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\ 20 Point iéérning System

* our students will count on Terry Wesner and Harry Nustad’s integrated learning system. It is the product
of over 50 years of combined teaching experience and has been developed with the help of feedback from
users—both professors and students—through various texts and editions by this author team. The authors
have fine-tuned and enhanced their learning system for this third edition of Elementary Algebra with Applications. A
full-color design makes an already superb learning system even better. The pedagogical color scheme is used
consistently throughout, providing a road map to guide students through the key points of each section. Much more
than just adding visual appeal, the color in this text is an integral part of the learning system. Let’s take a look at

examples of the 20 points that make up the learning system.

1. Chapter Lead-in Problem and Solution

2. Explanations * Polynomials and

3. Examples 3 Exponents
4. Quick Checks
5. Procedure Boxes S

wiill earn more than one milfion

- @ doilars over the next 40 years
6. Definitions Fiowt s e Wi D
£am? Perform the computations
using scientific nolation.

7. Concepts
8. Notes
9. Problem Solving

10. Mastery Points

3-1 m Exponents—I|
11. Section Exercises et ot
12. Quick-Reference Examples i i e S e e
variables. The expression x* 15 called the exponential form of the product
13. Trial Problems :
We call x the base and 4 the expanent.
14. Core Exercise Problems =
15. Section Review Exercises L
1 Definition of exponents
16. Chapter Summary vmaiss.. suneensapuiveinge g
- n factors of a
17. Error Analysis Concept

The expo«\.ednr tells us how many times the base is used as a factor in
i = < an indicated product.
18. Critical Thinking

1bol immediate!

19. Chapter Review Exercises S

20. Cumulative Test il
A chapter-opening application Definitions are stated precisely in -~
problem with full-color photo poses a easy-to-understand terms.

problem that students will learn to
solve as they progress through the
chapter. Its step-by-step solution is
shown before the chapter summary.

Xi
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Section 2-3 - Algebraic Additicn and Sustraction 81

Combining like terms

ol

i niecessary, Use the comimuiative and associative propertes to
group together the fike terms
3. Compine the humerical coefficients of the like terms and multiphy
that by the variable factor,
4. Remember that v s the same a< 1y and - v i the same
a5 —7 g

@
®

"1 Identify the fike terms, *—

Perform the indicated addition and subtraction.

L Sx+ T
= x

=+ S+ (6 Dy
=7x + 3y

Note Bacause of the communative and associative properties, we can
rearrange the expression and combine like terms.

5. 60— dx +13x — D¢ = (6xt— 237 + (—4x + 3x)
+3)

Note fficient practice, we should be able to carry out the addition
2nd subiraction by grouping mentally,

3abt = {1 — 4147 + (5 + Dyab?
| = “3a%h + Sab?

————————————@ > Quick check Perform the indieated addition and subteaction
do— 2h +a t sk 3a¥+ Sa- 27 - & =

— Procedure boxes clearly state step-by-step

processes for working problems.

Examples include arrows that visually
guide students through steps needed to
solve the problem. A detailed explanation
to the right of each step ensures student
understanding of the correct solution
method.

— Explanations are written as if the authors are

talking directly to students.

Quick checks parallel the development of
examples within the text and allow
students to immediately test their
understanding of the material being
studied. The quick check problem is
worked step-by-step within the exercise
set. The student is able to line-by-line
check his or her own solution and use this
solution as a quick reference while doing
the problems within the exercise set.
Notice that these quick check problems
become the quick-reference examples on
page 84. B Example 2-3 D

82 <Chapter 2 Solving Equati

5 2na Inequalities

Grouping symbols

In chapter 1. we learned that any quantity enclosed within grouping symbols is
treated as o single number. We sre now going to use the distributive property to
remove grouping symbols suchas (), [ Joand | |, Consider the following
examples

1. The quantity [2a + 3b) can be written as 1 - (2 + 3h). Applying the
distributive property, we have
{20+ 3b) = |20+ 1:3b=2a + 35
2. The quantity +(2a + 3b) can be written as (+1) - (20 + 3b) giving
(+1)(2a +38) = (+1)2a + (+1)-3b = 2a + 3b
3. The quantity —{Za + 3b) can be written as (— 1} - (2 + 3b) giving
(1028 +30) =(-N-2a+(-1)-3%=-2 3b

Removing grouping symbols
1 ifan exprission inside a grouping symbol ik Sreceded by b symbol
or by & " sign, the grouping symbol can e dropped and the.

entlosed terms remain nchanged

i 51 =koression inside s arouging symibiel is preceded by s U
Sign, when the grouping symbal is cropped, we change the sign of
each enclosed term

e

Remove all grouping symbols and perform the indicuted eddition or subtraction.
L (3¢ +2x + 5) + (4= x4 6)
=34+ S+ Ad + 3+ 6

=03+ 43) + 2x+ 3} +(5+6)

=3 142424 DxiN
=7+ Sx + 11

208 -x44)- (2 5x-T)
4 v s B T

=3xb- x4

=G -2 4 (—x+ S+ i+ )
(

I — 2+ =5 1
P S |

= +ax+ 1

Note In the foliowing examples, we will mentally add or subtract the like
tarms




128 chapter 3 Polynomials and Exponents

Write in exporict

e o 73

a4 2.a'aa
dda=bia+b)a+b) =(a+bP
Note Inexample 3, (a - b) is the base
4 (=3-3)—3)—3) = (-3 5. —(313:3:3) = =3¢

Note Examples 4 and 5 review the ideas from section 1-6 on expanents
refated 1o real numbers. Recall that (—3)* = 81, wherees —3* = —81.

® Quick check Write y - y* » * y in exponential form, =

Write as an indicated product.
Lit=bbb"b .58=5"5"5
3 {x = 3M = e — pix — px = phx — ) 4 (=2F = (=(-2)

P Quick check Write ¢ as an indicated product. 4

Multiplication of like bases

Consider the indicated produet of x* * x% If we rewrite x% and »* by using the
defisition of exponeats, we have

Rt XXX

and again using the definition of exponents, this becomes

——
Arad = R e

This leads us 10 the observation that

Thus we have the following product property of expanenrs.

Product property of ex;
° am e = gmte

Concept
When multinlying like bases, add their expanents

Note The base stays the same throughout the process, 1t is by adding the
exponents that the multiplication is carried out.

20 Point Learning System

Concept boxes contain the

Section 3-1 Exponents —| 129

Find the product,

Pl e T 2P =3¢ =729

Note A cemmon error in multiglying 32 3% is to muktiply the bases
33 = 9 and add the exponents, getling the incorrect answer of 95, The
correct way is to say 3%+ 3¢ = 3%, not g%

3R R - a3 4 atigegd = gitied =g

Note The variable & means the same a3 &' Likewise,
if there is N0 exponent written with a numeral or
understood to be 1

the same as 37
. the exponent is

S5.(a+8)Ma+ b ={a+ 8P4 =(c+t s
6 (~2P(-22 = (~2p =i

¥ Quick check Find the product. x4 - x* =

Group of factors to a power property of exponents

Several additional properties of cxponents can be derived using the definition of
exponents and the commutative and associative propetties of multiplicstion.
Observe the following:

RS e
Gyl =y xy

=xxx 7§
=
This leads us to the following property of exponents
Group of factors to a power property of exponents
(abjr = 2w

Concept
When a group of factors is raised to a power, raise each of the factars
in the group to this power

Simplify.
1. (ab) = @bt

authors’ easy-to-understand

explanations of properties. TRt RbTRRE A e

Here the authors translate
algebraic statements into @
everyday language.

Notes to the student
highlight important ideas and
point out potential student
errors.

3(3-4P =340 = 2764 = 1728

Note The quantity (a + B)? # &

definition of exponents we have

{2 + 8P = (2 + Bfa + blla + 5
see the method of multiplying this later in this chapter.

We il

Power of a power

Coasider the cxprossion (x4)". Applying the def

product property of cxponents, we have

——

=

(e)E =

1In chapter 1, we reviewed the idea that multiplication is repeated addition of the
same number. Therefore adding the cxponcnt 4 three limes is the sume us 4 - 3.

Thus

| T
()= x4 3
Therefore we have the following property of exponents

Power of a power property of exponents
(Rt

Concept

& pawer of a power is found by multiplying the exponents

Simplify
1 ()
30650

¥ Quick check Simphily. ()

Products of monomials

To multiply the monomials

ERe

£ because 2 and b are terms, nat factors
23 the property specified. If we consider {a + b) 1o be a single factor, then by

Badbt

ne graup. Therefore it is alsc

ition of exponents and the

= 12

we apply the commutative and sssociative properties of multiplication along with
the propertics of exponents. We then write this expression as a preduct of the
numerical coellicients {imes the product of the variables. That is,

Ik 5x = (31 5)(E 0 x) = 150




Xiv 20 Point Learning System

84 Chapter? Solving Equations and Inequalities L

Mastery points
Can you

= ldentify like tarms?

= Add and subtract algebraic sxpressions?
® Remove grouping symbols?

Mastery points are listed before each
section’s exercise set to alert students to the
skills they must have mastered to successfully
work the problems.

reise 2-3 @

For the groups of terms, write like or unlike. See example 2-3 B,

Example 443 and 44°8

Solution Both tontdin the same varfubles but are unlike beciuse the cxpaneats of Ue respective varidbles are not
the same.

348
6. 4x, 4x?

Examples 3a — 2 +a t 5 38+ 5 -2a —a

Solutions = (34 + a) = (—2b =55 = (38 — 0% + (52— a)

=@ Na+(-2+ 5 “{3 - 2a + {5 - e

=4a + 3 =1a* +4a

e

S B8y —y+2y
9.4 -2 < g+ db 10. o+ 4b + ba — 84
10 3x + 4x < 7x 12. 26 ~ 4% + 6a%
13. dab + llab — |0ab - Rab Ko +d — 3+ o+ 4P
15 Sxike iR 16. 5x%y — 3xp + Sy + 6xy - 2ty

18 c+ 10— 5+ - 20— 20
20. 30+ $a — 62 + %

22. 2%ab — T3ab + ab + 1lab — 9ab
24. 5a +4a* - 22 -4

26. Sab + Tt + 6 - dah

28. o | Bab + 3c% — aaih?

29, 4%+ S5 = 6+ Tt — Fx+ 7 30. 62" —Sa +3 2t —4a + 3

Exercise sets feature both algebraic and word
problems that give students ample opportunity
to practice their skills.

Section 3-1 Exponents—| 131

To find the product of
Sacab
we apply the same propertics to get

Sa-4b = {5-4)(a" b) ~ 20ah

the variable

abe3at are like term:
they had been

Perform the indicaled multiplication.

Lodx-3xp={(3-3)(x-x) p=12x%
2. 844 Ja=(84:3) (¢
3 (=2a% - (3ab) = (—2-3)-(e* @) "b = —6a%

~a* g} = 96a”

Note The product of 3% and b can only be written 2s 2% since a-and b are
not like bases.

Problem solving
motivates students by
relating mathematics to

the everyday world.

Fully worked-out quick- ——®
reference examples
(quick check problems) =
are included for students 32, T s of 4y, dikded by =
to use as a line-by-line

check of their work or as
an example. 40. A number divided by $

Review exerci:

Trial exercise
problems are located in

41, 2 times the sum of a number and 4 G————
42. A number decreased by 6 and that difference divided by 11

2.(-8p
=¥ 5. 100 = 10-2+2

4. (SAPINARYE) = (5 A0 E) - 208 =
= Problem solving
" The following problems require us 10 write algebraic expressions involving the use
of exponents.
B Example 3-1G Write an algebraic expression for cach of the following verbal statements.
i TR by using the length of the edge. ¢ as a factor 3
the volume of a cube.
72 Chapter 2 Solving Eguations and Inequalities as ¢ e - e = ¢* Then the volume, ¥, of a cube
braic expression for each of the following, Sec example 2 1 E.
han the square of 4 number
5 he square of the number is given as.
fos . en the sq ber i g
Examples The product of x and ¥ A mumber i e s
Solutions x Let ¥ represent the number: heace x } 6 =
28. The sum of a'and b 29. 3 times a, subtracted from &
30. 7 less than x 3y Smarcthany ©
33. x times the sum of y and = rial form?
34, g decreased by 5 35.  decreased by & of exponents?
1 a power?
] - of x., decreased by 2 times x . A number decreased by 12 i
38. A number added to 4 3 times @ number and that product increased by |

L10=-6-2
6, 28 —(8—12) — 32

Core exercise

the exercise sets and are
denoted with a box
around the problem
number indicating that
the solution is
completely worked out
in the answer appendix.
The problem can be used
as an example or line-by-
line check of the
problem.

g algebraic expressions

Substitution property

An extremely important process in algebra is that of caleulating the numerical
valuc of an cxpression when we are given specific replacement values for the
variables. This process is called evalnation. To perform cvaluation, we need the
following property of substitution.

Property of substitution
If 2 = b, then a may b replaced by b or b may be replaced
by a in any expression without altering the value of the expression

PRSSBE. things reiolial, thuy et vablace sach orics avipwhiere

We frequently need to evaluate algebraic expressions. By using the
substitution property and the order of operatians, we can calculate the numerical
value of an algebraic expressian. For example, to find the distance () troveled
when the rate (r) and time (¢) arc known, we use

problems address
the major ideas of the
section. The problem
numbers for these
exercises appear in
green type for easy
identification.

d=rr




Review exercises at the — .

end of each section help
students prepare for the
following section and
keep in touch with
previous material.

A chapter summary
synthesizes important
concepts.

— Chapter review
exercises feature
problems to help students
determine if they need
further work on a
particular section. The
problems are keyed to
refer students back to the
section from which they
were drawn.

20 Point Learning System XV

122 Chapter 2 Sowing Equations and Inequalities

more than 52 em. 17 two sides of the triangle arc
18 em and 16 om, tespectively, what are the
possible values for the length of the third side?

Review exercises
Perform the indicated operations. See section 1 8.

L4 2. (-4p

5. v raised to the ifth power 6. A number cubed

The perimeter (the sum of the sides) of 4 triangle is

3

7. A nimber squared

Two sides of a triangle arc 10 ft and 12 ft long,
respectively. I the perimeter must be at least 31 f1,
what are the possible values for the length of the
third side?

34 4, (—2

Write an algebraic expression for each of the following. See section 2-1.

& The product of ¥ and ¥

Chapter 2 lead-in problem

Bonnie has $3,000 invested at 8% simple interest

7% simple interest if she wants an inceme of $560
per year (855 per morith] from her investments?

per year. How much more money must she invest at

Solution @

Letx = the number of dollars invested at 79%.

3.000{0.08) +

x(0.07)
240 + 0.07x = 660
0.07x = 420
x = 5000 ¢

Therefore Bonnie needs to invest $6,000 at 7% so
that her total income from both investments is $660

separated by plus or minus signs

S ln ression 8x, § is calied the numeri
o just the coelicient

. A polynomial is a spevial kind of algebraic expression. A
monomi polynomial that contains one term; a
binomial contains f teras: 4 trinomial cuntaing thres
tern mwltingminl contains more than one term.

cocfficicnr

per year.
Chapter 2 summary
L. A variable s @ symbol {pencrally a lowsrcuse lotier) that 9, We can add or subtract only like. or similar, terms.
represens an unspecified numbsr, 10. A cuathenmatical statemeat can be labelod true or false.
2. A constant is o symbol that does not change 15 value. 11, An equation that is lrue for every permissile value of
3. An algebraic expression is any meaningful collection of ihe variable is colled an identi
variablcs, ostants, grouping symbols, and signs of 12. A replacement valuc for the variable that forms a truc
operations statement {satisfies that equation) i clled 4 voot. or
4. The terms in an algebraic cxpression are any constants, solution, of the equation.
variahles, or products or quoticnts of these. They are 13. The selution set is the st of all values for the variable

that cause the equation to be a true statcment.

. A lineur equation is an equation where the exponent of

the unknown is 1

. The addition and subtractisn property of cquality enables

u5 10 udd or subtrsct the sume quantity in cach member
of an equation and the result will be an equivatent
cquation

124 Chapter 2 Sowving Equations and Inequalities

Chapter 2 review

[2-1]
Specily the number of terms in cach expression.
1, 430+ 3x +2 1. Sa%

Derermine which of the following algebraic

Lxy+ 5 4. (ab + o) + xy

If they are not

B

Write an algebraic expression for exch of the following.

9. 5 times x 10. 7 less than v

2-2]

Evalustc the lollowing expressions il a = L.b =4 c= —4,
13. 32 — 14. 4 — Ha + 2)

16. {22 - )b + 2d) 17, (c - 247

L

19, Evaluite £ when # - given (W) P =6, L = &,

i --l{b){‘-?,.t*luf%

[2-3]

Retove all grouping symbols and combine like terms.
2L (3 = 2 — 1) + (e — Sx + 4)
23, (da® — ) — (3 + 260) — (O
25, (dab + Tbic) — {15ab — [16e)
27. (4ab. ~ 2ach — (6be — Sac) — (ab + Zhe)
25 3¢ - [3x - (x - 4]

30w — 5x = 3 — (2% — )

[2-4]

- 364

state why d0l
a+h
et

T. 47 &

11 4 more than =

andd = -3.
15. .= aie
Bo—a
20, The volume of a gas ¥y 15 given by V3 = 20 Fing

¥ when 7y

0, 2nd Py = 60.

R -+ -2 —22—T)

24, (5t — Lot + 3y — &) — (At + 3 — I + Snd)
260 {x — 2 +7) —dx + 4y + 6)

8. 3a — [da — (a — 5)]

30. 4z - bx = p) — [Bx -y - (2 + Y]

32. 53 - {6b + @ - {2 - 4b)]

Determine whether the given Statement is teus or false when we replace the variable in cach cquation with the given mumber.

3ox+ T=1kla Mo+ 1 =912

[2-4, 2-5, 2-6]

Find the solution se1
Moxt+5=12

W oE-3— -9
433 N =T 45y

M4 Hx=)=Axr+1D—4
a7, ~2x - 14

35 5 — 1 =215 362+ 5=12018

WoatT=-4

42 203x —4) — Sx =11

symmetric property of equality allows us 1o
hange right and |t members of an euation.

The completely worked-
out solution for the

chapter-opening word
problem appears at the
end of the chapter prior
to the chapter summary.

Error analysis provides
a group of problems
where a common error
has been made. The
student is asked to
correct the mistake. A
page reference is
provided so that the
student can refer to
examples and notes
relative to the given
problem.

12. 2 times a number, plus 6

Critical thinking provides special

Chapter 2 Critical Thinking 123

17. The multiplication and division property of cquality 21. The multiplication and division property of inequalitics
caubles us to multiply o divide both membars of wn states:
equation by the same nonrers quantity. a. The stme positive number muy be muliplied times
I8, We usc the same proccdurcs fot solving literal cquations or divided into both members of an ineguali
hat we use ta rolve lincar equations in one variable: wlthout changing the direction {order) of the
19. A lincar inequality imvalves the symbuols =, inequality.
dayssi b. When the same negariue sumber is multiplied Gmes
20. The addition and subtraction property of inequalities ar divided into both memibers of an incquality, the
states that the same number can be added fa or dircction (order) of the inequality must be changed.
subtcucted from both members of an incquality withous
chaaging the direction (ordor) of the incquality symbal
Chapter 2 error analysis e
1. Degees of u pal i ; =
Example-Te — 3 P — ke 7. Graphing linear inequslities
Correct answer: 2x — 3% + x1 — 1 has degrec 3. £ Sopic THE prepti 01 = 3
What creor was made? (see page 69)
2. Terms in an algebraic expression
Exumple: 58+ 2 has 3 germs,
i Correet answer: The graph of x = 3 is
Correct answer: x* + = s 2 erms. e e
Whal error was made? (see page 65) LA S 8 ST
3. Applying the distribut
b e What error was made? (see page [14)
;o'::(:fran,nﬂr s b B. Multiplying membors of an insquality
st ercor was made? {sce page 20) Exampie 1632 4 wen 3 ¢ —2 0 4 52
ok i Correer amswer: 163 < 3,then 3 - —2 > 4° —2,
Example: 3% + 40 ) What crror was made? (ree page (15
el E e S o ] 9. Multiplication of ncgative numbsrs
What errar was made? (see page §1) Exampler{ _5HT) = 33
S:, Combinip pelyponiidlc Correet answer: (—3)(T) = =35
Farmeicilds, SRe Rl oGt What error was made? (vee page 45}
ol T B e 10. Division using zevo

=23 =343
Correct angwer: (3x* —2x 1) - (¥ - x + 2}
-t -x—1
What error was made? (see page 82)
Reciprocal of 4 sumber

s

Example: The reciproesl of 0 15—,

0
Correct answer: 0 has no reciprocal,
What error wes made? (zec page 941

. Chapter 2 critical thinking

h z 0
Example: e

Corrcct answers — i undined

What creor was made? (see page 53)

problems that the student must analyze
and use their mathematical skills to solve.
A series of hints are given in the
Instructors Manual.

1f you add sny three conseeutive odd integers. the sum will be 3 multiple of 3. Why is this true?
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59 37a - 222
6L 3b—8-6
65.32a - 1) =de—2
68 2a 4 Sa—4& =31 - %)
TOx 42z 1 3 =12
T4 32 b 1) =dx -5
76, 41
Solve far the specified variable.
TI. F = ma, for o 78 £ = IR foc
8.V —k+tgtiforg L4 = Lhib ¢ oo
[2-2]
‘Write an equation for the problem and solve for the unknown quantitics
3, The difference between two numbers is 23, Find the two 86. Joha

numbers if their sum is 105,

84, If a number is divided by  and that result s thea
increased by 7, the anwwer i 11. Find the qumber. 59k
§5. The diffcrence between one-third of a number and ane- B7. e

fifth of u number is 6 Find the number,

wok u 19% loss. If her net Joss was $1,030. how much was
in cach investment?

[2-2]

Find the solution and graph the solution.

88, 3x > 12 £, 5x = 15
91, —dx > 16 9+l

94 3 +7<5x—2
9T —d Sk + T 10
00, —8 =14+ 5-=4

Chapter 2 cumulative test

his income from the 8% investment was $250 more than
that fram the 7% investment, bow aioch wus invested at

investment she mude

63, 5+ {2y
66, 3{x +3) = 2x -7
69.8 - Ix+7T—5kc+T)

T2 Bx— 14 = 18 — 8y
201 3x)=8x + 2
M. k=P iocP
82, Sx % 3y Jor x
invested part of $20,000 ut €5 and the rest at 7% I

rate?

made Two investments tetaling 525,000 On one
12% profit but an the ther s

Perform the indicated aperations, if possibic. and simpl

[1-4] 1L (—8) + (— [1-51 2 (-10) - ( -18) -7
& 4 3
1-7] 4 — 1-8] -5 E: it r
[ = [1-8] 5 0-2 6 >
20 —a o
Heg | [1-6] & (—4(O)(—2) [1-2] 9. (2356 e
[1-8] 10. 5 | &3 2 [1-8] 11 6 - 410 2 [1-8] 12 10— 2015 =3 =52
[1-8] 6+ 4] [1-8] 14, 5{(—2 £ 7) — 3(& — 5) N-8] 15 14+2:15 =6 -3 +4 -
[2-3] [2-3] 17. 332 - Iy xht 4 Sy [2-3] 18. (20 — &) — (o — 4b)
[2-3] — {5t — =), [2-3] 0. Sa+ 3F —du—a+5+a 6
23] 2 - [e— (v + 1)+ (2x— 3] [2-3] 22 (3a - 20 |50 - (36 + 6al]

—12,and 6

vs of desks in a classcoom. I cach

Cumulative tests emphasize the
"building-block” nature of
mathematics and help students
retain knowledge and skills from
previous chapters.

desks, how many desks arc in the

classcoom’!

Write 2n algebraic expression for each of the fallowing.

12-1) 30. x Becrcased by

[2-2] 32. Ann hes d dimes, 7 nickels, and € cents. Express in
cents the amount of money Ann has

Find tho solution set for 33 37 and the solution for 35 42,

[2-6] 33 10x ~7 —dx + 3

1
12-6] 35 S 14

2-6] 37. 16
[2-5] 39.
[2-3) 4

ax —1) -3x—12

Sx o+ 3x —hx - 14

—l=ntian
Solve for the specified varible.

[2-7) . P=a+b+clord

Solve the following word problems.
12-8] 45. Phil hus $10,000, part of which he invests a1 6%
end the rest at 5% IF his 1otal incoine from the
two investments was $560, how much did he
invest a1 cach rate?

[2-8] 6. The sum of three consecutive oven integers is 48
Find the thres intsgers

T4 number is increased by 9 and that result is
divitded by 3, the snswer is 7. Find the number.

[2-8] 7.

2-2) 24. (3a—28) — {3c + d)

n-51

n-71

[2-11

2-6]
12-6]

[2-9]
[2-91
[2-9]

[2-71

[2-2] 25. (o — 40)(b — 2d)

27. Subtracl — 12 from —¥

29, A trip of 357 miles takes scven hours to complete,
‘What was the average rate of speed?

31. A number increased by 6

M oSz+6 =6

36 32 -1 4 25x -3 -8

] —x=12

43, v =aly + 2}, for y

[2-8] 48. Dwaly mads two investments wialing §17.000

[2-9] 49.

On ane investment she made a 12% profic but oa
the other she took a 19% loss. [ her net loss was
$1,215, how much wis . cach investmen?

Twice.a murmber deorcased by 2 is at most 10,
ind all aumbers that satisfy this condition.




Preface

“lementary Algebra with Applications is a beginning

* level text designed specifically for students who have
“mm= not had a previous course in algebra. The book can
be used in lecture-discussion classes or self-paced classes.

Problem-solving orientation The emphasis on problem
solving begins in chapter 1 with word problems that have
simple arithmetic solutions. The student also leamns to
change word phrases into algebraic expressions. In chapter
3 and throughout the rest of the text, the student is shown
how to form and solve equations from word problems.
Diagrams are used to show how the words are translated
into mathematical symbols. Tables are provided to
illustrate how several different word phrases become the
same mathematical expression.

Critical thinking To encourage students to approach
problems creatively in mathematics and the real world, we
have included a critical thinking exercise in each chapter.

Error analysis Students can effectively increase their
level of understanding of mathematical concepts by
evaluating problems illustrating some of the most common
mathematical errors. This strengthens the student’s
understanding of the concept and provides extra practice
restating the concept in their own words.

Readability We have attempted to make the text as
readable and accessible to students as possible by
presenting the material in a manner similar to that which
the instructor might use in the classroom.

Applications We have tried to provide a cross section of
applications, mainly in the exercises. These are provided to
help answer the perennial question “Why am I studying
this stuff?” and to make the leaming process itself more
interesting. In particular, we have tried to show that
algebra has become more important than ever in this age of
the digital computer. Most ideas are supported by real-life
applications relative to that concept.

Functional use of color In this third edition, color has
been used to guide students through the text and clearly
show the hierarchy of the text’s elements. The effective use

of color for each particular text element groups similar
kinds of elements and helps students understand the
relative importance of the elements.

* Green is reserved for the core ideas and core
exercise problems presented in each chapter; it is
used to highlight procedures, properties,
definitions, notes, mastery points, and core exercise
problems.

* Blue is used to emphasize explanations within the
examples and exposition.

* Red is used to highlight extra practice opportunities
for students within the development of each topic.

Highlights of the learning aids

Examples Examples present all aspects of the material
being studied with a step-by-step development showing
how the problem is worked. Examples have short phrase
statements in blue type next to most steps stating exactly
what has been done. The student is able to develop a clear
understanding of how a problem is worked without having
to guess what went on in a particular step.

Quick check exercises These exercises after a set of
examples are designed to involve the student with the
material while studying it. Quick check exercises directly
parallel the development and examples in the text. As each
new idea or procedure is illustrated with a set of examples,
the student is asked to work a similar problem. A red
triangle identifies each quick check exercise. Quick check
exercises are worked step-by-step as quick-reference
examples within the exercise set.

Procedure boxes Procedure boxes clearly state a step-by-
step summary of the process by which types of problems
are to be worked. Green has been consistently used for all
procedure boxes to emphasize their importance to students.

Concept boxes Concept boxes include properties,
theorems, or definitions along with an explanation in easy-
to-understand language. Green is used to outline each
concept box, emphasizing its importance.
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Xviii Preface

Notes Notes to the student highlight important ideas and
point out potential errors that students might make. The
notes are printed in green type to attract the student’s
attention and emphasize their importance.

Mastery points Mastery points are listed before each
exercise set. In essence, they are objectives for that section.
They are specifically placed in this location to alert students
to the particular skills they must know to successfully work
the problems. When students have completed the section,
the objectives have more meaning. The green outlined box
is used to draw the students’ attention to the mastery points
before they begin the exercise set and to mark the mastery
points as covering part of the main ideas of the section.

Exercise sets Exercise sets provide abundant
opportunities for students to check their understanding of
the concepts being presented. The problems in the exercise
sets are carefully paired and graded by level of difficulty to
guide the students easily from straightforward
computations to more challenging, multi-step problems.

Green type problem numbers identify the core exercise
problems in each exercise set.

The directions for each group of problems refer the student
to a specific group of parallel examples. After each set of
directions is a quick-reference example. This example is a
specifically chosen quick check exercise from the section
and is worked and explained step-by-step. The red shading
over each quick reference example tells students it is
related to the quick check exercises. Students can use this
as a line-by-line check of their solution if they worked the
problem while studying the material, or as an example they
can refer to while working the exercise set.

Review exercises At the end of each section is a group of
review problems. These exercises help reinforce the skills
necessary for success in the following section. Answers are
provided for all the review exercises.

Trial exercise problems Trial exercise problems appear
throughout each exercise set and are denoted by a box
around the problem number. This indicates that the solution
is shown in its entirety in the answer appendix.

Chapter summaries End-of-chapter summaries
synthesize the important ideas of each chapter.

Error analysis At the end of each chapter is a group of
problems in which a typical error has been made. The
student is asked to find and correct the mistake. If the
student cannot find the error, a page reference is given
which directs the student back to a specific note or group of
examples that focus on this problem. Error analysis helps
students increase their ability to find errors when checking
their solutions, and encourages them to practice restating
the important ideas of the chapter in their own words.

Critical thinking Following error analysis is a special
problem that requires the student to analyze a problem and
use their mathematical skills to answer it. The lnstructor’s
Resource Manual contains a series of hints that can be used
to guide the student through the analysis of the problem.
The Instructor’s Resource Manual also discusses various
ways that critical thinking can be integrated into your
course.

Chapter review A chapter review is placed at the end of
each chapter. This problem set follows the same
organization as the chapter. Each problem is keyed to the
section from which it was drawn. Answers to all review
problems are provided in the appendix.

Cumulative tests Cumulative tests give students the
opportunity to work problems that are drawn from the
chapter and from preceding chapters. If students need to
review, they can use the section references to review the
concept.

Answers Answers are given for all odd-numbered section
exercise problems. The answers to all problems in the
chapter reviews and cumulative tests are provided in the
appendix.

New to this edi
Content

1. The arithmetic review has been moved from the
appendix and is now in the opening chapter.

2. Solving equations, verbal problems, formulas, and
linear inequalities have been moved from chapter 3 in
the second edition to chapter 2 in the third edition to
start the student on these concepts earlier.

3. Introduction to exponents has been moved to chapter 3
from chapter 2 in the first edition. In section 3—4,



special attention is now given to helping students
effectively distinguish between the various operations
with exponents and to apply the correct techniques to
exponents.

4. Chapter 4 now includes a section on general strategies
for factoring to improve the students’ abilities to
determine the correct factoring strategy to apply when
encountering a variety of equation types to factor.

5. Addition and subtraction of rational expressions with
like denominators is now covered in a separate section
(6—2) before addition and subtraction of rational
expressions with unlike denominators (6-3).

6. In chapter 7, the topic of functions of linear equations
is now developed after equations in two variables.

7. Solutions of systems of linear equations is now
developed with graphical solutions in section 8—1.

8. Systems of linear equations in three variables is not
covered in the third edition.

Features

1. Quick-reference problems are worked out in the
exercise sets to serve as further examples for the
student.

2. Review exercises at the end of each section have been
added to help prepare the student for the work of the
following section.

3. Greater use of arrows to point up important steps taken
in the development of an example.

4. All step-by-step procedures outlined for the major
concepts are placed in boxes for emphasis.

5. Each chapter is introduced with an application problem
(an accompanying related photo) that can be solved
using the procedures studied in the ensuing chapter.
The application problem is worked out in detail at the
end of the chapter, just prior to the chapter summary
for that chapter.

6. Error Analysis in each chapter helps students find
errors and apply concepts in their own terms.

7. Critical Thinking activities in each chapter help
students leamn to address multi-step complex problems.
8. Color is used to clearly show which elements are

related and to highlight the important concepts for the
students.

Preface xix

For the instructor

The Instructor’s Resource Manual has been expanded
to include all critical thinking exercises from the text (with
hints and solutions), a guide to the supplements that
accompany Elementary Algebra with Applications, Third
Edition, and reproducible quizzes, multiple chapter tests,
and extension problems. Also included are a complete
listing of all mastery points and suggested course schedules
based on the mastery points. The final section of the
Instructor’s Resource Manual contains answers to the
reproducible materials.

The Instructor’s Solutions Manual contains
completely worked-out solutions to all of the exercises in
the textbook.

The Educator’s Notebook is designed to assist you in
formatting and presenting the concepts of Elementary
Algebra with Applications, Third Edition to your students.
Reproducible transparency masters are provided for each
section of the textbook.

The Test Item File/Quiz Item File is a printed version
of the computerized TestPak and QuizPak that allows you
to choose test items based on chapter, section, or objective.
The objectives are taken directly from the mastery points in
Elementary Algebra with Applications, Third Edition. The
items in the Test Item File and Quiz Item File are different
from those in the prepared tests in the Instructor’s Manual.
Hence, you will have even more items to choose from for
your fests.

WCB TestPak 3.0, our computerized testing service,
provides you with a call-in/mail-in testing program and the
complete Test Item File on diskette for use with IBM® PC,
Apple®, or Macintosh® computers. WCB TestPak requires
no programming experience. Tests can be generated
randomly, by selecting specific test items or mastery
points/objectives. In addition, new test items can be added
and existing test items can be edited.

WCB GradePak, also a part of TestPak 3.0, is a
computerized grade management system for instructors.
This program allows you to track students’ performance on
examinations and assignments. It will compute each
student’s percentage and corresponding letter grade, as well
as the class average. Printouts can be made utilizing both
text and graphics.

WCB TestPak 3.0 disks and the WCB call-in service
are available free to instructors adopting Elementary
Algebra with Applications, Third Edition.
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WCB QuizPak can be used to give your students on-
line practice with the topics of elementary algebra. You
can choose multiple-choice and true-false items from the
Quiz Item File, edit items, or add your own items.
Students’ on-line test results are graded and scores then
recorded in a GradePak file.
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The Student’s Solutions Manual contains overviews
of every chapter of the text, chapter self-tests with
solutions, and solutions to all proficiency checks, every
other odd-numbered section exercise, and odd-numbered
chapter review exercise problems. It is available for
student purchase.

On the Videotapes, the instructor introduces a concept,
provides detailed explanations of example problems that
illustrate the concept, including applications, and concludes
with a summary. All of the topics presented in each
section of Elementary Algebra with Applications, Third
Edition are carefully reinforced by the comprehensive
Wesner and Nustad Video series. The tapes are available
free to qualified adopters.

The Audiotapes have also been developed specifically
to accompany Elementary Algebra with Applications,
Third Edition. They begin with a complete synopsis of the
section, followed by clear discussions of examples with
waming and hints where appropriate. Exercises are solved
for each section of the text. Students are directed to turn
off the tape and solve a specific problem and tumn the tape
on again for a complete explanation of the correct solution.

" The concepts and skills developed in Elementary
Algebra with Applications, Third Edition are reinforced
though the interactive Elementary Algebra Tutorial
Practice Software. Students practice solving section-
referenced problems generated by the computer and review
the major topics of elementary algebra. Step-by-step
solutions with explanations guide students to mastery of
the major concepts and skills of elementary algebra.

WCB QuizPak, a part of TestPak 3.0, provides
students with true/false and matching questions from the
Quiz Item File for each chapter in the text. Using this
portion of the program will help your students prepare for
examinations. Items in QuizPak are similar in level and
coverage of concepts as the TestPak items. Also included

with the WCB QuizPak is an on-line testing option that
allows professors to prepare tests for students to take using
the computer. The computer will automatically grade the
test and update the gradebook file.
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 Study tip

-/ hen you work to your full capacity, you can
" hope to attain the knowledge and skills that
will enable you to create your future and
control your destiny. If you do not, you will have your
future thrust upon you by others.
A Nation at Risk *

There are certain study skills that you as an algebra student
need to have, or develop, to assure your success in this
course. In addition to the following items listed, acquaint
yourself with the text by reading the preface material that
precedes these study tips. Then—

1. For every hour spent in class, plan to spend at least two
hours studying outside class.

2. Before going to class, read the material to be covered.
This will help you more easily understand the
instructor’s presentation.

3. Take time to become familiar with the leaming aids in
your textbook. This will allow you to get the maximum
benefit from them. In Elementary Algebra with
Applications, Third Edition color has been used to tie
related features together.

= Green is used for the core concepts, ideas, and
exercises. Be sure you understand everything
highlighted with green.

* Blue indicates additional explanation and greater
detail.

» Red is used to identify quick checks and quick-
reference examples, which give you greater
opportunity to check your understanding of each
problem type.

4. Review the material related to each exercise set before
attempting to work the problems. Be sure you
understand the underlying concepts in the worked-out
examples and the reason for each step.

5. Carefully read the instructions to the exercise set. Look
at the examples and determine what is being asked.
Remember, these same instructions will most likely
appear on tests.

*The National Commission on Excellence in Education. A Nation at Risk.
Washington, D.C.: U.S. Government Printing Office, 1983.

6. When working the exercise set, take your time, think
about what you are doing in each step, and ask yourself
why you are performing that step. As you become more
confident, increase your speed to better prepare yourself
for test situations.

7. When working the exercise sets, compare examples to
see in what ways they are alike and in what ways they
are different. Problems often look similar but are not.

If you do not know how to begin a problem, or you get
partway through and are unable to proceed, (a) look back
through your notes or (b) look for an exercise you can do that
has the answer given and try to analyze the similarities. If
doing these things does not work, put the problem aside.
Often getting away from it for a time will “open the door”
when you try it again. Finally, if you need to, consult your
instructor and show him/her the work you have done.

The fact that you will be “using tomorrow what you are
doing today” makes it imperative that you leam each concept
as you go along. Most concepts, especially the ones that give
you the most difficulty, need constant review.

The practice of checking your work will aid you in two
ways:

1. It will develop confidence, knowing you have done
the problem correctly.

2. It will help you discover your errors on an exam that
might otherwise have gone undetected had you not
checked your work.

‘When checking your work, use a different method from
the one you used to solve the problem. If the same procedure
is used, a tendency to make the same mistake exists.

Develop methods for checking your work as you do the
practice exercises. This checking then becomes automatic
when taking a test.

The following hints will aid you in preparing for an
exam:

1. Begin studying and reviewing a number of days prior to
the exam. This will enable you to contact your
instructor for help if you need it. “All-night” sessions
the night before the exam seldom (if ever) yield good
results.
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2. Take periodic breaks—10 to 15 minutes for each hour
of study. Study for no longer than four hours at a time.

3. Work to develop understanding as well as skills.
Memorization is seldom useful in an algebra course, so
concentrate on understanding the methods and concepts.
However do not ignore skill development, since doing
so can often lead to what students call “stupid
mistakes.”

Prior to taking an exam, use the exercise sets, chapter
reviews, and/or Student’s Solutions Manual to make out a
practice test, determine where your errors lie, and retake the
test to be sure that you have corrected the mistakes. Allot the
same amount of time you will be allowed on test day.

‘When taking the algebra exam you should:

1. Look over the exam to locate the easiest problems.
2. Work these problems first.

3. Work the more difficult and time-consuming problems
next. Remember, when stuck on a problem, go on to

other problems and return to those giving you difficulty
only after completing all that you can.

4. Use what time remains to check your answers or to
rework those problems that you found most difficult.

Don’t panic should you “draw a blank.” Avoid thoughts
of failure. Should you feel this happening, relax and try to
clear your mind. Search out the problems you feel most
confident about and begin again. Should you be unable to
complete the exam, be sure to check the problems that you
have completed. Always be aware of the time remaining.
Do not hurry and do not be intimidated by other students
competing the exam early.

One final bit of advice. Show your work neatly.
Develop this habit when working on your practice problems.
There is a close correlation between neatly laid-out work and
the correct answer. Your instructor will appreciate this and
be more inclined to give you more credit if the answer is
wrong.



- Operations with Real

Numbers

While on a trip to Canada,
Tonya heard on the radio that
the temperature today will be
20° Celsius. Will she need her
winter coat? What will the
temperature be in degrees
Fahrenheit? We can determine
what 20° Celsius is in degrees
Fahrenheit by the following
expression.

F:%'20+32

AEafra e snrials Lorm S ne
rations Wicn sraccions

Fractions

In day-to-day living, the numbers we use most often are the whole numbers,
0,1,2, 3,4, and so on,
for counting and the fractions, such as

E 3 9 d
— iy and S00n;
274710
In a fraction, the top number is called the numerator and the bottom
number is called the denominator.

There are two types of fractions:

1. Proper fractions where the numerator is less than the denominator; for

9
example, 10"

2. Improper fractions where the numerator is greater than or equal to the

. 10 9
denominator; for example, o or 9"



Section 1-1 Operations with Fractions 3

Prime numbers and factorization

Any whole number can be stated as a product of two or more whole numbers,
called factors of the number. For example,

Product Factors
12 =2-6 2 and 6 are factors
12 =1 -12 1 and 12 are factors
12 =4-3 4 and 3 are factors
12 =2-2-3 2, 2, and 3 are factors

To factor a whole number is to write the number as a product of factors. In
future work, it will be necessary to factor whole numbers such that the factors
are prime numbers.

A prime number is any whole number greater than 1 whose only

Prime numbers
I_ factors are the number itself and 1.

The first ten prime numbers are
2,3,5,7,11,13, 17, 19, 23, and 29.

Thus when we factored 12 as 12 = 2 - 2 - 3, the number was stated as a product
of prime factors.

Write each number as a product of prime factors.

1. 36

flz - 18 Divide 36 = 2 = 18
2-2-9 Divide 18 + 2 =9
A

222-3+3 Divide 9 = 3 = 3

Thus36 =2-2-3-3

Note This could have been done in the following way.
@ [36.  Divide36 + 2 = 18

@lﬁ Divide 18 + 2 =29
39 Divide 9+3=3
€)

We successively divide by prime numbers, starting with 2 if possible,
until the quotient is a prime number.

2. 54
@ b4 Divide 54 <+ 2 = 27
Qr7 Divide 27 + 3 =9
B9 Divide 9-3=3
©)

Thus 54 =2-3-3-3. B
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Reducing fractions to lowest terms

A fraction is reduced to lowest terms when the only factor common to the
numerator and the denominator is 1.

To reduce a fraction to lowest terms

1. Write the numerator and the denominator as a product of prime
factors.

2. Divide the numerator and the denominator by all common factors.

B Example 1-1 B
1 14 2-7 -
y e B e Write as a product of prime factors
21 3 ' ‘
2 ey i | .
= ? Divide numerator and denominator by common factor 7
— is the answer since 2 and 3 have only 1 as a common factor.
) 45 i3 =y )
= e Write as a product of prime factors
60 2.235 € 9} L prime 1
3
= = Divide numerator and denominator by 3 - 5
22 vide n ator a by 3
3 [+7 s ] e
= I Multiply in deneminator
. 25
B Quick check Reduce - to lowest terms.
Products and quotients of fractions
To multiply two or more fractions, we use the following procedure.
To multiply fractions
1. Write the numerator and the denominator as an indicated product
(do not multiply).
2. Reduce the resulting fraction to lowest terms.
Example 1-1C Multiply the following fractions and reduce to lowest terms.
1 i i 5 25 Multiply numerators
g 7t A=, Multiply denominators
10 . 8 2
= — Perform multiplications
21
2 5 i 35 Multiply numerators
6 4 6-4 Multiply denominators
Siad _
= = Factor6 =2-3, 4=2-2
2= 3 -0
S . . :
= Divide numerator and denominator by 3
D

Multiply in the denominator
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Suppose we multiply the fractions

5.6 _5°6

6 5 65
_30
30
=1

When the product of two numbers is 1, we call each number the reciprocal of the
other number. Thus

& 6 :
& and 5 are reciprocals,

2 7 :
— and o are reciprocals,

7

14 13 .
— and — are reciprocals.

13 14
We can see that the reciprocal of any fraction is obtained by interchanging the
numerator and the denominator. The reciprocal of a fraction is used to divide
fractions.

1. Multiply the first fraction by the reciprocal of the second fraction.
2. Reduce the resulting product to lowest terms.

I_ To divide two fractions

Divide the following fractions and reduce to lowest terms.

1. j-— - i — i i Muitiply by the reciprocal O?'—S—
8 7 8 ©
17 Multiply numerators
i 86 Multiply denominators
49
48

. .49 . . 1
Note The improper fraction 18 can be written as the mixed number 1@,
which is the sum of a whole number and a proper fraction. This is obtained by
dividing the numerator by the denominator.

Quotient
1 1 =———Remainder
48)49 = 1— by | .
48 48 Criginal denominator
1 Remainder
4
5 4 3 4 7 ! —
T = == Multiply by the reciprocal of —-
3 5 7 5 3 7
7
47 Multiply numerators
i) Multiply denominators
7818 R ,
= =or 1l — Perform indicated operations
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The improper fraction answer is usually the one preferred in algebra. The mixed
number form is usually preferred in an application problem.

1 2
3. 35—
4 3
We change the mixed numbers to improper fractions.
Dencminator Plus
times whole numerator
number
31 _(3'4)+1 _12+I_E
/ 4 4 4 4
Mixed Criginal Improper
number denominator fraction
form form
5&_(3'5)4-2 _15+2_£
3 3 3 3
We now divide as indicated.
1 2 13 17
I— = 5—=— = —
4 3 4 3
17
= E . i Multiply by the reciprocal of —
4 17 3
13-3 Multiply numerators
r 4-17 Multiply denominators
39 S .
= T Perform indicated operations
68
b}

6
» Quick check Divide T and reduce to lowest terms.

8

4. The area of a rectangle is found by multiplying the length of the rectangle by

1
the width of the rectangle. Find the area of a rectangle that is 27 feet long

and 1% feet wide.

1 5
Area = 27 : 1? Muitiply the given dimensions
S il : : o
= ? : ? Change mixed numbers to improper fractions
G 1y | Multiply numerators
= 2-6 Multiply denominators
55 7 . _ o : }
= —or 4— Perform indicated cperations
12 12

.7
The area of the rectangle is 45 square feet.

=
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Addition and subtraction of fractions

To add or subtract fractions, the fractions must have a common (same)
denominator.

To add or subtract fractions
with common denominators
1. Add or subtract the numerators.
2. Place the sum or difference over the common denominator.
3. Reduce the resulting fraction to lowest terms.

W Ev=rania T
B =t e e &

«

iy

Add or subtract the following fractions as indicated. Reduce to lowest terms.

3 1 3+ 1
L == Add numerators
2 % 8 :
4 C i +
= — Combine in numerator
8
I . 7 -
== — Reduce to lowest terms
2
il 3 =5
2o Subtract numerators
16 16 16 ) ?
2 s o
= — Combine in numerato
16
— l Reduce to lowest terms L
g

When the fractions have different denominators, we must rewrite all of the
fractions with a new common denominator. Many numbers can satisfy the
condition for any set of denominators, but we want the least of these numbers,
called the least common denominator (denoted by LCD). For example, 24 is the
least common denominator of the fractions

i 5

—and —

8 6
since it is the least (smallest) number that can be divided by 6 and 8 exactly. The
procedure for finding the LCD is outlined next.

— T0 find the least common denominator (LCD)

1. Express each denominator as a product of prime factors.

2. List all the different prime factors.

3. Write each prime factor the greatest number of times it appears in
any of the prime factorizations in step 1.

4. The least common denominator is the product of all factors from
step 3.




8 Chapter 1 Operations with Real Numbers

= g =

Example 1-1 F Find the least common denominator (LCD) of the fractions with the following
denominators.

1. 24 and 18
a. Write 24 and 18 as products of prime factors.
2§ =2-2-2-3
18 =2-3- 3

b. The different prime factors are 2 and 3.

¢. 2 is a factor three times in 24 and 3 is a factor two times in 18 (the
greatest number of times).

d. The LERis2 -2-2+3+3 =72

2. 6,8, and 14

a. 6=2-3
8§=2-2-2

14=2"7

b. The different prime factors are 2, 3, and 7.

c. 2is a factor three times in &, 3 is a factor once in 6, and 7 is a factor once
in 14.

d. The LCDis2-2-2-3-7 = 168.

P Quick check Find the LCD for fractions with denominators of 6, 9, and 12. @

Building fractions

: .5 . : ; :
To write the fraction T as an equivalent fraction with new denominator 24, we

find the number that is multiplied by 6 to get 24. Since
64 =24

. : 29 . 4
we use the factor 4. Now multiply the given fraction Py by the fraction i The
fraction 7 is equal to 1 and is called a unit fraction. Multiplying by the unit

S T 5 .
fraction 7 will not change the value of I only its form. Thus

5

6

54 20

i
6 6-4 24

— s | 4=

Multiplication by 1

We use the following procedure to write equivalent fractions.

To find equivalent fractions

1. Divide the original denominator into the new denominator.

2. Multiply the numerator and the denominator of the given fraction
by the number obtained in step 1.
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B Example 1-1 G Write equivalent fractions having the new denominator.
3 ?
5 30
: . 3 6
Since 30 + 5 = 6, multiply vy by e
i = i . i Multiply byg
5 5 6 2
_ 36 Multiply numerators
5-6 Multiply denominators
8
30
7 ?
29T
; ) 7 8
Since 72 = 9 = 8, multiply y by e
i 1 8
—_=—— Multiply by —
9 9 8
s Multiply numerators
9-8 Multiply denominators
=5
72

To add or subtract fractions having different denominators, we use the
following procedure.

— To add or subtract fractions having

9

i1

different denominators

1. Find the LCD of the fractions.

2. Write each fraction as an equivalent fraction with the LCD as the
new denominator.

3. Perform the addition or subtraction as before.

4. Reduce the resulting fraction to lowest terms.

B Example 1-1H Add or subtract the following fractions as indicated. Reduce the resulting
fraction to lowest terms.
7 5
-
8 6

a. The LCD of the fractions is 24.
b. Since 24 = 8 = 3, then

77 3 g m
8 8 i) 8-3“24 "ululpnyoy3
and since 24 = 6 = 4, then

Sty Sl e 0 4
6 _? 4 764_24 MLItlp.y__y?
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T4 S Bl A
C. 8 6 24 24 ad tractions with L
1x 21 + 20 o N
24 G numerators
_a
24" 22
7 1
2
8 3
a. The LCD of the fractions is 24.
b. Since 24 — 8§ = 3, then
7 7 3 21 : 3
S e T T Multiply by —
8 8 3 24 3
Since 24 =+~ 3 = 8, then
i=—1—-E=i [\ﬂuiti;}iybyE
3 3 8 24 8
ci_i—g_i S‘a—.— + £ i 'A'LPD
- 8 3 24 24 uptract tractions with LC
=21—8=E =gy A el
24 24 uptract numerators
i 3
. 3— — 2—
W 8 4

Change each of the mixed numbers to an improper fraction.

7T_@83H+7_ 31 3 _@-n+3_1
8 8 8’ 4 4 4

a. The LCD of the fractions is 8.

3

31
b. Ky already has the LCD in its denominator.

Since 8 = 4 = 2, then

R Multiply by —
4-2 e
3 31 ik
c. 3? — 27 = —8" = T Subtract improper fractions
31 22 ‘ Yo -
= — — Subtract fractions with LCD
8 8
31 — 22
= Subtract numerators
8
9 1
= —
87 g

4. The perimeter (distance around) of a rectangle is found by adding the lengths

. ' ! el
of the four sides of the rectangle. Find the perimeter of a rectangle that is 1—

yards long and % of a yard wide.



Section 1-1 Operations with Fractions

5 5 5 1
7 Yo Perimeter = ? + 1% -+ ? + IT Add all the sides
5 5
= % aF T =+ % == T Change to improper fractions
7 vd % v = Ol 10 I LCD is 12
12 12 12 12
10 + 15 + 10 + 15 .
o Add numerators
12
50 25 N
T === educe
ZELAL 12 6
or 4% Mixed number form

1
The perimeter of the rectangle is 4; yards.

3
B Quick check 4% — 2?

— Mastery points

=

Can you

B Reduce a fraction to lowest terms?

B Multiply and divide fractions?

B Find the least common denominator (LCD) of two or more fractions?
B Add and subtract fractions?

o = a
Ewamreic .
EXercis b ¥

Reduce the following fractions to lowest terms. See example 1-1 B.

Example =
=%
Soliition E . 9E5 Factor numerator
s 45 3-3-5 Factor denominator
5
= 5—3 Divide numerator and denominator by 5
5 e
= ? Multiply in denominator
4 3 10 8 16 14
I — 2. — e 4, — = i
8 9 3 12 14 18 $ 21
28 50 64 96 100 120
7| = = .= . = D= . —
36 & 7 ? 32 10 48 1 85 12 84
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Multiply or divide the fractions as indicated. Reduce to lowest terms. See examples 1-1 C and D.

i
6
Example 5
3
£
TuEi 6 2 - ey Multiply by the reci | of
= ST e e ey tultipl 1 rocal of
Solution i 6 3 s ultiply by the reciprocal o
8
uly 5-8 Multiply numerators
G5 Multiply denominators
8
— Z Reduce by common factor 5
_2'2'2
23
i
= T Reduce by common factor 2
4 11 Multiply in d i
i = Multiy nominator
301' 3 ultiply in denominato
5 3 2 3 7
13. — - = == 15, — —
6 5 = 3 6 2 8 12
3 3 4 12
18. —-6 Vi — 20, =+ —
4 = 7 5 : 25 15
15 3 7 1
= 24, 4 + — g
23 7 3 > 25. 17 23
1 1 4 1
28 1—-2— 29 D " —
5 > 4 5 30. 7 54
al 15
8 64 4 2 3
33. 34, — A [ P
.i = ps] ===
3 8
8 IS 8 15
g 1 Rl
3 14 ¥ =

See example 1-1 D-4.
40. What is the total length of 25 pieces of steel, each
1
5? inches long?
41. The volume of a rectangular block is found by

multiplying the length times the width times the
height.

£
8

T 3
Toe —
5
6

20—
=3
2 12
6
8
31.2
3
36 2.2 3
g 3

T ey
= 2@ Inches

Pl

£ =157 inches

Tl e
w:é;; inches

Write numerator and denominator as the product of prime factors

32.

37.
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. i 1 ic inches of : 1% e
At i mean cubis TolEs o A wire 61? inches long is divided into 14 equal

1 1
— 3 l 4—
et ek of Aot 13 3 inches long, 4 parts. What is the length of each part?

7
inches wide, and 2? inches high?

b. What is the volume in cubic inches of a block of
steel 8% inches long, 2% inches wide, and 1i
inches high?
Find the LCD of the fractions with the following groups of denominators. See example 1-1 F.

Example 6,9, and 12

Solution 1. State 6, 9, and 12 as a product of prime factors.

6 = e g
5= 20 5
il = le ol =g

2. The different prime factors are 2 and 3.

3. 2 is a factor twice in 12 and 3 is a factor twice in 9.

4. The LCDis2-2-3-3 = 36.
43. 3.8, 10 44. 9, 15, 21 6,14, 18 46. 5, 10, 12
47. 16, 24, 36 48. 12, 16, 24 49. 5,7, 11 50. 10, 20, 30
51.. 68,9, 12 52. 10, 14, 18 53. 10, 15, 20 54. 10, 15, 24

Add or subtract the following fractions as indicated. Reduce to lowest terms. See examples 1-1 E and H.
1 3
Example 4— — 2—
AR o
Solution We first change the mixed numbers to improper fractions.

Mo ol e WIS

2 2. 25 4 4 4
1 3.9 1 yi) S o s i
47 — ZT = 7 = I Replace mixed numbers with improper fractions
The LCD is 4.
:1‘8—2 WriteiasE
4 4 2 4
18 =1l
= Subtract numerators
4
byt ek
Br s

11 2 , 8 i Xy 5 1
55. — + — 56. — + — 57. — + — L=
3003 T 3 4 e
4 2 SN 3 5 5
L= - + 2 62. 3 + —
59 = — B 1 - 3eh
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64— m,§+%

67. % — é 68. % = %
71.17—5+%—% 72.%+%—%
7&%+%+%

See example 1-1 H-4.

1
76. Jane owed Joan some money. If she paid Joan o of
1
the debt on June 15, = of the original debt on July

3
1, and T of the original debt on August 10, how

much of her debt had Jane paid by August 10?7

77. A flower garden in the form of a rectangle has two

1
sides that are 24? feet long and two sides that are

3.7 S
65. = + — e
5 15 L e
7 .19 1,1 1
R s e
a7 5 R T,
3 5 1 3
73. 8= — 4= 4. T— + 2—
B 8 3 4

5
78. On a given day, Mrs. Jones purchased 7 yard of

3 : 2
one material, iy yard of another material, and e

yard of a third material. How many yards of
material did she purchase altogether?

1
. Butcher John has 32: pounds of pork chops. If he

1
sells 21? pounds of the pork chops on a given day,

3 h ds of pork left?
1871- feet long. Find the perimeter (total distance G SEAE PRI, IPUTs SRIOpS docs netac e

80. A machinist has a piece of steel stock that weighs
around) of the rectangle.

7 1
12? ounces. If he cuts off 5? ounces, how many

ounces does he have left?

- = eayidia of 7 P £,
-2 B QOperations with aecimais amcﬂ percents

= ¥

In section 1-1, we studied fractions. A decimal number is a special fraction with a
denominator that is 10, 100, 1,000, and so on.
In a number such as 23, the digits 2 and 3 have place value as follows:

23=(2-10) +(3.-.1)

Now consider the same two digits with a dot, called the decimal point, in front of
them, .23. We call this number a decimal fraction, or just plain decimal. (It is
standard procedure to place a zero to the left of the decimal point if the decimal
is less than 1. The zero helps the reader see the decimal point and emphasizes the
fact that we are dealing with a decimal fraction.) In this new form, we have

1 1 2 3 20 3
D3 — N e = e
hs (2 10) ] (3 100) 10 100 100 i 100
which can be written simply as
23
100

and read “twenty-three hundredths.” The decimal point is placed so that the
number of digits to the right of it indicates the number of zeros in the fraction’s
denominator. If there is one digit to the right of the decimal point, the
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denominator is 10, read “tenths.” If there are two digits to the right of the
decimal point, the denominator is 100, read “hundredths If three digits are to
the right of the decimal point, the denominator is 1,000, read “thousandths.”
Four digits to the right of the decimal point are read “ten-thousandths.” five
digits are read “hundred-thousandths.” and so on.

To read a decimal fraction: Read the whole number (if any); next read
“and” for the decimal point. Then read the portion after the decimal point as a
whole number. Finally, read the name of the decimal place of the last digit on the
right.

For example, 0.27, which is read “twenty-seven hundredths,” is written

0.27 = E

100 ~——— Hundred
while 0.149, which is read “one hundred forty-nine thousandths,” is written

0.149 = =

1,000 =—— Thousand

The last digit in the number is the key to the denominator of the fraction.

=)
5
& &
& & g
& ) & g
& &£ & & 5 &
& F e Q° & & & K
& Lt b & & F & & & &£
R :
QQ /\Q}Q o ‘29 ) \Q_ Q‘Z’ AR ‘2\0 A& A2 *b\} <

Write the following decimal numbers as fractions reduced to lowest terms.

1. 0.8 (read “eight tenths™)

08 =

Ten

Reduce to lowest terms

b|s S|

2. 0.57 (read “fifty-seven hundredths™)

S
057 ———
100

Hundred

3. 0.1234 (read “one thousand two hundred thirty-four ten thousandths™)

1,234
0.1234 = — _
10,000 =—— Ten thousand
617 o ]
= uce t t term
5.000 educe to lowest terms

Note A decimal number that is written as a fraction will reduce only if the
numerator is divisible by 2 or 5. This was the case in examples 1 and 3.

» Quick check Write 0.42 as a fraction reduced to lowest terms. =
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Addition and subtraction of decimal numbers

To add or subtract decimal numbers, we place the numbers under one
another so that the decimal points line up vertically and then proceed
as in adding or subtracting whole numbers. The decimal point will
appear in the answer directly below where it is lined up in the problem.

B Example 1-2 B Add or subtract the following numbers as indicated.

1. 5.67 + 32.046 + 251.7367 + 0.92

——— Decimal points aligned
5.67

32.046

251.7367 Arrange numbers in columns

T 119D,
290.3727

2. Subtract (a) 18.7 from 39.62, (b) 4.38 from 19.2

8 8 1
a. 39.62 b. 19.2
s — 438
20.92 14.82

3. What is the perimeter of the figure in the diagram? (Recall that the perimeter
is the total distance around the figure.)

3.97 m 7.39m
7.39 m
3 18'm
3.97
+ 7.83m e 2 8
2237 m
7.83m

» Quick check Subtract 14.9 from 83.42 =

— To muitiply decimal numbers

1. Multiply the numbers as if they are whole numbers (ignore the
decimal points).

2. Count the number of decimal places in both factors. That is, count
the number of digits to the right of the decimal point in each factor.
This total is the number of decimal places the product must have.

3. Beginning at the right in the product, count off to the left the
number of decimal places from step 2. Insert the decimal point. If
necessary, zeros are inserted so there are enough decimal places.

B Example 1-2 C Multiply the following.
1. 2.36 X 0.403
2.36 2 decimal places e
0.403 =——— 3 decimal places = '~ ?)
708
944

0.95108 ——— 5 decimal places
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2. (18.14)(106.4)

18.14 = 2 decimal places
106.4 =—— 1 decimal place (
7256
10884
1814
1,930.096 =——— 3 decimal places

2+ 1=3)

B Quick check (206.1)(9.36) jun

To divide decimal numbers, we must identify the divisor, the dividend, and
the quotient in an indicated division.

10 Quotient
25) 250-—— Dividend
Divisor

We now outline the procedure for dividing decimal numbers.

_ To divide decimal numbers

1. Change __the divisor to a whole number by moving the decimal point
to the right as many places as is necessary.

2. Move the decimal point in the dividend to the right this same
number of places. If necessary, zeros are inserted so there are
enough decimal places.

3. Insert the decimal point in the quotient directly above the new
position of the decimal point in the dividend.

4. Divide as with whole numbers.

Divide the following.

1. 360.5 = 1.03
a. Write the problem 1.03)360.3
b. Move the decimal point two places to the right in 1.03 and 360.5

103) 36,050 ~——7zero inserted as placeholder
c. Now divide as with whole numbers.

350.

103)36,050.

309
515
515

0

The quotient is 350.
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2. If an automobile travels 429.76 miles and uses 15.8 gallons of gas, how many
miles per gallon did the automobile achieve?

To determine the fuel economy, we divide the total number of miles traveled
by the amount of gasoline used.

429.76 = 15.8
272

15972376
316"
1137
1106

316
316
0

The automobile achieved 27.2 miles per gallon.

» Quick check 4,950.3 + 5.69

=

We can change a fraction into its decimal number equivalent using the
following procedure.

To change a fraction to a decimal number
Divide the denominator into the numerator.

B Example 1-2 E Convert each fraction to a decimal number.
3
l_ =
4
We divide 3 by 4. To do this, we must add zero placeholders.
0.75
4)3.00 =——— Annex zeros
L
20
20
0
3
Thus — = 0.75
4
1
2. —
3

We divide 1 = 3.

§— Continues indefinitely
0.333

3)1.000
9

10
9

10
9

10

Add zeros
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We can see that no matter how many zero placeholders we add, the quotient
will continue to add digits of 3. This is called a repeating decimal (denoted by
the bar placed over the last digit, or digits, that are repeating). Therefore,

1

e 0.3. We can round a repeating decimal to as many places as are needed.

1
We can say that 3 is approximately equal to 0.333, denoted by

1
— = 0.333
3
: 3 -
B Quick check Convert o to a decimal number. |

Percent

We use decimal numbers extensively in our work with percent. The word percent
means “per one hundred.”

I Percent is defined to be parts per one hundred.

We use the symbol “%™ to represent percent. Thus

3% means “three parts per one hundred”
or

3% means “three one hundredths.”

From the above discussion,

3
3% = —— = 0.03

U

=

That is, we can write a percent as

1. a decimal number and
2. a fraction with denominator 100

Write each percent as a fraction and as a decimal number.

1. 39%
39% means “thirty-nine one hundredths.”
39% = 379A = 0.39
2. 123%
123% means “one hundred twenty-three one hundredths.”
123
123% = 0 123

P Quick check Write 241% as a fraction and as a decimal. @

From these examples, we can see how to write a percent as a decimal number.
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To write a percent as a decimal number
r Move the decimal point two places to the /eft and drop the % symbol.

To write a fraction as a percent

Drop the % symbol and write the number over a denominator of 100.

To write a fraction or decimal number as a percent, we reverse the procedure.

To write a decimal number as a percent
l_- Move the decimal point two places to the right and affix the % symbol.

Find the decimal number equivalent of the fraction and change this

To write a fraction as a percent
| decimal number to a percent.

B Example -2 G Write the following as decimal numbers, fractions, and percents.
1. 09
0.9 = 90% Move the decimal point two places to the right
and affix % symbol (Add a zero placeholder)
: 9
Since 0.9 = 10 Write as a fraction

9
then 0.9 = 0 90%

2. 1.25
1.25 = 125% Maove the decimal point two places to the
right and affix % symbol
125
Since 1.25 = Ea Write as a fraction
5
= T Reduce to lowest terms
5
then 1.25 = e 125%
7
3- ==
8
Divide 7 + 8 to obtain the decimal equivalent. Doing this we find that
7
— = 0.875
8
Then % — 0.875 = 87.5% i;i?:::tig;gma! point two places to the right and

» Quick check Write 1.75 as a fraction and a percent.

Percentage

When we find 60% of 500, we find the percentage. In the language of
mathematics, “of” usually means the operation multiplication. Thus

60% of 500 means 60% - 500
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However, we cannot multiply 60% times 500. We must first change 60% to a
decimal number (or a fraction) before we can perform the multiplication.

60% of 500 = 60% - 500

= 0.60 - 500 Change 60% to 0.60
= 300 Percentage
Therefore 60% - 500 = 300
T T T
(percent) - (base) (percentage)
Find the following percentages.
1. 8% of 35
8% = 0.08 Change percent to a decimal number
8% of 35 = 0.08 - 35 Multiply
=238
Thus 8% of 35 = 2.8
2. 224% of 50
224% = 2.24 Change percent to a decimal number
224% of 50 = 2.24 - 50 Multiply

=112
Thus 224% of 50 = 112

3. 3%% of 270

= 0.5 as a decimal number

1 -
3% = 3.5% .
= 0.035 Change percent to & decimal number

1
3?% of 270 = 0.035 - 270 Multiply
= 9.45

Thus 3-;—% of 270 = 9.45

P Quick check 236% of 20

— Mastery points

|

Can you

Write decimal numbers as fractions?
Add and subtract decimal numbers?
Multiply and divide decimal numbers?
Write fractions as decimal numbers?
Change a percent to a decimal number?
Change a decimal number to a percent?
Change a fraction to a percent?
Change a percent to a fraction?

Find the percentage?
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= H Ll
Exercise 1-2

Write each decimal number as a fraction reduced to lowest terms. See example 1-2 A.

Example 0.42
Solution 0.42 is read “forty-two hundredths.”

42
042 = — " ;
100 =——— Hundred
21 -
= —= Reduce to lowest terms
50 :

1. 0.4 2. 08 0.15 4. 036

5. 0.125 6. 0.248 7. 0.875 8. 0.625
Add or subtract the following as indicated. See example 1-2 B.

Example Subtract 14.9 from 83.42
Solution We want 83.42 — 14.9

72
$3.42
—149
68.52
9. 6.8 + 0.354 + 2.78 + 7.083 + 2.002 10. 4.76 + 0.573 + 3.57 + 40.09 + 13

11. 8.0007 + 360.01 + 25.72 + 6.362 + 140.2 12. 7.0001 + 8 + 7.067 + 803.1 + 5.25
10.03 + 3.113 + 0.3342 + 0.0763 + 0.005 14. 27.376 — 14.007
15. 367.0076 — 210.02 16. 836 — 0.367
17. 1.07 — 0.00036 18. 4,563.2 — 274.063

Multiply the following. See example 1-2 C.

Example (206.1)(9.36)

Solution 206.1 1 decimal place r s
9.36 2 decimal places SN )
12366
6183
18549
1,929.096 3 decimal places
(7.006)(1.36) 20. (42.6)(73) 21. (56.37)(0.0076) 22. 703.6 X 1.7
23. 30.0303 X 0.030303 24. 2.456 X 0.00012

Divide the following. See example 1-2 D.



25. 0.84 = 0.7
29. 6,125.1 = 60.05

3
Example —

Example 4,950.3 = 5.69

Solution 1. Write the problem 5.69j4,950.3
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2. Move the decimal point two places in 5.69 and 4,950.3

569J495,030¢

3. Divide as whole numbers.

870.

569)495,030.
4552

3983
3983
0

Thus 4,950.3 = 5.69 = 870

26. 0.525 = 0.5
30. 166.279 = 64.7

8

Add zero placeholder

Add zere placeholder

27.
31.

Convert each fraction to a decimal number. See example 1-2 E.

10.4 = 0.26 21.681 = 8.03
31.50 = 0.0126 32. 2.9868 = 0.057

Solution We divide 3 <+ 8, adding zero placeholders where necessary.

3355 it

0.375
8)3.000
24

60

56
40
40
0

Zero placeholders

3
The decimal equivalent of E is 0.375

- . s
" 20

Heating oil costs 89.9 cents per gallon. What is the

40.

41.

total cost of 14.36 gallons, correct to the nearest
cent?

A carpenter has three pieces of wood which are
24.5 inches, 35.25 inches, and 62.375 inches long,
respectively. How many inches of wood does she
have all together?

A wood craftsman has 74.75 inches of a particular
stock. He needs 5.75 inches of the stock to carve
out a cardinal bird. How many cardinals can he
make?

36.

42,

43.

44.

17 2 5
— 37— 38. —
50 9 9
A rectangular field is 21.3 yards long and 15.75

yards wide. Find the area (length X width) of the
field.

The 500-meter speed-skating event was won in a
time of 43.33 seconds in the 1972 olympics. The
winning time in 1976 was 42.76 seconds. How
much faster was the 1976 time?

A student bought a book for $21.68. If she gave the
cashier $25, how much change did she receive?
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45. On a 4-day trip, the Adams family used 32.5
gallons, 28.36 gallons, 41.87 gallons, and 19.55
gallons of gasoline. How many gallons of gasoline
did they use all together?

46. An airline pilot flew distances of 210.6 kilometers,
504.3 kilometers, 319.6 kilometers, 780.32
kilometers, and 421.75 kilometers on five flights.
How many kilometers did he fly all together?

47. A rectangular field is 43.3 yards long and 25.34
yards wide. Find the area (length X width) of the
field.

48. If a cubic foot of water weighs 62.5 pounds, how
many pounds of water are there in a tank
containing 10.4 cubic feet?

Write each percent as a fraction and as a decimal number. See example 1-2 F.

Example 241%

Solution 241% means “two hundred forty-one one hundredths.”

241
A% = — — 94
241% 100 1
49. 5% 50. 1%

53. 135% 54. 150%

[51] 129

55. 325%

52. 64%
56. 570%

Write exercises 57-62 as a fraction and a percent and exercises 63—66 as a decimal and a percent. See

example 1-2 G.

Example Write 1.75 as a fraction and a percent.
Solution 1.75 = 175%

symbol
175
1.75 = — Write as a fraction
100
7 .
= T Reduce fraction to lowest terms

57. 0.8 58. 0.9
3 5
2.40 = 64. —

Find the following percentages. See example 1-2 H.

Example 236% of 20

Solution 236% = 2.36
236% of 20 = 2.36 - 20 Multiply
=40

Thus 236% of 20 = 47.2

67. 5% of 40
70. 78% of 900

68. 8% of 45

59, 0.54

71. 110% of 500

Move decimal point two places to the right and affix %

60. 0.80 61. 1.15
3 5

63— 66. —
8 8

Change percent to a decimal number

26% of 130

72. 240% of 60
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73. City Bank pays 5.7% interest per year on its
savings accounts. What is the annual interest
on a savings account that has $4,500? (Hint:
Annual Interest = Percent * Amount in savings.)

74. The sales tax on retail sales in Michigan is 4%.
How much sales tax does John pay on a purchase
of $250?

75. If Jane pays 5% of her weekly salary in state

income tax, how much state tax does she pay if her

weekly salary is $4607?

76. A local retailer predicts his profit in a given year
will be 116% of the previous year. What is his

predicted profit for this year if last year’s profit was

$42,500?

The local shoe store is giving a 25% discount on

clearance items. How much discount is there on a
pair of shoes costing $34? What is the price of the
shoes after the discount excluding sales tax?

1
. A company charges 47% shipping and handling

charges on all items shipped. What are the shipping
and handling charges on goods that cost $70?7 What
is the total cost for the goods?

. A bottle of solution is 4% salt. How much salt is

there in a 24-fluidounce bottle of solution?

. Self-employed persons must pay a Social Security

tax of 12%. What is the Social Security tax on
earnings of $25,000? If the person is in the 28%
federal income tax bracket, how much federal
income tax does the person pay?

)

Set symbolism

[ 7 e [ e ol B ;
real numbers and the re

Algebra is often referred to as “a generalized arithmetic.”” The operations of
arithmetic and algebra differ only in respect to the symbols we use in working
with each of them. Therefore, we will begin our study of algebra by dealing first
with numbers and their properties. From this work, we will see algebra develop
naturally as a generalized arithmetic.

To begin our study, we will start with a very simple, but important,

mathematical concept

the idea of the set.* A set is any collection of things. This

may be a collection of books, people, coins, golf clubs, and so on. In mathematics,
we use the idea of a set primarily to denote a group of numbers. Any one of the
things that belong to the set is called a member or an element of the set. One way
we write a set is by listing the elements, separating them by commas, and
including this listing within a pair of braces, { }

o= [} g = A
Evr = e ps : F
== ‘_usz_‘;...‘."'_wu@ F—2 A

1. Using set notation, write the set of months that have exactly 30 days.

{April,June,September,November}

2. Using set notation, write the set of seasons of the year.
{spring,summer.fall,winter}

P Quick check Write the set of letters in the word ““mathematics.”
Write the set of odd numbers between 5 and 10. |

Note When we form a set, the elements within the set are never repeated
and they can appear in any order.

*Georg Cantor (1845-1918) is credited with the development of the ideas of set theory. He described
a set as a grouping together of single objects into a whole.
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We use capital letters A, B, C, D, and so on, to represent a set. The symbol
used to show that an element belongs to a set is the symbol ¢, which we read “is
an element of” or “is a member of.” Consider the set 4 = {1,2,3,4}, which is
read “the set 4 whose elements are 1, 2, 3, and 4.” If we want to say that 2 is an
element of the set A4, this can be written symbolically as 2 € A.

A slash mark is often used in mathematics to negate a given symbol.
Therefore if € means “is an element of the set,” then ¢ would mean “is not an
element of the set.” To express the fact that 7 is not an element of set A4, we
could write 7 ¢ A.

Subset

Suppose that P is the set of people in a class and M is the set of men in the same
class. It is obvious that the members of M are also members of P, so we say that
M is a subset of P.

Definition
I_ The set A is a subset of the set B if every element in A is also an
element of B.

The symbol for subset is C, which we read “is a subset of.”” Therefore
A C Bisread “the set 4 is a subset of the set B.”” Consider the following sets:
A=1{124}, B={1,2345}, and C = {1,3,5,7}. We observe that 4 C B since
every element in A4 is also an element of B. C ¢ B is read “the set C'is #not a
subset of the set B,” because not every element of C is an element of B. The set C
contains the element 7, which is not an element of the set B.

Natural numbers and whole numbers

The most basic use of our number system is that of counting. We use 1, 2, 3, 4, 5,
and so on, as symbols to represent the matural or counting numbers. The set of
natural numbers will be denoted by 7V, as follows:

N =1{1,2345, - - -}

The three dots tell us to continue this counting pattern indefinitely.
If we include O with the set of natural numbers, we have the set of whole
numbers, 7.

w =1{0,1,2,34,5, - - -}

We can use the set of whole numbers to represent physical quantities such
as profit (100 dollars), room temperature (72 degrees), and distance (1,250 feet
above sea level). However, with the set of whole numbers, we are not able to
represent such things as losses of money, temperatures below zero, and distances
below sea level. Therefore to represent such situations, we define a new set of
numbers called the set of integers. We will denote this set by J.

Integers

We shall start by giving the natural numbers another name, the positive integers.
We then form the opposites, or negatives, of the positive integers as follows:

—1, —2, —3, . - . . Combining the positive integers, the negative integers, and
0, we have the set of integers, J.

J={-.,—3,-2,-1,0123, - .}
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Use integers to represent each of the following.

1. Bromine melts at seven degrees below zero Celsius.  Less than zero is a negative

Answer: —7 degrees Celsius value
2. Bromine boils at fifty-nine degrees Celsius. Greater than zero is a
Answer: 59 degrees Celsius PASILIVENVAIDS

» Quick check Use integers to represent a debt of nine dollars. =

Rational numbers

The set of integers is sufficient to represent many physical situations, but it is
unable to provide an answer for the following problem. If we want to determine
the miles per gallon (mpg) that our car is getting, and we find that 8 gallons of
gas enable us to travel 325 miles, then our miles per gallon can be computed by
dividing the number of miles by the number of gallons used.

325 miles 325 5

——— = —mpg = 40— m

8 gallons 8 b 8 RS
This value is not in the set of integers. Therefore to represent such situations, we
define a new set of numbers called the set of rational numbers, which is denoted

s 325 .
by Q. Recall that a quotient is an answer to a division problem. Hence 5 is
called a quotient of two integers since 325 and 8 are both integers.

Definition

| A rational number is any number that can be expressed as a quotient of
two integers in which the divisor is not zero.*

Other examples of rational numbers would be

2 6 19 2315 0 —5

1

i T |
The decimal representation of a rational number is either a terminating or a
repeating decimal. Some examples of terminating or repeating decimals are
1 4 —

] _
=03, —=—018, ——=—125, — =01
s — 03, —— 0 4 25

— 05 —
33

1

2
where a bar placed over a number or groups of numbers indicates that the
number(s) repeat indefinitely.

Irrational numbers

At this point, we might feel that we now have numbers that will answer all
possible physical situations. However that is not the case. Consider the following
question.

What is the exact length of a side of a square whose area is 10 square units
(figure 1-1)? To be able to answer this question, we need to find that number
such that when it is multiplied with itself, the product is 10. If we use 3.16, the
result would be (3.16) X (3.16) = 9.9856. This is close to 10 but is not equal
to 10.

*Division involving zero will be discussed in section 1-7.
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It can be shown that there is no rational value that when multiplied with
itself has a product of 10. The answer to this question and many others cannot be
found in the set of rational numbers. In chapter 9, we will see that the answer to
this question is \/10 (read “the square root of 10”). Such numbers that cannot
be expressed as the quotient of two integers belong to the set of irrational
numbers, which is denoted by

Real numbers

Since a rational number can be expressed as the quotient of two integers and an
irrational number cannot, we should realize that a number can be rational or
irrational, but it cannot be both. The set that contains all of the rational numbers
and all of the irrational numbers is called the set of real numbers, which is
denoted by R. Whenever we encounter a problem and a specific set of numbers is
not indicated, it will be understood that we are dealing with real numbers.

All of the sets that we have examined thus far are subsets of the set of real
numbers. Figure 1-2 shows the relationship.

Real numbers

R
Rational numbers Irrational numbers
Q H
i o 8 8 5 h ke
——2‘ ‘é— "/5 7 \_1 \J/ ’\r ‘3’\
Integers
Noninteger 17 e
rational numbers B e
2 1
03 3 “4-{-‘5 PLie
Negative integers Whole numbers
{...,=-8,-2,-1} W={a 1.2 3 4 -}

Zero
Natural numbers

N={1,2,34 .. .}

*1 (pi) is the distance around a circle (circumference) divided by the distance across the circle
through its center (diameter). Common approximations for « are 3.14 and 2—72 ,

Figure 1-2
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The real number line

To picture the set of real numbers, we shall use a real number line. We begin by
drawing a line where the arrowhead at each end of the line indicates that the line
continues on indefinitely in both directions. Next we choose any point on the line
to represent 0. This point is called the origin of the number line. Numbers to the
right of zero are positive and to the left of zero are negative (figure 1-3).

Negative numbers Zero Positive numbers
|
I

Y

-
_

Figure 1-3

Any real number can now be located on the number line. Consider the
number line in figure 1-4.

s s
= =g =4l —3 —F =] 0 1 2 3 4 5 B
Figure 1-4

The number that is associated with each point on the line is called the
coordinate of the point. The solid circle that is associated with each number is
called the graph of that number. In figure 1-4, the numbers —4.5, —3, —\/3,
=7 9 e !
T . ?, I, T , and 7 are the coordinates of the points indicated on the line by
solid circles. The solid circles are the graphs of these numbers.

Note The coordinates —\/3 and 7 represent irrational numbers. To graph
these points, we would find a rational approximation using a calculator.
—\/3 = —1.732, 7 = 3.142 (~ is read "is approximately equal to").

The direction in which we move on the number line is also important. If we
move to the right, we are moving in a positive direction and the numbers are
increasing. If we move to the left, we are moving in a negative direction and the
numbers are decreasing (figure 1-5).

Numbers are increasing

e
Numbers are decreasing

-

Negative numbers Paositive numbers
< ] | | ] | | ] ] | | | -
0 ] I | I I I | | I I =

-5 -4 -3 -2 -1 0 1 2 8 4 5
A
|
Origin

Figure 1-5

Order on the number line

So that the discussion can be more general, we will now introduce the concept of
a variable. A variable is a symbol (generally a lowercase letter) that represents an
unspecified number. A variable holds a position for a number.
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-]

a b

Figure 1-6

. E I G _ D
B Exampie 1—>

C

If we choose any two points on the number line and represent them by a
and b, where a and b represent some unspecified numbers, we observe that there
is an order relationship between @ and b (figure 1-6). Since the point associated
with a is to the left of the point associated with b, we say that a is less than b,
which in symbols is @ << b. We might also say that b is greater than ¢, which in
symbols is b > a. The symbols << (less than) and > (greater than) are
inequality symbols called strict inequalities and they denote an order relationship
between numbers.

Replace the ? with the proper inequality symbol (<< or >).

1., —5 7 —3 <—'—+——f.—+—'—> Answer: —5 << —3 Because —5is to

L the left of —3
-6 -5 -4 -3 -2

Note If we have difficulty deciding which of two numbers is greater, think of
the numbers as representing temperature readings. The —5 would be thought
of as 5 degrees below zero and the —3 would be 3 degrees below zero. It is
easy to realize that —3 is the greater (warmer) temperature and the inequality
would be —5 < —3.

220?74 <« —¢—|—+——¢—F+>» Answer:0> —4 BecauseOis
to the right
25 —apleg Slo . gy SF A

3.0723 - + + » Answer: 0 <<3  Because 0 is to the
left of 3
—1 0 1 2 3 4

Note No matter which inequality symbol we use, the arrow always points at
the lesser number.

B Quick check Replace 7 with < or >.

214 et
1 20 3 4 B

B

pigst 4 g o [

There are two other inequality symbols, called weak inequalities. They are
less than or equal to, =, and greater than or equal to, =. The weak inequality
symbol =, greater than or equal to, denotes that one number could either be
greater than a second number or equal to that second number. The inequality
x = 3 means that x is at least 3. That is, x represents all numbers that are 3 or
more.

The other weak inequality symbol, =, less than or equal to, denotes that
one number could either be less than a second number or equal to that second
number. The inequality x < 5 means that x is az most 5. That is, x represents all
numbers that are 5 or less.
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Absolute value

As we study the number line, we observe a very useful property called symmetry.
The numbers are symmetrical with respect to the origin. That is, if we go four
units to the right of 0, we come to the number 4. If we go four units to the left of
0, we come to the opposite of 4, which is —4 (figure 1-7).

4 units 4 units
1

.l I '.l
| | | | | | | | |
] I | I I | | I I

!
-5 -4 -3 -2 -1 0 1 2 3 4 b5

Figure 1-7

Each of these numbers is four units away from the origin. How far a given
number is from the origin is called the absolute value of the number. The absolute
value of a number is the undirected distance that the number is from the origin.
The symbol for absolute value is | |.

Evaluate the following expressions.

L |-7]=17 2. 3] =3 3. 00 =0

% 2
4. ’?‘7? 5 |—37j— 37 el

Note The absolute value of a number is never negative; that is, |x|= 0, for
every x € R, however the absolute value bars are only applied to the symbol
contained within them. The — sign in front of the absolute value bars is not
affected by the absolute value bars. Example 6 would be read ““the opposite of
the absolute value of —6,” and the answer is —6.

¥ Quick check Evaluate the following expressions.
=3 2 == =

Visualizing our number system on the number line demonstrates the fact
that each number possesses two important properties.

1. The sign of the number denotes a direction from zero. (The absence of
a sign indicates a positive number.)

2. The absolute value represents a distance from zero.

— Mastery points

Can you

m Write sets?

® Draw a number line?

E Graph a number on the number line?

m Tell which of two real numbers is greater?
B Find absolute values?

=

Approximate the value of the coordinate of a graph on the number
line?
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Evercice 1=2
L-//u@u‘ GiaS ™

Write each set by listing the elements. See example 1-3 A.

Examples The letters in the word “mathematics” The odd numbers between 5 and 10
Solutions {m,a,t,h,c,i,c,s} The letters m, &, and ¢ are riot {7,9} The word between means that we do not
repeated within the set include the 5 or 10

1. The days of the week 2. The days of the week that begin with “T”

3. The first 3 months of the year 4. The months of the year that begin with “J”*

5. The months with 31 days 6. The letters in the word “repeat”

7. The letters in the word “algebra™ 8. The letters in the word “elementary”

9. The letters in the word “intermediate” 10. The even numbers between 5'and 11
11. The odd numbers between 2 and 10 12. The months of the year that begin with “A”
13. The days of the week that begin with “S” 14. The months of the year that begin with “M”

Use integers to represent each of the following. See example 1-3 B.

Example A debt of nine dollars

Solution -9 dollars A debt is a negative value
15. Ten dollars overdrawn in a checking account; 18. Mt. Everest rises 29,028 feet above sea level; the
150 dollars in a savings account Dead Sea has a depth of 1,290 feet below sea level.
16. Mercury’s melting point is 39 degrees below zero 19. The Dow Jones Industrial Stock Average fell
Celsius. Its boiling point is 357 degrees Celsius. 14 points; it rose 8 points.
17. A loss of 10 yards on a football play; a gain of 20. Hydrogen’s melting point is 259 degrees below zero
16 yards Celsius. Water boils at 100 degrees Celsius. Water

freezes at zero degrees Celsius.

Plot the graph of the following numbers, using a different number line for each exercise. See figure 1-4.

4 =g -3 4§ 2 3 4
21 —3- —1 2. 3,4 22, =2, =1 = 2,4 23, 5 —2013—1 24. —1 0—2 Ila /2]
= 2 7217 % 2 5453 2 3 b B 2 = :933$
1 1 1 1
25. —4, —2,1,2—, 4 . =3, -1, = |—5—-1,0—, V2, . —4, =4, —,\/3,
=2, 1,25, 26. =3, —1,—, 1,2 5 —L07, V2,6 28 VA& =, V3w

: . ! : 1
Approximate the values of the set of coordinates of the graphs on the following number lines to the nearest 5 of a

unit. See figure 1-4.
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Replace the ? with the proper inequality symbol, << or >. See example 1-3 [Cs

Examples 274 =30
Solutions 2 << 4 Because 2 is to the left of 4 on =i s =0 Because —3 is to the right of —6 on
the number line the number line
37. 478 38.673 39. 97 2 —2?—4 41. —3 7 —8
42. —917 —6 43. —107 —5 44. 07 2 45. 074 —3?0
47. 0?7 —6

Evaluate the following expressions. See example 1-3 D.

Examples |—3| |12] —|—4]
Solutions 3 —3 is 3 units from 12 12is 12 units from —4 —4 is 4 units from the origin.
the origin the crigin The problem is to find the
opposite of the absolute
value

48. |0| 49. |2| 50. |8| 51. |—5| 52. |—7
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2
53. |4 54, }ﬂ

3 5
e 59. —| =
s8. —| 22| 5. ||

Replace the 7 with the proper inequality symbol, <C or >. See examples 1-3 C and D.

Examples |—6| 7 |—3] 4] ?|=7|
Solutions 6 7 3 |—6|is 6 and |—3]is 3 417 |4] is4 and |—7]is 7
6>3 6 is to the right of 3 on the number line 4 <7 4 is to the left of 7 on the number line
then |—6| > | —3| then [4| < |—7|
62. |—2| 2 |—4 63. |5] 7 |—7| 64. |—3| 7 |—4| 65. 0] 2 |—2|
66. |—3| ? |4] 67. |—8| 7 |—5| 68. |—9| 7|7 69. |—6| ? |—2|
70. |—5/ 23 7. 77 |-2] 72. 47 |—8| 73. |—4| 26
Use absolute value to write each of the following. See figure 1-7.
Example The distance between —8 and 0
Solution | —8| The absolute value of a number is the distance from the number to the origin.

74. The distance between 14 and 0
76. The distance between 18 and 0
78. The distance between —19 and 0

75. The distance between —27 and 0
77. The distance between —9 and 0

o 7 Jafrs> £ [ [ B
1—4 m Addition of real numbers

Addition of two positive numbers

When we perform the operations of addition and subtraction with integers, we
will refer to this as operations with signed numbers. We use the minus sign (—) to
indicate a negative number and the plus sign (+) to indicate a positive number.
We should realize that the minus sign is identical to the symbol used for
subtraction, and the plus sign is identical to the symbol used for addition. The
meanings of these symbols will depend on their use in the context of the problem.
In the case of a positive number, the plus sign need only be used if we wish to
emphasize the fact that the number is positive. When there is no sign, the
number is understood to be positive.

To visualize the idea of addition of signed numbers, we will use the number
line to represent a checking account in which the origin represents a zero
balance. We will let moves in the positive direction represent deposits and moves
in the negative direction represent checks that we write, withdrawals. If we have
a zero balance and deposit 5 dollars and 4 dollars, represented by (+5) and
(+4), the balance in the account would be as shown in figure 1-8.

Figure 1-8



1

=

[ =2

o

xample 1-4 A

Section 1-4 Addition of Real Numbers 35

Performing the addition, we have (+5) + (+4) = (+9). Notice that the sum,
(+9), has the same sign as the 5 and the 4.

So the discussion can be more general, we will use variables to state the
process of addition on the number line. Recall that a variable represents an
unspecified number. It is a placeholder for a number.

Addition on the number line
To add a and b, that is @ + b, we locate a on the number line and
move from there according to b.

1. If b is positive, we move to the right b units.

2. If b is negative, we move to the left the absolute value of b units.
3. If bis 0, we stay at a.

Add the following numbers.

1. (+4) + (+35) = +9 4 and 5 are called addends, @ is the sum
2. (+3) + (+8) = +11 The sum of 3 and 8 is 11
3. (+6) + (0) = +6 6 plus 0 equals 6 |

We have used the plus (+) sign in front of a number to emphasize the fact
that the number was positive. In future examples, we will omit the plus sign from
a positive number and it will be understood that 3 means +3.

From example 3, we see that when zero and a given number are added, the
sum is the given number. For this reason, zero is called the identity element of
addition. We now state this property.

Identity property of addition

For every real number a,

a+0=0+a=a

Concept
Adding zero to a number leaves the number unchanged.

Observe that our example in figure 1-8 and example 1 in example 1-4 A
are the same addition problem with the order of the numbers reversed. That is,
(+5) + (+4) = +9 and (+4) + (+35) = +9. This observation illustrates an
important mathematical principle called the commutative property of addition.

—. Commutative property of addition

For every real number a and b,
at+tb=b+a

Concept

This property says that when we are adding numbers, changing the
order in which the numbers are added will not change the answer
(sum).
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Addition of two negative numbers

We now examine addition of two negative numbers. If we have a zero balance
and write a check for 6 dollars, expressed as (—6), and another for 5 dollars,
expressed as (—5), the loss to our checking account would be as shown in
figure 1-9.

< =5 "' —B
[ S S S | || NS SO | N O
= = e 1 b e e S
—11 -8 0
Figure 1-9

Our total withdrawal would be (—6) dollars + (—5) dollars = —11 dollars.
We can summarize what we have done by saying: When we add two
negative numbers, we add their absolute values and prefix the sum with their

common Sign, —.

Add the following numbers.
L(=2)+(-7)=-9
3. (—20) + (—30) = —50

2. (—9) + (—4) = —13
4. (—6) + (—11) = —17

B Quick check (—5) + (—7) |

We see from our examples that when we add two signed numbers and their
signs are the same, we add their absolute values and prefix the sum with their
common $ign.

Addition of two numbers with different signs

To consider the addition of two numbers with different signs, we again refer to
our checking account. Suppose we make a deposit to and a withdrawal from our
checking account. If we deposit more money than we withdraw, we will have a
positive balance in our account. For example, if we have a zero balance and
deposit 15 dollars, represented by (+15) dollars, and withdraw 10 dollars,
represented by (—10) dollars, the result to our checking account will be as shown
in figure 1-10.

Figure 1-10

The balance in the checking account would be (-+15) dollars + (—10) dollars
= (+3) dollars.

We see that our answer is the absolute value of the difference of 15 and 10,
prefixed by the sign of the number with the greater absolute value, (+15).
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Consider a second example in which we have a zero balance and deposit 10
dollars, (+10) dollars, and write a check for 15 dollars, (—15) dollars. The
result to our checking account this time would be as shown in figure 1-11.

<z -15 |
10 =]

] e
e o] e Tl e
=5 0 5 10

Figure 1-11

The balance would be (+10) dollars + (—15) dollars = (—5) dollars.

We again see that our answer is the absolute value of the difference of the
two numbers prefixed by the sign of the number with the greater absolute value,
(—15):

We now summarize the procedure for adding two numbers of different
signs. The sum of a positive number and a negative number is found by
subtracting the lesser absolute value from the greater absolute value. The
answer has the sign of the number with the greater absolute value.

Add the following numbers.

When numbers have the same sign
Sum has their common sign
Add their absolute values

|—8| 6
+|=10| § +10

Y ———

1. (—6) +(—10)'= —16

When numbers have different signs

Sum has sign of number with the greater absolute value, —8
l— Subtract the lesser absolute value from the greater absolute
valug ——————————

2 (—=8) R B)= =3

3 —

3. (—4)+ (6) =2 Difference of the absolute values and the sign comes from
the +6
4. (10) = (— 10) =0 The sum of a number and its opposite is zero

B Quick check (3) + (—8) |

We observe from example 4 that (10) + (—10) = 0. That is, a number
added to its opposite gives a sum equal to zero. The opposite of a number is also
called the additive inverse of that number. We now state this property.
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— Additive inverse property
For every real number a,

gl (=an=i0
and

(=) a—i0

Concept
The sum of a number and its opposite is zero. Its opposite is called its

additive inverse.

We can summarize our procedure for addition of real numbers as follows:

— Addition of two real numbers

1. If the signs are the same, we add their absolute values and prefix
the sum by their common sign.

2. If the signs are different, we subtract the lesser absolute value from
the greater absolute value. The answer has the sign of the number
with the greater absolute value.

3. The sum of a number and its opposite (additive inverse) is zero.

In many problems, there will be more than two numbers being added
together. In those situations, as long as the operation involved is strictly addition,
we can add the numbers in any order we wish.

Find the sum.

1. (—2)+ (=7 + (12) = (—9) + (12) First (—2) + (—7)is —9
=3 Then (—9) + (12)is 3

Note For convenience, we simply add the numbers as they appear, reading
them from left to right.

2. (14) + (—4) + (@) = (10) + (4) First (14) + (—4) is 10
=14 Then (10) + (4) is 14 =]

Since the numbers in the preceding examples can be added in any order, we
might feel in example 2 that it would be easier to add the (—4) and (4) first, as
follows:

(14) +(—4) +(4) =14 + 0= 14
Therefore we observe the following:
fla) (=) ) = () + [(—D+ @] =14
This illustrates a mathematical principle called the associative property of

addition.

Associative property of addition
For every real number a, b, and ¢,
(@ -t=b)=tic =a = (bETe)

Concept
Changing the grouping of the numbers will not change the sum.
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Problem solving

To solve the following word problems, we must find the sum of the given
quantities. Represent gains by positive integers and losses by negative integers.

Choose a variable to represent the unknown quantity and find its value.

1. A pipe that is 4 feet long is joined with a pipe that is 6 feet long. What is the
total length of the pipe?
Let 2 = the total length of the pipe. To find the total length, we must add the
individual lengths.
total is 4-foot joined 6-foot
length pipe with pipe
Q = & =7 6
=446
=10
The total length of the pipe is 10 feet.
2. The quarterback of the Detroit Lions attempted 4 passes with the following

results: a 12-yard gain, an incomplete pass, a 5-yard loss (tackled behind the
line), and a 15-yard gain. What was his total gain (or loss)?

Let 1 = the total gain (or loss). To find the total gain (or loss), we must add
the results of the 4 plays. Then

total gain is 12-yard incomplete 5-yard 15-yard
(or loss) gain pass loss gain
t = {12) + (0) + (=5 + (1%

t = (12) + (0) + (—53) + (15)
1= (12) + (=3 + (13) = (D) + (15) = 22

The total gain was 22 yards after the 4 plays.

[l

Mastery points

Can you

B Add real numbers on the number line?

B Add real numbers mentally?

B Use the commutative and associative laws of addition?

Find each sum. See examples 1-4 A, B, C, and D.

Examples (—5) + (—7) (3) 4 (—8)
Solutions —12 Signs are the same, add their absolute values —5 Signs are different, subtract lesser absolute value
and prefix the sum by their common sign from greater, sign comes from number with the

greater absolute value

1. (—9) + (—4) 2. ((-+3) -k (—5)
5 (—8 +3 6. (+12) + (—8)
9.4+ (—4) 10. (—3) + 3

3 (+7) + (—2)
7. 4+ (—9)

(—B.7) +(—49)

4. (—14) + (—10)
g (—11)+7
12. (—12.1) + 8.6
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13. (—3.7) + (—74)

1 1
17. *'5— + (—E)
10+ ()i =)

24. (—24) + (+12) + (+12)
27. (—25) + 4+ (—32) + 28 + 3

14. (—8.3) + (15.8)

Find the sum.

Example The sum of —6, 2, and —9

Solution (—6) +2+ (—9) = (—4) + (—9)
= —13

29. The sum of 7, —11, and —6

31. 18 plus —14 plus —4

33. The sum of —35 and 12 increased by 4

35. 15 added to the sum of —9 and 9
See example 1-4 E.

1 1
o (4] (o4
22. 3 t—4) =

25. (—30) + 14 +(—8) + (—20) 26. (—2) +(+3)+ (=4 + (—53)
28. (+11) + (—12) + (—14) + (—9)

B+ () w3

) o () + ()

o (3) ()

i23. (—12) + (—10) + (+8) + (+24)

First add —6 and 2

Then add —4 and —9

30. The sum of —16, —6, and —5

32. —9 plus 15 plus —17

The sum of 15 and —18 increased by 10
36. 9 added to the sum of —6 and —11

Example 1If a2 man borrows $1,800 and has $700 in savings, what is his net worth?

Solution We represent the borrowed amount as (—1,800) dollars and his savings as (+700) dollars. His net worth
is then represented by (—1,800) dollars + (+700) dollars = (—1,100) dollars.

37. A temperature of (—18)° C is increased by 25° C.
What is the resulting temperature?

38. Tim Wesner received money for his birthday from 4
different people. He received $10, $8, $7, and $5.
How much money did Tim receive for his birthday?

39. Jane Balch made profits of $5, $7, $2, $3, and $15
in five days of selling Kool Aid. How much did she
receive from her five-day sale?

40. The stock market rose by 23 points on Monday, fell
by 10 points on Tuesday, rose by 8 points on
Wednesday, rose by 31 points on Thursday, and fell
by 19 points on Friday. What was the total gain (or
loss) during the 5 days?

41. The barometric pressure rose 6 mb (millibars), then
dropped 9 mb. Later that day the pressure dropped
another 3 mb and then rose 8 mb. What was the
total gain (or loss) in barometric pressure that day?

42. A small business showed profits of $15, $25, $10,
$9, and $27 on five consecutive days. What was the
total profit?

43. John’s blood pressure was 118. It changed by —19.
Find his present blood pressure.

The temperature in Sault Ste. Marie was —13° F
at 8 AM. By 1 p.M. that day, it had risen 39° F.
What was the temperature at 1 p.M.?

45. The temperature on a given day in Anchorage,
Alaska, was —19° F. The temperature then went
down 22° F. What was the final temperature that
day?

46. A TWA plane is flying at an altitude of 33,000 feet.
It suddenly hits an air pocket and drops 4,200 feet.
What is its new altitude?

47. Mack Wooten has $35 in his checking account. He
deposits $52, $25, and $32; he then writes checks
for $18 and $62. What is the final balance in his
checking account?

48. A football team has the ball on its 25-yard line. On
three successive plays, the team gains 6 yards, loses
3 yards, and then gains 4 yards. Where does the
ball rest for the fourth play?
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Subtraction of two real numbers

We are already familiar with the operation of subtraction in problems such as
15 — 10 = 5. From the definition of subtraction, we know that 15 — 10 = 5

41

since 5 4+ 10 = 15. In figure 1-6 of section 1-4, we see that 15 + (—10) is also

equal to 5. That is,

Subtraction Addition

15—10=5 and 154+ (—10)=35

From this example, we see that we obtain the same results if we change the
operation from subtraction to addition and change the sign of the number that we
are subtracting. We would have an addition problem and could proceed as we did

in section 1-4.
To summarize our procedure for subtracting real numbers, we can state
algebraically:

Definition of subtraction

For any two real numbers, a and b,
Ef= e =2 & AP i=tal

Concept
““a minus b’ means the same as "“a plus the opposite of b.”

Opposite of b
o L N
(a) — (B) = (a) + (—h)
\_/

Change to addition

Our steps to carry out the subtraction would be as follows:

Subtraction of two real numbers

Step 1 We “c_"hang;e the operation from subtraction to addition.
Step 2 We change the sign of the number that follows the subtraction
symbol.

Step 3 We perform the addition, using our rules for adding signed
numbers.

Subtract the following numbers.

Step 1 Step 2 Step 3
Subtraction Change sign of Add
to addition number being

subtracted
1 (9) — (5 = © + (—5) =)
2. (4) —(11) = (4) + (—11) = —7

32.(—9 — () = (—9) o= (—35) = —14



42 Chapter 1

Operations with Real Numbers

Step 1 Step 2 Step 3
Subtraction Change sign of Add
to addition  number being

subtracted
4. (6) — (=8) = 6 + (8) = 14
5 (—12) — (—8) = (—12) + (8) = —4
6. (—35) —(—14) = (—3) - (14) —
7. (8)— (5) = (8) ot (—35) = 3
8. (53— @) = &) s (—8) = —3

Note From examples 7 and 8, we see that the operation of subtraction is not
commutative. That is,

@ — (5 # 06— @

» Quick check (4) — (—6); (=2 —(—%

5]

Addition and subtraction of more than two real numbers

When several numbers are being added and subtracted in a horizontal line, do
the problem in order from left to right. For example, in

9—3+4+3—6—1+4

Operation being performed

=9—3+4+3—6—1+4 9—3=6
=6+t4+3—6—1++4 6+4=10
=10+3—6—1+4 10+ 3 =13
=13—6—1+4 183—6=7
=7—1+4 7—1 =6
=614 6+ 4=10

=10

Note If we had changed each of the indicated subtractions to addition,

9+ (—3)+ 4+ 3 + (—6) + (—1) + 4, then the order in which the problem
was carried out would not change the answer. For example, 9 — 3 # 3 — 9,
but9 + (—3) = (—3) + 9.

Grouping symbols

Many times, part of the problem will have a group of numbers enclosed with
grouping symbols, such as parentheses (), brackets [ ], or braces { }. If any
quantity is enclosed with grouping symbols, we treat the quantity within as a
single number. Thus, in

9 —B+2+6—2)—(5—4)
we perform operations within parentheses first to get
QF—i 5 S —
which gives
4+4—-1=8—-1=7
Then
9i— (3 =) E 6 —2)— (5 —4d) =7
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B Example 1-5 B Perform the indicated operations.
L& —3-F2 25 l=5HE2 -6 —1
—7-5-1
—2-1
=l
NG ] L P P —8]—7— 3] -7 +3
= (L=t
= [ == 3
= 20

3. (14—7)—2=7—-2=5
4 14— T —-2)=14—-5=9

Note We observe from examples 3 and 4 that the operation of subtraction is
not associative. That is, order does make a difference in subtraction.

(14—7)—2%# 14— (7 — 2)
B Quick check 14 — 11 + 18 — (7 — 12) + 2 ||

Problem solving

To solve the following word problems, we must find the difference between two
quantities. To find the difference we must subtract.

T &5 =
=YW= ;=
B EXampIie 1—2

B

Choose a letter for the unknown and find its value by subtracting.

1. On a given winter’s day in Detroit, Michigan, the temperature was 31° in the
afternoon. By 9 p.M. the temperature was —12°. How many degrees did the
temperature drop from afternoon to 9 p.M.?

Let ¢t = the number of degrees fall in temperature. We must find the
difference between 31° and —12°. Thus

degrees fall is  difference between
31 andl —T12°
t = B2

t=231—(—12) =31 + 12 =43
There was a 43° drop in temperature.

2. From a board that is 16 feet long, John must cut a board that is 7 feet long.
How much is left of the original board?

Let f = the number of feet of board left. We must find the difference between
16 and 7. Thus

feet left is  difference between
16 and 7
f = 16 —7
f=16—-7=9

John has 9 feet of the original board left.

B Quick check A temperature of 14° Celsius is decreased by 18 degrees
Celsius. What is the resulting temperature? g
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— Mastery points

Can you

B Subtract real numbers?

® Add and subtract in order from left to right?

B Remember that subtraction is not commutative or associative?

B Remember that quantities within grouping symbols represent a single
number?

Find each sum or difference. See examples 1-5 A and B.

Examples

Solutions

Step 1 Step 2 Step 3

@~ (=6 = @ +
G- G8 =~ 2 +
ORI
NS
7. (4) — (9)

10, (=12) = (—16)

[13] —6) + 0

16. (6) + (—10)

19.

22,
25.
27,
29.
31.

& = 10

@1 = 6
2. (—6) — (2) 3. 4)—(—2)
5. (=8 — @ 6. (4) — (—8)
8. (—8) — (—5) 9 (—8) — (1)
11. (8) — (—6) 12. (14) — (4)

14. (9) — (11) (7) — 0

f(H- (-

1% = (—1%) 20. 5% = (—2%) 2. —187 — (—9.3)
107.4 — (—12.6) 23. —2158 — 96.2 24. —119.1 — 2188

— 5127 — (—814:5) (—12) — (—10) — (8)

(—30) + (14) — (8) 28. (—25) + (4) — (32) + (28)

[04) — (—12) — (12) + (—i%) 30 (—2) — (3) + (—4) — (—5) - (—6)

(=15) — (13) = (=7) — (32)

32. (=17 — ()= (=12} — (—5)

Find each sum or difference. See example 1-5 B.

Example 14 — 11 4+ 18 — (7 — 12) + 2

Solution = 14— 11 + 18 — (—5) + 2 Perform operations within parentheses first, then add
=34 18— (=5 +2 and subtract from left to right
=21 —(—3) + 2
=26 + 2
= 28
33. 17+ 4 — (7 — 2) 34. (25 —2) — (12 — 3)

35.
37.
39.
41.

(—6) —4+8—-(8—7
10 — 10 + (10 + 10} — 10
10 42— 21) — (7 — 8)
(18 — 14) — (12 — 17) — 16

36, 325 e (11— 8)

12+3—16—10—(12+5)

AN DN ER ) =Sli6r =10 - (12— 5)
42.8—4+7—(5—2)—3
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Example A temperature of 14° C (Celsius) is decreased by 18 degrees Celsius. What is the resulting

temperature?

Solution 14 — 18 = 14 + (—18)

43.

44,

45.

= —4°C

A temperature of (—6)° C is decreased by 32° C.
What is the resulting temperature?

An electronics supply house has 432 resistors of a
certain type. If 36 are sold during the first week, 72
during the second week, 29 during the third week,
and 58 during the fourth week, how many are left
at the end of the month?

Tim owes Tom and Rob $343 and $2053,
respectively, and Terry owes Tim $176. In terms of
positive and negative symbols, how does Tim stand
monetarily?

Find the difference.

Example 12 diminished by 20

Solution 12 — 20 Diminished by 20 means subtract 20
=12 + (—20) Change to addition
= —8

48. —8 diminished by 11 49.

51. —18 diminished by —9 52.

54. Subtract —17 from 28. 55.

57. 5 less than —8 58. 4 less than —12

60. 10 less than 5

46. If a person has $78 after paying off a debt of $23,

47.

—15 diminished by 7
Subtract —26 from —18. 53.
From —26 subtract —45. 56.

how much money did he have before paying off the
debt? Write a statement involving the operation of
subtraction of integers to show your answer.

A piece of wood 24 feet long is cut into three pieces
so that two of the pieces measure 8 feet and 10 feet.
What is the length of the third piece?

50. —6 diminished by —21
Subtract —19 from 41.
From —43 subtract —16.
59. 8 less than 3

Choose a letter for the unknown quantity and find the indicated difference. See example 1-5 C.

61.

62.

63.

64.

65.

66.

Rob has $23 in his savings account. If he spends
$15 to buy a game, how much is left in his savings
account?

Tom has $44 in his savings account. He wishes to
buy a baseball glove for $21. How much is left in
his savings account?

The temperature was —15° at 6 A.M. but by noon
the temperature has risen to 23°. How many
degrees did it rise from 6 A.M. to noon?

The temperature dropped 22° from —7° at
midnight to just before daybreak at 7 A M. What
was the temperature at 7 A.M.?

Erin Nustad was born in 1986. How old will she be
in the year 20007

A chemist has 100 ml of acid and she needs 368 ml
of the acid. How much more is needed?

67. Amy has $450 in assets and she wants to borrow

68.

69.

70.

enough money to buy a stereo system for $695.
How much will she owe?

The top of Mt. Everest in Asia is 29,028 feet above
sea level and the top of Mt. McKinley in Alaska is
20,320 feet above sea level. How much higher is the
top of Mt. Everest than the top of Mt. McKinley?

Death Valley in California is 282 feet below sea
level (—282). What is the difference in the altitude
between Mt. McKinley and Death Valley? See
exercise 68.

Mt. Whitney in California is 14,494 feet above sea
level and the Salton Sea in California is 235 feet
below sea level. What is the difference between the
altitude of Mt. Whitney and Salton Sea?
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71. Jim owes John $25. He paid back $13 and then had 72. On 4 successive hands in a poker game, Sheila won

to borrow another $7. How much does Jim owe

John now?

$10, then lost $9, then lost $14, and finally lost $6.
What is her financial position after the 4 hands?

[l
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Multiplication of two positive numbers

We are already familiar with the fact that the product of two positive numbers is
positive. We can see this fact by considering multiplication as repeated addition.
For example, if we wish to add four 3s, then 3 + 3 + 3 + 3 = 12. Another way
of expressing this repeated addition is 4 - 3 = 12, in which case the raised dot, -,
means multiply or times. We could also have added three 4s: 4 + 4 + 4 = 12,
which could be written as 3 - 4 = 12. This observation illustrates an important
mathematics principle called the commutative property of multiplication.

— Commutative property of multiplication
For every real number a and b,
a-b=b-a

Concept
This property tells us that changing the order of the numbers when we
multiply will not change the answer (product).

In the previous paragraph, the number 12 is called the product of 4 and 3,
and 4 and 3 are called factors of 12. The numbers or variables in an indicated
multiplication are referred to as the factors of the product.

In our example, we used a raised dot to indicate the operation of
multiplication. The cross, X, is used in arithmetic to indicate multiplication. We
avoid using it in algebra because it may become confused with the variable x.
Another way to indicate multiplication is the absence of any operation symbol
between factors. The following are other examples of how we can express
multiplication.

ok

. 5. 7isread 5 times 7. The raised dot indicates multiplication.

2. (4)(6) is read 4 times 6. The parentheses separate the numbers; the absence of
any operation symbol between the numbers indicates multiplication.

3. 3ais read 3 times a.
4. ab is read a times b.

5. 6(8) is read 6 times 8. |

1 1
Note 34 does not mean 3 - 4 and 37 does not mean 3 - 51
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Multiplication of two numbers with different signs

As an illustration of multiplying a positive number times a negative number,
consider the following pattern:

3.3=9
2.3 =16 The product decreases by 3
1.3=23
0.-3=0
(—1)-3=-3
The product of a negative (=2} -3 = —6
and a positive is a negative (—3)-3=—9

We observe from this pattern that our product decreases by 3 each time. It
logically follows that the product of a negative number and a positive number is a
negative number.

A second observation from this pattern is that zero times a number has a
product of zero. This is called the zero factor property.

— Zero factor property

For every real number a,

Concept

Multiplying any number by zero always gives zero as the answer. That
is, whenever we are multiplying and zero is one of the factors, our
product will be zero.

A third observation from this pattern is that 1 times a number is equal to
the number. For this reason, 1 is called the identity element of multiplication.

Identity property of multiplication
For every real number a

Concept
Multiplying a number by 1 leaves the number unchanged.

Multiplication of two negative numbers

We will observe another pattern when we consider the following.

3(—3)= —9 The product increases by 3
2(—3) = —6
1(—3)= —3
0(—3)=0
(=1)(=3) = +3
The product of two (—2)(—3) = +6
negatives is a positive (—3)(—3) = +9

From this pattern, we can see that our product increases by 3 each time. It
logically follows that the product of two negative numbers is a positive number.
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We can summarize our procedures for multiplication of real numbers as
follows:

Multiplication of two real numbers
To multiply two real numbers, multiply their absolute values and

1. the product will be positive if the numbers have the same sign;
2. the product will be negative if the numbers have different signs.

B Example 1-6 B Multiply the following numbers.
(2 -3=-¢
[ £ product of their absolute values: 2-3 = 6

Product is negative because the numbers have different
signs

2. (—2)(—4) =28
t‘— Product of their absolute values: 2 -4 = 8
Product is positive because the numbers have the same

signs

3. 4(—4) = —16 Negative because signs are different

4. (—5)(—5) =25 Positive because signs are the same

B Quick check (—4)(—3) H

We can determine the sign of our answer when we multiply three or more

real numbers. Consider the following examples.

1. (1M = =2)(3)4) = 6)(4) = 24 0Odd number of
negative factors

2. (—D@)N(—3)4) = (—2)(—3)(4) = (6)(4) = 24 Even number of

negative factors
B (=1MEN =31 = (—20(—3)—4) = (6)(—4) = —24  Oddnumber.of
negative factors

4. (—D(—2)(—3)(—4) = 2)(—=3)(—4) = (—6)(—4) = 24 Even number of

negative factors

Muitiplication of two or more real numbers

1. If in the numbers being multiplied there is an odd number of
negative factors, the answer will be negative.

2. If in the numbers being multiplied there is an even number of
negative factors, the answer will be positive.

B Example 1-6 C Multiply the following numbers.
1. (—=7)(—=2)(5) = (14)(5) = 70 Even number of negative factors
2. (—6)(2)(—4) = (—12)(—4) = 48 Even number of negative factors
3. [(—=3)(5)]4) = (—15)(4) = —60 Odd number of negative factors
4. (—3)[(5)4)] = (—3)(20) = —60 Odd number of negative factors

» Quick check (—3)(—2) -4

=
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Examples 3 and 4 illustrate an important mathematical principle called the
associative property of multiplication.

Associative property of multiplication
For every real number a, b, and c,
(@ - b)c=alb - )

Concept
Changing the grouping of the numbers will not change the product.

Problem solving

To solve the following problems, we must multiply the quantities.

Choose a letter for the unknown and find the indicated product.

1. What is the cost of 7 VHS tapes if each tape costs $5.957?
Let ¢ = the cost of the 7 tapes. We must multiply to find the total cost of all
7 tapes. Thus

total is 7 tapes at $5.85 each
cost

e = 7 ; (5.95)
c=T7-(5.95) = 41.65
The 7 tapes cost $41.65.

2. On 4 successive days, the stock market dropped 9 points (represented by a
negative number) each day. How many points did the market change in the 4
days?

Let d = the total drop. Represent 9-point drop by —9. We multiply to obtain

total is 4days at 9-pointdrop
drop each day
d = 4 . (—9)

d=4.(—9) = —36
The stock market dropped 36 points (—36) in the 4 days. ]

Mastery points

Can you

B Use the commutative and associative properties of multiplication,
the zero factor property, and the identity property of multiplication?
@ Multiply real numbers?
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Exercise 1-6

Perform the indicated operations. See examples 1-6 B and C.

Examples (—4)(—3) =31 =2) -4
Solutions = 12 Product is positive because the — 5 L (—3)(—2) = 6 because the numbers
numbers have like signs have like signs
= 24 6 times 4 is 24
1. (—3)(—5) 2. 0 =i(—=6) 3.4.(—7
4. (—8) -3 8 4 -N=3)-5 6. (—2)(2)(—2)
7.4 - (—9) 8. (—3)(—2)(—8) 9. (—=D(=4()
10. (—5)))(3) 7 - (=1D(=3)(—5) 12. 2 - (—3)(—D@)(—2)(3)
13. (—1.8)(2.4) 14. (—5.7)(—6.12) 15. (0.49)(—28.1)
16. (—8.9)(—8.9) 17. (—27)(0.08) 13. (—-i—)(%)
3 3 8 5 2
(0 mE = ED0
2 (2)(-) 2. (=5)(=H(~ Q) 24. (—2)(~ (D)
12 10
25. (=3)3)N(—4 ) 26. (—1)(—1(—1)(—1) (_2)(0)(3)(_4)
28. (—3)(—2)(4)(0) 29. (—35)(0)(—4)

In exercises 30—46, two numbers are listed. Find two integers such that their product is the first number and their sum
is the second number.

Examples 4, —4 =295=6

Solutions Since (—2)(—2) = 4 and Since (—9)(3) = —27 and (—9) + (3) = —6,
(—2) + (—2) = —4, then —2 and —2 are the then —9 and 3 are the integers.
integers.

~16,0 —30, 1 32. 25,10 33. 20, —9

34. —11,10 35. 0, —7 36. —72, —21 37. =12, —1

38. 48, 16 39. 35,12 40. 4, —4 41. —8,7

42. —9,0 43. —12,1 44. —15,2 45. —18,3

46. —30, —1

Choose a letter for the unknown and multiply to find the value. See example 1-6 D.

47. Over a five-day period, the price of a particular 49. An auditorium contains 42 rows of seats. If each
stock suffered losses of $3 on each of the first two row contains 25 seats, how many people can be
days and $2 on each of the last three days. If the seated in the auditorium?
stock originally sold for $88, what was its price 50. There are 7 rows of desks in a classroom. If each

after the five-day period? row contains 8 desks, how many students will the

A man acquires a debt of $6 each day for five days. classroom hold?
If we represent a $6 debt by (—6), write a 51
statement of the change in his assets after five days.

What is the change?

- A clothier ordered 15 suits, each costing him $65.
What was the total cost of the 15 suits?



52. Mrs. Jones purchased two dozen (24) cans of frozen
orange juice concentrate that was on sale for 57¢
per can. How much did the orange juice cost her?

53. Jim Johnson lost an average of $23 in 4 successive
poker games. What were his total losses?
(Represent this by a negative answer.)

54. If a bank advertises that a person can double his
investment in a savings account in 9 years, how
much will $120 grow to in 9 years?

55. Joanie sold 35 glasses of lemonade at her corner
stand. If she charged 15¢ a glass, how much did she
make in sales?
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56. Berkeley Gossett deposits his weekly allowance of
$3 in a savings account at the bank. How much has
he deposited in 3 years? (Hint: 52 weeks = 1 year.)

A grocer averages selling 25 gallons of milk each

day. How many gallons of milk does he sell in 4
weeks? (Assume the grocery is open 7 days per
week.)

58. A department store averages a loss of $75, due to
thefts, each day. How much is lost in a month of 31
days?

1-7

- n 7
o paom = ] pap moes Bo o oo
Ll - numbpers

Division of two numbers

Recall that when we divide a number (called the dividend) by another number
(called the divisor), we compute an answer (called the quotient). We define the
operation of division as follows:

Definition of division

If b # 0%, % = g provided that b - g = a, where a is the dividend, b is

the divisor, and g is the quotient.

The second part of our definition of division shows how to check the answer
to the problem. We multiply the divisor by the quotient to get the dividend
(b -g=a).

By the above definition, the quotient of the two negative numbers (—20)

~ (—5)or —

¢ must be that number which multiplied by —5 gives —20. That

0
number is 4, since (—5)(4) = —20. Therefore = 4. We observe that the

quotient of two negative numbers is a positive number.
To divide a positive number by a negative number, or a negative number by
a positive number, consider the following divisions:

(—14) + () = _TM = =7
since
EH—10= =14
and
(24) = (—6) = i_46 = —4
because

(=6} =4 = 24

We find that the quotient of a positive number and a negative number is always
a negative number.

*The reason for this restriction will be explained on page 53.
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We can summarize our procedures for multiplication and division of real
numbers as follows:

Multiplication or division of two real numbers

To multiply or divide two real numbers, perform the operation
(multiplication or division) using the absolute values of the numbers
and

. the guotient will be positive if the numbers have like signs;
2. the quotient will be negative if the numbers have different signs.

N Example 1-7 A Divide the following numbers.

—14

1. = = 2, since (—7)(2) = —14
—36

2. g = 6, since (—6)(6) = —36
—24

3. = = —8§, since (3)(—8) = —24
15 :

4. — = —3, since (—5)(—3) = 15

—18 —1I5
» Quick check — 5}

3
In section 1-6, we developed a procedure for determining the sign of our

answer when we multiply three or more real numbers. This same rule can be
extended to apply to division. Consider the following examples.

(=DU2) _ —12 _

B Example 1-7 B D03 5 —2 Odd number of negative factors
{—1{ =t 2 Even number of negative factors
@)(—=3) —6
. (=002 = — 2 =i —2 Odd number of negative factors
=2)(—3) 6
w = E =2 Even number of negative factors
(=2)}—3} ' 6

We can summarize the procedure for three or more real numbers in a
multiplication or division problem as follows:

Multiplication or division of two

or more real numbers

When we multiply or divide, if we have an odd number of negative
factors, our answer will be negative; otherwise it will be positive.
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Note Our procedure concerning multiplication or division of three or more
signed numbers applies only when we are doing strictly the operations of

T .y ; =8)-i(=4
multiplication and division. For example, in the problem %2() we
have an odd number of negative numbers, but our solution would be as
(—8) +(—4) —12

— % 7
here because we are not performing strictly multiplication and division.

follows: = 6. We are not able to apply our procedure

Division involving zero

In section 1-3, we defined a rational number to be any number that can be
expressed as a quotient of two integers in which the divisor is not zero. The
number zero, 0, is the only number that we cannot use as a divisor. To see why we
exclude zero as a divisor, recall that we check a division problem by multiplying
the divisor times the quotient to get the dividend. If we apply this idea in
connection with zero as a divisor, we observe the following situations. Suppose
there were a number g such that 3 +— 0 = g. Then ¢ - 0 would have to be equal
to 3 for our answer to check, but this product is zero regardless of the value of g.
Therefore we cannot find an answer for this problem. We say that the answer is
undefined. If we try to divide zero by zero and again call our answer g, we have
0 — 0 = g. When we check our work, 0 . g = 0, we see that any value for g will
work. Since any value for g will work, we say our answer is indeterminate. We
therefore decide that division by zero is not allowed.

It is important to note that although division by zero is not allowed, this
does not extend to the division of zero by some other number. We can see that

0
= = 0 since (—4) - 0 = 0. Thus, the quotient of zero divided by any number

other than zero is always zero.

Perform the division, if possible.
0 2 =
1. =0 2. His undefined 3. T7is undefined

5
0 0
4. = =0 5. His indeterminate

11
¥ Quick check Divide o if possible. =

Problem solving

To solve the following problems, we will have to divide the given quantities.
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B Example 1-7 D Choose a letter for the unknown quantity and find the indicated quotient.

1. If $7.68 is spent on 6 three-way light bulbs, how much did each light bulb
cost?
Let ¢ = the cost of each light bulb. We must divide $7.68 by 6. Thus

cost per is equal total divided by 6 identical
bulb to cost items
¢ = (7.68) == 6

¢ = (7.68) ~ 6 =1.28
Each light bulb cost $1.28.

2. There are 400 people seated in a full auditorium. If there are 25 identical
rows of seats, how many people are there in each row?
Let x = the number of people in each row. We must divide 400 by 25. Thus

people per is equal total number divided by 25 identical
row to of people rows

x = 400 e 23
x =400 + 25 =16

There are 16 people seated in each row.

Mastery points

Can you
B Perform division with real numbers?
B Remember the results of division involving zero?

Exercise 1-7

Perform the indicated operations, if possible. See examples 1-7 A, B, and C.

=13 =15 11
Examples —— e =
e 3 0
Solutions = 2 Quotient of two negatives == Quotient of a positive and is undefined
is a positive a negative is a negative
—14 —15 32 18 =22
1o —— 2. —— 3. — g R
—7 5 —4 4 3 T 11
18 —16 =25 7 —4
6. — T —— 8. — - =
=3 2 =g i 0 L 0
0 0 0 —24 49
-11 —— 12, — 13. — . — . —
—9 5 0 i —6 15 =7
36 — 25 —64 (=9(=3) (—18)(2)
16. — 17. — . — —_— -_—
= - 18. — 19— 2 20. ——
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(16)(2) (—4)(0) (—16)(0) (=5=2) (—18)3)
=g 5 = " (=1)(=10) =)
(—2)(—4) (—3)(6) 8 — 8 (—6)(0) 6—6

0@ 27 02 & (—3)(0) =

Example A football player carried the ball eight times, making the following yardages: gain of 6 yards (yd), loss of
3 yd, loss of 4 yd, gain of 4 yd, gain of 3 yd, loss of 1 yd, loss of 2 yd, gain of 5 yd. Show his gains and
losses by positive and negative integers. What was his average gain or loss per carry?

Solution 6yd, —3yd, —4yd,4yd,3yd, —1yd, —2 yd, 5 yd. To find an average, we add together all of the values
and divide by the total number of values.

6yd+(—3)yd+(—4)yd+4yd+3yd+(—l)yd+(*Z)yd+5yd:8yd

=1yd
8 8 :

31. The temperature at 1 .M. for seven consecutive Between Chicago and Detroit, a distance of 282
days in January was 5° C, —8° C, —7° C, —1° C, miles, a driver averages 47 miles per hour. How
10° C, —6° C, and 0° C. What was the average long will it take her to make the trip?
temperature for the seven days? 34. A trip of 369 miles takes nine hours to complete.

32. If the stock market showed the following gains and What was the average rate of speed?
lqsses during six Eoseautive hours O,f trading on ~ 35. Light travels at a rate of 186,000 miles per second.
given day, determine the average gain or loss during How long will it take to travel 1,674,000 miles?

that six-hour period. Gain 36 points, loss 23 points,
loss 72 points, gain 25 points, loss 31 points, loss 21
points.

36. How long does it take light from the sun to reach
earth if the sun is approximately 93,000,000 miles
away? (Refer to exercise 35.)

Choose a letter for the unknown quantity and find the value by dividing. See example 1-7 D.

37. Mrs. Smith paid $36 for 9 crates of peaches for her 43. The college bookstore purchased 480 math
fruit market. How much did each crate cost her? textbooks. If the books came in 15 boxes of the
38. A carpenter wishes to cut a 12-foot board into 3 same size, how many books were in each box?
pieces that are all the same length. Find the length 44. Jim, John, Pete, and Mike worked together painting
of each piece. farmer Gene’s barn. If he gave them $124 to split
39. A man drove 350 miles and used 14 gallons of evenly z;mong them, how much did each boy
receive?

gasoline. How many miles did he drive on each
gallon of gasoline? Alice took part in a 26-mile marathon run. If she
ran the marathon in 5 hours and 12 minutes, how
long did it take her to run 1 mile (in minutes) if she
ran at a constant speed?

40. Irene drove 424 miles in 8 hours. How many miles
did she travel each hour (in miles per hour) if she
drove at a constant speed?

46. A farmer got 720 bushels of wheat from a
30-acre field. How many bushels did he get per
acre?

41. During a recent cold wave, the temperature fell 28°
over a 7-day period. What was the average change
per day?

42. Mary Ann typed 1,350 words in 30 minutes. How
many words did she type per minute?
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a
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-8 m Properties of real numbers and order of operations

In the previous four sections, we introduced some of the properties of real
numbers. We also saw how these properties are used when performing
fundamental operations with numbers. Since variables represent numbers, we will
be using these and other properties throughout our study of algebra. The
properties that we have covered so far are listed and the page number where the
property was first introduced is given for reference.

— Properties of real numbers

If a, b, and c are any real numbers, then

a + b = b + a, commutative property of addition (page 35)

a - b = b - a, commutative property of multiplication (page 46)

(@ + b) + c =a+ (b + ¢, associative property of addition (page 38)
(@ - b)c = a(b - c), associative property of multiplication (page 49)
a-1=1-.a= g, identity property of multiplication (page 47)

a+ 0 =0+ a = g, identity property of addition (page 35)

a + (—a) = 0, additive inverse property (page 38)

a-0=0-.a=0, zero factor property (page 47)

Exponents

Consider the indicated products

and
3.3.3.3=281

A more convenient way of writing 4 - 4 . 4 is 4%, which is read “4 to the
third power™ or “4 cubed.” We call the number 4 the base of the expression and
the number 3, to the upper right of 4, the exponent.

Thus

Exponent

Exponential— 43 = 4 . 4 . 4 = 64 ~——Standard

form f form
Expanded
Base form

In like fashion, 3 - 3 - 3 . 3 may be written 34, where 3 is the base and 4 is the
exponent. The expression is read “3 to the fourth power.”” Then

3.3.3.3=34=38]1

Notice that the exponent tells how many times the base is used as a factor in an
indicated product. We call this form of a product the exponential form. That is,
the exponential form of the product 3 - 3 - 3 - 3 is 34,

Note The exponent is understood to be 1 when a number has no exponent.
That is, 5 = 5.
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Remember that when we have a negative number, we place it inside
parentheses. With this fact in mind, we can see that there is a definite difference
between (—2)4, which is read “—2 to the fourth power,” and —24, which is read
“the opposite of 2 to the fourth power.” In the first case, the parentheses denote
that this is a negative number to a power: (—2)4 = (—2)(—2)(—2)(—2)
= +16. In the second case, since there are no parentheses around the number,
we understand that this is not (—2) to a power. It is, rather, the opposite of the
answer when we raise 24 —24= —(2)¢= —(2.2.2.2) = —(16).

Perform the indicated multiplication.
L3P = 33— = =]
2, —3 = —=(3 -3 -3} = =27

3. (=3t = (=3 (=P(—3(—3)— 8l
4. —3t=—3 =3:33)= —81

B Quick check —3? ]

When we are performing several different types of arithmetic operations
within an expression, we need to agree on an order in which the operations will be
performed. To show that this is necessary, consider the following numerical
expression.

3+4.-5—=3

More than one answer is possible, depending on the order in which we perform
the operations. To illustrate,

3+4.5—-3=7.2=14
if we add and subtract as indicated before we multiply. However
Sl =R —ta D (i3 — D0
if we multiply before we add or subtract. A third possibility would be
3+4.5—3=3+4-2=3+8=11

if we subtract, then multiply, and finally add. To standardize the answer, we
agree to the following order of operations, or priorities.

— Order of operations, or priorities

-1. Groups: Perform any operations within a grouping symbol such as
( )parentheses, [ ]brackets,{ }braces, | [ absolute value, and
above or below the fraction bar.

2. Exponents: Perform operations indicated by exponents.

3. Multiply and divide: Perform multiplication and division in order
from left to right.

4. Add and subtract: Perform addition and subtraction in order
from left to right.

NOie L
a. Within a grouping symbol, the order of operations will still apply.

b. if there are several grouping symbols intermixed, remove them by
starting with the innermost one and working outward.

*This is the correct answer.
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To illustrate this order, consider the numerical expression
6t 507 — 3 — 22
We first evaluate within the grouping symbol, in this case parentheses, to get
6+ 5(4) — 22
We then perform the indicated power and have
6+ 5(4) — 4
Our third step is to carry out the multiplication, resulting in
6 +20— 4

Our last step is to perform the addition and subtraction in order from left to
right, giving

26 — 4
= 27
= Exa:’ﬂp*@ 1-8& B Perform the indicated operations in the proper order and simplify.
1. 7+8.3=2=7+24+2 Priority 3, multiply
=i == 2 Priority 3, divide
=19 Priority 4, add
2. (1—1)=2+3.49=6-=2++3 .4 Priority 1, parentheses
=3+12 Priority 3, divide and multiply
= 15 Priority 4, add
2
1 3 5 1 2 4
3, =t === = — . Priority 3, invert, divide out common
2 4 8 2 71‘ 3 factors
1 6
= 5 + =i Priority 3, multiply
= 12
= E “r E Least common denominator
_ k12
i 10 Priority 4, add
17 7
= Iaor IE Priority 4, add
4. 22.3—3.4=4.3-3.4 Priority 2, exponent
=12 —-12 Priority 3, multiply
=0 Priority 4, subtract
1
3 1 2 3 1 7
5 ? — 7 ? = _4“ — 7 . ? Priority 3, divide out common factors
1
3 1 - .
= I = ? Priority 3, multiply
9 4
= E == E Least common denominator
9 —4
— T Priority 4, subtract
>

I

Priority 4, subtract

—
[N
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6. (7.28 + 1.6) = 2.4 — (6.1)(3.8)

= (8.88) = 2.4 — (6.1)(3.8) Priority 1, parentheses
=i 3.7 — 23.18 Priority 3, division and multiplication
= —19.48 Priority 4, subtract

2 7 3 5
T (? —+ —) == ? ( ) - ? Priority 1, parentheses
(16 + 21) .3
= Priority 1, parentheses
6
3.5 .
ST Priority 1, parentheses
1
37 ¢
= T Priority 3, invert, divide out common
,2‘( 5 factors
4
1 o T
200 Priority 3, multiply

8. (5.4)2 — 4(3.1)(2.8)

= 29.16 — 4(3.1)(2.8) , exponent
= 29.16 — 34.72 3, multiply
= —5.56 L, subtract
3(2 + 4) 4+ 6 3(6) 4+ 6 Priority 1, groups: numerator and
9. 1 T = 4—2 5 denominator
18 10
? = ? Priority 1, numerator and denominator
=9 -2 Priority 3, divide
=7 Priority 4, subtract

10. 5[7 + 3(10 — 4)]
We first evaluate within the grouping symbol, applying the order of

operations.
5[7 + 3(6)] = 5[7 + 18] Priority 1, groups
= 5[25] iority 1, groups
=125 gor'y'_% multiply
» Quick check 18 ~ 6-3 + 10— (4 + 5) =

Problem solving

Solve the following word problems using the order of operations.

Choose a variable to represent the unknown quantity and find its value by
performing the indicated operations.

1. Mrs. Hansen purchased 6 boxes of cereal at $1.25 per box and 7 cans of tuna
fish at 70¢ per can. What was her total bill?
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Let 1 = Mrs. Hansen’s total bill. 6 boxes at $1.25 per box cost 6 - $1.25; 7
cans at 70¢ per can cost 7 - $0.70. The total bill is given by

total isequal 6boxesof at $1.25per and 7 cans at  $0.70 per

bill to cereal box of tuna can

4 — 6 - (1.2:5) ot 7 . (0.70)
t=6.(1.25 + 7 - (0.70)

= 7.50 + 4.90 Priority 3

= 12.40 Priority 4

Mrs. Hansen’s total bill was $12.40.

2. A man works a 40-hour week at $12 per hour. If he works 11 hours of
overtime at time and a half, how much will he receive for the 51 hours of
work?

Let w = the man’s total wages for the week. 40 hours at $12 per hour is

1
40 - $12. Hourly rate at time and a half is (17 < 12 = 18) and 11 hours at
time and a halfis 11 - 18. Thus

total is equel 40 at $12per and 11 at  $18 per
wages to hours hour hours hour
w = 40 . 12 + 11 . 18
w=40.12 + 11 - 18
w = 480 + 198 Priority 3
w = 678 Priority 4

The man will receive $678 for 51 hours of work.,

il

Mastery points

Can you

® Perform multiple operations in the proper order?
B Use exponents?

e = qa o
Exercise 1-8

Perform the indicated operations. See example 1-8 A.

Example —32

Solution = —(32) —32 is not the same as (—3)2 itis
— the opposite of 32

L (i [2] (5 [3] (3 4. —42 5. —62
6. —24 7. —12 —z 9. (—1)? 10. (—2)2

Perform the indicated operations and simplify. See example 1-8 B.



Example 18 = 6 -3 + 10— (4 + 5)

Solution =18 =6 -3 + 10 — 9

—~3.3+10—9
=94+10—9
=19—9
= 10

_|_
T T
3
14— 5 L5

DS'

[17] oG +2) + 3

20.

23.
26.

29.

32.

35.
38.

@7 — 4 = 11

21 38 — 3)
7+ 309 —4)

15.32— 14

3 7 3
Tt 1

9 —3(12+3)—4-3
I8 —5(7+3)— 6

41.04(2 — 5)2 — 2(3 — 4)

44.

46. (14.13 + 11.4) + 3.7 — (2.4)(7.8)
48. (5.1)2 - 3 — (14.64) = (6.1)

38—6) &
2 —2

5[10 — Ja— 3t 1]

52. (8 — 2)[16 + 4(5 — 7]

6 —3\/14+2-3
54'(74)( 5 )

56.

.

12.

15.

18.

21.

24.
27.

30.

33.

36.
39.

42.

Section 1-8 Properties of Real Numbers and Order of Operations

Priority 1, parentheses
Priority 3, division
Priority 3, multiplication
Priority 4, addition
Priority 4, subtraction

—6.7+8

1
—2+ 10—
5

5 =k 2(115==6)
8 —3(6 —4)

(8 —3)(5 + 3)

3(6 —2)(7+ 1)

15 = 2(8 < 1) =64
100—3+~4=6—35

13. 6 +5-4

16.. 463 —:2)('2 -+ )

19. (24 —6) = 3

22. 124+ 2

25. 6 + 4(8 + 2)
28. 10 — 2(7 — 11)

34.12+3.16 -4 —2

37. 50 —4(6 — 8) + 5-4
40. 8 — (12 +3) —4-3

6(—8 + 10) — 54 —7) 43. i%——s) - i—73
g =3 (—14)
3 2
47. (5.1 + 2.2)(4.8) — (6.3)(8.1)

49. (1.9)% + 4(3.3)2 — 8.7
51. 18 + [14 — 5(6 — 4) + 7]
53. (9 — 6)[21 + 5(4 — 6)]

3
55. li=—
(12

Perform the indicated operations and simplify. See example 1-8 B.

57. To convert 74° Fahrenheit (F ) to Celsius (C ), we

use the expression

5
Ci= 5 (F — 32); thus, in this case,

C= % (74 — 32). Find C.

-5 5+3)

61
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58. A Murray Loop is used to determine the point at
which a telephone line is grounded. The unknown
distance to the point of the ground, x, for a length
of the loop of 32 miles and resistances of 222 and
384 ohms is given by

N T
222 + 384

Find x.

The surface area in square inches of a flat ring
whose inside radius is 2 inches and whose outside
radius is 3 inches is approximately
22 22

32 — — .92
7 7

Find the area of this surface in square inches.

32

60. The surface area in square inches of a ring section
whose inside diameter is 18 inches and whose
outside diameter is 26 inches is approximately
22 26 + 18 26 — 18
7 2 2
Find the area of this surface in square inches.

61. To find the pitch diameter, D, of a gear with 36
teeth and an outside diameter of 8 inches, we use

> 36(8)
38 + 3
Find D in inches.

Choose a letter for the unknown quantity and use the order of operations to find its value. See example 1-8 C.

62. A woman purchased a case of soda (24 bottles) at
15¢ per bottle, 5 pounds of candy at 49¢ per pound,
and 20 jars of baby food at 75¢ per jar. What was
her total bill (a) in cents, (b) in dollars and cents?

63. Colleen Meadow is a typist in a law firm. Her base
pay is $7 per hour for a 40-hour week and she
receives time and a half for every hour she works
over 40 hours in a week. How much will she earn if
she works 49 hours in one week?

64. In a series of poker games, Ace McGee won $4,000
in each of 3 games, lost $1,500 in each of 4 games,
and won $2,000 in each of 2 games. How much did
Ace win (or lose) in the 9 games?

A carpenter must cut a 16-foot long board into 4-

foot lengths and a 12-foot long board into
3-foot lengths. How many pieces of lumber will he
have?

66. Jane, David, and Mary are typists in an office.
David can type 75 words per minute, Jane can type
80 words per minute, and Mary can type 95 words
per minute. How many words can they type
together in 15 minutes?

67. The stock market opened at 2,725 points on a given
day. If it lost 9 points per hour during the first 3
hours after opening and then gained 6 points per
hour during the next 5 hours, what did the stock
market close at?

Chapter 1 lead-in problem

While on a trip to Canada, Tonya heard on the radio
that the temperature today will be 20° Celsius. Will
she need her winter coat? What will the temperature
be in degrees Fahrenheit? We can determine what
20° Celsius is in degrees Fahrenheit by the following
expression:

F=%'20+32

Solution
9
= 5 =201 32 Original expression
F=36+ 32 Order of operations: multiply
F=68 Add

The temperature is 68 degrees Fahrenheit. She will
not need her winter coat.
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1.

2.

=

10.

11.
12.

13.

14.

15.

16.

17.

18.

19.

A prime number is any whole number greater than 1
whose only factors are the number itself and 1.
To reduce a fraction to lowest terms
a. Write the numerator and the denominator as a
product of prime factors.
b. Divide the numerator and the denominator by the
common factors.
To multiply fractions
a. Multiply the numerators and the denominators and
place the product of the numerators over the product
of the denominators.
b. Reduce the resulting fraction to lowest terms.
To divide fractions, multiply the first fraction by the
reciprocal of the second fraction and reduce to lowest
terms.
To add or subtract fractions having the same
denominator, add or subtract the numerators and place
this sum or difference over the common denominator.
The least common denominator (LCD) of two or more
fractions is the least (smallest) number that is exactly
divisible by the denominators.
Percent is defined to be parts per one hundred.

. To change a percent to a decimal number, move the

decimal point two places to the left and drop the %
symbol.

To change from a decimal number to a percent, move the
decimal point two places to the right and affix the %
symbol.

To change a fraction to percent, drop the % symbol and
write the number over a denominator of 100.

A set is any collection of things.

The set A is a subset of the set B, which is denoted by
A C B, if every element in A is also an element of B.
‘We use the following sers of numbers:

N, natural numbers

W, whole numbers

J, integers

Q, rational numbers

H, irrational numbers

R, real numbers

A variable is a symbol that represents an unspecified
number.

The number line is a line on which we visually represent
the set of real numbers.

The four inequality symbols that denote an order
relationship between numbers are << (less than),

> (greater than), =< (less than or equal to),

= (greater than or equal to).

The absolute value, | |, of a number is the undirected
distance that the number is from the origin.

For any two real numbers, a and b,

a—b=a+ (—b).

If any quantity is enclosed with grouping symbols, we
treat the quantity within as a single number.

20.

21.

22.

23.
24.

25,

26.

27,

The numbers or variables in an indicated multiplication
are referred to as the factors of the product.

The exponent tells how many times the base is used as a
factor in an indicated product.

If b+ 0, % = g, provided that b - ¢ = a.

Division by zero is not allowed.
The quotient of zero divided by any number other than
zero is always zero.
We use the following properties of real numbers:
If @, b, and ¢ are any real numbers, then
a + b = b + a, commutative property of addition
a - b= b - a, commutative property of multiplication
(@a+ b) + c=a+ (b+ ¢), associative property of

addition

(a - b)e = a(b - ¢), associative property of
multiplication

a-1=1.a= g, identity property for multiplication

a + 0 =0+ a = g, identity property for addition
a+ (—a) = (—a) + a = 0, additive inverse
property
a-0=20.a=0, zero factor property
Operations with signed numbers
Addition

Same signs: Add their absolute values and prefix the
sum by their common sign.

Different signs: Subtract the lesser absolute value
from the greater absolute value. The result has
the sign of the number with the greater absolute
value.

Additive inverse: The sum of a number and its
additive inverse (opposite) is zero.
Subtraction

Change the sign of the number being subtracted and
add that to the first number.

Multiplication and division

Perform the operation (multiplication or division)
using the absolute value of the numbers,
Same signs: Answer will be positive.
Different signs: Answer will be negative.
Order of Operations
a. Groups: Perform any operations within a grouping
symbol such as ( ) parentheses, [ ] brackets, | } braces,
| | absolute value, or in the numerator or the
denominator of a fraction.
b. Exponents: Perform operation indicated by exponents.
c. Multiplication and Division: Perform multiplication
and division in order from left to right.

d. Addition and Subtraction: Perform addition and

subtraction in order from left to right.
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Chapter 1 error analysis

L. Determining order between numbers

Example: —3 << —5

Correct answer: —3 > —5

What error was made? (see page 30)
2. Evaluate absolute value

Example: —|—3| = 3

Correct answer: —|—3| = —3

‘What error was made? (see page 31)
3. Adding real numbers

Example: (—3) +4 =17

Correct answer: (—3) + 4 =1

‘What error was made? (see page 37)
4. Subtracting real numbers

Example: (—9) — (—4) = —13

Correct answer: (—9) — (—4) = —5

What error was made? (see page 41)
5. Combining using grouping symbols

Example:4 — (5 —2)=4—5—2= —3

Correct answer: 4 — (5 —2) =1

What error was made? (see page 42)
6. Exponents

Example: —3* =

Correct answer: 3i = —0

What error was made? (see page 57)

Chapter 1 critical thinking

10.

Multiplication of negative numbers
Example: (—2)(—6) = —12
Correct answer: (—2)(—6) = 12
What error was made? (see page 48)

. Division of real numbers

Example: 5

—15 _

Correct answer:

What error was made? (see page 52)
Division by zero

=
E e
xample 0 0

is :
Correct answer: S is undefined.

What error was made? (see page 53)
Exponents

Example: 3> = 9

Correct answer: 32 = 27

What error was made? (see page 56)

A watch is started at 12 noon. Each time the watch reaches
the next hour, it is stopped for 10 minutes. How long will it
take the watch to go from 12 noon to 12 midnight?

Chapter 1 review

[1-1]
Reduce each fraction to lowest terms.

N
" 14

Multiply or divide the following as indicated. Reduce to lowest terms.

oo e
"7 3 "3 10

5 10 3 1
TR L3r

3
10. Hannah rents 7 of a plot of land. If the plot is —2" of an

acre in size, how many acres does Hannah rent?

3. 120

180
"8 6
Tl
L 2= w3—
% %oy

4
11. A recipe calls for 5 of a cup of sugar. If Dene wishes to

1 :
make = of the recipe, how many cups of sugar should she

use?



Chapter 1

Add or subtract the following fractions as indicated. Reduce to lowest terms.

3 5 5 1

— ) ._+_

12.7+7 13 3 =
15 s _2 16 4L+?.i
) 3 4 5

18. Paula paid % of her debt one week and % of her debt the

second week. At the end of the second week, how much of
her debt had she paid off?

[1-2]

Perform the indicated operations on decimal numbers.
20. 20.6 + 1.373 + 210.42 + 0.027 + 31.09

22. 213.4 X 6.35

24. Peter purchased an automobile for $3,450.63 and sold it
for $4,016.12. How much profit did Peter make on the
sale?

25. Linda owns 3 pieces of property 2.34, 3.61, and 1.9] acres
in size. How many total acres of property does she own?

26. An automobile uses 15.2 gallons of gasoline to travel
188.8 miles. How many miles per gallon did the
automobile average?

Find the following percentages.

27. 4% of 250 28. 57% of 120

ra =™
— |
=2

List the elements of the following sets.

31. Integers between 49 and 56

33. Whole numbers that are not natural numbers

Ly o 11
120 2
7.+ -~
"5 3

1
19. Bob Burger owns 3? acres of land. If he sells 2% acres

to his friend Eric Hand, how many acres does he have
left?

21. 42.5 — 10.705
23. 316.03 = 22.1

29. 62.5% of 40 30. 131.2% of 60

32. Natural numbers less than 5

34. Integers between —4 and 4

Plot the graphs of the following numbers, using a different number line for each problem.

1 3 3 5
35 =2 —— 36 —— 1 — 1 —
» 2’273

0.3
2”

1
37. —4, —1,\/2, 4 38 —3, —2,—

5ok

Replace the ? with the proper inequality symbol (<< or =) to get a true statement.

39. 478 40. —5170

42. | —10]|7| —20] 43. | —=5|7]0]
[1-4, 1-5]

Find the sum or difference.

45. (—1) +(=3) 46. 6 — 3

49. (—8) + (2) 50. 7 — (—8)

S3ROEE St G AR )

41. —10? —20
44. | —8| 74|

47. 7 — 13
51 ((=8) = (=4)
54. 4 —3+7—8 + 12— (—3)

48. (—4) + (5)
52. (—3) — (o)

Review 65
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16 171
L1—-9, 1—7]

Find the product or quotient. If a quotient does not exist, so state.

5503 - (=T) 56. (—4) - (—3) 57. {=8) - B)-(—1)
—14
58.8-(—9)-(—1)-(—2) 59. (—4) - :(3) - (—5) -0 60. —
—8 i
6l. — 62. 24 = (—4 63. —
—4 i 0
0 0 (=23
64. — 65. — 66. ———
= 0 —6
67. Find two integer factors of 36 whose sum is —13. 70. The temperature readings during a five-hour period were
68. A man suffers successive financial losses of $3,000, 63°, 72°, 80°, 75°, and 69°. o
$2,560, and $3,300 on three business transactions. A loss a. Beprcsent by positive and negative integers how much
is denoted by a negative number, and the man originally rise (+) and fall (—) there was from hour to hour.
had $52,000. b. Was the numerical value of the total rise greater than,
a. Write a statement using negative numbers representing equal to, or less than ‘that of the t.otal fall? How much?
his assets after the Iosses. (Represent by a positive or negative integer.)
b. Find the total assets after the losses. ¢. If the sixth hour showed a drop of 11°, what was the

temperature during the sixth hour? Write a statement

— 0 . . . -
69. At 7 aM. the temperature was —17°. At noon that same involving a negative integer representing this answer.

day the reading was 23°. How much of a rise in
temperature was there from 7 A.M. to noon?

[1-8]

Perform the indicated operations and simplify.

71. (—35)2 72, —43 73. —42

74. —33 75. 100 — 4 - 5+ 18 76. —7 + 14 =71+ 2

77.18 +3 .12+ 22— 7 78. 19 — (14 — 6) + 72 — 11 79.&{—‘913’7—5

80. 4[8 —2(5 — 3) + 1] 81. [8 +_(3_2)][14 +_(1_2)} 82. [(—12): (—6)][(_18_);_3)]



Answers and Solutions

.
g £ -«
(=Y o o=~ ol |
;-_‘c.';uu_f:‘u- [

0

Evacr: 4 _=
cXercise i—1

Answers to odd-numbered problems

1 5 8 7 17 1
.— 3— 5— 7— 9.2 1L— 13—
2 6 9 9 20 2
49 7 15 2 25 51 2
L= 17.— 19. — 21.—=— 23.= 25 —or7—
15 5% i 5 ko 17 g
6 21
2wt w2 i mI as L
7 7 32 5
32 11 20 6 17 39
. —orl— . —or 2— . a 187—in? b. 31— in?
37 o1 or 5 39 7 0r27 41. a. 18 TS in b. 3164 in
43. 120 45. 126 47 144 49. 385 51. 120 53. 60
2 7 3 13 5 17 2
55. — 57.— 59, — . =Zorl— 63. —or3—
3 7. 2 5 61 g or S 3 3 or 5
16 1 7 149 11 57 9
65. —or 1— 67. — . — 7. — 73. —or3—
S i 2% O My %
1
75. ior 1i 77 861t 79. 10 1b
3 3 2 12
Solutions to trial exercise problems
8 _47_71 6., 6 1 _61_23_2
3 49 9 7 T 3 s T
”7Lqi:ggggqr3wazgr3azln 185
= 3 7 3-7 7 7 7
s
Bl A T 3 e
"4 3 4 8- 32
3
35i“£“i_4'l371**23):L
"5 3 8 5-3-8 5-(4-2¢3) 5
& 611 - 123 1 123 0.
= i I S P = fr= HI
2 2 14 28 28
45, 6=2-3
14=2-7 LCDis2-3-3:7 = 126.
18 =2-3-3
5 8 5 8+5 13 5
A === =—or 1—
SLlvs % "z 8 g g
7 5 3 7 4 5 10 3 15 28 50 45
M. —F = — = —— === — = — =

56 4 15 4 ' 6 10 4 15 60 60 60
28 450—45 31

(LCD is 60) 0 50 2

1 4
T= P=2!2—|~2w=2-24»—+2-!81=2-~2+2'E
2 4 2 4
Cp B B 15 8+ 17
2 2 2 2 2
1
= 86—t
2
Exercise 1-2
Answers to odd-numbered problems
2 3 1 7
.— 3= 5 — T — 919019 11. 540.2927
5 20 8 8
13. 13.5585 15. 156.9876 17. 1.06964 19. 9.52816
21. 0428412  23. 0.910008180% 25. 1.2 27. 40 29. 102
31. 2,500 33. 0.15 35. 065 37.02 39. §12.91
41. 13 cardinals  43. 0.57 sec  45. 122.28 gal
1 3
47. 1097.222 yd> 49. 0.05=— 51. 0.12 = —
, 20 25
27 7 1 13 4
53435 = — == w 325 — ot — by i
35 200r120 55, 325 340r4 57 5,80%
27 23
59. P 54%  61. 20" 115% 63. 0.75,75%  65. 0.375, 37.5%

67. 2 69. 33.8 71. 550 73. $256.50 75. $23
77. $8.50 discount, $25.50 discount price  79. 0.96 oz

Solutions to trial exercise problems

15 375 3
3.015=—— —— = —
100 20-5 20

13. 10.03 + 3.113 + 0.3342 + 0.0763 + 0.005 = 10.0300

3.1130
0.3342
0.0763
0.0050
13.5585
19. (7.006)(1.36) = 7.006
136
42036
21018
7006
9.52816
28. 21.681 + 8.03= 2.7
27
8.03)21.68]
16 06
5621
5621
0

m 449



450 Answers to Exercises 1-3—1-4

3 .15
33. — = 20)3.000 = 0.15
20
20
100
100
) 2205 -
37. ? = 9]2.000 = 0.2 (repeating)
18
20
8
20
39. 14.36
0.899 (89.9¢ = $0.899)
12924
12924
11488
12.90964 =~ $12.91
51. 12% = 12.% = 0.12
12 3°4 3
120 = — = ———
100 D§ge 195
59. 0.54 = 0.54. = 534%
e
100 50
2 12
62. 240 = 2— = — = 240%
5 5
69. 26% of 130 = 0.26 X 130 = 130
0.26
780
260
33.80 = 33.8

77. discount = 25% of 34
0.25 X 34 = $8.50
price = 34.00 — 8.50 = $25.50

I

Exercise 1-3

Answers to odd-numbered problems

1. {Sunday,Monday, Tuesday, Wednesday, Thursday,Friday,Saturday|
3. {January,February,March} 5. |January,March.May,July,
August,October,December} 7. {algebr} 9. {intermdal
11. {3.5,7.9} 13. {SundaySaturday| 15. —$10, $150

17. —10 yards, 16 yards 19. —14 points, 8 points

21. 4

2

- otor—o-o1>

—4-3-2-10123 45

23, 3

o>

-6-5-4-3-2-1 012 3 4

naf -

25; 2

1 {o >

-5-4-3-2-10 191 223 4 5

o] -

27. Eﬁ
—eteo

—-6-5-4-3-2-1 012 3 4567

29. —6,—4,0,3,6 3L —11—7,—4,—12 33.-—2.3.45,11

1
35. —li,——,lL,}A 37.4<8 39.9>2
4 Zaad

41, —3> —8 43. —10<—5 45.0<4 47.0> —6
49,2 51.5 53.4 55 L 57. 1L 59. - 61. —6
2 2 g

63. [5|<|—7] 5. |0]<|—2] 67.|—8|>|—3]

69 |—6=|=2| 7T:7>|-2] B |-4l<6 75 [ 27
T |=9]

Solutions to trial exercise problems

27. Tz

-6-5-4-3-2-1 01 2 3 4586 7

For the location of 1/2, we use the approximation 1.414 from a
calculator.

3 Lo 1
3. — ]T = ,17 3.4 The values represent an approximation
of the coordinates, 40. —2 > —4, since —2 lies to the right of —4
on the number line. 46. —3 << 0, since —3 lies to the left of 0 on

the number line.

Exercise 1-4

Answers to odd-numbered problems
Iz =131 R S8 5= assig =5 9. 01 111316

1 1 3
13; =L IS = 17. 0 19. ” 21.3 23. 10
25. —44 27. —22 29, —10 31.10  33. 11 35. 15
37.7°C 39.332 41.2mb 43.99 45. —41°F
47. 364

Solutions to trial exercise problems

11. (—8.7) + (—4.9) = —13.6 The signs are the same so we add
their absolute values 8.7 + 4.9 = 13.6 and prefix this sum by their

1 I 1 .
common sign.  15. (—?> -+ (—?) = = The signs are the
1 1 1 2. 1432
ame add their absolute values — + — = — + — = ——
same 5o we a eir absolute values — = 5 3 6

=
2
21. 10 + (=5) + (—2) = 5+ (—2) = 3 The numbers were
added left to right.  23. (—12) + (—10) + (+8) + (+24)

= (—22) + (+8) + (+24) = (—14) + (+24) =10

34. Thesum of increased by 10

15 and —18

15 & (=18) o 10

I5+(—18) +10=—-3+10=7

44. Let 1 = the temperature at | P.M. To find the new temperature,
we must add the rise in temperature to the original temperature.
temperature  is  temperature rose 39°

i :
= Y = — and prefix this sum by their common sign.

at 1 PM. at 8 AM.
4 = =13 + 39
r=—13 + 39
t= 26

The temperature at 1 P.M. was 26° F.



Exercise 1-5
Answers to odd-numbered problems
L. —1 3.6 5. —12 T —5 9.—4 1114 13 -6

1
15: 7 17. 7 19. 2% 21. —9.4 23. —312 25. 301.8

27, =24 29.11 31.—53 33. 16 35 —3 3710
39. —8 41. —7 43. —38°C 45. —$372 47. 6 feet
49. —22 51.—9 53.60 5519 57.—13 59. —5
61. $8 63. 38° 65. l4yearsold 67. $245  69. 20,602 feet
71. $19

Solutions to trial exercise problems

13. (—6) + 0 = —6 The sum of zero and a number is that
number. 15. 7 — 0 =7 A number minus zero is that number.
26. (—12) — (—10) — (8) = (—12) + (10) + (—8)
=(—2)+(—8 =—10 38.12+3—16—10—(12+5)
=124+3—16—10—(17)=15—16 — 10 — (17)

—-—f— 10— (ID)= —11 — (17) = —28

65. Let a = the age that Erin will be in the year 2000. We must find
the difference between 2000 and 1986.

agein the s the difference

year 2000 between
2000 and 1986
a = 2000 — 1986
a = 2000 — 1986
a= 14

Erin will be 14 years old in the year 2000.

]

E P - -
EXercise 11—

a

Answers to odd-numbered problems

1. 15 S0 —28 & —ah) 36 19,20 11 =105

9 1
15. —13.769 17. —21l6 19.— 2. —

13. —4.32 .
16 +
23. —1200 25 144 2700 29,0 31. =56 33 —=5—4
35. —70 B37.3,—4 39,75 4L Eg—1 4343
45. 6,—3 47. $76  49. 1,050 people  51. $975 53. —892

55. 525¢ = $5.25  57. 700 gallons

Solutions to trial exercise problems

170 =300 )= (=38 = QL= S5) = =105,
negative answer because there were an odd number of negative factors
27. (—2)(0)(3)(—4) = 0 When zero is one of the factors, zero
will be the answer.  30. —16, 0 Since (—4)(4) = (—16) and

(—4) + (4) = 0, then —4 and 4 are the integers. 31. —30, 1
Since (—35)(6) = (—30) and (—35) + (6) = (1), then —5 and 6 are
the integers.  48. Assets (5)(—6), and his assets would change by
(—30) dollars.  57. Let g = the number of gallons of milk sold in 4
weeks. Since there are 28 days in 4 weeks, we must multiply 28 by 25
to determine the gallons of milk sold.

total gallons  is 28 days at 25 gallons

of milk sold per day
g = 28 2 25

g=28-25

g = 700

The grocer sold 700 gallons of milk.

Answers to Exercises 1-5—1-8 451

Exercise 1-7

Answers to odd-numbered problems

1.2 3. —8 5.2 7. —8 9. undefined 11.0

13. indeterminate 15. —7 17. —5 19. —2 21. —4
23.0 25. —3 27. undefined 29. indeterminate

31. —1°C 33. 6 hours 35. 9seconds 37. §4

39. 25 miles 41. 4°  43. 32 books 45. 12 minutes

Solutions to trial exercise problems

0 —4)—3
11._—9=0,since(—9)'0=0 IS‘.(—)(—):£

—6 —0
—4)(0 0
= —2; odd number of negative factors  22. %)- = =
; (=2=D 08 . ’
= 0,since (—8) -0 =0 26. ————— = — is undefined
(0)(4) 0
29. (;6& = 2 = indeterminate  33. number of hours
(=30 0

= numbe.r ok Fmies . Hence e 6; 6 hours.

rate of travel in miles per hour 47
45. Let m = the number of minutes it took Alice to run 1 mile. Since
there are 60 minutes in 1 hour, the race took 300 minutes + 12
minutes, which is 312 minutes. We must divide 312 minutes by 26

miles to determine the number of minutes per mile.

minutes per is number of  divided number
mile minutes by of miles
m = 312 == 26

m=312+-26=1
Alice ran 1 mile in 12 minutes.

Exercise 1-8
Answers to odd-numbered problems

1.16 3. —27 5 -3 7.—1 91 1.4 13. 26

12

5
15.0 173 .6 2L TOr 17 23. 11 25.46 27.2

29, 121 3L 25—4 33.96 35. —48 37.78 39.3

41. 38 43. 4 45.12 47. —1599 49. 3847 S1. 29

1 110
53.33 55. £ 57. 23—°'C 59, —or 15i square inches
288 ] 7 7
288

1
61. — or 7— inches
41

63. $374. 5. 8
a1 $37450 6

67. 2,728

Solutions to trial exercise problems

2. (=8P = (5= =5)(=3) — =) —5)

= (—125)(—5) = 625; positive since we have a negative number to
an even power 3. (—3)} = (—=3)(—3)(—3) = (9)(—3)

—27; negative since we have a negative number to an odd power
— N2 =—-(2.2)=—A=—4 17.0(5+2) +3

7)) +3=0+3=3 41.42—52—2(3 —4)

4(—3)2 — 2(3 — 4) = 4(—3)2 — 2(—1) = 4(9) — 2(—1)

=36 —2(—1) =36 — (—2) — 38 43.5(37_5)—3—73
) T T N G Y
=t ey g

—4 50 5[10 — 2(4 — 3) + 1] = 5[10 — 2(1) + 1]

—5[10 — 2 + 1] = 5[8 + 1] = 5[9] — 45

e




452 Answers to Chapter 1 Review—Exercise 2-2

“NT—4 5 3 el
22

=1-4=4 59.—-32—§-21= =

7 7

_ 498 88 198—88 110 5 .

= T = i Tor 157 square inches

65. Let p = the total number of pieces of lumber. Dividing the
16-foot board by 4 and the 12-foot board by 3 will give us the
number of pieces of lumber. If we add the number of pieces from
the 16-foot board to the number of pieces from the 12-foot board,

we will have the total number of pieces.

“'|BU-
2

total is number of combined  number of pieces
number pieces with from the 12-foot
of pieces from the board
16-foot
board
p = 16+4 + 12+ 3
p=a6 =4+ 12+ 3
=4+ 4 Priority 3
=38 Priority 4

There will be 8 pieces of lumber.

0
)

| review

i}
[*]
=3
[
. |
o)

-
b

=1

ol o i
b

2 5 2
9 —50r 8— 10. —acre 11. —cup
3 8 5

8 17 2
12. —or 1— s 4, — 15 — 16. 6— 17. —
7 or 13 1 620 15

7
< 1—2- 19. ?acre 20. 263.51
23. 143 24. $565.49  25. 7.86 acres  26. ~ 12.42 mpg
27. 10 28. 68.4 29.25 30. 78.72 31. {50,51,52,53,54,55!
32. {1,234} 33 {0} 34.1-3-—2-1,0123)

21. 31.795  22. 1,355.09

35. =t 36 = S
2 4. 2 2
<400 ~jo—¢otor>
—2=2—1 0 1 /2 3.4 =150y o o o3
37. 2

38. a1 i
5-4-3-2-101 2 3 4 5 6

39. < 4. < 4L > 42, < 43. > 44. > 45. —4
46. 3 47. —6 48.1 49. —6 50. 15 51. —4

52. —9 53.3 54.15 55 —21 56. 12 57, 24

58. —144 59.0 60. —7 61.2 62. —6 63. undefined
64. 0 65. indeterminate 66. —1 67. —9,—4

68. a.52,000 + (—3,000) + (—2,560) + (—3,300) b.$43,140
69. 40°  70. a. +9, +8, —5. —6 b.>, +6 c. 58°,

69 + (—11) =58 71.25 72. —64 73. —16 74. —27

75.98 76. —3 77.20 78.49 79. —9 80. 20

81. —14 82 27

Chapter 2

Exercise 2—-1
Answers to odd-numbered problems

1. 2terms 3. 3terms 5. lterm 7. 3terms 9. 2 terms
11. Iterm  13. 2terms  15. 5 is the coefficient of x2, 1 is
understood to be the coefficient of x, —4 is the coefficient of z

17. 1 is understood to be the coefficient of x, —1 is understood to be
the coefficient of y, —3 is the coefficient of z  19. —2 is the
coefficient of a, —1 is understood to be the coefficient of b, 1 is
understood to be the coefficient of ¢ 21. polynomial, binomial
23. not a polynomial because a variable is in the denominator

25. not a polynomial because a variable is in the denominator

27. polynomial, trinomial  29. b — 3a 31 y + 5

33. x(y +2z) 35.a—5F 37. (let x = the number) x — 12
39. (let x = the number) 3x + 1  41. (let x = the number)
2(x + 4)

Solutions to trial exercise problems
15x* + p
g — 2

2 has one term because the fraction bar is a grouping

a+b

symbol.  24. — cis a polynomial. A constant can appear in

1
the denominator, a variable cannot.  36. T of x, decreased by 2

1
times x would be Ex — 2x.  39. 3 times a number, increased by 1:

If we let x represent the number, then we would have 3x + 1.

Review exercises
1. =25 264 3-—2 € 15 5 23 @& 23

Exercise 2-2
Answers to odd-numbered problems

1.9 3.5 548 7.5 9.62 11.288 1361 450

20
17. =1 19. 1 21. —44 23.20 25.0 27.43 29. =

31. 160  33. 288 35. 54 37. 2,140 39. 114 41. 256

15,000 540 400 ¥
43. 6 45 At e BT S . B
? 857 13 33 = 10

55.5n+10d 57.a.p+12 b.p—5 59 258 —pn+m
61. % 63.p+2 65 12+t 67. 25000n — 2,000

69. (9.95)p + (12.99)g

Solutions to trial exercise problems

5. (Ba~+2b)a—¢)=[3C )+20 ) )—( N

= [3(2) + 200][(2) — (—2)] = [6 + 6][4] = [12][4] = 48
4. (4o +8) — @Ba—b)c+2d) =[4 )+ ( )]

—[BC Y= NI )+2( )] =142 + 3)]

— B2 — ON(=2) + 2(—3)] = [8 + 3]

— [6 = 31[(—2) + (=6)] = [11] — [3][—8] = [11] — [—24]
=353 I=pr; 1= ( ) ) )= (1,000)(0.08)(2) = (80)(2)
OR —lo0r O T = aang )

=160 39. 4= = - )
_ (12)2(100) — 120(5)* _ (144)(100) — 120(25)
(100) 100
_ 14400 — 3,000 _ 11,400 _ v oo, L)

100 100 : N’ )



- Solving Equations
and Inequalities

Bonnie has $3,000 invested at
8% simple interest per year.
How much more money must
she invest at 7% simple interest
if she wants an income of $660
per year ($55 per month) from
her investments?

fesel § i J 4 e ]
m Algebraic notation and terminology

Algebraic terminology

In section 1-3, we defined a variable to be a symbol that represents an unspecified
number. A variable is able to take on any one of the different values that it
represents. In the relationship

y = 2x
v and x are variables since they both can assume various numerical values.
A constant is a symbol that does not change its value. In the relationship
v=2x
2 is a constant. A number is a constant. If a symbol represents only one value,
that symbol is a constant.

Any meaningful collection of variables, constants, grouping symbols, and
signs of operations is called an algebraic expression. Examples of algebraic
expressions would be

Xy
S5xy, —, 20+ 2w 3x2 + 2x — 1, 5(a + 2b).
z
In an algebraic expression, terms are any constants, variables, or products or
quotients of these. Terms are separated by plus or minus signs.
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W= pom e q 7
B Example 2-1 A

Determine the number of terms in the algebraic expression.

The plus and minus signs separate the algebraic expression into
three terms

1. 522 + 2x — 1

There are three terms

1st 2nd 3rd
2. %t o R There are two terms
1st 2nd
3. 4x5y?zd There is one term
1st
b+ 2
4. a* + - , i _
d There are two terms since the fraction bar forms a grouping.
i 1 Observe that the second term has two terms in the numerator
Ist 2nd

» Quick check Determine the number of terms in 5 + x?y — z and
2x oz
4x — ——— .

yZ

=

In the expression Sxy, each factor or grouping of factors is called the
coefficient of the remaining factors. That is, 5 is the coefficient of xy, x is the
coefficient of 5p; 5x is the coefficient of y,; and so on. The 5 is called the numerical
coefficient, and it tells us how many xy’s we have in the expression.

Since we often talk about the numerical coefficients of a term, we will
eliminate the word “numerical” and just say “coefficient.” It will be understood
that we are referring to the numerical coefficient. If no numerical coefficient
appears in a term, the coefficient is understood to be 1.

The algebraic expression 6x — 3y + z is thought of as the sum of terms
6x + (—3y) + z, therefore 6 is the coefficient of x, —3 is the coefficient of y,
and 1 is understood to be the coefficient of z.

» Quick check What are the coefficients in the algebraic
expression a> — 2g + 4b? | |

A special kind of algebraic expression is a polynomial. The following are
characteristics of a polynomial.
1. It has real number coefficients.
2. All variables in a polynomial are raised to only natural number powers.
3. The operations performed by the variables are limited to addition,
subtraction, and multiplication.

A polynomial that contains just one term is called a monomial; a polynomial
that contains two terms is called a binomial; and a polynomial that contains three
terms is called a trinomial. Any polynomial that contains more than one term is
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called a multinomial, but no special names are given to polynomials that contain
more than three terms.

Determine if each of the following algebraic expressions is a polynomial. If it is a
polynomial, what name best describes it? If it is not a polynomial, state why it is
not.

1. x, 4x, 3, and 3x2y are monomials.

2. 3x + 1, x + y, and 81W? — 972 are binomials.
3. 5x3 + 2y — 1 and 22 + 9z — 10 are trinomials.
4

. 6x3 — 2x? + 4x + 1 is a polynomial of 4 terms.

=5 is not a polynomial since it contains a variable in the denominator.
%

Note We should simplify any expression, before identifying it. Also, in an
expression, the combining of all of the constant terms is understood to be a
single term. For example, x + 3 + = is thought of as x + (3 + #) and is a
binomial.

B Quick check Determine if each is a polynomial. If it is, what name best
describes it? If it is not, state why it is not.
2
Sxty + 2z; Sty E— -]
Z
Another way that we identify different types of polynomials is by the degree

of the polynomial. The degree of a polynomial in one variable is the greatest
exponent of that variable in any one term.

Determine the degree of the polynomial.

1. 5% Third degree because the exponent of x is 3
2xte— P2 - 3x — 5 Fourth degree because the greatest exponent of x in any one
termis 4

Note In example 2, the polynomial has been arranged in descending powers
of the variable. This is the form that we will use when we write polynomials in
cne variable.

3. 45 — A+ 3 Fifth degree because the greatest exponent of y in any one termis 5 B
g g [ Y Y

Algebraic notation

Many problems that we encounter will be stated verbally. These will need to be
translated into algebraic expressions. While there is no standard procedure for
changing a verbal phrase into an algebraic expression, the following guidelines
should be of use.

1. Read the problem carefully, determining useful prior knowledge. Note
what information is given and what information we are asked to find.

2. Let some letter represent one of the unknowns. Then express any other
unknowns in terms of it.
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3. Use the given conditions in the problem and the unknowns from step 2
to write an algebraic expression.

When translating verbal phrases into equations, we should be looking for
phrases that involve the basic operations of addition, subtraction, multiplication,
and division. Table 2—1 shows some examples of phrases that are commonly
encountered. We will let x represent the unknown number.

H Table 2-1

Phrase Algebraic expression

Addition

6 more than a number

the sum of a number and 6

6 plus a number

a number increased by 6

6 added to a number
Subtraction

6 less than a number

% SeSr s
a number diminished by 6
the difference of a number and 6
a number minus 6

a number less 6

a number decreased by 6

6 subtracted from a number

a number reduced by 6
Multiplication

a number multiplied by 6

6 times a number }

the product of a number and 6
Division

a number divided by 6

the quotient of a number and 6 }

6x

5
6

1
— of a number
6

= Py | L T A 5 =, X
B Exampie £—-1 £ Write an algebraic expression for each.

1. The product of a and b a-.b
2. The sum of ¢ and 4 a+ 4
—=

4
3. x decreased by 9 X =19
e 1

4. y divided by 3 3

5. A number increased by 6 n+6
e {

6. Two times a number and that product decreased by 5 2n
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B Quick check Write an algebraic expression for the product of x and y. Write

an algebraic expression for a number increased by 6. o

2x + 4)

Mastery points

Can you

B |dentify terms in an expression?
B |dentify a polynomial?

B Write an algebraic expression?

Exercise 2—1

=AW

Specify the number of terms in each expression. See example 2-1 A.

Jp— e
Examples 5 + x’y — z A2 — =
i T
T L
Solutions 1st 2nd 3rd 15t 2nd Terms are separated by plus and
Has three terms Has two terms minus signs
1. 3x + 4y 2. 5xyz 3. 4x2 + 3x — 1 4. x® — dxe 7
6x % 3y 15x2 + y
5: ? 6. ? 7. 8xp + 7 6x T
9. 5x3 + (3x* — 4) 10: 22 + a2(* — z) I (%~ 3y d2) 12, 7

13. a*(b + ¢) — Xy +2) 14 xz-l-J%-!-c
Determine the numerical coefficients of the following algebraic expressions. See example 2—1 B.

Example a*> — 2a + 4b

Solution 1 is understood to be the coeflicient of a2, —2 is the coefficient of a, 4 is the coefficient of b.

15. 5x2 + x — 4z 16. a*b + 4ab* — ab 17. x — y — 3z
18: 3x% — x2 22 19.. —2a— b + ¢

Determine if each of the following algebraic expressions is a polynomial. If it is a polynomial, what name best
describes it? If it is not a polynomial, state why it is not. See example 2-1 C.

2
Examples 5x%y + 2z SxZy + =
Z
Solutions It is a polynomial. Since there are two terms, Not a polynomial because a variable is used as a
it is a binomial. divisor (appears in the denominator)

1

20. ax* + bx + ¢ 21. mx + b 22. 53% & 2% 23 yrb—

X

+b +
B DA 26. 4x5 — Tx3 + 3x — 2 27. 9x5 + 2x2 + 4
C
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Write an algebraic expression for each of the following. See example 2-1 E.

Examples The product of x and y A number increased by 6

Solutions x -y Let J{C represent the number; hence x ﬁ- 6
28. The sum of ¢ and b 29. 3 times a, subtracted from b
30. 7 less than x 31. 5 more than y
32. The sum of x and y, divided by z 33. x times the sum of y and =
34. o decreased by 5 35. a decreased by b

1

> of x, decreased by 2 times x 37. A number decreased by 12
38. A number added to 4 3 times a number and that product increased by 1
40. A number divided by 5 41. 2 times the sum of a number and 4

42. A number decreased by 6 and that difference divided by 11

Review exercises
Perform the indicated operations. See section 1-8.
1. —52 2. (=8)2 300 —6-2
425 —5ca2 3 100-=1822 + 2 6. 28 — (8 — 12) — 32

L] & g, B B [ ] H = .
2-2 m Evaluating algebraic expressions

Substitution property

An extremely important process in algebra is that of calculating the numerical
value of an expression when we are given specific replacement values for the
variables. This process is called evaluation. To perform evaluation, we need the
following property of substitution.

Property of substitution

If @ = b, then a may be replaced by b or b may be replaced
by a in any expression without altering the value of the expression.

Concept
When two things are equal, they can replace each other anywhere.

We frequently need to evaluate algebraic expressions. By using the
substitution property and the order of operations, we can calculate the numerical
value of an algebraic expression. For example, to find the distance (d) traveled
when the rate (r) and time (7) are known, we use

= rt
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If the rate is 45 miles per hour and the time is 3 hours, we can substitute these

values into the expression as follows:

d = (45)(3) = 135

The distance traveled is 135 miles. We replaced the respective variables
representing rate and time with their values. We then carried out the indicated
arithmetic.

Note When replacing variables with the numbers they represent, it is a good
procedure to put each of the numbers inside parentheses.

Evaluate the following expressions for the given real number replacement for the
variable or variables.

1. x2 + 2x — 7, when x = 4
The expression would be ()2 + 2( ) — 7 without the x.
Substituting 4 for each x, we have (4)? + 2(4) — 7. Using the order of
operations, we have

=16 +2(4) — 7
=16+:8 — T
=24 =7

=115

Exponents
Multiply
Add
Subtract

Therefore the expression x2 + 2x — 7 evaluated for x = 4 is 17.
2.5a— b+ 2(c+d),whena=2,b=3,¢c= —2,andd = —3.

S —

b+ 2(c + d)

Criginal expression

= 5 )= B 200, 0 )] Expression ready for substitution
= 5(2) — (3) + 2[¢—2) + (—3)] Substitute

52y — Gy -+ 2[=35]
10 — (3) + (—10)
=74 (—10)

=3

Order of operations, groups
Multiply

Subtract

Add

3. 4ab — ¢* + 3d, whena=2,b=3,c= —2,andd = —3.

4ab — 2 + 3d Original expression
=4 Y Y—( X +3() Expression ready for substitution
= 4(2)(3) — (—2)2 + 3(—3) Substitute
= 4(2)(3) — (4) + 3(—3) Order of operations, exponents
=8(3) — 4 + 3(—3) Multiply
=24 — 4+ (—9) Multiply
=20 -+ (—9) Subtract
= 11 Add

» Quick check Evaluate 3a — 2(c — d) + bwhena =2, b= 3,¢c = —2, and

d=—3
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To evaluate an algebraic expression

1. Write parentheses in place of each variable.

2. Place the value that the variable is representing inside the
parentheses.

3. Perform the indicated operations according to the order of
operations.

Formulas

A formula expresses a relationship between quantities in the physical world, for
example, d = rt.

B Example 2-2 B Evaluate the following formulas for the real number replacements of the
variables.

1. The volume (V) of a rectangular solid is found by multiplying length () times
width (w) times height (%). The formula then reads V' = 2wh. Find the
volume in cubic feet if & = 12 feet, w = 4 feet, and A = 5 feet.

V = Rwh Original formula

Ha=t 0 ) Formula ready for substitution
V= (12)(4)(5) Substitute

V= (48)(5) Order of operations, multiply
V= 240 Multiply

The volume is 240 cubic feet.
2. If we know the temperature in degrees Fahrenheit (F), the temperature in
5 .
degrees Celsius (C) can be found by the formula C = ?(F — 32). Find the

temperature in degrees Celsius if the temperature is 86 degrees Fahrenheit.

5
Cc= ?(F — 32) Original formula

5 . -
C= ?[( ) — 372] Formula ready for substitution

5
c= ?[(86) = 37] Substitute

5 = >
(@ = ?(54) Order of operations, groups first
C =30 Multiply

The temperature is 30 degrees Celsius.

3. The perimeter* (P) of a rectangle is found by the formula P = 20 + 2w,
where £ is the length of the rectangle and w is the width. Find the perimeter
of the rectangle in meters if £ = 8 meters and w = 5 meters.

P=20+ 2w Original formula

P=20 Y20 ) Formula ready for substitution
P = 2(8) + 2(5) Substitute

P=16 + 10 Order of operations, multiply
P =26 Add

The perimeter of the rectangle is 26 meters.

*The perimeter is the distance around a closed geometric figure.
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4. A formula in electricity is [ = R’ where I represents the current measured

in amperes in a certain part of a circuit, £ represents the potential difference
in voltage across that part of the circuit, and R represents the resistance in
ohms in that part of the circuit. Find 7 in amperes if £ = 110 volts and

R = 44 ohms.

F— £ Qriginal formula
R

g Q Formula ready for substitution
()

f. (110) Substitute
(44)

7= B _ ZL Reduce and change to a mixed number
2

1
The current is 27 amperes.
- E
P Quick check Evaluate I = R when E = 220 volts and R = 11 ohms.

Subscripts

In some formulas, two or more measurements of the same unit may be given. It
is customary to label these by using subscripts. To illustrate, given two different
measurements of pressure in a science experiment, we might label them

P, and P,

The 1 and 2 are the subscripts. Subscripts are always written to the lower right
of the letter. The symbols above are read “P sub-one” and “P sub-two.”

Note Do not confuse a subscript, such as P, that helps distinguish between
different measurements, and an exponent, such as P?, that indicates the
number of times a given base is used as a factor in an indicated

product. Subscripts are written to the lower right of the

symbol. Exponents are written to the upper right of the

symbol.

P, P2

kSubscript \ Exponent

V. i .
1. In a science problem 1 ?1 , where V7 and V; represent different
2 2

measurements of volume and T, and T, represent different measurements of
temperature.
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1 1 1 1
2. In Ex = E -+ R_z + E , R1, Ry, and R; represent three different

measurements of resistance and R, represents the total resistance in the
electrical circuit.

G C
e when C; = 4and C; = 6. ]

B Quick check Evaluate C, = m =

Problem solving

The following sets of word problems are designed to help us interpret word
phrases and write expressions for them in algebraic symbols.

B Example 2-2 D Write an algebraic expression for each of the following word phrases.

1. Nancy can type 90 words per minute. How many words can she type in
n minutes?

If Nancy can type 90 words in one minute, then we multiply
90 . nor 90n
to obtain the number of words she can type in n minutes.

2. If John has n dollars in his savings account and on successive days he deposits
$15 and then withdraws $34 to make a purchase, write an expression for the
balance in his savings account.

We add the deposits and subtract the withdrawals. Thus
n+ 15— 34
represents the balance in John’s savings account after the two transactions.

3. A woman paid 4 dollars for a 30-pound bag of dog food. How much did the
dog food cost her per pound?

The price per pound is found by dividing the total cost by the number of

d
pounds. Thus the price per pound of the dog food is represented by 30 dollars.

¥ Quick check Express the cost in dollars of x cassette tapes if each tape costs
$2.95. B

— Mastery points

Can you

B Evaluate an algebraic expression?
m Evaluate a formula?

B Use subscripts?

B Write an algebraic expression?
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Exercise 2-2

77

Evaluate the following expressions if @ = 2, b = 3, ¢ = —2,d = —3. See example 2-2 A.

Example 3q — 2(c — d) + b

Solution =3( )—2[( )—( )1+ () Expression ready for substitution
=32 =22V =385 () Substitute
= 3(2) — 2(1) + 3 Order of operations, groups
—6— 23 Multiply
=7 Subtract and add
1. 2q Fib—"¢ 2. (a + b) 3. 3¢ — 2b— (c+ d)
4. a— 3(c + b) [5]Ga+26)@— o) 6. 2ab(c + d)
7. ac — bd 8. 3¢ — 2(3a + b) 9. 7a — d(6b + ¢)
10. (3a — 5¢)(2b — 44d) 11. (5¢ — 3a)(4d — 2b) 12. (5¢ — d)4a
13. 52 + 7b — 3c(a — d) (4a+b) — (3a — b)(c + 2d) 15. g — 2
16. b + 242 17. 3ab — 4c* + d 18. (c + d)?
19. (c — d)? 20. a?b? + Ad? 21. 3ac — 243
22, ab — ac 23. (ab)®* — (ac)? 24. (¢ — d)*(a + b)
25. a’b — 3d 26. ¢ — &3 27. 3d2 — 222
28. (3d — 3¢)®

Evaluate the following formulas. See examples 2-2 B and C.

F C] it Cz
Exampl = — _———
f =4 pies i ) 3 Cg Cl i Cz,
E=220and R = 11 Ci=4and C;, = 6
) ) (ot ) -
Solutions [ = ——~ C, = —————— Formulas ready for substitution
() NN
i —(220) = %(4)(6) Substitute
(11) (4) + (6)
= A 24 :
= — Order of operatiens
10
12
= — Reduce
3
E
29.12?,E=220andR=33 30 V=20wh, =7, w=35andh =6
I=prt,p = 1,000; r = 0.08;and t = 2 32. F=ma,m = 18anda = 6
33. W=1I)R,]=12and R = 2 4. V=k+g,k=24,g=9,ands = 4
1
35. A4 = —h(by + by), h = 6, b, = 8, and b, = 10 36. !=a+(n—1)da=2,n=14,andd = 3
DN

37. A=p+ pr,p = 2,000 and = 0.07 3. H=——,D=4andN=6
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— 120F*
—,E=5I=12,and R = 100

I’R

1
41. S=—5gt2,g=323ndt=4

V2= 18,P2= 12,andPl:36

3

Evaluate the following formulas. See examples 2-2 B and C.

45. Find the horsepower (4) required by a hydraulic
pump when it needs to pump 10 gallons per minute
(g) and the pounds per square inch (p) equal

3,000 Useh = 22

1,714°

46. The required ratio of gearing (R) of a milling

40
machine is given by R = (4 — N) - T where

N = required number of divisions and
A = approximate number of divisions. Find R
when A = 280 and N = 271.

In a gear system, the velocity (V) of the driving

gear is defined by V' = = , where v = velocity of

N

follower gear, n = number of teeth of follower gear,
and V = number of teeth of driving gear. Find V'
when v = 90 revolutions per minute, n = 30 teeth,
N = 65 teeth.

48. The tap drill size (7) of a drill needed to drill
threads in a nut is given by T = D — % , where
D = diameter of the tap and NV = number of
threads per inch. Find 7 with a %—inch diameter

tap and 13 threads per inch.

Ci G

40. C,=——,Ci=6and C; = 12
t € G 1 an 2

Ry R,
42. = —— R, = 8§ =12
2 Rr Rl +R2, 1 and Rz 1

T
44, Vo= —2 V=12, Ty =4, and T = 14

1

49. It is necessary to drag a box 600 feet across a level
lot in 3 minutes. The force required to pull the
box is 2,000 pounds. What is the horsepower (k)
needed to do this if horsepower is defined by h =
e-w
33,000 - ¢
w = force exerted through distance £, and ¢+ = time
in minutes required to move the box through £?

, where £ = length to be moved,

50. A pulley 12 inches in diameter that is running at
320 revolutions per minute is connected by a belt
to a pulley 9 inches in diameter. How many

revolutions per minute will the smaller pulley make
SD
if s = = where s = speed of smaller pulley and

d = diameter of smaller pulley, S = speed of
larger pulley and D = diameter of larger pulley?

Write an algebraic expression for the following word statements. See example 2-2 D.

Example Express the cost in terms of dollars and in terms of cents for x cassette tapes if each tape costs $2.95.

Solution If we are buying x tapes at $2.95 each, then we must multiply x by $2.95. The algebraic expression in
terms of dollars would be 2.95 - x and in terms of cents, it would be 295 - x.

51. Jim enters 85 keystrokes per minute on the
computer. How many keystrokes can he enter in
m minutes?

52. Express the cost in dollars of & gallons of heating

oil if each gallon costs $1.08.

53. A 10-pound box of candy costs y dollars. How

much does the candy cost per pound?

54. Mike paid $25 for a ticket to a play. If the play
lasted h hours, what did it cost him per hour to see
the play?

55.| Arlene has n nickels and 4 dimes in her purse.
Express in cents the amount of money she has in
her purse. (Hint: n nickels is represented by 5x.)

56. Jack has g quarters, d dimes, and » nickels. Express
in cents the amount of money Jack has.
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57. Susan is p years old now. Express her age (a) 12 65. If Larry is f feet and ¢ inches tall, how tall is Larry
years from now, (b) 5 years ago. in inches?

58. Ann is 3 years old. If Jan is » times as old as Ann, 66. John earns $1,000 more than twice what Terry
express Jan's age. Express-Jan’s age 8 years ago. earns in a year. If Terry earns d dollars, write an

59. Bill’s savings account has a current balance of expression for John’s annual salary.
$258. He makes a withdrawal of n dollars and then 67. Jean’s annual salary is $2,000 less than » times
makes a deposit of m dollars. Express his new Lisa’s salary. If Lisa earns $25,000 per year,
balance in terms of » and m. express Jean’s annual salary.

60. Paula has a balance of » dollars in her checking 68. Express the total cost of purchasing x cans of tuna
account. She makes a deposit of $36 and then at 69¢ per can on Friday and y cans of the same
writes 3 checks for m dollars each. Express her new tuna at 57¢ per can on Saturday.
balance in terms of # and m. 69. A gallon of primer paint costs $9.95 and a gallon of

61. Pete has ¢ cents, all in half-dollars. Write an latex-base paint costs $12.99. Express the cost in
expression for the number of half-dollars Pete has. dollars of p gallons of primer and g gallons of latex-

62. If x represents a whole number, write an expression base paint.
for the next greater whole number. 70. Paula enters x calculations per minute on the

63. If y represents an even integer, write an expression calculator and Leigh enters 7 calculations per

minute less than Paula. Write an expression for the

for the next greater even integer. : ! g :
number of calculations Leigh enters in 35 minutes.

If z represents an odd integer, write an expression
for the next greater odd integer.

Review exercises
Perform the indicated operations. See sections 1-4 and 1-5.

1. (=12)<F'6 2. 4+ (—8) 300 = 138

4.9 — (—9) 5.0 —=0=1(=—=6) 6. (—14) + (—7)

D A s fopeem o = alallEdn o pn = pn ol @ppfodipem =g e na
£=—> B Algepraic aadition and suUtraction

Since algebraic expressions (including polynomials) represent real numbers when
the variables are replaced by real numbers, the ideas and properties that apply to
operations with real numbers also apply to algebraic expressions.

The distributive property

The distributive property is the only property that establishes a relationship
between addition (or subtraction) and multiplication in the same expression. The
distributive property allows us to change certain multiplication problems into
sums or differences.

— Distributive property
For every real number &, b, and ¢,
alb + c)=ab + acanda(b — c) = ab — ac

Concept

If a number is being used to multiply the sum or difference of two
others, it is ““distributed’” to them both. That is, it multiplies them
both.
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B Example 2-3 A The following are applications of the distributive property.

]

Each term inside the parentheses is multiplied by 3

f ¥
B =135
=12+ 15

=27

1. 3(4 + 35)

Note Since we are able to add the numbers inside the parentheses, our
solution without using the distributive property would be

3(4 + 5) = 3(9) = 27

2. 2(3 + a)

Il
Ot

"Bt 2oa

+ 2a

Note In this example, we could not add the numbers inside the parentheses.
Therefore the multiplication could only be carried out by using the distributive
property. |

We are now going to use the distributive property to carry out addition and
subtraction of algebraic expressions and to remove grouping symbols.

Like terms

We first need to define the types of quantities that can be added or subtracted.
We can add or subtract only like, or similar, quantities. Like terms or similar
terms are terms whose variable factors are the same.

Note For two or more terms to be called like terms, the variable factors of
the terms, along with their respective exponents, must be identical. However
the numerical coefficients of these identical variable factors may be different.

B Example 2-3 B 1. 342%b® and —24a%h? are like terms because the variables are the same (a and b)
and the respective exponents are the same (& is to the second power in each
term and b is to the third power).

2. 2x2%y and 2xy? both contain the same variables but are nor like terms because
the exponents of the respective variables are not the same.

L1

P Quick check Are 4a®b* and 4a3b* like terms?

Addition and subtraction

Using the definition of like terms and the distributive property, we are ready to
carry out addition and subtraction of algebraic expressions. Consider the
following example:

3a + 4a
Using the distributive property, the expression can be written
da+da=(3+4)a=Ta

Note The process of addition or subtraction is performed only with the
numerical coefficients. The variable factor and its exponent remain unchanged.



|

=

=
=

-

2

]
)

f

mple

o

|
13V

Section 2-3 Algebraic Addition and Subtraction 81

— Combining like terms

1. Identify the like terms.

2. If necessary, use the commutative and associative properties to
group together the like terms.

3. Combine the numerical coefficients of the like terms and multiply
that by the variable factor.

4. Remember that y is the same as 1 - y and —y is the same
ds e

Perform the indicated addition and subtraction.

3. y+3y—2

=(1+3-2y

L 3x<F Tx Identify like terms

= (5 =+ 7)x Distributive property

= 12x Add numerical coefficients
2. 4ab + 3ab Identify like terms

= (4 + 3)ab Distributive property

= Tab Add numerical coefficients

Identify like terms
Distributive property

Combine numerical coefficients

4. 2x + 6y + 5x — 3y

=2x% + 3x + 6y = 3y
(2x + 5x) + (6y — 3p)
=(2+ 5)x+ (6 —3)y
= Tx + 3y

Identify like terms
Commutative property

ll

Associative property
Distributive property
Combine numerical coefficients

Note Because of the commutative and associative properties, we can
rearrange the expression and combine like terms.

5. 6x2 — 4x + 3x — 2x2 = (6x2 — 2x%) + (—4x + 3x)
=(6—2)x2+ (—4 + 3)x
=4x? — lx = 4x* — x
6. 5x%y% — 2xp? + 3x%2 + Sxp* = (5x%? + 3xH?) + (—2x% + Sxp?)
= (54 3DxH? + (=2 + S)x)?
= 8x%? + 3xy?

Note After sufficient practice, we should be able to carry out the addition
and subtraction by grouping mentally.

Like terms

ST
7. a?b + 5ab? — 4a*b + 3ab?

I

(1 — 4)a2b + (5 + 3)ab?
= —3a%b + 8ab?

Like terms

» Quick check Perform the indicated addition and subtraction:
3¢ — 2b + a + 5b; 3a2 4+ 5a — 2a* — a |
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Grouping symbols

In chapter 1, we learned that any quantity enclosed within grouping symbols is
treated as a single number. We are now going to use the distributive property to
remove grouping symbols such as (), [ ], and{ }. Consider the following
examples:

1. The quantity (2¢ + 3b) can be written as 1 - (2a + 3b). Applying the
distributive property, we have

1(2a +3b) =1-2a+1-3b=2a+ 3b
2. The quantity +(2a + 3b) can be written as (+1) - (2a + 3b) giving
(+1)(2a + 3b) = (+1)-2a+ (+1)-3b=2a + 3b
3. The quantity —(2a + 3b) can be written as (—1) - (2a + 3b) giving
(—DQ@a+3b)=(—1)"2a+ (—1)-3b= —2a — 3b

— Removing grouping symbols

1. If an expression inside a grouping symbol is preceded by no symbol
or by a “+" sign, the grouping symbol can be dropped and the
enclosed terms remain unchanged.

2. If an expression inside a grouping symbol is preceded by a “—*'
sign, when the grouping symbol is dropped, we change the sign of
each enclosed term.

B Example 2-3 D Remove all grouping symbols and perform the indicated addition or subtraction.
1. (3x2 + 2x + 5) + (4x2 + 3x + 6) Remove grouping symbols
=3x2+2x+5+4x2+3x+ 6 Enclosed terms remain
unchanged
= (3x? +4x3) + (2x + 3x) + (5 + 6) Associative and commutative
properties
=B+ DHx2+ 2+ 3)x+ 11 Distributive property
= Tx2 + 5x + 11 Combine numerical
coefficients
2. Bxr—xt4)— (2% —5x—T) Remove grouping symbols
=3x*—x+4—2x*+ 5x + 7 Change the sign of each term

contained in the second set of
parentheses

=B -2+ (—x+5x)+ @4+ 7) Associative and commutative

properties
=3 — 2)x* + (—1 + 5)x + 11 Distributive property
= 1x2 4+ 4x + 11 Combine numerical
coefficients
=x2 + 4x + 11 x2 is the same as 1x2

Note In the following examples, we will mentally add or subtract the like
terms.
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3. (a® + 2ab + b*) — (3a* — 4ab + b?)
= g? + 2ab + b* — 3a@® + d4ab — b?

Remove grouping symbols

Change the sign of each term
in the second parentheses

= (a* — 3a?) + (2ab + 4ab) + (b* — b?)  Associative and commutative

properties
= —2q* + 6ab + 0 Combine like terms
= —2q* + 6ab No b2 is left
4, (SR2— 2R+ 3) — (6RE+6R — 1) Remove grouping symbols
Like terms

[ 1
:8R2—2{2+3—6R2—6$+1

Change the sign of each term
in the second parentheses

Like terms

Like terms

= 92R2 — &R + 4 Combine like terms

P Quick check Remove all grouping symbols and perform the indicated addition
or subtraction: (5x2 4+ 2x — 1) — (3x2 — 4x + 3) =

There are many situations where there will be grouping symbols within
grouping symbols. In these situations, it is usually easier to remove the
innermost grouping symbol first.

Remove all grouping symbols and perform the indicated addition or subtraction.

1. 2x — [p -+ {x— =)
= 2% — [yt x—z]
=2x — P =t

=x—y + = Combine like terms

2: 2a — [3b— (2a — H)]
= 2a — [3b — 2a + b]

Remove parentheses first

Next remove brackets

Remove parentheses first

= 2a — [4b — 24] Combine like terms within the brackets
=2a — 4b + 2a Remove brackets
= 4a — 4b Combine like terms

Note After removing the parentheses, we added the like terms betore
removing the brackets. Simplify inside grouping symbols as much as possible
before going on.

3. (AR =28) — [3R— (R — 8)]
=3R— 28— [5R— Rt 8] Remove both sets of parentheses
=3R— 25 — [4R + §] Combine like terms within brackets
=3R— 28 —4R— S Remove brackets
= —R— 38 Combine like terms

Note There were two separate sets of grouping symbols here. As long as they
are separate, we may remove both sets at the same time.

P Quick check Remove all grouping symbols and perform the indicated additio
or subtraction: Sa — {2a + [5b — 3a]} [ |
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Mastery points

Can you

B [dentify like terms?

B Add and subtract algebraic expressions?
B Remove grouping symbols?

For the groups of terms, write like or unlike. See example 2-3 B.

Example 4a®b? and 44353
Solution Both contain the same variables but are unlike because the exponents of the respective variables are not

the same.

1. 3a, —2a 2. 5% Tx 3. 4a?, a?
4. b3, —2b3 5. 242, 24 6. 4x, 4x2

Perform the indicated addition and subtraction. See examples 2-3 A, B, and C.

Examples 3a — 2b + a + 5b 32 b oa = 2at —a
Solutions = (3a + a) + (—2b + 5b) = (3a® — 2a%) + (5a — a) Commutative and associative properties
=3+ e+ (—2 + 5 =3 2)aX L (5 = l)a Distributive property
= da + 3b = 1a* + 4a Combine numerical coefficients
= g% + 4a
T BT S S b 8. 8y —y+ 2
9. 40 — 2b + 9ag + 4b 10. @ + 4b + 6a — 8b
11. 3x + 4x + 7x 12. 2a*h — 4a%b + 6a%b
13. 4ab + 11ab — 10ab — 8ab 14. & + d — 3d* + d* + 4a°
135 5ok P — L6k 16. 5x%y — 3xy + 5y + 6xy — x%y
17. a?b — b — ab® + 2a® — 5ab? 18, x + 2% — 5 +a¥— 2x — 2572
[19]3a + 6 + 20 — 5c — b — 242 + 84 20. 3a + 8a — 6a + 9a
21. 3a + 8h — 6a — 17b 22. 28ab — 73ab + ab + llab — 9ab
23. 4x2 —p2 — 2+ 12)72 24. 5a + 4a® — 2a — a?
25. x2 4+ 5x — 8x + 2x? 26. 8ab + Ta?’b + 6a’h? — 4a%b
27. x¥? + 9xy — 2x%y — 4dxy 28. a*b + 8ab + 3a*b — 4ab?

29. x2+ 5x — 6 + Tx* — 3x + 7 30. 6a> — 5a + 3 — 2a* — 4a + 8
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Remove all grouping symbols and combine like terms. See examples 2-3 D and E.

Example (5x2 + 2x — 1) — (3x2 — 4x + 3)

Solution = 5x2 + 2x — 1 — 3x* + 4x — 3 Change the sign of each term in the second parentheses
— G =2 el == Zhalias =1l — 3 Commutative and associative properties
= 2x%* + 6x — 4 Cembinie like terms

Example 5a — {2a + [5b — 3a]}

Solution = 5a — {2a + 5b — 3a} Remove brackets
= 5a — {—a + 5b} Combine like terms within braces
= 3a+ a— 3b Remove braces
= 6a = 5b Combine like terms
31. (2x + 3y) + (x + 5y) 32. (4a — b) + (3a + 2b)
33. (5x +y) — (3x — 2y) 34. (7x — 3y) — (5x — 6y)
35. Ba— b+ 4c) —(a—2b— o) 36. (4x — 3y — 2z) — 3x — 4y — z)
37 (8x - 3y —dz) — (6x' — v — 4z) 38. (Ta — b — 3¢) — (5a — 4b + 3¢)
39. (2x%y — xp* + Txy) + (xp? — 5x%y + 8xy) 40, (5x* — %) — ox* — 332) — (Bx% + %)
41. (84® — 2a%h + 4ab® — 6b%) — (4a® — 3ah — 2ab® — b3)
42. (13a — 24bc) + (46bc — 16a — 26d) 43. (48a + 3b) — (—22a — 6b)
44. (3x%y — 6xy + 32z) + (Txy — 3x%y) (8xy + 99%2) — (13xy — 14yz)
46. (18a + 315) — (23a — 14bc) 47. (a —3b+2) —(a+ 5p — 8)
48. (2x + 6z — 10y) — (8y + 3z — 6x + 4) 49. (3a — 2b) — (a + 4b) — (—a + 3b)
50. (5xy — y) — Byz + 2xy) + (3y — 4xp) 51. (7x2 — 2y) + (3z — 4y) — (4x%2 — 6y)
52.| 2x — [3x — (5x — 3)] 53. x — 1 + [2x — (x — 1)]
54, 30+ [2a — (a — B)] 55. 5x — [4a + 3b + (x — 2y)]
56. 2a — [a — b — (3a + 2b)] 57. 5a — (@ + b) — [2a — b — (3a + 5b)]
58. x = [y+ @x =30 + [2x — ] 59.| —[4a + 7b — (3a + 5b)]
60. 6x — {5a + y + (4x — Ty)} 6l. 2a + [a— (b — )] — [2a — (b — ¢)]

62. 3x — [6x — (4x — 3y)] — [4y — 3x]

Review exercises

Write an algebraic expression for each of the following. See section 2—1.

1. The product of x and 3 2. 6 times the sum of g and 7
3. y decreased by 2 and that difference divided by 4 4. A number multiplied by 5
5. A number diminished by 12 6. A number divided by 8 and that quotient decreased

by 9
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2-4 1

ubtraction property of equality
Equations

An equation is a statement of equality. If two expressions represent the same
number, then placing an equality sign, =, between them forms an equation. The
following diagram is used to show the parts of an equation.

3¢ — [i= 2065

N — N s
Left member of Right member of
the equation the equation
ua

A mathematical statement is a mathematical sentence that can be labeled
true or false. 2 + 3 = 5 is a true statement, and 3 + 4 = 8 is a false statement.
Other mathematical sentences, such as

2+x=8and4 — x =17,

cannot be labeled as true or false. Such sentences are called open sentences. The
truth or falsity of the sentence is ““open’ since we do not know the value that the
variable represents.

Solution set

A replacement value for the variable that forms a true statement is called a root,
or a solution, of the equation. We say that a root of the given equation satisfies
that equation. The solution set is the set of all values for the variable that cause
the equation to be a true statement.

To check the solution of an equation

1. Substitute: Replace the variable in the original equation with the
solution.

2. Order of operations: Perform the indicated operations.

3. True statement: If step 2 produces a true statement, the solution
is correct.

Determine if the given value is a solution of the equation.

1. 2 4+ x = Bwhenx = 6
If we replace x by 6 in the equation and simplify,

2+ x=28
2+ (6) =28
8=28

the equation is true. Then 6 is the root of the equation. The only solution to
this equation is 6, and the solution set would then be {6}.

2.4 —x=T7whenx = —3
If we replace x by —3 in the equation and simplify,

4 —x=17
4—(-3) =7
7=1

the equation is true, and —3 is the root of the equation. The solution
set is { —3}.
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» Quick check Determine if the equation 3x + 3 = 6 is true when x = 1.
Determine if the equation 2x — 1 = 3 is true when x = 4. s

Types of equations

An equation that is true for some values of the variable and false for other values
of the variable is called a conditional equation. The equation 2 + x = 8 isa
conditional equation since it is true when x = 6 and false otherwise.

If the equation is true for every permissible value of the variable, it is called
an identical equation, or identity. For example,

20x+3)=2x+6

is true for any real number replacement for x and is thus an identity. Properties
such as

at+b+e)=(a+b)+canda-b=b-a

are further examples of identities.

We will study conditional equations in this chapter. These equations will be
first-degree conditional equations, also called linear equations. A linear equation
is an equation where the exponent of the unknown is 1 and the solution set will
contain at most one root. The equations 2 + x = 8§ and 4 — x = 7 are linear
equations since the variable, x, is to the first power. There is only one
replacement value for the variable that will satisfy each equation. That is, for
2 + x = 8, the solution set is {6} since 2 + (6) = 8, and for 4 — x = 7, the
solution set is {—3} since 4 — (—3) = 7.

Equivalent equations

So far we have looked at such linear equationsas 2 + x = 8 and4 — x = 7
for which the solution sets could be determined by inspection. Unfortunately,
the majority of equations cannot be solved by inspection. We must develop a
procedure for finding the roots.

If we wish to solve a more complicated equation, such as

2ikx = 3 —dl = 2 + 4ot )

the solution is not so obvious. To solve such an equation, we go through a series of
steps whereby we form equations that are equivalent to the original equation
until we have the equation in the form x = n, n being some real number. These
equations that we form are called equivalent equations. Equivalent equations are
equations whose solution set is the same.

W Example 2-4 B The following are equivalent equations whose solution set is {6}.
1.2 +x +3x —4=2x +4-+x 2.4x —2=3x + 4
3. x—2=4 4. x =6 E
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Addition and subtraction property of equality

Since an equation is a statement of equality between two expressions, identical
quantities added to or subtracted from each expression will produce an equivalent
equation. We can state this property as follows:

— Addition and subtraction property of equality
For any algebraic expressions a, b, and c,
ifa=b,thena+c=b+canda—c=b—c¢

Concept
We can add or subtract the same quantity in each member of an
equation and the result will be an equivalent equation.

Consider the equation x — 2 = 4. To determine the solution by means
other than inspection, we want to form an equivalent equation of the form x = n.
This can be done by applying the addition and subtraction property of equality.
We add 2 to both members of the equation and then simplify each member

separately.
% 2=
x—2+2=4+2
xX=6

The root is 6, and the solution set is represented as {6}.
Check: (6) — 2 = 4 Substitute

4 =4 True
B Example 2-4 C Find the solution set and check the answer.
1. X —="0=1 Check:
x— S5+ S5=T735 Add 5 to both (12)—5 =17 Substitute
members 7= Triie
0= 12 Additive inverse
x=12 Solution
The solution set is {12}.
2. x+4=12 Check:
x+4—4=12 — 4 Subtract 4 from &) +4=12 Substitute
both members 12 = 12 True

x =38 Solution

The solution set is {8.

Note Subtracting 4 is the same as adding —4. Either method may be used,
but we must remember to perform the operation to both members of the

equation.
3. xi— 8 = —I1 Check:
x—8+8=—11+8 Add8toboth (—3) — 8 = —11 Ssubstitute
members —11 = —11 True
X = 3 Solution

The solution set is {—3}.
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4. = e T Check:
2—T=x+T =1 Subtract 7 from 2=(—5+7 Substitute
both members 2=2 True
—5=x Solution

The solution set is {—5}.
B> Quick check Find the solution set for x — 7 = 12 and check the answer. E

Symmetric property of equality

The symmetric property of equality is also useful in finding the solution set of
equations.

Symmetric property of equality
ifa=b, thenb =a

Concept
This property allows us to interchange the right and left members of
the equation.

In example 2—4 C—4, instead of leaving the equation as —5 = x, we could
use the symmetric property and write the equation as x = —35.

We can see that our goal in solving an equation is to isolate the unknown in
one member of the equation and to place everything else in the other member.
This forms an equation of the type x = n. When the unknown appears in both
members of the equation, we use the addition and subtraction property of
equality to form an equivalent equation where the unknown appears only in one
member of the equation.

Find the solution set and check the answer.

1. 5x —4=4x + 3
Sx —4 —4=4x —4x+ 3 Subtract 4x from both members
x—4=3
x—4+4=3+4 Add 4 to both members

x =17

Check: 5(7) — 4 =4(7) + 3 Substitute
35 —4=28 +3 rder of operations

31 =31 (True) Solution checks

The solution set is {7}.

2. 6x — 4 ="Tx + 2
bx —ibxi— 4 = Tx —6x = 2 Subtract 6x from both members
—4=x+2
e e Subtract 2 from both members
—6 = x
x= —6 Symmetric property
Check: 6(—6) — 4 =7(—6) + 2 Substitute
—36 —4=—42 + 2 QOrder of operations
—40 = —40 (True) Checks

The solution set is {—6}.
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B Example 2-4 E

3. —2x—5=—3x+14
—2x +3x— 5= —"3%11 3x+4
x—5=4
x—5+5=44+5
x=9

Add 3x to both members

Add 5 to both members

Note A good habit for us to develop is to form equivalent equations in which

the unknown appears only in the member of the equation that has the greater

coefficient of the unknown. This will ensure a positive coefficient for the

unknown.

Check: —2() — 5= —3(09) + 4
—18 — 5= =27+ 4

—23 = —393

The solution set is {9}.

(True)

Substitute
Order of operations

Solution checks

» Quick check Tind the solution set for 4x — 2 = 3x + 5 and check the

solution.

Sometimes it is necessary to use the associative, commutative, and
distributive properties to perform indicated operations in one or both members of

an equation. This will simplify the equation before the addition and subtraction

property of equality is used. Consider the examples that follow.

Find the solution set.

L. Sxi— 4 -F 200 = 6x—16 -+ 11

Tx —4=6x+5

Tx—6x —4=6x—6x 1+ 5

xX—=4=25
x—4+4=5+4
x=9

The solution set is {9/.

2 3x =2(2x — 4)
Ix=4x — 8
3x — 3x =4x — 3x — 8
d=x—3
0+8=x—8+8
8§ =x
x =28

The solution set is {8].

3. 33x — 1) + 4 = 2(4x + 3)
9x —3+4=8x+6
9x + 1 =8x + 6

9x — 8x +1=8x—8x + 6

x+1=6
x+1—1=6—1
x=25

The solution set is {5}.

Simplify

Subtract 6x from both members

Add 4 to both members

Simplify
Subtract 3x from both members

Add 8 to both members

Symmetric property

Simplify
Simplify
Subtract 8x from both members

Subtract 1 from both members

B Quick check Find the solution set for 5x + 2x — 4 = 6x + 7 and for

32x+ 1D)=x+4x—2

|

|
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Problem solving

We are now ready to combine our ability to write an expression and our ability to
solve an equation and apply them to solve a word problem. While there is no
standard procedure for solving a word problem, the following guidelines should
be useful.

— Solving word problems

1. Read the problem carefully. Determine useful prior knowledge and
note what information is given and what information we are asked
to find.

2. Choose a variable to represent one of the unknowns and then
express other unknowns in terms of it.

3. Use the given conditions in the problem and the unknowns from
step 2 to write an algebraic equation.

4. Solve the equation for the unknown. Relate this answer to any other
unknowns in the problem.

5. Check your results in the original statement of the problem.

B Example 2-4 F Solve the following word problems by setting up an equation and solving it.

1. A number increased by 16 gives 24. Find the number.

Let n = the number we are looking for. The key words to use are ““increased
by,” which means add, and “gives,” which means equals. The equation is then

anumber increasedby 16 gives 24
n aF 16 = 24
n+ 16 = 24
n=2=8 Subtract 16 from each member
The number is 8.
2. Joan earned $15 less than Mary did last week. If Joan earned $342, how
much did Mary earn?

Let d = the amount that Mary earned last week. The key words are “‘less
than.” Since Joan earned $15 less than Mary, the equation is given by

Mary's salary  less $15 is Joan's salary
d = 342
d— 15 =342
d = 357 Add 15 to each member

(|

Mary earned $357 last week.

— Mastery points

Can you

®m Determine if a given number is a root of an equation?
B Use the addition and subtraction property of equality?
m Simplify equations?

® Solve for an unknown?

m Check your answer?
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Determine if the given value is a solution of the equation. See example 2-4 A.

Examples 3x + 3 = 6; {1} 26 — 1 =3 {4}
Solutions 3(1) + 3 = 6 substitute 2(4) — 1 = 3 substitute
3 + 3 = 6 Order of operations 8 — 1 =3 Order of operations
6 = 6 Checks T =3 Does not check
1. 4+ x = 8;{4} 2.3 —x=4{-1} 3. x +7=10;{3}
4
4. 3x — 2 = 4; {2} 5. 8x + 6 = 2x — 6; {—2] 6. —x + 2 = 10; {10}
3 7
7. Tx — 3 = 2x + 2;{—2} 3x+2=5x—l;[?} 9.2(x~1)=4x+5,[—7}
2
10. 5x — 1 = 11x — 1; {0} 11.%—2=3x+1;{1} 12.%—1=%+3;{2}

Find the solution set by using the addition and subtraction property of equality. Check each solution. See examples

2-4 C and D.

Examples x — 7 = 12

4x —2=3x+5

Solutions x — 7 +7=12 + 7 Add 7 43¢ P =3¢ — Iy 5 Subtract 3x
x =19 x—=2=35
x — 2 £ 2=5-+ 2 Add 2
X =
Check: (19) — 7 = 12 Substitute Check: 4(7) —2=3(7) + 5 Substitute
12 = 12 (True) Checks 28 — 2= 21 + 5 Order of operations
- . 26 = 26 (True) Checks
The solution set is {19}. o lwionceis 7L
13. x — 4 =12 4. y — 7= 11 15. a+5=2 16. b +5=17
17. y — 6 = —8 18. 5=x+ 7 19. 9 =x + 14 20, a— 5= —2
21 —10=x—4 2. a— 18 = —14 23]5 + 7 = 24. y —14=0
25.3x —4=2x+ 10 26: 6x — 5 = 5x+ 11 2l.b+4=2b+5
8] v —6=-2 +1 39) —7 —8 — —27 — 4 30. 5— 3x = 7 — 4x
31. 9 — 7a = 14 — 6a 32. 32 —5=20—2

Find the solution set. See example 2—4 E.

Examples 5x +2x — 4 = 6x 1+ 7

32x+ 1D)=x+4x— 2

Solutions g = (G S Combine like terms 6x + 3 = 5x— 2 Simplify
Tx —6x—4=6x — 6x+ 7 Subtract 6x 6x —5x+3=5%x—5x—2 Subtract 5x
x—4=17 X3 = 7
% = Add 4 X33 — 013 Subtract 3
x =11 i = =3

The solution set is {11}.

The solution set is {— 5.
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33. 6a—3a+7=9a— 5a+ 2 34, —4x —2x + 1= —5x+ 7 35. 7b —2b+ 5 — 4b =11

36 12=6x+3 —4x— x 37 —d—x = dx 42— 6x [38] 5t + 2) = 4x — 1)

39. 20y — 1) =3 +2) _ 40. 53x + 2) = 7(2x + 3) 41, 5x — 4 + x = 5(x — 2)
42.30x+ 1) —7=5x— 4 4 Mats)— Q2 3a—3 44. 96 +7) — 8b +2) = —4
[45]3:+ 7 -6 +22 =06 46. 4(x —5) — Bx+4) = —2  47.2a—3)—(a—2) =8
48. 5(a+ 1) — (4a + 3) = 14 49. 2(3x — 1) + 3(x + 2) = 4(2x + 5)

50. 3(4x — 5) + 2(x — 4) = 3(5x + 2) 51 —2(b+ 1) + 3(b — 4) = —5

52. —3(x —2) + 4(x—35) = —7

Solve the following problems by setting up an equation and solving for the unknown. See example 2—4 F.

53. A number increased by 11 yields 37. Find the Pam deposits $42.50 in her checking account. If her
number. new balance is $125.30, how much did she have in

54. If a number is decreased by 16, the result is 52. her account originally?
Find the number. 59. Mr. Johnson took in $560 on a given day in his

55. If Gary’s age is increased by 4 years, he is 37 years grocery store. If he paid out_$195 to i{1s employees
old. How old is Gary now? in wages, how much profit did he realize?

56. Harry is 6 years older than Dene. If Dene is 54 60. Marsha can groom 11 more dogs per day than
years old, how old is Harry? Margaret can. If Marsha can groom 24 dogs per

day, how many dogs per day can Margaret groom?
57. If Jake withdraws $340 from his savings account, g e 4 S

his balance will be $395. How much does Jake have
in his savings account now?

Review exercises

Perform the indicated operations. See sections 1-6 and 1-7.

—8 6 1 1
1. (—2)(—8) 2. (—4)(3) 3. = 4. = 5. (?)(3) 6. (_T)(4)

= ==z e T == et iy r 2 £ rm e e
2-5 m The multiplication and division property of equality

Multiplication and division property of equality

In section 2-4, we used the associative, commutative, and distributive properties
to simplify equations. We then used the addition and subtraction property of
equality to solve for the unknown. These properties are sufficient to solve many of
the equations that we encounter. However we cannot use them to solve such
equations as

2

3x =21 of —x = 12
3
Recall that we want our equation to be of the form x = n. This means that

the coefficient of x must be 1. To achieve this, we make use of the multiplication
and division property of equality.
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— The muitiplication and division property of equality
For any algebraic expressions a, b, and ¢ (¢ # 0)
ifa=bh thena-c=b-canda ~c=hb=+c

Concept
An equivalent equation is obtained when we multiply or divide both
members of an equation by the same nonzero quantity.

The multiplication and division property of equality enables us to multiply
or divide both members of an equation by the same nonzero quantity. In the
equation 3x = 21, we use the multiplication and division property of equality to
divide both members of the equation by 3. This forms an equivalent equation
where x has a coefficient of 1, that is, x = n.

3x =21
Ix 21
— = = Divide both members by 3
3 3
x=17

The solution set is {7}.

7
For the equation 3% 12, recall that when we divide by a fraction, we

invert and multiply. Therefore, if the coefficient is a fraction, we will multiply
both members of the equation by the reciprocal, or the multiplicative inverse, of
the coeflicient.

Multiplicative inverse

The multiplicative inverse of a number, also called the reciprocal of the number, is
such that when we multiply a number times its reciprocal, the answer will be 1.

— Multiplicative inverse property
For every real number g, a # 0,

1
a——=1
a
Concept

Every real number except zero has a multiplicative inverse, and the
product of a number and its multiplicative inverse is always 1.

Note Zero is the only number that does not have a reciprocal. From the zero
factor property, we know that zero times any number is zero. Therefore there
can be no number such that zero times that number gives 1 as an answer.

a-0=0

B Example 2-5 A The following examples are illustrations of the multiplicative inverse property,
where the second number can be considered the reciprocal of the first, and the
first can be considered the reciprocal of the second.

1 1 1
.  5i—= L2 = b —=1,b%#0
L=l 2 2 3 b
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2o s (22)(-D)=0 -
4 3 7 5 b=

We will now use the multiplicative inverse property to solve the

equation ?x =12

2
—x =12
3
3 2 3 -
Bl : ?x =5 12 Multiply both members by the reciprocal of the coefficient
x =18

The solution set is {18}.

Note In the earlier example 3x = 21, we could have multiplied by the
reciprocal of 3 to solve the equation. That is,

3x = 21
L'3x=l'21
3 3

x =7

» 1
Multiply both members by the reciprocal =

Remember that to divide by a number is the same operation as to multiply by
the reciprocal of that number.

Find the solution set.

1. 5x = 30

Sx _ 30

£

X =6

The solution set is {6}.
2 %x=9

43 _ 4

3 4 3

x =12

The solution set is {12}.

3% —x = —10
—1-x=-10
=Lox =il

— =
x =10
The solution set is {10}.

4. 6x =10
6x _ 10
6 6

—
*T3

5
The solution set is [?]

Divide both members by the coefficient 5

4
Multiply both members by the reciprocal ?

—1 is the coefficient

Divide both members by the coefficient — 1

Divide both members by the coefficient 6

Reduce the fraction
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X
N T =6 We can rewrite the left member to show that the
coefficient is —
1 a4
—x =6
4
1
4 - Ix =4-6 Multiply both members by the reciprocal 4
x =24
The solution set is {24}.
6. 1.2x =48
1.2x 4.8
= — Divide both members by 1.2
[ 1.2
x =4

The solution set is {4}.

5
> Quick check Find the solution set of the equations 5x = 35, ?x = 8, and
1.7x = 10.2

Problem solving

Now we will translate some word statements into equations and solve the
resulting equations.

B Example 2-5 C Write an equation for each problem and then solve the equation.

1. When a number is multiplied by —6, the result is 48. Find the number.

Let n = the number for which we are looking. The formation of the equation
would be as follows:

anumber multiplied by (—6) resultis 48
n =0 = 48
n-(—6) = 48
1(;62 = ﬁ Divide both members by —6
—6  —6
B —38

The number is —8.

2. Alice makes $4.50 per hour. If her pay was $108, how many hours did she
work?

Let » = the number of hours that she worked. The formation of the equation
would be as follows:

hourlyrate  times number of gives  total pay
hours worked
(4.50) n = 108
(4.50) - n = 108
(4-50)}1 = ﬂ Divide both members by 4.50
4.50 4.50
n=24

Alice worked 24 hours.

L]

=
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Can you

B Use the multiplication and division property of equality to form
equivalent equations where the coefficient of the unknown is 1?

B Check your answer?

Find the solution set by using the multiplication and division property of equality. Check each solution. See

example 2-5 B.

Examples 5x = 35
Solutions = = %5—
x=17

Divide by 5

The solution set is {7}.

Check:
5(7) = 35
35 =35 (True)
1. 2x =
3
5. Zx =12
3
9. Tx = 18
13. —24 = 6x
17. —x =
21. 4x = 6
25. —3x=0
29. X —7
=2
33. —48x = 33.6
37. (0.3)x = —7.8

Write an equation for each exercise and then solve the equation.

41.
Find the number.

42.
36. Find the number.

The solution set is {12}

Check:
Substi 2
CLil’tesdzme ?(12) = Substitute
8 =8 (True) Checks
2. 3x—= 18 3. 6x = 36
2 1
ii
10. 14=?x 1L 5x = —15
14. —5x = 30 _ A= —28
18. —x = —11 19. 6x = 14
22. 3x = —8 5x=0
X
26. —2x =0 _3_d L
X [ o
Sa— 2.6x— 10.4
34. —7.1x = 35.5 35. —429 = —39x
5
| 7x =8 39, —x = 14
38 o >

When a number is multiplied by 6, the result is 54.

When a number is multiplied by —4, the result is

43.

44.

1.7x = 10.2

1.7x 102 T

i T
xX =6

The solution set is {6.

Check:

1.7(6) = 10.2
10.2 = 10.2

Substitute

(True) Checks

12.

16.
20.
24.

¢ Bllx= 217

36. (0.4)x =172

2

40. ;x =11

See example 2-5 C.
When a number is divided by 9, the result is —7.
Find the number.

When a number is divided by —8, the result is —8.
Find the number.
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Nancy worked for 30 hours and received $135. Find 48. Six friends shared equally in the cost of dinner. If
her hourly wage. the cost of the dinner was $51, what was each

46. Adam worked for 14 hours and received $52.50. person’s share?

Find his hourly wage. 3 .
] ) 49. If — of a number is 48, find the number.
47. Four friends shared equally in the expenses for a %

party. If each person’s share was $32.50, what was 2
the total cost of the party? 50. If EY of a number is 26, find the number.

Review exercises
Perform all indicated operations. See section 2—3.

L3x 2% +1—3 2. 0% —5x—3 +4 3.8% — 3 1 4x 17
4. 6x +3 —3x — 8§ 5.2B3x + 1)+ 4x — 3 6. 3(x — 1) + 2(x + 2)

2-6 m Solving linear equations

Review of properties

We now are ready to combine the properties from the previous sections to help us
solve more involved equations. The process consists of forming equivalent
equations until we have our equation in the form of x = n. The properties that
we will use are the following:

1. We can add or subtract the same number in both members of the
equation.

2. We can multiply or divide both members of the equation by the same
nonzero number.

If we use these two properties, making sure that both members of the
equation are treated in exactly the same manner as we apply each of the
properties, we will be forming equivalent equations.

Procedure for solving a linear equation

Using these properties, there are four basic steps to solve a linear equation. We
shall now apply the properties to the equation 6(x + 1) = 4x + 10.



Step 1

Step 2

Step 3

Step 4

Step 5

— Solving a linear equation
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6(x + 1) = 4x + 10

Simplify each member of the equation. Perform all indicated
addition, subtraction, multiplication, and division. Remove all
grouping symbols. In our example, step 1 would be to carry
out the indicated multiplication in the left member as follows:

6(x + 1) = 4x + 10
ox + 6 =4x + 10

Use the addition and subtraction property of equality to form
an equivalent equation where all the terms involving the
unknown are in one member of the equation. By subtracting 4x
from both members of the eguation, we have '

6x + 6 =4x + 10
6x —4dx F 6 —=4x = 4x -+ 10
2x +6— 10

Use the addition and subtraction property of equality to form
an equivalent equation where all the terms not involving the
unknown are in the other member of the equation. Subtracting
6 from both members of the equation, we have

Zx £ 6 =10
2 te 6= 10— 6
2x =4

Use the multiplication and division property of equality to form
an equivalent equation where the coefficient of the unknown is
1. That is, x = n. By dividing both members of the equation by
2, we have

2% = 4
el 5
Y
x= 2

The solution set is denoted by {2}.

To check the solution, we substitute the solution in place of
the unknown in the original equation. If we get a true
statement, we say that the solution "'satisfies’* the equation.

In the equation 6(x + 1) = 4x + 10, we found that x = 2. We can check
the solution by substituting 2 in place of x in the original equation.

6[(2) + 1] = 4(2) + 10 Substitute
6[3] =8 + 10 Order of operations

18 = 18 (True) Solution checks

We see that x = 2 satisfies the equation.
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H Example 2-6 A Find the solution set and check.
1. 6y +5—Tp=10—2y + 3
5— 3y =13 —2y
S5—y+ 2y =13 — 2y -F 2y
5+y=13
S FEy—=5=13—25
y=28
Check: 6(8) + 5 — 7(8) =
48 + 5 — 56 =
53 — 56 =
_3=

The solution set is {8}.
2. 83y +5—Ty=10—2y+ 3

Simplify each member by combining like terms
Add 2y to both members

Subtract 5 from both members

10 — 2(8) + 3 Substitute

10 — 16 + 3 Order of operations
—6 13

—3  (True) Solution checks

3+ py=13— 2y Combine like terms
S o wiek Jyi =13 — 2y Oy Add 2y
5-+-3p=—13 Combine like terms
§4+3p—5=13—35 Subtract 5
3y = Combine like terms
3 8
= — Divide by 3
3 3
=8
AT
8 8 8
Check: 8(—) SF S 7(—) = 10— 2(—) + 3 Substituteifory
3 3 3 3
E E —_ ﬁ — E 1_6 I 2 Multiply, change to
3 3 3 3 3 3 common denominator
64 + 15 — 56 = 30—-16+9 Add and subtract
3 3 in numerators
23_28 S
3 3 (True) olution checks
: 28
The solution set is 30
3. 45x—2)+7=53Bx+1)
20 —8+7=15x + 5 Distributive property
20x—1=15x + 5 Combine like terms
20x — 15— 1 =15x — 15x + 5 Subtract 15x
Sx—1=35
I Sl = 5 <L ] Add 1
5x =6
5x_ 6 L
5 5 ivide by 5
6
x = —
3
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Check: 4{5(3) — 2} +7 = 5[3(%
D ]
4[6—2]+75[§+

A[4] + 7 = 5[? +
23
+ — =
16+7=>5 5}
23 = 23

The solution set is {%}

~—

(True)

o

S 6 .
Substitute — for x
5

+
L;I

Order of operations

U‘]u‘l_:_s
T

Solution checks

» Quick check Find the solution set for 5x + 2(x — 1) = 4 — 3x and check. &

At this point, we will no longer show the check of our solution, but you
should realize that a check of your solution is an important final step.

The following equations contain several fractions. When this occurs, it is
usually easier to clear the equation of all fractions. We do this by multiplying
both members of the equation by the least common denominator of all the
fractions. Clearing all fractions is considered a means of simplifying the equation

and will be done as a first step when necessary.

will be studied more completely in chapter 6.

Find the solution set.
1

1
. —x+2=—
1 4x 2 >

{ter)- 4
)+ -4}

%= hi=
¥ -E8 —8=—9 —8
x=—8
The solution set is { —6}.
5 2 3
2- = —— e
& 3 4x+2
5

24 3
12| =x— =) =12/ =x+2
2(6" 3) 2(4x )
5 2 3
12( 6x) 12( 3) (4x) + 12(2)
10x — 8 =9x + 24
10x — 9x— 8 =9x — 9x + 24

x—8 =24
x—8 +8=24 + 8
x =32

The solution set is {32}.

Equations containing fractions

The least common denominator of the
fractions is 4, multiply both members
by 4

Simplify (distributive property)

All fractions have been cleared

Subtract 8

The least commoen denominator of the
fractions is 12; multiply by 12

Simplify, distributive property

Subtract 9x

Add 8
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Mastery points

Can you
B Solve linear equations?
B Check your answers?

Find the solution set of the following equations, and check the solution. See examples 2—6 A and B.

Example 5x + 2(x — 1) =4 — 3x

Solution 5x + 2x — 2 =4 — 3x Simplify (distributive property)
Ix—2=4— 3x Combine like terms
Tx+3x — 2 =4 — 3x + 3x Add 3x
10x —2=4 Combine like terms
10x—2+2=4+2 Add 2
10x = 6 Combine like terms
Hx L Divide by 1 d red
e e e ivi 0 redu
10 T e by 10 an uce
=
*T s
Ghsaks s(i) + z[(i) 1= 3(i) N
ecK. 5 = | = 5 SUbSL\LuEE?iOrX
5(%) + 21:% — %_ =4 — % Order of operations
3 —27] 20 9
P— + —_— _ —- —
5( 3 ) - 5 5 5
15 —4 11
_+ —_ =
5 5 S
Jij 11 )
— = — (True) Solution checks
5 5
. o[
The solution set is {?}
1. 2x =4 2. 3x =11 3. 5x=—10 4. —2x = 8
X X 3¢ 5x
5. —= e —= . — = e
2 18 6 n 24 7 5 8 8 3 18
9. xt+ 7 =11 10. x —4=9 1. x + 5= 5 12. x — 4= —4
13. 3x+1 =10 14. 5x — 2 =13 15. 4x + 7 =17 16. 6x +2 =2
17. 5x +2x =%+ 6 18. 2x + B3x — 1) =4 — x 19. 2x +3x — 6x = 4x — 8
3 A2
2. = +7=14 21 5 — = =11 by, EEE
2 5 6
1 3 1 7 1 1
23. —x + 3 =— 24, —x — 1 = — 25, —x +2=—x — 1
2 4 5 10 Tl
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26.%x—3=%x+1 27.%x+5: 28.%x—3=%

3 11 7
8, =%t = 2 e B1]30x — 1) = 4x +3
32, 5(7x — 3) = 30x + 11 a3 1% — 8 =52 34, 3@2% + 5) — A% — 3)

8—2(3x+4)=5x—16

37. (Ix — 6) — (4 — 3x) = 27
39, 32x +3)=5—4(x — 2)
41. 2(x + 5) = 16
43.2x—3—x)=0

36. B3x+2)— 2x—35) =7
38. 2(x — 4) — 3(5 — 2x) = 16
40. 6(3x —2) = T(x — 3) — 2
42. 6 =2(2x — 1)

4. 3(7 — 2x) = 30 — 7(x + 1)

Find the solution set for the following equations, and check the answer. See examples 2—6 A and B.

45. To convert Celsius temperature to Fahrenheit, we
9
use F = ?C + 32. Find C when (a) F = 18,
(b) F= —27,(c) F = 2.

The Stefan-Boltzmann Law in metallurgy, which is
the temperature scale of radiation pyrometers, is
given by W = KT4. Find K when

(@ W=36T=2|0b)|w=243,T7- -3

47. The total creep of a metal (Ep) at time z is given by
Ep = Eg + Vyt, where Ey = original creep, t =
time, and ¥y = the original volume. Find ¥{ when
Ep=16,Ey = 9,and t = 3.

Review exercises

Evaluate the following formulas. See section 2-2.

1. W=IR I=6and R=3

1
3.A=?h(b+c),h=8,b=10,andc=12

5. V=R%wh 8=10,w=4,and h =7

48. In a gear system, the speed, in number of
revolutions, of two gears and the number of teeth in
the gears are related by Sp - Tp = Sy - Ty, where
Sp is the speed of the driver, Tp is the number of
teeth in the driver, S, is the speed of the driven
gear, and T, is the number of teeth in the driven
gear. If
(a) Sp = 240, Tp = 40, and §; = 360, find T,
(b) SD = 120, Sd = 90, and Td == 18, find TD.

1
2.S:?gzz,g:32andt:3

4. I = pri; p = 2,000; r = 0.06; and t = 3

6. V=k+gt,k=12,g=16,andzr = 5
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2-7 m Solving it

ral equations and formulas

Literal equations

Equations that contain two or more variables are called literal equations. In a
literal equation, we generally solve the equation for one variable in terms of the
remaining variables and constants. The procedure for solving a literal equation is
the same as the procedure for solving linear equations.

Formulas

A formula is a mathematical equation that states the relationship between two or
more physical conditions. Consider the formula d = rz, which expresses the fact
that distance (d) is equal to rate () multiplied by the time (). If we knew how
far it was between two cities (d) and we wanted to travel this distance in a
certain amount of time (z), then the equation could be solved for the necessary
rate (r) to achieve this.

= rl Divide each member by t

== i

~ |8 g,

The equation is now solved for 7 in terms of d and ¢. If the distance and rate were
known, the equation could be solved for time as follows:

d=rt Divide each member by r
d
r

==

The equation is now solved for ¢ in terms of 4 and 7.

We observe from this example that we may solve a literal equation or
formula for a specified variable. The following list is a restatement of the
procedure for solving linear equations that we will now apply to literal equations.

— Solving a literal equation or a formula

Step 1 Simplify each member of the equation.

Step 2 Collect all the terms with the variable for which we are solving
in one member of the equation. (Addition and subtraction
property)

Step 3 Remove any term that is being added to or subtracted from
the variable for which we are solving. (Addition and
subtraction property)

Step 4 Divide each member of the equation by the coefficient of the
variable for which we are solving. (Multiplication and division

property)
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Solve for the specified variable.

1. The volume of a rectangular solid is found by multiplying length (£) times
width (w) times height (%), ¥ = wh. Solve the equation for h.

V = Qwh Original equation
V= (w)h Coefficient of h is fw
V. Qwh g
e ivide by 2w
Qw Qw
V
. Equation is solved for h in terms of V, €, and w
Qw
V
h=— Symmetric property
Qw

2. The simple interest (/) earned on the principal (P) over a time period (z) at an
interest rate (r) is given by I = Prt. Solve for r.

I = Prt Original equation
I = (P)r Pt is the coefficient of r
I _ Pir —_—
P I Divide by Pt
1 P
= = Eguation is solved for rin terms of /, P, and t
Pt
i
r=— Symmetric property
P

3. If we know the temperature in degrees Fahrenheit (F), the temperature in
- : 5]
degrees Celsius (C) can be found by the equation C = = (F — 32). Solve the

formula for F.

5
= —(F — 32
5 ( )
5
9¢ = 9~ ?(F — 30} Clear the fraction
9C = 5(F — 32) Apply the distributive property
9C = 5F — 160
9C + 160 = 5F Add 160
9C + 160
f =F Divide by 5
9¢ = 160 )
= — s Symmetric property

If the temperature is given in degrees Celsius, we use this form of the
equation to determine the temperature in degrees Fahrenheit.

Note Although we have not stated any restrictions on the variables, it is
understood that the values that the variables can take on must be such that no

denominator is ever zero. That is, in example 1, £ # 0 and w #* 0; in example
2,P#0,t#0.

P Quick check Solve P = 20 + 2w for L. m
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Exercise 2-7

_-BA’\A

Whether we are solving for x in a linear equation or a literal equation, the
procedure is the same.

Linear equation Literal equation
Sx +1)=2x+7 5(x + y) = 2x + Ty  Original equation
Sx +5=2x+7 5x + S5y = 2x + Ty  Simplify (distributive property)

3x+5=17 3x +5p=17y All x's in one member
3x =2 Ix = 2y Terms not containing x in the
) 2y other member
X = = X == Divide by the coefficient
3 3 4

In the linear equation, we have a solution for x, and in the literal equation
we have solved for x in terms of y.

3

Mastery points

Can you
B Solve literal equations and formulas for a specified variable?

Solve for the specified variable. See example 2-7 A.

Example P = 20 + 2w, for

Solution P — 2w = 2%
P2w i 0

V = Qwh, for w
4. I = Prt, for ¢t
7. K= PV for V
10. A = Qw, for w

13. P=a+ b+ ¢ fora
16. ay — 3 = by + ¢ for b
19. A4 =%h(b+ c), for b
22/0=a+ (n — 1)d, for d

25. T=2f+ g for f

28. M = —P(R — x), for x

31. A= P(1 + rt), forr
34. P = H(Pz = Pl) = for Pz
37. 28 = 2vt — gt?, for g

Subtract 2w

Divide by 2

Symmetric property

2. V = Qwh, for £ 3. I = Prt, for P
5. F = ma, for m 6. E = IR, for R
8. E = mdc for m 9. W= PR, for R
11. P =20 4+ 2w, forw 12. C=xD, forn

1
14.A:?bh,forb S5.ay —3=by + ¢ fora
17. V=k + g1, for k .V—k+gz for ¢

1
20. A= Tk(b + ¢), for h 21. R=a+ (n— 1)d fora
23. A= P(l + r), for P 24. 8 =a+ (n— 1)d, forn
26.f=p;—m,forr 27. D=dgq + R, for g
R=W—b(2c+b),forc 30.F=km;12,fork
32. A= P(1 + rt),for P 33. V=1r¥a— b),fora
35. 3x — y = 4x + 5y, forx 36. 3x — y =4x + Sy, for y

38. ax + by = ¢, for y




39. The distance s that a body projected downward
with an initial velocity of v will fall in ¢ seconds
because of the force of gravity is given by

1
s = ?gzz + vt. Solve for g.

40. Solve the formula in exercise 39 for v.

Review exercises
Perform the indicated operations. See section 1-8.

1 =5 2. (—5)2

41.

42.
43.

3.
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The net profit P on sales of » identical tape decks is
given by P = n(§ — C) — ¢, where S is the selling
price, C is the cost to the dealer, and e is the
operating expense. Solve for S.

Solve the formula in exercise 41 for C.

Solve the formula in exercise 41 for e.

=34 4. (—3)°

Write an algebraic expression for each of the following. See section 2—1.

5. x raised to the fourth power
7. The product of @ and b

6. A number squared

8. x multiplied by y

2-8 m Word problems

Many problems that we will encounter will be verbally stated. These will need to
be translated into algebraic equations. In chapter 1, we solved arithmetic word
problems. In section 2—1, we saw how to take a word phrase and write an
algebraic expression for it.

We are now ready to combine our arithmetic problem-solving skills, our
ability to write an algebraic expression, and our ability to solve an equation and
apply them to solve word problems. On page 91, some useful guidelines for
solving word problems were given. You should review them at this time.

> Write an equation for the problem and solve for the unknown quantities.

1. One number is 4 more than a second number. If their sum is 38, find the two

numbers.

Note In problems where we are finding more than one value, it is usually
easiest to let the unknown represent the smallest unknown value.

Let x = the smaller number (the second number). Then x + 4, which is 4
more than the smaller number, represents the other number. The parts that
make up the equation are

smaller  their larger
number  sum number
% + (x+4)
x+ (x +4) = 38
x+x+ 4=38
2x + 4 = 38
2x = 34
x =17

is 38

38

Original equation
Remove grouping symbol
Combine like terms
Subtract 4

Divide by 2

Therefore the smaller number is 17 and the larger number is 4 more than the
smaller number: (x + 4) and 17 + 4 = 2].
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2.

»

One number is 6 times a second number and their sum is 21. Find the
numbers.

Let x = the second number. Then six times the second number or 6x = the
other number. The parts that make up the equation are

second their other is 21
number  sum number
X + 6x = 2
x -+ 6x =21 Original equation
Tx = 21 Combine like terms
x=3 Divide by 7

Hence the second number is 3 and the other number is 6 times the second
number and is 6 - (3) = 18.

If the first of two consecutive integers is multiplied by 3, this product is 4
more than the sum of the two integers. Find the integers.

Note Prior knowledge that is needed for this problem is that consecutive
integers differ by 1. Therefore we add 1 to the first to get the second, we
would add 2 to the first to get a third, and so on.

first second third fourth fifth
X x—+ 1 x4 2 X+ 3 b t2]

first integer  second integer

X ¥ =k 1

The parts that make up the equation are

three times the  this product 4 more the sum

first integer is than

3x = 4 + [x & (- 1)]

3Ix=4+ [x+ (x + 1)] Original equation
Ix =+ [xlx 1] Remove innermost grouping symbol
3x =4 + [2x + 1] Combine like terms
x=4+2x + 1 Remove brackets
Ix=2x+5 Combine like terms

x = Subtract 2x

Therefore the first consecutive integer is 5 and the second integer is one more
than the first (x + 1) andis 5 + 1 = 6.

» Quick check One natural number is 5 times another natural number and their
sum is 36. Find the numbers.

The sum of three consecutive integers is 36. Find the integers. H
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Mastery points

Can you
B \Write an equation for a word problem?
® Solve for the unknown quantities?

[ o
xercise 2-8

E=AST Wi

Write an equation for the problem and solve for the unknown quantities. See example 2-8 A.

Example One natural number is 5 times another natural number and their sum is 36. Find the numbers.

Solution Let x = the smaller number. Then five times the smaller number or 5x = the other number. The parts
that make up the equation are

smaller  sum larger is 36
number number
% + S5x =36
x + 5x = 36 Original equation
6x = 36 Combine like terms
x =6 Divide by 6

Therefore the smaller number is 6 and the larger number is 5 times the smaller number (5x)
and is 5 - (6) = 30.

1. One number is 18 more than a second number. If 9. The difference between one-half of a number and
their sum is 62, find the two numbers. one-third of the number is 9. Find the number.
2. One number is 9 less than another number. If their 10. One-half of a number minus one-third of the
sum is 47, find the two numbers. number is 8. Find the number.
3. The difference of two numbers is 17. Find the 11. What number added to its double gives 637
numbers if their sum is 87. 12. Six times a number, increased by 10, gives 94. Find
4. If three times a number is increased by 11 and the the number.
result is 47, what is the number? 13. Find a number such that twice the sum of that
If a number is divided by 4 and that result is then number and 7 is 44.
increased by 6, the answer is 13. Find the number. 14. One number is seven times another. If their
6. If a number is decreased by 14 and that result is difference is 18, what are the numbers?
then divided by 5, the answer is 15. Find the 15. Find two numbers whose sum is 63 and whose
number. difference is 5.
7. Nine times a number is decreased by 4, leaving 59. 16. One number is 11 more than twice a second
What is the number? number. If their sum is 35, what are the numbers?
8. One-third of a number is 8 less than one-half of the 17. One number is 9 times a second number and their

number. Find the number. sum is 120. Find the numbers.
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E:

Solution first integer  second integer

5 Cx 1)

third integer

(x + 2)
The parts that make up the equation are

the sum of is 36
three consecutive integers

x+G+1D+(x+2) =36

x+(x+1)+ (x+2) =36
X+ %1 x1-2=36

3x + 3 = 36
3x = 33 Subtract 3
x =11 Divide by 3

Example The sum of three consecutive integers is 36. Find the integers.

Original eguation
Remove grouping symbols
Combine like terms

Hence the first integer is x = 11, the second integer is x + 1 = (11) + 1 = 12, and the third integer is

x+2=(1)4+2=13

18. The sum of three consecutive even integers is 72.
Find the integers.

19. The sum of three consecutive odd integers is 51.
Find the integers.

20. One number is 4 times a second number and their
sum is 65. Find the numbers.

21. One number is 7 times a second number and their
sum is 96. Find the numbers.

22. The sum of three consecutive integers is 69. Find
the integers.

23. The sum of three consecutive even integers is 66.
Find the integers.

24. The sum of three consecutive odd integers is 75.
Find the integers.

25. The sum of three consecutive integers is 93. Find
the integers.

The sum of three numbers is 44. The second
number is three times the first number and the third
number is 6 less than the first number. Find the
three numbers.

27. The sum of three numbers is 63. The first number is
twice the second number and the third number is
three times the first number. Find the three
numbers.

28. One number is 7 more than another number. Find
the two numbers if three times the larger number
exceeds four times the smaller number by 5.

29. One number is 4 more than another number. Find
the two numbers if two times the larger number is 7
less than five times the smaller number.

30. One number is 33 more than another. The smaller
number is one-fourth of the larger number. Find the
numbers.

31. A number plus one-half of the number plus one-
third of the number equal 44. Find the number.

32. A number is decreased by 7 and twice this result is
52. What is the number?

33. Four times the first of three consecutive integers is
27 less than three times the sum of the second and
third. Find the three integers.

34. Five times the first of three consecutive even
integers is 2 less than twice the sum of the second
and third. Find the three integers.

35. One-fourth of the middle integer of three
consecutive even integers is 27 less than one-half of
the sum of the other two integers. Find the three
integers.
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Example The length of a rectangle is 3 times its width and its perimeter is 40 feet. Find the dimensions.

Solution Let x = the width, then 3 times the width or 3x = the length. X
P— 2w | 20 Formula for perimeater
40 = 2(x) + 2(3x) Substitute
40 = 2x + 6x Multiply
40 = 8x Combine like terms : .
5= 5 Divide by 8 x =
Therefore the width is x = 5 feet and the length is 3x = 3(5) = 15 feet.
X

36. The length of a rectangle is 9 feet more than its 44.

width. The perimeter of the rectangle is 58 feet.
Find the dimensions. (Prior knowledge: Perimeter

= 2 times the length plus 2 times the width.) 45

37. The width of a rectangle is 3 feet less than its
length. The perimeter of the rectangle is 70 feet.

Find the dimensions. (See exercise 36.) 46

L. 4
38. The width of a rectangle is 3 of its length. If the

perimeter is 96 feet, find the dimensions. 47

39. The length of a rectangle is 1 inch less than three
times the width. Find the dimensions if the

perimeter is 70 inches.

48.

40. The width of a rectangle is 3 meters less than the
length. If the perimeter of the rectangle is 142

meters, find the dimensions of the rectangle. 49

41. The length of a rectangle is 5 feet more than its

width. If the perimeter is 82 feet, find the length 50

and width.

42. The sum of the number of teeth on two gears is 74
and their difference is 22. How may teeth are on

each gear?

A 12-foot board is cut into two pieces so that one
piece is 4 feet longer than the other. How long is

each piece?

A 24-foot rope is cut into two pieces so that one
piece is twice as long as the other. How long is each
piece?

. A 50-foot extension cord is cut into two pieces so

that one piece is 12 feet longer than the other piece.
How long is each piece?

. The sum of two currents is 80 amperes. If the

greater current is 24 amperes more than the lesser
current, find their values.

. Two gears have a total of 59 teeth. One gear has 15

less teeth than the other. How many teeth are on
each gear?

Two electrical voltages have a total of 156 volts
(V). If one voltage is 32 V more than the other, find
the two voltages.

. The sum of two voltages is 89 and their difference

is 32. Find the two voltages.

. The sum of two resistances in a series is 30 ohms

and their difference is 14 ohms. How many ohms
are in each resistor?
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=

Example A man has $10,000, part of which he invests at 11% and the rest at 8%. If his total income from the two

investments for one year is $980, how much does he invest at each rate?

Solution Note All interest problems in this textbook will be simple interest. The prior knowledge that is needed
for this problem is that Interest = Principal - Rate - Time. Time will be equal to 1 year in the following
problems.

11% investment 8% investment
X 10,000 — x
eguation
x(0.11) + (10,000 — x)(0.08) = 980
If we have a total amount of $10,000 to invest and we invest x dollars at 11%, then the amount left to
invest at 8% would be the total amount minus what we have already invested, 10,000 — x.
x(0.11) + (10,000 — x)(0.08) = 980 Original equation
0.11x + 800 — 0.08x = 980 Distributive property
0.03x + 800 = 980 Combine like terms
0.03x = 180 Subtract 800
x = 6,000 Divide by 0.03
Hence he has invested x = 6,000 dollars at 11% and 10,000 — x = 10,000 — (6,000) = 4,000 dollars at
8%.

51. Phil has $20,000, part of which he invests at 8% 58. Paul invested a total of $18,000, part at 5% and
interest and the rest at 6%. If his total income for part at 9%. If his income for one year from the 9%
one year was $1,460 from the two investments, how investment was $200 less than his income from the
much did he invest at each rate? 3% investment, how much was invested at each

52. Nancy has $18,000. She invests part of her money rate?
at 7% % interest and the rest at 9%. If her income Lynne made two investments totaling $25,000. On
for one year from the two investments was $1,560, one investment she made an 18% profit, but on the
how much did she invest at each rate? other investment she took an 11% loss. If her net

53. Tammy has $15,000. She invest part of this money profit was $2,180, how much was each investment?
at 8% and the rest at 6%. Her income for one year 60. Grace made two investments totaling $18,000. She
from these investments totals $1,120. How much is made a 14% profit on one investment, but she took
invested at each rate? a 9% loss on the other investment. If her net profit

54. Alanzo invested $26,000, part at 10% and the rest was $220, how much was each investment?
at 12%. If his income for one year from these 61. Larry made two investments totaling $21,000. One
investments is $2,720, how much was invested at investment made him a 13% profit, but on the other
each rate? investment, he took a 9% loss. If his net loss was

55. Rich has $18,000, part of which he invests at 10% $196, how much was each investment?
interest and the rest at 8%. If his income from each 62. Jeff made two investments totaling $34,000. One
investment was the same, how much did he invest investment made him a 12% profit, but on the other
at each rate? investment he took a 21% loss. If his net loss was

56. Amy invests a total of $12,000, part at 10% and

$2,940, how much was each investment?

part at 12%. Her total income for one year from the Dale has invested $5,000 at an 8% rate. How much

investments is $1,340. How much is invested at more must he invest at 10% to make the total

each rate? income for one year from both sources a 9% rate?
37. Barb has $30,000, part of which she invests at 9% 64. Jeremy has $9,000 invested at 6%; how much more

interest and the rest at 7%. If her income from the must he invest at 10% to realize a net return of 9%?

7% investment was $820 more thar'l that from the 65. Jennifer has $14,000 invested at 7% and is going to

9% investment, how much did she invest at each invest an additional amount at 11% so that her total

rate?

investment will make 9%. How much does she need
to invest at 11% to achieve this?
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Bawvial g
neview exercises

Evaluate the following formulas. See section 2-2.

1. I = prt, p = 2,000; r = 0.05; ¢t = 1 2. V=Wh e=T,w=4h=23
3. F=ma,m=34,a=6 4. V=k+ gt k=12,g=32,t =3
1
5. A= p + pr, p = 3,000; r = 0.06 6.A=?(b+c),b=20,c:12
7.8:%gt2,g=32,t=4 8. 0=a+—1da=4nr=10,d =4

25_Q S i T7i Ff om = 50
2-9 m Solving linear inequalities

Inequality symbols
In chapter 1, we studied the meaning of the inequality symbols

<< ““is less than”

= “is less than or equal to”

> “is greater than”

= “is greater than or equal to.”

These symbols define the sense or order of an inequality. Some examples of how
we use these symbols would be:

1. If we want to state symbolically that 4 is less than 7, we write 4 < 7.

2. If we wish to denote that the variable x represents 5 or any number
greater than 5, we write x = 5.

Note x = 5 represents any real number that is greater than or equal to 5, and
not just any integer greater than or equal to 5. Remember that 5.1, 5.004, and
so on, are all greater than 5.

3. If we wish to denote that the variable T represents any number less
than 3, but not 3 itself, we write T <C 3.

Linear inequalities

When we replace the equal sign in a conditional linear equation with one of these
inequality symbols, we form a conditional linear inequality.

2x =6

Left member I t Right member
Inequality symbol

A major difference between the linear equation and the linear inequality is
the solution. The solution of a linear equation has at most one solution, whereas
the solution of a linear inequality may consist of an unlimited number of
solutions. Consider the inequality 2x = 6. We can, by inspection, see that if we

1 : : . .
substitute 3, 37 , 4, or 5 for x, the inequality will be true. In fact, we see that if
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we were to substitute any number greater than or equal to 3, the inequality would
be true. This demonstrates the fact that the inequality has an unlimited number
of solutions. The values for x that would satisfy the inequality would be x = 3.
Another way to indicate the solution of an inequality is by graphing. To
graph the solution, we simply draw a number line (as we did in chapter 1), place
a solid circle at 3 on the number line to signify that 3 is in the solution, and draw
an arrow extending from the solid circle to the right (figure 2—1). The solid line
indicates that a/l numbers greater than or equal to 3 are part of the graph.

Solid circle

Figure 2—1
H Example 2-9 A Graph the following linear inequalities.

1. x << 4 Here x represents all real numbers less than 4, but not 4 itself. To
denote the fact that x cannot equal 4, we put a hollow circle at 4.

o /\

O Hollow circle
0 4 5

2. x = —3 The greater than or equal to symbol, =, indicates that the graph
will contain the point — 3, and we place a solid circle at — 3.

Solid circle

3. =3 =x <4 This statement is called a compound inequality. It is read
“—3 is less than or equal to x and x is less than 4.” We place a solid circle at
—3 to denote that —3 is included and place a hollow circle at 4 to show that
4 is not included. We then draw a line segment between the two circles.

-3<x<4

Y\

Weak inequality  Strict inequality

Solid circle Hollow circle

Note When we graph inequalities, a strict inequality (< or >) is represented
by a hollow circle at the number. A weak inequality (=< or =) is represented by
a solid circle at the number.

|

» Quick check Graph —3 << x <2
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Solving linear inequalities

The properties that we will be using to solve linear inequalities are similar to
those that we used to solve linear equations.

—. Addition and subtraction property of inequalities
For all real numbers a, b, and ¢, if a << b, then
at+tc<b+canda—c<b—c

Concept

The same number can be added to or subtracted from both members
of an inequality without changing the direction of the inequality
symbol.

— Multiplication and division property of inequalities
For all real numbers a, b, and ¢, it @ << b, and

1. If ¢ = O (c represents a positive number), then

b
a'c<b'candi<—
= c
Concept
We can multiply or divide both members of the ineguality by the same
positive number without changing the direction of the inequality

symbol.
2. If ¢ < 0 (c represents a negative number), then
b
a-c>b-cand—>—
C C
Concept

We can multiply or divide both members of an inequality by the same
negative number, provided that we reverse the direction of the
inequality symbol.

Note The two properties were stated in terms of the less than (<) symbol.
The properties apply for any of the other inequality symbols (>, =, or =).

To demonstrate these operations, consider the inequality 8 << 12.

1. If we add or subtract 4 in each member, we still have a true statement.

8 <12 or 8 << 12 Original true statement
8+4 <12+ 4 8 —4<12—4 Add or subtract 4
12 << 16 4 <8 New true statement

2. If we multiply or divide by 4 in each member, we still have a true statement.

8 =z 12 or 8 <12 Original true statement
12
Z Multiply or divide by 4

8
8-4<12-4 =
4

32 << 48 2 == 3 New true statement
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3. But if we multiply or divide by —4 in each member, we have to reverse the
direction of the inequality before we have a true statement.

8 << 12 or 8 << 12 Orignial true statement
8 12 Multiply or divide by —4
8(—4) > 12(—4) __4 = __4"‘_——— {an reverse direction of
the ineguality symbol
—32 = —48 —2 = —3 New true statement

Note When we reverse the direction of the inequality symbol, we say that we
reversed the sense or order of the inequality.

To summarize our properties, we see that they are the same as the
properties for linear equations, with one exception. Whenever we multiply or
divide both members of an inequality by a negative number, we must reverse the
direction of the inequality symbol.

We shall now solve some linear inequalities. The procedure for solving a
linear inequality uses the same four steps that we used to solve a linear equation.

— Solving a linear inequality

1. Simplify in each member, where necessary, by performing the
indicated operations.

2. Add, or subtract, to get all terms containing the unknown in one
member of the inequality.

3. Add, or subtract, to get all terms not containing the unknown in the
other member of the inequality.

4. Multiply, or divide, to obtain a coefficient of 1 for the unknown.
Remember, when multiplying or dividing by a negative number,
always change the direction (order) of the inequality symbol.

Find the solution.

1. 2% + 5% — 1 < dx 4 2
Step 1 We simplify the inequality by carrying out the indicated addition in
the left member.

2 5% — 1 <=dx + 2
I — 1l =z 12

Step 2 We want all the terms containing the unknown, X, in one member of
the inequality. Therefore we subtract 4x from both members of the
inequality.

T — 1 <7dx + 2
Tx —dx — 1 < 4x — 4x + 2
3 — ] =

Note A negative coefficient of the unknown can be avoided if we form
equivalent inequalities where the unknown appears only in the member of the
inequality that has the greater coefficient of the unknown.
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Step 3 We want all the terms not involving the unknown in the other member
of the inequality. Therefore we add 1 to both members of the

inequality.
3 — 1 =2
Ix — 11 <21
Sy < 3

Step 4 We form an equivalent inequality where the coefficient of the
unknown is 1. Hence we divide both members of the inequality by 3.

3x << 3
3x 3
_<_

3 3
x <1

We can also graph the solution.

Note We should be careful to observe in step 4 whether we are multiplying
or dividing by a positive or negative number so that we will form the correct

inequality.

2. —2x =4
The only operation we need to perform to solve the inequality is to divide by
—2. Since we are dividing by a negative number, we must remember to
reverse the direction of the inequality symbol.

—2x =4
—2x 4
__2 = __2 Reverse the direction of the inequality symbol
Xi = =12
P o] | | | | |
Graph D B B s et e o s g
= 0 ]
3. S2x+ 1) =Tx—4x + 3
10x -+ 5 = 373 Simplify by multiplying in left member and
combining like terms in right member
10x— 3x =35 =3x — 3x + 3 Subtract 3x from both members
Ix =5 =73
Tx+5—5=3—5 Subtract 5 from both members
Tx= —2
Tx —2
e —— Divide both members by 7
7 /
o —2
x < —
7
Graph

=2
7
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4 3 =<2x+1 <35
When solving a compound inequality, the solution must be such that the
unknown appears only in the middle member of the inequality. We can still
use all of our properties, if we apply them to all three members, and we must
reverse the direction of all inequality symbols when multiplying or dividing by
a negative number.

—3=<2x+1<5
—3— 1 = 2x-E J =] =5 — |

Subtract 1 from all three members

—4 < 2x << 4

—4 2x 4 o

= —= Divide all three members by 2
2 2 2

—2 = < 2

Graph o>
— 0 2
8. —6=—3x—3=9

—6+3=< —3x —3+3=9+3 Add 3 to all three members
=335 =12

—3 —3x 12
=

Divide all three members by —3, reversing

= = = the direction of both inequality symbols
l>x= —4
Graph e
—5-4 (550 )

Note From our discussions in chapter 1, we could have written the solution in
the previous problem as —4 =< x << 1. This is usually the preferred form.

¥ Quick check Find the solution for 4x + 5x — 4 < 6x — 1 B

Problem solving

We are now ready to combine our abilities to write an expression and to solve an
inequality and apply them to solve word problems. The guidelines for solving a
linear inequality are the same as those for solving a linear equation in section
2-4. The following table shows a number of different ways that an inequality
symbol could be written with words.

Symbol < = > =
In words is less than is at most is greater is at least
: : than .
is fewer than | is no more is no less
; than is more than | than
is almost
is no greater | exceeds is no fewer
than than
is less than or is greater
equal to than or

equal to
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Write an inequality for the following statement: A student’s test grade, G,
must be at least 75 to have a passing grade.

If the student’s test grade must be at least 75, the grade must be 75 or
greater. Thus,

G=175

Four times a number less 5 is to be no more than three times the number
increased by 2. Find the number.

Let x represent the number.

4 times is no more 3 times increased
anumber less 5 than the number by 2
4x = = 3x i 2

The inequality is 4x — 5 =< 3x + 2
A S A

4 — 5 — 3x =<3+ 2 — 3x Subtract 3x from each member
X = o= Combine in each member
b= s e Add 5 to each member
26 =7 Combine in each member

The number is any real number x such that x < 7.

» Quick check To complete an order for cement, a company will need at least 3
trucks. Write an inequality for the number of trucks needed.

If 4 is subtracted from three times a number, the result is greater than 2 more

than twice the number. Find the number.

Mastery points

Can you

m Graph inequalities and compound inequalities?

B Solve linear inequalities and compound linear inequalities?
m Solve verbal inequalities?

Graph the following. See example 2-9 A.

Example —3 < x =2

Solution

N

Strict inequality  Weak inequality

Hollow circle

Solid circle
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1. x> 2 2o X = — P .x=1 4. x =4 5 x=0
0. x< —2 T..x >0 8. x =3 9. x= —4 10. -2 <x<0
M. =l < v <=2 12. "3 =x=4 13. 0 =x=<S5 14. 1 =x < 4 15. 1 <x=<3

Find the solution and graph the solution. See example 2-9 B.

Example 4x + 5x —4 < 6x — 1

Solution 9% — 4 = 6x— 1 Combine like terms in left member
9% 4 — 6x<c6x— 1 — 6% Subtract 6x from each member
3% = 4= — Combine like terms
B 4 =hid e Add 4 to each member
B3 Combine like terms
x <= Divide each member by 3

Thus x << 1 and the solutions are all real numbers less than 1.

16. 4x > 10 17. 2x < 5 18. 3x = 15

3 2
19. 5x < 30 20. —x <9 21 Sx =12
—4x < 12 23. —3x =27 24. —6x > 18
25. —2x < 10 26. 4x + 3x=2x + 7 27. 8x — 2x >dx — 5

4

28, 3x ok Dx < 6 29.3?">8 30.%>12
3 x+7=9 32 x4+ 4= —12 38 % — 5§
34. x — 12 << —9 5. 2x+Bx— 1) >5—x 36. 2(3x + 1) << 7
37, 3(2x — 1) = 4%+ 3 38. 4(5x — 3) < 25x + 11 39, 12x — 8 > 5x + 2
40. 9x + 4 > x — 11 41. 2 + 5x — 16 < 6x — 4 42. 3(2x + 5) > 4(x — 3)
8—2(3x+4)>5x—16 44. Bx+2) — 2x—5) > 17 45. (7x — 6) — (4 — 3x) =< 27
46. 2(x — 4) — 16 = 3(5 — 2%) 47. 301 — 2%) = 264 — 4x) 48. 45 — x) > 72 — x)
49. 3(2x + 3) = 5 — 4(x — 2) 50. 6(3x — 2) < 7(x — 3) — 2 51, —1<2x +3<4
52, —3 < 3x—4<6 S8 o s L3y 54. 0=7x— 1 =<7
55. —5 < dx +3=3 ~2<—xs3 57— =5 —x-=a4
58. —4<2—x <3 SO 3= 5 60. 1 <3 —Ac <6

61,10 < 10 —B8xi== 4 62. 4=<3—2x=0
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Write an inequality to represent the following statements. See Example 2-9 C.

Example To complete an order for cement, a company will need at least 3 trucks.

Solution The words at least 3 trucks means that the company will need 3 or more trucks. If x is the number of

63.

64.
65.

trucks needed, then

x=3
Mark’s score must be at least 72 on the final exam An accounting company will hire at least 2 new
to pass the course. employees, but not more than 7.
The temperature today will be less than 38. 67. The selling price (P) must be at least twice the cost
An automobile parts company needs to order at (©).

least 8 new lift trucks.

Write an inequality using the given information and solve. See example 2-9 C.

Example If 4 is subtracted from three times a number, the result is greater than 2 more than twice the number.

Find the number.

Solution Let x represent the number. Then

68.

69.

70.

71.

72

T3

3x — 4 is “4 subtracted from three times the number,”
2x -+ 2 is “2 more than twice the number.”

Since the two expressions are related by “is greater than.” the inequality is 3x — 4 > 2x + 2

d3c—4 = Zx B2

3x — 4 — 2% = 2x =2 — 2% Subtract 2x from each member
x—4=>2 Combine in each member
x—4+4>2+4 Add 4 to each member
x> 6 Combine in each member

The number is any number that is greater than 6.

When 7 is subtracted from two times a number, the 74. Sam has scores of 72, 67, and 81 on three tests. If
result is greater than or equal to 9. Find all an average of 70 is required to pass the course,
numbers that satisfy this condition. what is the minimum score he must have on the
Five times a number minus 11 is less than 19. Find fourth test to pass?

all numbers that satisfy this condition. Two times a number plus 4 is greater than 6 but
The product of 6 times a number added to 2 is less than 14. Find all numbers that satisfy these
greater than or equal to 1 subtracted from five conditions.

times the number. What are the numbers that 76. Four times a number minus 7 is greater than 17 but
satisfy this condition? less than 25. Find all numbers that satisfy these
Twice a number increased by 7 is no more than conditions.

three times the number decreased by 5. Find the 77. The perimeter of a square must be greater than 20
numbers that satisfy this condition. inches but less than 108 inches. Find all values of a
If one-third of a number is added to 23, the result is side that satisfy these conditions.

greater than 30. Find all numbers that satisfy this The perimeter of a rectangle must be less than 100
condition. feet. If the length is known to be 30 feet, find all
Eugenia has scores of 7, 6, and 8 on three quizzes. numbers that the width could be. (Note: The width
What must she score on the fourth quiz to have an of a rectangle must be a positive number.)

average of 7 or higher?
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79. The perimeter (the sum of the sides) of a triangle is
more than 52 cm. If two sides of the triangle are
18 cm and 16 cm, respectively, what are the
possible values for the length of the third side?

Perform the indicated operations. See section 1-8.

= 2 (—ap

80. Two sides of a triangle are 10 ft and 12 ft long,
respectively. If the perimeter must be at least 31 ft,
what are the possible values for the length of the
third side?

LAl =i 4. (—2)¢

Write an algebraic expression for each of the following. See section 2-1.

5. x raised to the fifth power 6. A number cubed

7. A number squared 8. The product of x and y

Chapter 2 lead-in problem

Bonnie has $3,000 invested at 8% simple interest
per year. How much more money must she invest at
7% simple interest if she wants an income of $660
per year ($55 per month) from her investments?

Chapter 2 summary

Solution

Let x = the number of dollars invested at 7%.

income from income from total
8% investment + 7% investment = income
3,000(0.08) + x(0.07) = 660 Original ecuation
240 4+ 0.07x = 660 Simplify
0.07x = 420 Subtract 240

x = 6,000 Divide by 0.07

Therefore Bonnie needs to invest $6,000 at 7% so
that her total income from both investments is $660
per year.

1. A variable is a symbol (generally a lowercase letter) that
represents an unspecified number.

2. A constant is a symbol that does not change its value.

3. An algebraic expression is any meaningful collection of
variables, constants, grouping symbols, and signs of
operations.

4. The terms in an algebraic expression are any constants,
variables, or products or quotients of these. They are
separated by plus or minus signs.

5. In the expression 8x, 8 is called the numerical coefficient
or just the coefficient.

6. A polynomial is a special kind of algebraic expression. A
monomial is a polynomial that contains one term; a
binomial contains two terms; a trinomial contains three
terms; a multinomial contains more than one term.

7. We use the property of substitution to evaluate algebraic
expressions.

8. Like terms or similar terms are terms whose variable
factors are the same.

9. We can add or subtract only like, or similar, terms.

10. A mathematical statement can be labeled true or false.

11. An equation that is true for every permissible value of
the variable is called an identity.

12. A replacement value for the variable that forms a true
statement (satisfies that equation) is called a root, or a
solution, of the equation.

13. The solution set is the set of all values for the variable
that cause the equation to be a true statement.

14. A linear equation is an equation where the exponent of
the unknown is 1.

15. The addition and subtraction property of equality enables
us to add or subtract the same quantity in each member
of an equation and the result will be an equivalent
equation.

16. The symmetric property of equality allows us to
interchange right and left members of an equation.



17. The multiplication and division property of equality
enables us to multiply or divide both members of an
equation by the same nonzero quantity.

18. We use the same procedures for solving literal equations

that we use to solve linear equations in one variable.

19. A linear inequality involves the symbols <<, <, >,
and =.

20. The addition and subtraction property of inequalities
states that the same number can be added to or
subtracted from both members of an inequality without
changing the direction (order) of the inequality symbol.

Chapter 2 error analysis

21.

Chapter 2 Critical Thinking 123

The multiplication and division property of inequalities
states:

a. The same positive number may be multiplied times
or divided into both members of an inequality
without changing the direction (order) of the
inequality.

b. When the same negative number is multiplied times
or divided into both members of an inequality, the
direction (order) of the inequality must be changed.

1. Degree of a polynomial
Example: 2x — 3x? + x® — 1 has degree 6.
Correct answer: 2x — 3x* + x3 — 1 has degree 3.
What error was made? (see page 69)
2. Terms in an algebraic expression
DX

Example: x* + has 3 terms.

2x —
Correct answer: x* + has 2 terms.

‘What error was made? (see page 68)
3. Applying the distributive property
Example: 5(4 + b) = 20b
Correct answer: 5(4 + b) = 20 + 35b
What error was made? (see page 80)
4. Combining like terms
Example: 36* + 4a = 1a°
Correct answer: 3a®> + 4a = 3a* + 4a
What error was made? (see page 81)
5. Combining polynomials
Example: (3x2 — 2x + 1) — (x* — x + 2)
=32 —2x+1—F—x+2
=2x2—3x+3
Correct answer: (3x2 — 2x + 1) — (x2 — x + 2)
= Dxt—p— 1
What error was made? (see page 82)
6. Reciprocal of a number

1
Example: The reciprocal of 0 is —.

Correct answer: O has no reciprocal.
What error was made? (see page 94)

Chapter 2 critical thinking

7

10.

Graphing linear inequalities
Example: The graph of x < 3 is

A
A

What error was made? (see page 114)
Multiplying members of an inequality

Example: 1f 3 << 4,then3- —2 <4 —2.
Correct answer: If 3 << 4,then3- —2 > 4 - —2.
What error was made? (see page 115)
Multiplication of negative numbers

Example: (—5)(7) = 35

Correct answer: (—5)(7) = —35

What error was made? (see page 48)

Division using zero

7
Example: i 0

Tyt
Correct answer: *0~ is undefined.

What error was made? (see page 53)

If you add any three consecutive odd integers, the sum will be a multiple of 3. Why is this true?
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Chapter 2 review

[2-1]
Specify the number of terms in each expression.
1. dx? 3+ 2. 5a*b 3. Txy + 5 4. (ab + cd) + xy

Determine which of the following algebraic expressions are polynomials. If they are not polynomials, state why not.

+
x-;—y+z 6. x> — x? 7. 4a2b3¢ 8.acb

=

Write an algebraic expression for each of the following.

9. 5 times x 10. 7 less than y 11. 4 more than z 12. 2 times a number, plus 6

[2-2]

Evaluate the following expressionsif a = 3, b = 4,¢c = —4,and d = —3.

13. 3a— b + ¢ 14. d — 2(a + ¢) 15. a*b — a*c

16. (2a + ¢)(b + 2d) 17. (¢ — 2d)? 18. &2 — 42

19. Evaluate R when R = sz given (a) P = 6, L = 8§, 20. The volume of a gas ¥V is given by ¥V, = PIIJVI . Find
D=4 (b)P=7.L—3D— % V3 when P; = 780, V; = 80, and P, = 60.1

[2-3]

Remove all grouping symbols and combine like terms.

21. (B2 + 2x — 1) +i(x* — Sx+ 4 22, (@? —3a+ 4) — 2> —da —7)

23. (4a* — b?) — (3a* + 2b%) — (7a* — 3p?) 24. (5x3 — 2xp2 + 3x%y — 49°) — (4x? + 3x%p — 298 + 5xp?)

25. (4ab + Th%c) — (15ab — 11bc) 26, (x — 29+ 7)) — (x F4p+0)

27. (4ab — 2ac) — (6bc — 5ac) + (ab + 2bc) 28. 3a — [4a — (a — 3)]

29. 5x + [3x — (x — )] 30. 4x — (x — ») — [3x — y — (2x + 3y)]

31 x — {5x — [3y — (2x — ]} 32. 5a — {6b + a — (5a — 4b)}

[2-4]

Determine whether the given statement is true or false when we replace the variable in each equation with the given number.
33. x + 7 = 11; {4} 34. 2x + 1 =9; {2} 35. 5x — 1 = 21; {5} 36.%+5:12;{14}

[2-4, 2-5, 2-6]
Find the solution set.

37. x+5=12 38. x —4=17 3. a+7=—4
40. b — 3= —9 41. 5z +3z— 7z +3=7 42. 2(3x — 4) — 5x = 11
43. 32y +3) =7+ 5y 44. 3(x — 1) —2(x+ 1) =4 45. 3x =9
46. 4x = 12 47. —2x = 14 48. —3x = 21
X x 3x
49, — =4 50. — = 51. — =
3 2 7 5 2
2x 1 3 1 1
52. — =6 53, —x — 1 = — 54, —x + 1 = —x —
7 3 1 7 3* 1 6x 2
3 5 3 1 7
SE N - P L ST o
4x~&-4 3 6 5x+2 le 3 57.3x=10
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60. 328 = —4.1x
63.y+Qy—1) =6

66. 5(x +3)=2x —7

69. 8 —3x+7=5x+7)

12 72. 8x — 14 = 14 — 8x

76. 4x — 2(1 — 3x) = 8x + 2

79. k = PV, for P

58. —x = —4 59. 3.7a = 22.2

6l. 2x + 5 =11 62. 3b — 8 =6

64. x +3x=5+7 65. 32a — 1) =4a — 2
67. 3x —2) — (4x — 1) = 3x 68. 2a + 5a — 4 = 3(1 — 2a)
70. 2y — 3(y + 1) =11 7. 7x — 4Q2x + 3) =
73. 5b+4=4—2b 74. —32x + 1) =4x—5
75: 3ec+2) —2c + 1) = 5S¢+ 11

[2-7]

Solve for the specified variable.

77. F = ma, for a 78, E = IR for I

80. V=k+ g+t forg 81. 4 =

[2-8]

1
Eh(b + ¢), for ¢

82. 5x —y=2x + 3y, forx

‘Write an equation for the problem and solve for the unknown quantities.

83. The difference between two numbers is 23. Find the two

numbers if their sum is 105.

84. If a number is divided by 9 and that result is then

increased by 7, the answer is 11. Find the number.

85. The difference between one-third of a number and one-

fifth of a number is 6. Find the number.

[2-9]

Find the solution and graph the solution.

88. 3x > 12 89. 5x = 15

91. —4x > 16 92, Il =<5

94. 3x 7 <5x — 2 95 Oy 13 = dw -
97. —4 < 5x 7 < 10 98. 0=1—5x<6
100. -8 =3x +5=4

Chapter 2 cumulative test

87.

86. John invested part of $20,000 at 8% and the rest at 7%. If

his income from the 8% investment was $250 more than
that from the 7% investment, how much was invested at
each rate?

Anne made two investments totaling $25,000. On one
investment she made a 12% profit but on the other she
took a 19% loss. If her net loss was $1,030, how much was
in each investment?

90.
93.
96.
99.

—2x < 14
Tx — 4 > 11

6(2x — 1) <3x — 4
5<4x+3<12

Perform the indicated operations, if possible, and simplify.

[1-4] 1. (—8) + (—4) [1-5] 2. (—10) — (—14) [1-71 3. _—_284

8 4 3
[1-7]1 4. = [1-8] 5. —52 [1-2] . ==
[1-4] 7. % -+ (—%) [1-6] 8. (—4)(0)(—2) [1-2] 9. (2:3)(8.6)
[1-8] 10. 5+ 6(8 — 2) [1-8] 11. 6 + 4(10 — 2) [1-8] 12. 10 — 2(15—3) — 5-2
[1-8] 13. 2[5(7 — 4) — 6 + 4] [1-8] 14. 5(—4 + 7) — 3(8 — 5) [1-8] 15. 14 +2-15+6—3+4
[2-3] 16. 5x + x — 2x [2-3] 17. 3x%?* — 2xy — x¥? + 5xy [2-3] 18. (2a — b) — (a — 4b)
[2=-3] 19. (3x%y — 2xp%) — (5xp? — x%) [2-3] 20. 5a+ 32> —d4a —a*+5+a*— 6
23] 21. x — [Bx— (r-t )= Cx— 3p)] [2-3] 22. (3a — 2b) — [5a — (4b + 6a)]
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Evaluate the following ifa = —2,b = —3,c = 4,and d = 5.
[2-2] 23. (a + 24)? [2-2] 24. (3a — 2b) — (5¢ + d)
Find the answer.
[1-4] 26. Thesumof 8, —12, and 6 [1-5] 27.
[1-6] 28. There are 6 rows of desks in a classroom. If each [1-7] 29.
row contains 7 desks, how many desks are in the
classroom?

Write an algebraic expression for each of the following.
[2-1] 30. x decreased by y [2-1] 31.

[2-2] 32. Ann has d dimes, » nickels, and ¢ cents. Express in
cents the amount of money Ann has.

Find the solution set for 33—37 and the solution for 38 42.

[2-6] 33. 10x — 7 = 4x + 3 [2-6] 34.
5

[2-6] 35. %x R [2-6] 36.

[2-6] 37. 16 — 2(4x — 1) = 3x — 12 [2-9] 38.

[2-9] 39. 5x + 3x < 6x — 14 [2-9] 4o0.

[2-9] 41. —1 <2x +3 <11 [2-9] 42.

Solve for the specified variable.

[2-2] 25. (2 — 4¢)(b — 2d)

Subtract —12 from —8.

A trip of 357 miles takes seven hours to complete.
What was the average rate of speed?

A number increased by 6

5x +6=6
32x — 1)+ 2(5x—3) =8

—2x = 12
3% +ilx— 1)y=>7— %
—16 =8 — 4x =< 12

[2-7] 43. P=a+ b+ c forbd [2-7] 44. x = a(y + z),for y

Solve the following word problems.

[2-8] 45. Phil has $10,000, part of which he invests at 6% [2-8] 48. Dwala made two investments totaling $17,000.
and the rest at 5%. If his total income from the On one investment she made a 12% profit but on
two investments was $560, how much did he the other she took a 19% loss. If her net loss was
invest at each rate? $1,215, how much was in each investment?

[2-8] 46. The sum of three consecutive even integers is 48. [2—9] 49. Twice a number decreased by 2 is at most 10.
Find the three integers. Find all numbers that satisfy this condition.

[2—8] 47. If a number is increased by 9 and that result is
divided by 3, the answer is 7. Find the number.
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“NT—4 5 3 el
22

=1-4=4 59.—-32—§-21= =

7 7

_ 498 88 198—88 110 5 .

= T = i Tor 157 square inches

65. Let p = the total number of pieces of lumber. Dividing the
16-foot board by 4 and the 12-foot board by 3 will give us the
number of pieces of lumber. If we add the number of pieces from
the 16-foot board to the number of pieces from the 12-foot board,

we will have the total number of pieces.

“'|BU-
2

total is number of combined  number of pieces
number pieces with from the 12-foot
of pieces from the board
16-foot
board
p = 16+4 + 12+ 3
p=a6 =4+ 12+ 3
=4+ 4 Priority 3
=38 Priority 4

There will be 8 pieces of lumber.

0
)

| review

i}
[*]
=3
[
. |
o)

-
b

=1

ol o i
b

2 5 2
9 —50r 8— 10. —acre 11. —cup
3 8 5

8 17 2
12. —or 1— s 4, — 15 — 16. 6— 17. —
7 or 13 1 620 15

7
< 1—2- 19. ?acre 20. 263.51
23. 143 24. $565.49  25. 7.86 acres  26. ~ 12.42 mpg
27. 10 28. 68.4 29.25 30. 78.72 31. {50,51,52,53,54,55!
32. {1,234} 33 {0} 34.1-3-—2-1,0123)

21. 31.795  22. 1,355.09

35. =t 36 = S
2 4. 2 2
<400 ~jo—¢otor>
—2=2—1 0 1 /2 3.4 =150y o o o3
37. 2

38. a1 i
5-4-3-2-101 2 3 4 5 6

39. < 4. < 4L > 42, < 43. > 44. > 45. —4
46. 3 47. —6 48.1 49. —6 50. 15 51. —4

52. —9 53.3 54.15 55 —21 56. 12 57, 24

58. —144 59.0 60. —7 61.2 62. —6 63. undefined
64. 0 65. indeterminate 66. —1 67. —9,—4

68. a.52,000 + (—3,000) + (—2,560) + (—3,300) b.$43,140
69. 40°  70. a. +9, +8, —5. —6 b.>, +6 c. 58°,

69 + (—11) =58 71.25 72. —64 73. —16 74. —27

75.98 76. —3 77.20 78.49 79. —9 80. 20

81. —14 82 27

Chapter 2

Exercise 2—-1
Answers to odd-numbered problems

1. 2terms 3. 3terms 5. lterm 7. 3terms 9. 2 terms
11. Iterm  13. 2terms  15. 5 is the coefficient of x2, 1 is
understood to be the coefficient of x, —4 is the coefficient of z

17. 1 is understood to be the coefficient of x, —1 is understood to be
the coefficient of y, —3 is the coefficient of z  19. —2 is the
coefficient of a, —1 is understood to be the coefficient of b, 1 is
understood to be the coefficient of ¢ 21. polynomial, binomial
23. not a polynomial because a variable is in the denominator

25. not a polynomial because a variable is in the denominator

27. polynomial, trinomial  29. b — 3a 31 y + 5

33. x(y +2z) 35.a—5F 37. (let x = the number) x — 12
39. (let x = the number) 3x + 1  41. (let x = the number)
2(x + 4)

Solutions to trial exercise problems
15x* + p
g — 2

2 has one term because the fraction bar is a grouping

a+b

symbol.  24. — cis a polynomial. A constant can appear in

1
the denominator, a variable cannot.  36. T of x, decreased by 2

1
times x would be Ex — 2x.  39. 3 times a number, increased by 1:

If we let x represent the number, then we would have 3x + 1.

Review exercises
1. =25 264 3-—2 € 15 5 23 @& 23

Exercise 2-2
Answers to odd-numbered problems

1.9 3.5 548 7.5 9.62 11.288 1361 450

20
17. =1 19. 1 21. —44 23.20 25.0 27.43 29. =

31. 160  33. 288 35. 54 37. 2,140 39. 114 41. 256

15,000 540 400 ¥
43. 6 45 At e BT S . B
? 857 13 33 = 10

55.5n+10d 57.a.p+12 b.p—5 59 258 —pn+m
61. % 63.p+2 65 12+t 67. 25000n — 2,000

69. (9.95)p + (12.99)g

Solutions to trial exercise problems

5. (Ba~+2b)a—¢)=[3C )+20 ) )—( N

= [3(2) + 200][(2) — (—2)] = [6 + 6][4] = [12][4] = 48
4. (4o +8) — @Ba—b)c+2d) =[4 )+ ( )]

—[BC Y= NI )+2( )] =142 + 3)]

— B2 — ON(=2) + 2(—3)] = [8 + 3]

— [6 = 31[(—2) + (=6)] = [11] — [3][—8] = [11] — [—24]
=353 I=pr; 1= ( ) ) )= (1,000)(0.08)(2) = (80)(2)
OR —lo0r O T = aang )

=160 39. 4= = - )
_ (12)2(100) — 120(5)* _ (144)(100) — 120(25)
(100) 100
_ 14400 — 3,000 _ 11,400 _ v oo, L)

100 100 : N’ )



= 20) D ogilg 55. n nickels is represented by 5n
(63) 65 13
because there are 5 cents in each nickel. Therefore d dimes would be

represented by 104. The total is represented by adding the cents from

the nickels to the cents from the dimes, 57 + 10d.  64. If we use 11
as an example of an odd integer, the next greater odd integer would be

13. To get from 11 to 13, we must add 2. Therefore if z is an odd
integer, then z + 2 is the next greater odd integer.

Review exercises
1. -6 2. —4 3.—8 4.18 50 6. —21

Answers to odd-numbered problems

1. like 3. like 5. unlike 7.9x 9. 13a¢+2b 11. 14x
13. —3ab 15. Tx2 + 4x 17. @®b + 2a® — b* — 6ab?

19. 13@a — 5¢ — 2x2  21. —3a— 9 23, 3x2 + 1132

25.: 352 — 3x 27 x%pE —2x%y ck Sxypl 2908xF 4 2x £
31. 3x + 8 33.2x+3y 35 2a+b+ 5 I 2xt+4y
39. —3x%y + 15xy 41, 4a* + a?b + 6ab? — 5b°

43. 70a +9b 45. —5xy + 9y*z + 14pz  47. —8b + 10
49, 32 — 95 51. 3x? + 3z 53. 2x

55. —4a—3b+4x + 2y 57.5a+5b 59. —a—2b

6l. a

Solutions to trial exercise problems

19. 3a+ b+ 2a — 5c — b — 2x% + 8a = (3a + 2a+ 8a)
+(b—b)—5¢c—2x*=3B3+2+8)a+(0) — 5c— 2x?

= 13a — 5¢ — 2x* 45. (8xy + 9y2z) — (13xy — 14yz)

= 8xy + 9%z — 13xy + 14yz = (8xp — 13xy) + 9%z + 14yz
= (8 — 13)xy + 9%z + ldyz = —5xy + 9%z + 14yz

82 2 — 13— (5x' = 3] =2 — [3x — Sxt 3]

=2 — [~2x+ 3] =2x+2x—3=4x—3

59. —[d4a + 7b — (3a + 5b)] = —[4a + Tb — 3a — 5b]
='—[a+ 2B) = —a— 2&

Review exercises

=2
L3x L6t T 3.@—2)—24();}4

4. (let x = the number) 5x 5. (let x = the number) x — 12

6. (let x = the number) % -9

Exercise 2-4

Answers to odd-numbered problems

1. true 3. true 5. true 7. false 9. true 11. false
13. {16} 15. {—3} 17.1—2} 19. {—5} 21. {—6!
23, {—7} 25, {14} 27.{—1} 29. {4} 31 {—35}

33. {5} 3506} 37.16/ 39. {8} 41.|—6} 43. (5}
45.{—71 47. 112{ 49. {16} 51.{9} 53.26 55.33
57. $735  59. $365

Solutions to trial exercise problems

L
o
o | w
N
+
[

I
Lh
T,
o |
o R
|

3
8.3x+2:Sx*l;l—}

2

9 15

—+2=—-1

2 2

9 0k 5

2. 2 2 2
13 13
7=?(true)

Answers to Exercises 2-3—2-5 453

23. b+7=0
b+ = 1=0=1
b= -7
()
Check: (—=T7) +7=0
0 = 0 (true)
28. —y—6=—2y+1
ST e e e A ) o |
ye—igi— 1
p— bte= 1 6
pi=7
{7}
Check: —(7) — 6= —2(7) + 1
—13i= =141 1
—13 = —13 (true)
38. S(x+2)=4(x — 1)
5x + 10 =4x — 4
Sx —dx + 10 =4x —4x — 4

x+ 10 = —4

x+ 10— 10=—4—10
x=—14
{—14}

45.3z+7) — (8 +22) =6
z+21 -8 —22=6

z + 13 =6
zi=— 13— 183 =6 — 13
z =-—17
-7
58. Let b = the original balance.
original makes a of equals new
balance  deposit $42.50 balance
b + 42.50 = 125.30

b+ 42.50 = 125.30
b+ 42,50 — 42,50 = 125.30 — 42.50  Subtract 42.50
from both members.
b= 8280
The original balance was $82.80.
Review exercises
. 16 2. =12 3.1 4. 1 e | 6. 1

Exercise 2-5
Answers to odd-numbered problems
1. {4 3.{6} 5. {16} 7.{35f 9.{12} 11.{—3}

13. {—4} 15 {7} 17. {—4f 19. [%} 21. [%}
23. {0} 25. {0} 27. {15} 29.{—14} 31. {4}
33. {—7 35 {11f 37.1—26} 39. [1;—2} 41. 9

43. —63 45, $4.50 47. $130 49. 64

Solutions to trial exercise problems

1
7l Tx =35 15. —4x = —28
: —dx —28
To—xr= =5 —4 —4
7x x=17
= 33 i7!
{354 ’

Check: —4(7) = —28

1
Check: 7(35) =y —28 = =—28 (truec)

5 = 5 (true)



454 Answers to Exercises 2-6—2-7

23. 5x = 27 % =5
Sx 0
—_—=— x
5 5 Bile— =305
= :
x =15
10} {15}
Check: 5(0) = 0 RE
0 = 0 (true) Check T) =
5 = 5 (true)
31. 2.6x = 104 38. %x =8
9
e e B
S 5 7 5
£ 56
{4 x=—
Check: 2.6(4) = 10.4 >
10.4 = 10.4 (true) [E}
5
5 56
Check: —|—| =8
e ( 5 )
8 = 8 (true)
45. Let w = Nancy’s hourly wage.
30 hours at  hourly is $135.00
wage
30 . w = 135
30w = 135
30w 135 iz
= O Divide both members by 30.
w = 4,5
Nancy’s hourly wage is $4.50.
Review exercises
LobSx — 2 2 2x -+ 1 3. 12x + 2
42 3 —5 A0 — 1L 6 S
Exercise 2-6
Answers to odd-numbered problems
16
1. {2} 3.{—21 s [36} 7. [?} 9. 14} 11. {0}
8
13. {3} 1540} 17 {1} 19, <[ 1—10}

23. {—%] 25. {18} 27. [—%1 29, {12} 31 {3}

o o) [ 53 3]

7 11 10 3
70 7 295
43. {1} 45. a. *;“Cor*?;"C b= 5 °Cor

7 50 2 7
— i o) ., ——° — ) 4 . —
329 C ¢ 3 Cor 163 (& 7 3

Solutions to trial exercise problems
31. 2= T =4xt 3

6x —3=4dx + 3
6x —4x — 3 = dx — 4x + 3

2x—3=3
2x— 33 =3 13
2=
2
2 2
x=3

35.8 —2(3x +4) =5x — 16
8 —6x—8=5x—16
—bx = Sx— 16
—6x + 6x=5x+ 6x — 16
0=11x—16
0+ 16 =11x— 16 + 16
16 = 11x
16 _ 1ix
11 11
16
Tl

m

46b. W=243,T= —3

W = KT*
(243) = K(—3)*
243 = K - 81
243 _ K-8l
81 8l
1=K

Hence the value of K is 3.

Review exercises
1. 108 2. 144 3. 88 4. 360 5. 280 6. 92

Exercise 2-7

Answers to odd-numbered problems

% I F K
i wm— B P==— S m=— TV=—
1w Rh 4 rt i a P
w P— 2%
9.R——F 11. w = 5 13.a=P—b—c¢
24 — ch
T e S OISR N e
¥ h
" =z
2.a=Q0—dn+d 23.P= 25, f=— 2
1+~ 2
D—R W — b — R AP
27. g = 29 c=— 7 % 31 ,=
d d o 26 TR
V+ b vt — 2§
Ba=—" Box= 6y 3.g=—"—=
T b
I P+ Cn+
39_g=si—2w 41_3:#

43. e=nS—Cn— P

Solutions to trial exercise problems

18. V==k+ gt fors
V=k+ gt
V—k=g
V—k
=it
g
22 =a+(n—1)d ford

=a+((n—1)d
Q—a=(n— 1)d

e
n— 1
29. R =W — b(2¢c + b), fore
R=W — 2bc — b?
R+ 2be=W— 1
2be=W — b — R
_ W—b0—R
o 26



Review exercises

1. =25/ 2,25 3 —&l 4. =27 5 x*

6. (let x = the number) x2 7. ab 8. xy

Exercise 2-8

Answers to odd-numbered problems

1522 400 33552 ' 5:28 2 T7 954 T2

13. 15 15. 29,34 17. 12,108 19. 15,17, 19 21. 12,84
23. 20, 22,24 250 30,31,32 27.14,7,42 29.5,9 31. 24
33. 9,10, 11 35. 34, 36,38  37. 19 feet, 16 feet  39. 9 inches,
26 inches  41. 18 feet, 23 feet  43. 4 feet, 8 feet  45. 19 feet,

1 1
31 feet  47. 22 teeth, 37 teeth 49, 28? volts, 607 volts

51. $13,000 at 8%; $7,000 at 6%
55. $8,000 at 10%; $10,000 at 8%  57. $8,000 at 9%; $22,000 at 7%
59. $8,000 at 11%; $17,000 at 18%  61. $7,700 at 13%:

$13,300 at 9%  63. $5,000  65. $14.000

Solutions to trial exercise problems

53. $11,000 at 8%; $4,000 at 6%

5. number equation

x s — 15
4

Solution: % +6=13

x
— =7
4
x =28
26. first second third equation
x 3ix x—6 (x)+@B-x)+(x—6)=44

Solution: (x) + (3x) + (x — 6) = 44
x+3x+x— 6= 44

Sx — 6 =44
5x =50
x =10
First is 10, second (3x) is 3(10) = 30, and the third (x — 6) is

(10) — 6 = 4.
43. shorter piece longer piece
X x + 4
Solution: x + (x + 4) = 12
x-F 4= 12

equation
x=t (e 4) =12

2x + 4= 12
2x =28
x=4

Shorter piece is 4 feet and the longer piece (x + 4) is
(4) + 4 = 8§, 8 feet.

59. number of number of equation
dollars at  dollars at
11% loss  18% profit
x 25,000 — x (25,000 — x)(0.18) — x(0.11) = 2,180

Solution: (25,000 — x)(0.18) — x(0.11) = 2,180
(25,000)(0.18) — (0.18)x — (0.11)x = 2,180
4,500 — (0.29)x = 2,180
4,500 = (0.29)x + 2,180
2,320 = (0.29)x
8,000 = x
Therefore $8,000 was invested at the 11% loss
and $25,000 — 8,000 = $17,000 was invested at 18% profit.

Review exercises

1. 100 2. 84 3.
8. 40

204 4. 108 5. 3,180 6. 16 7. 256

Answers to Exercises 2-8—2-9 455

Exercise 2-9

Answers to odd-numbered problems

DO R e o e e
0 2 5
Lol g atned T
O o B o ot s s o o ey
0 1
v L s o b o S L
5. S B o o B i e ek <Y T |
-5 (8]
7' | 1 h 1 1 | | | -
e T [ S G e e ] R [T
0 5

-10 -5 -4
O e L [
11. IS Feh s et i e e P
| ute) 2 5
| | Lok} 1
13. I!"Jill‘ I’
0 5
Lol ] [ ]
15. - ¢III¢III
—1i 0 3
5
17. x < —: 19. x < 6;
2
I S = I I e O | e
% | i e i s < Y|
O I P LSS e e I L) B | 0 BB
T i s e
0
21. x = 18; 23 =
SR | [ o o e e e [ L | deeleobealondaal | | o
T ) [y et o)) =] P BT g v sl st =y et P e
18 20 25 -10 -9 -5
25 x =55 20 x>
T I e vl (e O, o0 (O, (et 5
| L i st i i 32 | \TZJ...ll"FIW
-5 0 = i e e i T Y [
-2 Q
16
29.x>?; 31, o= 2}
16 et Dl ] e T ot sl i a5,
3 "llll\ll#\l
8 i 0 2
5 10
33 x << 11; S>> 1
e Voo BB s e L I O O -y O |
\i:@i'lnlw—\l R [ s o s it o [ Y
5 10 11 0 1 3]



456 Answers to Exercise 2-9

i 10 Solutions to trial exercise problems
= 3: T
S = = 22, —4x < 12 43. 8 — 2(3x + 4) > 5x — 16
—4x 12 8 —6x—8>5x—16
ol ———> = =37 —6x > 5x — 16
35 10 D T e s e e % Sy —6x + 6x > 5x + 6x — 16
01 5 0>11lx— 16
0+ 16 >11x —16+ 16
16 16 > 11x
41. x > —10; 43. x < —; 16 11x
11 = gy
11 11
T e e | 18 16
R S =2 e o i <=1 [Bl | G IF,I S ﬁ>x
-10 -5 : : :N“’:ﬁi P T
0 1 X<E
11
37 S
=i 47. x = —;
B x=n g s
5
2
— e ——
0 3 5 0 2 86— —p =3
=) I
2 1 e i
49. x = =, 51 2 < x<—; e e AW 8
5 2 —1 = =4
2 1 2> x=—3 ey
—epel > 3 =iy 2 5 s 0 2
0 1 -5 -2 0

66. A company will hire at least 2 new employees, but not more than

4 1 - 5 7. Let x be the number of new employees. Then the inequality
En s i Sk would be 2 < x =< 7.
75. Two times a number plus 4 is greater than 6 but less than 14.
_% 4 % Let x be the number. Then the inequality would be
¢ e . — | ey 6<.2x+4<l4.
& ; : SRR gy Solving: 6 —4 <2x +4—4 < 14— 4
2<2x< 10
57. "4 <x=<1; 5. — 1l =x<7; i<2—x<E
2 2 2
B e e s o SR . o e s e s e 2 e =6
-5 -4 0 1 —1, 0 5 7
|
1 0 1 5
61. —2 < x < ?;
78. The perimeter of a rectangle must be less than 100 feet. If the
1 length is known to be 30 feet, find all numbers that the width
*H_%@*‘F'”“;'H‘—f—f" could be. Let x represent the width of the rectangle. Then the
- e inequality would be 60 < 2 - 30 + 2 - x < 100. Since the width
of a real rectangle must be greater than zero and we already
63. (x = student’s score) x = 72 65. (x = number of new lift know the length to be 30, then the smallest value for the
trucks) x = 8  67. (P = selling price, C = cost) P = 2C perimeter must be greater than 60 (two times the known length).
69. x <6 Tlx=12 Tax>7 75 l<x<5 Solving: 60 < 2-30 + 2x < 100
T 5<x<27 9. x> 18 60 < 60 + 2x < 100
60 — 60 << 60 — 60 + 2x < 100 — 60
0 <2x < 40
0 _2x_40
% s
0<x<<20

The width of the rectangle must be some real number greater
than zero feet but less than 20 feet.



Review exercises

1. —16 2. 16 3. —16 4.16 5.x% 6. (letx = the
number) x> 7. (let x = the number) x2 8. xy

2.1 3.2 4.2 5. polynomial 6. polynomial
7. polynomial 8. not a polynomial because a variable is in
the denominator 9. 5x 10. y —7 1l.z + 4

12. (let x = the number) 2x +6 13.1 14. —1 15. 72

189
16. —4 17.4 18.7 19.a. 3b. v 20. 1,040

21 4xr —3x+3 22, —a?+a-+ 11 23 —6a?

24. 5x° — Ixpr— 2> — 4x2 25. —llab + 7b%c 4+ 11be

26. —6y +1 27. 5ab + 3ac — 4bc 28. —5 29. Tx +y
30. 2x + 5y 31. —6x + 4y 32. 9a— 106 33 true

34. false 35. false 36. true 37. {7} 38. {21}

39. {—11} 40. {—6} 41.{4] 42.{19] 43.{-2}

44. {9} 45. {3} de. {3} 47.{-7} 48 {—7} 49. {12}

s0. {14} 51 {15} s2. {21} 33 [274[] 54. {—18}

55, [f%] s6. (35) 5700} 8. {41 59.06 60. | 8]

61. {3} 62 [?] 63. [%] 64. {3} 65. {%]

66.| } 67. lf ] {%] 69. [f%} 70. |—14}
{

P e

N (—24) T2 |
4
F E k
76,12} 7.a=— T8.I=— 79.P=—
m R V
24 — bh 4
Blia= Ve Hey Bliaas 82.x:?y

83. 64and 41 84. 36 85. 45 86. 511,000 at 8%;
$9,000 at 7%  87. $12,000 at 12%; $13,000 at 19%

88. x > 4; 89. x = 3;
o> ooy ———>
4 5 10 0] 3

x> — 7 91 0 <=4
I B s B S ——|
-7 -5 0 —10 54
92. x < 2 15
D3 &
] el e Pt sy ] | 7
BT R T i i i S I
-5 0 2 < $I£!r,$‘ 3
0 2
9
94, x > —; 95.12—g;
2 5
o ol r%\_m.s % — e
= e e —2.—1 10
0 4

Answers to Chapter 2 Review—Exercise 3-1 457

2 11 3
9. x = —: 97. —— < x <=
97 5 3
2 =1 1
| [ OO o | E\ B | IE' A lsI Ll ! |
T T ) B i b\ [ il helmiaaslimsl: I I
-5 0 —3i—2—1 0
1
98 —1<x£?; 99, — < x < —
i i il
S 2 4
e R s e 2 e
-5 -1 0 (] ] el s
100 13< t 1
——— = x -
3 3
13 1
3 ey
St ——— |

Chapter 2 cumulative test

1

1 2.4 3.3 4, undefined 5. —25 6. 5
1

7 = 3.0 9.1978 10. 41 11.38 12. —2

13. 26 14. 6 15. 20 16. 4x 17. 2x%? + 3xy

18. a + 36 19. 4x¥y — Txy? 20. &* + 2> +a — |

21. —3x +4y 22. 40+ 20 23.64 24, —25 25, 234
26. 2 27.4 28.42 29. 51mph 30.x—y

5
31. (let x = thenumber) x + 6 32. 10d + 5n+ ¢ 33. [?]

19 17 0
34. j0} 3. [———] 36. {E] 37. [?—1} 38. x=< —6

8
39! % =] 40.x>? 4]1. -2 <x<4

42— ' Bh =P
45. $6,000 at 6%; $4,000 at 5%  46. 14,16,18 47. 12
48. $6,500 at 12% profit; $10,500 at 19% loss 49. x <6

Answers to odd-numbered problems

Toa® 3o (=28 5. %8 “Talap)® O (x— 103 - T oxxx
13. (=2)(=2)(—2) 15 5-5-5 17. (4p)(4y)(4y)(4y)

19. (x — p)(x —y) 21. x"' 23. R® 25 a&° 27.5%=3,125
29. 47 = 16,384 31 (x — 2 33, (@ — b)1' 35, x4t

37. 64x%323 39, x5 41. b 43, 6x%3 45, 47b°

47. 30x°  49. 124707¢  51. 124°6* 53. —64°b°

55. a. V' = 53,125 cubic units  b. V = 43, 64 cubic units

1 4
¢. V=63 216 cubic units 57. 5 = Egzz 59, V= ?wﬂ

3
6L m'—38 63 22— 655
q



Polynomials and
Exponents

If Diane makes $13 per hour and
works 40 hours per week, she
will earn more than one million
dollars over the next 40 years.
How much money will Diane
earn? Perform the computations
‘using scientific notation.

- | = i w3 J
S—1 B EXponents—I

Exponential form

In chapter 1, we discussed the idea of exponents as related to real numbers. Since
variables are symbols for real numbers, let us now apply the idea of exponents to
variables. The expression x* is called the exponential form of the product

X" X" X" X

We call x the base and 4 the exponent.

Exponential form ——xd = xrx X =——Expanded form

Nt

-

Base 4 factors of x

— Definition of exponents

an=a-.a-a- - -a wherenis a positive integer.
N,
n factors of a

Concept

The exponent tells us how many times the base is used as a factor in
an indicated product.

Note An exponent acts only on the symbol immediately to its left. That is, in
ab* the exponent 4 applies only to b, whereas (ab)* means the exponent
applies to both a and b.

E 127



128 Chapter 3 Polynomials and Exponents

B Example 3-1 A Write in exponential form.
1. 222 <00 — gt 2. a-a'a=a
3. (a + b)a + b)a+ b) = (a+ b)?

Note In example 3, (@ + b) is the base.
4. (—3)(—=3)(—=3)(—3) = (—3)* 50 = (35323 -3y = —34

Note Examples 4 and 5 review the ideas from section 1-6 on exponents
related to real numbers. Recall that (—3)* = 81, whereas —3% = —81.

B Quick check Write y * y * y * y in exponential form.

H Example 3-1 B Write as an indicated product.
1. A=b-b-b"b 2. 55 =555
3. (x == (x — & — ) — & —y) d. (—2P =i—2)(—2)

802 = —(-2)

B> Quick check Write ¢® as an indicated product.

Multiplication of like bases

Consider the indicated product of x? - x3. If we rewrite x? and x> by using the
definition of exponents, we have

e x3
x2-x3=x"x"x"x"x
and again using the definition of exponents, this becomes
5 factors
P, SN N
x-x3=x"x"x"x"'x=x5
This leads us to the observation that

Add exponents

X2 =l =
T L
Multiply Base remains
like bases unchanged

Thus we have the following product property of exponents.

Product property of exponents
gm-gn = gm +n

Concept
When multiplying like bases, add their exponents.

Note The base stays the same throughout the process. It is by adding the
exponents that the multiplication is carried out.

]



Example 3-

= f, «
H Example 3-1

Section 3-1 Exponents—| 129

Find the product.
1. x3.x5=x3+5=x8 2. 32-34=3Z+4=36=729
Note A common error in multiplying 32 - 3% is to multiply the bases

3 - 3 = 9 and add the exponents, getting the incorrect answer of 96. The
correct way is to say 3% - 34 = 36, not 9%,

3-y2.y3.y4=y2+3+4=y9 4.a2'a'a3=a2+1+3=a6

Note The variable a8 means the same as a'. Likewise, 3 means the same as 31.
If there is no exponent written with a numeral or a variable, the exponent is
understood to be 1.

5. (a+ b)a + b)* = (a + b)**+* = (a + b
6. (—2)3(—2)2 = (—2)3+2 = (—2)5 = —32

» Quick check Find the product. x* - x° ]

Group of factors to a power property of exponents

Several additional properties of exponents can be derived using the definition of
exponents and the commutative and associative properties of multiplication.
Observe the following:

3 factors of xy

e
OGP = xy=xp %y

3 factors of 3 factors of
X y
— —
=x"X'X ° yy-y
= x33

This leads us to the following property of exponents.

Group of factors to a power property of exponents
(ab)” = a"b"

Concept

When a group of factors is raised to a power, raise each of the factors
in the group to this power.

Simplify.
1. (ab)’ = a‘b* Both a and b are raised to the 4th
power
Groups of factors to a power Raise each factor to the power Standard form
2. (Zab)3/—=\2’a3b = 8a%b?

Note In example 2, the number 2 is a factor in the group. Therefore it is also
raised to the indicated power.
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3. (3-4)=233-4*=27-64 =1,728 (3-4Yalsois (12) = 1,728 =

Note The quantity (@ + b)® # a* + b? because a and b are terms, not factors
as the property specified. If we consider (a + b) to be a single factor, then by
the definition of exponents we have

(@ + b = (a + b)(a + b)a + b)
We will see the method of multiplying this later in this chapter.

Power of a power

Consider the expression (x*)3. Applying the definition of exponents and the
product property of exponents, we have

3 factors of x* Add the exponents

T ——— —
(x4)3 = x4 xt-x4 i xd+4+4 — 12

In chapter 1, we reviewed the idea that multiplication is repeated addition of the
same number. Therefore adding the exponent 4 three times is the same as 4 - 3.
Thus

Power of a power Multiply exponents

(x4)3 = x4°"3 = x12

Therefore we have the following property of exponents.

Power of a power property of exponents
(am)n =gm-n

Concept
A power of a power is found by multiplying the exponents.

Simplify.
1. (332 =y 2= 8 2. (4%3)5 = 42°5 = 410 — | 048,576

3. (x4 = x5-4 = x20

» Quick check Simplify. (a%)3 m

Products of monomials
To multiply the monomials
3x2 - Sy

we apply the commutative and associative properties of multiplication along with
the properties of exponents. We then write this expression as a product of the
numerical coefficients times the product of the variables. That is,

3x2-5x = (3-5)(x2-x) = 15x3
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To find the product of
5a - 4b
we apply the same properties to get
Sa-4b = (5-4)(a- b) = 20ab
Note It is a good procedure to write the variable factors of any term in
alphabetical order. This makes identifying like terms much simpler. For

example, 3a%c3b and 4bc3a? are like terms, but recognizing that fact would
have been easier if they had been written as 3a2bc® and 4a2bc3.

B Example 3-1 F Perform the indicated multiplication.
1. 4x-3xy = (4-3) " (x - x) "y = 12x%
2. 8a3-4a3-3a=(8-4-3) (a3 a® a) = 964’
3. (—24%) - (3ab) = (—2-3)-(a®-a) - b = —6a’h

Note The product of a3 and b can onfy be written as a3b since a and b are
not like bases.

4. (5x232)(4x3yz%) = (5 - ) (x23)(3y)(zz%) = 20x5y4z° =

Problem solving

The following problems require us to write algebraic expressions involving the use
of exponents.

B Example 3-1G Write an algebraic expression for each of the following verbal statements.

]

1. The volume of a cube is found by using the length of the edge, e, as a factor 3
times. Write an expression for the volume of a cube.

We write e as a factor 3 times as ¢ " e - e = ¢3. Then the volume, ¥, of a cube
is given by

V= é.
2. Write an expression for 5 less than the square of a number.

Let n represent the number, then the square of the number is given as
n2, and since “less than™ means to subtract, the expression is given by

e — 5. ||

— Mastery points

Can you

B Write a product in exponential form?
Use the product property of exponents?
Raise a group of factors to a power?
Raise a power to a power?

Multiply monomials?
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= 7 L
Exercise 3~-1

Write the following expressions in exponential form. See example 3—1 A.

Example y-y-y-y

Solution = y*

1.
4.

aaaaa
=292 D)

7. (xp)(xy)(xy)(xy)

10. (2a — b)(2a — b)(2a — b)

y to the fourth power

2. bbbb

5. Sexxxe

8. (a+ b)a+bd)

3. (=2)(=2)(—2)(—2)
6. (2a)(2a)(2a)

Write as an indicated product (expanded form). See example 3—1 B.

Example 5

Solution

11.

x4

16. (5x)3

=g e e e e

17. (4y)

¢ written as a factor 5 times

13. (—2)
18. (a + b)?

14, —2#

Simplify by using the properties of exponents. See examples 3—1 C, D, E, and F.

Examples x*- x5

Solutions

21.

25.
29.
33.
37.
41.
45.
49.
53.

=

i
i

4 - 4‘2 - 44

(a — &)¥a — b)7
(4xyz)?

(5%)%

(a2b3)(a5b2)
(2a3b%c)(6a*b?)
(—2a%b)(3ab*)

= y4+5

22,

26.
30.
34,
38.
42.
46.
50.
54.

Like bases
Add exponents

as < aS

xS = X x3

(a + b)*(a + b)5
(ab)®

(a®)*

(c®)3

(x3)(x%3)
(Sxy)(xy)
52— 2x%)

The formula for finding the volume of a cube is

V = 3 where ¥ represents volume in some cubic
unit of measure and e represents the length of the
edge of the cube. Write an expression for the
volume in expanded form, and then determine the
number of cubic units in the figure for each of the

following values of e: e =35,(b) e = 4,

(c) e = 6.

19. (x — y)?

9. (x — )z — P)x —»)

15. 53
20. 2x + y)?

(a%)?
=qg¢3 Power of a2 power
= g2 Multiply exponents
R?-R 24. a - ot
27] 5252 28. 6 6
31. (x — 2p)4(x — 2p)8 32. (3a + b)*(3a + b)?

35, (xp)4

39. (x5)3
(2xy%)(3x3y)
47. (6x3)(5x2)
51. (3a%b)(4a’b?)

. (2abc)?

- )2

- (4x%3) (5xp%)
. (4a)(3a%)

. (@b (5a%b5)
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Using exponents, write an expression for each of the following verbal statements. See example 3-1 G.

56. The area, A, of a square is found by using the
length of the side, s, as a factor twice. Write an
expression for the area of a square.

57. The distance, s, a falling object will fall in time, £,

1
seconds is found by multiplying = times the

Johnny is n years old. His mother says that she is 6
years more than the cube of Johnny’s age. Write an
expression for his mother’s age.

61. Jane is m years old. Her father is 8 years less than
Jane’s age used as a factor 4 times. Write an
expression for her father’s age.

gravity, g, times the square of . Write an 62. Write an expression for 2 times the square of ¢.

Sepisssion fopheidietanice the ahjkst wirll L. 63. Write an expression for twice the square of x less

58. The area of a circle is found by multiplying the the cube of .

constant 7 times the length of the radius, r, used as
a factor 2 times. Write an expression for the area of
a circle.

64. A number can be written in the form g times 10
used as a factor 8 times, where a is a number
between 1 and 10. Write an expression for the

59. The volume, V, of a sphere is found by multiplying number in terms of a.

4 : : - :
?71" times the radius, r, used as a factor 3 times. 65. Write an expression for the quotient of the cube of

. . p divided by the square of g.
Write an expression for the volume of a sphere.

Review exercises
Perform the indicated addition and subtraction. See section 2-3.
1. 2¢ + 3a + 4a 203G w2y
4. 9xy + 4xy — 6xy 5. 4> + 3a® — 2a + Ta
s Doty — oyt 3o - dxp? 8. 5ab? + 3a*h — 2ab* — a*b

3. 3ab — 2ab + Sab
6. 6x2F 3x — x2 4 2x

) =

= [ [ £ =0 [ g 2 2 7 )
3-2 m Products of algebraic expressions

]

Product of a monomial and a multinomial

To multiply a monomial and a multinomial (a polynomial of more than cne
term), we use the distributive property. For example, to multiply

3xtp(x? + xy + y2)
we multiply each term in the trinomial by the monomial 3x?y to get
@Balp=a22) -+ Gty - xy) + By )
which yields
3x2y(? oy p#) = 3xty + 3x%y2 + xS

In each indicated product, note that we multiplied like bases by using the
properties of exponents. For example, in the first term,

3x2y.x2=3.(x2.x2).y=3.x2+1.y=3x4y



134 Chapter 3 Polynomials and Exponents

i

=1

xample 3-2 A

EAd

Perform the indicated multiplication.

1. 52y +3)=5y:-2y+ 593 Distribute 5y times each term in the parentheses
= 10y? + 15y Multiply monomials

2 ¥ty — ) =B Py — P

= x>+ xtp — x3H?

Note In example 2, when we multiplied x3 times the third term of the
trinomial, y2, the subtraction sign remained, giving —x3y2.

3. —5a%a® + 2ab — b3) = —5a3 - a® — 5% 2ab + 543 B3
= —354% — 10a% + 5a3b3
4. 4x%y(2x3 — 3x%? + p4) = 4x%y - 2x3 — 4x%y - 3x%? + 4x%y - pt
= 8x% — 12x%3 + 4x5

» Quick check Perform the indicated multiplication. 3ab*(2a — 3b) |

Product of two multinomials

The product of two multinomials requires the use of the distributive property
several times. That is, in the product

(x + 2y)(x + »)
we consider (x + 2y) a single number and apply the distributive property.
x+2)x+p)=G+2)-x+(x+2)-y
We now apply the distributive property again.

x+)x+x+2y)y=x-x+2P-x+x"y+2p-y
= 32+ 2xp + xp + 257

The last step in the problem is to combine like terms, if there are any.
x2+ 2xy + xp) + 2p2 = x2 + 3xy + 2)2

Notice that in this product, each term of the first factor is multiplied by each
term of the second factor. We can generalize our procedure as follows:

- Multiplying two multinomials

When we are multiplying two multinomials, we multiply each term in
the first multinomial by each term in the second multinomial. We then
combine like terms.

Perform the indicated multiplication and simplify.

i 3 1 2 3 4
l.(a+3¥a—4)=aa—a-4+3-a—3"4 Distribute multiplication
\3) 4 =g —4a + 3a— 12 Multiply monomials

=g —q— 12 Combine like terms

Note We have drawn arrows to indicate the multiplication that is being
carried out. This should be a convenient way for us to indicate the
multiplication to be performed.
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7oy

F F 0 L

2. (2x + ?Q('Sx — 2) 10x2 — 4x + 15x — 6 Distribute and multiply
I = 10x2+ 11x — 6 Combine like terms

Note A word that is useful for remembering the multiplication to be
performed when multiplying two binomials is FOIL. Foil is an abbreviation
signifying First times first, Outer times outer, Inner times inner, and Last times
last.

72N
3. (a + b)(a =1 Zb) = a® + 2ab + ab + 2b? Distribute and multiply
et oA = g® + 3ab + 2b? Combine like terms

P Quick check Perform the indicated multiplication and simplify.
(2x + y)(x — 3y)

]

Special products

Three special products appear so often that the form of the answers can be
written without computation. Consider the product

(x +6)=(x+ 6)(x + 6)
which becomes
x2 + 6x + 6x + 36
When we combine the second and third terms, we get
x4+ 12x + 36

This is called the square of a binomial or a perfect square trinomial and has
certain characteristics. Inspection shows us that in

(x +6)=x24 12x + 36

the three terms of the product can be obtained in the following manner:

— The square of a binomial

1. The first term of the proﬂuct is the squaré of the first term of the
binomial [(x)2 = x2].

2. The second term of the product is two times the product of the two
terms of the binomial [2(x - 6) = 12x].

3. The third term of the product is the square of the second term of
the binomial [(6)? = 36].

If we apply this to
b
=s TP
we get = a? + [2- %= (=] + (=T
and so

(x —7r=x2+ (—14x) + 49
= x* — 14x + 49
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In general, for real numbers a and b,
(@b =32 = 2ab + b?
and
(2 =b) = a% = 2ab £ b>

Note (a + b)?2 = a? + 2ab + b2 not a? + b2 This is a common error. The
square of a binomial is always a trinomial.

B Example 3-2 C Perform the indicated multiplication and simplify.
1. 2x+3)2=(2x)>+ (2-2x-3) + (3)2 Apply special products
property
=4x2 4+ 12x + 9 Multiply monomials
2. (5a — 4b)* = (5a)® — [2 - 5a - (4b)] + (4b)? Special products property
= 254> — [40ab] + 1652 Multipy monomizals
= 254% — 40ab + 1652 Standard form

The third special product is obtained by multiplying the sum and the
difference of the same two terms. Consider the following:

x+3)(x—3)=x2—3x+3x—9
— 2 g

Special characteristics are evident in this product also.

— The difference of two squares

=

For real numbers a and b,
(@ +b)a —b)y=2a>— b

Concept

1. The product is obtained by first squaring the first term of the
factors, and then

2. subtracting the square of the second term of the factors.

B Example 3-2 D Perform the indicated multiplication and simplify.
L (x+7(x—7 =(x)2— (7)?=x2— 49
2. (a + 2b)(a — 2b) = (a)* — (2b)* = a2 — 4b?
3. B3x — 2y)(3x + 2y) = (3x)* — (2y)? = 9x2 — 42

In all the examples that we have looked at, whether they were special
products or not, a single rule is sufficient.

Il
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When multiplying two multinomials together, we multiply each of the
terms in the first multinomial times each of the terms in the second
multinomial and then combine like terms.

Perform the indicated multiplication and simplify.

/‘__‘—\
1. (3x — )(2x + 3y) = 6x2 + 9xy — 2xy — 32 Distribute
w multiplication
= 6x% + Txy — 3p? Combine like
terms

/'_\
2. (a—2)2a* + 3a + 2) =203 + 3@ + 2a — 4a®> — 6a — 4  Distribute
o multiplication
=20 —a®—4a— 4 Combine like
terms

Note Although there are three terms in the second parentheses, we still
follow the procedure of every term in the first parentheses times every term in
the second parentheses.

=
3.0 — pHa? F 3xp — 92) Distribute
Sl B multiplication
= 3 3k — ap?— akp — 3xpt + P8 Combine like
terms

= x3+ 2x%y — 4xy? + )3

4. (a + 6)(a — 2)(@ — 1). When there are three multinomials to be multiplied,
we apply the associative property to multiply two of them together first and
take that product times the third.

[(a + 6)a — 2)](a— 1) = [a* — 2a + 6a — 12](a — 1)
= [a® + 4a — 12](a — 1)
=@ —a%+ 40> — 4a — 12a + 12
=a*+ 3a® — 16a + 12 [ |

— Mastery points

Can you
® Multiply a monomial and a multinomial?
B Multiply multinomials?

B Find the special products of the square of a binomial or the
difference of two squares?
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3-2

EXercis

®

Perform the indicated multiplication and simplify. See examples 3-2 A, B, C, D, and E.

Examples 3ab*(2a — 3b) 2x + y)x — 3y)
Solutions = 3ab®-2a — 3ab®- 3b Distributiveproperty = 2x-x — 2x°3y +y-x — y-3y Distributive property
= 6a*b* — 9ab’? Multiply menomials — 2x2 = Oy oy — 3 Multiply monomials
= 22 = Sy — 3yt Combine like terms
1. 2ab(a? — bc + ¢?) 2. 6x(dy + 7z) 3. 3a(56* — 1c2)
4. —ab(a* — a?b? — b)) 5. —5ab*(3a® — ab + 4b?) 6. 6x2(4x2 — 2x + 3)
7. 3ab(a® — 2ab — b?) 2x)(x — y + 5)(5p) 9. (3a)(2a — b)(2b%)
10. (x*)(x2 + p)(xy?) 11. (x + 3)(x + 4) 12. (@ + 5)(a — 3)
13. G— 9@ —4) 14. (z + Nz — 11) 15. (a + 1)a + 1)
16. (b — 1)(b — 1) (R — 3y (R + 2)(R — 2)
19. (a + 3)(@a — 3) 20. 3x + 2)(x — 4) 21. 3a —5)Q2a—17)
22. 3 — 2)(2 — y) 23. (7 + 2x)2x — 7) 24. (4r + 3)(r — 12)
25. (3k + w)(k — 6w) 26. (a — 6bc)(5a + 4be) 27. (a + 6b)2
28. (2a + 3b)? 29. (2a + 3b)(2a — 3b) 30. (4x — y)(dx + p)
(a + 4b)(a® — 2ab + b?) 32. (x — 2p)(2x* — 3xy + y?) 3B.(x+H6X2—3x+ 7
34. (x — p)(x? — 2xy + y?) 35. (x2—2x — 3)(x+x + 4) 36. (a> — 3a + 6)(a? + 2a — 5)
(a — 6)(a — 2)(a + 1) 38. (26 — 1)(b + 2)(2b + 1) 39. (a — b)(a + b)(2a — 3b)
(a + by 41. (a — b)3 42. (2a + b)?
43. (a — 2b)?
44. The area of the shaded region between the two 45. When squares of ¢ units on a side are cut from the
circles is (R + r)(R — r). Perform the indicated corners of a square sheet of metal x units on a side,
multiplication. and the metal sheet is then folded up into a tray,

the volume is c(x — 2¢)(x — 2¢). Perform the
indicated multiplication.

N IRl

ol
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R

REVIew exercises

Perform the indicated addition or subtraction. See sections 1-4 and 1-5.

1. (—3) t{—2) 2.8 —(—4 3. (—7) —(=10) 4. 2 +(—5) + (—6)
Simplify by using the properties of exponents. See section 3—1.
o kit o 6. (a5 7. (3ab)? 8. (2x)3

Fraction to a power property of exponents

In section 3—1, we learned several useful properties of exponents. Now we shall
learn several more.

Our next property of exponents can be derived from the definition of

; . a3
exponents. Consider the expression (?) -

3 facters of

— e,
( a )3 Attt & a‘a-a a®
b b b b b-b-b b}
r i -
3 factors of ? 3 factors of b
Thus
Fraction raised a3 a3 ~——— Numerator raised to the power
to a power b b3 ~——— Denominator raised to the power

Fraction to a power property of exponents

aryn ar
=t

Concept

Whenever a fraction is raised to a power, the numerator and the
denominator are both raised to that power.

Perform the indicated operations and simplify.

3\ 2 27 a\® a®

O (L PEL g

( 4 ) 43 64 z ( b ) b

(251)3 (2a)* 2323 8a3
() ==

B B B O
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Division of expressions with like bases
Consider the expression
X6
x?
We can use the definition of exponents to write the fraction as

x0  Xixcixrxcoxcx

x? %X
We reduce the fraction as follows:
IoX XX XX xxxx %

= — = x4

XX 1 1

In our example, we reduced by two factors of x, leaving 6 — 2 = 4 factors of x
in the numerator. Therefore

Thus we have the following property of exponents.

— Quotient property of exponents

am +-g"=—=3a""" 3 #*(
an

Concept

To divide quantities having /ike bases, subtract the exponent of the
denominator from the exponent of the numerator to get the power of
the given base in the quotient.

Note If the base a is zero, a = 0, we have an expression that has no
meaning. Therefore a # 0 indicates that we want our variables to assume no
values that would cause the denominator to be zero.

B Example 3-3 B Simplify. Assume that no variable is equal to zero.
x7
T3] 8 — it 2. Gl = b il — A
xS
54

3. —=54-1=5=12
z 5

Note Remember that when we are dividing like bases, their exponents are
subtracted, but the base is not changed.

w

S as*r g - ,
4. e o = 3 =
a a a y

‘V:N|><

Note In example 5, we cannot simplify. The bases must be the same in order
to subtract exponents when we divide.
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25x9y15
> zsxsyu

— 25 = 3x9 — Syls -12 — 22x4y3 = 4x4y3
» Quick check Simplify. Assume that no variable is equal to zero. g!! + @7 @

Negative exponents

To this point, we have considered only those problems where the exponent of the
numerator is greater than the exponent of the denominator. Consider the example

2
X6
By the definition of exponents, this becomes

L X%

SN L T S e
and reducing the fraction,

XX 2 1 _i

X X X XXX X Xx'x'x x4
Again, we reduced by two factors of x, leaving 6 — 2 = 4 factors of x in the
denominator. Hence
X 1

%0 3t

However using the quotient property of exponents to carry out the division, we
would have

4

3
x
P A6 d

xﬁ
Since we should arrive at the same answer regardless of which procedure we use,

1 1 s or -
then x™4 must be —, thus x4 = —; - This leads us to the definition of negative
X %

exponents.

Definition of negative exponents

1
a"=—,a#0
an

Concept

A negative exponent on any base (except zero) can be written as 1
over that base with a positive exponent.

Write the following problems with positive exponents. Assume that no variable is
equal to zero.
’ 1

1. x> = — Rewritten as 1 over x to the positive 3rd

2. a%=— Rewritten as 1 over a to the positive Sth
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Note From the definition of negative exponents, if a factor is moved from
either the numerator to the denominator or from the denominator to the
numerator, the sign of its exponent will change. The sign of the base will not
be affected by this change.

2. Alternative procedure

a—9
a?®= T Rewrite as a fraction
1 . - . ' r - -
= Sign of the exponent is changed as the factor is moved from
a the numerator to the denominator
O . . . _
3. e T Sign of the exponent is changed as the factor is moved from
b 1 the denominator to the numerator
= p4 Standard form is to leave only positive exponents
4. (—3)3= 3 Sign of the exponent is changed as the factor is moved from
{—3) the numerator to the denominator
1 1
= Or —-=  Standard form
—27 5y % fos
¥ Quick check Write b~2 with positive exponents. =

Zero as an exponent

Now consider the situation involving the division of like bases that are raised to
the same power.

3

X

— %7 )
3

2

By the definition of exponents, we have

x> xoa X 1
== = =1
X 2 X T 1
By the quotient property of exponents,
X2 o
_¥ =x3—-3 = x0
X

T % .
Smge — = land.— = x%, then x® must be equal to 1. This leads us to the
x x

definition of zero as an exponent.

Definition of zero as an exponent
a=1,a#0

Concept
Any number other than zero raised to the zero power is equal to 1.



Section 3-3 Exponents—II 143

B Example 3-3 D Simplify. Assume that no variable is equal to zero.
1. B =1 2. 1= 1 3. 50 =1 4. (—2)0 =1
5. (at+ b0 =1 6. 3x*=3-1=3 7. 3x)? =1

Note The exponent acts only on the symbol immediately to its left. In
example 6, only the x is raised to the zero power. The exponent of 3 is
understood to be 1. In example 7, the parentheses indicate that both the 3
and the x are raised to the zero power.

» Quick check Simplify. Assume that no variable is equal to zero. C° o

= e T .
N Example 3-3

|

Simplify. Leave the answer with only positive exponents. Assume that no variable
is equal to zero.

x5
1. —=x%-1 Division of like bases
%11
= x=b Subtract exponents
1 l 1L
= Standard form
b4
2 a7 et = gl +s Multiplication of like bases
= g2 Add exponents
1 | -
== Standard form
a
3. (b_z)_" = p=2)- (-9 Power of a power
= p8 Multiply exponents
3h5
a’b
4, —— =g "2 Division of like bases
a’b?
= a™4p3 Subtract exponents
b3
== Standard form
a
352
a3b*ct
5. o =g} = 1pt— 34— Division of like bases
a
= a?b 30 Subtract the exponents
at-1
T} ’ T - + + + ’ J +
= The a's remain in the numerator, the b’s drop to
b the denominator, and c® is 1
a* R,
= — Standard form
b3
-2h4
a*h
e @t —Eph=¢ Division of like bases
a
= 3h-2 ,
a’b Subtract exponents
a3
- B Standard form

P Quick check Simplify. Leave the answer with only positive exponents. Assume
b4

that no variable is equal to zero. — L
b10 g
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— Mastery points

Can you

B Raise a fraction to a power?

m  Perform division on expressions having like bases?
B Perform operations involving negative exponents?
E Perform operations involving zero as an exponent?

Evarei 2
eXercise 5—o

W

Write each expression with only positive exponents. Assume that no variable is equal to zero. See examples 3-3 C
and D.

Examples C° b2
1
Solutions = 1 By definition is equal to 1 = ﬁ Rewritten as 1 over b to the pesitive 2nd
1. x0 2. (2)° 540 4. 7x0 5. (3B)°
6. 52 7. RS 8. (2x)™3 9. (3P)2 4272
5 1 1
= = —4,2
11. 9C—+ 12. = 13 5 e [15] 2x-4
16. x4 17. por=%5 18, x =

Perform all indicated operations and leave your answer with only positive exponents. Assume that no variable is equal
to zero. See examples 3-3 A, B, and E.

b
Examples a'! +~ a4’ 10
Solutions = gl 7 Division of like bases — il Division of like bases
= g* Subtract expenents = ph=¢ Subtract exponents
1
= E Standard form
6 4 2 \3 1\4 75 \4
19. (1) 20. (i) 21. (—) 22. ( ) 23. (—x)
b ¥ 3 2 y
2ab 3 3 3 =1
24. (i) 25. (—“) 26. x12 + xb 27. 4 + y2 g &
¢ b a
b° e R 34 25
29, E 30. ? 31 F ? 33. 5
42 6 x4x3 15y aa?
M. 35. = 3.5 38—
a ool 33 b2 a’bs
39. — 40. 41. — 42, — 43, —
a*a sl V4o bb? a‘h?
x%7 235x3y7 3344p5 3a2h5

44. 45

52a%h
e : ; 47. —
x4ty 2xy® 32a?h3 34ash® 53a7h3
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49.] x~4x7 50. y~210 51. a%a™ 52. RZR™S 53. x~2rix?
54. x5x0x~2 55. a%a3a® 56. a 7a%a’ 57. (—3)73 58. (—2)¢
32 D =F
59, F 60. F 61. (Cl'_z)3 62. (b4)_4 63. (xs)‘z
64. (y=3)4 65. (a72)3 66, (z74) 67. (x")2 68. (a3)°
st-—al A 4y-3 441672b3cl]

-2)0 = —_— e

69. (x2) 70. (%)~ e 72 s B

Review exercises

Perform the indicated operations. See sections 1-4 to 1-8.
1. (=) + (—06) 2. (—3)—7) 3. (—4) — (—8) 4. —42
Simplify by using the properties of exponents. See section 3—1.

5. a3a° 6. (x3)4 7. xxx3 8. (2ab)?

Properties and definitions of exponents

The following is a summary of the properties and definitions of exponents that we
have studied so far.

—— Definitions

n factors
P, S N
a"=a-a-a---a wherenis a positive integer

1
ar"=—a+0
an

a=1,a#0
Properties

agm-gn = gm +n
(aby" = a"b"
Er—ar -
a\ a"

(F) o

am

gt =Taal = =it 18, gl
a

The following examples illustrate some more problems in which more than
one property of exponents is applied within the same problem.
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[ = e la 2 A v z z i 3
B Example 3-4 A Simplify. Leave the answer with only positive exponents. Assume that no variable
is equal to zero.
1. (2a226%)3 = 23(a2)3(b3)3 Each factor in the group is raised to
L the 3rd power
= 23a%p° Power of a power, multiply
exponents
= 8ash® 8 is the standard form of 23
2. (5a%h%)4 = 54(ah)4(br)4 Each factor is raised to the power
= 54416p8 Power of a power
= 625q'%h% Standard form
3. (3a720%) 3 = 37 3(a 1) 3(p3) 3 Each factor is raised to the power
= 37346p~9 Power of a power
6
a
— @ s“ne 3s and the b's drop to the
denominator
6
a
= T Standard form
27b°
4. (—3a®)(2ab®)(—4a3h%)
== [(—3)(2)(—4)](0261(13)(1731)5) Multiply like bases using the
commutative and associative
properties
= 24a%h® Signed numbers and multiplication of
like bases, add exponents
5. (3a%*b)2(3%ab®)* = 32(a*)2b? - (32)2a2(b5)2 Group of factors to a power
= 3248p2 - 34q2H10 Power of a power
= (32 - 39)(a®a?)(b2b19) Multiply like bases
= 36q10p12 Add exponents
= 729410p12 Standard form
6 2a?6%\3  (2a%p3)° Both the numerator and the
. & = (65)3 denominator are raised to the 3rd
_ 2(a)3(pY)? powver
= _(6‘5)3— EacE? factc?r in the numerator is raised
8.45B to the 3rd power
a
= 5 Power of a power, multiply
¢ exponents
273
a?b
e at™d — (=9p3 — 6 Division of like bases
= a?h3 Subtract exponents
2
a
= E Standard form
-27\ -2 -25)-2
azb (a2b)
8 ( ) = Numerator and denominat
; =~ lumerator ar 1ominator are
e () raised to the power
(a~2)~2p~2
= W Numerator has a group of factors to
a power
a(—z)(—z)b—z
= _6(3)(——2? Power of a power
alb=2
= - Multiply exponents
atch
= ? Standard form, factors raised to a

negative power are moved to the
other side of the fraction bar
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B Quick check Simplify. Leave the answer with only positive exponents. Assume
that no variable is equal to zero. (2a72h3)3 =

Mastery points

Can you
B Apply the definitions and properties of exponents?

. = - y
Exercise 3-4

Simplify by using the properties and definitions of exponents. Leave the answer with only positive exponents. Assume
that no variable is equal to zero. See example 3—4 A.

Example (2a72b%)3

Solution = 23(a2)3(H%)3 Groups of factors to a power

= 23q=6p7 Power of a power
8p°

= Standard form
a

1. (24%)3 2. (3x )2 3. (2x%y)3 4. (4ab?)?

5. (x%3z)4 6. (2a°bh%)? 7. (5a°b2cY)? 8. (a%p?)3
(2422 10. (5x~3)~2 11. (4-1x2)"2 12. (2a%h3)2
13 (x93 14. (3x72y73)2 15. (x2y=5z3)2 16. (a3p2c4)73
17. (3x3)(2x%)(x%y) 18. (a2b)(—3a%?)(a®h) 19. (—2x2p)(3x3y2)(x5y)
20. (abc)(—2a2b*c?)(3abc) 21. (Byz)(—3xyz*)(—2x2yz) 22. (a?b)(—3b%c2)(24%c)

7x\3 x2y\3 3aZa0\2 3 \3

2. (y—) 2. (—2) 25. ( o) 2. (yoz)

2x2\3 ab?\4 2x3y3)2 (asbﬁ)s

27 (y3> 28. ( o ) 29. ( = 30. T

a?b? x~3y? RS T RS

31. . — 33— - —
. 23h-5 32 X3y 9R-3S52 34 R385

8a2bh—> Ply2 6R2S0 2a-1p0c2

35. . 37. o

2a71p4 36 3x~y? 2RAS— 38 5a3h~1¢3
(a2b3)3(ab?)* 40. (xy2)3(x2y?)? a1. (2a%)2(2a%)> 42. (3x5)3(3x3)2
-2\ -1 =3 Ny
43. (2x%)3(2x45)2 44. (3r25%)3(r5s5)? 45. (’%) 46. (x 2 )
z z
261_3 = 4—1a—1 e ab—z —3 2—2x3 —3
47. ( « ) . ( =) 2. (c_l) so. ( = )

Review exercises
Perform the indicated multiplication. See section 1-2.

1., (6:2) (527 2. (2.8) - (3.7) 3. (1.9) - (8.8)
4. (4.2) - (6.9) 5. (9:9) - {1.9) 6. (7.5) - (6.6)
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Scientific notation

An important use of integer exponents is in scientific, engineering, and technical
fields where we deal with very large or very small numbers. For example, the
mass of a hydrogen atom is 0.000 000 000 000 000 000 000 001 67 gram; the
mass of an electron is 0.000 000 000 000 000 000 000 000 000 91 gram; the half-
life of lead-204 is 14,000,000,000,000,000,000 years. To work with such numbers
on the calculator, they must often be entered in scientific notation. We define the
scientific notation of a positive number X to be the product

X = a X 10

where | =< a << 10 and n is an integer. To achieve this form of the decimal
number X, use the following steps.

___ Scientific notation

Step 1 Move the decimal point to a position immediately following
the first nonzero digit in X.

Step 2 Count the number of places the decimal point has been
moved. This is the power, n, to which 10 is raised.

Step 3 If
a. the decimal point is moved to the left, n is positive.
b. the decimal point is moved to the right, n is negative.
c. the decimal point already follows the first nonzero digit,

n is zero.

B Example 3-5 A Express the following numbers in scientific notation.
1. 250
250 = 2.50. X 102 = 2.5 X 102
Ly
2. 45,000,000
45,000,000 = 4.5000000. X 107 = 4.5 X 107
A A a s

3.5
5= 5.2 109
4. 0.000152

0.000152 = 0.0001.52 X 1074 = 1.52 X 104
aand

Note To write a negative number in scientific notation, we use the same
procedure as for a positive number except that a negative sign, —, is placed in
front of a.

Example
To write —0.0234 in scientific notation, we proceed as follows:

—0.0234 = —0.02.34 X 102 = —2.34 X 1072
wA

» Quick check Express the following numbers in scientific notation.
4,380 —0.00592 =
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Standard form

Sometimes it is necessary to convert a number in scientific notation to its
standard form. To do this, we apply the rules in reverse.

Standard form

When the power of 10 is

1. positive, the decimal point is moved to the right n places.
2. negative, the decimal point is moved to the /eft n places.
3. zero, the decimal point is not moved.

Express the following numbers in standard form.

1. 1.45 X 104
Since the exponent of 10 is positive 4, we move the decimal point 4 places to
the right to get

1.45 X 104 = 1.4500. = 14,500
AAASA

2. 5.23 X 103
The negative exponent, — 3, tells us to move the decimal point 3 places to the
left to get

5.23 X 1073 = 0.005.23 = 0.00523
s

Note In each example, it was necessary to insert zeros to properly locate the
decimal point.

3. —4.07 X 1072
With a negative exponent, —2, move the decimal point 2 places to the left
to get

—4.07 X 1072 = —0.04.07 = —0.0407
L)

Note The negative sign preceding the number is carried along into the
standard form.

» Quick check Express the following numbers in standard form.
9.98 X 10~ —5163: 3¢ 102 =

Computation using scientific notation

Scientific notation can be used to simplify numerical calculations when the
numbers are very large or very small. We first change the numbers to scientific
notation and use the properties of exponents to help perform the indicated
operations.

Perform the indicated operations using scientific notation.

1. (349,000,000)(0.0816)
= (3.49 X 10%)(8.16 X 107?) Scientific notation
= (3.49-8.16) X (10%-1072) Commutative and associative properties
= 28.4784 X 10¢ Multiply
= 28,478,400 Standard form
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(102,000,000)(0.00105)
(1,190)(0.012)
(102 X 10%)(1.05 X 1073)
T (1,19 X 103)(1.2 X 1072)
 (1.02)(1.05)108 - 103
©(1.19)(1.2)10% - 102
_ (1L.02)(1.05)

Scientific notation

Commutative and associative properties

(1.19)(12) 104 Properties of exponents
= 0.75 X 10¢ Multiplication and division
= 7,500 Standard form ]
Mastery points
Can you
B Express a number in scientific notation?
® Convert a number from scientific notation to standard form?
B Do computations using scientific notation?
Exercise 3-5
Express the following numbers in scientific notation. See example 3—5 A.
Examples 4,380 —0.00592
Solutions = 438 X 103 Three places to the left, = —592 X 1073 Three places to the right,
exponent is 3 expenent is —3
1. 255 2. 65,000,000 3. 12,345 4. 14,800 5. 155,000
6. 14.36 7. 855.076 8. 1,570.7 9. 1,007,600 10. 6,000,736
11. 0.00012 12. 0.0863 13. 0.0000081 14. 0.0000147 15. 0.0007
16. 0.12079 17. 0.000000000094 18. —456 19. —4,500 20. —0.00087
21. —5,850,000 22. —0.0567 23. —45.78 24, —34,000,000 25. —0.00000002985

Convert the following numbers in scientific notation to their standard form. See example 3-5 B.

Examples 9.98 X 107 — 568 = 107
Solutions = 0.000998 Exponent is —4, move 4 places = —56,300 Exponent is 4, move 4 places
to the left to the right
26. 2.07 X 103 27. 499 X 107 28. 5.061 X 103 29. 7.23 X 10Y
30. 1.073 X 10¢ 31. 4.2 X 103 32. 7611 X 1077 33. 1.47 X 10°¢
34, 5.0 X 1072 35. 7.89 X 10 36, —2.3 X107 37. —4.82 X 107°
38. —2.61 X 102 39. —4.92 X 10-% 40. —9.3 X 108
Express the following numbers in scientific notation or in standard form. See examples 3-5 A and B.
41. A millicron equals 0.000000001 of a meter. Write 42. The speed of light is approximately 30,000,000,000
this number in scientific notation. centimeters per second. Write this in scientific

notation.
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Chapter 3 summary
1. In the expression x%, x is called the base and 6 the 4. When multiplying two multinomials, we multiply each
exponent. term in the first multinomial by each term in the second
n factors multinomial. We then combine like terms.
— . Three special products are:
2. a"=a-a a - a where nis a positive integer. (@ + b2 =a®+ 2ab + b2
3. Properties and definitions of exponents (@ — b)2 = a® — 2ab + B2

am.an=am+n

(ab)* = abn

(arrr)n=a-m-fz

a\" (474

— ] ==,b#

()= mo
am

af=miali = g g i)
a

it
a*"=—,a#0
aﬂ

a=1,a%0

Chapter 3 error analysis

(a+b)a—b)=a*— b

. The scientific notation of a positive number X is

X =a X 10", where | =< g << 10 and » is an integer.

1. Exponents . Dividing like bases
Example: xy? = x33 x?
Correct answer: xy? = xy3 Exqmple: * =
What error was made? (see page 127) Correct answer: x*
2. Multiplication of like bases What error was made? (see page 140)
Example: 4* - 43 = 165 . Negative exponents
Correct answer: 4% - 43 = 45 1
What error was made? (see page 129) Example: = —a
3. Power of a power 1
Example: (a?)? = a° Correct answer: ;:3 = a3
Correct answer: a®
What error was made? (see page 130) : ;V:rlzteigg;c:?s madofitres page 141)
4. Multiplying unlike bases

Example: x3 -y = (xy)*
Correct answer: x* -y = x3y

Example:(x + p)°=x"+y'=1+1=2
Correct answer: (x + p)° = 1
What error was made? (see page 143)

What error was made? (see page 131)

5. Product of a monomial and a multinomial
Example: —x(x* — 2x + 1) = x® — 2x2 + x
Correct answer: —x* + 2x2 — x
What error was made? (see page 134)

6. Squaring a binomial
Example: (4x + y)® = (4x)* + (y)? = 16x* + )2
Correct answer: 16x? + 8xy + 32
What error was made? (see page 136)

10. Evaluate absolute value
Example: —|—4| = 4
Correct answer: —|—4| = —4
What error was made? (see page 31)

Chapter 3 critical thinking

Given the number 522, determine a method by which you can
square the 52 mentally.
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13—1]
=1
L

Simplify and leave the answers with only positive exponents.

1. & a’ 2. aat a®

4. (xy)? 5. (&)

7. (3x33)(2xy%) 8. (—5x2)(3x3)
10. (5x%)(2x3y%) 11. (—3a%63)(2a%)
[3-2]

Perform the indicated multiplication and simplify.

12. 5x(3x — 2y) 13. —3a%b(2a% — 3ab + 4b?7)
15 et 3) e — 4) 16. (x + 5)2

18. (5x — »)(3x + 2p) 19. (x — 2p)(x2 + 3xy + 3?)
21. (2a + b)?

[3-3]

Simplify and leave the answers with only positive exponents.

bs
22. » 23, Sa? 24. a5 a&°
a-d
26. (34%Db)° 27, Sx2p=2 28. =
Zyz) 2 2a*b* a*b?
30. | — Fl—— 32.
( x 23a5h aish
[3-4]
Simplify and leave the answers with only positive exponents.
33. (2a%%)3 34. (33x9y5)4 35¢ (2xy=3)=2
a3
R szc_} 38. (x5y“)“(2x2y3)3
a3b")3 (3a3b2)2
40. 41.
( ct &
[3-5]

Express the following numbers in scientific notation.

43. 1,840 44. 0.00157

46. 849,000,000,000 4T S35
Express the following numbers in standard form.

49. 504 X 10° 50. 6.39 X 1073
52. —8.86 X 1073 53, 735X 1077

34542
6. (5ab®)(4a’p?)
9. (2a%h)(3ab*)

14. (5x)(3x — »)(2»®)
17. (@ — T)(a + 7)
20. (3a — b)(a + b)(a — 2b)

25.

 (2)

2x—ly023

36.
4xZy 3

39. (2a%6)*(3a%)?

4\ 5
42. (2")’)

z6

45. 107,000,000
48. —0.00543

51. —5.96 X 102
54. 8.12 X 108

Perform the indicated operations using scientific notation. Leave the answer in scientific notation.
55. (456,000,000) - (0.000587) 56. (0.0000183) - (0.000846)
57. (756,000) = (105,000,000) 58. (0.00525) = (42,000)
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Chapter 3 cumulative test

Determine if the following statements are true or false.

|—10] < 0 [1-8] 2. —32 = (—3)

[1-3]

1.

Perform the indicated operations, if possible, and simplify.

[1-7]

[1-6]
[2-3]

[1-7]

[1-6]
[1-6]
[3-2]

[1-8]
[2-3]

[3-3]

4.

748
10.

12.

14.
16.
18.

20.

22.

24,

(8 (=9
-4 S o
(—=2)(4)(0)(—4) [1-8] 8. (—2)*
(3x% — dxy + 2xy?) — (2x%y — 4dxy + 3x%?)
0
-3
(2)(—=7)(0)(3)

._52

(3x — 2y)(Bx + 2p)
(7 —4) — & 4]
(3a — 2b) — [5a — (4b + 64)]

x3x5x0

Find the solution set.
[2-6] 26. 3x —4=x + 10

[2-6] 28.

Find the solution.

[2-9] 29.
[2-6] 31.
33.

[2-8]

[2-8]

(2-8]

34,

35.

2 5
?JC+4—?
8§ —3x <9
3—2x=6

If a number is decreased by 17 and that result is
then divided by 5, the answer is 16. Find the
number,

One-third of a number is 12 less than one-half of
the number. Find the number.

Brenda invested part of $30,000 at 8% and the rest
at 7%. If her income for one year from the 8%
investment was $675 more than that from the 7%
investment, how much was invested at each rate?

[1-6]
[3-2]

[3-4]
[1-8]
[3-1]

[1-7]
[3-2]

[3-3]

[2-6]

[2-9]
[2-9]

13.

15.
17.
19.

21.

23.

25.

27.

30.
32.

[1-3]1 3. |3 <|-7]

[1-5] 6. (2) — (—6)

[1-8] 9. 48 —24 +8—3 — 22

. 5)(=2)(4)

(3x — y)?

(2a%b%)?
10— 10+ 10.10 — 10 + 10
(3x%y)(2xp%)

(=6)(—4)
(5)(0)

(A4 G2 —%— 1)

a3

a-?

2x—4)+7=8x—11

6x +5—4>2
—Q0e=2x 7 <5



Review exercises

1. —16 2. 16 3. —16 4.16 5.x% 6. (letx = the
number) x> 7. (let x = the number) x2 8. xy

2.1 3.2 4.2 5. polynomial 6. polynomial
7. polynomial 8. not a polynomial because a variable is in
the denominator 9. 5x 10. y —7 1l.z + 4

12. (let x = the number) 2x +6 13.1 14. —1 15. 72

189
16. —4 17.4 18.7 19.a. 3b. v 20. 1,040

21 4xr —3x+3 22, —a?+a-+ 11 23 —6a?

24. 5x° — Ixpr— 2> — 4x2 25. —llab + 7b%c 4+ 11be

26. —6y +1 27. 5ab + 3ac — 4bc 28. —5 29. Tx +y
30. 2x + 5y 31. —6x + 4y 32. 9a— 106 33 true

34. false 35. false 36. true 37. {7} 38. {21}

39. {—11} 40. {—6} 41.{4] 42.{19] 43.{-2}

44. {9} 45. {3} de. {3} 47.{-7} 48 {—7} 49. {12}

s0. {14} 51 {15} s2. {21} 33 [274[] 54. {—18}

55, [f%] s6. (35) 5700} 8. {41 59.06 60. | 8]

61. {3} 62 [?] 63. [%] 64. {3} 65. {%]

66.| } 67. lf ] {%] 69. [f%} 70. |—14}
{

P e

N (—24) T2 |
4
F E k
76,12} 7.a=— T8.I=— 79.P=—
m R V
24 — bh 4
Blia= Ve Hey Bliaas 82.x:?y

83. 64and 41 84. 36 85. 45 86. 511,000 at 8%;
$9,000 at 7%  87. $12,000 at 12%; $13,000 at 19%

88. x > 4; 89. x = 3;
o> ooy ———>
4 5 10 0] 3

x> — 7 91 0 <=4
I B s B S ——|
-7 -5 0 —10 54
92. x < 2 15
D3 &
] el e Pt sy ] | 7
BT R T i i i S I
-5 0 2 < $I£!r,$‘ 3
0 2
9
94, x > —; 95.12—g;
2 5
o ol r%\_m.s % — e
= e e —2.—1 10
0 4

Answers to Chapter 2 Review—Exercise 3-1 457

2 11 3
9. x = —: 97. —— < x <=
97 5 3
2 =1 1
| [ OO o | E\ B | IE' A lsI Ll ! |
T T ) B i b\ [ il helmiaaslimsl: I I
-5 0 —3i—2—1 0
1
98 —1<x£?; 99, — < x < —
i i il
S 2 4
e R s e 2 e
-5 -1 0 (] ] el s
100 13< t 1
——— = x -
3 3
13 1
3 ey
St ——— |

Chapter 2 cumulative test

1

1 2.4 3.3 4, undefined 5. —25 6. 5
1

7 = 3.0 9.1978 10. 41 11.38 12. —2

13. 26 14. 6 15. 20 16. 4x 17. 2x%? + 3xy

18. a + 36 19. 4x¥y — Txy? 20. &* + 2> +a — |

21. —3x +4y 22. 40+ 20 23.64 24, —25 25, 234
26. 2 27.4 28.42 29. 51mph 30.x—y

5
31. (let x = thenumber) x + 6 32. 10d + 5n+ ¢ 33. [?]

19 17 0
34. j0} 3. [———] 36. {E] 37. [?—1} 38. x=< —6

8
39! % =] 40.x>? 4]1. -2 <x<4

42— ' Bh =P
45. $6,000 at 6%; $4,000 at 5%  46. 14,16,18 47. 12
48. $6,500 at 12% profit; $10,500 at 19% loss 49. x <6

Answers to odd-numbered problems

Toa® 3o (=28 5. %8 “Talap)® O (x— 103 - T oxxx
13. (=2)(=2)(—2) 15 5-5-5 17. (4p)(4y)(4y)(4y)

19. (x — p)(x —y) 21. x"' 23. R® 25 a&° 27.5%=3,125
29. 47 = 16,384 31 (x — 2 33, (@ — b)1' 35, x4t

37. 64x%323 39, x5 41. b 43, 6x%3 45, 47b°

47. 30x°  49. 124707¢  51. 124°6* 53. —64°b°

55. a. V' = 53,125 cubic units  b. V = 43, 64 cubic units

1 4
¢. V=63 216 cubic units 57. 5 = Egzz 59, V= ?wﬂ

3
6L m'—38 63 22— 655
q



458 Answers to Exercises 3-2—3-4

Solutions to trial exercise problems

2. R-R=R*»-R'=R*'=R} 27 .52-53 =52+3 =755

= 3,125 43. (2xpH)(3x%) = 23 - xx3%p = 6x1 T 321 = 6x43
55a. V= 2¢3 then V= (5)3=5-5-5= 25-5 = 125 cubic units
60. The cube of Johnny’s age is given as n®. Since his mother is 6
years more than the cube of Johnny’s age, we add 6, giving »* + 6.

Review exercises

1.9 2.8x 3.6ab 4 Txy 5.7a*+ 5a 6. 5x* + 5x
7. xty + Txy* 8. 3ab® + 2a%

Exercise 3-2

Answers to odd-numbered problems

1. 2a3h — 2ab*c + 2abc* 3. 15ab? — 2lact 5. —1543p%

+ 5a2b% — 20ab® 7. 3a%h — 6a’h? — 3ab® 9. 12a*h* — 6Gab?®
1. x>+ 7x +12 13. 2 —13p+ 36 15. a2+ 2a+1
17. R —6R+9 19. a2 —9 21. 6g* — 3la + 35

23, 4x2 — 49  25. 3k2 — 1Tkw — 6w2  27. @ + 12ab + 360
29. 4a2 — 9p*  31. &* + 24%b — Tab* + 4b°

33. 6x3 + 2Ix2 — 5x + 28 35, x4 —xF — x2 — 1llx — 12
37. a> — Ta* + d4a + 12 39. 2a* — 3a?b — 2ab? + 3B

41. a® — 3a%b + 3ab* — B>  43. @ — 6a*b + 12qb* — 8B

45. cx? — 4eix + 48

Solutions to trial exercise problems

8. (20)(x — y + 5)(5p) = [2x)(x — y + 5)1(5p)

=if2xi-x —2x -y -F 2% 5](5p) = [2x% = 2xyp -+ 10x](55)

= 2x%- 5y — 2xy - 5p + 10x - 5y = 10x% —10xy* + 50xy

17. (R — 3)%is a special product. (R — 3)2
=(RE+[2°R(=3)]+(—=32=R —6R+9

18. (R + 2)(R — 2) is a special product. (R + 2)(R — 2)
=(R)?— (22*=R2—4 31 (a+ 4b)(a® — 2ab + b?)

= a*® — 2a% + ab* + 4a*b — 8ab? + 4b® = &3 + 2ah — Tab?
+4p* 37 (@a—6)ea—2Na+ 1) = [(a — 6)(a— 2)l(a + 1)
=[a?—2a—6a+ 12l(a+ 1) = [ —8a+ 12](a + 1)
=a*+a®— 822 —8a+12a+12=a*— Ta*+ 4a + 12

40. (a + b)? = (a + b)(a + b)(a + b) = [(a + B)a + b)](a + b)
= [a®> + ab + ab + bB*](a + b) = [a* + 2ab + b*](a + b)

= o + a®h + 2a*h + 2ab* + ab® + b = a3 + 3ath + 3ab? + B3

Review exercises
1. =5 2.12 3.3 4.=9 5x2 6.a° 7 27%°

Answers to odd-numbered problems

1 1 9 »?
1.1 35 51 17.— L s .= S
I 9 op? 11 P 13 B
257 s at 8 16x* 274%
IS == g7 — 19, —— 2] = 23 25. —
x % bs 27 » b
1 1
27.y* 29.p 31, — 33. 4 35 — 7. p* 5
¥ e by 37y 305
1 1 1
41. }; 43. @b 45, 4x3H? 47, ﬁ; 49, x3 51. ;
1 1 1 1
53. x> 55.— 57. —— 59.27 6l.— 63. —
a? 125 at x10
RS abic?

65. a5 67.1 69.1 71— 5
5 g

Solutions to trial exercise problems

1 4
.50 =5-1=5 10.472=4-===
z
s e Oy 3¢ e
15.2x4y272;y1*F 32.;—34 2=32=9
xixd | atvd ol 5%a3h

— = — =T =2 = 45
36. 2 7 2 x x 48

" 537p3
— 52-353-Tp1 -3 = 5-lg—4p-2 = Lt

5% gb b 5atht

7
49, x 47 = x4+ 7 = x3 Alternate: x~%x7 = i4 Xl = x_4 =574
% x
1 1
=x 57.(—53= =5y = i (Note: The sign of the base,
1 1 b3
_ riawe o 2% ia
—5, is unchanged.)  73. e e SR =3
a bl 2 adhe
B @b _ @RI abd  BE | KE
i e A = il =
42 2 242 8a? 8 8
__ab*?
8

Review exercises

1. —10 2.21 3.4 4. —16 5.4d°
6. x12 7. x5 8. 4a%b?

Exercise 3-4

Answers to odd-numbered problems
1. 8a% 3. 8x%° 5. x1612z4 7. 1254583

] 16 ylz ylll
9. — 1L — 13. 15. =—
4at o 27x3 x4z6
8 3
17. 6x7% 19, —6x1%¢ 2L 6x937 23, —
¥
94 8x® 4x6 B
25. F 27. -;,T 29. N 31. E
R? 4 353
33— 35 —  37. == 39, glopV
359 ab® B R
2
41 3227 43. 325141 45, L
Xz
10 6
47_ ﬂ 4 i b_
4 a’c®
Solutions to trial exercise problems
1 1 1 1
9. )T —— = —— = —— — —
( & ) (2{12)2 22(112)2 2}.04 404
Lo, B
a2 @ B b Pts g
T N = i T
T

39. (a2h3)3(ab)* = (a®)3(B3)° - a*(B))* = a'h%a%h® = ab+4po+38
= all]bl?

Review exercises

1. 3534 2. 1036 3. 1672 4. 2898 5. 1881 6. 495



Exercise 3-5

Answers to odd-numbered problems

1. 255 X 102 3. 1.2345 X 10* 5. 1.55 X 108

7. 8.55076 X 102 9. 1.0076 X 10¢ 11. 1.2 X 10~*
13. 8.1 X 107 15, 7 X 107 17. 94 X 1071

19. —4.5 X 10°  21. —5.85 X 108 23. —4.578 X 10
25. —2.985 X 107%  27. 49,900,000 29. 7.23  31. 0.0042
33. 0.00000147  35. 0.000789  37. —0.00000000482
39. —0.00000492 41. 1 X 107 43. 2 X 1012

45. 35,600,000 47. 0.000 000 000 000 000 000 000 093
49. 140,000 51. 1.22304 X 10  53. 3.63226 X 107!
55. 1.76979 X 1077  57. 4.84481 X 10¢ 59. 1.4 X 10°
61. 4.6 X 10°

Solution to trial exercise problem

1.77 X 108
58. (177,000) = (0.15) = ~———"
(7000 = 1 = o T
1.77 177
= —— X 105D = —— X 10¢ = 1.18 X 10
1.5 1.5

Review exercises

1. 5x 2. 3a® 3. 12ab 4. x* + 2x* 5. 62 — 15a
6. 3x%y + 2xYH? — Txy

Chapter 3 review

1. a2 2.a% 3.45=1,024 4. x%% 5 a% 6. 20a%5

7. 6x%7 8. —15x% 9. 6a°F°  10. 10x%°  11. —6a%h1®

12. 15x2 — 10xy  13. —6a*h + 9&3p® — 12a%H°

14, 30x%? — 10xp* 15. x2 —x— 12  16. x* + 10x + 25

17. @ — 49 18. 15x2 + Txy — 2)* 19. x3 + x%y — Sxy2 — 22
20. 3a® — 4a*h — 5ab* + 263 21. 84 + 12a*h + 6ab* + B?

1 5 1 )
22, ; 23. ; 24, a4 25. ; 26. 1 27. x3_y2 28. tIJ
& 4272 b &
29. ; 30. 2 e 32. E 33. 8a®
b xy3z? 2a%c3
34. 312x16)20 = 531 44]x'6p20 35 —  36. 37.
e G 12 2 b
) 9p3 6pd 325,20
38, 8x2y% 39, T2aip 40, T 41, 2 3
12 3T 230

43. 1.84 X 10% 44. 1.57 X 1073 45, 1.07 X 108

46. 8.49 X 10" 47. —375 X 10 48. —543 X 1073
49. 504,000 50. 0.00639 51. —3596 52. —0.00886
53. 0.000000735  54. 812,000,000 55. 2.67672 X 10°
56. 1.54818 X 10* 57. 7.2 X 1073 58. 1.25 X 1077

Chapter 3 cumulative test

1. false 2. false 3. true 4. —2 5. undefined 6. §
7.0 8.16 9. 38 10. x3y + 2x)? — 3xH?  11. —40

120 13.9x2 —6xp +3* 14,0 15 4a%™ 16, —25
17. 0 18. 9x% — 42 19. 6x*° 20. 26  21. undefined
22. 40 +2b 23. x> —2x— 1 24.x* 25 4% 26.(7|

5 19 1
27. {—} 28. {——] 29. x > s 30. x > —

3 4 3 6

3

31. |—T] 32. =8 =x= —1 33. 97 34. 72

35. $18,500 at 8%; $11,500 at 7%

Answers to Exercises 3-5—4-2 459

Answers to odd-numbered problems

L2y +3) 3 4(x2+2y) 5 3(x¥y + 3z)

7. Ta— 26+ 3¢) 9. 3(5xpy — 6z + x%)

11. 7(6xy — 3y + 1) 13. 2(4x — 5y + 6z — 9w)

15. Sab(4a — 12 + 95)  17. 3xp(x +2) 19. 2R} R?* — 3)
2. x(2x2 —x+ 1) 23. 3ab(5+6b—a) 25 xy(y +z+ 1)
27. 2L(L2 — 9+ L) 29. 5p(p + 2+ 3p%) 31 —3(2x + 3)
33. 2(3x — 4z — 6w) 35, —3(4L — 5w+ 2H)

37 =2l = 7= 22, 3% =l = ety —az)

41. —5ab(2ab — 3 + 4a?h*) 43, (a + b)(x + p)

45. 5(2a + b)(3x + 2y) 47. 3(a + 4b)(x + 2y)

49. (b +6)(8a — 1) 51 (a+ b)(c+ d)

53. (2a + b){(3x — 2y) 55. (2x + y}(2a — b)

57. (5x — 3y)dx + 2)  59. (a + 3b)(4x — 3p)

61. (2c — y)a + 3b)  63. (¢ + 4)(2a + 3b)

65. 3x + y)(2a + b) 67. (x — 2d)(3a + b)

69. (a + 5)(2a* +3) T1. (4a* + 3)(2a— 1)

93, s 5 TS %(m — 302 — )

Solutions to trial exercise problems

11. 42xy — 212+ T=T " 6xy — 7- 32+ 7' 1

=T6xy —3*+ 1) 25 xy*+xyze+xy=xy'y+axy'z
+xy-l=xyy +z+1) 33 6x— 8z — 12w = 2( );
2:3x — 24z — 26w =203x — 4z — 6w)

34. —4a® — 36ab + 16ab? — 2453 = —4( );

(=4)a® + (—4)(9ab) + (—4)(—4ab?) + (—4)(65)

= —4(a® + 9ab — 4ab* + 6b%) 36. —3a+ a*h = —af );
(—a) 3+ (—a)(—a*h) = —a(3 — &) 45. 15x(2a + b)

+ 10p(2a + b) = 5(2a + b) - 3x + 5(2a + b) - 2y

= 5(2a + B)(3x + 2y) 53. 6ax — 2by + 3bx — 4ay

= 6ax + 3bx — 4ay — 2by = (6ax + 3bx) + (—4ay — 2by)
=3x(2a + b) — 2y(2a + b) = (2a + b)(3x — 2y)

2wx?  30wx? Pwx wx wx
75, ¥ = —— — = = g - —— — 2
48E[ 48E7T 48E] 48ET 48E]
WX WX
- S = ey S s
48ET REL x )

Review exercises

.45 23,4 3 -—-82 4.8 -2 582 6 —8 —2
7.6,6 8. 11,1

Exercise 4-2

Answers to odd-numbered problems

1. (a +6)la+3) 3 (x+12)(x—1) 5 (p+ 15 —2)
T-(x —12)(x —2) 9. (g +8)(a—3) 1L (x+6)(x+ 2)
13. (a — 6)(a+ 4) 15. 2(x + 5)(x — 2) 17. 3(x — 8)(x + 2)
19. will not factor, prime polynomial  21. (y + 13)(y + 2)

23 Al -t 200e—3) | 25 5(as—S)a + 2)

27. (xy — 6)(xy + 3)  29. (xy + 12}(xy + 1)

31 3y + 3)(xy —4) 33 (x + 2p)(x + p)

35. (a — 3b)(a +b) 37. (a— 3b)(a + 2b)

39. (x + 3p)lix'—5y)



Factoring and Solution
of Quadratic Equations
by Factoring

The formula s = vt — 16¢2
gives the height s in feet that an
object will travel in t seconds if
it is propelled directly upward at
an initial velocity of v feet per
second. If an object is thrown
upward at 96 feet per second,
how long will it take the object
to reach a height of 144 feet?

I o

i L i 5 s
4-1 m Common ractors

Greatest common factor

To find the solution of certain equations that are not linear, we will need to study
a technique called factoring a polynomial. Factoring polynomials will also be
useful in dealing with algebraic fractions since, as we have seen with arithmetic
fractions, we must have the numerator and the denominator of the fractions in a
factored form to reduce or to find the least common denominator.

The first type of factoring that we will do involves finding the greatest
common factor (GCF) of each term in the polynomial. Recall the statement of
the distributive property.

alb + ¢) = ab + ac

a(b + c) is called the factored form of ab + ac. We now use the distributive
property to write 3x + 6 in the factored form. First we notice that
3x + 6 can be written as
3% 392 3 is a common factor in both terms
By applying the distributive property, we have
3x+6=3"x+3"2=3x+2)

3(x + 2) is the factored form of 3x + 6.

This type of factoring, as its name implies, involves looking for numbers or
variables that are common factors in a// of the original terms. In our example,
the number 3 was common to all of the original terms, and we were able to factor
it out.

m 155



156 Chapter 4 Factoring and Solution of Quadratic Equations by Factoring

When a polynomial is factored, we “factor out” the greatest common
factor, GCF. The greatest common factor consists of the following:

Greatest common factor
1. The greatest integer that is a common factor of all the numerical
coefficients and

2. the variable factor(s) raised to the least power to which they were
raised in any of the terms

Factoring
Polynomial Distributive Property Factored Form
(terms) (determine the GCF) (factors)
3x + 6 Sex -3 =2 30c + 2)
10x2 + 15y 5-2x2+ 53y 5(2x2 + 3y)
12a — 42b 6-2a—6-7b 6(2a — 7b)
18xy + 12xz 6x -3y + 6x- 2z 6x(3y + 22)
Multiplying

In the previous examples, we determined the greatest common factor by
inspection. In some problems, this may not be possible, and the following
procedure will be necessary. Factor the polynomial 12x3y + 30x2)3.

Step I Factor each term such that it is the product of primes* and variables to

powers.
12x3y 30x2y3
22.3.x3.y 2'3‘5‘)62')73

Step 2 Write down all the numbers and variables that are common to every term.
2B

Note We do not have 5 as part of our greatest common factor since it does
not appear as a factor in all of the terms.

Step 3 Take the numbers and variables in step 2. Raise them to the lowest power
to which they were raised in any of the terms.

21-31-x2.y1 ES 6x2y
This is the greatest common factor.

Step 4 Find the multinomial factor, the polynomial within the parentheses, by
dividing each term of the polynomial being factored by the GCF.
12x3y 30x2y3

= 2 d = 2
= X an o Sy

6x2y(2x + 5)%)
Step 5 We can now write the polynomial in its factored form.

12x3y + 30x?%3
= 6x2y * 2x + 6x%p - 57
= 6x%(2x + 5y?%)

*Primes and prime factorization are covered in section 1-1.
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Completely factored form
In the previous example, 12x%y + 30x2)3 could also be factored to
5
3xy(4x? + 10xy?) or 12y(x3 + ?xzyz). This allows room for a given

polynomial to be factored in many ways, unless some restrictions are placed on
the procedure. We wish to factor each polynomial in a unique manner that will
not permit such variations in the results. Thus it is customary to adopt the
following criteria for a completely factored polynomial.

A polynomial with integer coefficients will be considered to be in completely
factored form when it satisfies the following criteria:

Completely factored form

1. The polynomial is written as a product of polynomials with integer
coefficients.

2. None of the polynomial factors other than the monomial factor can
be further factored.

We see that 6x%p(2x + 5p?) is the completely factored form of the
expression 12x3y + 30x2)3 since all of the coefficients are integers and, except
for the monomial factor 6x2y, the remaining factor contains no other factor with
integer coefficients.

In general, whenever we factor a monomial out of a polynomial, we factor
the monomial so that it has a positive coefficient. Realize that we could also
factor out the opposite, or negative, of this common factor. We could have
factored out —6x2y from our example. The completely factored form would have
been

—6x%y(—2x — 53%)

Observe that the only change in our answer when we factor out the opposite of
the common factor is that this changes the signs of all terms inside the
parentheses.

Write in completely factored form.

1. 73 + 14a
=Ta( + ) Multinomial factor will have
as many terms as the original
expression
GCFis 7a
= 7a(a2 S 2) Completely factored form
f 14a
7a
7a3
Fa

If we want to check the answer, we apply the distributive property and
perform the multiplication as follows:
Tala® +2) =T7a-a* + Ta "2

= Ta* + l4a
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2. 9x5 + 6x3 — 18x2

= 3255 4+ J - 353 — 2 - 322 Factor each term

= 3x¥ + = ) Determine the GCF

= 3x2(3x% + 2x —6) Completely factored form
3. 72a%b — 84a3b* + 484%h?

= 23:32. g2 b — 23T - g3 pd Factor each term

424 3 5 g¥e B2
= 12(2217( = -1 ) Determine the GCF
= 12a%h(6 — Tab® + 4a*h) Completely factored form

4. 3x3? + 15x%* + 3x)?
=3.x3.y2+3.5.x2.y4+3.x.y2
=3xp + + )
= 3x?(x? + 3xp* + 1)

ompletely factored form

Note In example 4, the last term in the factored form is 1. This situation
occurs when a term and the GCF are the same, that is, whenever we are able
to factor all of the numbers and variables out of a given term. For example,
3xy?2
3xy?2
number of terms in the original polynomial.

= 1. The number of terms inside the parentheses must be equal to the

» Quick check Write 9x + 6y + 3 and 9x3y? — 18x2y? in completely factored
form. ]

Remember that when an expression is within a grouping symbol, we treat
the quantity as just one number. Therefore if we have a quantity common to all
of the terms, we can factor it out of the polynomial.

B Example 4-1 B Factor completely.

1. x(a — 2b) + y(a — 2b)
The quantity (@ — 2b) is common to both terms. We then factor the common
quantity out of each term and place the remaining factors from each term in
the second parentheses.

x(a — 2b) + y(a — 2b)

(@ — 20)Tx + )
Common Remaining
factor factors
2. x3(a+ b))+ (a+ b)
= (a + b) =+ ) Determine the GCF
= (d +- b)(x2 + 1) Completely factored form

3. 3x2(2a — b) — 9x(2a — b)
— 3x2(2a — b) = 32x(2a = b) Factor each term
=3x(2a — B)( — ) Determine the GCF
= 3x(2a = b)(x — 3) Completely factored form

B Quick check Factor x(y + 5) — z(y + 3) =
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Four-term polynomials

Consider ax + ay + bx + by. We observe that this is a four-term polynomial
and we will zry to factor it by grouping.

ax + ay + bx + by = (ax + ay) + (bx + by)

There is a common factor of a in the first two terms and a common factor of & in
the last two terms.

(ax 4+ ay) + (bx + by) = alx + y) + b(x + y)

The quantity (x + ) is common to both terms. Factoring it out, we have
alx +y) +blx + y) = (x + y)a+ b)

Therefore we have factored the polynomial by grouping.

— Factoring a four-term polynomlal by grouping

1 Arrange the four terms so that the first two terms have a common
factor and the last two terms have a common factor.

2. Determine the GCF of each pair of terms and factor it out.

3. If step 2 produces a common binomial factor in each term, factor it
out.

4. If step 2 does not produce a common binomial factor in each term,
try grouping the terms of the original polynomial in a different way.

5. If step 4 does not produce a common binomial factor in each term,
fhe poiynomial will not factor by thls procedure

Factor completely.

1. ax + 2ay + bx + 2by
= (ax + 2ay) + (bx + Z?y) Group in pairs
= a(x + 2y) + b(x + 2y) Factor out the GCF

= (x + 2p)(a + b)

2. 3ac + 6ad — 2bc — 4bd
= (3ac + 6ad) — (2bc + 4bd)
= 3a(c + 2d) — 2b(c + 24d)
= (¢ + 2d)(3a — 2b)

3. 2ax — 2ay + bx —by
= (2ax — 2ay) + (bx — by)
= 2a(x — y) + b(x — y)
= (x — y)(2a + b)

4. 6ax + by + 3ay + 2bx

Factor out the common binomial

r out the common binomial

= 6ax + 3ay + 2bx + by Rearrange the terms
= (6ax + 3ay) + (2bx + by) Group in pairs
= 3a(2x + y) + b(2x + y) Factor out the GCF

= (2x + »)(3a + b) Factor out the common binomial

Note As in example 4, sometimes the terms must be rearranged so that the
pairs will have a common factor.

» Quick check Factor 3ax + 6bx + 2ay + 4by |
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It is important to remember to look for the greatest common factor first
when we attempt to determine the completely factored form of any polynomial.
If we fail to do this, the answer may not be in a completely factored form or we
may not see how to factor the problem by an appropriate procedure.

Mastery points

Can you
m Determine the greatest common factor?
m Factor a four-term polynomial by grouping?

Write in completely factored form. See example 4-1 A.

Examples 9x + 6y + 3 9y — 18325
Solutions = 3 "3x +3 -2y + 3 - 1 Factor each term = 9x%)? - x — 9x%% " 2y Factor each term
o 3( = = ) Determine the GCF = 9.‘«52}’2( = ) Determine the GCF
=303x + 2y —F 1) Completely factored form = (x — 2y Completely factored form
1.2y + 6 2. 30— 12 3. 4x2 + 8y
4. 832 + 10x2 5. 32y 152 6. 5r + 10rs — 20s
7. 7a — 146 + 21¢ 8. 8x — 12y + 16z 9. 15x) — 18z 1 3x2
10. 18ab — 27a + 3ac 42xy — 212 + 7 12. 152 — 276% + 12ab
13. 8x — 10y + 12z — 18w 14. 1512 — 21W? + 36H 15. 20a2b — 60ab + 45ab?
16. 4x? + 8x 17. 3x% + 6xy 18. 8x3 + 4x2
19. 2R* — 6R? 20. 3x2 — 3xy + 3x 20 25— b
22. 24a* + 12a — 64° 23. 15ab + 18ab* — 3a% 24, 2x* — 6x% + 8x
xy? + xyz + xp 26. 3R%S — 6RS? + 12RS 27. 26> — 18L <+ QL2
28. V24 V2R — i 421 29. 5p? + 10p + 15p° 30. 16x3y — 3x3? + 24x%3

Supply the missing factor.
le —3a— 6b= —3( )

Solution Since —3a — 6b = (—3) -a + (—3) - 2b, then —3a — 6b = —3(a + 2b), the missing factor is
(a + 2b).

*ﬂzb3 -+ albl = _,ale( )

—a*bh? + g*b?r = (—azbz)(b) +- (_azbz)(“ 1) Divide each term by —a2b2 to find the missing factor
= —g?b*(b — 1), the missing factor is (b — 1).

. —6x — 9= —3( ) 32. —5a + 10b = —5( )
.6x =Bz =0 = 2 ) —4a® — 36ab + 16ab® — 24b> = —4( )
. —12L+ 15W—6H = —3( ) —3a+ah=—al )

37. —x+ x2—x3= —x( ) 38. —x + 2%y -+ mPp= —x( )
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39. —xyz + x¥yz — xy*z + xyz2 = —xyz( ) 40. —4x2 4 8x — 12x3 = —4x( )
41. —10a%b* 4+ 15ab — 20a3b3 = —5ab( ) 42. —24RS — 16R + 32R? = —8R( )

Write in completely factored form. See example 4-1 B.

Example x(p + 5) — z(y + 5)

Solution =(y + 5} — ) Determine the GCF
=(y +5)(x—=2) Completely factored form
43. x(a + b) + y(a + b) 44. 3a(x — y) + b(x — )
15x(2a + b) + 10y(2a + b) 46. 21R(L + 2N) — 35S(L + 2N)
47. 3x(a + 4b) + 6y(a + 4b) 48. 4RSQ2P + q) — 8RT(2P + q)

49. 8a(b + 6) — (b + 6)

Write the following in completely factored form. See example 4-1 C.

Example 3ax + 6bx + 2ay + 4by

Solution = (3ax + 6bx) + (Qay + 4by) Group in pairs

= 3x(a + 2b) + 2y(a + 2b) Factor out the GCF

= (a + 2b)(3x + 2y) Factor out the common binomial
50. rt-+ ru + st + su 51. ac + ad + bc + bd 52. Sax — 3by + I5bhx —ay
6ax — 2by + 3bx — 4ay 54. 2ax* — bx* + 6a — 3b 55. 4ax + 2ay — 2bx — by
56. ac + 3ad — 4bc — 12bd 57. 20x* - 5xz— 12xy — 3z 58. iatx + 3a%y — 3x — 9y
59. 4ax + 12bx — 3ay — 9by 60. ac + ad — 2bc — 2bd 61. 2ac + 6bc — ay — 3by
62. 2ac + bc — day — 2by 63. 2ac + 3bc + Bay + 12by 64. 5ac — 3by + 15bc — ay
65. 6ax + by + 2ay + 3bx 66. 2ax — ad + 4bx — 2bd 67. 3ax — 2bd — 6ad + bx
68. 6ax + 3bd — 2ad — 9bx 69. 223 + 15 + 10a% + 3a 70. 343 — 6a® + Sa — 10

71. 8a® — 4a®> + 6a — 3
Write in completely factored form. See example 4-1 A.

72. The area of the surface of a cylinder is determined In engineering, the equation for defiection of a
by A = 2zrh + 2xr2 Factor the right member. beam is given by
(= is the Greek letter pi.) 2wxt  3f0wxd  Bwx
73. The total surface area of a right circular cone is - 48E]  48EI Ty
given by A = wrs + wr?. Factor the right member.

Factor the right member.
74. The equation for the distance traveled by a rocket

fired vertically upward into the air is given by

S = 560t — 16¢2, where the rocket is S feet from
the ground after 7 seconds. Factor the right
member.

D

Y4 T-1]

4 r-ra
YIS YT

D

exercises

[

[{

Two numbers are listed. Find two integers such that their product is the first number and their sum is the second
number. See section 1-6.

1. 20,9 2,127 3. —16, —6 4. —16,6
5. 16, 10 6. 16, —10 L3612 8. 11,12

161
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N

4-2 m Factor

Determining when a trinomial will factor

In section 3-2, we learned how to multiply two binomials as follows:

Factors Terms
(x+2)x+6)=x2+6x+2x+ 12=x2+ 8x + 12
Multiplying

In this section, we are going to reverse the procedure and factor the trinomial.

Terms Factors
¥+ 8x+ 12=(x+ 2)(x + 6)
Factoring

The following group of trinomials will enable us to see how a trinomial factors.

1.2 =2'6\ Product
La?+8c+12 = hZ)(x+6)
8 = 2+/6/ Sum
12 =(—2):(—6) Product
2.2 —8x+12 = (x\—2)(x —6)
/
—8 =(—-2) + (—6) Sum
—12 = (—2) 6 Product
3. %2+ dx — 1’2/ = (x\—Z)(x\-l-\ﬁ)
\ /
4 = (*2) + 6 Sum
— = 2'(—6} Product
4. x2 — 4x — 12/ — h}x—‘@
\ /
=4 =2+ (—6) Sum

In general,
xt+tmx+n=x24+m+nx+mn

The trinomial x* + bx + ¢ will factor with integer coefficients only if
there are two integers, which we will call 7 and n, such that m + »n = b and
m-n=c

Sum Product

m+n m-n

X

X2+ b oF e = (x + m)(x + n)
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— The signs (+ or —) formand n
1. If ¢ is positive, then m and n have the same sign as b.
2. If ¢ is negative, then m and n have different signs and the one with
the greater absolute value has the same sign as b.

Example 4-2 A Factor completely each trinomial.

1. a2 + 11la + 18 m+n=11 and m-n=18
Since » = 11 and ¢ = 18 are both positive, then m and r are both positive.

List the factorizations of 18 Sum of the factors of 18
1-18 1 =18 =19
29 2+ 9 =11 ~—— Correct sum
3-6 S =9

The m and #n values are 2 and 9. The factorization is

a2+ 1la+ 18 =(a + 2)a + 9)

The answer can be checked by performing the indicated multiplication.
a@+D@+9)=a>+9%9% + 2a+18=4a*>+ 1la + 18

Note The commutative property allows us to write the factors in any order.
Thatis, (@ + 2)(@ + 9) = (a2 + 9)@ + 2).

2. B2 —2b— 15 m+n=—2 and m-n= —15
Since b = —2 and ¢ = — 15 are both negative, then m and n have different
signs and the one with the greater absolute value is negative.

Factorizations of — 15, where the negative Sum of the factors of —15
sign goes with the factor with the greater
absolute value
1-(—15) 14 (—15) = —14
3-(—5) 3 4+ (—5) = —2 <—~Correct sum

The m and 7 values are 3 and — 3. The factorization is
B2—2b—15=(b+ 3)b— 3)
3 5x— 24+ x2

It is easier to identify b and c if we write the trinomial in descending powers
of the variable, which is called standard form.

x2 + 5x — 24 m+n=5 and m-n= —24

Since b = 5 is positive and ¢ = —24 is negative, m and n have different signs
and the one with the greater absolute value is positive.

Factorizations of —24, where the positive Sum of the factors of —24
factor is the one with the greater absolute
value
(—1)-24 (=1) +24=23
(=2)-12 (=2) + 12 =10
(—3) =8 (—3) + 8 = 5 =——Correct sum
(—4)-6 (—4) +6=2

The m and n values are — 3 and 8. The factorization is

x2+ 5x —24=(x — 3)(x + 8)
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4.

2 — 9+ 14 m+n=—9 and m-n=14

Since b = —9 is negative and ¢ = 14 is positive, m and n are both negative.
List the factorizations of 14 Sum of the factors of 14

(=1D(—14) (—1) + (—14) = —15

(_2)(“7) (_2) o (*7) = —9 «—Correct sum
The m and n values are —2 and — 7. The factorization is

A2—9%+14=(c—2)(c—17)

el e ) m+n=5 and m-n=12
Since b = 5 and ¢ = 12 are both positive, 7 and # are both positive.

s of 12

3
tn
o
N
wv
&=
b
-
+
i)
D
(8]
(@]
A
o

Since none of the factorizations of 12 add to 5, there is no pair of integers
(m and n) and the trinomial will not factor using integer coefficients. We call
this a prime polynomial.

Loxt — 4x3 — 21x2 = x3(x? — 4x — 21) Common factor of x2

To complete the factorization, we see if the trinomial x2 — 4x — 21 will
factor. We need to find m and # that add to —4 and multiply to —21. The
values are 3 and —7. The completely factored form is

xP—4x3 —21x2 = x¥(x + D(x — 7)

Note A common error when the polynomial has a common factor is to factor
it out but to forget to include it as one of the factors in the completely
factored form.

7. x5?% + 9xpy + 20
Rewriting the polynomial as (xy)* + 9xy + 20, we want to find values for m
and 7 that add to 9 and multiply to 20. The numbers are 4 and 5. The
factorization is
x2y2 + 9xy + 20 = (xy + 4)(xy + 5)

8. x? — Sax + 6a2 m+n= —5a and m-n= 6a®

P Quick check Factor z2 + 8z — 20

— Factoring a trinomial of the form x2 + bx + ¢

We need to find m and n that add to —5a and multiply to 642 The values are
—2a and —3a. The factorization is

x* — Sax + 6a* = (x — 2a)(x — 3a)

1. Factor out the GCF. If there is a common factor, make sure to
include it as part of the final factorization.

2. Determine if the trinomial is factorable by finding m and n such that
m+n=>bandm-n = c. If mand n do not exist, we conclude
that the trinomial will not factor.

3. Using the m and n values from step 2, write the trinomial in
factored form.
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— Mastery points

Can you

B Determine two integers whose product is one number and whose
sum is another number?

B Recognize when the trinomial x2 + bx + ¢ will factor and when it
will not?

B Factor trinomials of the form x2 + bx + ¢?

B Always remember to look for the greatest common factor before
applying any of the factoring rules?

Exercise 4-2

Factor completely each trinomial. See example 4-2 A.

Example z2 + 8z — 20

Solution Since b = 8 is positive and ¢ = —20 is negative, m and n have different signs and the one with the
greater absolute value is positive.

Factorizations of —20, where the positive Sum of the factors of —20
factor is the one with the greater absolute
value

(=—1)-20 (—=1) +20=19
(= 23910 (—2) + 10 = 8 ——-correct sum
(—4) -5 (—4) +5=1

The m and 7 values are —2 and 10. The factorization is
22+ 8z — 20 = (z — 2)(z + 10)

1. a2 + 9a + 18 2. 2+ 9c + 20 3.+ 1lx — 12
4. x2 + 13x + 12 5.2+ 13y — 30 6. a> + %9a + 14
T x2— 14x + 24 8. b — 10b + 21 9. a2+ 5a — 24
10. »* + 9y — 36 11. x® -+ 8x+ 12 12. ¢ + 8¢ + 15

13. a® — 2a — 24
16. 2a® + 26a + 24

14,22 — 52 — 36 15. 2x% + 6x — 20
3x2—18x—43 18. @ — 9q + 4

19 o>+ 5x + 7

22. b2 + 13b + 40
25. 5a% — 15a — 50
28., x%yr — xp.— 30
31. 3x*%2 — 3xy — 36
34. a> — agb — 2
37. @ — ab — 6b2
40. a* + Tab + 12b2

20. x2 —4x + 6

23. 4x2 — 4x — 24
xty? — 4xy — 21
29. x%y? + 13xy + 12
32, 3x¥? + 21xy + 36
35. a> — 2ab — 3b?
38. x* + 2xy — 82

21. y»* + 17y + 30

24. 5y + 5y — 30

27 xZp2—: 33— 18
30. 4a%b* — 32ab + 28
33] %2 + 3xp + 2,2
36. a* — T7ab + 1052
39. x2 —2xp— 152
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Deangi=mnams - =
Review exercises
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Factor completely. See section 4-1.

1. ax® + bx* + cx® 2. 3x3 + 12x2 — 6x 3.3x2x+ 1)+ 502x+ 1)
4, 2x(3x — 2) + 3(3x — 2) 5. Ax(5x + 1)+ B+ 1) 6. 6x(2x +3) — (2x + 3)
To.x(@x— 5) — 2(3% = 5) 8. Tx(x —9) —3(x —9)
4-3 m Factoring trinomials of the form ax2 + bx + ¢

How to factor trinomials

In this section, we are going to factor trinomials of the form ax? + bx -+ ¢. This
is called the standard form of a trinomial, where we have a single variable and
the terms of the polynomial are arranged in descending powers of that variable.
The a, b, and c in our standard form represent integer constants. For example,

2x2 +9x + 9

is a trinomial in standard form, where ¢ = 2,5 = 9, and ¢ = 9.
Consider the product

(2x + 3)(x + 3)
By multiplying these two quantities together, we get a trinomial.

x4+ 3)(x+3)=2x2+6x+3x+9
=2x2+9x+ 9

To completely factor the trinomial 2x? + 9x + 9 entails reversing this procedure
to get

(2x + 3)(x + 3)

The trinomial will factor with integer coefficients if we can find a pair of
integers (m and n) whose sum is equal to b, and whose product is equal to a * ¢.
In the trinomial 2x2 + 9x + 9, bisequal to 9, and @ * cis 2 - 9 = 18. Therefore
we want m + n = 9 and m - n = 18. The values for 7 and » are 3 and 6.

If we observe the multiplication process in our example, we see that m and
n appear as the coefficients of the middle terms that are to be combined for our
final answer.

Cx+3)(x+3)=2x2 +6x +3x+9
=2x2 +9% + 9

This is precisely what we do with the m and n values. We replace the coefficient
of the middle term in the trinomial with these values. In our example, m and n
are 6 and 3 and we replace the 9 with them.

Ox

r——
22+ 9x +9=2x2 +6x +3x+ 9
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Our next step is to group the first two terms and the last two terms.
(2x2 + 6x) + (3x + 9)

Now we factor out what is common in each pair. We see that the first
two terms contain the common factor 2x and the last two terms contain the
common factor 3.

2x(x + 3) + 3(x + 3)

When we reach this point, what is inside the parentheses in each term will be the
same. Since the quantity (x + 3) is common to both terms, we can factor it out.

2xl(x +3) + 3(x -+ 3)

B N ——
Common’to both terms

Having factored out what is common, what is left in each term is placed in the
second parentheses.

2x(x + 3) + 3(x + 3)

The trinomial is factored.
A summary of the steps follows:

— Factoring a trinomial of the form ax? +bx + ¢

Step 1 Determine if the trinomial ax2 + bx + ¢ is factorable by
findingmandnsuchthatm-n=a-candm +n=>5b.lfm
and n do not exist, we conclude that the trinomial will not
factor.

Step 2 Replace the middle term, bx, by the sum of mx and nx.

Step 3 Place parentheses around the first and second terms and
around the third and fourth terms. Factor out what is common
to each pair.

Step 4 Factor out the common quantity of each term and place the
remaining factors from each term in the second parentheses.

We determine the signs (+ or —) for m and » in a fashion similar to that
of section 4-2.

The signs (+ or —) for m and n

1. If @ - c is positive, then m and n have the same sign as b.

2. If a - ¢ is negative, then m and n have different signs and the one
with the greater absolute value has the same sign as b.
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B Example 4-3 A Factor completely the following trinomials. If a trinomial will not factor, so state.

1. 6x2 + 13x + 6

Stepl m n=6'6=36andm +n=13
We determine by inspection that m and #n are 9 and 4.

13x
P
Step2 =6x* +9% +4x+ 6 Replace bx with mx and nx
Step 3 = (6x2 + 9x) + (4x + 6) Group the first two terms and the last two
terms
= 3x(2x + 3) + 2(2x + 3) Factor out what is common to each pair
Step4 = (2x + 3)(3x + 2) Factor out the common guantity
Note The order in which we place m and n into the problem will not change
the answer.
(Alternate) 13x
—
Step2 =6x* +4x + %+ 6 Replace bx with nx and mx
Step 3 = (6x2 + 4x) + (9x + 6) Group the first two terms and the last two
terms
= 2x(3x+2) +33Bxc+2) Factor out what is common to each pair
Step4 = (3x + 2)(2x + 3) Factor out the common quantity

We see that the outcome in step 4 is the same regardless of the order of m and
n in the problem.

Note The order in which the two factors are written in the answer does not
matter. That is, (2x + 3)(3x + 2) = (3x + 2)(2x + 3)

2. 3x24+5x+ 2
Stepl m-n=3-2=6andm +n=2>5
m and n are 2 and 3.

b ¢
P
Step2 =3x2+2x +3x+ 2 Replace bx with mx and nx
Step 3 = (3x* + 2x) + 3x + 2) Group the first two terms and the last two
terms
= x(3x+2) + 1(3x + 2) Factor out what is common to each pair

We observe in the last two terms that the greatest common factor is only 1 or
— 1. We factor out 1 so that we have the same quantity inside the parentheses.

Step4d = 3x + 2)(x + 1) Factor out the common quantity
3.4x2— 1ilx + 6
Stepl m n=4-6=24andm +n= —11
m and n are —3 and —8.
—
T

Step2 =4x* — 3x — 8 + 6 Replace bx with mx and nx
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Step3 = (4x* — 3x) + (—8x + 6) Group the first two terms and the last two
terms

= x(4x — 3) — 2(4x — 3) Factor out what is common to each pair

We have 2 or —2 as the greatest common factor in the last two terms. We
factor out —2 so that we will have the same quantity inside the parentheses.

Step 4 = (4x — 3)(x =i 2) Factor out the common guantity

Note If the third term in step 2 is preceded by a minus sign, we will usually
factor out the negative factor.

4.00%F — 44— 5
Stepl m-n=12(—5)= —60andm + n= —4
m and n are 6 and —10.

—4x
e
Step2 = 12x2 4+ 6x — 10x — 5 Replace bx with mx and nx
Step 3 = (12x2 + 6x) + (—10x — 5) Group the first two terms and the last two
terms
=6x(2x +1)—52x + 1) Factor out what is common to each pair
Step 4 = (2x + 1)(6x — 3) Factor out the common quantity

5. 6x2 — 9% —4
mn=6 (—4)= 24andm + n= —9
Our m and » values are not obvious by inspection.

Note If you cannot determine the m and n values by inspection, then you
should use the following systematic procedure to list all the possible
factorizations of & - ¢. This way you will either find m and n or verify that the
trinomial will not factor using integers.

1. Take the natural numbers 1,2,3.4, - - - and divide them into the
a - ¢ product. Those that divide into the product evenly we write as a
factorization using the correct m2 and n signs.

Factorization of —24, where the
negative sign goes with the factor with
the greater absolute value
1-(—24)
2-(—12)

8 (=8 \We note that the top four factorizations

4 - (—6) are the same as the bottom four.

(—6) -4 Therefore we need only perform this
procedure until the factors repeat

(=8) 3

(—12) -2
(—24) - 1
4-(—6)

Factors repeat
(—6)- 4=
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2. Find the sum of the factorizations of @ - ¢. If there is a sum equal to b, the
trinomial will factor. If there is no sum equal to b, then the trinomial will
not factor with integer coefficients.

Factorizations of —24 Sum of the factors of —24
1 - (=24) 1+ (—24) = —23
2°(—12) 2+ (—12) = —10 o -
3 (—8) 3+ (—8)=—5 ressed 7
4-(—6) 4+ (—6) — —2

No sum equals —9

Since none of the factorizations of —24 add to —9, there is no pair of integers
(m and n) and the trinomial will not factor.

Note Regardless of the signs of m and n, the column of values of the sum of
the factors will either be increasing or decreasing. Therefore, once the desired
value has been passed, the process can be stopped and the trinomial will not
factor.

6. 24x* — 39x — 18
Before we attempt to apply any factoring rule, recall that we must always
factor out what is common to each term. Therefore we have

24x2 — 39x — 18 = 3(8x%Z — 13x — 6) Commpon factor of 3

Now we are ready to factor the trinomial 8x* — 13x — 6.

Stepl m-n=28(—6)= —48andm + n= —13
m and n are 3 and —16.
=l
N
Step 2 = 3(8x% + 3x — 16x — 6) Replace bx with mx and nx
Step 3 = 3[(8x2 + 3x) + (—16x — 6)] Group the first two terms and the last
two terms
= 3[x(8x + 3) — 2(8x + 3)] Factor out what is common to each pair
Step4d = 38x +3)( —2) Factor out the commen quantity

Note In example 6, we factored out 3 that was common to all the original
terms. A common error is to forget to include it as one of the factors in the
answer,

P Quick check Factor 6x2 + 23x + 15and 12x% + 12x — 9 i

Factoring by inspection—an alternative approach

In the beginning of this section, we studied a systematic procedure for
determining if a trinomial will factor and how to factor it. In many instances, we
can determine how the trinomial will factor by inspecting the problem rather
than by applying this procedure.

Factoring by inspection is accomplished as follows: Factor 7x + 2x2 + 3.

Step 1 Write the trinomial in standard form.

2 = o= 3 Arrange terms in descending powers of x
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Step 2 Determine the possible combinations of first-degree factors of the first
term.

(2x )(x ) The only factorization of 2x2 is 2x * x

Step 3 Combine with the factors of step 2 all the possible factors of the third

term.
(2x 3Nx 1 The only factorization of 3is 3 - 1
(2x Di(x 3)

Step 4 Determine the possible symbol (+ or —) between the terms in each
binomial.

(2x -+ 3)(x 1)
P -k LYl -13)

The rules of real numbers given in chapter | provide the answer to step 4.

1. If the third term is preceded by a + sign and the middle term is
preceded by a + sign, then the symbols will be

L o 00 S )

2. If the third term is preceded by a + sign and the middle term is
preceded by a — sign, then the symbols will be

(=R i)
3. If the third term is preceded by a — sign, then the symbols will be
L =)
or
=l DO B

Note It is assumed that the first term is preceded by a + sign or no sign. If it
is preceded by a — sign, these rules could still be used if (—1) is first factored
out of all the terms.

Step 5 Determine which factors, if any, yield the correct middle term.

2x + 3)(x + 1)
+3x (+3x) + (+2x) = +5x
+2x
2x + D(x + 3)
L
RrE (+x) + (+6x) = +7x Correct middle term

55,2
The second set of factors gives us the correct middle term. Therefore

(2x + 1)(x + 3) is the factorization of 2x2 + 7x + 3.
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H Example 4—

o

tay
o

[

Factor completely the following trinomials by inspection.
L 6xto 1%+ S

Step 1 6x2 + 17x + 5 Standard form
Step 2 (6x YMx ) Bx2 =3x*2x or BX'X
(Bx H(2x )
Step 3 (6x S} x 1)
(6x 1)(x 5) The only factorization of 5is 5 1

3x 3C2x 1
Bx 1(2x 3

Step4 (6x + 5)(x + 1)

(6x it 1)(x ot 5) Using the rules of signed numbers, determine the
(Bx+3502x+ 1) possible signs between the terms
(Bx + 1)(2x + 35)

L

+ 5% (+35x) + (+6x) = +11x
lsin]

+x (+x) + (+30x) = +31x

+10x (-H10x) + (+3x) = +13x

=256 (F2%) + (+15%) = +17x

Correct middle term

The last set of factors gives us the correct middle term. Hence
(3x + 1)(2x + 3) is the factorization of 6x* + 17x + 5.

2. Ax* — S5x 41

Step 1 4x*> — 5x + 1 Standard form
Step 2 (4x )(x ) 4x2 = 2x-2x oOr 4x-x
2x )(2x )
Step 3 (4x 1)(x 1) The only factorization of 1is 1 - 1

@2x 2x 1)

Step4 (4x — 1)(x — 1) Determine the possible signs between the terms

(2x — 1)(2x — 1)
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Step5 (dx — 1)(x— 1)
e
—X (—x) + (—4x) = —5x Eorrect middle
—4x
(2x — D2x— 1)
LI
—2% (—2x) + (—2x) = —4x

—2x
The first set of factors gives us the correct factorization.

42 —5x+1=(4x— 1)x—1)

5 185 — 5 -i6?
Step 1 6x* + 13x — 5 Write in standard form
Step 2 (6x )x ) 6x2=6x-x or 2x-3x
2x )3x )
Step 3 (6x 3)(x 1)
(6x D(x 3) The only factorization of Sis 5 - 1

(2x 5)Bx 1)
(2x 1(Bx 3)

Step 4 (6x + 5)(x — 1) or (6x — 5)(x + 1) Determine the possible signs
(6x + 1)(x - 5) or (6x — 1)(x S 5) between the terms
(2x + 50Bx — 1)or (2x — 5Bx + 1)
(2x + 1D(3x — 5)or 2x — 1)(Bx + 3)

Step 5 (6x + 5)(x — 1) or (6x — 5)(x + 1)
L] L]

+5x =

—6x +6x
(+5x) + (—6x) = —xor (—5x) + (+6x) = +x

(6x + 1){x — 5) or (6x — 1)(x + 3)

L
+x —x
 —30x +30x

(+x) + (—30x) = —29x or (—x) + (+30x) = +29x

(2x + 5)Bx — 1)or (2x — 5)(3x + 1)
LI L]

4-15x —15x
—2x +-2
(+15x) & (=22 = +13xor{—15x) + (+2x) = —13x

Correct middle term
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(2x + 1D)(Bx — S)or (2x — 1)(3x + 5)
[ =]

= —3x
—10x +10x
(+3x) + (—10x) = —7xor (—3x) + (+10x) = +7x
The factorization of 6x2 + 13x — 51is (2x + 5)(3x — 1). ]
— Mastery points
Can you
B Determine two integers whose product is one number and whose
sum is another number?
B Recognize when the trinomial ax?2 + bx + c¢ will factor and when it
will not?
B Factor trinomials of the form ax? + bx + ¢?
m Always remember to look for the greatest common factor before
applying any of the factoring rules?
Exercise 4-3
Factor completely each trinomial. If a trinomial will not factor, so state. See examples 4-3 A and B.
Example 6x* + 23x + 15
Solution m n=6"15= 90 Determine m and n
m—+n= 23
m and n are 5 and 18.
D35
——
= 6x2 + 5x + 18x + 15 Replace bx with mx and nx
= (6x2 + 5x) + (18x + 15) Group first two terms and last two terms
= x(6x + 5) + 3(6x + 5) Factor eut what is common to each pair
= (6x + 3)(x + 3) Factor out the commen guantity
Example 12x* + 12x — 9
Solution = 3(4x* + 4x — 3) Common factor of 3
m-n=4(—3) = —12
man—=4
m and n are —2 and 6. Determine m and n
4x
——
= 3[dx? — 2x + 6x — 3] Replace bx with mx and nx
= 2|l — [P sl — i) Group first two terms and last two terms, factor out what is common to each pair
= 3(2x — D@x + 3) Factor out the common guantity
1. 2% + x —6 2. 3x2 -+ Tx — 6 3.2x2+3x+ 1 4. 4x2 — 5x + 1

5. 2RI GTR6 6. R”? — 4R + 6 G5t = =10 8. 2xt = x =1
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9. 9xF —6x+ 1 10,82 — 1 7%+ 2 11. 5x2 + 4x + 6 12. 252 — lix + 12
13. 6x2 + 13x + 6 14. 272 + 13r + 18 15. 4x2 + 20x + 21 16. 7R* + 20R — 3
17. 4x* — 2x + 5 18. 4x? —4x — 3 19. 92 — 21y — 8 20. 6x> — 23x — 4
21. 10x2+ 7x — 6 22102 = 9% 1= D 23. 2x* — 9x +:10 24, Ix* — 3x+ 6
.4x2 + 14x + 12 26, 5R* —9R — 2 27. 4x2 + 10x + 6 28. 6x* — 17x + 12

SOk Ti— 3 30. 320 12 12 31. 2x2 + 6x — 20 32. 3a* + 8a — 4
33. 6x2+ 5x — 6 34, 3x2 — 19x + 20 35. 4x2 + 12x + 9 36. 922 — 30z + 25
37 T = 36% 0.5 38. 3x* +2x + 4 39. 1SP2 2P — ] 40. 12x* + 13x — 4
2028 — 632 — 20% 42. 4x2 + 10x + 4 43. 24% + 15a% + 7a 44. 9x2 + 27x + 8
45. 8x2 — 14x — 15 46. 8x2 — 18x + 9

47. When a stone is thrown vertically into the air, the
height S of the stone at any instant in time 7 is
given by § = —16#* + 327 — 16. Factor the right
member.

o] 7 1 ; 5 =
REeVIEW exercises

®

Use the special product rules to carry out the indicated multiplication. See section 3—2.

L (x — p)x + ) 2. 3a — 2b)(3a +2b) 3. (x — ) 4. (5a + 4b)(5a — 4b)
5. (2a + b)? 6. (4x — y)? 7 (2 12— 1) 8. (a2 — 4)(a®2 + 4)

e h H o = c
4—-4 m Factoring the difference of two squares
3 d o, 7 " e
and perfect square trinomials

In section 3-2, we saw that the product of (a + b} a — b) was a2 — b2 We
refer to the indicated product (@ + b)(a — b) as the product of the sum and
difference of the same two terms. Notice that in one factor we add the terms and
in the other we find the difference between these same terms. The product will
always be the difference of the squares of the two terms. To factor the difference
of two squares, we reverse the formula from section 3-2.

Factoring the difference of two squares
at — b* = (g + b)a = b)
Concept

(first term)? — (second term)? factors into
(first term + second term)(first term — second term)

To use this factoring technique, we must be able to recognize perfect
squares.
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(i}

|
==

B

xample 4—4 A Write the following as a quantity squared, if possible.

i:

1. 16 =4-4 16 is a perfect square
= (4)? 16 can be written as 4 squared

2. x2=x"x x is written as a factor twice
2 Writing x2 as (x)2 shows this is a perfect square
3. 25> = 5a - 5a 25is5-5anda?isa-a

= (5a)* t is now rewritten as a square

4, 94 = 3y2 - 3)? 9 is 3 - 3 and y* could be written as y? - y2
= (3y2)2 It is now rewritten as a square

P Quick check Write 64 and 9x* each as a quantity squared. ]
This is the procedure we use for factoring the difference of two squares.

__ Factoring the difference of two squares

Step 1 'Identify that we have a perfect square minus another perfect
sguare.
Step 2 Rewrite the problem as a first term squared minus a second
term squared.
(first term)? — (second term)?
Step 3 Factor the problem into the first term plus the second term
times the first term minus the second term.

(first term + second term)(first term — second term)

B Example 4-4 B Write the following in completely factored form.

Step 1 Step 2 Step 3
Identify Rewrite Factor
a2—bn = (a— ()P = (@ + b)(a — b)
S = xP-0@)2 = (x+3)x—3)

42 — B2 = (2a)2— (b)? = (2a+ b)(2a—b)
2 — 252 = (2p)2— (5v)F = (2p + 5v)(2p — 5v)
=49 = (-7 = FE+NDEF-17

s LRI
IS
i~

» Quick check Write 1> — 64 and 442 — b%c? in completely factored form. =

Our first step in any factoring problem is to look for any common factors.
Often an expression that does not appear to be factorable becomes so by taking
out the greatest common factor. When we have applied a factoring rule to a
problem, we must inspect all parts of our answer to make sure that nothing will
factor further.

B Example 4-4 C Write the following in completely factored form.
1. 2x2 — 18y = 2(x2 — 9?) Factor out what is common, 2
= 2[(x)2 = (3_‘;4’)2] Identify and rewrite as squares
= 2(x + 3p)(x — 3p) Factor and inspect the factors
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2. 3w? — 48 = 3(w? — 16) Common factor of 3
= 3[(w)? — (4)?] Identify and rewrite
=3(w+ 4w — 4) Factor and inspect the factors
3. 5a* — 45a%b* = 5a*(a® — 9b?) Common factor of 532
= 5a%[(a)* — (3b)?] Identify and rewrite
= 5a*(a + 3b)(a — 3b) Factor and inspect the factors
4. a* — 16 = (02)2 = (4)2 Identify and rewrite
= (a® + 4)(a®? — 4) Factor and inspect the factors
= (a® + D) [(a)* — (2)7] Identify and rewrite
=(a® + 4)(a + 2)(@a — 2) Factor and inspect

Note In example 4, a2 + 4 is called the sum of two squares. This will not
factor using integers.

5. 25%Y — 162 = 2(x* — 81) Common factor of 2
= 2[(x?)? — (9)7] Identify and rewrite
=22+ 9(x2—9) Factor and inspect
= 2(x2 + 9)[(x)? — (3)7] Identify and rewrite

= 2(x%2 + 9)(x + 3)(x — 3) Factor and inspect

Note A common error in examples 1, 2, 3, and 5 is to factor out something
that is common but forget to include it as a factor in the final answer. =

Perfect square trinomials

In section 3-2, two of the special products that we studied were the squares of a
binomial. We will now restate those special products.

a® + 2ab + b2 = (a + b)?
and
a’ — 2ab + b* = (a — b)?

The right members of the equations are called the squares of binomials, and
the left members are called perfect square trinomials. Perfect square trinomials
can always be factored by our factoring procedure. However if we observe that
the first and last terms of a trinomial are perfect squares, we should see if the
trinomial will factor as the square of a binomial. To factor a trinomial as a
perfect square trinomial, the following three conditions need to be met.

— Necessary conditions for a perfect square trinomial

1. The first term must have a positive coefficient and be a perfect
square, a2.

2. The last term must have a positive coefficient and be a perfect
square, b2.

3. The middle term must be twice the product of the bases of the first
and last terms, 2ab or —2ab.
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We observe that

Oxz 4+ 12x + 4

= (3x)* +2(3x)(2) + (2)?

Condition 1 Condition 3 Condition 2
Therefore it is a perfect square trinomial and factors into

(3x + 2)?

| Example 4-4 D

trinomials.

Condition Condition

1 3
1. 4x2 -+ 20x + 25 = (2x)? + 2(2x)(3) +
2.9x2—6x+1 = Gx)2 — 203x)(1) +
3. 16x2 + 24x + 9 = (4x)? + 2(4x)(3) +
4. 992 — 30y + 25 = Gy — 20305 +

— Mastery points

Condition

2
(5)?
(1)
(3)%
(5)?

The following examples show the factoring of some other perfect square

binomial
(2x + 5)2
(3x — 1)
(4x + 3)2
By — 5?2

Square of a

Can you
B |dentify and rewrite a perfect square?
Factor the difference of two squares?

rules?

Factor perfect square trinomials?

]
B Remember that the sum of two squares will not factor?
B Factor out any common factors before applying other factoring

Inspect all factors to make sure the problem is completely factored?

Write the following as a quantity squared, if possible. See example 4-4 A.

Examples 64 94

Solutions = 8 - 8 Identify = 3x? - 3x2
= (8)2 Rewrite = (3x2)2

1. 36 2. 25 3. 2

5. 16x2 6. 49h7 7. 4z4

Write in completely factored form. See examples 4—4 B, C, and D.

Examples > — 64 dentify FR = nE

Solutions = (1) — (8)2 Rewrite = (2a)* — (bc)?
= (2a + bec)(2a — be)

= +8)t —8) Factor

Identify
Rewrite

4,

8. 256

Identify

Rewrite
Factor
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9. x* —1 10. x* — 25 11. a2 — 4

13. 9 — E2 14. 49 — R? 15. 1 — &2
[17] 962 — 16 18. x* — 1622 19. B2 — 3622

21. 4a® — 25b% 22. 16a% — b* 23. 25p>— 8l
. 25] 8x2 — 322 26. 3a? — 27b2 27. 5r2 — 12552

LSG— 2x? 30. x%y? — 472 31, ke — 2514

33. x4 — 9 34 x4 — 1 35. r4 — 81

37. 49x* — 64y° 38. 125p* — 2012 39, 98x%y? — 50p*?
41. 2 — 14c + 49 42. B2+ 8bh + 16 43. @2 + 6a + 9
45. 2 — 6y + 9 46. a® + 6ab + 9b? 47. 4g®> — 12ab + 9
49. 9¢% — 12¢d + 4d? 50. 9g* — 30ab + 25b%

51. In engineering, the equation of transverse shearing
stress in a rectangular beam is given by

V
T = ﬁ(h2 — 4y,?)
Factor the right member.

Review exercises

Factor completely. See sections 41, 4-2, 4-3, and 4-4.

12. 2 — 52

16. 42 — 9
20. 16x2 — )2
24. r? — 4s5?
28. 20 — 587
32, at — 25
36. 1614 — 1

40. a* + 10a + 25
44, x* — 12x + 36
48. x2 — l6xy + 64y?

1.2 Bee 12 2. 4942 — 81 3. 3ax + bx — 12ay — 4by 4. 2x3 + 14x? + 24x
5. 10a* -+ 21la +'9 6. 4a2 — 20a + 25 7. x*? + 8xy + 15 8. x2 + 4xy + 42
4-5 m Other types of factoring

The difference of two cubes

In section 4-4, we factored expressions that involved the difference of two
squares. To factor these types of expressions, we identified the two terms as
perfect squares and applied the procedure. In this section, we will factor the sum

and difference of two cubes in a similar fashion.

Consider the indicated product of (a — b)(a® + ab + b*). If we carry out

the multiplication, we have

(a — b)(a@® + ab + B?) = &® + a?b + ab* — a*b — ab* — b?

=03fb3

Therefore (@ — b)(a® + ab + b?) = a® — b* and (a — b)(a® + ab + b?) is the

factored form of a® — b3
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___ The difference of two cubes factors as
a3 —b? = (a— b)a? + ab + b

Concept

If we are able to write a two-term polynomial as a first term cubed
minus a second term cubed, then it will factor as the difference of two
cubes.

(1st term)® — (2nd term)?
= (1st term — 2nd term)[(1st term)? + (1st term)(2nd term) + (2nd term)?]

To use this factoring technique, we must be able to recognize perfect cubes.

B Example 4-5 A Write the following as a quantity cubed, if possible.
1. 27=3-3-3 27 is a perfect cube
= (3)3 27 can be written as 3 cubed
2.a2=aa a a is written as a factor three times
— (a)3 Writing a* as (a)® shows this is a perfect cube
3. 8¢3=2a'2a" 2a 8is2-2-2andadisa-a-a
= (2a)3 It is now rewritten as a cube
4. 64x5 = 4x2 - 4x2 - 4x2 BAisd-4-4andxbisx?-x2-x2
= (4x%)3 It is now rewritten as a cube

» Quick check Write the following as a quantity cubed, if possible. 273

This is the procedure we use for factoring the difference of two cubes.

.Step 1 Identify that we have a perfect cube minus another perfect
cube.

Step 2 Rewrite the problem as a first term cubed minus a second term
cubed.

(1st term)® — (2nd term)?

Step 3 Factor the expression into the first term minus the second
term, times the first term squared plus the first term times the
second term plus the second term squared.

(Tst term — 2nd term)[(1st term)? + (1st term - 2nd term) + (2nd term)?]

B Example 4-5 B Factor completely.
1. x* — 27 We rewrite x? as a cube and 27 as a cube.
x3 — 27 = (x)3 — (3)3

The first term is x and the second term is 3. Then we write the procedure for
factoring the difference of two cubes.

L= JBC il JC Y0l )
e T 1

1st 2nd 1st 1st 2nd 2nd
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Now substitute x where the first term is in the procedure and 3 where the
second term is.
o= 3)[0) >+ (x) (31 (3)°]

g Sim gl i T

1st 2nd 1st 1st 2nd 2nd

Finally we simplify.

(x— 3%+ 3x +9)

Therefore x3 — 27 = (x — 3)(x? + 3x + 9).

2 Bt =33 —(Ox)F— (33 First term is 2x and second term is y.
Then ( == )[( 2+ ( )( ) =+ i )z] Factoring procedure ready for
substitution

= (2x — p[(2x)* + 2x)(y) + (7] The first term is 2x, the second term

sy
= (2x — p)(4x* + 2xy + 37?) Simplify within the second group
3. 24 — 54b3 = 2(a® — 2703) Factor out the common quantity of 2
2(a® — 276%) = 2[(a)® — (3b)?] Rewrite as cubes
Then2( — )[( )2+ ( Y )+ ( )] ractoring procedure ready for

substitution

= 2(a — 3b)[(a)* + (a)(3b) + (3B)?] The first term is 2, the second term

is 3b
= 2(a — 3b)(a® + 3ab + 95?) Simplify within the second group
4. g% — 6453 = (a5)® — (4b)3 Rewrite as cubes
Then ( — )[( P+ ) )+ ( )2] Factoring procedure ready for

substitution

= (a® — 4b)[(a®)® + (a®)(4b) + (4b)%] The first term is 25, the second term
is 4b

= (a® — 4b)(a'® + 44°b + 16b2) Simplify within the second group

Note In example 4, we observe that a number raised to a power that is a
multiple of 3 can be written as a cube by dividing the exponent by 3. The
guotient is the exponent of the number inside the parentheses and the 3 is the
exponent outside the parentheses. For example, y'2 = (y4)? or z24 = (z8)3.

B Quick check Factor 16R3 — 54 [ |

The sum of two cubes

If we carry out the indicated multiplication in (@ + b)(a®> — ab + b?), we have
(a+ b)(a® —ab + b2) = a® — a?b + ab? + a2b — ab? + b3

a® + b3

Therefore (@ + b)(a®> — ab + b%) = a* + b*and (a + b)(a? — ab + b?) is the

factored form of a3 + b3.

__ The sum of two cubes factors as
8 + b3 = (a + b)@2 — ab + b?)

Concept
If we are able to write a two-term polynomial as a first term cubed plus
a second term cubed, then it will factor as the sum of two cubes.

(1st term)® + (2nd term)3
= (1st term + 2nd term)[(1st term)? — (1st term)(2nd term) + (2nd term)?]
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This is the procedure we use for factoring the sum of two cubes.

cubed.

Factor completely.

1. &+ 8= (a3 + (2)3

Step 1 Identify that we have a perfect cube plus another perfect cube.
Step 2 Rewrite the problem as a first term cubed plus a second term

(1st term)® + (2nd term)®

Step 3 Factor the expression into the first term plus the second term,
times the first term squared minus the first term times the
second term plus the second term squared.

(1st term + 2nd term)[(1st term)? — (1st term)(2nd term) + (2nd term)?]

We now write the procedure for the sum of two cubes.

o o (G FF= 030 ) -6 o8
[N I8 ) T

1st  2nd st 2nd 2nd
Substituting,

(a + 2)[(a)* — (a) (2) + (2)7]
(L I TH T 1 T

1st  2nd st 1st 2nd 2nd

simplifying, (a + 2)(a® — 2a + 4)
therefore a® + 8 = (a + 2)(a%2 — 2a + 4)

2. x3+ 125 = (23 + (53
Then (. + H[( )*—( ) )+ ( )

= (x + 3)[=)? — ()G + (54

= (x + 5)(xz — 5x + 29)

3. 8a® + P = (24 + (b7)3
Then ( + DH[( 2 —C X )+ ( )

= Qe = 87)[(2a) — 2a)(p7) + (B

= (2g + b7)(4a® — 2ab” + b9

4. 297 £z = (a9 + (2?
Thend(" == O =5 6 D0 P

= (xy + 2)[(xp)? — ()(2) + (2)7]

= (xp + 2} xH? — xyz -+ 22)

» Quick check Factor 27x3 + 3

Rewrite as cubes

Factoring procedure ready for
substitution

The first term is x, the second term
is 5

Simplify within the second group
pivy L

Rewrite as cubes

Factoring procedure ready for
substitution

The first term is 2a, the second
term is b7

Simplity within the second group

Rewrite as cubes

Factoring procedure ready for
substitution

The first term is xy, the second
term is z

Simplify within the second group
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Mastery points

Can you
® Identify and rewrite a perfect cube?
B Factor the sum or difference of two cubes?

- = 7 =
Exercise 4-5

Write the following as a quantity cubed, if possible. See example 4-5 A.

Example 273

Solution = 3y -3y -3y 27is3-3-3andyFisy -y -y

— By It is now rewritten as a cube
1. 64 2.8 3. 125 4. 1 5, 275
6. 644° 7. a® L 9. 815 10. 64cH

Factor completely. If an expression will not factor, so state. See examples 4-5 B and C.

Example 16R> — 54

Solution = 2[8R?> — 27] Common factor of 2
= 2[(2R)® — (3)7] Rewrite as cubes
2N 2 S8 (R = (2] Factoring procedure ready for substitution
= 2(2R — 3)[(2R)* + (2R)(3) + (3)?] The first term is 2R, the second term is 3
= 2(2R — 3)(4R? + 6R + 9) Simplify within the second group

Example 27x3 + y*

Solution = (3x)3 + ()3 Rewrite as cubes
(IO = () (B - (R 21 Factoring procedure ready for substitution

= (3x + P[(Bx)* — Gx)y) + (D3 The first term is 3x, the second term is y

= (3x + p)(9x* — 3xp + 3?) Simplify within the second group
ek 52 12. I3 + 8§ 13. 8x* + 3 14. 277 + 8
158 =k 16. p* — ¢ 17 0> = 8 18. »* + 64
19, x> — &y 20. 274 — B? 21. 64x* — ) 20—
23. 27x3 — §)3 24. 64a® — 8 28. Ru® F-27b3 26. 6453 + 1
203 + 16 28. 3x3 + 81 29. 2% — 16 30. 812° — 353
3l x? £ 2733 32. 1643 + 2b3 3302 Ly 34, x3 + y?
5.0 — B 36. a® — 8 37. x12 — 27 38. x5 + 64
39. 8a?h® — 4’ 40. 2x3 — 543 41. 5473 + 253 42, b° + 64b%3
43. x33 — 23 ¥ — 1 45. al5hs — 8¢9 46. x'8° — 277

47. a3b® + 8 48, x3% + 23 49, xy12 4 15 50. a'2pl> +
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Review exercises
Write in completely factored form. See sections 4—1, 4-2, 4-3, and 4-4.

1. ¢ — 7a + 10 2, 6ax + 2bx — 3ay — by 3. 2+ dxy + 492
4. 6a — ab — b? 5. 5@ — 40a® + 75a 6. 6x2+ x — 12

4—6 m Factoring: A general strategy

In this section, we will review the different methods of factoring that we have
studied in the previous sections. The following outline gives a general strategy for
factoring polynomials.

I. Factor out any common factors.
Examples
1. 53a® — 25@* = 5a*(a — 5)
2. e¢la — 2b) + 2d(a — 2b) = (a — 2b)(c + 2d)
II. Count the number of terms.
A. Two terms: Check to see if the polynomial is the difference of two
squares, the difference of two cubes, or the sum of two cubes.

Examples
1. a2 — 16b* = (a — 4b)(a + 4b) Difference of two squares
2. 8a° — b* = (2a — b)(4a® + 2ab + b?) Difference of two cubes

3. m? + 64n® = (m + 4n)(m?® — 4mn + 16n%)  Sum of two cubes
B. Three terms: Check to see if the polynomial is a perfect square trinomial.
If it is not, use one of the general methods for factoring a trinomial.

Examples

1. a2+ 6a + 9 = (a + 3)? Perfect square trinomial

2.a2+ 5a — 14 = (a + 7)(a = 2) Gengrai trinomial, leading
coefficient of 1

3. 662+ 7a — 20 = (2a + 5)Y(3a — 4) General trinomial, leading

coefficient other than 1
C. Four terms: Check to see if we can factor by grouping.
Examples
1. ac + 3a — 2bc — 6b = (a — 2b)(c + 3)
2.+ 2a2—3a— 6 =(a®— 3)a+ 2)
III. Check to see if any of the factors we have written can be factored further.
Any common factors that were missed in part I can still be factored out

here.
Examples
1. et —: 11228 =i(e? — )% — T)

=(c— 2D+ 2)(c2—T) Difference of two squares
2. 4a® — 36b% = (2a — 6b)(2a + 6b)
= 2(a — 3b)2(a + 3b)
= 4(a — 3b)(a + 3b) Overlooked common

factor

The following examples illustrate our strategy for factoring polynomials.
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A

B Example 4-6 A Completely factor the following polynomials.

1. 3x — 3x)2
I. First we look for any common factors.

3 = 32 = k=2 Common factor of 3x
I1. The factor x2 — »? has two terms and is the difference of two squares.
xXE — y2 = (x = y)(x + y) Factoring the binomial

ITI. After checking to see if any of the factors will factor further, we conclude
that 3x(x — y)(x + ») is the completely factored form. Therefore

3x¥ — 332 = 3l = Pix +3)

2. 3ax + bx + 6ay + 2by
I. There is no common factor (other than 1 or —1).

II. The polynomial has four terms and we factor it by grouping.
(3ax + bx) + (6ay + 2by)

= x(3a + b) + 2y(3a + b) o
= (3a + b)(x + 2yp) Factor out the common quantity

III. None of the factors will factor further.
3ax + bx + 6ay + 2by = (3a + b)(x + 2y)

3. 3¢ — 2a — 8§
I. There is no common factor (other than 1 or —1).
I1. The polynomial has three terms and the coefficient of @? is not 1.
Therefore we must find m and »n and factor the trinomial.
m+ n= —2and m-n= —24, the values for m and n are —6 and 4.

4,

2

= 3a* — 6a + 4a — 8 Replace —2a

= (3&2 = 6(2) + (4(2 = 8) Group the f and the last two terms
= 3&'(61 — 2) o 4(a = 2) Factor out what is common to each pair

= (a — 2)(3a + 4) Factor out the common quantity

III. None of the factors will factor further.

32> —2a — 8 = (a — 2)(3a + 4)
P Quick check Factor 4x2 — 36)7? |

— Mastery points

Can you

Factor out the greatest common factor?

Factor the difference of two squares?

Factor the difference of two cubes?

Factor the sum of two cubes?

Factor trinomials?

Factor a four-term polynomial?

Use the general strategy for factoring polynomials?
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Completely factor the following polynomials. If a polynomial will not factor, so state. See the outline of the general
strategy for factoring polynomials and example 46 A.

Example 4x2 — 36)?

I 4x2 — 36y
I1.

Solution

1. n2 — 49

4, 2x* + 15x + 18

. 36 — )2
10. a?b* — S5ab — 14
13. 3ax + 6ay — bx — 2by
16. 9x3y — 6x3%)% + 3x%?
19. 7h% + 16b — 15

2. 532 + 16y + 12

. 3x2p(m — 4n) + 15x2(m — 4n)

28. 80y* — 5y

31. 3a%b® + 6a%b* + 3ab®
34. b* — 81

37 622+ 11x — 2

40. 3x* + 3x2 — 18x

43. x3 — )

BPaus - H
Review exercises

4(x* — 9%)
4(x — 3p)(x + 3y)
IIL. 4x2 — 36y = 4(x — 3p)(x + 3y)

Common factor of 4
Factoring the difference of two squares
Completely factored form

2. atbGask's 3. 76 + 36b + 5

5 x32+ 2xy — 8 6. y2 + 11y + 10

8. 25a*(3b + ¢) + 5a(3b + ¢) 9. 10a* — 20ab + 1052

11. 4q* — 16b2 12. 12x3? — 18x%? + 16x)4

14. 5x* + 18x — 60 15. 6x2 + 7x — 5

17. 6am + 4bm — 3an — 2bn 18. 5x% — 32x — 21

20. 3a* + 13a + 4 21. 4>+ 17x — 15

23. 6x* — 24xy — 48y? 24. 4ab(x + 3y) — 8a?b*(x + 3y)

6. 4x2 — 20xy + 25)2 942 — 30ab + 25b2
. 29] 305 — 484 30. 3a% — 18a°% + 27ab5

Find the solution set of the following equations. See section 2—6.

1. 2x + 6 =10
5.6x+4=0

. 362 + 8b — 91 33. 352 — 32b — 91
35. 3ax + 6bx + 2ay + 4by 36. 12ax + 4bx — 3ay — by
38. 62— 11x—3 39. 3x4 — 48x2
41. y3 + 2723 42. 8p® — &3
44. a’p® + 64
2.4x —12=0 3. 3x — 18= 0 4. 5x +3=0
6. 3x +1—=0 7 dx =0l =10 8. 3x=0

iy N

7 Fid S s o
4-7 m Solving guadrat

- 3 v Factarin
C@@E&LS@S’ESJ Y Tac Tple}

Sl Uiy

The standard form of a quadratic equation

In chapter 2, we studied linear equations, also called first-degree equations.
Recall that the degree of an equation in one variable is the greatest exponent of
that variable in any one term. In this section, we will find the solutions to an
equation that contains the second, but no higher, power of that variable. Such an
equation is a second-degree equation, also called a quadratic equation.

Quadratic equations can be written in the form

ax2 +bx+c=0
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where g, b, and ¢ are constants, a # 0.

Note It is necessary thata # 0. Ifa = 0 and b # 0, then
0 - x? + bx + c becomes bx + ¢ = 0, which is a linear equation.

We call ax? + bx + ¢ = 0 where a > 0 the standard quadratic form of a
quadratic equation. Notice that in standard form the terms of the left member of
the equation are written in descending powers of the variable. The right member
contains only zero. In most of our work with quadratic equations, it will be
necessary to write the equation in standard quadratic form.

Solution of quadratic equations in factored form

Now suppose we have the equation x> — x — 6 = 0 stated in the factored form,
(x — 3)(x + 2) = 0. This equation states that the product of two factors, x — 3
and x + 2, is 0. To find the necessary numbers, we use the algebraic property
called the zero product property.

Zero product property

Given real numbers p and g, if pg = 0, thenp = 0org = 0.
Concept

If the product of two factors is zero, then at least one of the factors is
zero.

Extending this property, if (x + p)(x + ¢) = 0,thenx + p=0orx + g = 0.

Therefore by this property, (x — 3)(x +2) = Oonlyifx — 3 = 0or

x + 2 = 0. Since each of these equations is linear, we use the methods for

solving linear equations. We find x = 3 when x — 3 = 0 and x = —2 when x

+ 2 = 0. Then 3 and —2 are solutions of the equation (x — 3)(x + 2) = 0.
From this discussion, we can see that to solve any equation in factored form

whose product is 0, we solve an equation of the form p - g = 0.

1. Set each factor equal to 0.

Solving an equation of the formp g =0
|_ 2. Solve the resulting equations for the variable.

Solution set

In the equation x> — x — 6 = 0, we saw that the solutions of the equation,

(x — 3)(x + 2) = 0, were 3 and —2. To express this as a solution set, we would
write the solutions in any order, separated by a comma and enclosed within a pair
of braces. The solution set for the equation is {—2,3}.
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B Example 4-7 Find the solution set of the following equations.

L. (x+35)(x—4)=0
xT3H5=0 or x—4=0

x—= —5 x=4 The solutions
Check for x = —35 Check for x = 4
(—5+5)(—5—"4)=0 A+554—4) =0
0-(—9) =0 9:-0=0
0=0 0=0

The solution set is {—5,4}.

¢

Note In future examples, we will not always show a check of the solutions,
but checking your solutions is always an important part of the problem.

2. (x —3)3x +1) =0

x—3=0 or 3x+ 1=0
x =3 3oy = —]
_ 1
* 3
_3 i 1 = 1 -
xX = or X == —? The solutions

; ; 1
The solution set is *? 3t

3 3x(x—7)—=0
3x=0 or x—7=0
x=20 x =

~1

The solution set is {0,7}.

» Quick check Find the solution set of (2x + 3)(x + 1) =0 |

Solving quadratic equations by factoring

In general, to find the solution set of a quadratic equation by factoring, we use
the following procedure:

— Solving a quadratic equation by factoring
Step 1 Write the equation in standard quadratic form.
Step 2 Completely factor the left member.

Step 3 Set each of the factors containing the variable equal to 0 and
solve the resulting equations.

Step 4 \Write the solutions in a solution set.
Step 5 Check your solutions by substituting into the original equation.
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Find the solution set of the following equations. Check your solutions.

1.

X+ 5x —='—6

x®+5x+6=0

(x+2)(x+3)=0
x+2=0 or x+ 3=

x = —2 x=—3 ns
Check:
(1) Let x = —2 (2) Letx = —3
x4+ 5x=—6 x4+ 5x= —6
(2P 5(=2) = —& (3P E3—3) =6
4 —10= —6 9 — 15 = —6
—6= —6 Tre —6 = —6 True

The solution set is {—3,—2}.

x? = 2x
x2—2x=10
x(x —2)=0
x=0 or x—2=0
x=0 x =2

Check your solutions by substituting 0 and 2 for x in the original equation.
The solution set is {0,2}.

x2=16

x1—16=0

(x—4)(x+4)=0
Xx—4=0 or x+4=0
x=4 x = —4 ea tion, giving

Check your solutions by substituting 4 and —4 for x in the original equation.

The solution set is { —4,4}.

4x2 = 20x — 25
4x2 — 20x + 25 =0 orm
(2x —52=0
2x—5=10 et the repeated factor equal to 0
2 = Solve the equation for x, giving the solution
2

Check your solution by substituting > for x in the original equation.

5
The solution set is { 7}

Note In example 4, we have two factors, (2x — 5) and (2x — 5), but since
they are the same, the equation has only one distinct solution.
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5, 3Ix2+ 3= —6x
3xX+6x+3=0 Write the equation in standard form
332+ 2x+1)=0 Factor 3x2 + 6x + 3 = 3(x + 1)
I(x+1)2=0 Set the only distinct factor with a variable equal to 0
ol =0
x = —1 Sclve the equation, giving the solution
Check your solution by substituting —1 for x in 3x2 + 3 = —6x.

The solution set is {—1}.

B Quick check Find the solution set of each of the following: 24 = 3a,
4y? =9, x2 — Tx + 12 = 0, and 12(x%2 — 2x) = —9 |

In conclusion, let us compare the quadratic equation with the linear
equation.

1. A linear equation is an equation of the form ax + b = 0, where
a # 0. A quadratic equation is an equation of the form ax? + bx + ¢
= 0, where a, b, and c are constants, a > 0.

2. A linear equation is solved by isolating the variable. Some quadratic
equations are solved by factoring and setting the linear factors equal to
Zero.

3. A conditional linear equation has at most one solution. A quadratic
equation has at most two real solutions, which may or may not be
distinct.

Mastery points

Can you

B Find the solution set of an equation in factored form whose product
is equal to zero?

B Find the solution set of a quadratic equation by factoring?

Exercise 4-7

Find the solution set of the following equations. See example 4-7 A.

Example (2x + 3)(x+ 1) =0 The equation is in factored form

Solution Set each factor equal to 0 and solve the equations.

20+ 3=0 efr x E1 =10 The factors are set equal to 0
2x = —3 Solve each equation
3 x = —1 The solutions
= _"2"

z
The solution set is {—? sl ]

(x+5)(x—5)=0 2 6o — e+ 1 =0 3 xlx 65— 0
4. x(x —8) =0 5. 3ac(a—7) =0 6. 5p(p+9) =0




Gx—92x+3)=0
10. (4p — 3)5y+2)=0
13. B—=»)(7 —yp)=0

16. (7 +3y)(2 —3p) =0
19. x(2x — 3)(x+ 1) =0
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8. 8x —4)(5x +10) =0
11. (5x — 1)(5x + 1) =0
4. (1 —x)3—x)=0
17. 5 — x5+ x) =0
20. 3x(x — 12)B3x + 1) =0

9. 2x+ 1NBx—2)=0
12. (4da — 1)(4a+ 1) =0
15. (4 — 3u)(8 — 5u) = 0
18. 8 — x)(8 +x) =0
21. (5x + 3)(x — 10)(4x — 1) = 0

22. Bx —1D2x+ND(x—3)=0

Find the solution set of the following quadratic equations by factoring. Check the solutions. See example 4-7 B.

Example 2a4* = 5a

Solution 20 — 5a =10
a(2a —5) =0
a=0 or 2¢a—5=0
a=10 2a =5
5
a=10 a — ?
Check:
(1) Leta=0
2a® = 5a
2(0)2 = 5(0)
0=0 (True) Checks

Example

Solution

23. x2 +dxi—=0
27. 2x2 + 6x =0

5
The solution set is { 0, 7}

492 —9 =0
2y +3)2y —3) =0

2y +3=20 ORI 2= =

= —= 2y =3
S
T

Write the equation in standard form

Factor 2a% — 58 —a(2a— 5)

Set each factor equalto 0

Solve each equation

The solutions

5
2) Leta = —
(2) Leta .
SN2 5
21 — — =
(2) 5(2)
25 2,
2(7 =7
25 _2
> > (True)

Substitute

Order of operations

Checks

Write the eguation in standard form
Factor4y? — 9 = (2 + 3)2y — 3)

Set each factor egual to 0

Solve each equation

The solutions

3 3 ot :
Check by replacing y with == and o in the original equation.

Th ltinse:t's'—i i}
e solutio; 1 27 [

28. 32 = 9b

24. y2 — 4y =0

25, 3¢t — 5a=0
29, 232 — 18 =0

26. 4x2 4+ Tx =0
30. 6x2 = 24x
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1022 = —15a

35, x2 — 9 =10
39. 7x2 — 28 =0

32. 492 = —6p 33,
36. 32 — 100 = 0

[40] 52 — 45 =0 41.

37.

at =25 34. 32 = 49
2x2 = 32 38. 3a2 = 27
8x2 — 18 = 0 42. 7x2 — 7 =0

Find the solution set of the following quadratic equations by factoring. Check the solutions. See example 4—7 B.

Example x2 — Tx+12=0

X2 — e 12 =)
(x—3)(x—4) =0

Solution

x=3=0 ot x—=—4=90
x=3 x=4

Check:

(1) Letx = 3

X2 —Tx+12=0
Gr—-73)+12=0

The eguat
Factor X2

Set each

ion is in standard form
— 7x + 12 = (x — 3)x — 4)

acter egual to 0

Solve each eguation, giving the solutions

(2) letx =4
2= ix T2 =10
(¥ — )+ 12 =0

Substitute

o= il ===
=12 + 12 =0
0 =0 (True) Checks

The solution set is {3,4}.

43. Y2+ 6y — 16 =0
46. x2 — 16x + 64 =0

44. x2 —3x —4=0

ﬁ52+5b—14=0

49, x2 +3x+2=0 50. 2= —11y — 10
[52] 2 — 14x = 15 53. 32 — 32 = 4y
Example 3x2=T7x+ 6
Solution 3x2 — Tx — 6 =20
Bx+2)(x—3)=0
Ix+2=0 or x—3=0
3x= —2 x=3
B
x=—? x=3 e solutions

. : 2 ; 5 ;
Check by replacing x with = and 3 in the original equation.

2
The solution set is { —? 3 ]

55. 2x2 — Tx — 9 =0
58. 3p + 10p — 8 =0
LAyt =4y + 3

. —6x = —3x* — 3

67. 3x2 + 6x = —3

56. 2y2 — y — 3 =0

6x2+x*12=0

62. 6a2 + 3 = lla
65. 6p> — 7p = 20

68. 15 — 2x2 = —x
70. 125 — 15 = 8y [11] 352 — 4x — 28 = %
. 2+ 26 =9 — b F Ae— 3 = 1500+ 20— 5

16 —28+12=0

Order of operations

— =2 =10

45,
48.
51.
54.

57.
60.
63.
66.
69.
72.

=10

(True) Checks

a*+ 14a +49 =0
X+ x—42=10
@ —lla= 12
x> =27 — bx

62 —5a+1=0
12x2 — 25x + 12 =0
9x2 = 8x + 1

9)2 4+ 20 = —27y
9x2 + 30x = —25
6224+ z= —10z — 3



Example 12(x* — 2x) = —9
1252 — 24x

Solution

12x* — 24x + 9
3(4x2 — 8x ¥ 3)

32x — 12x—3) =0
2x—1=20

or

2% — =0
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=4 Multiply in the left member
0 Write the equation in standard form
0 Factor common factor 3

Factor4x? — 8x + 3 = (2x — 1)(2x — 3)
Set each factor containing the variable equal to 0

Note The constant factor 3 cannot be zero, so we disregard it when finding the solutions.

2x

X

or 2x = Solve each equation

The solutions

1 3
b LE
2 ==

sl 30 1% X
Check by replacing x with o and > in the original equation.

The solution set is [L i}
i 220

5. xlx + 3= =2
78. 2(x2 — 6) = —5x%
81. 4 = 3x(4 — 3x)

x(x—1-7)i36—2x

[ ={=)
ne

view exercise

3=

3x(3x + 2) = 24

79. x(x — 6) = 18 + x
82. 2x(3 — x) =4

77. 2x(2x + 6) = —8
80. x(x+1) —6=20
83. 5(x%2 — 5) = 20x

Write an algebraic expression for each of the following. See section 2-1.

1. 7 more than a number

3. 6 times the sum of x% and x

2. A number decreased by 11
4. The sum of x* and 2x, divided by 8

Solve the following word problems. See section 2-8.

5. Three times a number is increased by 12 and the

result is 51. Find the number.

7. The sum of three consecutive even integers is 72.
Find the integers.

6. One number is two more than five times another
number. If their sum is 38, find the numbers.

Many formulas used in the physical world are quadratic in nature since they
become second-degree equations when solving for one of the variables. Likewise,
many word problems require the use of quadratic equations for their solutions.
We now consider some of these common uses of the quadratic equation.

Be aware that a check of the solutions by merely substituting them into the
equation set up to solve the problem will not guarantee the correct answer. We
should check the results to ensure that the physical conditions of the word
problem are satisfied.
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B Example 4-8 A 1. The product of two consecutive even integers is 168. Find the integers.

o

Let x = the lesser even integer. Then x + 2 = the next consecutive even
integer.

Note Consecutive even or odd integers are given by x, x + 2,

AR i S A
two consecutive even integers is 168
pr:;duct of
x : (x +2) = 168
x? + 2x = 168 Original equation

x2k 2x — 168 = 0 Write in standard form
x+14)(x—12)=0 Factor the left member
x+14=0 or x—12=0 Set each factor equal to zero

x= —14 x =12 Solve each equation

When x = —14,thenx +2 = —14 4+ 2 = —12,

When x = 12, thenx + 2 =12 4+ 2 = 14.

Check: Since (—14)(—12) = 168 and (12)(14) = 168, and both solutions
are consecutive even integers, the conditions of the problem are met.
Therefore, the two integers are —14 and — 12 or 12 and 14.

2. The area of a rectangle is 4 = Qw, where £ is the length and w is the width of
the rectangle. The length of a rectangle is 2 inches more than three times the
width. If 4 = 33 square inches, find the length and width of the rectangle.

Let w = the width of the rectangle. Length € = 3w + 2

area of a rectangle is length times width
A = g : w
33 = (Bw+2) : w
w(3w + 2) = 33 Original equation
3w? + 2w = 33 Distribute multiplication
3w+ 2w — 33 =0 Write in standard form
Gw+ 1w —3)=0 Factor the left member
3w+ 11 =0 or w—3=0 Set each factor equal to zero
3w = —11 w=23 Solve each eguation
11
w = —? w=23 Solutions of the eguation

; ; : 11 ) .
The solution set of the equation we wrote is { 3 ,3]. Since the width cannot

1 11 . . =
be negative, w = Tia 1s not a solution of the problem, even though it is a

solution of the equation. So w = 3 is the only physical solution and
L=3w+2=33)+2=9+2=11

Check: Since 11 is two more than 3 times 3 and (3)(11) = 33, the conditions
of the problem are met.
The rectangle is 3 inches wide and 11 inches long.
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3. Current in a circuit flows according to the equation / = 16 — 1672, where { is
the current in amperes and ¢ is the time in seconds. Find the time ¢ when
i = 0 amperes (no current).

Replacing i by 0, we have the equation

0= 16 — 162
0= 16(1 — )

I

0=16(1 — (1 + 1)

1—t=0 or
r=1

Since time cannot be negative, t = 1 second.

Can you
equation?

equation?

L+

i

Substitute O for /

Factor the common factor 16

Factor 1 — 2= {t = (1 1)

Set each factor containing the variable equal to 0

Il
o

I

—i Solutions of the equation

&

— Mastery points

B Set up a quadratic equation for a word problem and solve the

m Substitute values into a formula and solve the resulting quadratic

Exercise 4-8

Solve the following word problems by setting up a quadratic equation. See example 4-8 A-1.
The product of two consecutive even integers is four

1. The product of two consecutive odd integers is 143.
Find the integers.

2. The product of two consecutive integers is 132.
Find the integers.

3. The product of two consecutive even integers is 288.
Find the integers.

4. The product of two consecutive integers is 306.
Find the integers.

5. One integer is six more than a second integer. The
product of the two integers is 91. Find the integers.

6. One integer is eight less than a second integer. The
product of the two integers is 153. Find the
integers.

See example 4-8 A-2.

13. The length of a rectangle is 2 meters less than twice
the width. If the area is 24 square meters, what are
the dimensions of the rectangle?

14. The area of a rectangle is 21 square feet. What are
its dimensions if the length is 5 feet less than four
times the width?

The area of a rectangle is numerically equal to
twice the length. If the length is 3 feet more than
the width, what are the dimensions of the
rectangle?

8.

9.

more than two times their sum. Find the integers.

The product of two consecutive odd integers is five
more than six times the lesser integer. Find the
integers.

The sum of two integers is —13 and their product
is 36. Find the integers.

The sum of two integers is —3 and their product is

11.

12.

17.

—70. Find the integers.

One number is one more than three times the other.
Their product is 14. Find the numbers.

One number is two more than the other and their
product is — 1. Find the numbers.

The length of a rectangle is three less than twice
the width. If the area is numerically five times the
length, find the dimensions of the rectangle.

The height of a page of a book is 3 inches more
than the width. If the area of the page is six less
than ten times the width, find the width of the

page.
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18.

The height of a page of a book is 4 inches more
than the width. If there is a margin of 1 inch all
around the printed matter of the page and the area
of the printed matter is 32 square inches, what is
the height of the page?

See example 4-8 A-3.

19.

20.

21.

An object with initial velocity v undergoes an
acceleration a for time 7. The displacement s of the
object for this time is given by the equation

1
s = vt + —at?
YTy

a. Find fwhens = 8§, v=2,g=2
b. Find t whens =6,v=3,a=6

The current in a circuit flows according to the
equation i = 12 — 12¢2, where { is the current in
amperes and 7 is the time in seconds. Find 7 when i
is (a) 0 amperes, (b) 9 amperes.

The power output of a generator armature is given
by Po = E.I — r,I%.

a. Find 7 when Py = 120, E, = 22, r, = 1

1
b. Find I when Py = 120, E, = 16, ry = =

The output power P of a 100-volt electric generator

23.

24.

is defined by
P =100 — 5P

where I is in amperes. Find 7 when P = 480,
(b) P = 375

A ball rolls down a slope and travels a distance
t2

d=6r+ 5 feet in ¢ seconds. Find ¢ when

(a) d = 14 feet, (b) d = 32 feet.

Because of gravity, an object falls a distance s feet
according to the formula s = 162, where ¢ seconds
is the time it falls. How long will it take the object

to fall (a) 256 feet; (b) 49 feet; (c) 2% feet;
(d) 1,024 feet?

The formula s = vot — 1642 gives the height s in feet that an object will travel in # seconds if it is propelled directly
upward at an initial velocity of v, feet per second. (Use this formula in exercises 25 through 28.)

If an object is thrown upward at 96 feet per second,
26.

27

28.

how long will it take the object to reach a height of
80 feet?

How long will it take before the object of exercise
25 hits the ground? (Hint: s = 0 when this
happens.)

A projectile is fired upward with an initial velocity
of 144 feet per second. How long will it take before
the projectile strikes an object 288 feet directly
overhead?

How long will it take before the projectile in
exercise 27 falls back to the ground?

29.

The formula for the area 4 of a trapezoid is
1
A= 5 h(by + by), where £ is the altitude (height)

of the trapezoid and the parallel bases are »; and b,
(see diagram). If the area of the trapezoid is 63
square inches, base by is 10 inches long, and the
altitude % is 1 inch less than the length of b,, find
the length of s and b,.

o

If the area of a trapezoid is 21 square feet, base b,

is 5 feet long, and base b, is 6 feet longer than the
altitude A, find the altitude of the trapezoid.



31.

32.

The altitude and base b, of a trapezoid have the
same length. If the area of the trapezoid is 24
square meters and base b is twice as long as base
b, find the dimensions of the trapezoid.

One base of a trapezoid is three times the length of
the other base. If the altitude is twice as long as the
shorter base and the area is 36 square centimeters,
find the dimensions of the trapezoid.

The volume of a box (rectangular solid) is given by

V = Qwh, where { is the length, w is the width, and
h is the height of the box (see diagram). If the box
is 4 feet tall, the length is 1 foot longer than the
width, and the volume is 224 cubic feet, find the
length and the width of the box.

Find the solution set. See sections 2—6 and 4-7.

Chapter 4 Lead-in Problem 197

34. A box is 9 inches long and has a volume of 162
cubic inches. If the width of the box is twice the
height, find the width and the height of the box.

35. A storage room is three times as long as it is wide.
If the room contains 756 cubic feet of space and
has a ceiling 7 feet high, find the length and width
of the room.

36. A cardboard box has a volume of 108 cubic inches.
If the length of the box is 1 inch more than two
times its width and the box has a height of 3 inches,
find the length and the width of the box.

1.3x—2=0 2.4a —5=0 3.x*—9=0 4. x2+6x+8=0
Evaluate the following expressions if a = 4, b = —3, ¢ = —6, and d = 5. See section 2-2.
— it a2 Gt 14 eend
5. ab—cd 6. b (s T'd—a - R
Chapter 4 lead-in problem
The formula s = vt — 1612 gives the height s in feet Solution
that an object will travel in t seconds if it is el 5

propelled directly upward at an initial velocity of v
feet per second. If an object is thrown upward at 96
feet per second, how long will it take the object to
reach a height of 144 feet?

(144) = (96)t — 16¢2
1612 — 96t + 144 = 0
16(t2 — 6t + 9) = 0
16(t —3)t —3) =10
t—3=0
=3

The object will reach a height of 144 feet in 3

seconds.
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Chapter 4 summary

1. Common factors are factors that appear in all the 5. Perfect square trinomials factor as

original terms. a® + 2ab + b2 = (a + b)?
2. A polynomial with integer coefficients is in completely

factored form when and
a. the polynomial is written as a product of polynomials a — 2ab + b* = (a — b)*
with integer coefﬁcu:'nts; 6. The sum or difference of two cubes factors as
b. none of the polynomial factors, other than the ~ 5 p -
monomial factor, can be factored further. @+ & =(a+b)a®—ab+ b
3. The difference of two squares factors as and
a* — b = (a + b)(a — b) a— b= (a— b)(a*+ ab + b?)

4. The trinomial ax? + bx + ¢ will factor only if we can
find a pair of integers, m and n, whose productis a * ¢
and whose sum is b.

We try to factor four-term polynomials by grouping.

. A quadratic equation is an equation that contains the
second, but no higher, power of the variable.

9. The product of two factors (x + p)(x + ¢) = 0 only if

x+p=0o0rx+¢g=0

%

Chapter 4 error analysis

1. Factoring a common factor 6. Order between real numbers
Example: 3x2 — 6x — 3 = 3(x* — 2x) Example: —15 > 4
Correct answer: 3(x2 — 2x — 1) Correct answer: —15 << 4
What error was made? (see page 158) What error was made? (see page 30)
2. Completely factoring a trinomial 7. Combining using grouping symbols
Example: 3x* — 6x + 3 = 3(x2 — 2x + 1) Example:6 — (10 +3) =6 — 10+ 3 = —1
=(x—1)2 Correct answer: —7
Correct answer: 3(x — 1)? What error was made? (see page 57)
What error was made? (see page 170) 8. Multiplication of real numbers
3. Factoring the sum of two squares 3 3 15
Example: 4x* + 9y2 = (2x + 3y)? Example: ST = 4 1
Correct answer: 4x* + 9y? is not factorable.
What error was made? (see page 177) Correct answer: 1
4. Factoring the difference of two squares What error was made? (see page 46)
Example: 16x* — 4y = (4x)* — (2y)? 9. Division by zero
= (4x + 2y)(4x — 2y) 0
Correct answer: 4(2x + p)(2x — y) Example: o 1
What error was made? (see page 177) 0
5. Factoring the sum of two cubes Correct answer: o is indeterminate.

Example: x* + 3* = (x + y)(x* — 2xy + 1?)
Correct answer: x> + p3 = (x + p)(x2 — xy + 3?)
What error was made? (see page 182)

What error was made? (see page 53)
10. Exponents

Example: —2% =

Correct answer: —4

What error was made? (see page 57)

Chapter 4 critical thinking

If n is an integer, for what values of n will 4n2 + 10n + 4
represent an even number?
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Chapter 4 review

[4-1]
Supply the missing factors.

1. 3x 9 =3( ) 2. 9x2 — 18x = 9x( ) 3. — 4% + 8y = —4p2( )
4. Ta + 14b — 28¢c = 7( ) 5. —5a% — 15a + 30a® = —35a( )

Write in completely factored form.

6. 3a* — 3ab + 3b T 22t copzch wyiz 8. a*b + &b
9. 3R} — R+ SR4 10. 42 + 8y + 1297 IT. ottt 38 1052
12. 16R3S? — 12R4S3® + 24R2S2 13. 10a%p® + 15a4%6* — 20a3b* 14. 2(a + b) + x(a + b)
15. y(x — 3z) +4(x — 3z) 16. a(3R + 1) + B3R + 1) 17. 2a(x — 3y) — 3b(x — 3y)
18. 6ax — 3ay — 2bx + by 19. 4ax + 6by + 8ay + 3bx 20. ax + 3bx — 4a — 12b
21. ax? — 2bx% + 4a — 8b
[4-2]
Write in completely factored form.
22, x2 —9x + 14 23. 2a* — 8a?* — 10a 24. a*> + l4a + 24 25. %2 — 4x — 32
26: a* — 16a:— 36 27. 3% — 9% — 30 28. x> — x? — 6x 29. 73— 4?2 — 2y
30. a?> + ab — 6 31. a*b* + 10ab + 24 32. a*h* — 9ab + 18 33. a?b* — 8ab — 20
[4-3]
Write in completely factored form.
34, 4x* + 4x + 1 35. 9r* — 36r + 36 36. 4x* — 5x + 1 37. 922 -+ 9a— 10
38. 8a? — 2a — 3 39, 24x% + 22x + 3 40. 8¢* — 18a + 9 41. 2a®> + 15a + 18
[4-4]
Write in completely factored form.
42. 4a* — 9 43. 3652 — 2 44, 25 — a? 45. 16x* — 4y
46. 9x2 — 4 47. x* — 16 48. y* — 81 49. B + 12b + 36
50. ¢2 — 10c + 25 51 4x2 —12x+ 9 52. 9x2— 10x 4
[4-5]
Write in completely factored form.
53. R® + 85°3 54. 16x® — 54 55: 272>+ 12552 56. x3° — 1
57. 2% + 250 58. 64x'2 — y'5 59. @3¢ + ¢
[4-6]
Write in completely factored form.
60. 12x* — 3x3 61. a2 — 3a — 10 62. 40> — 2la + 5 63. 9y — 4
64. 6ax + 9bx — 4a — 6b 65. B2 — b — 20 66. 9x2 + 21x + 10 67. a®> + l4a + 49

68. 12x5 — 3x3 69. ¢ + 9¢2 + 20c¢ 70. 164> — 8a + 1 1. h¥— 1
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Determine the solution set.
2. e—l) e B B) =0
75. (7x — D(5x—8) =0
78. 5x — NH(5x+4) =0

73. 3x(x — 8) =0
76. (4 — 3x)(9 — x) =

0

74.
Al

79. (4x + 4)(5x — 15)(7x + 14) = 0

Find the solution set of the following quadratic equations by factoring.

Gx+1DBx—7) =0
5x(x +9NBx+12) =0

80. 4x2 — 9x =0 81. y2 =1 82. 2a® = 128a

83. 3x2 — 75 =10 84. x2 — x — 30 =10 85. 2p = 32 + 1

86. 4¢2 + 13a+3 =0 87. 5x* — 4 = 8x 88. x(x — 8) = —16
89. 3(x2 + 3) = 12x 90. 82 +y— 6= —y Ol. d4g:— 12 —2a —24*

FTA—_R]
-

Solve the following word problems.

92. If the product of two consecutive integers is ten less than 95.
the square of the greater integer, determine the integers.

The height 7 in feet of a projectile launched vertically
upward from the top of a 96-foot tall tower when time ¢
= 0 is given by 2 = 96 + 80¢r — 16s2. How long will it
take the projectile to strike the ground?

93. The length of a rectangular flower garden is 5 feet more
than its width. If the area of the garden is 104 square

feet, find the dimensions of the flower garden.

94. A farmer has some cattle to sell to a slaughterhouse.
When the manager of the slaughterhouse asked how many
cattle he had to sell, the farmer replied, “If you triple the
square of the number of cattle you get 1,200.” How many
cattle did the farmer have to sell?

Chapter 4 cumulative test

Perform the indicated operations and simplify.

[1-8] 1. 40—2-8+-4—6+3 [3-4] 2. (24%)*
[3-2] 3. (a + 2b)? [3-1] 4. a*-a®-a
[1-8] 5. 3[6 — 4(5 — 2) + 10] [3-1] 6. (x%»¥)(x%)
[2-3] 7. Bx—p)— 4y —3x) — (x+ 2p) [3-2] 8. (3x — 2y)(3x + 2p)
242 \3
[3-3] 5. (—b—) [3-3] 10. x* x5
[2-3] 11 3x — [x —y — (2x + 3yp)] [3-4) 12. (3x73?)2
[2-2] 13. If P(x) = x> — x — 6, find (2) P(—2),
(b) P(3), (c) P(0).
Solve the inequalities and find the solution set for the equations.
[2-6] 14. 3(3x — 2) = 4x + 3 [2-9] 15. %x = 2= %x 5
[2-6] 16. 2(2x — 1) = 6(x — 2) — 4 [2-9] 17. 2x + 7= 13
[4-7] 18. x2—9 =0 [4-7] 19. x* —Tx +10=0
[2-9] 20. 3(2x + 1) < 4x + 8 [2-9] 21. 2=3x—8=<6



Solve for the specified variable.
[2-7] 22. 3x —y=x + Syforx

Write in completely factored form.
[4-1] 24. 2ab — 4a%h?* — B843b°
[4-4] 26. 25¢* — 947

[4-2] 28. x2 + 9x + 18

Set up an equation and solve for the unknown(s).

[2-8] 29. One number is eleven more than twice a second
number. If their sum is 53, what are the
numbers?

[4-8] 30. The product of two consecutive positive odd
integers is 143. Find the integers.

[2-8] 31. Terry has $15,000. He invests part of this money
at 8% and the rest at 6%, and his income for one
year from these investments totals $1,100, How
much was invested at each rate?

Chapter 4 Cumulative Test 201

[2-7] 23. 2x +5—3y=5x+ 3 — 8pforx

[4-4] 25. 4a® + 12a + 9

[4-3] 27. 4a> — 4a — 15

[4-8] 32. The area of a rectangle is six more than ten times
the width. If the length is 5 meters longer than
the width, what are the dimensions of the
rectangle?



Exercise 3-5

Answers to odd-numbered problems

1. 255 X 102 3. 1.2345 X 10* 5. 1.55 X 108

7. 8.55076 X 102 9. 1.0076 X 10¢ 11. 1.2 X 10~*
13. 8.1 X 107 15, 7 X 107 17. 94 X 1071

19. —4.5 X 10°  21. —5.85 X 108 23. —4.578 X 10
25. —2.985 X 107%  27. 49,900,000 29. 7.23  31. 0.0042
33. 0.00000147  35. 0.000789  37. —0.00000000482
39. —0.00000492 41. 1 X 107 43. 2 X 1012

45. 35,600,000 47. 0.000 000 000 000 000 000 000 093
49. 140,000 51. 1.22304 X 10  53. 3.63226 X 107!
55. 1.76979 X 1077  57. 4.84481 X 10¢ 59. 1.4 X 10°
61. 4.6 X 10°

Solution to trial exercise problem

1.77 X 108
58. (177,000) = (0.15) = ~———"
(7000 = 1 = o T
1.77 177
= —— X 105D = —— X 10¢ = 1.18 X 10
1.5 1.5

Review exercises

1. 5x 2. 3a® 3. 12ab 4. x* + 2x* 5. 62 — 15a
6. 3x%y + 2xYH? — Txy

Chapter 3 review

1. a2 2.a% 3.45=1,024 4. x%% 5 a% 6. 20a%5

7. 6x%7 8. —15x% 9. 6a°F°  10. 10x%°  11. —6a%h1®

12. 15x2 — 10xy  13. —6a*h + 9&3p® — 12a%H°

14, 30x%? — 10xp* 15. x2 —x— 12  16. x* + 10x + 25

17. @ — 49 18. 15x2 + Txy — 2)* 19. x3 + x%y — Sxy2 — 22
20. 3a® — 4a*h — 5ab* + 263 21. 84 + 12a*h + 6ab* + B?

1 5 1 )
22, ; 23. ; 24, a4 25. ; 26. 1 27. x3_y2 28. tIJ
& 4272 b &
29. ; 30. 2 e 32. E 33. 8a®
b xy3z? 2a%c3
34. 312x16)20 = 531 44]x'6p20 35 —  36. 37.
e G 12 2 b
) 9p3 6pd 325,20
38, 8x2y% 39, T2aip 40, T 41, 2 3
12 3T 230

43. 1.84 X 10% 44. 1.57 X 1073 45, 1.07 X 108

46. 8.49 X 10" 47. —375 X 10 48. —543 X 1073
49. 504,000 50. 0.00639 51. —3596 52. —0.00886
53. 0.000000735  54. 812,000,000 55. 2.67672 X 10°
56. 1.54818 X 10* 57. 7.2 X 1073 58. 1.25 X 1077

Chapter 3 cumulative test

1. false 2. false 3. true 4. —2 5. undefined 6. §
7.0 8.16 9. 38 10. x3y + 2x)? — 3xH?  11. —40

120 13.9x2 —6xp +3* 14,0 15 4a%™ 16, —25
17. 0 18. 9x% — 42 19. 6x*° 20. 26  21. undefined
22. 40 +2b 23. x> —2x— 1 24.x* 25 4% 26.(7|

5 19 1
27. {—} 28. {——] 29. x > s 30. x > —

3 4 3 6

3

31. |—T] 32. =8 =x= —1 33. 97 34. 72

35. $18,500 at 8%; $11,500 at 7%

Answers to Exercises 3-5—4-2 459

Answers to odd-numbered problems

L2y +3) 3 4(x2+2y) 5 3(x¥y + 3z)

7. Ta— 26+ 3¢) 9. 3(5xpy — 6z + x%)

11. 7(6xy — 3y + 1) 13. 2(4x — 5y + 6z — 9w)

15. Sab(4a — 12 + 95)  17. 3xp(x +2) 19. 2R} R?* — 3)
2. x(2x2 —x+ 1) 23. 3ab(5+6b—a) 25 xy(y +z+ 1)
27. 2L(L2 — 9+ L) 29. 5p(p + 2+ 3p%) 31 —3(2x + 3)
33. 2(3x — 4z — 6w) 35, —3(4L — 5w+ 2H)

37 =2l = 7= 22, 3% =l = ety —az)

41. —5ab(2ab — 3 + 4a?h*) 43, (a + b)(x + p)

45. 5(2a + b)(3x + 2y) 47. 3(a + 4b)(x + 2y)

49. (b +6)(8a — 1) 51 (a+ b)(c+ d)

53. (2a + b){(3x — 2y) 55. (2x + y}(2a — b)

57. (5x — 3y)dx + 2)  59. (a + 3b)(4x — 3p)

61. (2c — y)a + 3b)  63. (¢ + 4)(2a + 3b)

65. 3x + y)(2a + b) 67. (x — 2d)(3a + b)

69. (a + 5)(2a* +3) T1. (4a* + 3)(2a— 1)

93, s 5 TS %(m — 302 — )

Solutions to trial exercise problems

11. 42xy — 212+ T=T " 6xy — 7- 32+ 7' 1

=T6xy —3*+ 1) 25 xy*+xyze+xy=xy'y+axy'z
+xy-l=xyy +z+1) 33 6x— 8z — 12w = 2( );
2:3x — 24z — 26w =203x — 4z — 6w)

34. —4a® — 36ab + 16ab? — 2453 = —4( );

(=4)a® + (—4)(9ab) + (—4)(—4ab?) + (—4)(65)

= —4(a® + 9ab — 4ab* + 6b%) 36. —3a+ a*h = —af );
(—a) 3+ (—a)(—a*h) = —a(3 — &) 45. 15x(2a + b)

+ 10p(2a + b) = 5(2a + b) - 3x + 5(2a + b) - 2y

= 5(2a + B)(3x + 2y) 53. 6ax — 2by + 3bx — 4ay

= 6ax + 3bx — 4ay — 2by = (6ax + 3bx) + (—4ay — 2by)
=3x(2a + b) — 2y(2a + b) = (2a + b)(3x — 2y)

2wx?  30wx? Pwx wx wx
75, ¥ = —— — = = g - —— — 2
48E[ 48E7T 48E] 48ET 48E]
WX WX
- S = ey S s
48ET REL x )

Review exercises

.45 23,4 3 -—-82 4.8 -2 582 6 —8 —2
7.6,6 8. 11,1

Exercise 4-2

Answers to odd-numbered problems

1. (a +6)la+3) 3 (x+12)(x—1) 5 (p+ 15 —2)
T-(x —12)(x —2) 9. (g +8)(a—3) 1L (x+6)(x+ 2)
13. (a — 6)(a+ 4) 15. 2(x + 5)(x — 2) 17. 3(x — 8)(x + 2)
19. will not factor, prime polynomial  21. (y + 13)(y + 2)

23 Al -t 200e—3) | 25 5(as—S)a + 2)

27. (xy — 6)(xy + 3)  29. (xy + 12}(xy + 1)

31 3y + 3)(xy —4) 33 (x + 2p)(x + p)

35. (a — 3b)(a +b) 37. (a— 3b)(a + 2b)

39. (x + 3p)lix'—5y)



460 Answers to Exercises 4-3—4-6

Solutions to trial exercise problems
17. 3x* — 18x — 48 3(x* — 6x — 16)

mand nare —8 and 2. = 3(x — 8)(x + 2)
26. x%?* — 4xy — 21 = (xp)® — 4(xp) — 21

mand nare —7 and 3. = (xp — T)(xpy + 3)
33. We need to find m and n that add to 3y and multiply to 22
The values are 2y and y. The factorization is x* + 3xy + 2)?
=i 200 )

Review exercises

Lxa+tb+e) 2.3x(x*+4x—2) 3. Bx+35)2x+1)
4. 2x+3)Bx—2) 5 (4x+ 1)GBx+1)

6. (bx — 1N2x+3) 7. (x— 2)(3x — 5)

8. (7x — 3)(x—9)

Exercise 4-3
Answers to odd-numbered problems
L 2x —3)(x+2) 3 2x+D(x+1) 5 2R—3)(R—2)
7. 5x+3)(x—2) 9. 3x— 1)3x —1)=(3x — 1)
11. will not factor, prime polynomial 13, (Zx + 3)(3x + 2)
15. (2x + T)(2x + 3)  17. will not factor, prime polynomial
19. Gy — )3y +1) 21. 5x+6)2x — 1)
23, 2x — 5)(x—2) 25 2(2x + 3)(x + 2)
2. 2(2x + 3)(x + 1) 29. 2x+ 3H3Bx— 1)
3L, 26y 33— 2) 33008y — 2% + 3)
35. 2x +-3)(2x +3) = (2x 4+ 32 37 (7x—= Dix—35)
39. BP+ 1)(5P— 1) 41 2x(x — 35)(x + 2)
43. a(2a + )@+ 7) 45. 2x — 5)(4x + 3)
47. —16(t — 1)z — 1) = —16(z — 1)2
Solutions to trial exercise problems
25. 4x2 + l4x + 12 = 2(2x* + 7x + 6)

mand nare 3 and 4. = 2[(2x2 + 3x) + (4x + 6)]

= 2[x(2x + 3) + 2(2x + 3)]
=2(2x + 3)(x + 2)

41. 2x3 — 6x2 — 20x = 2x(x? — 3x — 10)

mand nare —5 and 2. = 2x(x — 5)(x + 2)
Review exercises
1.x2—)* 2.9a2 — 42 3. x2— 2xy + y* 4. 254% — 16h2

5. 40> +4ab+ b 6. 16x2 —8xy +jp* T x4 —1
8. a4 — 16

Exercise 4-4

Answers to odd-numbered problems

1L(6)* 3.(c)r 5 (4x)2 7.2z 9, (x+ D(x—1)
1. (@a+2)@a—2) 13. B+E3—E) 15 (1 +k(1—k%k
17. 36+ H)(3b — 4) 19. (b + 6c)(b — 60)

21. (2a + 5b)(2a — 5b)  23. (5p + NGp — 9)

25. 8(x + 2y)(x — 2y) 27. 5(r + 55)(r — 5s)

29. 2(5 + x)(5 — x) 3L (rs + 58)(rs — 51)

3B (2 —3NEE+3) 35 (293N 3)

37. (7x + 8p®)(Tx — 8yY) 39, 2(Txy + 5pc)(Txy — 5pc)
41. (c — 7)* 43. (a+ 3)* 45 (y — 3)* 47. (2a — 3h)?

vV
49. (3¢ — 2d)* 51 ﬁ(h + 2wk — 2w)

Solutions to trial exercise problems

17. 95> — 16 = (3b)* — (4)2 = (3b + 4)(3b — 4)
25. 8x2 — 322 = 8(x2 — 4% = 8[(x)? — (2¥)?]
=8x+2)x—2 3. x*—1=02—(1)¢
=024+ D2 —1) =2+ D)2 — (1)
=2+ D+ 1)x—1) 41. & — l4c + 49
= (e — 2N+ (72 = (e = T)?

Review exercises

L (x+6)(x+2) 2. (7a+ 9N(Ta—9)
4. 2x(x + 3)(x +4) 5. (2a + 3)(5a + 3)
7. (xp + 5)xp +3) 8 (x+2p)?

3. (x — 49)3Ba + b)
6. (2a — 5)*

Exercise 4-5
Answers to odd-numbered problems
1.4 3.5 5 (3x)P 7. (@3 9. (2p5°
11. (r + s)(r? — rs + 53 13, (2x + y)(4x2 — 2xp + »?)
15. (h — k)R + hk + K2 17. (@ — 2)(a® + 2a + 4)
19. (x — 2p)(x® + 2xy + 4y*) 21. (dx — p)(16x2 + 4xp + ?)
23, (3x — 2p)(9x2 + 6xy + 4)?)
25. (2a + 3b)(4a% — 6ab + 9b?)
27. 2(a + 2)(@* —2a +4)  29. 2(x — 2)(x + 2x + 4)
31 xAx + 3p)(x2 — 3xy + BB 33 (x4 p)(xt — Xy + 32)
35 (@@ — b)(a® + &b+ b)) 37. (x* — 3)(xF+ 3x*+9)
39. @*(2b — a)(4b* + 2ab + a¥)  41. 2(3r + 5)(972 — 3rs + 52)
43. (xy — z)(x¥? + xpz + z2)
45. (a%b* — 23)(a'%* + 2a°b*c + 4c%)
47. (ab + 2)(a*b? — 2ab + 4)
49. (34 + 25)(x68 — x3dt + Z10)
Solutions to trial exercise problems
27. 2a> + 16 = 2(a® + 8)
= 2[(a)® + (2)3]
Then 2( + )IC )P2—C)C)+ ()
and = 2(a + 2)[(a)* — (a)(2) + (2)3]
= 2(a+ 2)(a® — 2a+ 4)
44, x3?* — 1 = (x> — (1)3
Then, (= )0 2= 3 )ik €1
and (xp3 — DIG®? + (1) + (1)?]
= (P — DY+ xp* + 1)
Review exercises
L. (a— 2ila:—35)
4. (3a + b)(2a — b)
6. 2x + 3)(3x — 4)

2. Ba+ bH)2x —y) 3. (x + 2p)?
5.Sala —3)la— 5)

Exercise 4-6

Answers to odd-numbered problems

1. (kT or="7) . 30 (TbF D(BH5) . 50y + 4z — 2)
7.6+ y)6—yp) 9.10@—b)* 11. 4(a + 2b)(a — 2b)
13. Ba—b)(x+2y) 15 Bx+352x—1)

17. 2m — n)(3a + 2b) 19. (Th — S)(b + 3)

21. (4x — 3)(x +5) 23 6(x* — 4xy — 8)?)

25, 3xp(x + 5y)(m — 4n)  27. (3a — 5h)2

29. 3a(a® + 4)(a + 2)(@a — 2) 31. 3ab3(a + b)?

33. 36+ )b —13) 35 (3x + 2¥)(a + 2b)

37 (6x — D(x+2) 39 3x%(x + 4)(x — 4)

41. (y + 32)(p* — 3yz + 92%)  43. (x — p*)(x? + xp? + %)



Solutions to trial exercise problems

25. 3x%y(m — 4n) + 15x3%(m — 4n) = 3xy(m — 4n)(x + 5y)
common factor of 3xy(m — 4n)  27. 9a? — 30ab + 25b2

= (3a)®> — 2(3a)(5h) + (5b)* = (3a — 5b)* 29. 3a° — 48a
= 3a(a* — 16) = 3a[(a®)? — (4)?] = 3a(a? + 4)(a? — 4)

= 3a(a® + 4)(a + 2)(a — 2)

Review exercises

Exercise 4-7

Answers to odd-numbered problems

L {-55] 3. {o—6 s {07 7. [3,7%] 9. [—%%]
11 [—%%J 13. {78} 15. [%%] 17. {=5.5}

19. [—1,0%} 21. [—%%,10]
27. {0,—3} 29. {—3;3} 31 {o,f?} 33. {—5,5}

35. {—33} 37.{—44} 39.{—22 41 {—%%}

43. |—82} 45.{-7} 47.{—7.2}

9 11

55. 1—1—{ 57.1——

{12} [3 2}
4 13

59, {—,— L= .

T3 al+3 s

3
7|
o -23] oy o -2 n{-1

49. {—1,—2}

51. {—1,12} 53. {—4,8)

2
81. {—] 83. {—1,5}

Solutions to trial exercise problems
L (x+5)x—5)=0
x+5=00rx—5=0
x = —5 x=35
{—5.5}
7. Bx —9)(2x + 3) =
3Ix —9=0o0r2x +
Ix=9

ey =)
I
o

2%= —3

x=3

b3

15. (4 — 3u)(8 — S5u) =0
4—3u=00r8 — 5u=
4 = 3u 8 = Su

x = ——

a 5
7 L 5

iﬁ]
375

—_—

Answers to Exercise 4-7

31. 10a? = —15a
1022 + 15a = 0
5¢(2a + 3) =0
Sa=0or2a+3 =0
a=190 2a = —3
3
a=——
2
o
2
40. 52 —45=0
502 —9) =0

Sy +3)(y—3)=0
y+3=00ry—3=0
Fa==0 y=3
{3,—3}

47. P +35p—14=0
BG+NHNE—2)=0
b+7=00rb—2=0

b= =7 b=2
1= 1.2

52. x2— l4x = 15
x2—14x—15=0
G—18)x+1D=0

=15 = 0orx+1 =80

= 15 X =
{15,—1}
59. 6x* +x—12=0
Bx —4)(2x +3)=0

—1

3x—4=0o0r2x +3 =

Ix=4 2x = —3
_ 4 =3
x - 2 5
=
32
64. —fx= —3x2— 3

Ix—6x+3=0
3(x*—2x+1)=0
3(x—1)2=0
1=

x =1

i}
7. 3x*—d4x — 28 =x
3x2—5x—28=0
Bx + T (x— 4)—='0

Ix+7=00rx— 4=
Ix=t—i] =
L=
x 5 X
(54
-_.,4
3
76. 3x(3x + 2) = 24
9x% + 6x = 24

9x2+6x—24=0
33x2+2x—8) =0
33x—4)(x+2)=0

3x —4=0o0rx+2=
3x=4 L=
4
x=— =
3 £

=

=
—2

461



462 Answers to Exercise 4-8—Chapter 4 Review

84. x(x +7) =36 — 2x

x*+ Tx = 36 — 2x
x2+9x—36=0
(x+12)(x—3)=0

%+ 2= Qorx—3 =0
x= —12 x =3
{—12.3}

Review exercises

1. (let x = the number) x + 7 2. (let x = the number) x — 11
Ao

3. 602+ x) 4. ra— 5.13 6.6,32 7.22 24,26

Exercise 4-8
Answers to odd-numbered problems

1. 11and 13; —13and —11 3. 16and 18: —18 and — 16
5. 7and 13; —13and —7 7. 4and6; —2and 0

7
9. —4and —9 11. 2and 7; —6 and *? 13. w = 4 meters;

£ =6 meters 15. w = 2feet; # = Sfeet 17. w = linchor
w=6inches 19.a.tr=2 b.r=1 2l.a./=12or
I=10 b.I=120r/=20 23.a.tr=2 b.1=4

25. t = 1 second (on way up); ¢ = 5 seconds (on way down)

27. t = 3 seconds 29. b, = 8 inches; h = 7 inches

31. b, = 4inches; by = 8 inches; A = 4inches 33. w = 7 feet;
£ =28feet 35. w=6feet;Q = 18 feet

Solutions to trial exercise problems
7. Let x = the lesser integer.
Let x + 2 = the next consecutive even integer.
Then x(x +2) =2[x + (x + 2)] + 4
X+ 2x=22x+2) +4
x2+2x=4x+ 4+ 4
x?* + 2x=dx + 8
xX—2x—8=0
x—dHx+2)=0
x—d=00rx+2=0
x =4 x= —32
x+2=6 x+2=0
The consecutive even integers are 4 and 6 or —2 and 0.
10. Let x = one integer.
Then —3 — x = the other integer.
x(—=3—x)=-—-70
—Bx — = —70
0=x>+3x—70=(x+ 10)(x — 7)
x4 10= Dorx —7 =0
xi= =10 x =17
=3 —sox ——3— (—10) = 7w0r =3 —x=—3— 7= —10
The integers are —10 and 7.
15. Let w = the width. Let £ = w + 3. From *‘the area of a
rectangle is numerically equal to twice the length,” we get
w(w + 3) = 2(w + 3)
w2+ 3w = 2w+ 6
wi+w—6=0
(w+3Hw—2)=0
wt+3=0orw—2=0

w= —3 w=2
(Note: A geometric figure cannot have a negative width, so we
ignore w = —3.)

The width is 2 feet and the length is w + 3 = 5 feet.

22a. P = 100/ — 5I?, when P = 480.
480 = 1007 — 512
5I* — 1001 + 480 =0
S5(P —20f +96) =0
S(Ir—8)(I—12)= 0
= §=0terli—"12—= 0
I=3 I1=12
Therefore I = 8 amperes or / = 12 amperes.
25. 5 = vt — 1622, given s = 80 and vy = 96
80 = 961 — 1672
1612 — 96t + 80 = 0
16(r2 — 6t +35) =0
166 — 5@ —1)=20
t— 5 =0ert=
=95 t=
So 7 = 1 second on the way up,
and 7 = 5 seconds on the way down.

1
1

1
30. Given 4 = ?h(bl + b;), A = 21 square feet, b, = 5 feet, and

using “by is 6 feet longer than the altitude A,”
we have by = h + 6.

1
Substitute 21 = Eh[(h + 6) + 5]

1
21 = —h(h + 11
Sl )

Multiply both members by 2 to get 42 = h(h + 11)
Then 42 = k2 + 11k

Add —42 to both members to get 0 = k> + 11h — 42
Soh*+ 11h—42=0

Factor in the left member: (A + 14)(A — 3) =0
Thenh + 14 =00rh —3 =0

Soh= —l4orh = 3.

A trapezoid cannot have a negative altitude, so we ignore
h = —14. The altitude of the trapezoid is 3 feet.

33. Given V = Rwh, ¥V = 224 cubic feet and h = 4 feet, from “the
length is 1 foot longer than the width,” £ = w + 1.
Substituting, 224 = w(w + 1) * 4
Multiplying in the right member, 224 = 4w? + 4w
Add —224 to both members and interchange members.

0= dw? + 4w — 224
4w 4+ 4w — 224 =0
Factor 4 from each term to get 4(w? + w — 56) = 0
Then 4w + 8w — 7)) =0andw + 8=0o0rw—7=20
Sow= —8orw=7.
The width of a box cannot be negative, so we discard w = —8.
The width is then 7 feet and the lengthis w + 1 = 8 feet.

Review exercises
2 5
N D di— =33 4. {—4,—2 5. 18
i3] 25 sima et
6. —27 7.0 8. undefined

Chapter 4 review

1.3(x+3) 2 9x(x—2) 3. —42*(y—2)

4. Ta + 2b— 4c¢) 5. —Sala+ 3 — 6a®) 6. 3(a®> —ab + b)
7. xy(x +z +yz) 8. a%(1 +b) 9. B3R — 1+ 5RY)

10. 4p(y + 2 + 3y 1L x¥x* + 3x +9)

12. 4R2S%*(4R — 3RS + 6) 13. 5a*b*(2a*b + 3 — 4a)

4. (a+ b2 +x) 15 (x —32)(y +4)



16. (3R + 1)(a + b)
18. (3a — b)(2x — )
20. (@ + 3b)(x — 4)
22. (x—Px—2)
24. (a + 12)(a + 2)
26. (a — 18)(a + 2)
28. x(x — 3)(x + 2)

17. (x — 3y)(2a — 3b)
19. (x + 2y)(4a + 3b)
21. (x2 + 4)(a — 2b)
23. 2a(a — 5)(a + 1)
25. (x — 8)(x+ 4
27. 3(x — S)(x + 2)
29. x(x— Dix'+:3)
30. (ab + 3)(ab — 2) 31. (ab + 6)(ab + 4)
32, (ab — 6)(ab — 3) 33. (ab — 10)(ab + 2)
34 (2t 1) 2%+ 1)or(2x -+ 1)%  35.90~— 2)(r— 2)or
9(r —2)2 36. (4x — 1)(x— 1) 37. 3a + 35)(3a — 2)
38. (da — 3)(2a+ 1) 39. (6x + 1)(4x + 3)
40. (4a — 3)(2a — 3) 41 (2a + 3)(a + 6)
42. (2a + 3)(2a — 3) 43. (65 + )(6b — ¢)
4. 5+a(5—a) 45 42x + p)2x — )
46. 3x + y)(Bx — )  47. (2 + H(x + 2)(x — 2)
48. 2+ Ny + 3y —3) 49. (b +6)* 50. (c — 5
51. (2x — 332 52, (3x — 2)2  53. (R + 2S5)(R? — 2RS + 459
54. 2(2x — 3)(4x* + 6x + 9) 55. (3a + 5b)(9a* — 15ab + 25b%)
56. (xy — IMx}? + xy + 1)  57. 2(x* + 35)(x® — 5x° + 25)
58. (4x* — p3)(16x% + 4x*S + p10)
59. (ab* + ) (a*b* — ab*c® + ¢f)
61. (¢ — S)a + 2)
63. 3y + 2)(3y — 2)

60. 3x%(4x — 1)
62. (4a — 1)(a — 3)
64. (22 + 36)(3x — 2)

65. (b —3)(b+4) 66. 3x+2)(3x+35) 67 (a+ 72
68. 3x32x + 1N(2x — 1)  69. c(c + 4)(c +5) 70. (4a — 1)?
TG+ DB+ D -1 72 {1,—3} 73. {08}
1 7 1 8 4
74. [f—,—] 75, I—,—] 76. [—,9} 77. {0,—9,—4}
S8 7 3

78. [i —i] 79. {—1.3.—2} 80. {o,i} 81. {—1,1}

57 5 4
82. {0,64) 83. {—55] 84.[6,—5) 85. (1] 86. [—%,—3}
87. |_%,2} 88. {4} 89. {13} 90. {—1%} 91. {2,—3}

93. § feet and 13 feet  94. 20 cattle 95. 6 seconds

Chapter 4 cumulative test
1. 33 2. 8a%* 3. &>+ 4ab + 40> 4.4° 5.12 6. x5

848 1
oy 10.; 11. 4x + 4y

b 9
12. — 13. 2. 0b. 0c. —6 14, {— 15, so=cil2
94 5

T 8x =Ty 8. 9xF —4p¥ 9

16. {7} 17. x=3 18. {—33} 19. {25}

_ k2

5
200 % = —
e

14
ZI'ZEXET 22. x =3y 23. x

24. 2ab(1 — 2ab — 4a%b*) 25. (2a + 3)?

26. (5¢ + 3d)(5¢ — 3d) 27. (2a + 3)(2a — 5)

28. (x + 3)(x +6) 29.1439 30. 11,13

31. $10,000 at 8%; $5,000 at 6%  32. 6 meters by 11 meters

Answers to Chapter 4 Cumulative Test—Exercise 5-1 463

Chapter 5

- . = =
Exercise >—1

Answers to odd-numbered problems

1
1. — 3. undefined 5.4 7.— 9.— 11 3
3 undefine 2 17

15
13. undefined 15. ? 17. all real numbers except 0

19. all real numbers except 5 21. all real numbers except —3

3 8
23. all real numbers except 7 25. all real numbers except >

29. all real numbers

4 2 2
except —2 and 5 31. all real numbers except = and —

3
35. all real numbers

27. all real numbers except 1 and 6

33. all real numbers except —3 and 3

7
except? 37. all real numbers except —1 and I 39. all real
numbers 41. L =0 43. 7, #0,T,#0
Solutions to trial exercise problems
—5b
6. sih = —=2
5—2b
=58 _ —5=2F 5% 4«
S —=2b 5 —=XH=2) 5+ 4 9
(=2x)
g — " .=
Pt +7 " 2
(=2x)% E=2@pr = (4> 16
T o o e A )7 e ) I ST e R [
x il 1
22. Set2x— 1 = 0,then2x— 1l andx = —,
2%:— 1 2

e 1
Domain is all real numbers except —

y+4

25.

SetS—3y=0,then3y=8zmdy=%.

8
Domain is all real numbers except =

55t 47
28. ——  Set 25 — 5 — 3 = 0 and factor. We have
2shi— 5 — 3
(25 — 3)(s + 1) = 0. Then
25— 3 =0 ors+1=0
2s=3 s = —1
3
s = > s=—1
o 3
Domain is all real numbers except —1 and —.
32 A Set 4a* — 16 = 0 and factor. We have
" 4a? — 16 ’
4(a — 2)(a + 2) = 0.
This is true if and onlyifa — 2 = 0,a = 2 or
a+2=0,a=—2.
Domain is all real numbers except —2 and 2.
37. 3q17j - Set 3¢ — 3 = 0 and factor to get

(g — 1) =0
g+ IMg— 1 =0
g+1=0o0rg—1=0
Theng = —lorg =1
Domain is all real numbers except —1 and 1.



" Rational Expressions,
Ratio and Proportion

On a road map, 3 inches
represents a distance of 45
miles. If the distance between
Detroit and Sault Ste. Marie is
23 inches on the map, how far
is it from Detroit to Sault Ste.
Marie?

B 49 D e r,
=>=1 B Kational

m 202

E. ] o o i ' =
nuUumRers andg rational EXpressions

A rational expression
In chapter 1, we defined a rational number.

Rational numbers

A rational number is a number that can be written as the guotient of
two integers with the divisor (denominator) not zero.

Examples of rational numbers are

3 =0 8
6, —, ——, and—
4 6 7}
We extend this definition to involve the quotient of two polynomials and define a
rational expression.

— Rational expressions

A rational expression is an expression of the form
P

Q
where P and Q are polynomials, Q # 0.

Concept
A rational expression is an expression that can be written as the

quotient of two polynomials with the denominator not zero.
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For example,

2x xz—2 o x2+ x
x+1° x2—x—6" 5

are all rational expressions.
Just as a rational number has a numerator and a denominator, so does a
rational expression. In the rational expression

X
32— —h

the polynomial on the top, x2 — 2, is called the numerator and the polynomial on
the bottom, x2 — x — 6, is called the denominator.

Note Any polynomial is a rational expression since the denominator can be
553 = )
1

considered to be 1. For example, x2 — 2 =

Evaluating a rational expression

In chapter 2, we evaluated algebraic expressions by substituting given values for
the variables and performing the indicated operations. We follow the same
procedure when evaluating rational expressions.

Evaluate the following rational expressions for the given value of the variable.

S — )

L. ——= x=
4x+3’x :
5x—2=5(2}—2
4x + 3 4(2) + 3

Replace x with 2

10—2 R N .
=~ Perform indicated operations using
gt 3 order of operations
8
)
x+ 2
2= =5
xt—3x — 107
bz 5+ 2 | it
P E—— = Gy — 365) — 10 Replace x with 5
7
= m Perform indicated operations

7k
= o (undefined)

Note Anytime zero is in the denominator, the expression is undefined.
Therefore, for the rational expression to be defined, x cannot be 5.
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e T
Sy =N 2
=
Xx=5 Ny L2 ’ o
A — 2[/__1“\2 2 /;_*\ . Replace x with —?
T Sl T
110
__ 2 3 ST
— 1 1 Perform indicated operations
o il
11
2
=
_u
2
B Quick check Evaluate: =2 when y = 4 andmwhen y=—"2H

y+3

=

Domain of a rational expression

Notice in example 2, the answer was undefined since division by zero is not
defined. The rational expression becomes meaningless for those values of the
variable for which the denominator equals zero, as with x = 5 in example 2.
Finding the value(s) of the variable that will make the denominator zero is called
finding the restrictions on the variable(s). All other values of the variable for
which the expression is defined make up the domain of the rational expression.

Domain of a rational expression

The set of all replacement values of the variable for which a rational
expression is defined determines the domain of the rational
expression.

In finding the domain of a rational expression, we use the following procedure.

— Finding the domain of a rational expression

1. Factor the denominator into a product of prime polynomials, if
possible.

2. Set each factor of the denominator containing the variable equal to
zero (using the zero product property).

3. Solve the resulting equations. The solutions are the restrictions
placed on the variable.
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Determine the domain of each of the following rational expressions.

a— 3
1.
a— 4
a—4=0
a=4 Solve equation for a

The restriction is that a # 4. Domain is all real numbers except 4.

Note We look only at the denominator. The value(s) of the variable for which
the numerator is zero is of no concern to us.

5 3x?
"xX2—x—6
£l - 32 o L
S =)+ Factor the denominator
x—=3 =0 orf x+2=0 Set each factor equal to 0
x=3 x= —2 Solve each equation for x

The restrictions are x ¥ 3 or x ¥ —2. Domain is all real numbers except
3ori=2

X = 3
T x2 44

x? 4 4 does not factor. If there is a restriction, it will occur when x? is —4.
Since x? is never negative, the sum x2 + 4 can never be zero and there are no
restrictions on the variable. Thus, the domain is the set of all real numbers.

x— 3
2 —x

x—=3 w1

= Factor the denominator
X2 =t ion =)

x=0 or x—1=0 Set each factor equal to 0
x=20 x =

o

Solve each equation for x
The restrictions are x # 0 or x # 1. Domain is all real numbers except
Oor 1.

Note In example 4, a common error is to forget to place restrictions on the
factor x.

> o
» Quick check Determine the domain: ————
xe=bx— 6
Mastery points
Can you

B Evaluate a rational expression for a given value of the variable?
E Determine the restrictions on the variable in a rational expression?
B Determine the domain of a rational expression?
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- - = &
exercise >—1

Evaluate each given rational expression using the given value of the variable. If the given value is not in the domain of
the rational expression, so state. See example 5-1 A.

Syn— 2y
Examples = iy = Ll L ==
e o =l
3(4) — 2 == =Eol 0]
Solutions é})—:—? Replace y with 4 ( )(Vz)z(tj Replace y with —2
12 =R . e i 4=t — et i
form indicat er. 1 e — Perf | t
4 + 3 erio cated operations 4 = 4 Sriorm InGicaied operations
10 — Undefined
= SRy naetnel
7 ( )
—2 is not in the domain.
X 2x + 1 5at + 2
1. —: % =2 2. tx = 3 =g — 1
o S5x — 3 3 a=1 ' *
a2 — 1l —4p? —5p3
4. :x=20 5. | b= —2
5 35— 3°F 5—2b
x+9 Py —3 (—2x)%
T T 8. = — — . x =2
ZLo— B T x2+3x+7’x
(—x)3 3x2 + 2x 4+ 1 8 — b — 2b%
10. ————:.;x =3 1. ————————:x =1 12. —: b= —2
T TR 4— 32
3 — 4x x3 — 2x + x 1 —x + 3 1
13. ;x =0 4. = = 15, 50— x = ——
e ! $—3 0 32 FEERCTRIAE] 3

Determine the domain of the given rational expression. See example 5-1 B.

Example X
P siasge = 0§
' =43
Solution m Factor the denominator
X t3=0orx —2=0 Set each factor equal to zero
x=—3 x=2 Solve for x
The restrictions are x ¥ —3 or x # 2 and the domain is the set of all real numbers except —3 or 2.
4 ) 8 10 x
16. — 17. — 5 19. 20.
3x 4x = X 2 X=—3 S ot 7
3x? x+1 a-+9 i y+ 4
21. 22, 23, 24, —— 25.| =
x 3 2% — I 4a — 3 5—2p 8—3y
5% 8 + 1 552 + 7 8z 4
26, ————— 20— 28| —— 29, ———— 30.
6x2+3x—18 br—7b+ 6 2szf5*3 3z5 + 2z — & x2— 4
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5% a—=2 b+ 3 T 56— 1
31, ——— 32| ———— 33, ——— 34, —— .
9x% — 4 4a2— 16 56 — 45 3x— 15 35 9 — 21
36, _16x 17¢ 55, 103 g 513 dit, 22
" 8x2 — 18 3% — 3 " x2+ 1 S22 11 Txr4+9
41. In business, the acid-test ratio (4) is given by 43. In physics, the ideal gas law of a constant mass of
G+ R . S PV PV,
A= , where C is the cash on hand, R gas is given by e = ——, where P; = the
1 2

represents receivables, and L is the current liability.
For what value of L is 4 not defined?

42. In college algebra, the sum S of the terms in some
a

infinite geometric sequence is given by S = " :
=4

where ¢ is the first term and r is the common ratio.
For what value of 7 is S not defined?

D amngramnmy m vy oo S
ReView exercises

1. The statement 4(5 + 6) = 4 -5 + 4 - 6 demonstrates
what property of real numbers? See section 1-8.

3. Evaluate the expression a[b + (¢ — d)] when
a=1,b= —2¢=3 andd = —4. See
section 2-2.

Factor the following expressions. See section 4-3.

5. 2% — 9% — 5

pressure in the first state, ¥; = the volume in the
first state, Ty = the temperature in Kelvin degrees
in the first state, P, = the pressure in the second
state, ¥, = the volume in the second state, and

T» = the temperature in Kelvin degrees in the
second state. What restrictions on the variables
must be placed in this formula?

2. Simplify the expression 2[3 — 4(1 + 6)] by
performing the indicated operations. See section 1-8.

35
4. Reduce the fraction a to lowest terms. See

section 1-1.

6. 4y* — 40y + 100

757 Y Ta e T = PACEIST
Filly) FalLlWiial SAQl essions

= o o o =
5-2 m Simplifying

=Ed Ui dl
(|

The fundamental principle of rational expressions

One of the most important procedures we can use when we work with rational
expressions is the simplification of the rational expression. To do this, we use a
principle called the fundamental principle of rational expressions.

Concept

— Fundamental principle of rational expressions
If P is any polynomial and Q and R are nonzero polynomials, then

PR

QR

P P PR
Q Q QR

To change the appearance of a rational expression without changing its
value, we may multiply or divide both the numerator and the
denominator by the same nonzero polynomial.
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This property is based on 1 being the identity element for multiplication. That is,
BE P R e SR

OR Q0 R O 0

This property permits us to reduce rational expressions to lowest terms. A
rational expression is completely reduced if the greatest factor common to both
the numerator and the denominator is 1 or —1. We can see that the key to
reducing rational expressions is finding and dividing out factors that are common
to both the numerator and the denominator.

1. Write the numerator and the denominator in factored form.

To reduce a rational expression
| 2. Divide the numerator and the denominator by all common factors.

B Example 5-2 A Simplify the following rational expressions by reducing to lowest terms. Assume
that all denominators are nonzero.
45 3<3=5 ; :
Lo — = Factor numerator and denominator to prime
60 Z2E 3 factors
3:(3-5) ) -
= Group common factors (3 -5
PR 4
3 e ; :
= n Divide numerator and denominator by (3 - 5)
3 . -
= T Multiply remaining factors
14x? 7°2°%"x
Factor numerator and denominator
TOX3" " 512 gt
7-(2 <% - %) _ ) - :
= Group common factors (2 - x - x
S 2 2xw)
I , .
= — Divide numerator and denominator by common
5x factor (2 - x - X)
Sa— 15 Na— 3)
= = Factor numerator and denominator
da.— 120  Ha — 3)
5 ) .
= Divide numerator and denominator by common
4 factor (@ — 3)
1 Vi1 c 5 !
: = actor denominator
y»—49 G+ -7
1
= =0 Divide numerator and denominator by common
i factor (y — 7)

25z4 2 — 35
P Quick check Reduce = and = to lowest terms. |
1525 at —a— 30

Note This reducing process is often called “‘cancelling”’ the common factors.
It is important to remember that we are dividing both the numerator and the
denominator by the same common factor; we are not just ""crossing out”
guantities. This leads us to our next topic.
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Common errors when reducing

The fundamental property allows us to divide by common factors only. A
common error in example 4 is to divide the numerator and the denominator by y
and 7. These are ferms and this cannot be done. For example,

P et gl U
11 8+3  #+3 3
This error can be avoided by always remembering that the fundamental principle

of rational expressions allows us to divide the numerator and the denominator by
common factors. y and 7 are terms and not factors.

Reducing H

x— 5 :
, which does not appear to be reducible
—

Consider the rational expression 5

by a common factor. However,

Si— % = —A(—5+ %) Factor out —1

= —l(x —3) Commute the terms and use the
definition of subtraction

Thus,
x—5  x—35
S—x —lx—5)
A
—1

- —1

Reduce by common factor (x — 5)

In general, for all real numbers a and b, @ # b,
gl bl
b—a

Simplify the following rational expressions by reducing to lowest terms. Assume
that no denominator equals zero.

47—
1 ——
Berd = Il
4 — x
e Completely factor the denominator
(x — 4)(x + 4) e ‘
4 — x 1
:x = -x Toa Facter opposites4 — xand x — 4
1 4—
= —1- SR
x+4 X —4

Multiply numerator by —1
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=
e
2xtfx — 3
1 —x)(1 + x) T, "y _
= ompletely factor numerator and denominator
(x — 1)(2x + 3) g,
liie b )
= 4 Factor opposites 1 — xand x — 1
=l o) 03 '
___1+x ‘u—-x=_,I
2x+ 3 X4
_1(1 + x) Multipl b 1
T e—— = ultiply numerator by —
2x-F 3
= or Sk s Alt tive f 3
= ernative forms of answer
213 2% - 3
6 — ?

» Quick check Reduce to lowest terms. u

32— 1y — 4

— Mastery points

Can you

m Reduce a rational expression to lowest terms using the fundamental
principle of rational expressions?

: a—b
m Recognize factorsa — b and b — a and use — P —12

Exercise 5-2

Simplify the following rational expressions by reducing to lowest terms. Assume that no denominator equals zero. See
example 5-2 A.

252 a* — 36
Examples —— _ 0
1522 as=—a =50
; SEBzTE Tz Factor numerator and (a + 6)a — 6) Factor numerator and
Solutions = eI denominator = m denominator
SENSEZE = o) Group common factors a+ 6 Divide numerator and
= RS ) (o= ziz 2ty = T s denominator by
S s z-z-2 - b
5 Divide numerator and =8l
= denominator by
3z Gtz ziz 5
54 75 6x 8a
o 2 =] e
72 145 > 15 10
16x2 1563 —8x? 3a8
58 —— 6. . ;
12x 206 7 6x4 g —943
16ab 15a%x3 20ab*c? —T2xYz2
5 0. . —— h e
20ab? 35ax? —dab?c? % 9x4y3z2
+5 - - -
13, 10(x ) 14. 24(x — 3) 15 6l = 2) 16. 8(x + 1)

8(x + 3) 15(x — 3) Tx+3Nx—2) 4(x + 1)(x — 6)



a—~+ b
=
36 —13
"6x + 6

B =
x 3x 10

xX2— x —6

21

X—3

29, ———
2= 27

x2 — y? 3m — 6

18. —— L B e

Xy e Sm — 10

6y — 6 =9
G 82 — 8 2 x2+ 6x + 9
2 P—=y—42 2yt — 3y —9
Ty 412y + 36 T4y — 13y + 3

X2 az—= b

N s il e
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8bh + 12

106 + 15

ar = 10a+ 25

az— 25

4m?® — 15m — 4
8m?* — 18m — 5
x3 4+ 33

X2 — y?

20.

24.

28.

32

Simplify by reducing to lowest terms. Assume that no denominator is equal to zero. See example 5-2 B.

W=
Exompien————— —— —
P 32—y — 4
. 4 — )4 +
Solution = ((y = :))((3}) +yl)) Factor numerator and denominator
Sl Snsd
y—4 3y -+ 1
_ ) 4 + y 4=y L=k
3y y—4
—1(4 + y)
= _;;—_W— Multiply the numerator by —1
A=y . opi—s
= m—] 3y + 1 Alternative forms of answer
4x — 4y 8b — 8a 2x — 8 12a — 8b
33, — 4. 80— 36 —————
VX a—b 12 — 3x 106 — 15a
2y% — 2x2 3p — 3¢q (x —)% a—b
37. ——— . 39— 40. ——
X —y 38 6> — 6p* ke b — a?
) Lt ] = -~
P e g 0 L4 e e e s O
(m + n)? o= > =t 22— Ty — 4
e
(Pl v s
Review exercises
1. Write the decimal number 0.000314 in scientific 2. Given x = 2, y = —3 and z = —1, evaluate the

notation. See section 3-5.

. 4x
expression

3. A piece of lumber 16 feet long is to be divided into
two pieces so that one piece is 1 foot longer than twice
the length of the other piece. Find the lengths of the
two pieces of lumber. See section 2-8.

2 i: . See sections 2-2 and 5-1.

Simplify the following expressions. Assume all denominators are nonzero. Express answers with positive exponents

only. See section 3—4.

4. (5x737%)"

3xy?

" 32yt

6. (—2x%7?)3
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In section 3-3, we observed the process of dividing a monomial by a monomial.
We shall first review this process before we deal with other types of polynomial
division. Recall the quotient property for division of expressions that have like
bases, a™ ~ a® = a™~ " q # 0.

[t . B = F . e = . -
Exampie 5-3 A Find the indicated quotients. Assume all variables are nonzero.
1. x7 + x4t = x7—4 Subtract exponents when dividing
= i3
2207
S D2 =155=3 Divide like bases by subtracting exponents
2a
= 2152 Perform indicated subtractions
= 2qg* 27=2
53,4

» Quick check Find the quotient of ==

Division of a polynomial by a monomial
Consider the indicated division.

3x3 —9x2 + 15x

3x
To perform this division, we use a principle of fractions.
b
3+3=“ (c # 0)
c €

By reversing this equation, the principle can be used to divide a polynomial by a
monomial.

Division of a polynomial by a monomial

_I_
acbui+—@¢m

Concept

To divide a polynomial by a monomial, divide each term of the
polynomial by the monomial.

EXxamj Find the indicated quotients. Assume all denominators are nonzero.
1 3x3 — 92+t 15x% L3 9P 15% Divide each term of the
. = T e . numerator by the
3x ';” 3x 9 3x 15 monomial denominator
=—x3"1— —x2-1 4+ —x1-1 Qquotient property of
3 3 3 exponents
=1 iaxF— 3 ar £ 5.0 Subtract and divide as
indicated
=iy dk 5 . ] X0 =1

IJ

A ZE R NG
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8a* + 44> — 12a _ 8a®  4a? _ 12a
’ da da  4a da
=2a3+a—3
547 + 154° — 10a . 5a’  154° 10a Divide each term of
T e e rumrsor by e
5 monomial cenominator

= a5+ 3a® — o implify each term by

o A

Recall that we can check our division by
(quotient)(divisor) = dividend
In example 2,

2 +a—3)4a) =2a* 4a+a-4a— 3 4a Distributive property
= 8a + 4a* — 12a Dividend

16x5 + 2053 — 42
> Quick check Find the quotient; ——— ——— o

Note A common error in this type of problem is demonstrated in the
following example.

xAek g w3
3 #*
X 1
It is tempting to simply "cancel’” the x2 in the numerator with the x2 in the
denominator, but the correct procedure would be
x3 o a2
L e

Remember that the entire numerator and the entire denominator must be
divided by the same quantity. In the example, only part of the numerator was
divided by x2. Only factors may be divided by factors.

Division of a polynomial by a polynomial
Consider a quotient in which the divisor is not a monomial. For example,
y%* — y — 2 =~—— Dividend
» = 2

which involves the division of a trinomial by a binomial. We handle this just like
long division with numbers. Set it up in the form

y=2lpF—y—2

Note The divisor and dividend must be arranged in descending powers of one
variable with zeros inserted to hold the position of any missing term.

Divisor
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The following table demonstrates writing a polynomial in descending powers of
the variable and inserting zeros to hold the position of missing terms.

Dividend

Dividend arranged in descending
powers

X33 2x -+ 3+ A2 —
x>t —g
a1

Bt 4 ax 4 2 — 1
+0x2+x—9
0 02+ B — 1

The method for dividing polynomials is similar to the long division used in
dividing whole numbers. To demonstrate this, we divide 972 by 36 step-by-step as

we divide (2 — y — 2) by (y — 2).

36)972

Divide 36 into 97, which goes
2 times. Place 2 over 7 in the
dividend.

2
36)972

Multiply 2 times 36, place 72
below 97 in the dividend.

2
36)972
72

Step 1

Step 2

Subtract 72 from 97. The
difference is 25.

2

36)972
(—)72
25

Step 3

Step 4 Bring down the next digit of
the dividend, 2.

2

36)972
72

252

Divide 36 into 252, which goes
7 times. Place 7 over 2 in the
dividend.

27
36)972
12

252

Step 5

p=2)F—y—2
Divide y into »?, which goes y times.
Place y over y in the dividend.

y— g =y=12

Multiply y times (y — 2), place
y* — 2y below y? — y in the dividend.

y — 2);2_—h

¥ =2y
Subtract y* — 2y from 32 — y.
== 02 —2) =
y-y—yr+ty=y

p = 2)?1_—‘h
(—)}32 L= 22 Change signs
¥ and add
Bring down the next term of the
dividend, —2.

2 — zwﬁ‘h
y:— 2y
y—2
Divide y into y, which goes 1 time.
Place 1 over 2 in the dividend with a
plus sign between y and 1.

== {1
y—F=y—32
Y — 2y

y—2
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Step 6 Multiply 7 times 36, which is Multiply 1 times (y — 2), which is
252. Place this product below ~ y — 2. Place this below y — 2 at the

252 at the bottom. bottom.
27 + 1
36)972 y—2)yF— y—2
72 =2y
252 y—72
(—)2s52 (—)y — 2 Changesigns
0 Q0 andadd
Step 7 Subtract 252 — 252 = (. Subtract (y — 2) — (y — 2) = 0.
There is no remainder. (2 = p— 3} =y —2)
972 + 36 = 27 =y+1

Step 8 Check your division by multiplying the quotient by the divisor to see if
you get the original dividend.

2736 = 972 bty —2)=yp2—y—2

Note A common error is committed when we subtract polynomials as we did
in step 3. Remember, to subtract two polynomials, change the signs of the
second polynomial and then add.
y}— y—=> y*—
(=102 =y Dy
0+ y=y

The large majority of errors in this type of problem occur when polynomials are
subtracted.

Find the indicated quotient and check the answer.

2 = % — 1
i i AN e
x+ 4 x2 + 4x X(x + 4) = x2 + 4x
—x — 4 ubtract to get —x and bring down —4
—x — 4 —lxt+4)=—x—4
0 Subtract to get 0
2ok S —
Therefore, —— = x — 1.
erefore = % 1
Check: (x — 1)(x+4) =x2+4x —x — 4
=% -+ 3x —4

If we still have a remainder after “bringing down™ all of the terms of the
dividend, handle it as follows:

a=rd
g EEHBS TR e sat
a—2 a — 2a ala—2)=a%— 2a
Ta + 6 Subtract to get 7a. Bring down 6
1a — 14 7a—2)=7a— 14
20 (Fa+6)—(Fa—14)=7a+6 — 7a

+ 14 =20
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2 6 0
Hence, % = gt T P where the remainder 20 is placed
a— &=
over the divisor a — 2.
To check our answer, we add the remainder of 20 to the product of

(a + 7) and (a — 2).
(@ + D@ —2) +(20) = a?> — 22 + 7a — 14 + (20)
=g+ 52+ 6
x* — x4+ 2
X3
Note that there is no term in the dividend that contains x2. The division will

be easier to perform if the term 0x2? is inserted as a placeholder so that all
powers of the variable x are present in descending order. Thus, we have

3+ 0x2—x+2
X —3

and the value of the dividend has not been changed since we have added 0x2,
which is 0. Therefore, to perform the division, we get

x2+3x + 8§
2 — 30t — e
(—)x¥— 3x2

3x2 — x
(—)3x2 — 9x
8x +2
(—)8x — 24
26
B
x—x+2=x2+3x_|_8+i
x—3 x —.3

Check: (x* + 3x + 8)(x — 3) + (26)
= 3 — 3x + 3x2—9x + 8x — 24 +-26
=x}—x4+2

Note When performing division, always count the number of terms in the
denominator. If there is only one term, do not use long division.

6x2 — Tx — 3

B Quick check Find the quotient:
DYty

— Mastery points

Can you

® Divide a monomial by a monomial?
B Divide a polynomial by a monomial?
B Divide a polynomial by a polynomial?
B Check the answer?
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Perform the indicated divisions and check the answers. See example 5-3 A.

St
Example —
S%

Solution = 53 1x%-1 Divide like bases by subtracting exponents
= 52x3 Perform subtractions
= 5 52 = 25
8x3 —15x° —haxipty —28a3b 3(a — b)?
i— Dia A Ll e 5| ——
2x 3x? 13xy —Tab a—b
6 5(x + p)? 6a2(b — ¢)? 8 —10x3(y — 2)3 12a3b2c(x + y)3
T x+y 3a(b — ¢) C 2Ny —2) © —3abe(x + y)?
See example 5-3 B.
Examole 16> & 20x> — 432
i 4x2
) 16x>  20x3 4dx? L _ ) .
Solution = = = Divide denominator into each term of numerator
4dx? 472 4x?
=4x3 + Sx — 1 Divide constants and apply properties of exponents
6x =9 24a® — 12a bx? — bx
10. 11. — 12, ——
3 =7 bx
13. a* — 3a%2 + 2a 14, 12%x3 = 8% + 3% . 15a® — 9a®> + 12a — 6
a 4x 3a
13a — a?h® + a®h X ot = 2% 14a*h®> — 21a?h* — 28ab
. 17. 18.
s a*h —xy Tab
30x3p4 + 21x%2 — 18x% —21m*n® + 35m3n? — 14m2n? ab — 1) —cb — 1)
. 20. 21.
= 3x2y? —Tm2n? bl
22. alx — p) — bl — p)
X =Y
See example 5-3 C.
G = br = 2
Example ———
P 2% =3
3xa
Solution 2x — 3}6xZ — 7x — 3
(—)6x2 — 9x 3x(2x — 3) = 6x% — 9x
2% — 3 Subtract to get 2x and bring down —3
(== 1(2x —3) =2x— 3
0 2x —3) —(2x —3=2x—3—2x+3=0
6 P Tx —
VRS e ki
2 =13

The check is left to the student.
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a® + T7a + 10 o2 SRS a + 5a + 10
——————— 24 —— e —
= a— 2 x+ 5 a3
T =
26.% 27. (@ +6a+10) + (@ +3)  [8]Ua + 1+ 40) = Qa+ 1)
29. (922 — 24a + 12) = (3a — 4) (274 — 1) + (3a — 1) 3. (3 — 8) + (x — 2)
34 4x2+ Tx + 6 263 — 3@ — 13a + 12
32. (x4 — 14) = (x — 2) Cf il P = u
et 2 a5
35.b3+6b2+7b—8 36.6x“—x3—2x2—7x-—19
b=l e —3
37. (154> + 28a — 32) + (5a — 4) 38. (x* —2x3 4+ 4x2 —x+3) = (x2—x+ 4
30 et =R 3 — 602 o 3x—i8) o= (62 ok 3 5) 40. (*+2p -4y +2)+-(2—y+1)
1. O+ 2y —3) = (B2 + 2y — 5)
A contractor uses the expression x2 + 6x + 8 to 44. What polynomial when divided by 3x — 2 yields
represent the area of the floor of a room. If she the quotient 2x2 + 3x — 37
decides that the length of the room will be 45. What polynomial when divided by —2x + 5 yields
represented by x + 4, what will the width of the the quotient 3x3 — 2x + 67

room be in terms of x?

43. An electrician uses the expression 4x* + 11x + 6
to determine the amount of wire to order when
wiring a house. If the expression comes from
multiplying the number of rooms times the number
of outlets and he knows the number of rooms to be
x + 2, find the number of outlets in terms of x.

D o
neview exercises

1. Find the solution set of the quadratic equation 2. The area of a rectangle is 42 square feet. If the
4y? 4+ 9y + 2 = 0. See section 4-7. length is 1 foot longer than the width, what are the
dimensions of the rectangle? See section 4-8.

Find the following products. See section 3-2.

3. (4x — 3)2 4, (x +2¥(x2+x— 1) 5. 3y — DGy + 1)
2 -
6. Reduce 3)}—51—2 to lowest terms.
292 — 3 —:8

See section 5-2.
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- Il

tio and proportion
A ratio

a ot ' ol
We learned the fraction i represents the indicated quotient of a divided by b. A

ratio compares two numbers, or quantities, in the same way.

Ratio
I_- A ratio is the comparison of two numbers (or quantities) by division.

The ratio of the number a to the number b is written

atob, or a:b

a

b El
We read a : b as “the ratio of a to b,”” where a and b are called the terms of the
ratio. The first number given is always the numerator and the second number is
the denominator of the fraction representing the ratio.

" . , a
mple 5-4 A Write each ratio statement in the forms a : b and 7 reduced to lowest terms.

1. The ratio of 3 to 4

3:4 Forma:b
3

— Written as a fraction

4

2. The ratioof 15to 9
I5: 9er 5 =3 Form a: b (divide 15 and 9 by the common factor 3)
15 5

s e Written as a fraction reduced to lowest terms

9 53

1 1
3. The ratio of 2— to 3—
e ratio of 2°~to 3~

We first write each mixed number as an improper fraction.

1 5 1 13
27—?3.11{13?*?

1
L
3L 2 1 2 13 13
4

1 1 10
Therefore, the ratio 27 : 3? becomes 10 : 13 or TR

B Quick check Write the ratio of 18 to 21 in the forms a : b and % reduced to

lowest terms.
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If the quantities have the same unit of measure, the ratio will be expressed
by a fraction without any unit designation required.

4. 45 minutes to 60 minutes

45 min

Write as fraction

t}‘lt‘u

45 min : 60 min = -
e 60 min

=——igr<d = Reduce by dividing each term by 15

4

When the compared quantities are not of the same unit of measure but can
be stated in the same unit, it may be desirable to do so. The ratio again becomes
only a fraction, as in example 4.

5. 3 feet to 4 inches
Since 1 ft = 12 in., then 3 ft = 36 in., we have

36 in. . a
36in.: 4in. = : Write as fraction —
4 in. b

=—o0r9:1 Reduce by dividing each term by 4

1
9 : .
Note We reduced to T to demonstrate the comparison that is present.

6. 35 cents to 4 dollars
Since there are 400 cents in 4 dollars, we have

35 cents : .2
35 cents : 400 cents = —— Write as a fraction —
400 cents b

= —1 or7:80 Reduce by dividing each term by 5

Note When we change to a common unit of measure, it is easiest to change
to the smaller unit of measure, as we did in the previous examples. Changing
to the larger unit of measure usually involves fractions that are more difficult to
reduce.

P Quick check Write the ratio of 16 minutes to 2 hours in the forms @ : b and

a
) reduced to lowest terms.

Ratios are used to indicate relationships in many areas of the physical
world.
1. The geographer makes maps and prints to scale, 20 miles to 1 inch.
2. The physicist measures air pressure and uses force per unit of area.

_ 1471

14.7 Ib/in.2
b/ 1 in.2

3. The auto mechanic interprets engine specifications by compression
ratio,9tolor9:1.

4. The machinist is concerned with gear ratio, 2 to 1 or 2 : 1.
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When you compare two measurable quantities by ratio, it is not necessary
for them to have the same unit of measure. If the units are not the same, you
must include the units when you are expressing the ratio. These ratios represent
rates of change.

Express the following as a ratio in lowest terms.

1. 50 miles to 1 inch

SO Gy e
1 in.

2. 350 miles to 7 hours

or 50 miles per inch

350 mi: 7 hr = ol Write as a fraction i
7 hr b
50 mi . e
= o (stated 50 miles per hour) Reduce by dividing each term by 7
iy

» Quick check Express 64 pounds to 8 square inches as a ratio in lowest
terms. 5]

A proportion

A proportion establishes a relationship between two ratios.

Definition of a proportion

A proportion is a statement of equality of two ratios.

Given the ratios a to b and ¢ to d,
—=— or a:b=c:d

is a proportion. We read the statementa: b = c¢:d “aistobascistod.” The
numbers a, b, ¢, and d are called the terms of the proportion.

. . a &
Given the proportion — = — |
b d
a % ;
bd — = bd -— Multiply each member by bd
b d
ad = bc Reduce by b on the left and by d on the right

if = = <, thenad = bc (b, d # 0)

Property of proportions
I_ b d

Note The products ad and bc are found by multiplying diagonally.
a & bc
FXF ad

This process is frequently called cross-multiplying, especially by persons in
applied fields, and ad and bc are called the cross products.
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B Example 5-4 C Determine if the following statements form a proportion.
3_n
5 20

Using the property of proportions, we obtain
5-12=60 and 3-20=60
The cross products are both 60, so we have a proportion.

O
6 18
Using the property of proportions, we obtain
6-16 =96 and 5-18 =90

The cross products are not the same so we do not have a proportion.

We use the property of proportions to find the unknown term of a
proportion if three of the four terms are known.

B Example 5-4 D Find the unknown term of the given proportion. Check your solution.
X 16
1. —=—
8 64
64-x=8"-16 Property of proportions
64x = 128 Multiply as indicated
x=2 Divide each member by 64
2 16
Check: — = — Th
ec 8 64 cn
2-64=28"-16
128 = 128
4
, 93
¥y 5
49-5=135"-y Property of proportions
35y = 245 Multiply as indicated
n=7 Divide each member by 35
49 35
Check: 7 = ? Then
5-49 =735
245 = 245
. . . .72 30
B Quick check Find the value of z in the proportion — = 5"
iz

Proportions are used in solving many applied problems. Consider the
following examples.

1
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B Example 5-4 E Set up a proportion for each problem and solve.

1. Two gears are in the ratio of 4 : 5. If the smaller gear has 32 teeth, how many
teeth are there in the larger gear?

Let x = the number of teeth in the larger gear. Set up a proportion: one ratio
involving 4 and the number of teeth in the smaller gear and the other involving
5 and the number of teeth in the larger gear. Corresponding numbers must be
in the numerator and the denominator.

4 5
Tl T Set up a proportion
32 55
4-x=132-5 Property of proportions
4x = 160 Multiply as indicated
x = 40 Divide each member by 4

Thus, there are 40 teeth in the larger gear.

2. On a map, 1 inch represents 6 miles. How many inches are needed to
represent 28 miles?
Let x = the number of inches representing 28 miles. Now, 1 inch is to 6 miles
as x inches is to 28 miles.
lin.  xin.
6mi 28 mi

Set up a proportion

6-x=1"28 Property of proportions
_1-28 28 o ‘
X = T = _6 Divide each member by 6
14 2
= —3— or 4? Reduce to lowest terms

2
Therefore, 28 miles are represented by 4? inches on the map.

Note In example 2, the same units of measure are in the numerator of
the ratios and the same units of measure are in the denominators. That
is, we placed inches in the numerator and miles in the denominator of each
ratio. This step is important in setting up the proportion you will use to solve
for the unknown.

3. Cheryl set aside $20 per week for her savings program when her salary was
$200 per week. If her salary is now $250 per week, how much should she set
aside for her weekly savings to be proportional to what she saved before?

Let x = the amount to be set aside when Cheryl earns $250 per week. Then,
$20 is to $200 as x is to $250.

20 «x )
% = 250 Set up a proportion
200 - x = 20 - 250 Property of proportions
200x = 5,000 Multiply as indicated
_ 5,000 .y ey
= 200 Divide each member by 200
=25

Cheryl should set aside $25 when making $250 per week.
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» Quick check On a map, 1 inch represents 9 miles. How many inches are
needed to represent 42 miles?

— Mastery points

=

Can you

m Write ratios?

B Reduce ratios?

®m Set up proportions?

m Solve proportions for the unknown?
m Set up proportions to solve problems?

Exercise 5-4

: o a
Express the given ratios in two forms, = and a : b, reduced to lowest terms. See example 5-4 A.

Example

Solution

1. 12to 7
5. 16t06

Sto%

5 2
B o =
g 3

42102.

The ratio of 18 to 21
182l or6: 7 Form a : b (reduce by dividing each term by 3)
1 6
§ or 7 Write as a fraction reduced to lowest terms
2. 8to 19 3. 7Tto 42 4. 32 to 60
6. 24t0 9 7. 15ito 5 8. 90 to 40
3 1 5
5 — . 2—tol 12 53—
10 12t014 11 22'&00 256t03
7 3 1 2 4 1
10— 15. 3— — . 3—tod4—
14 5t04 34t023 16 5t(:- 0
1 18. 2.4 t0 6.0 19. 1.02 to 2.38 20. 3.06 to 2.55

Find the indicated ratios reduced to lowest terms expressed in two forms. See examples 5-4 A and B.

Example

Solution

Example

Solution

16 minutes to 2 hours

Since 2 hours = 120 minutes (1 hour = 60 minutes),

16 min : 2 hr = 16 min : 120 min Replace 2 hr with 120 min
= 16 : 120 Eliminate unit of measure
2
=2:150r 15 Reduce to lowest terms (Divide by 8)
: ] i 2
The ratio of 16 min to 2 hris 2 : 15 orE.
64 pounds to 8 square inches
64 1b
64 1b to 8 sq in. = - Write ratic as a fraction
8 sq in.
8 1b .
= z Divide by 8 to reduce to lowest terms
1 sq in.

= 8 Ib/sq in. Write as a rate



21.
25.
29,
33.
37.

6 in. to 14 in. 22, 4 ftto 18 ft

36 km to 24 km 26. 481bto 16 1b

$3 to 35¢ 30. 5 days to 15 weeks
48 1b to 24 ft3 34, 50 cm to 5 in.?
1,020 mi to 17 hr 38. 105 kg to 35 m?

Solve the following applied problems.
The output in horsepower is the useful energy

40.

41.

42.

43.

delivered by an engine and the input in horsepower

is the amount of energy delivered to an engine. The

mechanical efficiency of the engine is given by the

ratio

; . output

mechanical efficiency = _p
input

Find the mechanical efficiency of an engine rated to

deliver 425 horsepower (input) when it delivers only

375 horsepower.

The pitch of a roof is the ratio of the rise of a rafter

to the span of the roof.

. rise of rafter

pitch = —
span of roof

Find the pitch if the roof rises 7 feet in a span of

21 feet.

The smaller of two belted pulleys makes 240
revolutions per minute and the larger one makes
100 revolutions per minute. What is the ratio of the
speed of the larger pulley to the smaller pulley? Of
the smaller pulley to the larger pulley?

The mechanical advantage (M A) of a machine is
given by the ratio

mechanical advantage (M.A)
__ resistance to effort (output)

input effort

If a machine has an effort of 30 pounds that results
in a resistance of 120 pounds, what is the
mechanical advantage of the machine?

The mechanical advantage of a hydraulic press can
be given by the ratio

area of the large piston
area of the small piston

mechanical advantage =

If the large piston has area 32 square centimeters
and the small piston has area 12 square
centimeters, find the mechanical advantage of the
press.

23. 25 cm to 10 ecm

27]15in. 103 fr

31. 30 min to 13 hr
35. 16 grams to 2 cm?
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24. 351bto51b
28. 10 ft to 4 yd

32. 161bto 8 oz

300 mi to 10 gal

Tool steel may be worked at a cutting speed of 20

45.

46.

47.

48.

49.

50.

51.

S2.

feet per minute in a lathe, and cast iron may be
worked at a cutting speed of 45 feet per minute.
What is the ratio of the cutting speed of tool steel
to cast iron?

An automobile engine is rated at 350 horsepower.
When the engine is tested, it produces only 325
horsepower. What is the mechanical efficiency of
the engine? (Refer to exercise 39.)

An electric motor uses 10 volts of electricity to
produce an equivalent output of 8 volts. What

is the mechanical efficiency of the motor? (Refer to
exercise 39.)

A particular stock costing $63 paid an earnings of
$6. What is the cost : earnings ratio?

A room is 24 feet long and 18 feet wide. What is
the ratio of its length to its width?

A cement block weighs 120 pounds and a steel
block weighs 1,860 pounds. What is the ratio of the
weight of the steel block to the weight of the
cement block?

A mathematics class contains 32 male students and
10 female students. What is the ratio of the male
students to the female students?

A doctor having earnings of $60,000 in a given year
paid income taxes of $8,400. What is the ratio of
taxes to income?

The stress caused by a heavy load is defined by the
ratio

distorting force (F)
area (A4)

stress =

measured in 1b/in.2 Find the stress of a force of a
4,400-pound load on an area of 1,200 square inches.

Power is defined by the ratio of the work done (F)

to the time taken (7). Find the power if 42 ft-1b of
work is done in 6 seconds, in ft-1b/sec.
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54. The magnification (M) of an object by a lens is

given by the ratio
L

p
where g = the image distance and p = the object
distance from the lens. Find the magnification of an
object whose image distance is 27 feet and object
distance is 12 feet.

Find the value of the unknown that makes the proportion true. See example 54 D.

5 e el
Example Find the value of z in the proportion — = 3
Z
J200 30
Solution =
z 6
30-z=172-6 Property of proportions
30z = 432 Perform indicated multiplication
432 Divide by 30
=== e
b4 30 Vi Y
72
= = or 14? Reduce to lowest terms

2 ! .
Ehus = 14? makes the equation a proportion.

36 ¥ 30 p 14 21
= 56. -~ = — = e
5 o= = 20 =8 70
596:15 = x:8 60. R:12=15:100 6L 1= :a =4~ :2 2] 4=~ :
J6: : . R: : A oE o —
1 1

D) 24 b

63. 1.2:x=36:9 64. 45:3=y:2 65. — = — 66. — = —

* % 5 a 42 21

Solve the following problems by first choosing a letter to represent the unknown and then setting up the proper
proportion. See example 54 E.

Example On a map, | inch represents 9 miles. How many inches are needed to represent 42 miles?

Solution Let x = the number of inches representing 42 miles.
Then, 1 inch is to 9 miles as x inches is to 42 miles.

1 inch P inches
9 miles 42 miles

Set up a proportion

9-x=1-42 Property of proportions
9x = 42 Multiply as indicated
42 by
X = ;‘ Divide each member by 9
14
= —3- or 4—3- Reduce to lowest terms

2
Thus, 4? inches represents 42 miles on the map.



67. A man earns $180 per week. How many weeks
must he work to earn $1,260?

An automobile uses 8 liters of gasoline to travel 84
kilometers. How many liters are needed to travel
1,428 kilometers?

69. If 24 grams of water will yield 4 grams of
hydrogen, how many grams of hydrogen will there
be in 216 grams of water?

70. The operating instructions for a gasoline chain saw
call for a 16 gallons : 1 pint fuel-to-oil mixture.
How many pints of oil are needed to mix with 88
gallons of fuel?

71. The power-to-weight ratio of a given engine is 5 : 3.
What is the weight of the engine if it produces 650
horsepower?

72. If a 20-pound casting costs $1.50, at this same rate,
how much would a 42-pound casting cost?

73. A copper wire 300 feet long has a resistance of
1,024 ohms. What is the resistance of 2,000 feet of
copper wire?

74. In a hydraulic press, the force on the output piston
is to the force on the input piston as the area of the
output piston is to the area of the input piston. That

% = :%‘: or F,: F; = A, : A;. Find the area of

the input piston if F, is 15.2 pounds, F; is 6.5

pounds, and A, is 10.4 inches?.

is,

75. If the ratio of the wins to the losses of the Chicago
Cubs in a given season is 6:5, how many games did
they lose if they won 90 games?

A rectangular picture that is 10 inches long and 8
inches wide is to be enlarged so that the
enlargement will be 36 inches wide. What should
be the length of the enlargement?

Review exercises
Solve the following equations. See sections 2—4 and 2-7.
1. 6y + 5 = y — 4 (Find the solution set.)

3. The product of two consecutive odd integers is 143.
Find the integers. See section 4-8.

Completely factor each expression. See sections 4-2 and 4-4.

6. x2 — l6x — 17

5. 16x2 — y*

Section 5-4 Ratio and Proportion 227

77. The corresponding sides of the triangles in the
diagram are in proportion. Find the dimensions of
the missing sides, x and y. (Hint: The
corresponding sides are 6'" and x, 7" and 5",

8'" and y.)

y

78. Ann is operating a machine that can produce 14
parts in 20 minutes. How long will it take for her to
produce 224 parts?

79. A punch machine can make 72 holes in 4 minutes.
How many holes can the machine make in 3 hours?

I
80. A roof rises 67 feet in a rafter span of 9 feet. At

this rate, what would be the rise in a 15-foot span?

81. Nat can type 3 pages of an English paper in 15
minutes. How long would it take him to type 54
pages? (State the answer in hours and minutes.)

1
On a draftsman scale, — inch represents 1 foot.
8
5
What length will 2 measurement of ZE inches on
the scale represent?

3
83. An automobile engine uses e quart of oil in 900

miles. How much oil will it take in 3,000 miles?

2. P=20 + 2wforw

4. Find the solution set of the inequality
3x — 2 =< 2(x + 1). See section 2-7.

7. 5x% — 3x — 10
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Chapter 5 lead-in problem

On a road map, 3 inches represent a distance of 45
miles. If the distance between Detroit and Sault Ste.
Marie is 23 inches on the map, how far is it from
Detroit to Sault Ste. Marie?

Chapter 5 summary

Solution

Let x = the distance from Detroit to Sault Ste. Marie.
Then, since 3 inches represents 45 miles on the map,
we use the relationship

3 in. is to 45 mi as 23 in. is to x mi

which we write as the proportion

3,23
45 X
S — iS5 Property of proportions
45 =23 . L
X = 3 Divide each member by 3
Xi=15+-28 Reduce by 3
x = 345 Multiply in the right member

The distance from Detroit to Sault Ste. Marie is
345 miles.

iz
1. A rational expression can be written in the form 5 >
where P and @ are polynomials, O # 0.

2. The domain of a rational expression in one variable is the
set of all replacement values of the variable for which the
rational expression is defined.

3. The fundamental principle of rational expressions is used
to reduce rational expressions to lowest terms and to
obtain equivalent rational expressions having the same
denominator for addition and subtraction. It states,

PR P
— = —, where P, Q, and R are polynomials, Q and R
OR_ 0 y Q

are not equal to zero.

Chapter 5 error analysis

4. To reduce a rational expression to lowest terms, we divide
the numerator and the denominator by any common
factors.

5. To divide a polynomial by a monomial, divide each term
of the polynomial by the monomial.

6. To divide a polynomial by a polynomial, the dividend and
the divisor must be arranged in descending powers of the
same variable with zeros inserted for missing variables.

7. A ratio is the comparison of two numbers by division.

8. A proportion is a statement of equality of two ratios.

9. If—Z— — % , then ad = bc, where ad and bc are called
the cross products.

1. Finding the domain of a rational expression

Sxkil. 1 3xrl

DR s e e S

Domain is all real numbers except —2.

Correct answer: Domain is all real numbers except 0 and
—

What error was made? (see page 204)

Example:

2. Reducing to lowest terms by “cancelling”
1 1
=3 Tom) =11 0
E le: = — =
SRS Sy EE=EES e —3 e
x 3

1

3
What error was made? (see page 208)

=0

Correct answer:



3. Dividing a polynomial by a monomial
1

V=3 _ 4
S x

Example: =1 —
Correct answer: 1 — y
What error was made? (see page 212)
4. Dividing a polynomial by a polynomial
x—3x — 4

Example: T

N
x+1§x2—3x—4__ 6
e

—2x — 4

=

—6

Correct answer: x — 4
What error was made? (see page 213)
5. Solving proportion problems
Example: On a map, 1 inch represents 10 miles. How
many inches represent 24 miles? Let x = inches
represented by 24 miles.
124
10 X
x = 240 inches
Correct answer: 2.4 inches
What error was made? (see page 223)

Chapter 5 critical thinking

Chapter 5 Review

6. Order of operations
Example: 10 — 12 -2+ 6=5
Correct answer: 10
What error was made? (see page 57)
7. Division using zero

0
Example: = is undefined

0
Correct answer: = =

What error was made? (see page 53)
8. Combining like terms

Example: 8xy — dxy = 4

Correct answer: 4xy

What error was made? (see page 80)
9. Reciprocal of a number

Example: The reciprocal of 1 is —1.

Correct answer: The reciprocal of 1 is itself.

What error was made? (see page 94)

10. Properties of exponents

Example: (3x)® = 3x3

Correct answer: 27x3

What error was made? (see page 129)

229

If m and n represent 2 integers where n > m, how many
integers are there from m to n?

Chapter 5 review

[5-1

Determine the domain of the given rational expression.

Xt 5 ¥ =3

X Pk o
5 X X2 —a
T 5x — 3 x4 x— 12
[5-2]

Reduce the following rational expressions to lowest terms. Assume no denominator is equal to zero.

18ab? 9 45x2yz3
" 6ath " 30x)322
— )
12. 182 — 6b 13, =1
15a — 5b ¥ —X

20 — 9n + n?

16.
8 + 2n — n?

3x + 1 422—5
T x—9 "3z 42
- x2+3x+ 2
X2 =
2 _ 2 .
10. x 49 11-x 3x 18
x2 + ld4x + 49 x? i — 42
3p2 — 8p + 4 5, 250
"S5pr—9p—2 T 6R?+ 22R — 8
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5-3]

Find the indicated quotients.

19 Sty = At bt
| -
2
2. 3a 17a + 11
a—5

43 7P 3
17, 24x 8. 2a 3a + Sa

—3ax a

3p + b L 357 3 =
20. 8a*b 12a%b 24a%b 21 8a 2a — 3
4a%h Pa— 1

2 — 4
g B 40 24

x =+ 7 4x — 3
[5-4]

20x% — 19x2 — 13x + 12

Find the indicated ratios in two different forms reduced to lowest terms.

25. 15 meters to 35 meters

1
27. 12 inches to 2? feet

29. In business, the current ratio compares current assets to

current liabilities and represents the measure of the firm’s
ability to pay off the liabilities over a time period. What is
the current ratio, reduced to lowest terms, if the firm’s total

current assets are $4,386 and total current liabilities are
$1,7627

26. 36 pounds to 16 pounds

28. 450 miles to 15 gallons

30. The May company has 42 sales representatives who
are meeting their sales quota. If another 18 sales
representatives have fallen short of their quota, what
is the ratio of success to failure?

Find the value of the unknown that makes the statement a proportion.

e e L
36 36 24

X

1
35. If a blueprint is drawn to the scale ry inch = 1 foot, what is

the size of the corresponding part of a final product if the

. 2 al
blueprint measurement is 4? inches?

Chapter 5 cumulative test

s

5 2
33. y: 18 =15:25 34, —: —
¥ §°2 3 %

36. An automobile has a 16-quart cooling system. If the ratio
of antifreeze to water is 3 to 1, how much of each does the

system have? (Hint: Let x be the amount of antifreeze.
Then 16 — x is the amount of water.)

Perform the indicated operations.
[1-8] 1. —4[7(12 — 2) — 8 + 3] [1-71 2.

Perform the indicated operations and simplify.

[2-3] 4. (5a — b) — [3a — (4b + 3a)]
[3-2] 6. (50 — 2)(5v + 2)
[3=2] 8. {z— p)

Find the solution set.

[2-6] 10. 3(x +2)— 2(x —4) =12

[2-9] 12. —4=<2x+5<11

(=6)(—8)
(=2)(0)

[1-8] 3. —6?

[3-2] 5. (Bx — 2)2
[3-2] 7. (4a + 36)(a — 6b)

[2-2] 9. Givena = —5,b=3,¢c = 4, and
d = —6, evaluate the expression
(2a — 3b) — (5¢ + d).

[2-6] 11. {Tx— 5=1

[2-9] 13. 2(3x — 4) > 5(x — 1)
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Write in completely factored form.
[4-1] 14. x(m + n) — y(m + n) [4-3] 15. 3a* + Ta + 4 [4-4] 16. 4x* — 20x + 25
[4-4] 17. 422 — 9 [4-4] 18. 36 — )2 [4-2] 19. x? — 12x — 45
[4-5] 20. 2a® — 1643
Find the solution set.
[4-7] 21. x* — 5x—14=0 [4-7] 22. 2p* +3y—9=0
Simplify and leave answers with only positive exponents.
—7
[3-4] 23. (4yz1)3 [3-4] 24. a—w
a

[3-4] 25. (4ab®)(—2&3b)(—a1b73) [5-4] 26. Find x when 36 : x = 21:14,
[5-4] 27. What is the ratio of 52 pounds to 24 pounds? [5-3] 28. Divide (x? — 8x + 13) + (x — 2).
Reduce the following expressions to lowest terms. Assume that no denominator is equal to zero.

56 36ab? a® — 36
1-1] 29. — — 30. -2 - —_
[ 1 42 [3-3] 28a3b? =213l at—a— 42

8x — 8y w—p=20 23— Sxp— 37
5-2] 32. —— 5-2] 33, ——— 5-2] 34, ——
[5-2] Sx* — 5y [5-21 2 — 25 [5-2] 6x2 + Txy + 2?7
[5-4] 35. A photograph that is 8 inches by 12 inches is to be  [5—4] 36. Two lots are proportional in their lengths and

enlarged. If the enlargement calls for the longest widths. If the larger lot is 15 fect wide and 28 feet

side to be 32 inches, how many inches should the long and the length of the smaller lot is 24 feet, how

other side be? wide is the smaller lot?



16. (3R + 1)(a + b)
18. (3a — b)(2x — )
20. (@ + 3b)(x — 4)
22. (x—Px—2)
24. (a + 12)(a + 2)
26. (a — 18)(a + 2)
28. x(x — 3)(x + 2)

17. (x — 3y)(2a — 3b)
19. (x + 2y)(4a + 3b)
21. (x2 + 4)(a — 2b)
23. 2a(a — 5)(a + 1)
25. (x — 8)(x+ 4
27. 3(x — S)(x + 2)
29. x(x— Dix'+:3)
30. (ab + 3)(ab — 2) 31. (ab + 6)(ab + 4)
32, (ab — 6)(ab — 3) 33. (ab — 10)(ab + 2)
34 (2t 1) 2%+ 1)or(2x -+ 1)%  35.90~— 2)(r— 2)or
9(r —2)2 36. (4x — 1)(x— 1) 37. 3a + 35)(3a — 2)
38. (da — 3)(2a+ 1) 39. (6x + 1)(4x + 3)
40. (4a — 3)(2a — 3) 41 (2a + 3)(a + 6)
42. (2a + 3)(2a — 3) 43. (65 + )(6b — ¢)
4. 5+a(5—a) 45 42x + p)2x — )
46. 3x + y)(Bx — )  47. (2 + H(x + 2)(x — 2)
48. 2+ Ny + 3y —3) 49. (b +6)* 50. (c — 5
51. (2x — 332 52, (3x — 2)2  53. (R + 2S5)(R? — 2RS + 459
54. 2(2x — 3)(4x* + 6x + 9) 55. (3a + 5b)(9a* — 15ab + 25b%)
56. (xy — IMx}? + xy + 1)  57. 2(x* + 35)(x® — 5x° + 25)
58. (4x* — p3)(16x% + 4x*S + p10)
59. (ab* + ) (a*b* — ab*c® + ¢f)
61. (¢ — S)a + 2)
63. 3y + 2)(3y — 2)

60. 3x%(4x — 1)
62. (4a — 1)(a — 3)
64. (22 + 36)(3x — 2)

65. (b —3)(b+4) 66. 3x+2)(3x+35) 67 (a+ 72
68. 3x32x + 1N(2x — 1)  69. c(c + 4)(c +5) 70. (4a — 1)?
TG+ DB+ D -1 72 {1,—3} 73. {08}
1 7 1 8 4
74. [f—,—] 75, I—,—] 76. [—,9} 77. {0,—9,—4}
S8 7 3

78. [i —i] 79. {—1.3.—2} 80. {o,i} 81. {—1,1}

57 5 4
82. {0,64) 83. {—55] 84.[6,—5) 85. (1] 86. [—%,—3}
87. |_%,2} 88. {4} 89. {13} 90. {—1%} 91. {2,—3}

93. § feet and 13 feet  94. 20 cattle 95. 6 seconds

Chapter 4 cumulative test
1. 33 2. 8a%* 3. &>+ 4ab + 40> 4.4° 5.12 6. x5

848 1
oy 10.; 11. 4x + 4y

b 9
12. — 13. 2. 0b. 0c. —6 14, {— 15, so=cil2
94 5

T 8x =Ty 8. 9xF —4p¥ 9

16. {7} 17. x=3 18. {—33} 19. {25}

_ k2

5
200 % = —
e

14
ZI'ZEXET 22. x =3y 23. x

24. 2ab(1 — 2ab — 4a%b*) 25. (2a + 3)?

26. (5¢ + 3d)(5¢ — 3d) 27. (2a + 3)(2a — 5)

28. (x + 3)(x +6) 29.1439 30. 11,13

31. $10,000 at 8%; $5,000 at 6%  32. 6 meters by 11 meters

Answers to Chapter 4 Cumulative Test—Exercise 5-1 463

Chapter 5

- . = =
Exercise >—1

Answers to odd-numbered problems

1
1. — 3. undefined 5.4 7.— 9.— 11 3
3 undefine 2 17

15
13. undefined 15. ? 17. all real numbers except 0

19. all real numbers except 5 21. all real numbers except —3

3 8
23. all real numbers except 7 25. all real numbers except >

29. all real numbers

4 2 2
except —2 and 5 31. all real numbers except = and —

3
35. all real numbers

27. all real numbers except 1 and 6

33. all real numbers except —3 and 3

7
except? 37. all real numbers except —1 and I 39. all real
numbers 41. L =0 43. 7, #0,T,#0
Solutions to trial exercise problems
—5b
6. sih = —=2
5—2b
=58 _ —5=2F 5% 4«
S —=2b 5 —=XH=2) 5+ 4 9
(=2x)
g — " .=
Pt +7 " 2
(=2x)% E=2@pr = (4> 16
T o o e A )7 e ) I ST e R [
x il 1
22. Set2x— 1 = 0,then2x— 1l andx = —,
2%:— 1 2

e 1
Domain is all real numbers except —

y+4

25.

SetS—3y=0,then3y=8zmdy=%.

8
Domain is all real numbers except =

55t 47
28. ——  Set 25 — 5 — 3 = 0 and factor. We have
2shi— 5 — 3
(25 — 3)(s + 1) = 0. Then
25— 3 =0 ors+1=0
2s=3 s = —1
3
s = > s=—1
o 3
Domain is all real numbers except —1 and —.
32 A Set 4a* — 16 = 0 and factor. We have
" 4a? — 16 ’
4(a — 2)(a + 2) = 0.
This is true if and onlyifa — 2 = 0,a = 2 or
a+2=0,a=—2.
Domain is all real numbers except —2 and 2.
37. 3q17j - Set 3¢ — 3 = 0 and factor to get

(g — 1) =0
g+ IMg— 1 =0
g+1=0o0rg—1=0
Theng = —lorg =1
Domain is all real numbers except —1 and 1.



464 Answers to Exercises 5-2—5-4

Review exercises

1. Gstebutiveproperty 2. 50 3.5 4 %
5. 2x+ D(x—35) 6. 4y — 52

Exercise 5-2

Answers to odd-numbered problems

1.% 3.2?" 5.4?" 7. —% ‘g T 13.%
6 1 3 % = St
Lo Yo Y s Yaawn o
5 2+ 3 1 —b
25;_3 27‘4;—1 Tx2+3x+9 'az—aab+bi
33. —4 35 —% 3% — 2w + ) 39.% 41.:;:

1
45, —
x+ty x + 4

Solutions to trial exercise problems

I502x3_3'5'a'a'X'X'x=3‘a'x'(5-a-X'x)=&£

10. =

35ax? T5" @a=xi1x T=45 anxx) 7
7 bl at+b _
"= (a+b)a—5b a—2b
5% ¥—3x—10 (x—5)x+2) x—35
T xt—x—6 (x—3)(x+2) x—3
30 x+2: x+ 2 _ 1
X348 (x+D(x—2x+4) x2—2x+ 4
8 —8a —8(a—b)
34. = = —8
a—b a—=b
45. =3 X i

2—x—x (B-x@+x G-—nGE+x x+4
Review exercises

11
1. 314 X 10* 2. ——

6. —8x%)%

3. 5ftand 11 ft 4.1 5. 27)3

Exercise 5-3
Answers to odd-numbered problems

1. 4x* 3. —5x%z 5. 3a—58) 7. 2ab—¢)
9. —4a%h(x +y) 11. —4a®+2a 13. &> —3a+ 2

2
15. 52 —3a+4—— 17. —x+ y + 2)?
a

28
19. 10x)2 + 7 —6)* 2l.a—c 23.a+9+—2
Y
25.a+2+—4— 27.a+ 3+
a+3 a 13
4

29. 3¢ — 4 —

3. x*+2x+4 33 x24+2x+3
3a— 4

6
35.b2+7b+l4+m 37.3a+ 8

6x — I3 —DepiE 42
A e g U e
X2+ Ip—5 o 2y+9+y2+2y—5

43. 4x + 3 45, —6x* 4+ 15x* + 4x2 — 22x + 30

39. x2 — 1+

Solutions to trial exercise problems

5 3a — b): _ 3(a— b)?
" a—b (@ — b)
or 3a — 3k (Note: A quantity is treated as just one term.)
15 =92+ 12a—6_ 152 92  12¢ 6

=3(a— P ~1= 3(a — b)* = 3(a — b)

- 3a 3¢ 3a  3a 3a
=5a2*3a+4*i
a
2 — 2 — 3 2 2 3
e = il S AE R b e
—xy =Xy Xy =Xy
ab—1)—eb—1) ab—1) «cE—1)
21. = = = e
h—1 @ = g =D

30. 27a* — 1) = (3a —1)
(Note: Insert zeros to hold positions where terms are missing.)

9a2 +3a + 1 Answer: 9a*> + 3a + 1
3a —1)27a* + 0a®> + 0a — 1
27a® — 94
9a® + Oa
9a* — 3a
3a — 1
3g—1
0

42. The length times the width is x* + 6x + 8. If we know the
length to be x + 4, then the width is found by

o) Width = x + 2
x+ 4>+ 6x T8
x4+ 4x
2x + 8
2x + 8
0

Review exercises
1
1% [—2,—7] 2. 6ftand 7ft 3. 16x2 — 24x + 9

3y +1

i@t a1 5052 &
BTN I i 2+ 3

Answers to odd-numbered problems

12 1 8 3
1 =125, 33— & il T 3l
T R 6 = 8:3 ; 3
9, 2; 32:3 11. -L; 1.4 13. i; 54 15, E; 39:32
3 4 4 32
2
17 =20 19. i; 37 2. i; 37 23 i; 52
1 i 7 2
3 5 60 1
25, —= 30, 2 —=if. =60 il I
) T 5:12 .29 7 60:7 31 % 1:26
21b 8 [ g )
33, — = 21b:l ft3 B et el I H 3
13 & i 1 (cm-" it
60 miies) . 15 SR
3. — ; 60 miles:1 h 30—
1\ hr Sl 17 12°5
8 13 21 31 7
43, — 45. — 47. — 49, — =
3 14 2 * 2 = 50
53. 7 ft-lb/sec  55. x = il 57. p= 100 59. x = 1o
4 9 5
6l. a = E 63. x=3 65. a= ég 67. 7 weeks
19 13



2
69. 36 grams of hydrogen 71. 390 73. 6,8267 ohms

75.

79.

40
75 losses T71. x = ?inches,y = Tinches

1 1
3,240 holes  81. 270 minutes = 47 hours  83. 2? quarts

Solutions to trial exercise problems

3 8 3
9. 8to 7 is written — or 8:—

13.

17.

27.

36

s

39.

44.

53.

55.

59.

4

4

4 32
i s B
v 3

5o
(%)

39
Therefore we have the ratio ? or 32:3

slm el
2 4

o |

5 20 :
=11t ? 1s written

6

W]

5
Therefore we have the ratio T or 5:4

: . 2 42 2
42 to 2.1 is written — = — = —
2:1 21 1

2
so we have the ratio Tor 24

Since there are 3 - 12 = 36 inches in 3 feet, we have
15 5
15 inches to 36 inch itten — = — or 5:12
inches to 36 inches written 36 12or
300 miles 30 miles

i llons is writt = !
300 miles to 10 gallons is written 10 gallons 1 gallon

which we state as 30 miles per gallon.
_ output 375 15

ME ===
input 425 17

1
Therefore the mechanical efficiency is T

Cutting speed of tool steel 20 ft/min 4

Cutting speed of cast iron T 45 ft/min )
F 42 ftlb
— = ———= T ft1b per sec
t 6 sec
i=£,then36'x =9-5
% 5
36x = 45
B3
36 4
Therefore i = 3
= 5
4
6:15 = x:8,then15-x =6-8
15x = 48
48 16
—e
15 5
16
Therefore 6:15 = 18

Answers to Chapter 5 Review 465

3 1 3 1
L = — A ¥ =4-_
62 ) 4 > bthcn4 b 5

3
Ib—Z

4 8
b=2—=—
3 3

3 1 8

— i ——iEe—

= 4 23

68. Let x = the number of liters of gasoline
to travel 1,428 kilometers.
8 liters x liters
“8akm 1428km
x84 =8 -1,428

84x = 11,424
11,424
= i—————"136
84

Therefore at the same rate of gasoline consumption, it would take
136 liters to travel 1,428 kilometers.
76. Let £ = the length of the enlargement.

10 in. 2 in,
h = d8-2=10-36
Bt a6
8¢ = 360
360
R =—=245
8

Therefore the enlargement will be 45 inches long.

5
82. Let x = the number of feet represented by 2? inches.

iim. Ziin. .
Th = ——and—-x=1-2=
TR xf 08 T
1
?x=2—
21
xi= —-@i= 2]
8

5
Therefore ZE inches represents 21 feet.

Review exercises
9 P—20
1. *{—?] 2. w= 5

4 x<4 5 (4x + p)dx —y)
7. 5(x—2)x+ 1)

3. 11and 13; —13 and —11
6. (x — 1N(x+ 1)

s S Py
Chapter 5 review

1. All real numbers except 0 2. All real numbers except —7

2
3. All real numbers except 9 4. All real numbers except ==

3
5. All real numbers except = 6. All real numbers except —4

3b 3
and 3 7. All real numbers except —1and1 8. — 9. L
a 2y?
x— 7 x+3 6 3p—2
10. 11. 12 — 130 —(x+ 14. ——
o x =7 5 (et2) 5p+ 1



466 Answers to Chapter 5 Cumulative Test—Exercise 6-1

R—4 S5—=n
15. 16. 7. —8x2 18. 2a — 3 + 54
3R — 1 e &g
19. 5x — 3p* + xy  20. 2a + 3b — 6abs

—2
22.3a—2+;_ 23. x— 7
— &

21. da + 1 +
& 2a

3 9 2
24, 5x2 — x — 4 25 701‘ 3:7 26 Tor 9:4 27 —S-or 2:5

miles 2,193

28. 30 or 30 miles per gallon  29. or 2,193:881
gallon 1

7 4
30. Eau 73 3. x=32 32.a=36 33y =5?

34. p= 35. 35 feet 36. 12 quarts antifreeze, 4 quarts water

Ch tar & curmmnlative fack
LNapter > cumulative test

1. 1,756 2. undefined 3. —36 4. 5¢ + 3b
5.9x2—12x +4 6. 252 —4 7. 422 — 2lab — 18H?
8. X3 —3xly + 32— 9. —33 10.{-2} 1L {8}

9
12. —75x<3 13. x >3 14. (im+ n)(x — p)

15. Ba+ 4)(a+ 1) 16. 2x — 52 17. 2z + 3)(2z — 3)
18. (6 —¥)(6 +¥) 19. (x — 15)(x + 3)

20. 2(a — 2b)(a® + 2ab + 4b%)  21. {7,—2} 22, {%,*3}

3 13
73) ;7 4.6 2582 26.x=24 27 orl36
1 4 9% b
28 x — 6 + 29 = ag o gy
* x—2 3 @ =
8 y +4 Xi—3p 1
U R R T S R T e
5(x + ») y+5 3x + 2 g

Exercise 6-1

Answers to odd-numbered problems

3 5 x I 4
g e e N
5 6 “ 4 4 35x
35x Tc x 16bex 2a
50—z G gy :
4 2 67 3az Sbx
4 3 15 4 18(x — 2)
25. E g0 oy TRy et
x+y 4 2 4 : a— 3 x -+ 2
Pyl — 2
35. L’;s-—) 3. r—Dr—1) 39 —4(x+ 3)
41 a— 3 (x—3)x+1) (2x — I)Mx—1)
“a—5 T(x— Dix+2) T x—8)(x+7)
1 2 + 12
47.1 49.3x+4 51, ;
* e 3a + 9a + 27
=
55 w 57. p+5

Y522 — 2z + 4)

Solutions to trial exercise problems

Ta 9%  Ta:9 _  T-a-3-3'b
‘12 28 12b-28 2-2-3°b°2°2-7
_ 3-4-(1-3-b)  3a

S 2:2:2°2-(7-3-b) 16

28m  Tm®  28m-3n®  4n?

"5 3 15n-TmE  Sm

24abe 14xyz _3:8-a-b-c-2-T-x'y'z

T Txyzr 942 T x-y-z2-3-3: 42
. Bbtie 2@ T avxytz) B beer 2 x | 16hex
N Z% 3 7al3i: Tra % -y Z) n z it T 34z
25_x+y_ 12 =2'2'3(x+y)= 4
3 (x + y)? 3(x + y)? Xk ¥
30 8y +16 4y —12 8y +2)-4y—3) 8-4 32
T 3—y 3p+6 —(p—3)3p+2) —3 3

216 rt4 F—16E—1
r+1 " R2—-1 (+Dr+4
_ =+ e+ D) _ =4 —1)

37,

r+ 1D+ 4 1
=rr—5r+4
39 9*x2_4x+4y:(3—x)(3+x)‘4(x+y)
Tx+y x—3 (x + »)(x —3)
=l =3)x+3) -4ty A 3) -4
B (x + p)x —3) i 1

= —4(x +3) = —4x — 12
a2—5+6 at—5a+4
2—9 +20 @#—3a+2
l@a—=3a—2) (a—4a—-1) a-—3
T la—-e—5 (@ a1 a-—>5
& 6r:r—r—17 5 rr—r—2
1222+ 16r — 35~ 272 +r— 10
6rr —r — N2 +r — 10)
(12,2 + 16r — 35} —r — 2)
(6r — N+ 1)@2r+ 5)(r —2)
e D@ -+

'y S .
B, B — g ot _ T = 2)

41.

1

x:+ 2 1
PR gwy
(x+2)(x—2
53, 10 a + 3a — [8: 2-5(a+ 6)a— 3)
a =i 15 3-5(a— 3)(a*+ 3a+9)
2(a + 6) 2a + 12

" 3@ +3a+9) 32+ 9%+ 27
Review exercises
19 1

A o — M + e L + 1 =
5 2 5 3 2(x+ 5)Mx—5) 4 (x D(x — 2)
24
5. (x+4)?2 6.x= ? 7.y=15 8. 789 X 10-°



Operations with
Rational Expressions

o : :
Marc owns ) interest in a print

1
shop and his uncle owns >

interest in the shop. In a given
year, they shared earnings of
$140,000. How much did the
shop earn that year?

® 232

and division of rati

ional expressions

Multiplication of rational expressions

Recall that to multiply two real number fractions we multiply the numerators and
multiply the denominators.

Multiplication property of fractions

If @, b, ¢, and d are real numbers, then

a-c
" b.d

= (b,d#0)

Note Any possible reduction is performed before the multiplication takes
place.

. : 3 14 : :
Multiply the fractions 3 and 7 and simplify the product.

3 14 3.-14

Multiply the numerators

i 27 T ) Multiply the denominators
e L Sy
e A Factor the numerator and the denominator
T3 -33
2.+ (34 7)

e Group the common factors (3 * 7
. \
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2

3

Divide numerator and denominator by (3 - 7)

Multiply the remaining factors S

2
9
This same procedure is followed when we multiply two rational expressions.

Multiplication property of rational expressions

. . - P R
Given rational expressions — and < then

_P_ i=uQ5¢o

Since we want the resulting product to be stated in lowest terms, we apply
the fundamental principle of rational expressions and divide both the numerator
and the denominator by their common factors. That is, we reduce by dividing out
the common factors.

— Multiplication of rational expressions

1. State the numerators and denominators as indicated products. (Do
not multiply.)

2. Factor the numerator and the denominator.

3. Divide the numerators and the denominators by the factors that are
common.

4. Multiply the remaining factors in the numerator and place this
product over the product of the remaining factors in the
denominator.

Example 6-1 B Perform the indicated multiplication and simplify your answer. Assume that no
denominator equals zero.
3% 5
4 2y
345 _ _
= 42y Multiply numerators and denominators
_ Ix . .
— e —— ill not reduce
8y
x+1 4
2 —03 et
(x + 1) -4
= m Multiply numerators and denominators
4x + 4

e Will not reduce
¥i—ix — 6
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3 .32

9x
e
C 9x-2
22 0 x x
- 3-3-2-x
2 %230
T 3-(2°3'%)
2%
g

4x-l—l_(x*ﬁ‘»)2

F—x x—2
e ED-x—3)P
G- -&—2
ks e e = 3)
T3 —x X —2
L =i+ s 3)
a )
el 0 )
i X
X = 2x b3
i =2

=%+t 16 x4

Tx2+3x—10 x2—5x+ 4

(x2 — 8x + 16)(x2 — 4)

~ (x* + 3x — 10)(x2 — 5x + 4)

=D —4) (x— 2x + 2)
k- -2 ENx—1)
(x4 x+2)

S x+5x—1)

X =2x 8

a2+ 4x—5

»> Quick check Multiply by
5y 4

Division of rational expressions

Multiply numerators

Multiply denominators

Factor numerator and denominator

Identify common factors

Divide numerator and denominator
by (23" X)

Multiply numerators

Multiply denominators
Factor opposites

%= 3

3 — x

Multiply as indicated

Multiply numerators and denominators
Factor numerator and denominator
Reduce by common factors (x — 4)

and (x — 2)

Multiply remaining factors

]

Recall that to divide two fractions % and % , we multiply % by the reciprocal of

d
%, shich fs——
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Division property of fractions
If a, b, ¢, and d are real numbers, then

18 9
o5 5
" 18 . 3 il b ; b g
25 9 Multiply by the reciprocal of =
2732375
— T Factor in numerator and denominator
235
= m Group the common factors (3 - 3 - 5)
2
= ? Reduce by the common factors (3 - 3 - 5) —_

Division of rational expressions is done in the same way.

Division property of rational expressions

P R . :
if ) and = are rational expressions, then

S =S
2 _0&r (Q R S #0)

Notice that once the operation of division has been changed to
multiplication, we proceed exactly as we did with the multiplication of rational
expressions.

Division of rational expressions

|_ 1. Multiply the first rational expression by the reciprocal of the second.
2. Proceed as in the multiplication of rational expressions.

Find the indicated quotients. Express the answer in reduced form.

3ab 9abc
S

= 3ib ¢ i Multiply by the reciprocal of Salic
5 9abc 10
3ab-2-5 ;

e —————— Factor numerator and denominator

533 ° ghe

203 = 52ah)

= Group common factors (3 *' 5 - ab)

e (3 5 - ab)

= — Divide numerator and denominator
3¢ by common factors (3 - 5 - ab)



236 Chapter 6 Operations with Rational Expressions

i—d s =2

TR e
& it SIS
5 )
x—=Dx+2)3-5
54— 2)
_ 3 (x+2-5:x—2)
5(x — 2)
+
=ﬂira=3x+6

4x+2é2x+l

x—1 4—4x
_4x+2_4—4x
Cox—1 2x+1

C2(2x + D(=H(x — 1)
T x—DEx+ 1D
_2(—4)(2x + D(x — 1)
T @2x+F Dx—1)

= 2(—4)

= —§

4x2—9; 3 —x
T2x4+1 0 222+ Tx + 3
=9 2x* 4 Jx + 3
2x+ 1 3 — x

(x = 3= +3)  @xF 1Mz -+ 3)

Cx—+ DB —x)
—3 (2x+ Dix F3)x 3)

X D 1

:'A(x + 3)(x + 3)

[ W]

= —1(x* + 6x +9)
= —x%— 6x — 9

xd— 2=

» Quick check Divide T e T

Multiply by the reciprocal of
x —2
15

Factor numerator and
denominator

Locate common factors 5(x — 2)

Reduce to lowest terms by
dividing numerator and
denominator by 5(x — 2)

Multiply by the reciprocal of
2 1
4 — 4x

Factor4 — 4x = —4(x — 1) and
dx+ 2 =22x + 1)

Reduce by (x — 1)(2x + 1)

Multiply by the reciprocal of
3 X
2%z + e +3

Factor numerators

Factor opposites
X =3
3 =i

Multiply as indicated

—1; reduce by (2x + 1)

Multiply by —1

Mastery points

Can you
B Multiply rational expressions?
B Divide rational expressions?
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Exercise 6—1

ey N — S

Section 6-1

Ll

Multiplication and Division of Rational Expressions

237

Find the indicated product or quotient. Write your answer in simplest form. Assume all denominators are nonzero.
See examples 6-1 A-D.

L=

12 1512
Example — - =
5y 4
- 2
Solution = 120y Multiply numerator and denominator
Sy-4
=20 = 3 =Sy '
= Factor numerator and denominator
Scepi il
3B PS5 -p-2 2] i ) : o
= roup common factor Sy
1G-y-2-2) oup co actors (5 " y )
Oy o .
= T Divide by common factors (5 -y - 2 - 2)
=9y
3 = A= o
Example =
P o —1 a2 +3x—1
2 2 iv
Scolution = & Sp e L Multiply by the reciprocal of
4x — 1 =
o 2 v (e S A X )
= Factor numerator and denominator
e — N— 57)
55— b (Grae Al e lEsE— 1 3 }
= - Factor OPQOSHQS
D= % 4x — 1 il
= — e At 1) Zix=—-1;reduceby4)(*i
= ==g— Bos = Multiply as indicated
24 7 3 5 7 21
L. — . — 20— — 3. —= —
35 8 8 9 10 25
5. 4
4a 5 o 16t s o141
5 2 Ta 4 3a 15a
5 3x Ja 9 9x? 4
9. — . — 10| — - — B —
6 10y . 126 28 8 6x
24a 14y 24a
13. s . — = 15. =
35 ° Sl S A
2lab 8¢ 18 18x2%y2  25a%b 19 ézcj; 2_0:{
16¢c  3ab? © Sab 12xy T 93 T 6y
24abe _ 14x%yz 2. 80x2yz3 . 33mn? 23, 3ab . 1563
Txyz? 9a? 11mn?  25xyz 8x? 16x
+ y 12 = = =
xty 2. 5(a — b) _ 12 27, 9—p D 4p—9
3 (x + p)? 8 10(a — b) 7/ 21
Sbh='6  Sh 10 8y + 16 4y — 12 da + 12
29. . 30. - 1. — =+
b+8 2-b 3—y e o e 2

X2 Sx — 1]

56 8
4. =+ —
39 13
8. 6_)(+ 2l
Sy 15y
2 2
2, 3007 14¢°
Tq 28p3
14y
16. 7y ~ —
T
28m  Tm?
0| — = —
15# 3n3
" 20mn3 3 4min
9x? 3x)?
28, 4x—2+1—2x
15 27
Qlis=8z
32. TR (6 — 22)



238 Chapter 6 Operations with Rational Expressions

xE— T — 3 .

2 — 4 24y?
35. = .-
25y 2t 2
38 y L i S N il |
C 4p—1 O 16pr—1

azf5a+6 a*— 5a+ 4
12— 92+ 20 @2 —3a+2

xee—ix 6

18 1
33.(x2—4x+4)-x274 34.a2_9-(a2+a—12)
16a2 b — 3 rr—16 r+ 4
36. —— - a5 -
b2 —9 1242 r+] = — I
—x? 4x+ 4 b — a? + b
9 x? 4x Ly 40. at a
X SEph =3 20 +4b a— b
2 _ _ 2 -
4. a Sa 14 .a + 10a + 21 43
at— 9 —36 a*+ d4a—T77

y2+3y+2; yv+5y+6

45.

NeiEeeee i ey
2xT— 15x+ 7 xT—2x + 1

"4+ 5p+4 2+ 10y + 24 x2 —9x + 8 X2 — 49
4x2 — 4 2= 3 G 1 P
46. - 47. =
3x2— 13x — 10 4x + 4 12r2+16r*35 2rr +r— 10
4x2 —9 2x* —5x — 12 2 —4
48. = 3x2 — —3) =
X2 —O9x + 18 x> — 10x + 24 o] G2 =25 — ) X+ 2
a® — l6a 3Ix — 4
50. (842 — 1 e 51. 6T — S —A
(8a 6a) o 5y 1 (6x 3x )
m?— 3m — 10 1 10 a® + 3a — 18
52, ———MM-(2m—9m — 5 153. -
n? — 4 Lt b 2 F— 57 15
x =8 24 zH—5 — 4 3z3 + 40
54. - 55, =
16 x* -t 2x —8 z —4 D
56 33 0 B2 F 57y2+8y+16 y~ — 25 y:+ 5y
" bhb—2 B+6b—16 Ty +4 49y +20 p2—5p
58 6m:—Tm+ 2 2m*+m 12m®— 5m — 3
Temr+Sm+1 4m2—1 12m2— 1Tm + 6
Review exercises
Add or subtract the following. See section 1-1.
3 x) 7
I3 e e S
4 6 8 12
Completely factor the following. See sections 4-2 and 4-3.
3. 2x2 — 50 4. % 0 = 0D 5. x2 + 8x + 16
Solve the following proportions. See section 5—4.
3 5 5 ¥y
=== 7. — ==
b 55 8 9 27

8. Write the number 0.0000789 in scientific notation. See section 3—5.
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6-2 ® Addition and subtraction of rational expressions

B Example 6-2 A

Recall that to add or subtract fractions having the same denominator, we add, or
subtract, the numerators and place this sum, or difference, over the same
denominator.

Addition and subtraction properties for fractions
If @, b, and c are real numbers, b # 0, then

Add or subtract as indicated.

3,4 3+4

T — == —— Add numerators
11 11 11
A 7
*ﬁ 3+4=7
2 3 1 _3— .
. 7—7—T Subtract numerators
2
=7 3—1=2 =2

We use the following similar procedure to add or subtract rational
expressions.

— Addition and subtraction properties
for rational expressions

P
If = and % are rational expressions, R # 0, then
P p—
PO Btg L P 0 FoQ
R R R R R R

Note Rational expressions having common denominators are called like
rational expressions.

Addition and subtraction of like rational expressions

i Add or subtract the numerators.
2. Place the sum or difference over the common denominator.
3. Reduce the resulting rational expression to lowest terms.

Find the indicated sum or difference. Assume all denominators are nonzero.

3 5 3 E5
1. =1 = Add numerators and place over x — 2
x—2 x—2 x—2

— 3+5=8
X — 2 ‘
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2. 3 = 2 = W= 0y Subtract numerators and place over 3y + 5
Iyit=5 3p+5 3y + 5
W et 5y — 9y = —4
3y + 5 e s
2% — 1 4 —x

"X +5x+6 x+5x+6
LB

Place numerators in parentheses and subtract

X2 =56
2x—1—4+x , o
= Remove parentheses and subtract
x: -+ 56
3¢ — 5 —y
e Combine like terms
2+ 5x+6

Note Notice that when we subtracted 4 — x from 2x — 1, we placed
parentheses around each polynomial. This step is important to avoid the
common mistake of failing to change signs in the second expression when
subtraction is involved.

2x — 1 3 4 —x%
"x2+5x+6 x2+5x+6
(2x—=1)+ (4 —x)

= Place numerators in parentheses and add

x2+5x+6
x+ 3
L R Remove parentheses and combine like terms
x2- 5%+ 6
Xt
I TR Factor denominator
(x+ 3+ 2)
Il
= Reduce by common factor x + 3
y s ==

Note In the last step, always look for a possible reduction to lowest terms as
we did in example 4.

4m—5_2m—3
m:+9 m?+ 9 "

P Quick check

When one denominator is the opposite of the other, as in the indicated sum

. =
where 3 and —3 are opposites, we first multiply one of the expressions by = to

obtain equivalent expressions with the same denominator.
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x5 2% =15

L i m s S
_z, 1)
3) —1(—3)
_ 2, =5
3 3
Ny )
N 3
2=
3

2-Syfl_'_IZy-’r?:

y—4 4~y
Sy G U i
y— 4 —1 4—y
sy Sl
y — 4 —1(4 — »)
o=l T )
oy —4 y 4
_ B0 Gy —3)

y— 4
L —1—2y—23
= =
=
===

Note We could have multiplied

SV
4

241

Find the indicated sum or difference. Assume all denominators are not zero.

5 —
Multiply — by —
=3 7 —1
Multiply numerators and denominator:
Common denominator of 3
Add numerators and place over 3

Definition of subtraction

2y +3. —1
i T
4—y

—1

Multiply

Same denominator: —1(4 —y) =y — 4
Add numerators in parentheses
Remove parentheses

Combine like terms

1 1 . ;
by = The resulting denominator

would then have been 4 — y and the numerator would have been 4 — 3y. We

- ; = : ; ;
would then multiply this by 5 to obtain the same form of the answer.

2x+1_x—4

Xi— 9 5 — %
72x-i—1_—_1_x—4
x—5 =1 5—x
_2x+l_—1(x—4)
Cx—5 —15—x
_2x+1 4-—x
C x—5 xo—i5
2l )
it S
Ll =4k
i SR —="0)
C3x=3
 x—35

> Quick check x+7+3x+1
o=l L == 55

x—4 —1
b._
Sfxy—'l

Multiply

Same denominator:

—x—4) =4 —x

—{5i=Xx) =% =5

Place *'( )" around numerators and subtract

Definition of subtraction

Combine like terms

|
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(==

xample 6-2 D

The least common denominator (LCD)

If the fractions to be added or subtracted do not have the same denominator, we
must change at least one of the fractions to an equivalent fraction so the fractions
do have a common denominator. There are many such numbers we could use as a
common denominator. However, the most convenient denominator to use is the
smallest (least) number that is exactly divisible by each of the denominators—
called the least common denominator, denoted by 1.CD. For example, the least
common denominator (LCD) of the two fractions

3 2

—and —

6 9
is 18, since 18 is the smallest (least) number that is exactly divisible by both 6
and 9.

— Finding the LCD of a set of denominators

1. Factor each denominator completely. Write each factorization using
exponential notation.

2. List each different factor that appears in any one of the
factorizations in step 1.

3. Raise each factor of step 2 to the greatest power that factor has in
step 1. Form the product of these factors.

Note The LCD of two or more rational expressions is also called the least
common multiple (LCM) of the denominators.

Find the LCD of rational expressions having the given denominators.
1. 6and 9

6—=2-3
9-=37.3i="! 3%

} Factor each denominator

The different factors are 2 and 3. The greatest power of 2 is 21 and of 3 is 32
The LCDis21-32=2-9 = 18.
2. 16g and 84°

l6a=2-2-2-2wa=2%-7g
8a*=2.2-2-a-a-a=2.4

Since the different factors are 2 and &, the greatest power of 2 is 24, and the
greatest power of a is @3, the LCD is 24 - @3 = 16453,

3. 50x3y? and 20x%y?

50x%? =2-5-5.x3.2=2.5.x3.)2
20x5yr=2-2-5.2-P=2.5.-3

The different factors are 2, 5, x, and y. Since the greatest power of 2 is 22, of
5is 52, of x is x3, and of y is y3, the LCD is 22 - 52 . x3 . 33 — 100x3)5.
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4. x2+x — 12and x2 + 2x — 8

x2+x—12=(x+ 4)(x — 3)
2+ 4x—8=(x+dHx—2)

The different factors are x + 4, x — 3, and x — 2.
Each factor is carried to the first power so the LCD is
(x + H(x — 3)x — 2).

5, x2—2x+ 1,x2+ 1lx —12,and 1 — x

x2—2x+1=(x— 1)
x4+ 11x — 12 =(x — D(x + 12)
l1—x=—1(x — 1)

The different factors are x — 1 and x + 12. Since the greatest power of
x — lis(x — 1)?and of x + 121is (x + 12)}, the LCD is (x — 1)?
(x + 12).

Note Factors x — 1 and 1 — x are opposites and we will change 1 — x to
—1(x — 1) when working with the denominators. The factor —1 is then
carried along in the problem.

» Quick check Find the LCD for 3x — 6, x* — 4x + 4, x* — 2x. i

— Mastery points

Can you

B Add and subtract like rational expressions?

B Add and subtract rational expressions having denominators that are
opposites?

B Find the least common denominator (LCD) of a set of rational
expressions?

Exercise 6-2

Combine the given rational expressions and reduce the answer to lowest terms. Assume all denominators are nonzero.
See example 6-2 B.

dm — 5 2m — 3

Example =
P® W+ 9 w2+ 9
! (4m — 5) — 2m — 3) ‘
Solution = Place numerators in parentheses and subtract
m* + 9
A= 0 2mil 3 - P
T Remove parentheses and subtract in numerator
Ziiigal Combine lik i
S e e term 1 T
AR ombine like terms in numerator
S5 3 8 10 9 2 18 3
L=+ = 2. —+— 3. —— = 4. — — =
x x 32 2 p p m? m
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S5x 9x 8y =39 x = 1 3
5. + 6. 2+ =2 7. ~Xre
x+2 5 Tl T T 2 2x y?
g ES  xt3 Rl
Txt—1 x2—1 S b+ 3

See example 6-2 C.

i
x ,},x

E /|
xampex_] T
S =1 3x -t =
Solution =~ + — X T - Multiply 2!
va =1 = L= =
o = L )
x| =l =57
5% A =23 = i
= =gl ==
5= 1 T ||
S& S 7 —ave = )
— Add numerators
s =il
=i SRR A
= = Combine like terms
S 1|
5 9 2]
I — - — 2
7 —7 10
14_£+i 15. 3 + 2
¥y -y ¥ — 2 22—y
Sy 4y 4z 7
17. — — — 18. A
= 6 =1y z— 3 3=z
4y + 3 AN =) | 2y —.5 =
A = 2|2 — -2
y—9 9 —y 2k 3 5 Ry,
23.2x-|-5 g 1. S—p 9yl
Si—=2x = x — 5 6 — S5y Sp—6

Find the least common denominator (LCD) of rational expressions having the following denominators.

See example 6-2 D.

Example 3x — 6,x* — 4x + 4, and x2 — 2x

Solution 3x — 6 = 3(x — 2)
X — Ay 4 = (6 2)2 ; Factor each deneminator
e o — ioc =

LCD is 3x(x — 2)2

25. 6x and 9x 26. 8a and 12a

28. 6b2 and 14b 29. 28y2 and 353

31. 324 and 64 4x2, 3x, and 8x3
34. 4x — 2and 2x — 1 35. x —4and 3x — 12

27. 16x* and 24x

30. 973 and 7z4

33. 10a2, 1243, and 9a

36. 6x — 12 and 9x — 18
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37. 18p% and 9y — 36 38. 32z%and 16z — 32 39. ¢> t gand a® — 1

40. (z — 1)?and 22 — 1 41. 8a + 16 and @* + 3a + 2 42. 9p — 18 and p* — 7p + 10
43. a>? — 5a + 6and a® — 4 yz—y—12andy2+6y+9

45. ¢* —9and a®> — 5a + 6 46. P2 — 9. P>+ p—6,andp> —4p + 4

[47] x2 — 49,7 — x, and 2x + 14 48. 5 — 3,2 — 25, and 32 — 10y + 25

B -
Review exercises

VY SAS

1. The statement 4(y + 3) = 4(3 + y) demonstrates
what property of real numbers? See section 1-8.

Factor the following expressions. See sections 4-2, 4-3, and 4-4.
2052 =20 3. x? -+ 20x -+ 100 4. 32 —y — 4
Find the solution set of the following equations. See sections 2—6 and 4-7.

5. 4x + 3) = 5(4 — 3x) 6. x2 —2x =15

28, = - i -~ - o
ol ol pe g o pe ’\mfﬁ- gl s s o ne il pradf e e o [ = wrpe pe P Y]
6-3 m Addition and subtraction of rational EXpressions

Now that we can find the least common denominator (LCD) of a group of
rational expressions, let us review the process for changing a fraction (or rational
expression) to an equivalent fraction with a new denominator.

= - 1 : : . .
H Example 6-3 A 1. Change 5 toan equivalent fraction having denominator 60.
A% i .
e want — = —
15 60°

Since 60 = 15 - 4 (factor 4 is found by dividing 60 + 15 = 4), we multiply
! _ 4 (4
the given fraction by T (— — 1).

4
Ly, A
15 15 4
= is Multiply numerators
15-4 Multiply denominators
_ 8
60
7 28
Thus, = —
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X el : : . : -
2. Change 2 to an equivalent rational expression having denominator
= =
xZ — Px — 8.
ai-E 2
We want

PR Ty T

Since x2 — 2x — 8 = (x — 4)(x + 2), we multiply the given rational
I bx+2

expression by ——.

P yx—{—2

x+1_x+1_x+2

x—4 x—4 %+ 2

= (g = 1) (. == 2) Multiply numerators
(x —4)(x +2) Multiply denominators
X2 F 3x k2

=TT Perform indicated operation
= Hyw Perform indicated operations

Th x =Bl N ok 3D
us,x_4 x2—2x—8§° |

Once equivalent rational expressions are obtained with the LCD as the
denominator, we add or subtract as previously learned. Use the following steps to
add or subtract rational expressions having unlike denominators.

— Addition and subtraction of rational expressions
having different denominators
1. Find the LCD of the rational expressions.

2. Write each rational expression as an equivalent rational expression
with the LCD as the denominator.

3. Perform the indicated addition or subtraction as before.
4. Reduce the results to lowest terms.

B Example 6-3 B Add the following rational expressions. Assume the denominators are not equal to
zero. Reduce all answers to lowest terms.
5 78
1, =
8 12
8=2-2-2 s B o R e
12=2_2_3}LCD—2 2-2-3=24 Find the LCD
24 24
Si —=3and —=2
ince P an 2
5% Tx 5 3 Tx 2 Sx 3 Tx 2
e T Multiply — by — and — by —
g8 '12 8 3 12 2 MR e e
15% X 14x
= e Multiply numerators and
24 24 denominators
_ Iox + l4x
== T Add numerators
29x

Combine as indicated
24
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15 25
=
4x?  18x
42 =2-2-x2
lgi=2_3_J3C_X}LCD‘2-2'3-3-xz=36x2 Find the LCD
36x2 36x2
Since 4:; = 9 and ISJ:c = 2x
LRE B o T
4x ' 18x  4x2 9 | 18x 2x Multiply 2 B g and g oY 5
v 135 v 50x
36x%2  36x2 Multiply numerators and denominators
y 135 + 50x
36x2 Add numerators

342 y—4
Y —16 ' 3y +12
Y-16=0Qp+Hy -4 _ 3 )
3y + 12 = 3(y + 4) LCD =3(y +4)(y —4)  Find the LCD
Ayt —4 3(y+ 4y —4
= 3and S

(y+Hy —4) a3 3(y + 4) v , then
W42 y—4
G AP

Since

=L.i+ yi=d p=4 Multipiy#_
y+4ay—4 3 3y+4 y—4 . (Y;j)(i/*-@
by — and by
37 3y + 9
y—4
y—4
33y + 2) (y—4H(y — 4 P
- ViUt numerators
3(y + 4)(y =) 3(y i 4)(y - 4) and dzgom'rnators
Oy E6) Ry = 8y -k i6) :
— ey .
3(y + 4)(y — 4 dd numerators
s 2+ y+ 22 ,
0 F A0 =9 e

Note When the numerators have two or more terms as in example 3, we
place the quantities in parentheses when we add the numerators. This is a
good practice to avoid a most common mistake when subtracting.

20 25
B Quick check Add the rational expresswns = + -@ |
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B Example 6-3 C Subtract the following rational expressions. Assume the denominators are not
equal to zero. Reduce to lowest terms.
Lyl

1.
2y —=1 yp+2
The LCD of the rational expressions is (2y — 1)(y + 2).

5y yt1
AT e a7
- Sy _y+2_y+1.2}7_1 - Sy ,J/'+'2 ‘
y—1 y+2 p+2 29— 1 Iy e — 7 M g 20
v+ 2y=—1
e D
y+2 2y—1
S5y +2)  (p+D2y—1)

Multiply numerators and

B 2y — 1)yt 2) 2y — Dy +2)  genominators
G e - Pyt 1)
2y — Dy +2)
52+ 10y — 22—y + 1
= Remove parentheses and
@2y — Dy + 2) change signs when subtracting
32+ 9y + 1

= Combine like terms

2y — Dy +2)

Subtract numerators

Don't forget the parentheses

Note The numerator 3y2 + 9y + 1 cannot be factored so we are unable to
reduce. We should always check this!

5x —4 . 3x
Tx2—2x+1 xX+4x—5

x2—2x+1=(x—1)>
xXX+4x—5=(x+5kx—1)

2

} LCD = (x — 1)%(x + 5) Find the LCD

a0 3x L
o O B % Factor denominators
S A 3x
x—12 G+35)3(x—1)
=4 4SS, 3x ol o e
G—12 x+5 (x+5)x—-1) x—1 YL —RY
XS :
and
X+ 5
3x :
xFox—1)
a6 —
=
(5x — 4)(x + 5) 3x(x — 1) e
= = Multiply numerators
{x — 1)Hx + 5) (x — l)z(x + 5) and c;ers:ominatcrs

LG R20 ) )
i (x — Dx + 5)

Lo 2200 ek G _ e
= G G e
_2x2+ 24x — 20
T (x— DAx + 5)

Subtract numerators

Combine like terms

Don't forget the
parentheses
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y+1 _ 3y +2

B Quick check Subtract Ty

[

Problem solving

jle 6-3 D Set up a rational expression for the following word statements.

1. If Dick can mow his lawn in & hours, what part of the lawn can he mow in 2
hours?

We must find what part of the total time, A hours, is 2 hours. Thus, Dick can
mow the fractional part

2

h
of the lawn in 2 hours.

2. If the area (A) of a rectangle is n square inches, what is the expression for the
length, £, if the width, w, is 12 inches? (4 = 2 - w)

A
Using 4 = 2 - w, we have § = p and so the length

n .
Q= E inches. Replace A with n and w with 12
B Quick check 1If the area of a rectangle is p square yards, write an expression
for the width, w, if the length is 5 yards. =]
Mastery points
Can you

B Add and subtract rational expressions having unlike denominators?

6-3

Perform the

indicated addition and reduce the answer to lowest terms. Assume all denominators are not equal to zero.

See example 6-3 B.

20 2>
+

| = [}
Example —

Solution

3y 12)2

3y =3y Ly B 2
12y2=3.2.2.y.y} LCD=3-2-2-y -y =12
1232
3y
20,25 204 25
3y 122 3y 4y 1252

= 4y and the denominator of the second expression is the LCD, 12y2.

' . 20
Multiply numerator and denominator of = by 4y
i

_ 80y 25
iR 122 &+ 122 Perform indicated operations
80y + 25

Add numerators and place over common denominator

12y2
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1.%+% 2.%+f—§ 3.2x1;1+x;2
S S ] =
7')%4“}%5 s'x-)ic-2+4x3il 9.5y1_510+2ylj4

10. 6x2-: 12%‘2x1J5r4 it x2134+4x7—8 12. 2y1i6+y25—9
5+x‘f8 14.9+;it—? ls.xfl x23fl
16.)’2?}16_5_2)25{8 17'x2—1—6 x25—9 18°x2—4§c—12 x2i36
19'y2—261+9+y2—521—3 20‘22+iz—20+z2—szz+16
21'))2—)23;2_10 yz{—;1—6 zz‘xl%:;cis x24—xx_—330

Perform the indicated subtraction and reduce to lowest terms. Assume all denominators are not zero.

See example 6-3 C.
Esl 1 3yt 2
yr—y—12 y2—9y+ 20

Solution y* —y —12=(y — 4)(y + 3)
PE=9y 20 = (p— Wy 5

Example

y+1  3p42
e ¥ 9y o0

y+1 e S y +

O-—DG+3) y—5 G-Dy—5 54

{(pt1y = 5) By +2)(y + 3)

=(y2_4y-5)—(3y2+ 11y + 6)
=Dy +3)(y—5)

P4y —5—3—1ly—6
=G+ -5

3 -2y2—15y*11
=90+ 3G -9

=D+ -5 G-y +3)p -5

} LCDis (y — 4)(y + 3)(y — 5).

Multiply numerator and denominator of

Yk ;
e e Eiand o f
v =3 +3)

3y + 2 Sl
=4y — 5)

Multiply numerators and denominators

Muitiply in each numerator, place
parentheses around each product, and
subtract

Remove parentheses, change signs,
and subtract

Combine like terms in numerator

Don't forget the parentheses

Note The denominator is left in factored form in case the answer can be reduced.
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23.%—% 24.:13—“‘2’—% I?Ty_ZlTy
26-;%*5 Sal-;.’s_al—o4 28.2x;r9_x2—07

2 2x61-5_x9—x5 5% 4y3;172y15_y3 L 2x7—3_x35

e 4x7—6—3x1J2r9 7 3y1J2r6_7y14:14 A 5x1—41572x8—6
35'9_x-6|-8 S e 3x2i1_9
38'_5y4+4_10 39'a2f_52+67a23—4 40'x2E25_x2+31—10
41‘y2—§£—24_y2+§—12 p2—92§+20_5;—_52

4 azz—a;j—6_agfz

Add and subtract as indicated.

44.%2;’5—9—2[J 4% 45.é+81z—41—z 46.55—%+z—;
47-%*%“% 48‘.:2;1_2611-;3_'_351221 49.5b;-1+3b9—2Lb1—;1
50'a2+;;2—15+2a2+31ala+5_2a2—550a—3 51'225—4_z22—1 zz+té2

Solve the following word problems.

For a lens maker to manufacture lenses that will
refract light by exactly the right amounts, the
following formula is used:

1 1 1
— = (u — 1)(—+—)
5 R R
Add the expressions containing R; and R,.

53. Women A4, B, and C can complete a given job in q,

b, and ¢ hours, respectively. Working together they
1 1

— + — of the job.

b c

By combining, obtain a single expression for what

they can do together in one hour.

; 1
can complete in one hour — +
a

54. In electricity, the total resistance of any parallel
circuit may be given by
1 I I I
L = LA,
R, E, E, E;

Combine the expression in the right member.

251
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See example 6-3 D,

Example If the area of a rectangle is p square yards, write an expression for the width, w, if the length is 5 yards.
Solution Using 4 = £ - w, we are given that 4 = p square yards and § = 5 yards. Substituting, we obtain

p=5w

and solving for w, we divide each member by 5. Thus w = % .

55. A faucet when fully open, can fill the sink in m The area of a triangle is 21 square yards. If the
minutes. What part of the sink can it fill in 3 triangle has a base length b, what is the altitude A
minutes?

1
of the triangle? (A = —bh)
56. An inlet pipe to a swimming pool can fill the pool in 2

h hours. What part of the pool can it fill in 9 63. The area of a triangle is A4 square rods. If the
hours? altitude 4 is 9 rods, what is the length of the base
57. An outlet pipe can drain a swimming pool in 36 b? (See problem 62.)
hours. What part of the pool can it drain in % 64. John drives 25 miles in 4 hours. At what speed, 7,
hours? did he travel? [Hint: Use distance traveled (d) =
58. Jane can paint her house in 4 hours. What part of rate (r) X time (7).]
the house can she paint in 1 hour? 65. Mabel travels d miles at a rate of 55 miles per hour.
The product of two numbers is 48. If one of the Write an expression for the time 7 that she traveled.
numbers is 7, what is the other number? (See problem 64.)
60. The area of a rectangle is 54 square centimeters. 66. What is the reciprocal of the natural number n?
What is the length £ if the width is w centimeters? ) ) a
61. The area of a rectangle is 4 square feet. What is o R SRR I RO b :

the width if the length is 23 feet?

Review exercises

Completely factor the following expressions. See sections 4-2, 4-3, and 4—4.

1. x2 — 14x + 49 252 xt — IS 3. 4x2 — 16
Multiply the following expressions. See section 3-2.

4. (x +9)(x —9) 5. (4x + 3)? 6. 2x + 1)(x — 8)

Find the LCD of expressions having the following denominators. See section 6—2.

7. 16,12, 6 8. 4x, 2x2, 6 9. x2 —9; (x —3)% x + 3
Add or subtract the foliowing. See section 6-3.
5 3
10. — + — 11 E =

x  2x "x—2 x-—1
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6—4 m Complex fractions

A complex fraction

Section 6-4 Complex Fractions

A complex fraction is a fraction (rational expression) whose numerator,
denominator, or both contain fractions (or rational expressions). The expressions

3 1
= —+2
4 3

5 1
—_— ].7_
6 2

are examples of complex fractions. Given a complex fraction, we simplify the

x— 1

=7,
3

-

X

X

fraction by eliminating the fractions within the numerator and/or the

denominator to obtain a simple fraction.

We name the parts of a complex fraction as shown in the following

examples.

3 4

—f— Primary numerator
X Y

1 2 } _ .
_— Primary denominator
X Y

4 «—— Secondary numerators

+ —

2 <—— Secondary numerators

3
? Yy —— Secondary denominators
1

X

y ~—— Secondary dencminators

To simplify a complex fraction, we use one of the following methods.

and reduce if possible.

primary denominator.

B Example 6—4 A Simplify each complex fraction.
<
e
s
6
Method 1
S Sy
i _ 4
S 5
S o
6 6
12
e
12
[
6
o
S,
2

je=]

— Simplifying a complex fraction

Method 1 Multiply the primary numerator and the primary
denominator by the LCD of the secondary denominators

253

Method 2 Form a single fraction in the numerator and in the
denominator and divide the primary numerator by the

Multiply primary numerator and primary
denominator by the LCD of secondary
denominators 4 and 6, which is 12

Divide 4 into 12

Divide 6 into 12

Multiply in numerator and
denominator
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Method 2
E
i = i = i = i . i Multiply by the reciprocal ofi
5 4 6 4 3 6
6
3 .
it —— Multiply numerators and denominators as
43 indicated
18
= 2—0 Multiply and reduce to lowest terms
9
- E Reduce to [owest terms
3
===
a
2 2
1 A
b
Method 1
The LCD of the secondary denominators, @ and b, is ab. We multiply the
. 3 : . 4
primary numerator, — — 1, and the primary denominator, 1 + B’ by ab.
a
Remember to multiply the LCD times every term in the numerator and the
denominator.
3 3
= (— = 1) ab
a _\a
4
1 = — i =t=——| % gh
y (13)
3
—-ab—1-ab
Ao B = ) Multiply each term of numerator and
i % o denominator by ab
3b — ab SO
= =T Perform indicated multiplications
a
b(3 — a) L .
(b + 4) Factor numerator and denominator
a
Method 2

. 3 .
We first change the primary numerator, — — 1, and the primary
a
. 4 . :
denominator, 1 + == to single fractions. Thus,

3 a 2=

— ] == Combine in primary numerator
a a a a
and
4 b 4 b+4
l+H—=—+—=— Combine in primary denominator
b b b b
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= | 3—a
4 = @ = = 4. 4 Multiply by the reciprocal of i
MERR T |
. b b
_ B —a
Calb + 4

Note Always form a single fraction in the numerator and in the denominator
before we invert and multiply. That is,

ey

@ (o8

. A -
b

As you can see, both methods will work. We will use only Method 1 in
the remaining examples. Choice of method is left up to the student.

4 3

x ¥
3. —
e B
x oy

The LCD of the secondary denominators, x and y, is xy. We multiply the

. 4 3 . . 5 7
primary numerator, R and the primary denominator, = =iy oy
¥ a7

and get
4 3 4 3 4 3
— == == —mdba i o e ey
x b N y X Y Multiply each term of
5 o 5 7 5 7 numerator and
= i o (_ + _) = XY — ) k— ey denominator by xy
x ¥ x ¥y x y
= __4}? — 3x Perform indicated
SyE % multiplications
ar — x?
4 X
T a+x
2

The LCD of the secondary denominators, x and x2, is x2. We then multiply
e

: X ; ‘ a-+ x
the primary numerator, ———, and the primary denominator, T e
x x

and get

at — x2 (azﬁxz) ]
S
x x . @ — %)=

a+x=(a+x)_2 a+ x

2 X

x X2

:(a+x)(a—x)'x

Factor the numerator

a-—+ x
=(a—x)'x Reduce by the
common factor
a—+ x

= gx — X2 Multiply as indicated



256 Chapter 6 Operations with Rational Expressions

Note In example 4, we proceeded to reduce before performing the
multiplication in the numerator. Always do this, if possible.

=,
P Quick check Simplify S
6 12

— Mastery points

Can you
® Simplify complex fractions?

3 2
e
Example
n
6 2
Solution Method I
3 2 3 2 3 2
— = = —— == 2 = ) PR
4 3_(4+3)1_4L o s IR U i A
i_i (i 3 “1—)"7 i ! L x Multiply numerater and denominator by 1
R S 1 e
_9+38 At
10 Pt 1 MUITIRYY as ngdicate
17 o
— "9— Combine in the numerater and the denominator
Method 2
S B e R
4 3 N 12 12 K }__2" Add in the numerator
i — L E =& _1_ i Subtract in the denominator
6 12 12 12 12
LA 2
12 12
17 12
= —— : : . 9
12 9 Muitiply by the reciprocal OTG
AT
9
2 7 4 9 3
5 B 3 10 Lo
1. — 2. — ji= e 3.
“ i % <k 1
5 6 9 6 5



11.

16.

26.

30.

34.

38.

Section 6-4 Complex Fractions

257

5—% . 4+% 10—%
7. : 9. 10, ——
5 : 11 6 3
1+ = 24— 4—
8 12
6 5 1
= 7‘1—54 Ty YT o
a
2. 4 4. 15,
o i A TN = o
2 4 14 7 ¥ A a
3 3 3
5—? —2+4 — =S a’? i
- 17, = T 19. - 20. .
6+ — 5 — 6+ — + - =
b a x3 4 b x y
1,1 3_4 4.5
x ¥ Sa T x+y (=) at . b
20— 2, 23. 4 25.
! 1 1 5 2 2 1 1 & 2 3 2 a— b
* 5P = T
6 5 [ a b %A )
2 2 s = P
X y x+y X — ¥ 28.a+b a—b 29, X p xty
A 1 1 b . X2 — 2
Xy Xy a b a=ih
b __a i 54 2 A
a+b a—2b ab  ab? xH? xy at3 wa—2
31. 2. 33.
aX — b2 a’h? . Xy 3 4
a—2 waTt3
7 5 =) 7 8
x—4 x+3 X2 —x — 12 = e
- 5 —M— 36| ——— 3. ————————
S 2y s = 6 5 6
x+3 x—4 x 3 x4 b — 126+ 35 a4 a1
6 A T = a® + 3a — 10
S 3 39 T Al at — S5a — 14
8 9 =y 8 @+ 6at5
Rk O i ot S v+ 7y +6 a® — 8a—+ 17

Solve the following word problems.

41.

A refrigeration coefficient-of-performance formula
for the ideal refrigerator is given by

=]

- = B
T

Simplify the right member.

94
1

42. In electronics, a formula for coupled inductance in

parallel with fields aiding is given by
1
1 1
+
Li,—M L+ M
Simplify the right member.

L, =
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43. In electronics, a formula for self-inductance of 44, Coupled inductance with circuits connected in
circuits in parallel is given by parallel with opposing fields is given by
1 1
= =

& N ‘ 1 1

— +

L] Lz L3 L] = M Lz e M
Simplify the right member. Simplify the right member.

Reduce the following expressions to lowest terms. See section 5-2.

36 X — Sx— 14

1. — 2, ————MM 3. Subtract (3x3 — 2x2 + x — 12)
42 xt+ 4x + 4 — (x® — 5x% + 9). See section
2-3.
Solve the following equations. See sections 2—6 and 4-7.
4. 4x + 3x = 21 5.8 —4=5y—10 6. x> +2x—3=0
Determine the domain of the following rational expressions. See section 5-1.
3 y — 4 o .
7. 17 8—— 2 9. Perform the indicated operations,
= Y if possible. See section 1-7.
4 L0
a3 " T3

6-5 m Rational equations

An algebraic equation that contains at /east one rational expression is

A rational equation
|_ called a rational equation.

The basic operations for solving equations that you learned in chapter 2 will
apply to rational equations once the denominators in the equation are eliminated.
We accomplish this by using the multiplication property of equality. The
multiplier is the least common denominator of all denominators in the rational
expressions of the equation.

Solving a rational equation

1. Find the LCD of all denominators.

2. Eliminate the denominators by multiplying each term of both
members of the equation by the LCD of the denominators in the
equation.

3. Use the four steps from section 2-6 to solve the resulting equation.
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Example 6-5 A Find the solution set of each of the following rational equations.
x—3 %
1. = —
4 8

We can see that the LCD of the denominators 4 and 8 is 8.
8 (x —3) s

e e Multiply each member by 8

1 4 1 8
Ax—3) =% Reduce in each member
2x — 6 =x Multiply as indicated
x—6=0 Subtract x from each member
x=—6 Add 6 to each member

The solution set is { 6}. If we wish to check our work, we substitute 6 for x in
the original equation to obtain the equivalent equation.

u = i R Ia 14} 6 +} S ey | +1
4 8 eplace x with 6 in the original equation
= o
4 4 (True)
t t— 4 i
2. ———=—
4 5 10

The LCD of the denominators 4, 5, and 10 is 20.

200 1 20_1‘—4g20_7 o S
T Z — —1— 5 = I B Multiply each term by the LCD 20
S5t —4(t—4)=2"-7 Reduce each term
5t — 4t + 16 = 14 Multiply as indicated
t+ 16 = 14 Combine like terms
t= —2 Subtract 16 from each member

The solution set is {—2}. Check your answer by replacing 7 with —2 in the
original equation.

Note A common error that is made when multiplying —4(t — 4) is to get
—4t — 16. Do not forget that you are using the distributive property to
multiply —4 times each term in the group (t — 4). The correct result is

—4F =16
5 4 5
3. —+F+—=—
3a 9 12a
We determine that the LCD of the denominators is 36a.
5 4 5
36a°— + 36a-— = 36a - —— (a # 0) Multiply each term by the LCD 36a
3a 9 12a
12-5 - 4a-4— 3> Reduce each term
60 + 16a = 15 Multiply as indicated
16a = —45 Subtract 60 from each member
45 Divide each member by 16
T e
16

4
The solution set is {—%} Check your solution.
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Note The domain of the variable is every real number except 0 since two of
the terms are undefined when a = 0. This is an important observation to make
as shown in example 4.

e L
"y E=y y-—2

Factor the denominator y* — 2y to get y(y — 2). We determine the LCD of
the denominators to be y(y — 2).

3 4
yWy—2)— = Wy—=2) " —— Multiply each term by the
¥ ¥y —2) LCD y(y — 2)
2
Wy =2 = (y#02)
3=
(y*Z)'3= 4_y.2 Reduce each term
3y—6=4— 2y Multiply as indicated
3 y+2y=4+6 Add 6 and 2y to each
5p =10 Combine like terms
y=2 Divide each member by 5

Two is not in the domain of the variable y, since y = 2 makes the
denominator y — 2 = 0. So 2 cannot be a solution of the equation. Therefore,
the solution set is @.

We conclude there is no solution for the equation of example 4. The number
2 in that example is called an extraneous solution. An extrancous solution can
occur whenever the variable appears in the denominator of one or more of the
terms of the equation. Thus, you should always check your solution(s) of a
rational equation when a variable appears in the denominator.

1 5
5. —x2——x+3=0
RN
Multiply each term of the equation by 6, the LCD of the denominators 2
and 3.
1 Y
6'?362— 6'7x+ 6:3 =60
2x2 — 15x + 18 =0 Write the equation in standard form
(2x —3)(x—6)=0 Factor 2x2 — 15x + 18 = (2x — 3)(x — 6)
2x —3=0 or x—6=0 Set each factor equal to 0
2x =3 x—6 Solve each equation
3
x = o =16

! |53 :
The solution set is {? ,6]. Check your solution.
Note We eliminate all the denominators only when solving rational equations.
This is never done when adding or subtracting rational expressions.

. : 6 4 .
To illustrate, given the equation — — 72 = 0, we multiply each term by x?2,
X

. . 6 4 :
whereas given the subtraction problem — — =t we do not multiply each term
X

by x2.
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6 7 9
P Quick check Find the solution set of 1 o et e e
z

8 16z

[

Rational equations in more than one variable

In scientific fields, equations and formulas involving rational expressions and
more than one variable are common. It is often desirable to solve such equations
for one variable in terms of the other variables in the equation. The procedures
for finding such solutions are identical to those used in solving the preceding
equations.

— Solving a rational equation in more than one variable
1. Remove the fracfions by multiplying each member of the equation
by the LCD of the denominators in the equation.
2. Collect all terms containing the variable you are solving for in one
member of the equation and all other terms in the other member,
3. Factor out the variable you are solving for if it appears in more than
one term.

4. Divide each member by the coefficient of the variable for which you
are solving.

Solve each rational equation for the indicated variable.

a 3x
1. Solve — + — = ¢ for x.
3 2
Determine that the LCD of 3 and 2 is 6.
3
6'i+ 6'l=6'c Multiply each term by 6
3 2
2 a1+ 33x= 6e Reduce where possible
2a + 9x = 6¢ Multiply in left member
2a + 9x — 2a = 6¢c — 2a Subtract 2a from each member
9x = 6¢c — 2a Combine like terms
9%  6c—2a
e Divide each member by the coefficient 9
9 9
6c — 2a
=-—__“=
9
1 1 1
2. Solve — = — + —forc(a b, c # 0).
a b o
Determine the LCD of a4, b, and ¢ is abc.
x 1 , 1 ]
abe - ; = aoc - -b— -+ ‘abe' T Multiply each term by abc
bc = ac + ab

Reduce where possible

Note Since we are solving for ¢, we must get all terms containing ¢ in the
same member of the equation.
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be — ac = ac + ab — ac Subtract ac from each member
bec — ac = ab
b — a)c = ab Factor c from each term in the left member
(b — a)e ab - : : 4 e :
=z = < Divide each member by the coefficient of ¢,
(b—a) (b—a b—a)
ab . ,
€= Reduce in left member
b—a
| 5 3
¥ Quick check Solve — — — = 3 for a.
a b
Mastery points
Can you

B Solve equations containing rational expressions?
B Solve rational equations for one variable in terms of the other
variables?

Find the solution set of each rational equation. Indicate any restrictions on the domain of the variable.
See example 6-5 A.

6 7 9
Example — + —=——(z # 0
Be T T e Y
Solution The LCD of the denominators is 16z.
7
16z - % + 16z - ? = 16z T%; Multiply each term by 16z
4:-6+2z:-7=29 Reduce in each term
24 + 14z = 9 Multiply in each term
14z = —15 Subtract 24 from each member
1
7 = ——1—3 Divide each miember by 14
15
Th luti tig {1 —— 1.
€ solution se ISI 14}
y 2 4x 2 p 7
1. — = — 2| —— —= 4 —=—
4 3 5 3 3 6 9
a 5 z 1 3R 5
4 —+ —= 5. —+3=— — —5=—
RN 55 Atk
3a  2a S5x X 2ot 1 X
T.—+—==1 = — =
6 5 . 8 12 2 7 14 1
3a+1 1 g4 3 4 2, 4 7k 2
10. + —= 11. — = —+ — _——=
9 112 3 2x 5 [ x 12 b 3b 5
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13.£+%+%:4 14.%—%+$=5 %+5:$+2
m%%w=5+% 11%—%=% m3*%=%
oy BE2 L B T ap Bt _ ol

p 14p 8x 6x 3a 4a
Rl(J)rR2+4R41;1=2 23'xj4=xj—4 24'33x=2xil
%&2312%’ %%m13:%_ 21;%3_2=;i2
e e ey s
ﬁwLiﬁ+ai5=ai5 ”Xmi4+pi2=ﬁl4
£Zﬁ+i—6:xL+;—ﬂo ' M'@—§a+3=akiw
3iai3+ai4:é+2—12 %dxil_hla=6ﬂ+i—z
3x2+4x+%=0 38.3x2+%x+%=0 39.b2+%b:% 40.%x2+x=—
41-%22=2—%2 42.x2—%x:% 43.x2=%—% 44.x2+%x=——

Solve the following equations for the indicated letter. Assume all denominators are nonzero. See example 6-5 B.

263

20

4
9

5 3
= = _3f
Example 5 b or a
. D 3 .
Solution ab - ? — ab - ? = gb-3 Multiply each term by ab
5b — 3a = 3ab Reduce each term
5b = 3ab + 3a Add 3a to each member
So 5b = a(3b + 3) Factor a in the right member
5b n . .
O — 35+ 3 Divide each member by 3b + 3
2 1 5 1 1 1
45. =+ —=3 f 46. =~ —6=— forl 47| —=—+—
= = or x ] or . o or ¢;
1 1 1 I 1 1 1 1 1 1
48. —=—+ —+— forR 49. —=—+— ¥ 50. — ———=6 f
ARt T e 5w x 3 =z Ory
3 4 5 5) 6a x+ 4 »—3
5. —— —=— f 52] —+4=""+3p f 5 ==
P b o ora m > or m 3 > 5 T for x
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Solve the following word problems.

54. The principal amount of money P in a savings
account paying interest rate 7, over a given period
; : s z
of time ¢, which pays interest I is given by P = i
¥
Solve the equation for r.

55. The pressure per square inch of steam or water in a

. e P B
pipe, p, is given by p 7D Where
P = the total pressure on a diametral plane,
L = the length of the pipe in inches, and
D = the diameter of the pipe in inches.
Solve for D.

56. The safe internal unit pressure, p, in a given pipe of

; : e 2st
given thickness is given by p = % , where

s = the unit tensile stress,
t = the thickness of the pipe, and
D = the diameter of the pipe. Solve for s.

57. The pitch diameter of a gear, P, is given by
D-N
P = N+ 2’ where D = the outside diameter of
the gear and /N = the number of teeth in the gear.

Solve for V.

The rule governing the speeds of two gears, one the
driver gear and the other the driven gear, is given

T R
= i , where T4 = the number of teeth in
Tg Ry

the driven gear, Tp = the number of teeth in the
driver gear, Rg = the revolutions per minute of the
driven gear, and R4 = the revolutions per minute of
the driver gear. Solve for Tg.

by

59. Given F is the force on the large piston and fis the
force on the small piston of a hydraulic press, then
r

— = —, where A4 is the area of the large piston
a

7

and g is the area of the small piston. Solve for f.

Review exercises

60. The kinetic energy of a body, KE, is computed by
2

Wy
KE = o where v is the velocity expressed in
g

feet per second, W is the weight in pounds, and g is
acceleration due to gravity. Solve for W.

61. Charles’ Law is in regard to the relationship
between pressure P, volume ¥, and the absolute
temperature T of a gas as it expands when heated.
Charles’ Law is represented by
Py _ Py

Tl Tz
conditions of the gas and P,, V>, and T, are the
final conditions. Solve for T5.

The coefficient of linear expansion, k, of a solid
L= I
- L , where Lg is

the length at 0° C, L, is the length at ¢° C, and ¢ is
any given temperature in Celsius. Solve for L,.
Solve for Ly,

, where P;, V3, and T; are the initial

when heated is given by &k =

63. The coefficient of linear expansion « (alpha) when
metal is heated is given by
L — L
i T e
Li(t; — 1)
64. Carnot’s ideal efficiency of any heat engine
operating between the temperature limits 75 and T,

s T =T
is given by CE = ——=2 Solve for T;.

. Solve for L;.

T,
65. A formula for resistors in parallel is given by
RiR
R = RllT;Ez Solve for R;.

66. In electronics, a formula for the unknown resistance
R, in a battery is given by

Ey
R, = R,,,(— = 1). Solve for E,.
E,

Evaluate each expression for the given values. See sections 2-2 and 5-1.

3a — b &=
1. 5x — 3y + zwhenx = 1, 5 4 when @ = 4 and 3.uwhcnx1:3,x2=l,
) - 2a + b X1 — X2
y= —2,andz =3
b= —5 y1=3,and y, = —5
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Solve each equation for y. See section 2—7.

4. 5x +y =4

5.2x +3y=6 6. x — 4y =238

Simplify the following expressions. Assume all denominators are nonzero. Answer with positive exponents only. See

section 3—4.

7 (3N )

x~3y3

8. xzy—l

6-6 m Rational expression applications

B Example 6-6 A

Rational expressions occurring in rational equations have many applications in
the physical and scientific world. We now wish to discuss some of the more
common applications.

Choose a variable, set up an appropriate equation, and solve the following
problems.

1. A water holding tank is fed by two pipes. If it takes the smaller pipe 12 hours

to fill the tank and the larger pipe 9 hours to fill the tank, how long would it
take to fill the tank if both pipes are open? (This is called a work problem.)

Let x = the number of hours it takes the two pipes to fill the tank. Now,

1
a. the smaller pipe can fill 12 of the tank in 1 hour,
1
b. the larger pipe can fill 9 of the tank in 1 hour,

1
c. the two pipes together can fill — of the tank in 1 hour.
X

The amount of the tank filled by the smaller pipe in 1 hour plus the amount of
the tank filled by the larger pipe in 1 hour must be equal to the amount of the
tank filled by the two pipes together in 1 hour. Thus, the equation is

Amount by larger pipe

Amount 1 i
by smaller = — + — = — <— Amount together
12 9 X

pipe

Multiply each term by the LCM of 12, 9, and x, which is 36x.

L S SR
36x T + 36x 9 36x =
3x + 4x = 36 Reduce in each term
Tx = 36 Combine in left member
36 o
= T Divide each member by 7

36 1
Therefore, together the two pipes can fill the tank in = hours, or ST hours.

Note That is, approximately 5 hours and 9 minutes.
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2. Jim James drove a distance of 120 miles, part at 50 miles per hour (mph) and
1
part at 60 mph. If he drove the 120 miles in 27 hours, how many miles did

he drive at 50 mph? (This is called a timme—rate—distance problem.)

Note In a distance (d)-rate (r)-time (t) problem, we use d = rt,
= i
r t

0= L O=

Let x = the distance he drove at 50 mph. Then 120 — x = the distance he
drove at 60 mph.

The time traveled at 50 mph plus the time traveled at 60 mph equals the total
1 9 . :
time traveled, ZI hr ( or T hr). We use the following table for time-rate—

distance problems.

distance (d) rate (r) time (t)
50 a
X L
50 0 T T— 4
120 — x / r
120 — x 60
60
The equation is then
Time at
60 mph
l
Time at i+120*x_i ] ok
50 mth 50 0 2 «— Total time
3fx(~..i+~co.120—_x_ .nn.i Milltali skt E b ey ey
410) 30 %) 60 300 7 Multiply each term by the LCD 300
6x + 5(120 — x) = 675 Reduce in each term
6x + 600 — 5x = 675 Distributive property
x + 600 = 675 Combine in left member
=175 Subtract 600 from each member

Thus, Jim James drove 75 miles at 50 mph.
Note He drove 120 — x = 120 — 75 = 45 miles at 60 mph.

3. The denominator of a fraction is 3 more than the numerator. If 4 is added to
. . s y
the numerator and the denominator, the resulting fraction is o Find the

original fraction.

Let x = the numerator of the original fraction. Then x + 3 = the
denominator of the original fraction. The equation we get is
RS

(x+3) +4 4



N
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then

x+ 4 _3

x 1 4

The LCD of 4 and x + 7 is 4(x + 7).

4(x + 7) i I : =4 x+T7)- —i— (x #=—7) Multiply each term by 4(x + 7)

4x+4)=x+7 "3
4x + 16 = 3x + 21
e =

andx + 3 =8

5
The original fraction is 3"

4. In an electrical circuit, when two resistors are connected in parallel, the total
resistance R of the circuit in ohms is given by
1 1 1
+

R R R,

where Ry and R, are the resistances of the two resistors in ohms and the
circuit is connected in parallel as shown in the diagram. Find the total
resistance R of an electrical circuit having two resistors connected in parallel
if their resistances are 4 ohms and 6 ohms.

We want R if Ry = 4 ohms and R; = 6 ohms.

1 1 1
Hw ik
Multiply both members by the LCM of 4, 6, and R, which is 12R.
1 1
12R*—=12R-— + 12R" — (R #
R 4 R
12: =03 R = 2R
12:=35R
i
5

12 2
Therefore the total resistance is 5 or 2?, ohms.

P Quick check If the same number is added to the numerator and the

] 3 . .5 [
denominator of i the result is the fraction 5 What is the number? &

— Mastery points

Can you

B Solve work problems?

B Solve distance-rate-time problems?

B Solve number problems?

B Solve resistance in electric circuits problems?
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= P~ ~
exXercise 6—0o

Choose a variable, set up an equation, and solve the following problems.

! ; 3 . .
Example If the same number is added to the numerator and the denominator of i the result is the fraction o
What is the number?

Solution Let x = the number to be added to the numerator and the denominator. The equation is then

e s i
4+ x 6
3 °F % 5
6(4 + x) T =64 + x) - = Multiply each member by the LCD 6(4 + x)
603 +x)=4+=x)-5 Reduce in each member
18 + 6x = 20 + 5x Multiply as indicated
x=2 Solve for x
3 F 2 5)
The number to be add d's2.(Ch k:—=~—)
e number to be added i ec s 5
See example 66 A-1.
Jim can mow his parents’ lawn in 50 minutes. His 7. Three combines—A, B, and C—working together
younger brother Kenny can mow the lawn in 70 S0
minutes. How long would it take for the boys to can harvest a field of oats in 1 > hours. If A could
mow the lawn if they mow together? do the job alone in 5 hours and B could do it alone
2. Ina factory’ worker 4 can do a certain ]Ob in in 6 hours, how long would it take for combine C to
6 hours while worker B can do the same job in do the same job alone?
5 hours. How long would it take workers 4 and B 8. In a pizzeria, three women are at work making

to do the same job working together?

1
) . . - i ! 1d mak i in 1—
3. Three different sized pipes feed water into a L 2

swimming pool. If the pipes can fill the same pool hours working together. If two of the women could

individually in 6 hours, 8§ hours, and 9 hours, make all the pizzas in 5 hours and 6 hours,

respectively, how long would it take to fill the same respectively, working alone, how long would it take

pool if all three pipes were open? the third woman to make the 50 pizzas working
alone?

4. During “clean-up week” in Podunk Junction, Jane,
Joan, and Ruth work to clean up a vacant lot. If the 9. A tank has one inlet pipe and one outlet pipe. If the
girls can do the job individually in 2 hours, 3 hours,

) ; o,
and 4 hours, respectively, how long will it take inlet pipe can fill the tank in 3? hours and the

them, working together, to clean the lot? outlet pipe can empty the tank in 5 hours, how long
It takes two men—Harry and Dick_working would it take to fill the tank if both pipf‘.‘.S are left

together 4 hours to paint the exterior of a house. If open? (Hint: Subtract the drainage.)

Harry could do the job in 6 hours working alone, 10. A sink drain, when left open, can empty a sink full

how long would it take Dick to paint the house of water in 4 minutes. If the cold water and hot

alone? water faucets can, when fully open, fill the sink in

6. A water tank has two drain pipes. If the larger pipe
could empty the tank in 45 minutes and the two
pipes together could drain the tank in 30 minutes, would it take to fill the sink if all three are open
how long would it take for the smaller pipe to drain simultaneously?
the tank?

o . .
2— minutes and 3 minutes, respectively, how long



See example 66 A-2.

11. Jack drove 320 miles in S% hours. If he drove part

of the trip averaging 55 mph and the rest averaging
60 mph, how many miles did he drive at each
speed?

12. A.J. Foyt, when driving the Indianapolis 500 Race,
averaged 198 mph over part of the race. Due to an
accident on the track, he averaged 160 mph over
the rest. If the race took 2 hours and 40 minutes to
run, how many miles did he drive at an average of
198 mph? (Round the answer to the nearest
integer.)

Car A travels 120 miles in the same time that car B
travels 150 miles. If car B averages 10 mph faster
than car A, how fast is each car traveling?

14. A freight train travels 260 kilometers in the same
time a passenger train travels 320 kilometers. If the
passenger train averages 15 kilometers per hour
faster than the freight train, what was the average
speed of the freight train?

See example 66 A-3.

19. The numerator of a given fraction is 4 less than the
denominator. If 5 is added to both the numerator

: . et D
and the denominator, the resulting fraction is £

What is the original fraction?

The denominator of a fraction exceeds the
numerator by 7. If 3 is added to the numerator and
1 is subtracted from the denominator, the resulting

e e .
fraction is 5" Find the original fraction.

One number is four times another number. The sum

of their reciprocals is 1 What are the numbers?

22. One number is four times another number. The sum

' . i
of their reciprocals is T What are the numbers?

1
23. If = is added to three times the reciprocal of a

number, the result is 1. Find the number.

1
24. If 5 is subtracted from four times the reciprocal of

a number, the result is 0. Find the number.
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15. Sheila can row a boat 2 mph in still water. How
fast is the current of a river if she takes the same
length of time to row 4 miles upstream as she does
to row 10 miles downstream? (Hint: Subtract
current upstream and add downstream.)

16. An airplane flew 1,000 miles with the wind in the
same length of time it took to fly 850 miles against
the wind. If the wind was blowing at 25 miles per
hour, what was the average air speed of the plane?

17. On a trip from Detroit to Columbus, Ohio, Mrs.
Smith drove at an average speed of 60 mph.
Returning, her average speed was 55 mph. If it took

1 ; w
her = hour longer on the return trip, how far is it

from Detroit to Columbus?

18. A jet plane flew at an average speed of 240 miles
per hour going from city A4 to city B and averaged
300 miles per hour on the return flight. Its return
flight took 1 hour and 40 minutes less time. How
far is it from city A to city B? (Disregard any
wind.)

25. When a certain number is added to the numerator
and subtracted from the denominator of the

2
fraction 5 the result is 6. What is the number?

26. When a certain number is added to the numerator
and subtracted from the denominator of the

5 4
fraction 9 the result is i What is the number?

27. A prescription for an illness calls for a child’s
dosage to be % of the number of pills that an adult

takes. Together they use 24 pills. How many pills
are taken by each?

; = . 3
An apprentice electrician receives Y of the hourly

wage of a journeyman electrician. Together their
hourly wage is $29.70. Find the hourly wage of
each.

29. Pat and Mike earn a total of $65.50 per week
. 5
delivering papers. If Pat’s earnings are e of

Mike’s, how much does Mike earn each day?
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1 1 d :
Use the formula R — R = R to solve the following exercises. See example 6—6 A5,
1 2

Two resistors in an electric circuit have resistances The total resistance in a parallel wiring circuit is 12
of 6 ohms and 8 ohms and are connected in ohms. If the resistance in one branch is 30 ohms,
parallel. Find the total resistance of the circuit. what is the resistance in the other branch?

31. Two resistors of an electric circuit are connected in 34. The resistance in one branch of a two-resistor
parallel. If one has a resistance of 5 ohms and the parallel wiring circuit is 10 ohms. If the total
other has a resistance of 12 ohms, what is the total resistance in the circuit is 6 ohms, what is the
resistance in the circuit? resistance in the other branch?

32. Three resistors connected in parallel have 35. A three-resistor parallel wiring circuit has a total
resistances of 4 ohms, 6 ochms, and 10 ohms. What resistance of 10 ohms. If two of the branches of the
is the total resistance in the electric circuit? circuit have resistances of 20 ohms and 30 ohms,

what is the resistance in the third branch? (See hint

» g
(Hmt. Use = et s ) in exercise 32.)

Find the solution set of the following equations. See sections 2—6 and 2-7.

1. 2y +3 =4y — 1 2. 2y —3x=6fory
Factor the following expressions. See sections 4-2, 4-3, and 4-4.
3. 82— 32 4, x* + 20x + 100 5. 32 —4y — 4
Combine the following rational expressions. See section 6-3.
6. 3x+2x 7 49 3y
x—=1 " x 3 Jyt=1  p—5

Chapter 6 lead-in problem

5. ; ; :
Marc owns = interest in a print shop and his uncle interest Shop Income
i earnings
OWRS = interest in the shop. In a given year, they 5 E
; . Marc == X ==
shared earnings of $140,000. How much did the 8 8
shop earn that year? 1
Uncle ? X ZX
Solution
Let x = the total earnings of the print shop. Thon ix B LX = 140,000 Together they earned
8 $140,000
1
8 - i)( + 8 -—x = 8 - 140,000 Multiply each term by
8 4 the LCM of 4 and 8,
which is 8
5x + 2x = 1,120,000 Perform indicated
7x = 1,120,000 multiphications
Combine like terms
x = 160,000 Divide each member

by 7
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1. To multiply two rational expressions, we multiply the
numerators and place that product over the product of
the denominators.

P R
2. To divide two rational expressions, E o < we
P R oy
multiply E by the reciprocal of 5 which is R

3. To find the least common denominator (LCD) of two or
more rational expressions, we
a. write each denominator in completely factored form;
b. take each different factor that appears in the
factorizations in step a and write them as a product;
¢c. raise each factor of step b to the greatest power it
has in step a.

4. To obtain an equivalent rational expression, we multiply,

or divide, the numerator and the denominator of the

7. In the complex fraction

WS EAEN

a ¢
we call & the primary numerator, — the primary

denominator, and b and d the secondary denominators.

. To simplify a complex fraction, we

a. divide the primary numerator by the primary
denominator after making a single fraction of each;
or

b. multiply the primary numerator and the primary
denominator by the LCM of the secondary
denominators and reduce the result, where possible.

4y — 3y +3=2
o=l =t
Correct answer: |5}
What error was made? (see page 259)
3. Adding and subtracting rational expressions

3 5 3l =5 8
Example: + = -
xampex75 S—x —S x— 5

—2
X — 3
What error was made? (see page 241)

Correct answer:

given rational expression by a comwmon factor. 9. A rational equation is an equation that contains at least
5. To add or subtract rational expressions, we must one rational expression.
a. write each rational expression as an equivalent 10. To solve a rational equation, we
rational expression with the same denominator, a. multiply each term of the equation by the LCD to
preferably the LCD; eliminate the fractions;
b. add, or subtract, the numerators and place this sum, b. use the basic procedures for solving equations;
or difference, over the common denominator. c. check for extraneous solutions.
6. A complex fraction is a fraction whose numerator or
denominator, or both, contains at least one fraction.
Chapter 6 error analysis
1. Subtracting rational expressions 4. Adding and subtracting rational expressions
3xw1  xk2 3x—1—x-+t2 3 2 3 2
Example:xgz—x_zz P Example:;+;=x2';+x2';=3+2=5
2x+1 5
= Correct answer: —
Lk ) x2
2% = 3 What error was made? (see page 239)
Correct answer:
=2 5. Exponents
What error was made? (see page 240) Example: (—4)* = —16
2. Solving rational equations Correct answer: 16
. ) ¥y _yp+1 2 What error was made? (see page 57)
Example: Find the solution set of S s 6. Order of operations
y y+1 2 Example:3* +12-2 —8 + 2 =17
12'? - 12'T= 12'5 Correct answer: 29
= = What error was made? (see page 57)
4y —3y+1)=2 ok .
7. Combining polynomials

Example: (4a%b — 2ab*) — (a*b + ab?) = 3a2b — ab®
Correct answer: 3a*b — 3ab?

What error was made? (see page 82)

Solving linear inequalities

Example: If 4 << —2x = 6, then —2 << x =< —3.
Correct answer: If 4 << —2x =< 6, then —2 > x = —3.
What error was made? (see page 116)
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9. Multiplication of like bases 10.
Example: 5 - 53 = 53
Correct answer: 54

What error was made? (see page 129)

Chapter 6 critical thinking

Squaring a binomial

Example: (x — 6)2 = (x)? — (6)2 = x2 — 36
Correct answer: x> — 12x + 36

What error was made? (see page 135)

Which integers can be written as the sum of three consecutive
integers?

Example:6 =1+ 2+ 3

Chapter 6 review

[6-1]

Perform the indicated multiplication and reduce the product to lowest terms.

15 12a 24b 2147 3 =3y 2x —y
"8 5 " Ta  8h? “2x+y x— 3y
45x—10_3x+9 Sml—nz_ 352 |
x+3 15 " l4x  Sm+ 5n -1 P2y
b* — 36 2b+ 12 35—, 2a—1 oo 2 = Txh 6
‘B4 126+36 b—6 bd— 3 & — 25 =12 21
Find the indicated quotients and state the answer reduced to lowest terms. Assume all denominators are nonzero.
l4a 7 10 35 24ab _ 16a%h?
10. — = — = 12. o
9 3 9b 12b% 7 21
— 2 —) —
13-2x 1+3_x 14_x+6+(x+6) 15.4.:1 8+6a 12
3x+4  Ix x* —4 %+ 2 20 +1 10a+5
16 x*+ 16x + 64  x* — 64 17 1—h B —2h+1 18 9> + 15a + 6 . 362> — 16
SRR RO el L (EEBE T B9 " a*+3a—4  3a*+ 10a — 8
[6-2]

Find the least common denominator of rational expressions having the given denominators. Assume all denominators are nonzero.

19. 9x% and 12x
22 pr— 2y — I5andgy?— 25

20. 14ab and 21a%h*
23. 4z — 8,z — 4,and z

21. xX2— 9and 2x + 6

24. x2+ x, x2 + 2x + 1, and
3x2 —2x — 5

sl

Find the indicated sum or difference. Assume all denominators are nonzero.

x — e =
28.x+7 2x— 6

2NN A
[6-3]

3x—2__x+6
3Ix—1 I — 3x

27

Add or subtract as indicated and reduce the answer to lowest terms. Assume all denominators are nonzero.

20, 45 8 o
15 21 16a 12a
o 4x _ il i 12 — i
"x+4 x2—16 T ab®  S5a%h 4ab

5
"3x+1

9
4x — 3

34. 4a +

a+ 1
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35, ) _ 10 36-x+173x—5+5x+4 37, 4y i 9y
b e il | 4x 8x? 12x y2—Ty—18 y2—4
o T g9, 2 ¢ : 40. : :
g 3t B0 e x x—8 x5 xR+ 0y +3% X2 — xp— 212
[6-4]
Simplify the given complex fractions and reduce to lowest terms.
4 3 1 4 1 1 4 3
7 22 i = 2 %
X X X
= e 43. , e J]’ 45 :
=— Zeop=x Dt — — =
4 4 2 5 x y S
a b 1 1 1 1 a2
7 4 = 5 = - e
X
46. 47. £ 48. ¥ 49.
a £ i 1 1 1 a— 3b
b a xy x2 ab
[6-5]
Find the solution set of the following rational equations.
X 2% 4a + 1 5 5 12 S
50. ——3=—+ 51 +—=3a—— 52, —— —=
T 4 5T g 42 6a
7 1 2 1 6 7 2 i 5 7
53. — = 54, —— —=—+—— B8 it =
atbl =1 atl y+3 S e I 62 122
%2 3 x2 15 a* a
56. —— 3x=0 57. —p2 = — 58, —— — = — 59. — = ——
7 Al NI g e
Solve for the indicated variable.
a b y »” 3 a
60. — +—= f 61. = 2. —— = —
= > 3 or x T e—3 for x 6 T b for y
4 5
63. ———=0 f
y—c¢  yptb =
Solve the following word problems.
64. An equation for tensile and compressional stresses is given 66. A formula for the theoretical mechanical advantage, M,
f a chain fall is given b
byy = j—l Solve for /. e a;}e SRRy
< M = ——— . Solve for R.
65. The efficiency of a screw jack is calculated by the formula &
Wp Selvefor 67. The total reaction force F of air against a plane at the
g EirEe Lol = bottom of a vertical loop in centripetal force is given by
Vl
F=2 4 m - g. Solve for m.
r
[6-6]
68. With different equipment, one painter can paint a house 70. The sum of three times a number and twice its reciprocal

three times faster than a second painter. Working together
they can do it in 4 hours. How long would it take each of
them to paint the house working alone?

69. Paul can row his boat at a rate of 4 miles per hour in still
water. It takes him as long to row 20 miles downstream as
it takes him to row 8 miles upstream. What is the rate of
the current?

is 5. Find the number.
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Chapter 6 cumulative test

Compute and simplify.

1 1 1 4 15

[1-5] 1. f?-&-T-i- (—6)+? [1-6] 2. _?(_E)

5 3 24 3
[1-5] 3. ?—<—-5—) [1-7] 4. v—£+ (_T>
Simplify the following expressions with only positive exponents.
[3-3] 5. x*-x3-x [3-3] . );;: [3-4] 7. (—5x%3)2
[2-3] 8. (9x®* —3x2 +4x—8) —(—x*+x2—Tx+ 1)
Find the solution set of the following equations and inequalities.
[2-6] 9. —5(2x +5) = —3x+ 1 [2-6] 10. %x — % =6
[4-7] 11. 22 —y =6 [2-9] 12. 3x —4<35x + 6
Completely factor each expression.
[4-4] 13. 2x* — 18 [4-1] 14. 6x°5 — 36x> + 9x2
[4-3] 15. 4x* + 16x + 15 [4-4] 16. 3 — 12xS
Perform the indicated operations.
[3-2] 17. (7x — 6)? [3-2] 18. (5 - %x) (5 + %x)
[3=2] 19. {2x — 3)(Bx" — 5x + 11) [3-2] 20. (3 — 2x3)(5 — 4x?)
[5-4] 21. Find x when ;—4 = % ' [5-4] 22. Power (in foot-pounds per minute) is given by the

ratio of work, w, to time, 7. Find the power exerted
by pushing an 80-pound load 180 feet in 6 minutes.
(Hint: w = weight - length.)

Perform the indicated operations and reduce the answers to lowest terms.

2 — 2 —
[6-1] 23. g-% [6-1] 24. JLZJL; [6-1] 25. % +34-y +29
Joes O Feas 5l B

= vk 2 4 6 3
6-1] 26. & 6-3] 27. — + — 6-3] 28. —
o=l 9 9% — 9 [6-3] x2y  xy? [6=31 x =3 xky

atl , a—=28 7 6
6-3] 29. —— + 6-3] 30. +
631 a—2" 2—a [6-3] x2—49 x2—5x— 14

D¢ 3x

[6-3] 31

x2+x—6_x2*3x—18
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Simplify the following complex rational expressions.

275

1 —
g L 1y 5 L x— 4
b X ¥ X T
[6-4] 32. e 5 [6-4] 33. 3 _ 4 [6-4] 34. —— =
¥ y x x2'— 49
Find the solution set of the following equations.
4
[6-5] 35. — = 2 [6-5] 36. x> — 2 = L
7 oy =l 3
fe L 1 1
[6-5] 37. Solve the equation — = — + —for g.
fr
Choose a variable, set an appropriate equation, and selve the following problems.
[6-6] 38. John can build a fence in 6 days and Harry can [6-6] 39. The denominator of a fraction is two times the
build the same fence in 4 days. How long would it numerator. If 2 is added to the numerator and 2 is
take them to build the fence working together? subtracted from the denominator, the resulting

R o .
fraction is ER Find the original fraction.



466 Answers to Chapter 5 Cumulative Test—Exercise 6-1

R—4 S5—=n
15. 16. 7. —8x2 18. 2a — 3 + 54
3R — 1 e &g
19. 5x — 3p* + xy  20. 2a + 3b — 6abs

—2
22.3a—2+;_ 23. x— 7
— &

21. da + 1 +
& 2a

3 9 2
24, 5x2 — x — 4 25 701‘ 3:7 26 Tor 9:4 27 —S-or 2:5

miles 2,193

28. 30 or 30 miles per gallon  29. or 2,193:881
gallon 1

7 4
30. Eau 73 3. x=32 32.a=36 33y =5?

34. p= 35. 35 feet 36. 12 quarts antifreeze, 4 quarts water

Ch tar & curmmnlative fack
LNapter > cumulative test

1. 1,756 2. undefined 3. —36 4. 5¢ + 3b
5.9x2—12x +4 6. 252 —4 7. 422 — 2lab — 18H?
8. X3 —3xly + 32— 9. —33 10.{-2} 1L {8}

9
12. —75x<3 13. x >3 14. (im+ n)(x — p)

15. Ba+ 4)(a+ 1) 16. 2x — 52 17. 2z + 3)(2z — 3)
18. (6 —¥)(6 +¥) 19. (x — 15)(x + 3)

20. 2(a — 2b)(a® + 2ab + 4b%)  21. {7,—2} 22, {%,*3}

3 13
73) ;7 4.6 2582 26.x=24 27 orl36
1 4 9% b
28 x — 6 + 29 = ag o gy
* x—2 3 @ =
8 y +4 Xi—3p 1
U R R T S R T e
5(x + ») y+5 3x + 2 g

Exercise 6-1

Answers to odd-numbered problems

3 5 x I 4
g e e N
5 6 “ 4 4 35x
35x Tc x 16bex 2a
50—z G gy :
4 2 67 3az Sbx
4 3 15 4 18(x — 2)
25. E g0 oy TRy et
x+y 4 2 4 : a— 3 x -+ 2
Pyl — 2
35. L’;s-—) 3. r—Dr—1) 39 —4(x+ 3)
41 a— 3 (x—3)x+1) (2x — I)Mx—1)
“a—5 T(x— Dix+2) T x—8)(x+7)
1 2 + 12
47.1 49.3x+4 51, ;
* e 3a + 9a + 27
=
55 w 57. p+5

Y522 — 2z + 4)

Solutions to trial exercise problems

Ta 9%  Ta:9 _  T-a-3-3'b
‘12 28 12b-28 2-2-3°b°2°2-7
_ 3-4-(1-3-b)  3a

S 2:2:2°2-(7-3-b) 16

28m  Tm®  28m-3n®  4n?

"5 3 15n-TmE  Sm

24abe 14xyz _3:8-a-b-c-2-T-x'y'z

T Txyzr 942 T x-y-z2-3-3: 42
. Bbtie 2@ T avxytz) B beer 2 x | 16hex
N Z% 3 7al3i: Tra % -y Z) n z it T 34z
25_x+y_ 12 =2'2'3(x+y)= 4
3 (x + y)? 3(x + y)? Xk ¥
30 8y +16 4y —12 8y +2)-4y—3) 8-4 32
T 3—y 3p+6 —(p—3)3p+2) —3 3

216 rt4 F—16E—1
r+1 " R2—-1 (+Dr+4
_ =+ e+ D) _ =4 —1)

37,

r+ 1D+ 4 1
=rr—5r+4
39 9*x2_4x+4y:(3—x)(3+x)‘4(x+y)
Tx+y x—3 (x + »)(x —3)
=l =3)x+3) -4ty A 3) -4
B (x + p)x —3) i 1

= —4(x +3) = —4x — 12
a2—5+6 at—5a+4
2—9 +20 @#—3a+2
l@a—=3a—2) (a—4a—-1) a-—3
T la—-e—5 (@ a1 a-—>5
& 6r:r—r—17 5 rr—r—2
1222+ 16r — 35~ 272 +r— 10
6rr —r — N2 +r — 10)
(12,2 + 16r — 35} —r — 2)
(6r — N+ 1)@2r+ 5)(r —2)
e D@ -+

'y S .
B, B — g ot _ T = 2)

41.

1

x:+ 2 1
PR gwy
(x+2)(x—2
53, 10 a + 3a — [8: 2-5(a+ 6)a— 3)
a =i 15 3-5(a— 3)(a*+ 3a+9)
2(a + 6) 2a + 12

" 3@ +3a+9) 32+ 9%+ 27
Review exercises
19 1

A o — M + e L + 1 =
5 2 5 3 2(x+ 5)Mx—5) 4 (x D(x — 2)
24
5. (x+4)?2 6.x= ? 7.y=15 8. 789 X 10-°



- H g
Exercise 6—2

Answers to odd-numbered problems

8 7 14x 2 i s
1.— 3.— A 7. — 9. —
57 p Xk 2 vy 21
1 9 = 9y
L . — 15, 17. =
I e y—6
= ) - 4
o, =t 4 g Dt XA G T8
x—5 2y —3 2x — 5

27. 48x%  29. 140)® 31. 64g* 33. 180a® 35. 3(x — 4)
37. 1830 —4) 39 . a(a+ (a—1) 41 8(a+ 2)a + 1)
43. (a+ 2)(a— 2)(a—3) 45 (a+ 3)(a—3)(a—2)

47 ix— Dx2 7

Solutions to trial exercise problems

5 5% 4 9x _Sx+9%x 14 Jp=20 A=l
"x+2 x+2 xik 2 x -2 ot »?
L Br=2=y—l)  3p=2 —dy il )
- e - » - 12
6. | - R | - 5 _ 6

K=l T—x x—=T x=7 =x—17
21.2y—5_y+7:2y*5 y+7:3y+2

-3 S e DI D A )
32, 4x? = 2% x2
Ix=3-x
83 = 23 43
LCD = 23-3 - x3 = 24x°
d4. 2 —y—12=(y —4)y + 3)
yE+6y+9=(+ 32
LCD =(y + 3)2(y —4)
47. X2 — 49 = (x+ T)(x—7)
T—x=—lx—="7)
x4+ 14=2x+T7
LCD =2(x+ T)(x —7)

Review exercises

1. commutative property of addition 2. 5(y + 2)(y — 2)
8
3.(x+1002 4. 3y —Hy+1) S5 [ﬁ} 6. {—3,5¢

Exercise 6-3

Answers to odd-numbered problems

L=+9 s+l 1 15y — 12 10
12 T 3 Tty -5 TTy—2
11 Tx + 62 9x + 40 x(x + 4)
T Ax + 2)x — 2) T x+8 T (x+ Dix — 1)
- 9x + 22 7yt — 13y
T+ 3)x — 3Hx +2) T3+
21. 2{2 = Sy =l ! 29 =5 - 25
(y =5y —3)y+2) 18 42y
19a + 39 4x + 25 —5x — 17
27 ; 1, —
60 18x (2x:— 3)e — 5)
- 17 9x + 66 —25x — 9
T T(y+ 2) T x+8 T o3x+1
30 —6a + 3 I2y—= 12
" (a— 2)(a + 2)a— 3) Ty =6t ay—3)
5 —3a + 11la — 3 45, 13 4p328 g 35

(@— 3)a—2) 12z 45 36

Answers to Exercises 6-2—6-3 467

—ud L et — 13 bc + ac + ab 3
51. 53. 55. —
z—2)z+2)z— 1)z+1) abc m
h 48 A 24 d
i . — 6l w=— . bh=— 5.1 =—
57 36 59 = w = 63. b 3 65. 1 =
b

67. —
a

Solutions to trial exercise problems
4 e 5  4x+3)+5x—1)

6.

x—1 x+3  (x— Dix+3)
_ Al 9x + 7
C x—Dx+3) x—Dx+3)
1L 12 7 - 12 7
x2—4 4x—8 (x+2Dx—2) 4Hx—2)
- 12-4 T(x + 2) 748+(7x+14)
T Ax+D(x—2)  Ax+2x—2) 4x+2DHx—2)
- Ix + 62 13 4x :5(x+8) 4x
4(x + 2)(x — 2) x+ 8 x + 8 x+ 8
_Sx+40+dxr_Sx+4 0 9 1 _ 93
x+ 8 x + 8 14y 21y 2-3-7-y
1-2 2% 2 o9—3 08
T 237y 4y a2y 4y 4y
2‘7‘551+3__a—4=5(5(1-0-3)_6(11—4)
12 10 60 60
_(25a+15) —(6a—24) 25a+15—6a+24 _19a+39
d 60 B 60 60
LG R
Sx—15 2x—6 S5(x—3) 2x—3) 10(x—3)
8-5 _ 28—40  —12 _ —6
T 10 —3) 10(x —3) 10(x—3) 5(x—3)

4. 2p _Sp=2 . 2p L op=2
F—Gp<t 200 p=35i" (p—=>5)p=4) p=3
_ 2p  (5p=2)(p—4) 2p={5p2—22p +8)
(p—35p—4 (p—35p—4 (p—35(p—4)

2p=Spit 22p =8 =5pih24p—3%
(p—35(p—4) (p'— S¥p—4)
1 1 1 R, R,
52. 7 =(u—1) (E+ E) =(u—1) (R|R2+ RlR),)
=(u—1) (M) 59, Since n is one of the numbers, let x be
R\R;

48
the other number. Then x - # = 48 and x (the other number) = —.
n

1
62. Using 4 = = bh, then 24 = bh (multiply each member by 2).

Thenh=£=@=£.
b b b

Review exercises

Toile—"02 2. @y —1x = 5), 34206 —2)
4. x2 — 81 5.16x2+ 24x+9 6. 2x2— 15x— 8
7.48 8 12x* 9. (x —3)Hx+ 3)

1 2% +
g i

10. . e
2x (x — 2Mx— 1)



468 Answers to Exercises 6-4—6-5

Exercise 6-4

Answers to odd-numbered problems

23

el e L B
6 2 9 2 30 2
4x + 1 3a+ 1 4a*> + 3 ab — 3

13. 15. ; &7 19.
4x — 3 2 — 4a S5a* — 3a ab + 4
y+x 4b — 5a% y

21. 23. 25, —m—— 27. —=
y— x o a*h — a*b? o
2 + ) 2 +3 3a—1 =5

29. 33. 35.

(x2 — p?)? a*h* 17 —a x + 31
3a% + 52 — -3y +
an e e =8 R D=y el
a+ 29 +Dly—4) i — 1
L1L2L3
: Lyls + LiLs + LiL,

Selutions to trial exercise problems

e s U wd agis | SO S

: 4 4 _ 10+4 14 2
2+ — (2+—) 5 2-54+—-5

5 5
6 5 6 S 6 5
e G e T _-14__

e 14_(7 14) S M =5
s 3. 5 R 5 0 3—10
e R e, i, 14 L, —ira)

14 7 (14 7) 14 kit 7 S
7

=—=—1
—T

1 1 1

=g (——0-3) T C LR S

15. 2 e _a _ Ii4=3a 3a+1
i3 2 o 2—4g 2—4
e (——4)'a —i = dig 4 =
a a a
R e by b

o xRy ) . % ¥
S S s 2
— —_ _+_ . y2q,2 e 22+i. 2.2
x )t ( yz) BX = 2 hdt
_ 3 —axly

Sxy? + 2x?

1 1 1 1 )
¢
2,7):+y S n (x-’r—y X = beblx =)

1+1 (1_}_1).(_’_)(7_)
dEEERPI e =y oy ol EAE R

1
m'(x-#y)(x—y)*x—ly'(x+y)(x—y)

1
x+px —y) +
x + p X =7

e GRS
=B =y 2x x
7 8 T 8
+ . . =
b=7 H—35 (b*7+b—5) = N
36. =
6 6
b* — 126 + 35 b—=350B—-7
The LCD is (b — 3){(b — 7).

“(x + p)x—p)

28 =) (b~ 7)

7 8

6
=7(b—5)+8(b—7)=7b—35+8b—56:15b—91
6 6 6

Review exercises

6 N
= . L2 2 —21 4 =
1 7 e 3.2+ 322 +'x {3} 5. {—2}
6. {—3,1} 7. Domain is all real numbers except —7. 8. Domain
is all real numbers except —2 and 2. 9. a. undefined b. 0

~: &
EXercise bo—

(%)

Answers to odd-numbered problems

T e e

5 19 5
11.‘ ?}x¢0 13. {24}R¢0 15.{ E},y#ﬂ

4 13
: b i 2L {——ra#
17. {1}b#0 19 [37};;;&0 [ 2}a 0

=
z # —

27. Gy # 2
3 gy

47}
9

23. (36} x # 4,—4 25, [—

11
29. [—5-} b#2—2 31 {40}a # 5—5

1 g
33, |—?9} x #2,—3,—5 35 [?] a#3,—4 37 [~
3 2 3
30, 1= —3t 4L {=,—4] 43 |{= —1
‘2 ] ! [3 ] { 3 ]
2y ccy 8b
45, x = 47. ¢, = 49, g= ——
& Ip— 1 et g —c a4 bh—8
R e L ks TR &
5 pL
2P Fa TPV,
57. N = 59. f="— 61, T, =222
D—P = N7
L R
63. I =——>— 65 R, — R:
O:'(fz = h) | Rz — R

Solutions to trial exercise problems

4x 2 .
2. = 4 Multiply by 15 to get
) 4x 2
The LCD is 15. -5—‘15*?'15 =4-135
4x -3 —2-5=60
12x — 10 = 60
12x = 70
_10_35
e 7

35
The solution set is {?}

3R 3 5
6. i 5= = Multiply by 12 to get
The LCD is 12. i—R'12—5-12=%'12

3JR-3—-60=5-2

9R — 60 = 10
9R = 70
R__'.’U

)

70
The solution set is l?]

3

5



Answers to Exercise 6-5 469

4 1
15 — 5= = 2 Multiply by 18
= o ultiply by lsy to get

4 1
The LCDis 18y. —- 18y +5-18y=—-18p + 2-18y
6y 9y

4-34+90p=1-2+ 36p
12 + 90y = 2 + 36p
90y = —10 + 36y

S4p = —10
0 =3
TR

The solution set is {—-%] (y #0).

R 2 -
AR
10R 4R

The LCD is 20R.

22, 2 Multiply by 20R to get

RAD, oo AR
10R
(R+2)"2+ (4R—1)"5 = 40R
2R + 4 4 20R — 5 = 40R
22R — 1 = 40R
—1=18R
=i

18

*20R = 2 20R

The solution set is [—%](R # 0).

8 1 i
34. S = Z 16 Multiply both members by (¢ — 2)(a + 4)(a — 4).
—8 1
e L e MY e e e

8a+4)=1(a—2)
8a+32=a—2

8a=a— 34
Ta = —34
—34
) o
i
N ! 34
The solution set is [—T}(a # 4,2 —4),
4 ! -
37. 3x2 + 4x + = =0 Multiply by 3 to obtain
9x2 + 12x +4=10 Factor the left member.
Bx + 2)*=0
3x+ 2:=10
3x = —2
2
xr=—— So
3

The solution set is [*%}

5 2
42. SR " = Multiply by the LCD, 6, to obtain
6x* — 5x = 4

6x2 —5x —4=0
2x +1)3x—4)=0
2x + 1 =00r3x —4=20

1
= 2orx—3

1 4
The solution set is |—ﬁ 5 —]
Z 0



470 Answers to Exercise 6-6

1 1 1 5
47. —— e Multiply by cc;cs.
< ¢ C2
1 1
—ceety = —- ¢ + — ey
c 1 <2

ez = cc; T e Add —ce; to both members,
€163 — €1 = €&y Factor ¢; in the left member.
(cz — €)ey = con Divide both members by ¢z — c.
(4}
& =
Cy — C
5 6a >
52. et AT Multiply by the LCD 2m.
m 2m
5
—:2m+ 4 2m =£‘2m+ 3b-2m
m 2m
10 + 8m = 6a + 6bm Add —10 to both members.
8m = 6a — 10 + 6bm Add —6bm to both members.
8m — 6bm = 6a — 10 Factor m in the left member.
(8 — 6b6)m = 6a — 10 Divide both members by 8 — 65.

=6a—1072(3a*5)=30—5
8 —6b 24 —3b) 4-—3b

i R
58. =24 = £ Multiply by the LCD TiR,.
Tg Ry
TA RB
TR =~ TsR
TB B4 R,q By
TARA = RBT,g
iy T R4
Rg
4 — L, — Ly . —
62. Given k = . Multiply both members by Lot to get kLyz = L, — L.

a. To find L,, add L, to both members to get L, = kLg + L.
b. To find Ly, use L, = kLot + L, factor Ly in the right member to get L, = (kt + 1)L,. Divide both members by kz + 1.

L L

Th = = :
TR L e

Review exercises

17
1. 14 2. — 3.4
3
—2x 16
£y = Sxsid Sg=——
x —8 3y »4
6.y = o= 8o
b 4 X X’

Answers to odd-numbered problems
1 14 1
1. 29 ?minutes 3.2 Ehours 5. 12hours 7. 3 ?hours
9. 10 hours  11. 110 miles at 55 mph, 210 miles at 60 mph
6
13. car 4, 40 mph; car B, 50 mph  15. Tmph 17. 220 miles

19. % 21, 3and 12 23. 6 25. 4  27. adult, 15 pills; child,

60 9
9pills 29. $38.21 31. ﬁohms or 3ﬁ ohms  33. 20 ohms

35. 60 ohms



Solutions to trial exercise problems

1. Let x = the number of minutes required for both boys to mow

the lawn. Then,
1 1 1

—+
S0 0 x
Multiply by the LCM of 50, 70, and x, that is, 350x.

1
350x'i+ 350x'L=350x'*
x

50 70
7x + 5x = 350
12x = 350
e gl
12 6

1
Together Jim and Kenny could mow the lawn in 29? minutes,

5. Let x = the time required for Dick to paint the house alone.

1 1 1
Then — +—= —.
en6 X 4

Multiply both members by the LCM of 4, 6, and x, that is, 12x.

12x'L+ 12x‘i= l2x‘i
6 x 4
2ocit il 3x
12 =2
Therefore Dick would take 12 hours to paint the house alone.

Il

13. Let x = the average speed of car A.

20.

Then x + 10 = the average speed of car B.
Using t = —, let 1, = time of car A4, 1z = time of car B,
r

then 1, = 1.

Nowzﬂ=@andtg= Ll , 80
x %= 10

120 150

x x+10

Multiply both members by the LCM of x and x + 10, that is,
x(x + 10).

120
x(x:+ 10) 'T=x(x F 0

(x + 10)120 = 150x
120x + 1,200 = 150x
1,200 = 30x
40 = x
So x + 10 = 50. Therefore car B averaged 50 mph and car 4
averaged 40 mph.

150
x -+ 10

Let x = the numerator of the fraction. Then x + 7 = the
denominator of the fraction.

3 4 =
Then (xer = o Simplifying, we have the equation
Lkt e
x+ 6 5°

Multiply both members by the LCM of 5 and x + 6, that is,
5(x + 6).

R s

x+ 6

5(x + 3) = 4(x + 6)

5x + 15 = 4x + 24

4
5 3 + o
5(x + 6) =

x+ 15 =24
x=9
x+7=16

9
The original fraction is then e

Answers to Exercise 6-6 471

21. Let x = the lesser of the two numbers then

28.

30.

4x

the greater of the two numbers.
: v 1 1
Their reciprocals are then — and e and we get the equation
X

1,13

x  4x  12°
Multiply both members by the LCM of x, 4x, and 12, that is,
12x:

1 1 5
12 - —+ 12x - — = 12x - —
x 4x 12

12 + 3 = 5x

5= 5x

then =3

4x = 12

Therefore the two numbers are 3 and 12.

(Note: To check, show % + 2. = %

T
a0 s
E P
Ski)
7 12

Let x = hourly wage of a journeyman electrician, then

3 . b
-8-x = the hourly wage of an apprentice electrician.

3
Xk - 29.70
3
8‘x+8'?x=8'29.70
8x + 3x = 237.60
I1x = 237.60
x = $21.60
3
P $8.10

The journeyman earns $21.60 per hour and the apprentice earns
$8.10 per hour.

Let R = the total resistance of the circuit. Then
1 1 1

6 8 R’
Multiply by the LCM of 6, 8, and R, that is, 24R.

I 1 1
2dR-— + 24R'— = 24R - —
6 8 R

4R + 3R = 24
7R = 24
24

: - 24
Therefore the total resistance in the parallel circuit is —

3
or 37 ohms.

33. Let R, = the resistance in the unknown branch. Then

1 1 1

R 30 12

Multiply by the LCM of Ry, 12, and 30, that is, 60R,;.

1 1 1
60R; " — + 60R; - — = 60R, " —
R,

30 12
60 + 2R, = 5R,

60 = 3R,

20 = Ry

Therefore the other branch has resistance of 20 ohms.



472 Answers to Chapter 6 Review—Exercise 7—1

Review exercises

3x -+ 6
1. {2} 2.y = 2 3.8y +2)(y—2)
Sar - Ix
4. + 102 5. 3y +2 — 6. —mm————
(x ) By + 2y —2) G -D&E+3)
—2yt — 23y
@+ Dy —95)
Chapter 6 review
W e B
2 b 2x + y 2
e 1 .=
=2y + 1 3x + 15 x+ 1
2a 8b 9 14x — 7
10. = 11. — 12. — , ——
g 3 21 2ab 9x +-12
1 10 1 3—b
4. ——————  15. —  16. 7.
x2+ 4x — 12 3 x —8 L 2+26—3
3a+ 3
18. 4a 2 19. 36x%  20. 42a20* 21. 2(x + 3)(x — 3)
S
2. (p+5(y—Nr+3) 2.4z+2z—DE+ 1)
3 4 4
24. x(x + 1%(3x —5) 25— 26 —2_ gp x4
x P 2 Bx—+]
g k) 68x 23
28, ———  29. —  30. —
2x— 5 105 48a
31 47x — 6 4x* — 23x
T (Bx + D(4x — 3) T+ AHx—4)
80a + 486 — 15ab 4a?2 + 4a + 6 —10x* — 3
33. 5 4
20a%h? i a+ 1 =2 x2 + 1
[6 2 + X o
6. o SR 37, 13y 89y
242 y=—90+2(y—2)
18 2 — 2ax — 36a 8x2 — 40x — 180
x4+ 3)x— 3) Toxlx — 5)(x + 4)
10x — 5y 16 1 y=x
40. ———  41. — 42. — 43. 1 44.
&+ 0 — 29) 63 7 B T
4 + 3x & xy
45, 46. 47. y — 48.
= ap i

& — 2a*h* — 3ab? 41 13
49, ————  50. {—96 O e 52—
ab — 3b* { . l48} [24]

53. {%] 54. {ff—i] 55. [7] 56. {0,12}

52

3 3 3 at+b
f——— b s bl — x=
57[ 2,2] { 53} 59 {6,2] 60. x
+3 4a -3
61.x=31’— 62 p =22 =50 o a5
i
W —
64.l=ﬂ 65_L=p—2E 66. B — Mr
F EF M—2
Fr 1 5 2
67. =——— 68. 5—hr, . 1—mph 70. —
m T 53hr [6 hr 69 17mp 0 3orl

26
8. 10x3 —4x2+ 11x—9 9. {f—]

11. {w% ,2] 12. x = =5 13. 2(x + 3)}(x — 3)

14. 3x2(2x3 — 12x + 3) 15. 2x + 5)(2x + 3)
16. 3(1 + 2x*)(1 — 2x3)  17. 49x? — 84x + 36

18. 25 — %xz 19. 6x3 — 19x* + 37x — 33

120
20. 15 — 22x? + 8x4 21. x = T
. 4a’cf ¥+ 10y + 21
= - 23. .
22. 2,400 foot-pounds,/min Sh 24, T
(x —3)— 1) 2y + 4x
25. y2 — Sy + Y 27
y y + 6 26, % P
3x + 9y 29 9 13x + 56
Tx— Pty ‘a—2 T x— Dix + Dx + 2)
e O Ayl yitx
31. 32. 2
(x + 3)(x — 2)(x — 6) 4y + 5 3x — 4y
x2 — 11x + 28 1 f»
34— .42t 36. y—— .6 37 g =—"—
x—>5 312 [ 3 ] 1

2 8
38. 2— 39, —
5 e 16

e -
Chapter 7

Exercise 7-1
Answers to odd-numbered problems

1. (1,2) and (—1,—4) are solutions. 3. (—1,2), (3,0) are solutions.
5. (1,2) is a solution. 7. (2,3), (0,0) are solutions.

9. (—4,1) and (—4,—4) are solutions.  11. (—5,3), (—5.8) are
solutions.  13. (1,5), (—2,—4), (0,2) 15. (3,—3), (—4,11), (0,3)

17. (3,=5), (=2,10), (0.4) 19. (—2.—1), (3.0), (o,—%)
21. (1,—4), (=11, (o,—%) 23 (1,5), (—6.5), (0.5)

25; (=10, (—%,—1), 0,—1) 27. (51),(—1,—2),/(3.0)

29. (3,2), (—6,—4),(0,0) 31 (1,—2), (L,7), (1,0)
33. a. (75,8170) b. (300,8620) c. (1,000,$2,020)  35. a. (2.236)
b. (12,216) c. (0,240)  37. a. (0.20) b. (5,35) e. (3,29)

2
39. a. (3,165) b. (8,440) <. (?6,286)



506 Index

Factoring
common factors, 156
difference of two cubes, 179-80
difference of two squares 175-76
four-term polynomials, 159
by inspection, 170-74
perfect square trinomials, 177-78
strategy, 184
sum of two cubes, 181-82
trinomials, 16