x% — 5x — 4,
[—10, 10, —30, 20]

25. f(x) = 1.1x* — 5.3x% + 4.07,
[—4,4, —4,8]

26. f(x) = 1.2(x + 3)* + 10.3(x + 3)* + 9.78,
[—9,3, —40,100]

27. Temperature During an Illness. The temperature of
a patient during an illness is given by the function

T(t) = —0.1t> + 1.2t + 98.6, 0=t = 12,

where T'is the temperature, in degrees Fahrenheit, at

time t, in days, after the onset of the illness.

a) Graph the function using a graphing calculator.

b) Use the MAXIMUM feature to determine at what
time the patient’s temperature was the highest.
What was the highest temperature?

28. Advertising Effect. A software firm estimates that it
will sell N units of a new CD-ROM video game after
spending a dollars on advertising, where

N(a) = —a® + 300a + 6, 0= a= 300,

and a is measured in thousands of dollars.

a) Graph the function using a graphing calculator.

b) Use the MAXIMUM feature to find the relative
maximum.

c) For what advertising expenditure will the greatest
number of games be sold? How many games will
be sold for that amount?

Use a graphing calculator to find the intervals on which
the function is increasing or decreasing. Consider the
entire set of real numbers if no domain is given.

29. f(x) = xzsi 1
30. f9) =

31. flx) = xV4 — x2, for—2=x=2
32. f(x) = —0.8xV9 — x2, for—3=x=3

33.

34.

35.

36.

37.

Garden Area.  Creative Landscaping has 60 yd of
fencing with which to enclose a rectangular flower
garden. If the garden is x yards long, express the
garden’s area as a function of the length.

Triangular Flag. A scout troop is designing a
triangular flag so that the length of its base is 7 in.
less than twice the height, . Express the area of the
flag as a function of the height.

Rising Balloon. A hot-air balloon rises straight up
from the ground at a rate of 120 ft/min. The balloon
is tracked from a rangefinder on the ground at

point P, which is 400 ft from the release point Q of
the balloon. Let d = the distance from the balloon
to the rangefinder and ¢ = the time, in minutes,
since the balloon was released. Express d as a
function of t.

Rate is '

Airplane Distance.  An airplane is flying at an
altitude of 3700 ft. The slanted distance directly
to the airport is d feet. Express the horizontal
distance h as a function of d.

Inscribed Rhombus. A rhombus is inscribed in a
rectangle that is w meters wide with a perimeter of
40 m. Each vertex of the rhombus is a midpoint of
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a side of the rectangle. Express the area of the
rhombus as a function of the rectangle’s width.

38. Tablecloth Area. A tailor uses 16 ft of lace to trim
the edges of a rectangular tablecloth. If the tablecloth
is w feet wide, express its area as a function of
the width.

39. Golf Distance Finder. A device used in golf to
estimate the distance d, in yards, to a hole measures
the size s, in inches, that the 7-ft pin appears to be
in a viewfinder. Express the distance d as a function
of s.

d (in yards)

40. Gas Tank Volume. A gas tank has ends that are
hemispheres of radius r ft. The cylindrical
midsection is 6 ft long. Express the volume of
the tank as a function of .

41. Play Space. A daycare center has 30 ft of dividers
with which to enclose a rectangular play space in a
corner of a large room. The sides against the wall

require no partition. Suppose the play space is
x feet long.

a) Express the area of the play space as a function
of x.

b) Find the domain of the function.

¢) Using the graph shown below, determine the
dimensions that yield the maximum area.

y
250
200
150
100

50

(15, 225)

|
0 51015202530 x

42. Corral Design. A rancher has 360 yd of fencing
with which to enclose two adjacent rectangular
corrals, one for sheep and one for cattle. A river
forms one side of the corrals. Suppose the width of
each corral is x yards.

a) Express the total area of the two corrals as a
function of x.
b) Find the domain of the function.
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43.

44.

45.

¢) Using the graph shown below, determine the
dimensions that yield the maximum area.

y
15,000

(60, 10,800)
10,000

5,000

| |
0 20 40 60 80100120 x

Volume of a Box. From a 12-cm by 12-cm piece of
cardboard, square corners are cut out so that the
sides can be folded up to make a box.

a) Express the volume of the box as a function of
the length x, in centimeters, of a cut-out
square.

b) Find the domain of the function.

¢) Graph the function with a graphing
calculator.

d) What dimensions yield the maximum volume?

Molding Plastics.  Plastics Unlimited plans to
produce a one-component vertical file by bending
the long side of an 8-in. by 14-in. sheet of plastic
along two lines to form a U shape.

/ T

14 in.
X

-

a) Express the volume of the file as a function of the
height x, in inches, of the file.

b) Find the domain of the function.

¢) Graph the function with a graphing
calculator.

d) How tall should the file be in order to maximize
the volume that the file can hold?

ASin.%/

Area of an Inscribed Rectangle. A rectangle that is
x feet wide is inscribed in a circle of radius 8 ft.

46.

8 ft

a) Express the area of the rectangle as a function
of x.

b) Find the domain of the function.

¢) Graph the function with a graphing
calculator.

d) What dimensions maximize the area of the
rectangle?

Cost of Material. A rectangular box with volume
320 ft? is built with a square base and top. The cost
is $1.50/ft? for the bottom, $2.50/ft? for the sides,
and $1/ft? for the top. Let x = the length of the
base, in feet.

X

a) Express the cost of the box as a function of x.

b) Find the domain of the function.

¢) Graph the function with a graphing
calculator.

3

d) What dimensions minimize the cost of the box?

For each piecewise function, find the specified function
values.

47.

48.

(x) — x+4, forx=1,
g 8§ —x forx>1
g(—4), g(0), g(1), and g(3)

fx) = {?, forx = —2,

;x+6, forx> -2

f(=5), f(=2), f(0), and f(2)
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—3x — 18, forx < —5,
49. h(x) =141, for5=x<1,
x+ 2, forx=1
h(—5), h(0), h(1), and h(4)
—5x — 8, forx< —2,
50. f(x) = {3x+ 5  for—2=x=4,
10 — 2x, forx>4

f(=4), f(=2), f(4), and f(6)

Determine the domain and the range of the piecewise
function. Then write an equation for the function.

Make a hand-drawn graph of each of the following.
Check your results using a graphing calculator.

- f()—{ s for x < 0,

+3, forx=0

sx+2, forx=0,
52.
flx) = { forx>0
—-x+ 2, forx <4,
fle) =
forx =4
4, forx = =2,
54. flx) = {x+ 1, for—2<x<3
—X, forx=3
x+ 1, forx= -3,
55. f(x) = —1, for —3 < x < 4,
2x, forx=4
ik PPN
5. ) ={ x+3 X7 7>
5, forx = —3
2, for x =5,
57. f(x x?—25
flx) = —, forx#5
x—5
x2+3x+2
— forx# —1,
58. f(x) = x+1
7, forx= —1
59. f(x) = [x]

60. f(x) = 2[x]
61.g(x) =1 + [x]

62. h(x) = 3[x] — 2

69. y 70. y
4} e 4
2 2
—4 =2 2 4 x —4 =2 2 4 x
o =2
: f g

72. y
"
2
* —4 2 2 4 *
-2 Q——
—4 ‘h
73 y 74. y

63.—68. Find the domain and the range of each of the
functions defined in Exercises 51—56.

Collaborative Discussion and Writing

75. Describe a real-world situation that could be
modeled by a function that is, in turn, increasing,
then constant, and finally decreasing.

76. Simply stated, a continuous function is a function
whose graph can be drawn without lifting the pencil
from the paper. Examine several functions in this
exercise set to see if they are continuous. Then
explore the continuous functions to estimate the
relative maxima and minima. For continuous
functions, how can you connect the ideas of
increasing and decreasing on an interval to relative
maxima and minima?
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Skill Maintenance

In each of Exercises 7780, fill in the blank(s) with the
correct term(s). Some of the given choices will not be
used; others will be used more than once.

constant

function

any

midpoint formula
y-intercept

range

domain

distance formula
exactly one

identity
x-intercept
77. A(n) is a correspondence between a
first set, called the , and a second set
called the , such that each member of
the_ corresponds to

member of the

+ +

78. The s u, n-rn .
2 2

79. A(n) is a point (a,0).

80. A function f is a linear function if it can be written
as f(x) = mx + b, where m and b are constants. If
m = 0, the function is a(n) function
f(x) = b.1f m = 1 and b = 0, the function is the
function f(x) = x.

Synthesis

Using a graphing calculator, estimate the interval on
which each function is increasing or decreasing and any
relative maxima or minima.

81. flx) = x* + 4x® — 36x> — 160x + 400
82. f(x) = 3.22x° — 5.208x> — 11

83. Parking Costs. A parking garage charges $2 for up
to (but not including) 1 hr of parking, $4 for up to
2 hr of parking, $6 for up to 3 hr of parking, and so
on. Let C() = the cost of parking for t hours.
a) Graph the function.
b) Write an equation for C(t) using the greatest
integer notation [].
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84. If [x + 2] = —3, what are the possible inputs for x?
85. If ([x])? = 25, what are the possible inputs for x?

86. Minimizing Power Line Costs. A power line is
constructed from a power station at point A to an
island at point I, which is 1 mi directly out in the
water from a point B on the shore. Point B is 4 mi
downshore from the power station at A. It costs
$5000 per mile to lay the power line under water and
$3000 per mile to lay the power line under ground.
The line comes to the shore at point S downshore
from A. Let x = the distance from B to S.

a) Express the cost C of laying the line as a function
of x.

b) At what distance x from point B should the line
come to shore in order to minimize cost?

87. Volume of an Inscribed Cylinder. A right circular
cylinder of height / and radius ris inscribed in a
right circular cone with a height of 10 ft and a base
with radius 6 ft.

a) Express the height h of the cylinder as a function
of r.

b) Express the volume V of the cylinder as a
function of r.

c) Express the volume V of the cylinder as a
function of h.
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Find the sum, the difference, the product, and the quotient of two
functions, and determine the domains of the resulting functions.

Find the difference quotient for a function.

 Find the composition of two functions and the domain of the

composition; decompose a function as a composition of two functions.

The Algebra

of Functions The Algebra of Functions: Sums, Differences,

Products, and Quotients
We now use addition, subtraction, multiplication, and division to combine

functions and obtain new functions.
Consider the following two functions f and g:

flx) =x+2 and g(x)=x>+ 1.
Since f(3) =3 + 2=5and g(3) = 3* + 1 = 10,
we have

f(3) + g(3) =5 + 10 = 15,

f(3) — g(3)=5—10= =5,

£(3) - g(3) =5 - 10 = 50,

and

B _5_1

¢3) 10 2°

In fact, so long as x is in the domain of both f and g we can easily compute

flx) + g(x), flx) — g(x), f(x) - g(x), and, assuming g(x) # 0, f(x)/g(x).
Notation has been developed to facilitate this work.

Sums, Differences, Products, and Quotients of Functions
If fand gare functions and xis in the domain of each function, then
(f+ 9 (x) = flx) + g(),
(f = 9 (x) = flx) — g(x),
(f8) (%) = f(x) - g(x),
(f/8) (x) = f(x)/g(x), provided g(x) # 0.

EXAMPLE 1 Given that f(x) = x + 1 and g(x) = Vx + 3, find each of
the following.

a) (f+ g (x) b) (f+ ¢)(6) o (f+g(—4)

Solution

a) (f+ ¢ (x) = flx) + g(x)

=x+1+Vx+3 This cannot be simplified.
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f+r9x=x+1+Vx+3

flx)=x+1

gx)=Vx+3
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b) We can find (f + g) (6) provided 6 is in the domain of each function. The

domain of f1is all real numbers. The domain of gis all real numbers x for
which x + 3 = 0, or x = —3. This is the interval [ —3,%°). Thus, 6 is in
both domains, so we have

fley=6+1=7, g(6)=V6+3=\9=3,

(f+ 2(6) = f(6) + g(6) =7 + 3 = 10,

Another method is to use the formula found in part (a):
(f+96)=6+1+V6+3=7+V9=7+3=10.

We can check our work using a graphing calculator by entering
y1=x+1,y»=Vx+ 3, and y3 = y; + y in the y = screen. Then
on the home screen, we find Y3(6).

To find (f+ g)(—4), we must first determine whether —4 is in the
domain of each function. We note that —4 is not in the domain of g,
[—3,%). That is, V—4 + 3 is not a real number. Thus, (f+ g)(—4)

does not exist. -

It is useful to view the concept of the sum of two functions graphically.

In the graph below, we see the graphs of two functions f and gand their sum,
f + g. Consider finding (f+ g)(4) = f(4) + g(4). We can locate ¢g(4) on
the graph of gand measure it. Then we add that length on top of f(4) on the
graph of f. The sum gives us (f + g) (4).

y
13
ﬁ 3 T8
% f+ 9

N

l

] f
ol

4

5 ]

) 8(4) g
1

0

01 234567 8 9101112131415 x

With this in mind, let’s view Example 1 from a graphical perspective.

Let’s look at the graphs of

flx)=x+1, g(x) = Vx+ 3, and
(f+9x=x+1+Vx+3.

See the graph at left. Note that the domain of f is the set of all real
numbers. The domain of g is [ —3,%). The domain of f+ g is the set of
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numbers in the intersection of the domains, that is, the set of numbers in
both domains.

Domain of f

(700, °°)

—5-4-3-2-1 0 1 2 3 4 5

Domain of g 4 [—3, )
—5-4-3-2-1 0 1 2 3 4 5

Domain of f + ¢ — [—3,00)
—5-4-3-2-1 0 1 2 3 4 5

Thus the domain of f+ gis[—3,%).

We can confirm that the y-coordinates of the graph of (f+ g)(x)
are the sums of the corresponding y-coordinates of the graphs of f(x) and
g(x). Here we confirm it for x = 2.

flx)y=x+1 gx)=Vx+3
f2)=2+1=3; g2) =V2+3="/5
(f+9x=x+1+Vx+3
(f+9@Q)=2+1+V2+3

=3+ V5=£2) + g(2).

Let’s also examine the domains of f— g, fg, and f/g for the functions
f(x) = x + 1land g(x) = Vx + 3 of Example 1. The domains of f — g and
fg are the same as the domain of f + g,[ —3,%), because numbers in this in-
terval are in the domains of both functions. For f/g, g(x) cannot be 0. Since

Vx + 3 = 0 when x = —3, we must exclude —3 and the domain of f/g is
(=3,9).

EXAMPLE 2 Given that f(x) = x> — 4 and g(x) = x + 2, find each of
the following.

a) The domainof f+ ¢, f— g fg,and f/g

b) (f+ g (x) o (f= 9k

d) (fz) (x) e) (/8 (x)

f) (8g)(x)

Solution

a) The domain of fis the set of all real numbers. The domain of gis also the
set of all real numbers. The domains of f + g, f — ¢, and fgare the set of
numbers in the intersection of the domains— that is, the set of numbers
in both domains, which is again the set of real numbers. For f/g, we must
exclude —2, since g(—2) = 0. Thus the domain of f/g is the set of real
numbers excluding —2, or (=%, —=2) U (—2,%).

b) (f+9x)=flx) +gx)=(x*—4) +(x+2)=x>+x—2
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o (f—9=flx) —gx)=(x*—4) —(x+2)=x*—x—-6
d () =f(x) - gx) =(x*—4)(x+2)=x>+2x* —4x— 8

f(x)
e) (f/g)(x) =—
g(x)
. x> — 4 Note that g(x) = 0 when x = —2,s0
x+ 2 (f/9) (x) is not defined when x = —2.
(x+2)(x—2) )
= Factoring
x+ 2
+ 2
=x—2 Removing a factor of 1: x =1
x+2

139

Thus, (f/g) (x) = x — 2 with the added stipulation that x # —2 since

—2 is not in the domain of ( f/g) (x).
£) (g9)(x) = g(x) - g(x) =[gx)]* = (x +2)? =x> + 4x + 4

Difference Quotients

(B flx+ 1) through two points (x, f(x)) and (x + h, f(x + h)) as shown at left.

The slope of the line, called a secant line, is

S

e flx + ) = i)
! ! x+h—x

X x+h x

- which simplifies to

flx + h) — f(x)
—

>

Difference quotient

y In Section 1.3, we learned that the slope of a line can be considered as an av-
erage rate of change. Here let’s consider a nonlinear function fand draw a line

This ratio is called the difference quotient, or the average rate of
change. In calculus, it is important to be able to find and simplify differ-

ence quotients.

EXAMPLE 3 For the function f given by f(x) = 2x* — x — 3, find the

Iiﬂ difference quotient

Video flx+ h) — flx)
—
Solution  We first find f(x + h):

fix+h) =2x+h?—(x+h)—3
=2[x*+2xh+ W] —-x—h—3
=2x> + 4xh + 2> — x — h — 3.
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Then
flx+ h) — flx)
h
_[2x* + 4xh + 2h* — x — h — 3] = [2x* — x — 3]
B h
_2x2+4xh+2h2—x—h—3—2x2+x+3
B h
_4dxh+2h* — h
==
h(4x +2h—1) h 4x+2h—1
- = . — = 4x+2h— 1
h-1 h 1
|

The Composition of Functions

In real-world situations, it is not uncommon for the output of a function to
depend on some input that is itself an output of another function. For in-
stance, the amount a person pays as state income tax usually depends on the
amount of adjusted gross income on the person’s federal tax return, which,
in turn, depends on his or her annual earnings. Such functions are called
composite functions.

To illustrate how composite functions work, suppose a chemistry stu-
dent needs a formula to convert Fahrenheit temperatures to Kelvin units.
The formula

c(r) =3(t— 32)

gives the Celsius temperature c(f) that corresponds to the Fahrenheit tem-
perature t. The formula

k(c) = ¢ + 273

gives the Kelvin temperature k(¢) that corresponds to the Celsius tempera-
ture ¢. Thus, 50° Fahrenheit corresponds to

c(50) = 2(50 — 32) = 3(18) = 10° Celsius
and 10° Celsius corresponds to
k(10) = 10 + 273 = 283° Kelvin.

We see that 50° Fahrenheit is the same as 283° Kelvin. This two-step proce-
dure can be used to convert any Fahrenheit temperature to Kelvin units.

Boiling point 2120 100° 373°
of water

Freezing point o o o
of water 32 0 273
Absolute —460° _o73° o°

Zero
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5
= §(x— 32), y, =y +273

Y1

Y2

283
288
293
298
303
308
313
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In the table shown at left, we use a graphing calculator to con-
vert Fahrenheit temperatures, x, to Celsius temperatures, y;, using
Y1 = g(x — 32). We also convert Celsius temperatures to Kelvin units, y,
using y, = y; + 273.

A student making numerous conversions might look for a formula that
converts directly from Fahrenheit to Kelvin. Such a formula can be found by
substitution:

2=y + 273
5
= [g (x = 32):| + 273 Substituting
5 160 5 160 2457
=—x——+273=—x——+ —
9 9 9 9 9
5x + 2297
= T Simplifying

We can show on a graphing calculator that the same values that appear
in the table for y, will appear when y; is entered as
_ 5x + 2297

Y2 9

In the more commonly used function notation, we have
k(c(t)) = c(t) + 273
5
= E(t — 32) + 273 Substituting

5t + 2297
—

Simplifying as above

Since the last equation expresses the Kelvin temperature as a new function,
K, of the Fahrenheit temperature, #, we can write

5t + 2297
K(t) = Y

where K(#) is the Kelvin temperature corresponding to the Fahrenheit tem-
perature, . Here we have K(¢) = k(c(¢)). The new function K is called the
composition of k and cand can be denoted k ° ¢ (read “k composed with ¢’
“the composition of kand ¢~ or “k circle ¢”).

Composition of Functions

The composite function f° g, the composition of fand g, is
defined as

(feo &) (%) = flg(x)),

where x is in the domain of gand g(x) is in the domain of f.
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=

Grapher
Hel

y=2x—5 y,=x>—3x+38

Y1(Y2(7))
67
Y2(Y1(7))

62

EXAMPLE 4 Given that f(x) = 2x — 5 and g(x) = x> — 3x + 8, find

each of the following.
a) (fog)(x)and(gef)(x) b) (fog)(7)and (g°f)(7)

Solution  Consider each function separately:
f(x) =2x—5 This function multiplies each input by 2 and subtracts 5.
and

g(x) = x? — 3x + 8. This function squares an input, subtracts 3 times
the input from the result, and then adds 8.

a) To find (fe g) (x), we substitute g(x) for x in the equation for f(x):
(fog)(x) = flg(x) = flx> — 3x + 8) 2 — 3x + 8isthe
input for f.

= Z(X2 —3x+8)—5 fmultiplies the input by 2
and subtracts 5.

=2x>—6x+ 16 — 5
=2x* — 6x + 11.

To find (g ° f) (x), we substitute f(x) for x in the equation for g(x):

(g°f)(x) = g(f(x)) = g(2x — 5) 2x — 5 is the input for g.

= (2x — 5)2 —32x—5)+ 8 g squares the input,
subtracts three times the input,
and adds 8.

=4x* — 20x + 25 — 6x + 15 + 8
= 4x%> — 26x + 48.

b) To find (fo g)(7), we first find g(7). Then we use g(7) as an input for f:

(feg)(7)=flg(7))=f7*—3-7+8)
=f(36) =236 -5
= 67.

To find (g e f)(7), we first find f(7). Then we use f(7) as an input for g:

(g°f)(7) = g(f(7)) = g(2-7 = 5)
=g(9)=9"-3-9+38
= 62.

We can check our work using a graphing calculator. On the equation-
editor screen, we enter f(x) as

n=2x—-5
and g(x) as
V= x?—3x+8.

Then, on the home screen, we find ( f° ¢)(7) and (g° f)(7) using the
function notations Y1(Y2(7)) and Y2(Yi1(7)), respectively.
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y = (fox) = 2% — 6x + 11, We could also find (f° g)(7) and (g f)(7) by substituting 7 for x
y, = (g°)(x) = 4x? ; 2;»6 + 48 in the equations that we found in part (a):
20 1)

(fog)(x) =2x* —6x + 11
(fe(7)=2-7>—6-7+ 11 = 67;
(gof)(x) = 4x* — 26x + 48

el L g (gof)(7)=4-7>—26-7 + 48 = 62. -

=5
Note in Example 4 that, as a rule, (f° g)(x) # (g° f)(x). We can see
this graphically, as shown in the graphs at left.

EXAMPLE 5 Given that f(x) = Vxand g(x) = x — 3:

I_i1 a) Find fegand go f.
Video r= (f°6g)(x) = Va3 b) Find the domains of fo gand go f.
Solution
a) (feg(x)=flgx)=flx—3)=Vx—3
Y N sl (g2 ) () = g(flx) = g(Vx) = Va - 3
E b) The domain of fis {x|x = 0}, or the interval [0,9°). The domain of g is
(—00,0),

To find the domain of feo g, we first consider the domain of g
Figure 1 (—00,). Next, we must consider that the outputs for g will serve as in-
puts for f. Since the inputs for fcannot be negative, we must have

y=(&o Nt = Ve =3 gx)=0 or x—3=0 or x=3.

6
C Thus the domain of fe g = {x|x = 3}, or the interval [3,%), as the
- graph in Fig. 1 confirms.

Ll L T To find the domain of go f, we first consider the domain of f,
L {x|x = 0}. Next, we must consider that the outputs for fwill serve as
/ inputs for g Since g can accept any real number as an input, any out-
4

put from f is acceptable so the entire domain of f is the domain of g ° f.
That is, the domain of geo f= {x|x = 0} or the interval [0,%), as the

Figure 2 graph in Fig. 2 confirms. —

5
EXAMPLE 6 Given that f(x) = 5 and g(x) = —,find fo gand go f
X — x

and the domain of each.

Solution We have

(fo9)(x) = f(g(x) =f<§> e
x ° =
1 5
(g° ) (x) = g(flx)) = g<x - 2) =——=5(x-2)
x— 2
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The domain of f= {x|x # 2} and the domain of ¢ = {x|x # 0}. To
find the domain of fo g, we note that since the domain of gis {x|x # 0}, 0
is not in the domain of feo g. Since the domain of fis {x|x # 2}, no output
of g(x) can be 2. We solve 5/x = 2 for x:

=2
= 2x

= X.

D|u g v W

We find that 2 is also not in the domain of fo g. Then the domain of fe g =
{x|x # 0 and x # %}, or (—%0,0) U (O, %) U (2,00 .

To find the domain of g © f, we recall the domain of fis {x|x # 2}. Thus
2 is not in the domain of geo f. Since the domain of gis {x|x # 0} and
f(x) = 1/(x — 2) is never 0, there are no additional restrictions on the do-
main of go f. Thus the domain of go f= {x|x # 2}, or (=%,2) U (2,%).

Decomposing a Function as a Composition

In calculus, one often needs to recognize how a function can be expressed
as the composition of two functions. In this way, we are “decomposing”
the function.

EXAMPLE 7 If h(x) = (2x — 3)°, find f(x) and g(x) such that h(x) =
(fo g ().

Solution  The function h(x) raises (2x — 3) to the 5th power. Two func-
tions that can be used for the composition are

flx) = x> and g(x) = 2x — 3.
We can check by forming the composition:
h(x) = (fo ¢) (x) = flg(x)) = f2x — 3) = (2x — 3),

This is the most “obvious” solution. There can be other less obvious solu-
tions. For example, if

flx) = (x+7)° and g(x) =2x — 10,
then
h(x) = (fe g (x) = flg(x))
= f(2x — 10)
=[(2x — 10) + 7] = (2x — 3)°. p—
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Given that f(x) = x* — 3 and g(x) = 2x + 1, find
each of the following, if it exists.
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L(f+g(5) 2. (fg) (0)
3.(f—9(=1) 4. (f9) (2)

5. (f/9)(—3) 6.(f~ 8)(0)
7.(R)(-3) 8. (f/9)(—V3)
9.(g— f(-1) 10. (¢/)(—3)

30.

31.

32.

fx) = 2%, g(x) = ——

x—5
f) =~ gl = x =3

lx) = VA6, glx) = —

Given that h(x) = x + 4 and g(x) = Vx — 1, find
each of the following, if it exists.

é 11. (h — @) (—4) 12. (gh) (10)
Exercises! |13. (g/h) (1) 14. (h/g) (1)

15. (g + h) (1) 16. (hg) (3)

For each pair of functions in Exercises 17—32:

a) Find the domain of f, g f+ ¢, f— & fo ff, f/g
and g/f.

b) Find (f + g) (x), (f — &) (x), (fg) (x), (f) (x),
(f/8) (x), and (g/f) (x).

17. f(x) = 2x + 3, g(x) = 3 — 5x
18. f(x) = —x + 1, g(x) = 4x — 2
19. flx) = x — 3, g(x) = Vx + 4
20. f(x) = x+ 2, g(x) =Vx—1
21. flx) = 2x — 1, g(x) = —2x?
22.flx) =x*— 1, g(x) =2x+ 5
23. flx) =Vx—3, glx)=Vx+3
24. f(x) = Vx, g(x) = V2 — x

25. flx) = x + 1, g(x) = |x|

26. f(x) = 4lx|, g(x) =1 — «x

27. flx) = x°, g(x) =2x* + 5x — 3
28. flx) = x> — 4, g(x) = &°

1

29, 5) = —— g = ——

In Exercises 33—38, consider the functions F and G as
shown in the following graph.

y

6

5 5

4 G

3

5 b

-~

1F

q
71*1 123 45 7 9 10 11 X
=2

33.

34.
35.
36.
37.
38.

Find the domain of F, the domain of G, and the
domain of F + G.

Find the domain of F — G, FG, and F/G.
Find the domain of G/F.

Graph F + G.

Graph G — F.

Graph F — G.

39.

Total Cost, Revenue, and Profit. In economics,
functions that involve revenue, cost, and profit are
used. For example, suppose that R(x) and C(x)
denote the total revenue and the total cost,
respectively, of producing a new kind of tool for
King Hardware Wholesalers. Then the difference

P(x) = R(x) — C(x)

represents the total profit for producing x tools.
Given

R(x) = 60x — 04x> and C(x) = 3x + 13,
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find each of the following.

a) P(x)

b) R(100), C(100), and P(100)

¢) Using a graphing calculator, graph the three
functions in the viewing window
[0, 160, 0, 3000].

40. Total Cost, Revenue, and Profit.
R(x) = 200x — x> and C(x) = 5000 + 8x,

Given that

for a new radio produced by Clear Communica-
tion, find each of the following. (See Exercise 39.)
a) P(x)
b) R(175), C(175), and P(175)
¢) Using a graphing calculator, graph the three
functions in the viewing window
[0, 200, 0, 10,000].

For each function f, construct and simplify the
difference quotient

flx+h) — flx)
p :

41. f(x) = x* + 1

43, f(x) =3x — 5

45. f(x) = 3x* — 2x + 1
47. f(x) = 4 + 5|x|

49. f(x) = x°

2. flx) =2 — x*
4. f(x) = —3x+ 7
46. f(x) = 5x> + 4x
48. f(x) = 2|x| + 3x
50. f(x) = x° — 2x

x— 4
x+3

51. f(x) = 52. f(x) = ﬁ

Given that f(x) = 3x + 1, g(x) = x*> — 2x — 6, and
h(x) = 2, find each of the following.

53.(fe9)(=1) 54.(g° f)(=2)
55. (ho f)(1) 56. (go 1) (3)
57.(g° ) (5) 58. (fo 9 (3)
59. (fo h)(—3) 60. (h° g) (3)

Find (f° g) (x) and (g° ) (x) and the domain of each.

6l. f(x) =x+ 3, g(x) =x—3
62. f(x) = %x, g(x) = gx

63. ) = g = —

1 —5x
1
2x + 1

64. fx) =, g(x) =

x+7
3

66. f(x) = %x - %, g(x) = 15x + 1.2
67. flx) =2x + 1, g(x) = Vix

65. f(x) = 3x — 7, g(x) =

68. f(x) = Vx — 4, g(x) =%

69. f(x) = 20, g(x) = 0.05

70. f(x) = x*, g(x) = Vx

71. f(x) = Vx + 5, gx)=x*—>5
72. f(x) = x° — 2, g(x) =Vx +2
73. f(x) = x* + 2, g(x) = V3 —x
74. f(x) = 1 — x%, g(x) = Vx2 — 25

1—x 1
75. = S =
f(x) X g(x) 1+ x
x?—1 3x — 4
76. = —, =
fx) x4 1 8() 56— 2

77.f(x) = x> = 5x> + 3x+ 7, g(x) = x + 1
78. f(x) =x— 1, g(x) =x> + 2x> = 3x— 9
Find f(x) and g(x) such that h(x) = (f° g) (x).

Answers may vary.
79. h(x) = (4 + 3x)°

80. h(x) = Vx2 — 8

1
81. h(x) = m
1
Ve
x> -1
83. h(x) = m

84. h(x) = [9x* — 4
<2 + x3>6
85. h(x) =

2 — X3
86. h(x) = (Vx — 3)*
87. h(x) = i; Z

88. h(x) = V1 + VI + x
89. h(x) = (x +2)° = 5(x + 2)* + 3(x + 2) — 1
90. h(x) = 2(x — 1) + 5(x — 1)¥?
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91. Dress Sizes. A dress that is size x in France is size
s(x) in the United States, where s(x) = x — 32. A
dress that is size x in the United States is size y(x) in
Italy, where y(x) = 2(x + 12). Find a function that
will convert French dress sizes to Italian dress sizes.

92. Ripple Spread. A stone is thrown into a pond,
creating a circular ripple that spreads over the pond
in such a way that the radius is increasing at the
rate of 3 ft/sec.

a) Find a function r(t) for the radius in terms of ¢

b) Find a function A(r) for the area of the ripple in
terms of the radius r.

c) Find (A o r) (). Explain the meaning of this
function.

Collaborative Discussion and Writing

93. If g(x) = b, where b is a positive constant, describe
how the graphs of y = h(x) and y = (h — g) (x)
will differ.

Section 1.6 The Algebra of Functions 147

94. Explain which values of x must be excluded from
the domain of (f° g) (x) and the domain of

(g°f)(x).

Skill Maintenance

Consider the following linear equations. Without
graphing them, answer the questions below.

a) y=x

b) y=—-5x+4
V) y=§x+1

d) y=-01x+6
e) y=3x—5

f) y=—x—-1
g) 2x —3y=26
h) 6x +3y=9

95. Which, if any, have y-intercept (0, 1)?
96. Which, if any, have the same y-intercept?
97. Which slope down from left to right?
98. Which has the steepest slope?
99. Which pass(es) through the origin?

100. Which, if any, have the same slope?

101. Which, if any, are parallel?

102. Which, if any, are perpendicular?

Synthesis

103. Write equations of two functions fand g such that
fo g= go f= x.(In Section 4.1, we will study
inverse functions. If fo g = go f= x, functions f
and g are inverses of each other.)

104. Write equations for two functions fand g such that
the domain of f — g is

{x|x # —7 and x # 3}.
105. Find the domain of (h/g) (x) given that
-1
3x =7 5x — 15
106. For functions 4 and f, find the domain of h + f,
h — f, hf,and h/f if
={(=4,13),(~1,7),(0,5),(3,0), 3, =5)}  and

h
f= {(_4’ _7)) (_2) _5)’ (0) _3)’ (3)0)) (5)2)’ (9) 6)}

h(x) = and g(x) =
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Determine whether a graph is symmetric with respect to the x-axis, the
y-axis, and the origin.

* Determine whether a function is even, odd, or neither even nor odd.

« Given the graph of a function, graph its transformation under

translations, reflections, stretchings, and shrinkings.

Symmetry and