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ReaL NUMBERS

1.1 Introduction

In Class|X, you began your exploration of theworld of real numbersand encountered
irrational numbers. We continue our discussion on real numbers in this chapter. We
begin with two very important properties of positiveintegersin Sections 1.2 and 1.3,
namely the Euclid’sdivision algorithm and the Fundamental Theorem of Arithmetic.

Euclid's division algorithm, as the name suggests, has to do with divisibility of
integers. Stated simply, it saysany positiveinteger a can be divided by another positive
integer bin such away that it leaves aremainder r that issmaller than b. Many of you
probably recognisethisasthe usual long division process. Although thisresult isquite
easy to stateand understand, it hasmany applicationsrelated to the divisibility properties
of integers. We touch upon afew of them, and use it mainly to compute the HCF of
two positiveintegers.

The Fundamental Theorem of Arithmetic, on the other hand, hasto do something
with multiplication of positiveintegers. You aready know that every composite number
can be expressed as a product of primes in a unique way — thisimportant fact is the
Fundamental Theorem of Arithmetic. Again, whileitisaresult that iseasy to state and
understand, it has somevery deep and significant applicationsin thefield of mathematics.
We use the Fundamental Theorem of Arithmetic for two main applications. First, we
useit to provetheirrationality of many of the numbersyou studiedin Class1X, such as

J2, /3 and /5. Second, we apply thistheorem to explore when exactly the decimal

expansion of a rational number, say —p(q # 0), is terminating and when it is non-
terminating repeating. We do so by looking at the prime factorisation of the denominator

qof g .Youwill seethat the primefactorisation of gqwill completely reveal the nature
of the decimal expansion of P .
So let usbegin our exploration.
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1.2 Euclid’sDivision Lemma
Consider thefollowing folk puzzle*.

A trader was moving along a road selling eggs. An idler who didn’'t have
much work to do, started to get the trader into a wordy duel. This grew into a
fight, he pulled the basket with eggs and dashed it on the floor. The eggs broke.
The trader requested the Panchayat to ask the idler to pay for the broken eggs.
The Panchayat asked the trader how many eggs were broken. He gave the
following response:

If counted in pairs, one will remain;

If counted in threes, two will remain;

If counted in fours, three will remain;

If counted in fives, four will remain;

If counted in sixes, five will remain;

If counted in sevens, nothing will remain;

My basket cannot accomodate more than 150 eggs.

So, how many eggs were there? Let ustry and solve the puzzle. Let the number
of eggs be a. Then working backwards, we see that a is less than or equal to 150:

If counted in sevens, nothing will remain, which translatesto a = 7p + O, for
some natural number p. If counted in sixes, a= 6q+ 5.

If counted in fives, four will remain. It translatesto a = 5r + 4, for some natural
number .

If counted in fours, threewill remain. It translatesto a = 4s + 3, for some natural
number s.

If counted in threes, two will remain. It translatesto a= 3t + 2, for some natural
number t.

If counted in pairs, onewill remain. It translatesto a = 2u + 1, for some natural
number u.
That is, in each case, we have a and a positive integer b (in our example,

btakesvalues7, 6,5, 4, 3and 2, respectively) which dividesa and |eaves aremainder
r (inour case, r is 0, 5, 4, 3, 2 and 1, respectively), that is smaller than b. The

* Thisismodified form of apuzzlegivenin‘Numeracy Counts!’ by A. Rampal, and others.
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moment we write down such equations we are using Euclid’s division lemma,
which isgivenin Theorem 1.1.

Getting back to our puzzle, do you have any ideahow you will solveit?Yes! You
must ook for the multiples of 7 which satisfy all the conditions. By trial and error, you
will find he had 119 eggs.

In order to get afeel for what Euclid’sdivision lemmais, consider the following
pairs of integers:

17, 6; 5,12; 20,4

Like we did in the example, we can write the following relations for each such
pair:

17=6x 2+ 5 (6 goesinto 17 twice and |eaves a remainder 5)

5=12x 0+ 5(Thisrelation holds since 12 islarger than 5)

20=4 x5+ 0 (Here 4 goes into 20 five-times and leaves no remainder)

That is, for each pair of positiveintegersa and b, we have found whole numbers
gandr, satisfying therelation:

a=bg+r,0<r<b
Note that g or r can also be zero.

Why don’t you now try finding integersgandr for thefollowing pairs of positive
integers a and b?
(i) 10,3 (i) 4,19 (iii) 81,3
Didyou noticethat qandr are unique? These arethe only integers satisfying the
conditionsa =bqg + r, where0<r <b. You may have aso realised that thisis nothing
but arestatement of thelong division processyou have been doing all theseyears, and
that the integers g and r are called the quotient and remainder, respectively.

A formal statement of thisresultisasfollows:
Theorem 1.1 (Euclid’s Division Lemma) : Given positive integers a and b,
there exist unique integers g and r satisfyinga = bg+r, 0 <r < b.

Thisresult was perhaps known for along time, but wasfirst recorded in Book V11
of Euclid’sElements. Euclid'sdivision algorithm isbased on thislemma.
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An algorithm is a series of well defined steps
which gives a procedure for solving a type of
problem.

Theword algorithmcomesfrom the name
of the 9th century Persian mathematician
a-Khwarizmi. Infact, even the word ‘ algebra
is derived from a book, he wrote, called Hisab
al-jabr w’al-mugabala.

_A lemma is a proven statement used for Muhammadibn M usaal-K hwarizmi
proving another statement. (A.D. 780—850)

Euclid'sdivision agorithmisatechniqueto compute the Highest Common Factor
(HCF) of two given positive integers. Recall that the HCF of two positive integers a
and bisthelargest positive integer d that divides both a and b.

L et us see how the algorithm works, through an examplefirst. Suppose we need
to find the HCF of the integers 455 and 42. We start with the larger integer, that is,
455. Then we use Euclid’s lemmato get

455=42x 10+ 35

Now consider the divisor 42 and the remainder 35, and apply the divisionlemma

to get
42=35x1+7

Now consider the divisor 35 and the remainder 7, and apply the division lemma

to get
3B=7%x5+0

Notice that the remainder has become zero, and we cannot proceed any further.
Weclaim that the HCF of 455 and 42 isthedivisor at thisstage, i.e., 7. You can easily
verify this by listing al the factors of 455 and 42. Why does this method work? It
works because of the following result.

So, let us state Euclid’s division algorithm clearly.

To obtain the HCF of two positive integers, say ¢ and d, with ¢ > d, follow
the steps below:
Sep 1 Apply Euclid'sdivisionlemma, to c and d. So, we find whole numbers, g and
rsuchthatc=dg+r,0<r <d.
Sep 2: Ifr=0,distheHCFof cand d. If r # 0, apply thedivision lemmatodandr.

Siep 3 Continue the processtill the remainder iszero. The divisor at this stage will
be the required HCF.
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This algorithm works because HCF (c, d) = HCF (d, r) where the symbol
HCF (c, d) denotes the HCF of ¢ and d, etc.

Example 1 : Use Euclid's agorithm to find the HCF of 4052 and 12576.

Solution :
Step 1 : Since 12576 > 4052, we apply the division lemmato 12576 and 4052, to get
12576 = 4052 x 3 + 420
Step 2 @ Sincetheremainder 420+ 0, we apply the division lemmato 4052 and 420, to
get
4052= 420 x 9+ 272
Step 3 : We consider the new divisor 420 and the new remainder 272, and apply the
divisonlemmato get
420= 272 x 1+ 148
We consider the new divisor 272 and the new remainder 148, and apply the division
lemmato get
272=148x 1+ 124
We consider the new divisor 148 and the new remainder 124, and apply the division
lemmato get
148= 124 x 1+ 24
We consider the new divisor 124 and the new remainder 24, and apply the division
lemmato get
124= 24x5+4
We consider the new divisor 24 and the new remainder 4, and apply the division
lemmato get
24=4x6+0
The remainder has now become zero, so our procedure stops. Sincethe divisor at this
stage is 4, the HCF of 12576 and 4052 is 4.
Notice that 4 = HCF (24, 4) = HCF (124, 24) = HCF (148, 124) =
HCF (272, 148) = HCF (420, 272) = HCF (4052, 420) = HCF (12576, 4052).
Euclid's division algorithm is not only useful for calculating the HCF of very
large numbers, but also becauseit is one of the earliest examples of an algorithm that
a computer had been programmed to carry out.

Remarks :

1. Euclid’sdivisionlemmaand algorithm are so closely interlinked that people often
call former asthedivision agorithm also.

2. Although Euclid'sDivision Algorithm isstated for only positiveintegers, it can be
extended for al integers except zero, i.e., b # 0. However, we shall not discuss this
aspect here.
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Euclid’s division lemma/algorithm has several applications related to finding
properties of numbers. We give some examples of these applications below:

Example 2 : Show that every positive even integer is of the form 2q, and that every
positive odd integer is of the form 2q + 1, where q is some integer.

Solution : Let a be any positive integer and b = 2. Then, by Euclid’s agorithm,
a=2q+r, for someinteger =0, andr =0orr =1, because 0 <r < 2. So,
a=2qor2q+1.

If aisof theform 2q, then a is an even integer. Also, a positive integer can be
either even or odd. Therefore, any positive odd integer is of the form 2q + 1.
Example 3 : Show that any positive odd integer isof theform 4q + 1 or 4q + 3, where
g is some integer.

Solution : Let us start with taking a, where a is a positive odd integer. We apply the
division algorithmwithaandb = 4.

Since0<r <4, the possible remaindersare 0, 1, 2 and 3.

That is, a can be 4q, or 4q + 1, or 4q + 2, or 4q + 3, where q is the quotient.
However, since aisodd, a cannot be 4q or 4q + 2 (since they are both divisible by 2).

Therefore, any odd integer is of theform 4q + 1 or 49 + 3.
Example 4 : A sweetseller has 420 kaju barfis and 130 badam barfis. She wants to
stack them in such away that each stack has the same number, and they take up the

least area of the tray. What is the maximum number of barfis that can be placed in
each stack for this purpose?

Solution : This can be done by trial and error. But to do it systematically, we find
HCF (420, 130). Then this number will give the maximum number of barfisin each
stack and the number of stackswill then be the least. The area of the tray that is used
up will betheleast.

Now, let us use Euclid’s algorithm to find their HCF. We have :
420= 130x 3+ 30
130= 30x 4+ 10
30=10x3+0
So, the HCF of 420 and 130is 10.
Therefore, the sweetseller can make stacks of 10 for both kinds of barfi.
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EXERCISE 11
1. UseEuclid'sdivisionalgorithmto find the HCF of :
(i) 135and225 (i) 196and 38220 (iif) 867and255
2. Show that any positive odd integer isof theform 6q + 1, or 6q + 3, or 6q + 5, whereqis

someinteger.

3. Anarmy contingent of 616 membersisto march behind an army band of 32 membersin
a parade. The two groups are to march in the same number of columns. What is the
maximum number of columnsin which they can march?

4. UseEuclid’ sdivision lemmato show that the square of any positiveinteger is either of
theform 3mor 3m+ 1 for someinteger m.

[Hint : Let xbeany positiveinteger thenitisof theform 3g, 3q+ 1 or 3q + 2. Now sgquare
each of these and show that they can be rewritten in the form 3mor 3m+ 1.]

5. UseEuclid’'sdivision lemmato show that the cube of any positiveinteger isof theform
9m, 9m+1or 9m+8.

1.3 TheFundamental Theorem of Arithmetic

In your earlier classes, you have seen that any natural number can be written as a
product of its prime factors. For instance, 2 =2, 4 =2 x 2, 253 = 11 x 23, and so on.
Now, let ustry and look at natural numbers from the other direction. That is, can any
natural number be obtained by multiplying prime numbers? L et us see.

Take any collection of prime numbers, say 2, 3, 7, 11 and 23. If we multiply
some or all of these numbers, allowing them to repeat as many times as we wish,
we can produce a large collection of positive integers (In fact, infinitely many).
Letuslist afew :

7x11x23=1771 3x7x11x23=5313
2x3x7x11x23=10626 22 x3x7°=8232
22x 3x 7 x11x23=21252

and so on.

Now, let us suppose your collection of primes includes all the possible primes.
What is your guess about the size of this collection? Does it contain only a finite
number of integers, or infinitely many?Infact, there areinfinitely many primes. So, if
we combine all these primesin all possible ways, we will get an infinite collection of
numbers, al the primes and al possible products of primes. The question is— can we
produce all the composite numbers this way? What do you think? Do you think that
there may be a composite number which is not the product of powers of primes?
Before we answer this, let us factorise positive integers, that is, do the opposite of
what we have done so far.
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We are going to use the factor tree with which you are al familiar. Let us take
some large number, say, 32760, and factorise it as shown :

32760]

2 16380

2 8190

2 4095

3 1365

So we have factorised 32760 as2 x 2 x 2 x 3 x 3 x 5 x 7 x 13 as a product of
primes, i.e., 32760 = 22 x 32 x 5 x 7 x 13 asa product of powers of primes. Let ustry
another number, say, 123456789. This can be written as 3% x 3803 x 3607. Of course,
you have to check that 3803 and 3607 are primes! (Try it out for several other natural
numbersyourself.) Thisleadsusto aconjecturethat every composite number can be
written asthe product of powers of primes. In fact, this statement istrue, and iscalled
the Fundamental Theorem of Arithmetic because of its basic crucial importance
to the study of integers. Let us now formally state this theorem.

Theorem 1.2 (Fundamental Theorem of Arithmetic) : Every composite number
can be expressed (factorised) as a product of primes, and this factorisation is
unique, apart from the order in which the prime factors occur.
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An equivalent version of Theorem 1.2 was probably first
recorded as Proposition 14 of Book IX in Euclid’'s
Elements, beforeit came to be known asthe Fundamental
Theorem of Arithmetic. However, the first correct proof
was given by Carl Friedrich Gaussin his Disquisitiones
Arithmeticae.

Carl Friedrich Gaussis often referred to asthe * Prince of
Mathematicians' and is considered one of the three
greatest mathematiciansof all time, along with Archimedes
and Newton. He has made fundamental contributionsto —5¢| Friedrich Gauss
both mathematics and science. (1777 — 1855)

The Fundamental Theorem of Arithmetic says that every composite number
can be factorised as a product of primes. Actually it says more. It says that given
any composite number it can be factorised as a product of prime numbersin a
‘unique’ way, except for the order in which the primes occur. That is, given any
composite number thereis one and only one way to writeit asa product of primes,
aslong aswe are not particular about the order in which the primes occur. So, for
example, weregard 2 x 3 x 5 x 7 asthe same as 3 x 5 x 7 x 2, or any other
possible order in which these primes are written. This fact is also stated in the
following form:

The prime factorisation of a natural number is unique, except for the order
of its factors.

In general, given a composite number x, we factoriseit asx = p,p, ... p,, where
P,, P,..., p, are primes and written in ascending order, i.e., p, < p,
<...<p,. If wecombinethe same primes, we will get powers of primes. For example,

32760=2%x2%x2x3x3x5x7x13=22%x32x5x7x%x13

Oncewe have decided that the order will be ascending, then the way the number
isfactorised, isunique.

The Fundamental Theorem of Arithmetic has many applications, both within
mathematics and in other fields. Let uslook at some examples.

Example 5 : Consider the numbers 4", where n is a natural number. Check whether
thereis any value of n for which 4" ends with the digit zero.

Solution : If the number 4", for any n, wereto end with the digit zero, then it would be
divisibleby 5. That is, the prime factorisation of 4" would contain the prime 5. Thisis
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not possible because 4" = (2)>"; so the only primein the factorisation of 4"is 2. So, the
uniqueness of the Fundamental Theorem of Arithmetic guarantees that there are no
other primes in the factorisation of 4". So, there is no natural number n for which 4"
endswith the digit zero.

You have aready learnt how to find the HCF and LCM of two positive integers
using the Fundamental Theorem of Arithmetic in earlier classes, without realising it!
This method is also called the prime factorisation method. Let us recall this method
through an example.

Example 6 : Findthe LCM and HCF of 6 and 20 by the prime factorisation method.
Solution : We have : 6=2tx3and 20=2x2x5=22x51

You can find HCF(6, 20) = 2 and LCM(6, 20) =2 x 2 x 3 x 5 = 60, as done in your
earlier classes.

Note that HCF(6, 20) = 2! = Product of the smallest power of each common
prime factor in the numbers.

LCM (6, 20) = 22 x 3 x 5! =Product of thegreatest power of each primefactor,
involved in the numbers.

From the example above, you might have noticed that HCF(6, 20) x LCM(6, 20)
= 6 x 20. In fact, we can verify that for any two positive integers a and b,
HCF (a, b) x LCM (a, b) = a x b. We can use this result to find the LCM of two
positive integers, if we have aready found the HCF of the two positive integers.

Example 7 : Find the HCF of 96 and 404 by the prime factorisation method. Hence,
find their LCM.
Solution : The prime factorisation of 96 and 404 gives:
96=2°x3, 404=22x101
Therefore, the HCF of these two integersis 22 = 4.

96x 404  96x 404

= = 9696
HCF(96, 404) 4

Also, LCM (96, 404) =

Example 8 : Find the HCF and LCM of 6, 72 and 120, using the prime factorisation
method.

Solution : We have :
6=2x3, 72=28x3 120=22%x3 x5
Here, 2* and 3" are the smallest powers of the common factors 2 and 3 respectively.
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So, HCF (6,72,120) = 2! x 3!=2x3=6

23, 3 and 5! are the greatest powers of the prime factors 2, 3 and 5 respectively
involved in the three numbers.
o, LCM (6, 72, 120) = 28x 3? x 5! = 360

Remark : Notice, 6 x 72 x 120 # HCF (6, 72, 120) x LCM (6, 72, 120). So, the
product of three numbersis not equal to the product of their HCF and LCM.

EXERCISE 1.2
1. Expresseach number asaproduct of its primefactors:
(i) 240 (i) 156 (iii) 3825 (iv) 5005 (v) 7429

2. FindtheLCM and HCF of thefollowing pairsof integersand verify that LCM x HCF =
product of the two numbers.

(i) 26and91 (i) 510and 92 (iif) 336and 54
3. Find the LCM and HCF of the following integers by applying the prime factorisation
method.
() 12,15and21 (i) 17,23and29 (iii) 8,9and 25

Giventhat HCF (306, 657) = 9, find LCM (306, 657).
Check whether 6" can end with the digit O for any natural number n.
Explainwhy 7x11x13+13and 7 x 6 x 5x 4 x 3x 2 x 1+ 5 arecomposite numbers.

N o o M

Thereisacircular path around a sportsfield. Soniatakes 18 minutesto drive oneround
of the field, while Ravi takes 12 minutes for the same. Suppose they both start at the
same point and at the sametime, and go in the same direction. After how many minutes
will they meet again at the starting point?

1.4 Revigtinglrrational Numbers

In Class X, you wereintroduced to irrational numbers and many of their properties.
You studied about their existence and how the rationals and the irrational s together
made up the real numbers. You even studied how to locate irrationals on the number
line. However, we did not prove that they were irrationals. In this section, we will

provethat /2, /3, </5 and, ingeneral, \/p isirrational, where pisaprime. One of

the theorems, we use in our proof, is the Fundamental Theorem of Arithmetic.

Recall, anumber ‘s iscalled irrational if it cannot be written in the form B,

where p and g are integers and q # 0. Some examples of irrational numbers, with
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which you are already familiar, are:

V2,4/3,\15, «, —Q, 0.10110111011110. .. etc.
\/é ’

Before we prove that /2 isirrational, we need the following theorem, whose
proof is based on the Fundamental Theorem of Arithmetic.

Theorem 1.3 : Let p be a prime number. If p divides &, then p divides a, where
a is a positive integer.

*Proof : Let the prime factorisation of a be asfollows:
a=pp,...p,wheep,p, ..., p, are primes, not necessarily distinct.
Therefore, & = (p,p, . . . PI(PP, - - - P) = PEP5 . . . P2 [
Now, we are given that p divides a2 Therefore, from the Fundamental Theorem of
Arithmetic, it follows that p is one of the prime factors of a®. However, using the

uniqueness part of the Fundamental Theorem of Arithmetic, we realise that the only
prime factors of &> arep, p,, . . ., p,. Sopisoneof p, p,, ... P,
Now, sincea=p, p,...p,, pdividesa.

We are now ready to give a proof that /2 isirrational.
The proof is based on atechnique called ‘ proof by contradiction’. (Thistechniqueis
discussed in somedetail in Appendix 1).

Theorem 1.4 : J2 isirrational.

Proof : Let us assume, to the contrary, that /2 isrational.
So, we can find integersr and s (# 0) such that (/2 = Ls
Supposer and s have acommon factor other than 1. Then, we divide by the common

factor to get /2 = 2 whereaand b are coprime.
b

So, b2 =a

Squaring on both sides and rearranging, we get 2b? = a2. Therefore, 2 divides a2
Now, by Theorem 1.3, it followsthat 2 divides a.

So, we can write a = 2c for some integer c.

* Not from the examination point of view.
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Substituting for a, we get 2b? = 4¢?, that is, b? = 2c2

Thismeansthat 2 divides b?, and so 2 dividesb (again using Theorem 1.3 with p = 2).
Therefore, a and b have at least 2 as a common factor.

But this contradicts the fact that a and b have no common factors other than 1.

This contradiction has arisen because of our incorrect assumptionthat /2 isrational.

So, we conclude that /2 isirrational. n

Example 9 : Provethat /3 isirrational.

Solution : Let us assume, to the contrary, that /3 isrational.

a

b

Suppose a and b have a common factor other than 1, then we can divide by the
common factor, and assume that a and b are coprime.

Squaring on both sides, and rearranging, we get 3b? = a2.

Therefore, a?isdivisibleby 3, and by Theorem 1.3, it followsthat aisalso divisible
by 3.

So, we can write a = 3c for some integer c.
Substituting for a, we get 3b? = 9¢?, that is, b? = 3c?.

Thismeansthat b?isdivisibleby 3, and so bisalso divisible by 3 (using Theorem 1.3
with p = 3).

Therefore, a and b have at least 3 as a common factor.
But this contradicts the fact that a and b are coprime.

That is, we can find integers a and b (# 0) such that /3 =

This contradiction has arisen because of our incorrect assumptionthat /3 isrational.
So, we conclude that /3 isirrational.
In Class X, we mentioned that :

e thesum or difference of arational and an irrational number isirrational and

e the product and quotient of a non-zero rational and irrational number is
irrational.

We prove some particular cases here.
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Example 10 : Show that 5— /3 isirrational.
Solution : Let us assume, to the contrary, that 5— /3 isrational.

That is, we can find coprime aand b (b # 0) such that 5—- /3 = %.

Therefore, 5— % =3

Rearranging this equation, we get /3 = 5 — % = Sbl; a

Sincea and b areintegers, we get 5 —% isrational, and so /3 isrational.
But this contradicts the fact that /3 isirrational.

This contradiction has arisen because of our incorrect assumption that 5 — /3 is
rational.

So, we concludethat 5 — +/3 isirrational.

Example 11 : Show that 32 isirrational.
Solution : Let us assume, to the contrary, that 3.2 isrational.
That is, we can find coprime a and b (b # 0) such that 342 = %

Rearranging, we get /2 = 2.

a
Since 3, aand b are integers, N isrational, and so /2 isrational.

But this contradicts the fact that /2 isirrational.
So, we conclude that 3./2 isirrational.

EXERCISE 1.3

1. Provethat /5 isirrational.
2. Provethat 3 + 21/5 isirrational.

3. Provethat thefollowing areirrationals:

0) % (i) 745 (i) 6++/2



ReaL NUMBERS 15

1.5 Revisiting Rational Numbersand Their Decimal Expansions

In Class IX, you studied that rational numbers have either a terminating decimal
expansion or a non-terminating repeating decimal expansion. In this section, we are

going to consider a rational number, say p(q # 0), and explore exactly when the
decimal expansion of g is terminating and when it is non-terminating repeating
(or recurring). We do so by considering several examples.

L et us consider the following rational numbers:
(i) 0.375 (i) 0.104 (iii) 0.0875 (iv) 23.3408.

Now () 0375=- -3/ (i) 0.104= 1% 10
1000 10 1000 10
(i) 0.0875= o> _ 87 (v) 23:3408 = 508 _ 233408
10000 10 10000 10

As one would expect, they can all be expressed as rational numbers whose
denominators are powers of 10. Let us try and cancel the common factors between
the numerator and denominator and see what we get :

375 3x5° 5 3 104 13 x 2° _13
i) 0.375=—= == i) 0104=""= -2
2
(i) 0.0875=27_ 7 (V) 233408 — 2334}108 _ 287521
10* 2*x5 10 5

Do you see any pattern? It appears that, we have converted a real number

whose decimal expansion terminates into arational number of the form ap wherep

and g are coprime, and the prime factorisation of the denominator (that is, g) hasonly

powers of 2, or powers of 5, or both. We should expect the denominator to look like
this, since powers of 10 can only have powers of 2 and 5 as factors.

Even though, we have worked only with a few examples, you can see that any
real number which has a decimal expansion that terminates can be expressed as a
rational number whose denominator isapower of 10. Also the only primefators of 10
are 2 and 5. So, cancelling out the common factors between the numerator and the

denominator, we find that this real number isarational number of the form g where

the primefactorisation of qisof theform 2"5™, and n, mare some non-negativeintegers.
Let uswrite our result formally:
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Theorem 1.5 : Let x be a rational number whose decimal expansion terminates.

Then x can be expressed in the form ap where p and g are coprime, and the

prime factorisation of q is of the form 2"5™, where n, m are non-negative integers.

You are probably wondering what happens the other way round in Theorem 1.5.
That is, if we have arational number of theform ap and the prime factorisation of g
is of the form 2"5™, where n, m are non negative integers, then does ap have a
terminating decimal expansion?

Let usseeif thereis some obvious reason why thisistrue. You will surely agree

a
that any rational number of theform —» wherebisapower of 10, will have aterminating
decimal expansion. So it seems to make sense to convert a rational number of the

a
form P, where qisof theform 2"5™, to an equivalent rational number of theform b’
q

where bisapower of 10. Let us go back to our examples above and work backwards.

3 3 3x5 375
S-S =20 =2 2-0375
8 22 22x5 10°

. 13 13 13x2® 104

i) —="="" =T -0.104
() 125 52 2°2x5 10°

7 _ 7 _7x5 875

= = =-"-0.0875
80 2*x5 2*x5* 10*

@)

(i)

2 6
iv) 14588 _ 2% % 74>< 521 _ 2 ><47 X :'?21 _ 233i08 _ 233408
625 5 2" x5 10

So, these examples show us how we can convert arational number of the form

a
_p, where q is of the form 2"5™, to an equivalent rational number of the form b’
q

wherebisapower of 10. Therefore, the decimal expansion of such arationa number
terminates. Let uswrite down our result formally.

Theorem 1.6 : Let x = P be a rational number, such that the prime factorisation
of q is of the form 2"5”9, where n, m are non-negative integers. Then x has a
decimal expansion which terminates.
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We are now ready to move on to the rational numbers 0.1428571
whose decimal expansionsare non-terminating and recurring. 7 ) 10
Onceagain, let uslook at an exampleto seewhat isgoing on. 7
We refer to Example 5, Chapter 1, from your Class IX ©

1 28
textbook, namely, 2 .Here, remaindersare 3, 2,6, 4,5, 1, 3, 0
14
2,6,4,5,1,...anddivisoris7. ®0

Noticethat the denominator here, i.e., 7 isclearly not of 6
the form 2"5™. Therefore, from Theorems 1.5 and 1.6, we %E?

1
know that 2 will not have aterminating decimal expansion. (?90
Hence, 0 will not show up as a remainder (Why?), and the @0
remainders will start repeating after a certain stage. So, we 7
will have ablock of digits, namely, 142857, repeating in the @
quotient of

7 1
What we have seen, in the case of 7 istruefor any rational number not covered
by Theorems 1.5 and 1.6. For such numbers we have :

Theorem 1.7 : Let x = g be a rational number, such that the prime factorisation

of g is not of the form 2"5™ where n, m are non-negative integers. Then, X has a
decimal expansion which is non-terminating repeating (recurring).

From the discussion above, we can conclude that the decimal expansion of
every rational number is either terminating or non-terminating repeating.

EXERCISE 14

1. Without actually performing the long division, state whether the following rational
numberswill have aterminating decimal expansion or anon-terminating repeating decimal

expansion:

13 Y 64 15

0 3125 () g () 255 ™) 7600
29 3 129 6

V) 33 () Sz Vi) s i) o2
35 77

(i) 50 ® 210
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2.

3.

Write down the decimal expansions of those rational numbers in Question 1 above
which have terminating decimal expansions.

The following real numbers have decimal expansions as given below. In each case,
decidewhether they arerational or not. If they arerational, and of theform P what can
you say about the prime factors of ? q

(i) 43.123456789 (i) 0.120120012000120000... (i) 43123456789

1.6 Summary

In this chapter, you have studied the following points:

1

Euclid' sdivisionlemma:

Given positiveintegersa and b, there exist whole numbersq and r satisfyinga=bq+r,
0<r<h.

. Euclid’'sdivision algorithm : Thisisbased on Euclid’sdivision lemma. According tothis,

the HCF of any two positive integersa and b, with a > b, is obtained as follows:
Sep 1: Apply thedivisionlemmato find gand r wherea=bqg+r,0<r <b.
Sep 2: 1fr=0,theHCFisb. Ifr #0, apply Euclid’'slemmatobandr.

Step 3: Continuethe processtill the remainder iszero. The divisor at this stage will be
HCF (a, b). Also, HCF(a, b) = HCF(b, r).

. The Fundamental Theorem of Arithmetic:

Every composite number can be expressed (factorised) as a product of primes, and this
factorisation isunique, apart from the order in which the prime factors occur.

. If pisaprimeand p divides a2, then p divides g, where ais a positive integer.

. Toprovethat /2, \/3 areirrationals.
. Let xbearational number whose decimal expansion terminates. Then we can expressx

intheform g , Where p and g are coprime, and the primefactorisation of gisof theform

2"5™ where n, mare non-negative integers.

. Letx= g be arational number, such that the prime factorisation of qisof theform 2"5™,

wheren, mare non-negativeintegers. Then x hasadecimal expansion which terminates.

. Letx= g be arational number, such that the prime factorisation of qisnot of theform

2" 5™ where n, m are non-negative integers. Then x has a decimal expansion which is
non-terminating repeating (recurring).
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A NoTe To THE READER

You have seen that :

HCF (p,q,r) xLCM (p,q,r) #pxqxr,wherep, g, r are positive integers
(see Example 8). However, the following results hold good for three numbers
p,gandr :

p-q-r-HCF(p, q, 1)

LEM (P40 = Her . q) - HCF(aur) - HCF(pir)

p-q-r-LCM(p, g, r)
LCM(p,q)-LCM(q, r)-LCM(p,r)

HCF (p,q,r) =




PoLYNOMIALS

2.1 Introduction

In Class IX, you have studied polynomialsin one variable and their degrees. Recall
that if p(x) isapolynomial in x, the highest power of x in p(x) is called the degr ee of
the polynomial p(x). For example, 4x + 2 is a polynomial in the variable x of

degree 1, 2y?—3y + 4isapolynomial inthevariabley of degree 2, 5x° —4x% + x— /2

3
isapolynomial inthevariablex of degree3and 7u®— EU4 + 4u® + u — 8 isapolynomial

in the variable u of degree 6. Expressionslike il Jx + 2, etc., are
X_

X2 +2x+3
not polynomials.

A polynomial of degree 1 iscaled alinear polynomial. For example, 2x — 3,

J3x+5, y++/2, X - 1—21 7+4, %u +1, etc., areall linear polynomials. Polynomials

suchas2x + 5—x%, x3 + 1, etc., are not linear polynomials.
A polynomial of degree2iscalled aquadratic polynomial. Thename* quadratic’

has been derived from the word ‘ quadrate’, which means ‘square’. 2x%+ 3x — %

y2 — 2, 2— x2++/3x, %— 2u%+ 5, /52 — %v, 47> +% are some examples of

quadratic polynomials (whose coefficients are real numbers). More generaly, any
quadratic polynomial in x is of the form ax? + bx + ¢, where a, b, ¢ are real numbers
and a# 0. A polynomial of degree 3iscalled acubic polynomial. Some examples of
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acubic polynomial are2—x3, X3, 2 x3, 3—x2+ x3, 3x3—2x2 + x— 1. In fact, the most
genera form of acubic polynomial is

ax + bx+cx +d,
where, a, b, ¢, d are real numbers and a # 0.

Now consider the polynomial p(x) = X2 — 3x — 4. Then, putting x = 2 in the
polynomial, weget p(2) =22-3x2-4=-6. Thevalue'—6’, obtained by replacing
x by 2inx2—3x—4, isthevalue of xX2—3x—4 at x = 2. Similarly, p(0) is the value of
p(x) a x =0, whichis—4.

If p(x) isapolynomial inx, and if kisany real number, then the value obtained by
replacing x by kin p(x), is called the value of p(x) at x = k, and is denoted by p(k).

Whét is the value of p(x) = xX* -3x — 4 at x = -1? We have :

p(-1) = ((1)*H{3x (1)} -4=0
Also, notethat p(4) =42—(3x4)-4=0.
As p(-1) = 0 and p(4) = 0, —1 and 4 are caled the zeroes of the quadratic

polynomial x? — 3x — 4. More generally, a real number k is said to be a zero of a
polynomial p(x), if p(k) = 0.

You have already studied in Class X, how to find the zeroes of a linear

polynomial. For example, if k is a zero of p(x) = 2x + 3, then p(k) = O gives us

) 3

2k+3=0,i.e,k= > )

In general, if kisazero of p(x) = ax+ b, thenp(k) =ak+ b =0, i.e, K =?-

So, the zero of the linear polynomial ax + bis b_- (Corgant term)

a  Coefficient of x

Thus, the zero of a linear polynomial is related to its coefficients. Does this

happen in the case of other polynomialstoo? For example, arethe zeroes of aquadratic
polynomial also related toits coefficients?

In this chapter, we will try to answer these questions. We will also study the
divisionagorithm for polynomials.

2.2 Geometrical M eaning of the Zer oes of a Polynomial

You know that areal number k is a zero of the polynomial p(x) if p(k) = 0. But why
are the zeroes of a polynomial so important? To answer this, first we will see the
geometrical representations of linear and quadratic polynomials and the geometrical
meaning of their zeroes.
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Consider first alinear polynomial ax+ b, a# 0. You have studied in Class X that the
graph of y=ax + bisastraight line. For example, the graph of y = 2x + 3isastraight
line passing through the points (- 2, 1) and (2, 7).

X -2 2

y=2x+3 -1 7

From Fig. 2.1, you can see
that the graph of y = 2x + 3
intersects the x-axis mid-way
between x = -1 and x = -2,

that is, at the point (—g 0).

You also know that the zero of

2X+ 31is _g. Thus, the zero of

the polynomial 2x + 3 is the
x-coordinate of the point wherethe
graph of y = 2x + 3 intersects the Fig. 2.1
X-axis.

In general, for alinear polynomial ax + b, a# 0, thegraphof y=ax + bisa
straight line which intersects the x-axis at exactly one point, namely, (_—b , 0).
a

Therefore, the linear polynomial ax + b, a # 0, has exactly one zero, namely, the
x-coordinate of the point where the graph of y = ax + b intersects the x-axis.

Now, let uslook for the geometrical meaning of azero of aquadratic polynomial.
Consider the quadratic polynomial x> — 3x — 4. Let us see what the graph* of
y =x?—3x—4lookslike. Let uslist afew values of y = x?—3x —4 corresponding to
afew valuesfor x asgiven in Table 2.1.

* Plotting of graphs of quadratic or cubic polynomiasisnot meant to be done by the students,
nor is to be evaluated.
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Table 2.1
X -2 -1 0 1 2 3
y=x-3x—-4 6 0 ! -6 -6 !

If we locate the points listed

above on a graph paper and draw *

thegraph, it will actually look like
theonegiveninFig. 2.2.

In fact, for any quadratic
polynomial ax? + bx + ¢, a# 0, the
graph of the corresponding

equation y = ax? + bx + ¢ has one
of the two shapes either open :
upwards like \/ or open

downwardslike /" depending on

whether a > 0 or a < 0. (These
curves are called parabolas.)

You can see from Table 2.1 =
that —1 and 4 are zeroes of the #

quadratic polynomial. Also
note from Fig. 2.2 that -1 and 4

arethe x-coordinates of the points *

wherethegraph of y =x2 - 3x—-4

intersects the x-axis. Thus, the :
zeroes of the quadratic polynomial
X2 — 3x — 4 are x-coordinates of =

the points where the graph of
y = x2 — 3x — 4 intersects the
X-axis.

H

Fig. 2.2

This fact is true for any quadratic polynomial, i.e., the zeroes of a quadratic

polynomial ax? + bx + ¢, a# 0, are precisely the x-coordinates of the pointswhere the
parabola representing y = ax? + bx + ¢ intersects the x-axis.

From our observation earlier about the shape of the graph of y = ax? + bx + ¢, the

following three cases can happen:
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Case (i) : Here, the graph cuts x-axis at two distinct points A and A”.

The x-coordinates of A and A” are the two zer oes of the quadratic polynomial
ax? + bx + cin this case (see Fig. 2.3).

(1) (i)
Fig. 2.3
Case (i) : Here, the graph cutsthe x-axis at exactly one point, i.e., at two coincident

points. So, the two points A and A” of Case (i) coincide here to become one point A
(see Fig. 2.4).

) (i)
Fig. 24

The x-coordinate of A isthe only zer o for the quadratic polynomial ax? + bx + ¢
in this case.
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Case(iil) : Here, thegraph iseither completely above the x-axis or completely below
the x-axis. So, it does not cut the x-axis at any point (see Fig. 2.5).

™

(i) (i)
Fig. 2.5

So, the quadratic polynomial ax? + bx + ¢ hasno zero in this case.

So, you can see geometrically that a quadratic polynomia can have either two
distinct zeroes or two equal zeroes (i.e., one zero), or no zero. This also meansthat a
polynomial of degree 2 has atmost two zeroes.

Now, what do you expect the geometrical meaning of the zeroes of a cubic
polynomial to be? Let usfind out. Consider the cubic polynomial x®—4x. To see what
the graph of y = x*—4xlooks like, let uslist afew values of y corresponding to afew
values for x as shown in Table 2.2.

Table 2.2
X -2 -1 0 1 2
y =X —4x 0 3 0 -3 0

L ocating the points of the table on a graph paper and drawing the graph, we see
that the graph of y = x® — 4x actually looks like the one given in Fig. 2.6.
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We see from the table above
that — 2, 0 and 2 are zeroes of the
cubic polynomial x® — 4x. Observe
that —2, 0 and 2 are, in fact, the
x-coordinates of the only points
where the graph of y = x® — 4x
intersectsthe x-axis. Sincethe curve
meets the x-axis in only these 3
points, their x-coordinates are the
only zeroes of the polynomial.

Let us take a few more
examples. Consider the cubic
polynomials x® and x® — x2. We draw
thegraphsof y=x®andy = x® —x?
inFig. 2.7 and Fig. 2.8 respectively.

Fig. 2.6
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Notethat 0 isthe only zero of the polynomial x®. Also, from Fig. 2.7, you can see
that 0 is the x-coordinate of the only point where the graph of y = x® intersects the
x-axis. Similarly, sincex®*—x?=x?(x—1), 0Oand 1 arethe only zeroes of the polynomial
x® — x2 Also, from Fig. 2.8, these values are the x-coordinates of the only points
where the graph of y = x® — x? intersects the x-axis.

From the examples above, we see that there are at most 3 zeroes for any cubic
polynomial. In other words, any polynomial of degree 3 can have at most three zeroes.
Remark : In general, given a polynomial p(x) of degree n, the graph of y = p(x)
intersects the x-axis at atmost n points. Therefore, a polynomial p(x) of degree n has
at most n zeroes.

Example1: Look at thegraphsin Fig. 2.9 given below. Eachisthe graph of y = p(x),
where p(x) isapolynomial. For each of the graphs, find the number of zeroes of p(x).

(i) (i) (iii)

(iv) )
Fig. 2.9

Solution :
(i) The number of zeroesis 1 as the graph intersects the x-axis at one point only.
(i) The number of zeroesis 2 as the graph intersects the x-axis at two points.
(ii) The number of zeroesis 3. (Why?)
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(iv) The number of zeroesis 1. (Why?)
(V) The number of zeroesis 1. (Why?)
(Vi) The number of zeroesis 4. (Why?)

EXERCISE 21

1. Thegraphsof y = p(x) are given in Fig. 2.10 below, for some polynomials p(x). Find the
number of zeroes of p(x), in each case.

0) (ii) (iii)

(iv) (v) (vi)

Fig. 2.10

2.3 Réationship between Zer oesand Coefficientsof a Polynomial

You have aready seen that zero of alinear polynomial ax+bis _9 .Wewill now try

to answer the question raised in Section 2.1 regarding therel ationsﬁli p between zeroes
and coefficients of aquadratic polynomial. For this, let ustake aquadratic polynomial,
say p(x) = 2x2 — 8x + 6. In Class IX, you have learnt how to factorise quadratic
polynomials by splitting the middle term. So, here we need to split the middle term
‘—8x’' asasum of two terms, whose product is 6 x 2x2 = 12x2. So, we write

22 —8X+6=2¢¢—6Xx—2x+6=2X(x—3) —2(x—3)
=(2X-2)(x=3)=2(x—-1D(x—3)
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So, thevalue of p(x) = 2x*—8x + 6iszerowhenx—1=00r x—3=0, i.e., when
X =1or x = 3. So, the zeroes of 2x> —8x + 6 are 1 and 3. Observe that :

sumof itszeroes = 14+ 3= 4= _9) _ ~(Codlficient of x)2
2 Coefficient of x

Product of its zeroes= 1x3=3= E = Con.stfant ferm 3
2 Coefficient of x

Let us take one more quadratic polynomial, say, p(x) = 3x% + 5x — 2. By the
method of splitting the middleterm,

X +5x—2=3+6Xx—Xx—-2=3(XX+2)-1(x+2)
= (Bx-1)(x+2
Hence, the value of 3x? + 5x — 2 iszero when either 3x—1=0o0rx+2=0,i.e,

1 1
when x = 5 or x = 2. S0, the zeroes of 3x? + 5x — 2 are 5 and — 2. Observe that :

Sum of its zeroes = }+ 2) _ =5 _ —(Cosfficient of X)
3 3  Coefficient of x

. 1 -2 Congtant term
Product of its zeroes= = x (-2) = — = = .
3 3 Coefficient of x

Ingenerd, if o* and B* are the zeroes of the quadratic polynomia p(x) = ax? + bx +
¢, a# 0, then you know that X — o and x — 3 are the factors of p(x). Therefore,

ax2 + bx + ¢ = k(x —a) (x— ), wherek is a constant
= K¢ — (o + B)x + o 3]
=k -k +B)x+kafp
Comparing the coefficients of X, x and constant terms on both the sides, we get
a=k b=-k(a+p)and c = kap.

Thisgives oa+p= =

C
a

aff =

* o, are Greek letters pronounced as ‘alpha’ and ‘beta’ respectively. We will use later one
moreletter ‘y’ pronounced as‘gamma’ .
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: b —(Coefficient of x)
i.e, sum of zeroes=o + = —— = — ,
a Coefficient of x

Congant term
Coefficient of X

product of zeroes = off = c_
a

Let us consider some examples.
Example 2 : Find the zeroes of the quadratic polynomial x? + 7x + 10, and verify the
relationship between the zeroes and the coefficients.
Solution : We have
X+ 7x+10=(Xx+2)(x +5)
So, thevalue of xX* + 7x + 10iszerowhenx+2=00r x+5=0, i.e, whenx=—2or
x = —b. Therefore, the zeroes of X* + 7x + 10 are — 2 and — 5. Now,
—(7) _ —(Coefficient of x)
1 Coefficient of x?

sum of zeroes= —2+ (-5)=—(7) =

10 Congant term
product of zeroes= (-2) x (-5 =10=—= — 7
1 Coefficient of x

Example 3 : Find the zeroes of the polynomial x> — 3 and verify the relationship
between the zeroes and the coefficients.

Solution : Recall the identity a> — b? = (a— b)(a + b). Using it, we can write:
X2—3 = (x— \/é)(x+ \/5)
So, the value of x2 — 3is zero when x = /3 or x = —/3.

Therefore, the zeroes of X2 — 3 are /3 and —/3.
Now,

—(Coefficient of X)

sum of zeroes= /3 -+/3=0 =
Coefficient of x*

-3 Constant term
product of zeroes = (‘@)(“@) =-3= 1 Coeffident of x2
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Example 4 : Find a quadratic polynomial, the sum and product of whose zeroes are
—3and 2, respectively.

Solution : Let the quadratic polynomial be ax? + bx + ¢, and its zeroes be o and £3.
We have

peoge
ocB———a

C
and OLB—Z—E

Ifa=1thenb=3andc=2.
So, one quadratic polynomial which fitsthe given conditionsisx? + 3x + 2.

You can check that any other quadratic polynomial that fitsthese conditionswill
be of the form k(x* + 3x + 2), where k is real.

Let us now look at cubic polynomials. Do you think a similar relation holds
between the zeroes of a cubic polynomial and its coefficients?

Let us consider p(x) = 2x® — 5x? — 14x + 8.
You can check that p(x) = 0forx=4, -2, % Since p(x) can have atmost three
zeroes, these are the zeores of 2x® — 5x? — 14x + 8. Now,

sum of the zeroes = 4+(—2)+£:§: (=9) = (Coef.lc.:lento );)
2 2 2 Coefficient of x

product of the zeroes= 4 x (—2) x % _ _4-—8_ —Constant term

2 Coefficient of x°

However, thereis one more relationship here. Consider the sum of the products
of the zeroes taken two at a time. We have

1 1
{4x (-2} + {(—2) X E} + {E X 4}
14 Coefficient of x

= —8-1+42=-7=—"= — ,
2 Coefficient of X

In generdl, it can be proved that if o, B, y are the zeroes of the cubic polynomial
ax® + bx? + cx + d, then
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—b
a+B+'Y_ ?l
C
of + By + yo = 3
—d
OLB’Y— ?

Let us consider an example.

Example 5% : Verify that 3, -1, —% are the zeroes of the cubic polynomial
p(x) = 3x*—5x% — 11x — 3, and then verify the relationship between the zeroes and the
coefficients.
Solution : Comparing the given polynomial with ax® + bx? + cx + d, we get
a=3,b=-5c=-11,d =-3. Further
p(3) =3x3F-(5x3F)—-(11x3)-3=81-45-33-3=0,
p(-1) =3x(-1)*-5x%x (-1)?-11 x (-1)-3=-3-5+11-3 =0,

o34

1 5 11 2
- - _ iy _3=_Z2.%_0
9 9 3
1
Therefore, 3, -1 and 3 are the zeroes of 3x® —5x% — 11x — 3.
So,wetakeoczB,B:-landyz_%.
Now,

1 1 5 —(-5 -b
+B+y=3+(-D+| = |=2-—=—=—""=—:
a+pry=3+(D (3) 33 3  a
oc[3+[3y+yoc=3x(—l)+(—1)><(—?1J+(—%)x3=—3+l—1=—11=21

aBy=3x(—1)x(—%j=1=L;3)=__:.

* Not from the examination point of view.
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EXERCISE 22

1. Findthezeroesof thefollowing quadratic polynomiasand verify therel ationship between
the zeroes and the coefficients.

(i) x*—2x-8 (i) 488—-4s+1 (i) 6x2—3—=7x
(iv) 4u?+8u (v) t2-15 (vi) 3x*—x—-4
2. Find aquadratic polynomial each with the given numbers as the sum and product of its

zeroesrespectively.
0] 711,—1 i 2 % (i) 0,/5

(v) 1,1 ) —%,% (i) 4,1

2.4 DivisionAlgorithm for Polynomials

You know that acubic polynomial has at most three zeroes. However, if you are given
only onezero, can you find the other two? For this, let us consider the cubic polynomial
x3—3x?—x + 3. If wetell you that one of its zeroesis 1, then you know that x — 1 is
afactor of xX*—3x2 —x + 3. So, you can divide X3 —3x* —x + 3 by x—1, asyou have
learnt in Class I X, to get the quotient X2 — 2x — 3.

Next, you could get the factors of x? — 2x — 3, by splitting the middie term, as
(x + 1)(x—13). Thiswould give you

=3 -x+3=X-1(-2x-3)
= X=X+ 1)(x-3)

So, all the three zeroes of the cubic polynomial are now known to you as
1,-1,3.

L et us discussthe method of dividing one polynomial by another in some detail .
Before noting the steps formally, consider an example.

Example 6 : Divide 2x + 3x + 1 by x + 2. x—1
Solution : Note that we stop the division process when x+2 ) 2¢+3x+1
either theremainder is zero or its degree isless than the N + Ax
degree of the divisor. So, here the quotientis2x—1 and - =
the remainder is 3. Also, —x+1
(X —1)(Xx+2) +3=2C+3x—2+3=2+3x+1 Rt
e, 2¢+3X+1=(x+2)(2x-1)+3 3

Therefore, Dividend = Divisor x Quotient + Remainder
L et us now extend this processto divide a polynomial by aquadratic polynomial.
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Example 7 : Divide 3 + X2+ 2x+ 5 by 1 + 2x + X2 3% _E
Solution : We first arrange the terms of the x* + 2x+ 1/ 3x" +x" +2x +5
dividend and the divisor in the decreasing order 3 + 6X +3x

of their degrees. Recall that arranging theterms - 2_
inthisorder iscalled writing the polynomialsin —SX'=x+5
standard form. In this example, the dividend is —5x° —10x~ 5
dready in standard form, and the divisor, in Ll 9x:10

standard form, isx?+2x + 1.

Step 1: To obtain the first term of the quotient, divide the highest degree term of the
dividend (i.e., 3x®) by the highest degree term of thedivisor (i.e., X?). Thisis3x. Then
carry out the division process. What remainsis—5x2 — x + 5.

Step 2: Now, to obtain the second term of the quotient, divide the highest degreeterm
of the new dividend (i.e., —5x?) by the highest degree term of thedivisor (i.e., X%). This
gives—5. Again carry out the division process with —5x? —x + 5.

Step 3 What remainsis 9x + 10. Now, the degree of 9x + 10 is less than the degree
of the divisor x? + 2x + 1. So, we cannot continue the division any further.

So, the quotient is 3x — 5 and the remainder is 9x + 10. Also,
(x®+2x+1) x (3x—=5) + (9x + 10) = 3x3+ 6x*> + 3x—5x* —10x -5+ 9x + 10
=3+x2+2x+5
Here again, we see that
Dividend = Divisor x Quotient + Remainder

What we are applying here is an algorithm which is similar to Euclid’s division
agorithm that you studied in Chapter 1.

This says that
If p(x) and g(x) are any two polynomials with g(x) # O, then we can find
polynomials g(x) and r(x) such that
p(x) = 9(x) x q(x) + r(x),
where r(x) = 0 or degree of r(x) < degree of g(x).
Thisresult is known as the Division Algorithm for polynomials.
Let us now take some examplesto illustrate its use.

Example 8 : Divide 3x% —x3—3x + 5 by x— 1 — X2, and verify the division algorithm.
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Solution : Note that the given polynomials X—2

are not in standard form. To carry out ‘XZ*X‘ﬂ X +3%—3x+5
division, wefirst write both the dividend and S+ ¥— x
divisor in decreasing orders of their degrees. + — 4

So, dividend = —x® + 3x? — 3x + 5 and 2 —2x+5
divisor = —x? + x — 1. 22X —2X + 2
Division processis shown on the right side. e _3

We stop here since degree (3) = 0 < 2 = degree (- + x — 1).
So, quotient =X — 2, remainder = 3.
Now,
Divisor x Quotient + Remainder
(=e+x-1)(x-2)+3
=X+ —X+22-2X+2+3
>+ 3x*-3x+5
Dividend
Inthisway, thedivision algorithmisverified.

Example 9 : Find all the zeroes of 2x* — 3x® —3x? + 6x — 2, if you know that two of
its zeroes are \f2 and _/2.

Solution : Since two zeroes are /2 and _/2, (x_\/E)(er\/E) =X -2isa

factor of the given polynomial. Now, we divide the given polynomial by x*—2.

2X—3x+1
XZ—_ZJ X — 3 =3+ Bx =2 . . . 2X4_2 ,
o _ax First term of quotientis Z- X
— +
=3+ X +6x-2 -
3¢ +6x Second term of quotient is ——= —3x
+ —
X -2 _ o N
X _92 Third term of quotient is Z 1
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SO, 2x* =3¢ =3+ X —2 = (¥ —2)(2¢ —3x + 1).

Now, by splitting —3x, we factorise 2x> — 3x + 1 as (2x — 1)(x — 1). So, its zeroes

1
aregiven by x = — and x = 1. Therefore, the zeroes of the given polynomial are

V2,

2

—\/E, % and 1.

EXERCISE 2.3
Dividethe polynomial p(x) by the polynomial g(x) and find the quotient and remainder
in each of thefollowing:
i) p()=x3-3x+5x—-3, g(x)=x>-2
(i) p)=x*—3+4x+5, g(xX)=x+1-x
(i) p(x) =x*—5x+6, g(x)=2—x2

Check whether thefirst polynomial isafactor of the second polynomial by dividing the
second polynomial by thefirst polynomial:

() -3 2t*+32-2t2—-9t—-12
(i) x2+3x+1,3x*+5C—7x*+2x +2
(i) x*=3x+1,x5-3C+x2+3x+1

5 5
3. Obtainal other zeroesof 3x*+ 6x° —2x2—10x—5, if two of itszeroesare \g and —\g.

Ondividingx®—3x2+ x + 2 by apolynomial g(x), the quotient and remainder werex—2
and —2x + 4, respectively. Find g(x).

Giveexamplesof polynomialsp(x), g(X), q(x) andr(x), which satisfy thedivision algorithm
and

(i) degp(x)=degq(x) (i) degq(x) =degr(x) (iii) degr(x)=0

EXERCISE 2.4 (Optional)*

Verify that the numbers given alongside of the cubic polynomialsbelow aretheir zeroes.
Also verify the relationship between the zeroes and the coefficientsin each case:

1
(i) 2¢+x2—5x+2; 5’1—2 (i) X¥*—4x®+5x-2; 2,1,1

Find a cubic polynomial with the sum, sum of the product of its zeroes taken two at a
time, and the product of its zeroes as 2, —7, —14 respectively.

*These exercises are not from the examination point of view.
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3. If the zeroes of the polynomial x*—3x?+x+ 1larea—b, a,a+b, findaandb.

4. |f two zeroes of the polynomial x¢ —6x¢ —26x2 + 138x—35 are 2 + /3, find other zeroes.

5. If thepolynomial x*—6x®+ 16x2—25x + 10 isdivided by another polynomial x2—2x + Kk,
the remainder comes out to be x + a, find k and a.

25 Summary

In this chapter, you have studied the following points:

1. Polynomials of degrees 1, 2 and 3 are called linear, quadratic and cubic polynomials
respectively.

N

A quadratic polynomial in xwith real coefficientsisof theform ax?+ bx + ¢, where a, b,
carereal numberswith a#0.

3. Thezeroesof apolynomial p(x) are precisely the x-coordinates of the points, wherethe
graph of y = p(x) intersectsthe x-axis.

4. A quadratic polynomial can have at most 2 zeroes and a cubic polynomial can have
at most 3 zeroes.

5. If aoand P are the zeroes of the quadratic polynomial ax? + bx + ¢, then
o +[3:—E, OLB:E_
a a

6. If o, B, y arethe zeroes of the cubic polynomial ax® + bx?2 + cx + d =0, then

a+B+y=%ab,

af+By+ ya - <,
a

and afy=—-
a
7. The division algorithm states that given any polynomial p(x) and any non-zero
polynomial g(x), there are polynomials q(x) and r(x) such that
p(X¥) = g(x) a(x) + r(x),
where r(x) = 0 or degree r(x) < degree g(x).



PAIR OF L INEAR EQUATIONS
IN TWO VARIABLES

3.1 Introduction
You must have come across situations like the one given below :

Akhilawent to afair in her village. She wanted to enjoy rides on the Giant Wheel
and play Hoopla (agamein which you throw aring on theitemskept in astall, and if
the ring covers any object completely, you get it). The number of times she played
Hoopla is half the number of rides she had on the Giant Wheel. If each ride costs
Rs 3, and a game of Hoopla costs Rs 4, how would you find out the number of rides
she had and how many times she played Hoopla, provided she spent Rs 20.

May be you will try it by considering different cases. If she has oneride, isit
possible? Isit possible to have two rides? And so on. Or you may use the knowledge
of Class IX, to represent such situations as linear equations in two variables.
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Let us try this approach.

Denote the number of rides that Akhila had by x, and the number of times she
played Hoopla by y. Now the situation can be represented by the two equations:

1 .
y= 35X ey
3x+4dy=20 @)

Can we find the solutions of this pair of equations? There are several ways of
finding these, which we will study in this chapter.
3.2 Pair of Linear Equationsin Two Variables

Recall, from Class | X, that the following are examples of linear equations in two
variables:

2x+3y=5
Xx—2y—-3=0
and Xx-0y=2 ie, x=2

You also know that an equation which can be put in the form ax + by + ¢ = 0,
where a, b and ¢ are real numbers, and a and b are not both zero, iscaled alinear
eguation in two variables x and y. (We often denote the condition a and b are not both
zero by a* + b? # 0). You have also studied that a solution of such an equationisa
pair of values, one for x and the other for y, which makes the two sides of the
equation equal.

For example, let us substitute x =1 and y = 1 in the left hand side (LHS) of the
equation 2x + 3y = 5. Then

LHS= 2(1) +3(1) =2+3=5,
whichis equal to theright hand side (RHS) of the equation.
Therefore, x =1 andy = 1 isasolution of the equation 2x + 3y = 5.
Now let us substitutex =1 and y = 7 in the equation 2x + 3y = 5. Then,
LHS= 2(1) +3(7)=2+21=23
whichisnot equal to the RHS.
Therefore, x=1andy = 7 isnot a solution of the equation.

Geometrically, what doesthismean? It meansthat the point (1, 1) lieson theline
representing the equation 2x + 3y = 5, and the point (1, 7) doesnot lieonit. So, every
solution of the equation is a point on the line representing it.
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In fact, thisis true for any linear equation, that is, each solution (x, y) of a
linear equation in two variables, ax + by + ¢ = 0, corresponds to a point on the
line representing the equation, and vice versa.

Now, consider Equations (1) and (2) given above. These equations, taken
together, represent the information we have about Akhila at the fair.

These two linear equations are in the same two variables x and y. Equations
like these are called a pair of linear equations in two variables.

Let us see what such pairslook like algebraicaly.
The general form for apair of linear equationsin two variablesxandy is
ax+by+c =0
and ax+by+c,=0
wherea, b, ¢, a, b,, ¢, are all real numbersand aZ + b? # 0, a> + bZ # 0.
Some examples of pair of linear equationsin two variables are:
2x+3y—7=0and 9x—-2y+8=0
bx=y and -7x+2y+3=0
X+y=7and 17=y
Do you know, what do they ook like geometrically?

Recall, that you have studied in Class IX that the geometrical (i.e., graphical)
representation of a linear equation in two variables is a straight line. Can you now
suggest what apair of linear equationsin two variableswill ook like, geometrically?
There will be two straight lines, both to be considered together.

You have aso studied in Class | X that given two linesin aplane, only one of the
following three possibilities can happen:

(i) Thetwo lineswill intersect at one point.
(i) Thetwo lineswill not intersect, i.e., they are parallel.
(ili) Thetwo lineswill be coincident.

We show all these possibilitiesin Fig. 3.1:
In Fig. 3.1 (a), they intersect.
InFig. 3.1 (b), they are parallel.

In Fig. 3.1 (c), they are coincident.
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A
v

A
F 3
A 4
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A
v

(a) (b) (c)
Fig. 3.1

Both ways of representing a pair of linear equations go hand-in-hand — the
algebraic and the geometric ways. Let us consider some examples.

Example 1 : Let ustake the example given in Section 3.1. Akhilagoesto afair with
Rs 20 and wants to have rides on the Giant Wheel and play Hoopla. Represent this
situation algebraically and graphically (geometrically).

Solution : The pair of equations formed is:

1
y=5x
e, Xx=2y=0 (1)
3X+4y=20 (2

Let us represent these equations graphically. For this, we need at least two
solutions for each equation. We give these solutionsin Table 3.1.

Table 3.1
o | 2 o| 2| 4
X X 3
=X o 1 s 0 2
y_ 2 y_ 4
0] (if)

Recall from Class IX that there are infinitely many solutions of each linear
eguation. So each of you can choose any two values, which may not be the ones we
have chosen. Can you guess why we have chosen x = 0 in thefirst equation and in the
second equation? When one of the variables is zero, the equation reduces to a linear



42 MATHEMATICS

equation in one variable, which can be solved easily. For instance, putting x = 0 in
Equation (2), weget 4y = 20, i.e.,y = 5. Similarly, puttingy = 0 in Equation (2), we get

=20, 1.6, X= = Butas = |
X = , 1., X= 3" ua53 IS

not an integer, it will not be easy to

plot exactly on the graph paper. So,

we choosey = 2 which gives x = 4,

anintegral value.

Plot the pointsA(O, 0), B(2, 1)
and P(0, 5), Q(4, 2), corresponding
to the solutions in Table 3.1. Now
draw the lines AB and PQ,
representing the equations

X—2y =0and 3x + 4y = 20, as
showninFig. 3.2.

Fig. 3.2
In Fig. 3.2, observe that the two lines representing the two equations are

intersecting at the point (4, 2). We shall discuss what this means in the next section.

Example 2 : Romilawent to a stationery shop and purchased 2 pencils and 3 erasers
for Rs 9. Her friend Sonali saw the new variety of pencils and erasers with Romila,
and she also bought 4 pencils and 6 erasers of the samekind for Rs 18. Represent this
situation algebraically and graphically.

Solution : Let usdenote the cost of 1 pencil by Rsx and one eraser by Rsy. Then the
a gebraic representation isgiven by thefollowing equations:

2X+3y=9 D
4x + 6y = 18 (2

To obtain the equivalent geometric representation, we find two points on the line
representing each equation. That is, we find two solutions of each equation.
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These solutions are given below in Table 3.2.

Table 3.2
X 0 [ 45 X 0 3

_9—2x . . _18—4x . q
Y= 73 Y= 7%

0) (i)

We plot these pointsin agraph

paper and draw thelines. Wefind that

both thelines coincide (seeFig. 3.3).

This is so, because, both the

equationsareequivalent, i.e., onecan
be derived from the other.

Example 3 @ Two rails are
represented by the equations
X+2y—4=0and2x +4y—-12=0.
Represent this situation
geometrically.

Solution : Two solutions of each of

the equations: Fig. 3.3
X+2y—-4=0 Q)
2Xx+4y-12=0 (2
aregivenin Table 3.3
Table 3.3
X 0 4 X 0 6
_4-X 5 0 _12-2x 3 0
y_ 2 y_ 4
(i) (ii)

To represent the equations graphically, we plot the points R(0, 2) and S(4, 0), to
get the line RS and the points P(0, 3) and Q(6, 0) to get the line PQ.
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WeobserveinFig. 3.4, that the
linesdo not intersect anywhere, i.e., :
they are parallel.

So, we have seen several :
situationswhich can berepresented :
by a pair of linear equations. We
have seen their algebraic and
geometric representations. In the
next few sections, we will discuss
how these representations can be :
used to look for solutions of the pair -
of linear equations.

Fig. 3.4

EXERCISE 3.1

1. Aftab tells his daughter, “ Seven years ago, | was seven times as old as you were then.
Also, three years from now, | shall be three times as old as you will be.” (Isn’t this
interesting?) Represent this situation algebraically and graphically.

2. Thecoach of acricket team buys 3 batsand 6 ballsfor Rs3900. L ater, she buysanother
bat and 2 more balls of the samekind for Rs 1300. Represent thissituation algebraically
and geometrically.

3. Thecost of 2 kg of apples and 1kg of grapes on a day was found to be Rs 160. After a
month, the cost of 4 kg of apples and 2 kg of grapesis Rs 300. Represent the situation
algebraically and geometrically.

3.3 Graphical Method of Solution of aPair of Linear Equations

In the previous section, you have seen how we can graphically represent a pair of
linear equations as two lines. You have also seen that the lines may intersect, or may
be parallel, or may coincide. Can we solve them in each case? And if so, how? We
shall try and answer these questions from the geometrical point of view in thissection.

Let uslook at the earlier examples one by one.
e |n the situation of Example 1, find out how many rides on the Giant Wheel
Akhilahad, and how many times she played Hoopla.

In Fig. 3.2, you noted that the equations representing the situation are
geometrically shown by two linesintersecting at the point (4, 2). Therefore, the
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point (4, 2) lies on the lines represented by both the equations x — 2y = 0 and
3x + 4y = 20. And thisis the only common point.

Let us verify algebraicaly that x = 4, y = 2 is a solution of the given
pair of equations. Substituting the values of x and y in each equation, we get
4-2x2=0and3(4) +4(2) = 20. So, we have verified that x =4,y =2 isa
solution of both the equations. Since (4, 2) isthe only common point on both
thelines, thereisoneand only one solution for thispair of linear equations
in two variables.

Thus, the number of ridesAkhila had on Giant Wheel is 4 and the number
of times she played Hooplais 2.

e In the situation of Example 2, can you find the cost of each pencil and each
eraser?

In Fig. 3.3, the situation is geometrically shown by a pair of coincident
lines. The solutions of the equations are given by the common points.

Are there any common points on these lines? From the graph, we observe
that every point on the line is a common solution to both the equations. So, the
equations 2x + 3y = 9 and 4x + 6y = 18 have infinitely many solutions. This
should not surprise us, because if we divide the equation 4x + 6y = 18 by 2 , we
get 2x+ 3y =9, whichisthe same as Equation (1). That is, both the equations are
equivalent. From the graph, we see that any point on theline givesusapossible
cost of each pencil and eraser. For instance, each pencil and eraser can cost
Rs 3 and Re 1 respectively. Or, each pencil can cost Rs 3.75 and eraser can cost
Rs 0.50, and so on.

e Inthe situation of Example 3, can the two rails cross each other?

In Fig. 3.4, the situation is represented geometrically by two parallel lines.
Sincethelinesdo not intersect at all, therailsdo not cross. Thisa so meansthat
the equations have no common solution.

A pair of linear equationswhich hasno solution, is called an inconsistent pair of
linear equations. A pair of linear equationsin two variables, which hasasolution, is
called a consistent pair of linear equations. A pair of linear equations which are
equivalent has infinitely many distinct common solutions. Such a pair is called a
dependent pair of linear equations in two variables. Note that a dependent pair of
linear equationsisaways consistent.

We can how summarisethebehaviour of linesrepresenting apair of linear equations
intwo variables and the existence of solutionsasfollows:
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(i) thelinesmay intersect in asingle point. In this case, the pair of equations
has a unique solution (consistent pair of equations).

(i) the lines may be parallel. In this case, the equations have no solution
(inconsistent pair of equations).

(iii) thelinesmay be coincident. In thiscase, the equations haveinfinitely many
solutions [dependent (consistent) pair of equations].

L et usnow go back to the pairsof linear equationsformed in Examples 1, 2, and
3, and note down what kind of pair they are geometrically.
() x—2y=0and3x+4y—-20=0 (The lines intersect)
(i) 2x+3y—-9=0and4x+6y—18=0 (Thelinescoincide)
(i) x+2y—4=0and2x+4y—-12=0 (Thelinesareparallel)
Let us now write down, and compare, the values of %, % and 21—2 in al the

three examples. Here, a,, b, ¢, and a,, b,, ¢, denote the coefficents of equations
givenin the general formin Section 3.2.

Table 3.4
g | Pair of lines % % % Comparethe | Graphical Algebraic
No. 2 ratios representati on|interpretation
1 |x-2y=0 1|2/ 0 |a.h Intersecting [Exactl
X—2y= = — | —= ntersecting y one
3X+4y—20: 0 3 4 -20 & bz lines sol ytion
(unique)
2 [ 2x+3y—9=0 2|1 3|9 1a_ b g Coincident  [Infinitel
-9= —| —| == = = oinciden nfinitely
4 6|-18|% b o lines many solutions
4x+6y—18=0
3 |x+zy-a=0 | 1|2 |2 8 3.5 Paralld lines |No solution
—4= — — —_— - |
X*2y 2|2 |[T2|la b o =1
2X+4y—12=0

From thetable above, you can observethat if the linesrepresented by the equation
ax+by+c =0
and ax+hby+c,=0
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are (i) intersecting, then — ai bl
bz
(i) coincident, then - _ﬂ 4.
az bz G
_b
iii) paralel, then = ;t
e a b Cz

In fact, the converse is also true for any pair of lines. You can verify them by
considering some more examples by yourself.

L et us now consider some more examplesto illustrate it.
Example 4 : Check whether the pair of equations
X+3y=6 (1)
and 2x—-3y=12 @)
isconsistent. If so, solvethem graphically.

Solution : Let usdraw the graphs of the Equations (1) and (2). For this, we find two
solutions of each of the equations, which are given in Table 3.5

Table 3.5

Mot the pointsA(0, 2), B(6, 0),
P(0, — 4) and Q(3, — 2) on graph
paper, and join the pointsto form the
lines AB and PQ as shownin ‘T =6 3
Fig. 3.5. iXe

=y

We observethat thereisapoint
B (6, 0) common to both the lines
AB and PQ. So, the solution of the
pair of linear equationsisx = 6 and
y=0,i.e, thegiven pair of equations
is consistent.

Fig. 3.5
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Example5: Graphically, find whether thefollowing pair of equations hasno solution,
unique solution or infinitely many solutions:

5x—-8y+1=0 (D)
X— Y+ = 2
Solution : Multiplying Equation (2) by 3’ we get
5x-8y+1=0

But, thisisthe same as Equation (1). Hence the lines represented by Equations (1)
and (2) are coincident. Therefore, Equations (1) and (2) haveinfinitely many solutions.

Plot few points on the graph and verify it yourself.

Example 6 : Champawent to a“‘Sal€’ to purchase some pants and skirts. When her
friends asked her how many of each she had bought, she answered, “ The number of
skirtsistwo lessthan twice the number of pants purchased. Also, the number of skirts
isfour less than four times the number of pants purchased”. Help her friendsto find
how many pants and skirts Champa bought.

Solution : Let usdenote the number of pants by x and the number of skirtsby y. Then
the equations formed are :

y=2x-2 (1)
and y=4x-4 2

Let us draw the graphs of
Equations (1) and (2) by finding two
solutions for each of the equations.
They are givenin Table 3.6.

Table 3.6

y=2x-2| 2|-2

y=4x-4 | -4 0

Fig. 3.6
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Plot the pointsand draw the lines passing through them to represent the equations,
asshowninFig. 3.6.

Thetwo linesintersect at the point (1, 0). So, x =1, y = 0istherequired solution
of the pair of linear equations, i.e., the number of pants she purchased is 1 and she did
not buy any skirt.

Verify the answer by checking whether it satisfies the conditions of the given
problem.

EXERCISE 32

1. Form the pair of linear equations in the following problems, and find their solutions
graphically.

(i) 10studentsof Class X took part in aMathematics quiz. If the number of girlsis4
more than the number of boys, find the number of boys and girlswho took part in
thequiz.

(i) 5 pencilsand 7 pens together cost Rs 50, whereas 7 pencils and 5 pens together
cost Rs 46. Find the cost of one pencil and that of one pen.

2. On comparing the ratios &, % and a , find out whether the lines representing the
& G
following pairs of linear equationsintersect at apoint, are parallel or coincident:
(i) 5x—4y+8=0 (i) x+3y+12=0
7x+6y—9=0 18x+6y+24=0
(i) 6x—3y+10=0
2x—-y+9=0
, - a b o . o
3. On comparing theratios 3, b and S, , find out whether the following pair of linear
2 Y
equations are consistent, or inconsistent.
() 3x+2y=5; 2x-3y=7 (i) 2x—3y=8; 4x—-6y=9
(ii) gx + gyz 7;9x-10y=14 (iv) 5x—3y=11; —10x+6y=-22

4
V) X+ 2y=8;2x+3y=12

4. Which of the following pairs of linear equations are consistent/inconsistent? If
consistent, obtain the solution graphically:
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(i) x+y=5, 2x+2y=10
(i) x-y=38, 3x—3y=16
(i) 2x+y—6=0, 4x-2y—-4=0
(iv) 2x—2y—2=0, 4x-4y-5=0

5. Half the perimeter of arectangular garden, whose length is4 m more than itswidth, is
36 m. Find the dimensions of the garden.

6. Giventhelinear equation 2x + 3y —8 = 0, write another linear equation in two variables
such that the geometrical representation of the pair so formed is:

(i) intersectinglines (ii) paralle lines
(iii) coincident lines
7. Draw the graphs of the equationsx—y + 1 = 0 and 3x + 2y — 12 = 0. Determine the

coordinates of the vertices of the triangle formed by these lines and the x-axis, and
shade the triangular region.

3.4 Algebraic Methodsof SolvingaPair of Linear Equations

In the previous section, we discussed how to solveapair of linear equationsgraphically.
The graphical method is not convenient in cases when the point representing the

solution of the linear equations has non-integral coordinates like (v3, 247),

4 1
(-1.75,3.3), (1—3 Ej , €tc. Thereisevery possihility of making mistakeswhilereading

such coordinates. |s there any alternative method of finding the solution? There are
several algebraic methods, which we shall now discuss.

3.4.1 Substitution Method : We shall explain the method of substitution by taking
some examples.
Example 7 : Solvethefollowing pair of equations by substitution method:
7x—15y =2 Q)

X+2y=3 (2
Solution :
Sep 1: We pick either of the equations and write one variable in terms of the other.
Let us consider the Equation (2) :

X+2y=3
and write it as X=3-2y (©)]
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Step 2 : Substitute the value of x in Equation (1). We get
7(3-2y)-15y =2

i.e, 21-14y—-15y= 2

ie, —-29y = -19

Therefore, y= v
29

Step 3 Substituting thisvalue of y in Equation (3), we get

49
X=3- Z(QJ =

29) 29
.49 19
Therefore, the solutionisx = 29V 29
D - 49 19 : :
Verification : Substituting x = 59 andy= 59 , you can verify that both the Equations

(1) and (2) are satisfied.
To understand the substitution method more clearly, let us consider it stepwise:

Step 1: Find thevalue of onevariable, say y intermsof the other variable, i.e., x from
either equation, whichever is convenient.

Step 2: Substitute thisvalue of y in the other equation, and reduceit to an equationin
onevariable, i.e., intermsof X, which can be solved. Sometimes, asin Examples9 and
10 below, you can get statements with no variable. If this statement is true, you can
concludethat the pair of linear equations hasinfinitely many solutions. If the statement
isfalse, then the pair of linear equationsisinconsistent.

Step 3 : Substitute the value of x (or y) obtained in Step 2 in the equation used in
Step 1 to obtain the value of the other variable.

Remark : We have substituted the value of one variable by expressing it in terms of
the other variable to solve the pair of linear equations. That is why the method is
known as the substitution method.

Example 8 : Solve Q.1 of Exercise 3.1 by the method of substitution.

Solution : Let sand t be the ages (in years) of Aftab and his daughter, respectively.
Then, the pair of linear equations that represent the situationis

S—7=7(t-7),ie,s—Tt+42=0 (1)
and s+3=3(t+3),ie,s—3t=6 )
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Using Equation (2), we get s= 3t + 6.
Putting this value of sin Equation (1), we get
(Bt+6)—7t+42=0,
i.e., 4t = 48, which givest = 12.
Putting thisvalue of t in Equation (2), we get
s=3(12) +6=42

So, Aftab and his daughter are 42 and 12 years old, respectively.

Verify thisanswer by checkingif it satisfiesthe conditions of the given problems.
Example 9: Let usconsider Example 2 in Section 3.3, i.e., the cost of 2 pencils and

3erasersisRs 9 and the cost of 4 pencilsand 6 erasersis Rs 18. Find the cost of each
pencil and each eraser.

Solution : The pair of linear equations formed were:

2X+3y=9 (D)
4x + 6y = 18 2
We first express the value of x in terms of y from the equation 2x + 3y = 9, to get
_9-3y

Now we substitute this value of x in Equation (2), to get

49-3
—( ) +6y= 18
2
i.e, 18 -6y + 6y = 18
i.e, 18= 18

Thisstatement istruefor all valuesof y. However, we do not get a specific value
of y asasolution. Therefore, we cannot obtain aspecific value of x. Thissituation has
arisen bcause both the given equations are the same. Therefore, Equations (1) and (2)
have infinitely many solutions. Observe that we have obtained the same solution
graphically also. (Refer to Fig. 3.3, Section 3.2.) We cannot find a unique cost of a
pencil and an eraser, because there are many common solutions, to the given situation.

Example 10 : Let us consider the Example 3 of Section 3.2. Will therails cross each
other?
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Solution : The pair of linear equations formed were:

X+2y—4=0 (1)
2X+4y-12=0 2
We express x in terms of y from Equation (1) to get
X=4-2y

Now, we substitute this value of x in Equation (2) to get
24-2y)+4y—-12=0

i.e, 8-12=0

i.e, -4=0

which is a false statement.

Therefore, the equations do not have a common solution. So, the two rails will not
cross each other.

EXERCISE 3.3
1. Solvethefollowing pair of linear equations by the substitution method.
(i) x+y=14 (i) s—t=3
s t
—y= —+—-=6
X-y=4 32
(i) 3x-y=3 (iv) 0.2x+0.3y=13
9x—-3y=9 0.4x+0.5y=2.3
3x 5
(V) V2x+By=0 M) 5 =5 =2
x y 13
—_ — —_—t == —
J3x-8y=0 32 6
2. Solve 2x + 3y = 11 and 2x — 4y = — 24 and hence find the value of ‘m’ for which

y=mx+3.
3. Form the pair of linear equationsfor the following problems and find their solution by
substitution method.

(i) Thedifference between two numbersis26 and one number isthreetimesthe other.
Find them.

(i) Thelarger of two supplementary angles exceeds the smaller by 18 degrees. Find
them.

(iii) Thecoach of acricket team buys 7 batsand 6 ballsfor Rs 3800. Later, she buys3
bats and 5 ballsfor Rs 1750. Find the cost of each bat and each ball.
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(iv) Thetaxi chargesinacity consist of afixed chargetogether with the chargefor the
distance covered. For a distance of 10 km, the charge paid is Rs 105 and for a
journey of 15 km, the charge paid is Rs 155. What are the fixed charges and the
charge per km? How much does a person have to pay for travelling a distance of
25km? 9

(v) Afraction becomes — , if 2isadded to both the numerator and the denominator.

If, 3 is added to both the numerator and the denominator it becomes % . Find the
fraction.

(vi) Fiveyears hence, the age of Jacob will be three times that of his son. Five years
ago, Jacob’'s age was seven times that of his son. What are their present ages?

3.4.2 Elimination Method

Now let us consider another method of eliminating (i.e., removing) onevariable. This
IS sometimes more convenient than the substitution method. L et us see how thismethod
works.

Example 11 : The ratio of incomes of two personsis 9 : 7 and the ratio of their
expendituresis4 : 3. If each of them manages to save Rs 2000 per month, find their
monthly incomes.

Solution : Let us denote the incomes of the two person by Rs 9x and Rs 7x and their
expenditures by Rs 4y and Rs 3y respectively. Then the equations formed in the
situationisgivenby :

9x — 4y = 2000 (1)
and 7x —3y = 2000 2

Sep 1: Multiply Equation (1) by 3 and Equation (2) by 4 to make the coefficients of
y equal. Then we get the equations:

27x — 12y = 6000 ©)
28x — 12y = 8000 4)

Step 2 Subtract Equation (3) from Equation (4) to eliminatey, because the coefficients
of y are the same. So, we get

(28x — 27x) — (12y — 12y) = 8000 —6000
i.e, x = 2000
Step 3: Substituting thisvalue of xin (1), we get
9(2000) — 4y = 2000
i.e, y = 4000
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So, the solution of the equationsisx = 2000, y = 4000. Therefore, the monthly incomes
of the persons are Rs 18,000 and Rs 14,000, respectively.

Verification : 18000 : 14000 = 9 : 7. Also, the ratio of their expenditures =
18000 —2000 : 14000 —2000 = 16000: 12000=4: 3

Remarks :

1. Themethod used in solving the example aboveis called the elimination method,
because we eliminate one variablefirst, to get alinear equation in one variable.
In the example above, we eliminated y. We could also have eliminated x. Try
doing it that way.
2. You could also have used the substitution, or graphical method, to solve this
problem. Try doing so, and see which method is more convenient.
L et us now note down these steps in the elimination method :
Step 1: First multiply both the equations by some suitable non-zero constantsto make
the coefficients of one variable (either x or y) numerically equal.

Step 2 : Then add or subtract one equation from the other so that one variable gets
eliminated. If you get an equation in one variable, go to Step 3.

If in Step 2, we obtain atrue statement involving no variable, then the original
pair of equations hasinfinitely many solutions.

If in Step 2, we obtain afalse statement involving no variable, then the original
pair of equations hasno solution, i.e., itisinconsistent.

Step 3: Solve the equation in one variable (x or y) so obtained to get its value.

Step 4 Substitute this value of x (or y) in either of the original equations to get the
value of the other variable.

Now toillustrate it, we shall solve few more examples.

Example 12 : Use elimination method to find all possible solutions of the following
pair of linear equations:

2x+3y=8 (1)
Ax+6y=7 ()]
Solution :

Step 1 : Multiply Equation (1) by 2 and Equation (2) by 1 to make the
coefficients of x equal. Then we get the equations as :
4x + 6y = 16 (3)
Ax+6y=7 4)
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Step 2 : Subtracting Equation (4) from Equation (3),

(4x—4x) + (6y —6y) = 16 -7
i.e, 0= 9, which is afalse statement.
Therefore, the pair of equations has no solution.

Example 13 : The sum of atwo-digit number and the number obtained by reversing
thedigitsis66. If thedigitsof the number differ by 2, find the number. How many such
numbers are there?

Solution : Lettheten’sand the unit’sdigitsinthefirst number bex and y, respectively.
So, the first number may be written as 10x +y in the expanded form (for example,
56 = 10(5) + 6).

When the digits are reversed, x becomes the unit’s digit and y becomestheten’'s
digit. This number, in the expanded notation is 10y + x (for example, when 56 is
reversed, we get 65 = 10(6) + 5).

According to the given condition.
(10x +y) + (10y + x) = 66

e, L1(x+y) = 68

i.e, X+y=26 (D)
We are also given that the digits differ by 2, therefore,

either X—y=2 2
or y—Xx=2 (©)]

If x—y =2, then solving (1) and (2) by elimination, weget x=4andy = 2.
In this case, we get the number 42.
If y—x=2, then solving (1) and (3) by elimination, weget x=2 and y = 4.
In this case, we get the number 24.
Thus, there are two such numbers 42 and 24.
Verification : Here42+24=66and4—-2=2.Also 24 +42=66and4—-2=2.

EXERCISE 34
1. Solvethefollowing pair of linear equationsby the elimination method and the substitution
method :
() x+y=5and 2x-3y=4 (i) 3x+4y=10 and 2x—2y=2

X 2
(i) 3x—5y—4=0 and 9x=2y+7 (iv) §+?y=—1andX—%:3
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2. Form the pair of linear equations in the following problems, and find their solutions
(if they exist) by the elimination method :

0

(i)
(il

(iv)

V)

If weadd 1 to the numerator and subtract 1 from the denominator, afraction reduces
1
to 1. It becomes P if weonly add 1 to the denominator. What is the fraction?

Fiveyearsago, Nuri wasthrice asold as Sonu. Ten yearslater, Nuri will betwiceas
old as Sonu. How old are Nuri and Sonu?

The sum of the digits of atwo-digit number is 9. Also, nine times this number is
twice the number obtained by reversing the order of the digits. Find the number.

Meena went to a bank to withdraw Rs 2000. She asked the cashier to give her
Rs 50 and Rs 100 notes only. Meenagot 25 notesin al. Find how many notes of
Rs 50 and Rs 100 shereceived.

A lending library hasafixed chargefor thefirst three daysand an additional charge
for each day thereafter. Saritha paid Rs 27 for a book kept for seven days, while
Susy paid Rs 21 for the book she kept for five days. Find the fixed charge and the
chargefor each extraday.

3.4.3 Cross- Multiplication Method
So far, you have learnt how to solve a pair of linear equations in two variables by

graphical,

substitution and elimination methods. Here, weintroduce one more algebraic

method to solve a pair of linear equations which for many reasons is a very useful
method of solving these equations. Before we proceed further, let us consider the
following situation.

The

cost of 5 oranges and 3 apples is Rs 35 and the cost of 2 oranges and 4

applesis Rs 28. Let us find the cost of an orange and an apple.

Let us denote the cost of an orange by Rs x and the cost of an apple by Rsy.
Then, the equations formed are :

5x+3y =35, i.e,5x+3y-35=0 (@D}
2x+4y =28, i.e,2x+4y—-28=0 (2

Let us use the elimination method to solve these equations.
Multiply Equation (1) by 4 and Equation (2) by 3. We get

@E)x+ 4Ry + @35 =0 ©)
F)@)x+ ((4y + (3)(=28) = 0 (4)

Subtracting Equation (4) from Equation (3), we get
[B)(4) - ())Ix + [(D(3) — )]y + [4(-35) = (3)(-28)] = 0
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_ —@35) - (3)(-28)]

B G4 -3)(2

_ (=28 -4 (=39 ®)
OIORICIE)

If Equations (1) and (2) arewrittenasax+by+c =0andax+by+c,=0,
then we have

a,=5b=3c=-35a,=2b,=4.c,=-28

Therefore,

i.e.,

. . bc, - bg
Then Equation (5) can bewrittenas x = ——=—,
quation (5) ab, - ah
o G — G
Similarly, you can get = =—=—==
$IRHERS ' ab,-ab
By simplyfing Equation (5), we get
_ —-84+140
X T0-6
. _ (=392 -(5(-28) -70+140
Similarly, = 20— 6 = 1 =5

Therefore, x =4, y = 5isthe solution of the given pair of equations.

Then, the cost of an orange is Rs 4 and that of an appleis Rs 5.

Verification : Cost of 5 oranges + Cost of 3 apples=Rs 20 + Rs 15 = Rs 35. Cost of
2 oranges + Cost of 4 apples= Rs8 + Rs 20 = Rs 28.

Let us now see how this method works for any pair of linear equations in two
variables of theform
ax+by+c =0 D

and ax+by+c,=0 2
To obtain the values of x and y as shown above, we follow the following steps:

Step 1 : Multiply Equation (1) by b, and Equation (2) by b, to get
bax+bby+bc =0 (3)
bax+bby+bc,=0 4

Siep 2 : Subtracting Equation (4) from (3), we get:

(ba, —ba) x+ (b, —bb,)y+ (bc—-bc)=0
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e, (ba, —ba) x=Dbc,— bgc
bc, - b,e ,
So, Xx= ———=———= providedab,—-ab,#0 (5
ab b " ab,~a, )
Step 3 : Substituting this value of x in (1) or (2), we get
Ga, — 68
= —=—== 6
Y™ ap,—an ©

Now, two cases arise :
Casel: ab,—ab, #0.Inthiscase & . b . Then the pair of linear equations has
aunique solution. a b

Case2:ab,—ahb =0. Ifwewriteﬁzgzk,thenafkaz, b, = kb,

&
Substituting the values of a, and b, in the Equation (1), we get
k(@ax+hy) +c =0. (7)
It can be observed that the Equations (7) and (2) can both be satisfied only if
c,=kc,ie, Sok

If ¢, =kc,, any solution of Equation (2) will satisfy the Equation (1), and vice
versa. So, if & _ LY _G g , then there are infinitely many solutions to the pair of

linear equations given by (1) and (2).

If ¢, # k¢, then any solution of Equation (1) will not satisfy Equation (2) and vice
versa. Therefore the pair has no solution.

We can summarise the discussion above for the pair of linear equations given by
(1) and (2) asfollows:

(i) When a # LY , We get aunique solution.

a b
N a b ¢ e .
(i) When — = —= = — | thereareinfinitely many solutions.
a b o
(i) When & =2 . & thereisnosolution.
a b G
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Note that you can write the solution given by Equations (5) and (6) in the
following form:

X B y B 1
bc, -bt, @, —ca  ab —ab
In remembering the above result, the following diagram may be helpful to

X y 1
bl >< Cl >< al >< bl
b, c, a, b,
The arrows between the two numbersindicate that they are to be multiplied and

the second product isto be subtracted from the first.
For solving apair of linear equations by thismethod, wewill follow thefollowing
steps:
Sep 1 Write the given equations in the form (1) and (2).
Step 2 : Taking the help of the diagram above, write Equations as given in (8).
Sep 3: Findx andy, provided ab,—ab, # 0

Step 2 above gives you an indication of why this method is called the
cross-multiplication method.

©)

you:

Example 14 : From abusstand in Bangalore, if we buy 2 ticketsto Malleswaram and
3ticketsto Yeshwanthpur, thetotal costisRs46; but if we buy 3 ticketsto Malleswaram
and 5 ticketsto Yeshwanthpur thetotal cost is Rs 74. Find the fares from the bus stand
to Malleswaram, and to Yeshwanthpur.

Solution : Let Rsx bethe fare from the bus stand in Bangalore to Malleswaram, and
Rsy to Yeshwanthpur. From the given information, we have

2X+3y=46, ie, 2x+3y—-46=0 Q)
3x+5y=74,ie, 3x+5-74=0 (2
To solve the equations by the cross-multiplication method, we draw the diagram as
given below. x y 1
3 — 46 2 3
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X y 1

Then (74 - B)(-46)  (-46)3) - (-74(2 (29(B) -
i.e X = y = 1

’ -222+230 -138+148 10-9
: x_y_1
l.e., g = 1—0—1
) X 1 y 1
ie, §=1andl—o=1
i.e, x=8 and y=10

Hence, the fare from the bus stand in Bangalore to Malleswaram is Rs 8 and the fare
to Yeshwanthpur is Rs 10.

Verification : You can check from the problem that the sol ution we have got is correct.
Example15: For which values of p doesthe pair of equations given below hasunique

solution?
4x+py+8=0

2X+2y+2=0
Solution : Herea,=4,a,=2,b, =p,b,=2.

Now for the given pair to have a unique solution : & # ﬂ
. 2 b

: I

i.e, > # >

i.e., p#4

Therefore, for all values of p, except 4, the given pair of equations will have aunique
solution.

Example 16 : For what values of k will the following pair of linear equations have
infinitely many solutions?

k«+3y—(k=3)=0
12x +ky—k= 0

Solution:Here,ﬁzh,ﬂzg,&—E
a 12 b, k c k

For apair of linear equationsto haveinfinitely many solutions: & % -4
G

=7
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k 3 k-3
So, we need E_E_T
k 3
o 127 k
which givesk? = 36, i.e.,, k=% 6.
3 k-3
Also, E—T

gives 3k = k? — 3k, i.e., 6k = k> which meansk =0 or k= 6.

Therefore, the value of k, that satisfies both the conditions, isk = 6. For thisvalue, the
pair of linear equations hasinfinitely many solutions.

EXERCISE 35

1. Which of the following pairs of linear equations has unique solution, no solution, or
infinitely many solutions. In case there is a unique solution, find it by using cross
multiplication method.

(i) x—-3y-3=0 (i) 2x+y=5
3xX-9y-2=0 3x+2y=8

(i) 3x—5y=20 (iv) x=3y-7=0
6x—10y=40 3x—-3y—-15=0

2. () For which values of a and b does the following pair of linear equations have an
infinite number of solutions?

2Xx+3y=7
(a—b)x+(a+b)y=3a+b-2
(i) For whichvalueof kwill thefollowing pair of linear equations have no solution?
3x+y=1
(2k—1)x+(k-1)y=2k+1

3. Solvethefollowing pair of linear equations by the substitution and cross-multiplication
methods :

8x+5y=9
3x+2y=4
4. Form the pair of linear equationsin the following problems and find their solutions (if
they exist) by any algebraic method :
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0

(i)

(il

(iv)

V)

A part of monthly hostel charges is fixed and the remaining depends on the
number of days one has taken food in the mess. When a student A takes food for
20 days she hasto pay Rs 1000 as hostel charges whereas a student B, who takes
food for 26 days, pays Rs 1180 as hostel charges. Find the fixed charges and the
cost of food per day.

1 1
A fraction becomes 3 when 1 issubtracted from the numerator and it becomes 2

when 8 is added to its denominator. Find the fraction.

Yash scored 40 marksin atest, getting 3 marksfor each right answer and losing 1
mark for each wrong answer. Had 4 marks been awarded for each correct answer
and 2 marks been deducted for each incorrect answer, then Yash would have
scored 50 marks. How many questions were there in the test?

Places A and B are 100 km apart on a highway. One car startsfrom A and another
from B at the sametime. If the carstravel inthe samedirection at different speeds,
they meetin 5 hours. If they travel towards each other, they meet in 1 hour. What
are the speeds of the two cars?

The area of arectangle gets reduced by 9 square units, if itslength is reduced by
5 unitsand breadth isincreased by 3 units. If weincreasethelength by 3 unitsand
the breadth by 2 units, the areaincreases by 67 square units. Find the dimensions
of therectangle.

3.5 EquationsReducibletoaPair of Linear Equationsin Two Variables

In this section, we shall discuss the solution of such pairs of equations which are not
linear but can be reduced to linear form by making some suitable substitutions. We
now explain this process through some examples.

Example 17 : Solve the pair of equations:

2 3

£+2=-13
Xy
5 4
1 =_9
Xy

Solution : Let uswrite the given pair of equations as

{2)042)-
{)-42)--
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These equations are not in the form ax + by + ¢ = 0. However, if we substitute

%z pand %zq in Equations (1) and (2), we get
2p+3q= 13 ©)
Sp-4q=-2 ()

So, we have expressed the equations as a pair of linear equations. Now, you can use
any method to solve these equations, and get p=2, q = 3.

1 1
You know that p = X andq= —

Substitute the values of p and g to get

X 2 y 3

Verification : By substituting x=% and yzé in the given equations, we find that
both the equations are satisfied.

Example 18 : Solve the following pair of equations by reducing them to a pair of
linear equations:

5 1 — 5
Xx-1 y-2
6 3 _,
x-1 y-2
1 1
Solution : Let usput 5 ;= P and Y2~ 9. Thenthe given equations
1 1
5| — —
(x—lj+ y—2 "2 @
1 1
6 -3 =
(x—lj (y—zj =1 2
can be written as : 5p+q=2 3

6p—-3q=1 4
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Equations (3) and (4) form a pair of linear equationsin th% general fcirm. Now,

you can use any method to solve these equations. We get p = 3 andq= 3

o 1
Now, substituting 1 for p, we have
X_

.1
x-1 3
e, x—1=3 ie, x=4
Similarly, substituting ! 5 for g, weget
1.1
y-2 3
i.e, 3= y-2,ie,y=5

Hence, x = 4, y = 5 isthe required solution of the given pair of equations.

Verification : Substitute x =4 and y = 5in (1) and (2) to check whether they are
satisfied.

Example 19 : A boat goes 30 km

upstream and 44 km downstream in e _ o~
10 hours. In 13 hours, it can go e NS St

40 km upstream and 55 km T T———— Ry e RPTES
down-stream. Determine the speed P, ame—— =

of the stream and that of the boat in O e s ._...___,—--m

still water. :-H..—-L_'q - /Qf == -:‘:a —
Solution : Letthe speed of theboat =~ &=Q& % _:\:-x____:,_:.--::_
in still water be x km/h and speed of e d ™

the stream be y km/h. Thenthe ~— —— 7= ————"" T~
speed of the boat downstream
= (x+y) kmv/h,

and the speed of the boat upstream = (x —y) km/h
distance
Speed

In the first case, when the boat goes 30 km upstream, let the time taken, in hour,
be t,. Then

Also, time=

30
t,= ——

1 X_y
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Let t, bethetime, in hours, taken by the boat to go 44 km downstream. Then

t, = 44 The total timetaken, t, +1,, is 10 hours. Therefore, we get the equation

X+Yy

30 44

+ = 10 (€]
X—Yy X+Yy

In the second case, in 13 hoursit can go 40 km upstream and 55 km downstream. We
get the equation

40 N 55 - 13 @
X—Y X+y
=u and =V

Put X—y Xty ©)

On substituting these values in Equations (1) and (2), we get the pair of linear
equations:

30u+44v=10 or 30u+44v-10=0 4%
40u+55v=13 or 40u+55v-13=0 5)
Using Cross- multiplication method, we get
u 3 Vv B 1
44(-13) —55(-10)  40(-10) —30(-13) - 30(55) — 44(40)
_ u v 1
& 22~ ~10 110
: 1 1
.e, u= g’ V= ﬁ
Now put these values of u and v in Equations (3), we get
1 1 1 1
=— and =
x-y 5 x+y 11
i.e, Xx—y=5and x+y=11 (6)
Adding these equations, we get
2x= 16
i.e, x=8
Subtracting the equationsin (6), we get
2y=6

i.e., y=3
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Hence, the speed of the boat in still water is 8 km/h and the speed of the stream
is3km/h.

Verification : Verify that the solution satisfies the conditions of the problem.

EXERCISE 3.6
1. Solvethefollowing pairs of equations by reducing them to a pair of linear equations:

1 1 2 3
1 1 13 4 9 1
_———= - =
3 2y 6 Ix Ly

4 : S 1 _

(iii) ;+3y:14 (|v)m"’y_2—2
3 6 3 _
X =23 x-1 y-2
7X— 2y

(V) —Q0— =9 (vi) 6x+3y=6xy

xy
8x+ 7y
=15 4y =
Xy 2x+ 4y =5xy

10 2

(i) ——+——=4 (viii) 1 + t .3
X+y X-=Yy 3x+y 3x-y 4
15 5 _ 1 B 1 _-1
X+y X-Yy 2Bx+y) 2(3x-y) 8

2. Formulate the following problemsasapair of equations, and hence find their solutions:

(i) Ritucanrow downstream 20 kmin 2 hours, and upstream 4 kmin 2 hours. Find her
speed of rowing in still water and the speed of the current.

(i) 2 women and 5 men can together finish an embroidery work in 4 days, while 3
women and 6 men can finishit in 3 days. Find the time taken by 1 woman aoneto
finish the work, and also that taken by 1 man alone.

(i) Roohi travels 300 km to her home partly by train and partly by bus. She takes 4
hoursif shetravels 60 km by train and the remaining by bus. If shetravels 100 km
by train and the remaining by bus, she takes 10 minutes longer. Find the speed of
the train and the bus separately.
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EXERCISE 3.7 (Optional)*

1. Theagesof twofriendsAni and Biju differ by 3years. Ani’sfather Dharamistwiceasold
asAni and Bijuistwice asold as hissister Cathy. The ages of Cathy and Dharam differ
by 30 years. Find the ages of Ani and Biju.

2. One says, “Give me a hundred, friend! | shall then become twice asrich asyou”. The
other replies, “If you give meten, | shall besix timesasrich asyou”. Tell mewhat isthe
amount of their (respective) capital ?[From the Bijaganitaof Bhaskarall]

[Hint : x+100=2(y—100), y+10=6(x—10)].

3. A train covered a certain distance at a uniform speed. If the train would have been
10 km/hfaster, it would have taken 2 hourslessthan the scheduled time. And, if thetrain
wereslower by 10 km/h; it would have taken 3 hours more than the scheduled time. Find
the distance covered by the train.

4. The students of aclass are made to stand in rows. If 3 students are extrain arow, there
would be1row less. If 3 studentsarelessin arow, therewould be 2 rows more. Find the
number of studentsin the class.

5. InaAABC, 2 C=3/B=2(£A+ 2/ B).Findthethreeangles.

6. Draw thegraphs of the equations5x—y = 5 and 3x—y = 3. Determine the co-ordinates of
the vertices of the triangle formed by these lines and they axis.

7. Solvethefollowing pair of linear equations:

() px+ay=p-q (i) ax+by=c
gX—py=p+q bx+ay=1+c

Xy .

(iii) E_EZO (iv) (@a—b)x+ (a+b)y=a?—2ab-b?
ax+by=a?+b? (a+b)(x+y)=a®+b?

(V) 152x—378y=—74
—378x+ 152y =— 604

8. ABCD is a cyclic quadrilateral (see Fig. 3.7).
Find the angles of the cyclic quadrilateral.

* These exercisesare not from the examination point of view.
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3.6 Summary
In this chapter, you have studied the following points:

1. Twolinear equationsinthe sametwo variablesarecalled apair of linear equationsintwo
variables. The most general form of apair of linear equationsis

ax+by+c =0
ax+by+c,=0
wherea,, a, b,, b, ¢, ¢, arereal numbers, such that a’+ bf = 0, a2+ by = 0.
2. A pair of linear equationsin two variables can be represented, and solved, by the:
(i) graphical method
(i) algebraic method
3. Graphical Method :
The graph of apair of linear equationsin two variablesis represented by two lines.

(i) If thelinesintersect at apoint, then that point gives the unique solution of thetwo
equations. In this case, the pair of equationsis consistent.

(i) If thelines coincide, then there are infinitely many solutions — each point on the
line being asolution. Inthis case, the pair of equationsisdependent (consistent).

(iii) If thelinesare parallel, then the pair of equations has no solution. In this case, the
pair of equationsisinconsistent.

4. Algebraic Methods: We have discussed the following methodsfor finding the solution(s)
of apair of linear equations:

(i) Substitution Method
(i) Elimination Method
(iii) Cross-multiplication Method

5. If apair of linear equationsisgivenby ax+by+c =0andax+hy+c,=0,thenthe
following situations can arise:

0] 4. % > Inthis case, the pair of linear equationsis consistent.
&
(i) L E S > Inthis case, the pair of linear equations isinconsistent.
8 b ¢
(iii) ﬁ:ﬂ:& : Inthiscase, the pair of linear equation is dependent and consistent.
& G

6. Thereareseveral situationswhich can be mathematically represented by two equations
that are not linear to start with. But we alter them so that they are reduced to a pair of
linear equations.



QUADRATIC EQUATIONS

4.1 Introduction

In Chapter 2, you have studied different types of polynomias. One type was the
quadratic polynomial of theform ax? + bx + ¢, a# 0. When we equate this polynomial
to zero, we get aquadratic equation. Quadratic equations come up when we deal with
many real-life situations. For instance, suppose a
charity trust decidesto build aprayer hall having
acarpet areaof 300 square metreswithitslength 300 m?
one metre more than twice its breadth. What
should be the length and breadth of the hall?

Suppose the breadth of the hall isx metres. Then, 2 +1
itslength should be (2x + 1) metres. We can depict _
thisinformation pictorially asshownin Fig. 4.1. Fig. 4.1
Now, areaof thehall = (2x + 1). x m? = (2¥* + X) m?

o, 22+ x = 300 (Given)

Therefore, 2 +x-300=0

So, the breadth of the hall should satisfy the equation 2x? + x—300=0whichisa
quadratic equation.

Many peoplebelievethat Babylonianswerethefirst to solve quadratic equations.
For instance, they knew how to find two positive numbers with a given positive sum
and a given positive product, and this problem is equivalent to solving a quadratic
equation of the form x2 — px + q = 0. Greek mathematician Euclid developed a
geometrical approach for finding out lengths which, in our present day terminology,
are solutions of quadratic equations. Solving of quadratic equations, in general form, is
often credited to ancient Indian mathematicians. In fact, Brahmagupta (A.D.598-665)
gave an explicit formula to solve a quadratic equation of the form ax? + bx = c. Later,
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Sridharacharya (A.D. 1025) derived aformula, now known as the quadratic formula,
(asquoted by Bhaskarall) for solving aquadratic equation by the method of completing
the square. An Arab mathematician Al-Khwarizmi (about A.D. 800) also studied
guadratic equations of different types. Abraham bar Hiyya Ha-Nasi, in his book
‘Liber embadorum’ published in Europe in A.D. 1145 gave complete solutions of
different quadratic equations.

In this chapter, you will study quadratic equations, and various ways of finding
their roots. You will also see some applications of quadratic equations in daily life
Stuations.

4.2 Quadratic Equations

A quadratic equation in the variable xisan equation of the form ax?+ bx +c=0, where
a, b, c arereal numbers, a # 0. For example, 2¢* + x—300 = 0 is a quadratic equation.
Similarly, 2¢ —3x+1=0,4x—-3x +2=0and 1 —x* + 300 = O are also quadratic
equations.

In fact, any equation of the form p(x) = 0, where p(x) is a polynomial of degree
2, isaquadratic equation. But when we write the terms of p(x) in descending order of
their degrees, then we get the standard form of the equation. That is, ax? + bx + ¢ =0,
a# 0iscalled the standard form of a quadratic equation.

Quadratic equations arise in severa situations in the world around us and in
different fields of mathematics. Let us consider afew examples.

Example 1 : Represent the following situations mathematically:

(i) Johnand Jivanti together have 45 marbles. Both of them lost 5 marbles each, and
the product of the number of marblesthey now haveis124. Wewould liketofind
out how many marbles they had to start with.

(i) A cottage industry produces a certain number of toys in a day. The cost of
production of each toy (in rupees) was found to be 55 minus the number of toys
produced in a day. On a particular day, the total cost of production was
Rs 750. We would like to find out the number of toys produced on that day.

Solution :
(i) Let the number of marbles John had be x.
Then the number of marbles Jivanti had = 45 —x (Why?).
The number of marbles left with John, when helost 5 marbles=x—-5
The number of marbles left with Jivanti, when shelost 5 marbles=45—-x -5
=40-x
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Therefore, their product = (X —5) (40 — x)
= 40x — x2 — 200 + 5x

= —x?+ 45x — 200
o, — X2+ 45x—200 = 124 (Given that product = 124)
e, —-X+45x-324=0
i.e, X2—45x+324=0

Therefore, the number of marbles John had, satisfies the quadratic equation
X2 —45x+324=0
which isthe required representation of the problem mathematically.
(i) Let the number of toys produced on that day be x.
Therefore, the cost of production (in rupees) of each toy that day = 55 —x
So, the total cost of production (in rupees) that day = x (55 —x)

Therefore, X (55 —=x) = 750
i.e, B55x — x? = 750
ie, —Xx2+55x—-750=0
ie, X2 —55x+750=0

Therefore, the number of toys produced that day satisfiesthe quadratic equation
x> —55x+750=0

which isthe required representation of the problem mathematically.

Example 2 : Check whether the following are quadratic equations:
(i) (x—2?*+1=2x-3 (i) x(x+1)+8=(x+2) (x—2)
(i) x(2x+3)=x2+1 (iv) (x+22=x-4

Solution :
() LHS=(x=2+1=x-4x+4+1=x*-4x+5

Therefore, (X — 2)2+1 = 2x — 3 can be rewritten as
X2—4x+5=2x-3
i.e, xX*—6x+8=0
Itisof theform ax® + bx + ¢ = 0.
Therefore, the given equation is a quadratic eguation.
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(i)

(i)

(iv)

Sincex(x+1) +8=x*+x+8and (X +2)(x—2) =x*—4

Therefore, X¥+x+8=x-4

i.e, x+12=0

Itisnot of the form ax?+ bx + c=0.

Therefore, the given equation is not a quadratic equation.

Here, LHS=x(2x+ 3) = 2x* + 3x

o, X (2x + 3) = x* + 1 can be rewritten as
2+ 3x=x2+1

Therefore, weget x*+3x—-1=0

Itisof theformax? + bx + ¢ = 0.

So, the given equation is a quadratic equation.

Here, LHS=(x+2)*=x3+6x*+12x + 8

Therefore, (x + 2)* = x* — 4 can be rewritten as
X+6x2+12x+8=x2-4

i.e, 6x*+12x+12=0 or, x*+2x+2=0

Itisof theform ax? + bx + ¢ = 0.
So, the given equation is aquadratic equation.

Remark : Be careful! In (ii) above, the given equation appears to be a quadratic
equation, but it isnot aquadratic equation.

In (iv) above, the given equation appears to be a cubic equation (an equation of

degree 3) and not a quadratic equation. But it turns out to be a quadratic equation. As
you can see, often we need to simplify the given equation before deciding whether it
is quadratic or not.

EXERCISE 4.1
1. Check whether the following are quadratic equations :
i) (x+1)2=2(x-3) (i) ¥*—2x=(-2) (3—x)
(i) x=2)(x+1)=(xx-1)(x+3) (iv) (x=3)(2x+1) =x(x+5)
(V) (2x=1)(x=3)=(x+5)(x-1) (Vi) ®+3x+1=(x—2)?
(vii) (x+2)=2x(x2-1) (vii) X¥—4x2 —x+1=(x—2)°

2. Represent the following situationsin the form of quadratic equations :

(i) Theareaof arectangular plot is 528 m?. The length of the plot (in metres) is one
more than twice its breadth. We need to find the length and breadth of the plot.
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(i) The product of two consecutive positive integers is 306. We need to find the
integers.

(iii) Rohan’'s mother is 26 years older than him. The product of their ages (in years)
3yearsfrom now will be 360. Wewould like to find Rohan’s present age.

(iv) A train travels a distance of 480 km at a uniform speed. If the speed had been
8km/hless, then it would have taken 3 hours moreto cover the same distance. We
need to find the speed of the train.

4.3 Solution of aQuadratic Equation by Factorisation

Consider the quadratic equation 2x*> — 3x + 1 = 0. If we replace x by 1 on the
LHS of this equation, we get (2 x 12) — (3 x 1) + 1 = 0 = RHS of the equation.
We say that 1 isaroot of the quadratic equation 2x?—3x + 1 = 0. This also means that
lisazero of the quadratic polynomial 2x2 —3x + 1.

In general, a real number o is called a root of the quadratic equation
at+bx+c=0a#0ifaa?+bo +c=0.Weaso say that x = a is a solution of
the quadratic equation, or that o satisfies the quadratic equation. Note that the
zeroes of the quadratic polynomial ax®> + bx + ¢ and the roots of the quadratic
equation ax? + bx + ¢ = 0 are the same.

You have observed, in Chapter 2, that a quadratic polynomial can have at most
two zeroes. So, any quadratic equation can have atmost two roots.

You havelearntin Class|X, how to factorise quadratic polynomials by splitting
their middle terms. We shall use this knowledge for finding the roots of a quadratic
equation. Let us see how.

Example 3 : Find the roots of the equation 2x* — 5x + 3 = 0, by factorisation.

Solution : Let usfirst split the middle term — 5x as —2x —3x [because (—2x) x (=3x) =
6x% = (2¢%) x 3.

S0, 2 —-5x+3=2¢%-2x-3x+3=2x(x-1) -3(x—-1) = (2x-3)(x—1)
Now, 2x2 —5x + 3 = 0 can be rewritten as (2x — 3)(x — 1) = 0.
S0, the values of x for which 2¢ —5x + 3 = 0 are the same for which (2x—3)(x—1) =0,
i.e., either 2x—3=00rx—1=0.
3

Now, 2x —3 = 0 gives X=§ andx—1=0givesx=1.

3
o, XZE and x = 1 are the solutions of the equation.

3
In other words, 1 and 5 are the roots of the equation 2x> —5x + 3 =0.

Verify that these are the roots of the given equation.
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Note that we have found the roots of 2x* — 5x + 3 = 0 by factorising
2x* —5x + 3 into two linear factors and equating each factor to zero.

Example 4 : Find the roots of the quadratic equation 6x2 —x —2 = 0.
Solution : We have
BX?—X—2=6X2+3x—4x -2
=3x(2x+1)-2(2x+1)
=(3x—-2)(2x + 1)
The roots of 6x2 —x — 2 = 0 are the values of x for which (3x—-2)(2x+ 1) =0
Therefore, 3x—2=00r2x+1 =0,

- 2 d
1.e, X—3 or X= 5

2 1
Therefore, the roots of 6x2—x—2=0are§and -

2 1
We verify the roots, by checking that 3 and -3 satisfy 6x2 —x—2=0.
Example 5 : Find the roots of the quadratic equation 3x? — 2./6x+2=0-

Solution 1 3x2 — 2/6x+2 = 3x% —/6x —/6x+ 2
= V3x(\3x~+2) ~2(3x - 2)
= (V8x-2)(\3x-2)

So, the roots of the equation are the values of x for which

(V3x-+2)(v3x-+2)=0
Now, \/3x—+/2 =0 for X=\E.

So, this root is repeated twice, one for each repeated factor +/3x—+/2..

Therefore, the roots of 3x? —2./6x+2=0 are \E , \E :
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Example 6 : Find the dimensions of the prayer hall discussed in Section 4.1.

Solution : In Section 4.1, we found that if the breadth of the hall is x m, then x
satisfies the equation 2x* + x — 300 = 0. Applying the factorisation method, we write
this equation as

2% —24x + 25x—-300= 0
2X(x—=12)+25(x—-12)=0
i.e, (x—=12)(2x+25)=0

So, theroots of the given equation arex =12 or x =—12.5. Since X isthe breadth
of the hall, it cannot be negative.

Thus, the breadth of the hall is12 m. Itslength=2x+ 1 =25m.

EXERCISE 4.2
1. Findtheroots of the following quadratic equations by factorisation:
i) ¥*-3x-10=0 (i) 2¢+x-6=0
(i) V2x2+7x+5J2=0 (iv) 2x2—x+%:0

(v) 100x2—20x+1=0
Solvethe problemsgivenin Example 1.
Find two numbers whose sumis 27 and product is 182.
Find two consecutive positive integers, sum of whose squaresis 365.

Thealtitude of aright triangleis 7 cm lessthanitsbase. If the hypotenuseis 13 cm, find
the other two sides.

6. A cottageindustry producesacertain number of pottery articlesinaday. It wasobserved
on aparticular day that the cost of production of each article (in rupees) was 3 more than
twice the number of articles produced on that day. If thetotal cost of production on that
day was Rs 90, find the number of articles produced and the cost of each article.

g~ v DN

4.4 Solution of aQuadratic Equation by Completingthe Square

In the previous section, you havelearnt one method of obtaining theroots of aquadratic
equation. In this section, we shall study another method.

Consider thefollowing situation:

The product of Sunita’'s age (in years) two years ago and her age four years
from now is one more than twice her present age. What is her present age?

To answer this, let her present age (in years) be x. Then the product of her ages
two years ago and four years from now is (x — 2)(x + 4).
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Therefore, x=2)(x+4)=2x+1
i.e., X+ 2x—8=2x+1
i.e., x*-9=0

So, Sunita’s present age satisfies the quadratic equation x2 —9 = 0.

We can write this as X2 = 9. Taking sguare roots, we get X = 3 or X = — 3. Since
the age is a positive number, x = 3.
So, Sunita’s present age is 3 years.

Now consider the quadratic equation (x + 2)>—9 = 0. To solve it, we can write
it as (x + 2)2=9. Taking square roots, wegetx + 2=30or x+2=-3.
Therefore, x=1 o x=-5
So, the roots of the equation (x + 2)?—~9=0are 1 and —5.

In both the examples above, the term containing x is completely inside a square,
and we found the roots easily by taking the square roots. But, what happensif we are
asked to solve the equation x* + 4x — 5 = 0? We would probably apply factorisation to
do so, unless we realise (somehow!) that x> + 4x =5 = (x + 2)? - 9.

S0, solving X2+ 4x—5 = 0isequivalent to solving (X + 2)2—9 =0, which we have
seen is very quick to do. In fact, we can convert any quadratic equation to the form
(x + @)> — b*> = 0 and then we can easily find its roots. Let us see if thisis possible.
Look at Fig. 4.2.

In this figure, we can see how x? + 4x is being converted to (x + 2)? — 4.

X 4 X 4 X 2 2
x +x =X =x
X +4x X +4x X+ 2x+2x
X 2 2
x
= x=x+2 —DZ=x+2 _|:]2
2 2
2 2
2 x+2
(x+2)x+2xx (x+2)x+2 xx+22-2? (x+2)7 =22

Fig. 4.2
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The processisasfollows:
X2+ 4x = (X + ﬂX)+ ﬂx
- 2 2

= X2+ 2X+ 2X
= (X+2)x+ 2xX
S(X+2)X+2xx+2%x2-2x%x2
=(X+2)x+ (x+2)x2-2x%x2
=(x+2)(x+2)—22
=(x+2)2-4

SO, X2+4x-5=(x+22-4-5=(x+2)2*-9

S0, X2+ 4x—5=0 can bewritten as (x + 2)>—9 = 0 by this process of completing
the square. This is known as the method of completing the square.

In brief, this can be shown asfollows:

a4\ (4 4y
2 = | X+=| —|=| =|x+=| -4
XA ( 2) (2} [ 2)

So, X%+ 4x —5 = 0 can be rewritten as
2
4
X+—| —4-5=
rg) a-s=0
ie, x+2?-9=0

Consider now the equation 3x2—5x + 2 = 0. Note that the coefficient of X2 isnot
aperfect square. So, we multiply the equation throughout by 3 to get

9% —-15x+6=0

Now, 92 —15x + 6 = (3x)2—2><3x><g+6
2 2
= (3x)2—2><3x><g+(g) —(Ej +6

2 2
= (3X—§j —§+6 = (3x—§j 1
2 4 2 4
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So, 9x? — 15x + 6 = 0 can be written as

2

5 1

H 33X — — - =
l.e, ( 2)

2
5 1
So, the solutions of 9x? — 15x + 6 = 0 are the same as those of (3X—§j = 7

- s 5.1 g 5.1
i.e, x—2-20r 5 =73

5 1
(We can also write this as SX_E =% > where ‘+’ denotes ‘ plus minus'.)

5 1 5 1
Thus, 33X = §+§ or 3x=§—§
So X = E+l or X=§——
’ 6 6 6 6
Therefore, leorx:g
i.e leorx:g
’ 3

2
Therefore, the roots of the given eguation are 1 and 3

Remark : Another way of showing this processis asfollows:

Theeguation 3x-5x+2=0
is the same as
2o 2x+ 2 2 0
3 3

Now e S22 [x-1[3) S 19 .2
’ 35737 2\3 2\3)[ "3
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So, the solutions of 3x2—5x + 2 = 0 are the same as those of (
2

44

. S5 ) : 1 .51 2
which are x — 6 =+ 6,|.e., X= 6+6 =landx= 66" 3

Let us consider some examplesto illustrate the above process.

Example 7 : Solve the equation given in Example 3 by the method of completing the
square.

Solution : The equation 232 —5x + 3 = 0 isthe same as x* —gx+g=0.

\ 2 5,3 _ (§H§)§ B} (xff—i
ow, 2727\ ") ) 27 ") 1.
. 57 1
Therefore, 2x2 — 5x + 3 = 0 can be written as X_Z _E:O'

So, the roots of the equation 2x? — 5x + 3 = 0 are exactly the same as those of

2 2 2
1 1 5 1
(X—§j ——=0. Now, (X_§j -— =Oisthesameas(X——j =

4) 16 4) 16 4) 16
Theref x—> = +1
ererore, 4 = —4
5 1
= Z+=
l1.e., X 44
_5. 1,451
l1.e., X= 4 2
X = §orx—l
ie, =3 =
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Therefore, the solutions of the equations are x= 3 and 1.

Let usverify our solutions.

3 2
Putting X=§ in 2x2 — 5x + 3 = 0, we get Z(gj —5(2j+3=0, which is
correct. Similarly, you can verify that x = 1 also satisfies the given equation.
In Example 7, we divided the equation 2x2 — 5x + 3 = 0 throughout by 2 to get

3
X2 — EX + 5= 0 to make the first term a perfect square and then completed the

sguare. Instead, we can multiply throughout by 2 to make the first term as 4x? = (2x)?
and then complete the square.

Thismethod isillustrated in the next example.
Example8: Findtheroots of the equation 5x2—6x—2 = 0 by the method of completing
the sguare.
Solution : Multiplying the equation throughout by 5, we get
25x2—-30x—10=10
Thisis the same as
(5x)2—2x (5x) x 3+3?-32-10=0

i.e, (5x—-3)2-9-10=0
i.e, (5x—-3)2-19=0
i.e, (5x—3)?= 19
ie, 5x—3= +./19
ie, 5x= 3+4/19
+
o, X = 32419
5
Therefore, the roots are 3+;/E and 3_;/5.
. 1 -1
Verify that the roots are 3+g/_9 and 3 ;/_9
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Example 9 : Find the roots of 4x*> + 3x + 5 = 0 by the method of completing the
square.

Solution : Note that 4x? + 3x + 5 = 0 is the same as

3 (3)Y [(3Y
(2X)2+2X(2X)Xz+(z) —(Z) +5:O

3¢ 9

i 2X+—-| ——+5=

e, ( 4j 16 0

i 2x+§ 2 +7—1 =0

i.e, 2 6

2
e [2x+§) "o
) 4 6

2
3 .
But (2x + Zj cannot be negative for any real value of x (Why?). So, thereis

no real value of x satisfying the given equation. Therefore, the given equation has no
real roots.

Now, you have seen several examples of the use of the method of completing
the square. So, let us give this method in general.

Consider the quadratic equation ax? + bx + ¢ =0 (a= 0). Dividing throughout by

a, we get XX +—x+—=0
a a
bY (b)Y ¢

Thisis the same as (X+—j —(—) +—=0
2a 2a a

ie (X+£j2__b2—4ac =0

2a 4>

So, the roots of the given equation are the same as those of

( bjz_b2—4ac

X+—
2a 432

b? — 4ac
4a°

b 2
=0, i.e, those of (X+2_a) = 1
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If b?> —4ac > 0, then by taking the square roots in (1), we get

++/b? — 4ac

X+— =
2a 2a
A 2_
Therefore, X = _bib—m
2a
[ 2 [ 2
So, the roots of ax2 + bx + ¢ = 0 are b+ Sa 4ac and b ;a 4ac,if

b?> —4ac > 0. If b? - 4ac < 0, the equation will have no real roots. (Why?)

Thus, if b> — 4ac 2 0, then the roots of the quadratic equation

b++/b? —4ac

ax®+ bx + ¢ = 0 are given by — o

This formula for finding the roots of a quadratic equation is known as the
guadratic formula.

Let us consider some examplesfor illustrating the use of the quadratic formula.

Example 10 : Solve Q. 2(i) of Exercise 4.1 by using the quadratic formula.

Solution : Let the breadth of the plot be x metres. Then the length is (2x + 1) metres.
Then we are given that x(2x + 1) = 528, i.e., 2x* + x — 528 = 0.

Thisisof theform ax? + bx + ¢ =0, wherea=2,b=1, c =—-528.
So, the quadratic formulagives us the solution as

| 1+\1+4(2)(528) -1+/4225 1465

4 4 4
i - %o x=T®
i.e., X = 2 2
. 33
e, Xx=16 or Xx= _7

Since x cannot be negative, being a dimension, the breadth of the plot is
16 metres and hence, the length of the plot is 33m.

You should verify that these values satisfy the conditions of the problem.
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Example 11 : Find two consecutive odd positive integers, sum of whose squares
i5290.

Solution : Let the smaller of the two consecutive odd positive integersbe x. Then, the
second integer will be x + 2. According to the question,

X2+ (x+2)2= 290

ie, X+ X+ 44X+ 4= 290
ie, 22+ 4x—-286=0
ie, X+ 2x—-143=0

which isaquadratic equation in x.
Using the quadratic formula, we get

_ -2+ J4+572 2+.576 —2+24

X = =
2 2 2

e, Xx=11 or x=-13

But x is given to be an odd positive integer. Therefore, x # — 13, x = 11.

Thus, the two consecutive odd integers are 11 and 13.

Check : 112+ 132 = 121 + 169 = 290.

Example 12 : A rectangular park is to be designed whose breadth is 3 m lessthan its
length. Its areaisto be 4 square metres more than the area of a park that has already

been made in the shape of an isosceles triangle with its base as the breadth of the
rectangular park and of altitude 12 m (see Fig. 4.3). Find its length and breadth.

Solution : Let the breadth of the rectangular park be x m.

So, itslength = (x + 3) m.

Therefore, the area of the rectangular park = x(x + 3) m? = (x* + 3x) m2. 12
Now, base of the isosceles triangle = x m.

-
1
Therefore, its area = 5 XXX 12=6xm?
According to our requirements, x+3
X+ 3x=6x+4
i.e, X*-3x—-4=0
X

Using the quadratic formula, we get _
Fig. 4.3
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=dor-1

3+4J25 3%5
X = =
2

2
But x # — 1 (Why?). Therefore, x = 4.
So, the breadth of the park = 4m and its length will be 7m.
Verification : Area of rectangular park = 28 nv?,
area of triangular park = 24 m? = (28 — 4) m?

Example 13 Find the roots of the following quadratic equations, if they exist, using
the quadratic formula:

(i) 3x*-5x+2=0 (i) x*+4x+5=0 (i) 2¢—-22x+1=0
Solution :

(i) 3xX*—5x+2=0.Here,a=3,b= —-5,c=2.S0,b?-4ac=25-24=1> 0.

5+41 5+1 2
=——,le,X=1o0or x=—2

Th =
erefore, x 6 5 3

2
So, the roots are § and 1.

(i) x¥*+4x+5=0.Here,a=1,b=4,c=5.S0,b*-4ac=16-20=-4<0.

Since the square of areal number cannot be negative, therefore ,/b? — 4ac will
not have any real value.

So, there are no real roots for the given equation.

(i) 2 — 2/2x+1=0.Here,a=2,b= —22,c=1

So, b?—4ac=8-8=0
22+J0 2 1
= ————=—+0 ie, X=—
Therefore, x 2 5 , NG

1
So, theroots are i ,

NI
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Example 14 : Find the roots of the following equations:

1 1 1
i) X+—=3x%0 il —————=3 x%0,2
(i) < 3 (ii) %3 3
Solution :
. 1 _
(i) x+ v 3. Multiplying throughout by x, we get
X+ 1=3x
i.e, X2 —3x + 1 = 0, whichisaquadratic equation.
Here, a=1,b=-3,¢c=1
o, b2—4ac=9-4=5>0
3++5
Therefore, X = T\/— (Why?)
3++5 3-+5
So, the roots are +2J_ ad Tf

1 1
il ————=3 x=0, 2,
(ii) "% 3 3

Asx# 0, 2, multiplying the equation by x (x— 2), we get

Xx—=2)—x=3x(x-2)

= 3x2 - 6x

So, the given equation reduces to 3x*— 6x + 2 = 0, which is a quadratic equation.

Here, a=3,b=-6,c=2. So, b»’-4ac=36-24=12>0
6+12 6+2J3 3+4/3
Therefore, X = = = .
6 6 3
3+4/3 3-43

and

So, the roots are
S 3 3
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Example 15 : A motor boat whose speed is 18 km/h in still water takes 1 hour more
to go 24 km upstream than to return downstream to the same spot. Find the speed of
the stream.

Solution : Let the speed of the stream be x km/h.

Therefore, the speed of the boat upstream = (18 — x) km/h and the speed of the boat
downstream = (18 + x) km/h.

di stance= 24
Speed 18-

The time taken to go upstream = ” hours.

Similarly, the time taken to go downstream = 187 x hours.
According to the question,
2424 1
18-x  18+x
i.e, 24(18 + x) —24(18 —x) = (18 —x) (18 + x)

ie, X2+48x—-324=0
Using the quadratic formula, we get

_ —48++/48°+1296  —48++/3600
X= 2 T2

_ —48+60

2

Since x isthe speed of the stream, it cannot be negative. So, we ignore the root
X = —54. Therefore, x = 6 gives the speed of the stream as 6 km/h.

=6o0r—-54

EXERCISE 4.3
1. Find the roots of the following quadratic equations, if they exist, by the method of
completing the square:
(i) 2-7x+3=0 (i) 2 +x-4=0
(iii) 4x% +4+/3x+3=0 (iv) 2¢+x+4=0

2. Findtheroots of the quadratic equations given in Q.1 above by applying the quadratic
formula
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10.

11

Find the roots of the following equations:

: 1 1 1 11
() x——=3x=0 (i) — ———=—,x#-4,7
X Xx+4 x-7 30

The sum of the reciprocals of Rehman’s ages, (in years) 3 years ago and 5 years from
1
now is 5 Find his present age.

Inaclasstest, the sum of Shefali’smarksin Mathematics and Englishis 30. Had she got
2 marks more in Mathematics and 3 marks less in English, the product of their marks
would have been 210. Find her marksin the two subjects.

Thediagonal of arectangular field is 60 metres more than the shorter side. If thelonger
side is 30 metres more than the shorter side, find the sides of thefield.

The difference of squares of two numbersis 180. The square of the smaller number is8
timesthe larger number. Find the two numbers.

A train travels 360 km at auniform speed. If the speed had been 5 km/h more, it would
have taken 1 hour less for the same journey. Find the speed of thetrain.

Two water tapstogether can fill atank in 9%’ hours. Thetap of larger diameter takes 10

hourslessthan the smaller oneto fill the tank separately. Find the timein which each tap
can separately fill thetank.

An express train takes 1 hour less than a passenger train to travel 132 km between
Mysore and Bangalore (without taking into consideration the time they stop at
intermediate stations). If the average speed of the expresstrainis 11km/h morethan that
of the passenger train, find the average speed of the two trains.

Sum of the areas of two squaresis 468 m?. If the difference of their perimetersis 24 m,
find the sides of the two squares.

4.5 Nature of Roots
In the previous section, you have seen that the roots of the equation ax? + bx + ¢ =0

aregi

b

2a

ven by
_ —bxyb*-4ac
X= 2a
2 —
If b2 — 4ac > 0, we get two distinct real roots —£+M and
2a 2a
Jb? — 4ac

2a
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If b?—4ac =0, th ——£+O i.e x——ﬂor—ﬂ-
oA=L e X = o T 2a 2a

b
So, the roots of the equation ax? + bx + ¢ = 0 are both >a

Therefore, we say that the quadratic equation ax?* + bx + ¢ = 0 has two equal
real rootsin this case.

If b?—4ac < 0, then thereisno real number whose squareisb? —4ac. Therefore,
there are no real roots for the given quadratic equation in this case.

Since b? — 4ac determines whether the quadratic equation ax? + bx + ¢ = 0 has
real roots or not, b? — 4ac is called the discriminant of this quadratic equation.

So, a quadratic equation ax? + bx + ¢ = 0 has
(i) two distinct real roots, if b*> — 4ac > 0,
(if) two equal real roots, if b*> — 4ac = 0,

(iii) noreal rooats, if b> —4ac < 0.
Let us consider some examples.

Example 16 : Find the discriminant of the quadratic equation 2x* —4x + 3 = 0, and
hence find the nature of its roots.

Solution : Thegiven equationisof theformax®+ bx + ¢ =0, wherea=2,b=—-4and
¢ = 3. Therefore, the discriminant

b*—dac=(—4)-(4x2x3)=16-24=-8<0
So, the given equation has no real roots.

Example 17 : A pole has to be erected at a point on the boundary of acircular park
of diameter 13 metres in such a way that the differences of its distances from two
diametrically oppositefixed gatesA and B on the boundary is 7 metres. Isit possibleto
do so? If yes, at what distances from the two gates should the pole be erected?

Solution : Let us first draw the diagram
(see Fig. 4.4). N

Let P be the required location of the
pole. Let the distance of the pole from the
gate B be x m, i.e., BP = x m. Now the
difference of the distances of the pole from
the two gates = AP — BP (or, BP — AP) = P
7 m. Therefore, AP= (x + 7) m.

Fig. 4.4
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Now, AB = 13m, and since AB is a diameter,
ZAPB = 90°  (Why?)

Therefore, AP* + PB2= AB? (By Pythagoras theorem)

i.e, X+ 7?2+ x2= 13

i.e, X2+ 14x + 49 + x> = 169

i.e, 22 +14x-120=0

So, the distance ‘X’ of the pole from gate B satisfies the equation
X*+7x—-60=0

So, it would be possible to place the poleif this equation hasreal roots. To seeif this
iSso or not, let us consider itsdiscriminant. Thediscriminantis

b>—4ac=72-4x1x (—60) = 289> 0.

So, the given quadratic equation hastwo real roots, and it is possibleto erect the
pole on the boundary of the park.

Solving the quadratic equation X2 + 7x— 60 = 0, by the quadratic formula, we get

_ —7+4289 -7%17
B 2 )

Therefore, x =5 or — 12.

Since x is the distance between the pole and the gate B, it must be positive.
Therefore, x = — 12 will haveto beignored. So, x = 5.

Thus, the pole has to be erected on the boundary of the park at a distance of 5m
from the gate B and 12m from the gate A.

1
Example 18 : Find the discriminant of the equation 3x? — 2x +§ = 0 and hence find
the nature of itsroots. Find them, if they arereal.

1
Solution : Herea=3,b=-2and C=§.

1
Therefore, discriminant b? —4ac = (— 2)? -4 x 3 x 3 =4-4=0.

Hence, the given quadratic equation has two equal real roots.

b. 22 . 11
1.6

-b
— = —, e, =) =.
The roots are 6 6 3' 3

2a 2a’
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EXERCISE 44
1. Findthe nature of the roots of the following quadratic equations. If thereal roots exist,
find them:
i) 2¢—3x+5=0 (i) 3¢—43x+4=0

(i) 2x—6x+3=0
2. Findthevaluesof kfor each of the following quadratic equations, so that they have two
equal roots.
(i) 2¢+kx+3=0 (i) kx(x—2)+6=0

3. Isit possible to design a rectangular mango grove whose length is twice its breadth,
and the areais 800 m?? If so, find itslength and breadth.

4. Isthefollowing situation possible? If so, determine their present ages.
The sum of the ages of two friendsis 20 years. Four years ago, the product of their ages
inyearswas48.

5. Isit possibleto design arectangular park of perimeter 80 m and area400 m??If so, find
its length and breadth.

4.6 Summary
In this chapter, you have studied the following points:

1. A quadratic equationinthevariablexisof theform ax?+ bx+c=0, wherea, b, carereal
numbersand a # 0.

2. A real number o is said to be a root of the quadratic equation ax? + bx + ¢ = O, if
ao? + bo + ¢ = 0. The zeroes of the quadratic polynomial ax? + bx + ¢ and theroots of the
quadratic equation ax + bx + ¢ = 0 are the same.

3. If wecanfactoriseax? + bx + ¢, a= 0, into aproduct of two linear factors, then theroots
of the quadratic equation ax? + bx + ¢ = 0 can be found by equating each factor to zero.

4. A quadratic equation can aso be solved by the method of completing the square.
5. Quadratic formula: The roots of a quadratic equation ax? + bx + ¢ = 0 are given by

—b+Vb®-4ac Vbz“‘ac, provided b?—4ac > 0.
2a
6. A quadratic equation ax? + bx+ c=0 has
(i) twodistinct real roots, if b>—4ac> 0,
(i) two equal roots (i.e., coincident roots), if b>—4ac=0, and
(iii) noreal roots, if b?—4ac < 0.
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A NoTE To THE READER

In case of word problems, the obtained solutions should always be
verified with the conditions of the original problem and not in the
equations formed (see Examples 11, 13, 19 of Chapter 3 and
Examples 10, 11, 12 of Chapter 4).




ARITHMETIC PROGRESSIONS

5.1 Introduction

You must have observed that in nature, many things follow acertain pattern, such as
the petals of a sunflower, the holes of a honeycomb, the grains on a maize cob, the
spirals on a pineapple and on a pine cone etc.

We now look for some patterns which occur in our day-to-day life. Some such
examples are:

(i) Reena applied for a job and got selected. She

has been offered ajob with a starting monthly

salary of Rs8000, with an annual increment of

Rs 500 in her salary. Her salary (in Rs) for the

1st, 2nd, 3rd, . . . yearswill be, respectively

8000, 8500, 9000,....

(i) The lengths of the rungs of a ladder decrease
uniformly by 2 cm from bottom to top
(see Fig. 5.1). The bottom rung is 45 cm in
length. The lengths (in cm) of the 1st, 2nd,
3rd, . . ., 8th rung from the bottom to the top
are, respectively Fig. 5.1
45,43, 41, 39, 37, 35, 33,31

5
(iif) In asavings scheme, the amount becomes 4 times of itself after every 3 years.

The maturity amount (in Rs) of an investment of Rs 8000 after 3, 6, 9 and 12
yearswill be, respectively :
10000, 12500, 15625, 19531.25
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(iv) The number of unit squaresin squareswith side 1, 2, 3, . . . units (see Fig. 5.2)
are, respectively

12,223 .. ..

Fig. 5.2

(v) Shakila put Rs 100 into her daughter’s money box when she was one year old
and increased the amount by Rs 50 every year. The amounts of money (in Rs) in
the box on the 1st, 2nd, 3rd, 4th, . . . birthday were

100, 150, 200, 250, ...,respectively.

(vi) A pair of rabbitsaretoo young to producein their first month. In the second, and
every subseguent month, they produce a new pair. Each new pair of rabbits
produce a new pair in their second month and in every subsequent month (see
Fig. 5.3). Assuming no rabbit dies, the number of pairs of rabbits at the start of
the 1st, 2nd, 3rd, . . ., 6th month, respectively are:

1,1,2,35,8
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In the examples above, we observe some patterns. In some, we find that the
succeeding terms are obtained by adding a fixed number, in other by multiplying
with a fixed number, in another we find that they are squares of consecutive
numbers, and so on.

In this chapter, we shall discuss one of these patternsin which succeeding terms
are obtained by adding a fixed number to the preceding terms. We shall aso see how
to find their nth terms and the sum of n consecutive terms, and use thisknowledgein
solving somedaily life problems.

5.2 ArithmeticProgressions
Consider thefollowing lists of numbers:

M1 23 4...

(i) 100, 70, 40, 10,...

@) =3, =2, -1, O, . . .

(iv) 3, 3,3 3,...

(v) 1.0, -1.5,-2.0,-25, ...

Each of the numbersin thelistiscalled aterm.

Given aterm, can you write the next term in each of the lists above? If so, how
will you write it? Perhaps by following a pattern or rule. Let us observe and write the
rule.

In (i), each term is 1 more than the term preceding it.

In (ii), each term is 30 less than the term preceding it.

In (iii), each term is obtained by adding 1 to the term preceding it.

In (iv), al the terms in the list are 3, i.e., each term is obtained by adding
(or subtracting) O to the term preceding it.

In (v), each term is obtained by adding — 0.5 to (i.e., subtracting 0.5 from) the
term preceding it.

Inal thelistsabove, we seethat successivetermsare obtained by adding afixed
number to the preceding terms. Such list of numbersis said to form an Arithmetic
Progression ( AP ).

So, an arithmetic progression is a list of numbers in which each term is

obtained by adding a fixed number to the preceding term except the first
term.

This fixed number is called the common difference of the AP. Remember that
it can be positive, negative or zero.
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L et us denote the first term of an AP by a , second term by a,, . . ., nth term by
a, and the common difference by d. Then the AP becomes a,, a,, a,, . . ., a,.

S, a,-a=a,-a=...=a-a _,=d
Some more examples of AP are:

(a) The heights (in cm ) of some students of a school standing in a queue in the
morning assembly are 147, 148, 149, . . ., 157.

(b) The minimum temperatures ( in degree celsius ) recorded for a week in the
month of January in acity, arranged in ascending order are

-31,-30,-29,-28,-27,-2.6,-25

(c) Thebalance money (in Rs) after paying 5 % of thetotal 1oan of Rs 1000 every
month is 950, 900, 850, 800, . . ., 50.

(d) Thecash prizes(in Rs) given by aschool to the toppers of Classes| to X1 are,
respectively, 200, 250, 300, 350, . . ., 750.

(e) Thetotal savings(in Rs) after every month for 10 monthswhen Rs 50 are saved
each month are 50, 100, 150, 200, 250, 300, 350, 400, 450, 500.

It isleft as an exercise for you to explain why each of the lists above isan AP,

You can see that
aa+da+2d,a+3d,...

represents an arithmetic progression where a is the first term and d the common
difference. Thisis called the general form of an AP.

Note that in examples (a) to (e) above, there are only afinite number of terms.
Such anAPiscalled afinite AP. Also note that each of these Arithmetic Progressions
(APs) hasalast term. The APsin examples (i) to (v) in this section, are not finite APs
and so they are called infinite Arithmetic Progressions. Such APs do not have a
last term.

Now, to know about an AP, what isthe minimum information that you need?sit
enough to know thefirst term? Or, isit enough to know only the common difference?
You will find that you will need to know both — the first term a and the common
difference d.

For instance if the first term a is 6 and the common difference d is 3, then
the APis
6,9,12,15,...

andif ais6anddis—3, thenthe APis
6,3,0,-3,...
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Similarly, when
=-7, =-2, theAPis -7,-9,-11,-13, ...
a= 10, d=0.1, theAPis 1.0,1.1,12,13,...

5 2,6,...

a=2, d=0, theAPis 2,2,2,2, ...

So, if you know what a and d are, you can list the AP. What about the other way
round? That is, if you are given alist of numbers can you say that it isan APand then
find aand d? Since aisthefirst term, it can easily be written. We know that in an AP,
every succeeding term is obtained by adding d to the preceding term. So, d found by
subtracting any term fromitssucceeding term, i.e., the termwhichimmediately follows
it should be same for an AP.

1 _ 1 1
a= 0, d=15, theAPis O, 1,3,4—

For example, for thelist of numbers:

6,912, 15, ...,
We have a-a=9 -6=3,
a,-a,=12-9=3,

a,—-a,=15-12=3
Here the difference of any two consecutive terms in each case is 3. So, the
given list isan APwhose first term a is 6 and common differencedis 3.
For thelist of numbers: 6,3,0,-3, .. .,
a-a=3-6=-3
a,-a,=0-3=-3
a,-a,=-3-0=-3
Similarly thisisalso an AP whosefirst term is 6 and the common difference
is-3.
In generd, foranAPa,, a,, . . ., a, we have
d = a'k+ 1 ak
where a, ., and a, arethe ( k + 1)th and the kth terms respectively.

To obtain d in agiven AP, we need not find all of a,—-a,a,—a,a,—a,....
It isenough to find only one of them.

Consider thelist of numbers1,1,2,3,5,....Bylooking at it, you can tell that the
difference between any two consecutive termsis not the same. So, thisis not an AP,
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Notethat tofinddinthe AP : 6, 3,0, -3, .. ., we have subtracted 6 from 3
and not 3 from 6, i.e., we should subtract the kth term from the (k + 1) th term
even if the (k + 1) th term is smaller.

Let us make the concept more clear through some examples.

Example 1 : For the AP : g

common difference d.

, 1,— E—E , . .., write the first term a and the
2 2 2

3
Solution : Here, a= E’d:

Remember that we can find d using any two consecutive terms, once we know that
the numbers are in AP,

s,

N

Example 2 : Which of thefollowing list of numbers doesform an AP?1f they forman
AP, write the next two terms :

(@) 4,10, 16, 22, ... (i) 1,-1,-3,-5,...
(i) —2,2,-2,2,-2, ... (iv) 1,1,1,2,2,2,3,3,3,...
Solution : (i) Wehave a,—a =10-4= 6
a,—a, =16-10=6
a,—a, =22-16 =6
i.e, a,,—a isthesameevery time.
So, the given list of numbers forms an AP with the common difference d = 6.
The next two terms are: 22 + 6 = 28 and 28 + 6 = 34.
(i) a,—-a, =-1-1=-2
a,-a=-3-(-1)=-3+1=-2
a,-a,=-5-(3)=-5+3=-2
i.e, a_,, —a_ isthesame every time.
So, the given list of numbers forms an AP with the common differenced = —2.
The next two terms are:
-5+ (-2)=-7 and -7+(-2)=-9
(i) a,—a,=2-(-2)=2+2=4
a-a,=-2-2=-4
Asa,-a, a,-a, the given list of numbers does not form an AP.
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Here,a,—a =a,—a,# a3, —a,

So, the given list of numbers does not form an AP.

EXERCISE 5.1
1. Inwhich of thefollowing situations, doesthelist of numbersinvolved make an arithmetic
progression, and why?

(i) Thetaxi fareafter eachkmwhenthefareisRs15for thefirst kmand Rs8for each
additional km.

- . . . 1
(i) Theamount of air present in a cylinder when avacuum pump removes — of the
air remaining inthecylinder at atime. 4

(i) Thecost of digging awell after every metre of digging, when it costs Rs 150 for
the first metre and rises by Rs 50 for each subsequent metre.

(iv) The amount of money in the account every year, when Rs 10000 is deposited at
compound interest at 8 % per annum.

2. Writefirst four terms of the AP, when the first term a and the common difference d are
givenasfollows:

() a=10, d=10 (i) a=—2, d=0
(i) a=4, d=-3 (iv) a=-1, d= %
(v) a=—1.25, d=—-0.25

3. Forthefollowing APs, writethefirst term and the common difference:

@ 3,1,-1,-3,... (i) =5,-1,3,7,...
.1 5 9 13 )
(iii 3'3'3 3 - (iv) 0.6,1.7,2.8,39,...

4. Which of thefollowing are APs ?1f they form an AP, find the common difference d and
writethree moreterms.

: 5 o7
i) 2,4,8,16,... i) 2,=,3, 2, ...

0) (i) >

(i) —1.2,-3.2,-52,-7.2, ... (iv) —10,-6,-2,2, ...

(V) 3,3++2,3+242,3+3J2, ...  (vi) 02,022,0222,02222, ...
. 1 1 1 1

(vii) 0,—4,-8,-12,... (V|||)—2,—2,—2,—2,...
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53
Let

i 1,3,927,... ®) a 2a,3a,4a,...
od) a,a%ad a... (i) /2, /8,18, /32, ...
i) +/3,6,9, V12, ... (xiv) 12,32, 52, 72,...
(xv) 12,52, 7,73,...
nth Term of an AP
us consider the situation again, givenin Section 5.1 in which Reenaapplied for a

job and got selected. She has been offered the job with a starting monthly salary of
Rs 8000, with an annual increment of Rs 500. What would be her monthly salary for
the fifth year?

To answer this, let us first see what her monthly salary for the second year

would be.

It would be Rs (8000 + 500) = Rs8500. In the same way, we can find the monthly

salary for the 3rd, 4th and 5th year by adding Rs 500 to the salary of the previousyear.
So, the salary for the 3rd year = Rs (8500 + 500)

= Rs (8000 + 500 + 500)
= Rs (8000 + 2 x 500)
= Rs[8000 + (3—1) x 500] (for the 3rd year)
= Rs9000
Salary for the 4th year = Rs (9000 + 500)
= Rs (8000 + 500 + 500 + 500)
= Rs (8000 + 3 x 500)
= Rs[8000 + (4 —1) x 500] (for the 4th year)
= Rs 9500
Salary for the 5thyear = Rs (9500 + 500)
= Rs(8000+500+500+500 + 500)
= Rs (8000 + 4 x 500)
= Rs[8000 + (5—1) x 500] (for the 5th year)
= Rs 10000
Observe that we are getting alist of numbers
8000, 8500, 9000, 9500, 10000, . . .

These numbers are in AP. (Why?)
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Now, looking at the pattern formed above, can you find her monthly salary for
the 6th year? The 15th year? And, assuming that she will still be working in the job,
what about the monthly salary for the 25th year? You would calculate this by adding
Rs 500 each time to the salary of the previous year to give the answer. Can we make
this process shorter? Let us see. You may have aready got some idea from the way
we have obtained the salaries above.

Salary for the 15th year
= Saary for the 14th year + Rs 500

Rs{8000+ 529 15093'4'7@0} Rs 500

13times

Rs[8000 + 14 x 500]
Rs[8000 + (15 — 1) x 500] = Rs 15000

i.e, First salary + (15— 1) x Annual increment.
In the same way, her monthly salary for the 25th year would be
Rs[8000 + (25 — 1) x 500] = Rs 20000
= First salary + (25 — 1) x Annual increment
Thisexamplewould have given you someideaabout how to write the 15th term,
or the 25th term, and more generally, the nth term of the AP,
Let a, a, a,, . . . be an AP whose first term a, is a and the common
difference is d.
Then,
the second term a, = a+d=a+(2-1)d
thethirdteem a,=a,+d=(a+d)+d=a+2d=a+(3-1)d
thefourthterem a, = a,+d=(a+2d)+d=a+3d=a+(4-1)d

Looking at the pattern, we can say that thenthterma =a+ (n—1) d.

So, thenth term a_ of the AP with first term aand common differencedis
givenbya =a+ (n-1)d.
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a is also called the general term of the AP. If there are m terms in the AP,
then a_ represents the last term which is sometimes also denoted by |.

Let us consider some examples.

Example 3: Find the 10th term of the AP : 2,7, 12, ...
Solution : Here, a=2, d=7-2=5 and n= 10.
We have a=a+(n-1)d

So, a,=2+(10-1)x5=2+45=47
Therefore, the 10th term of the given AP is 47.

Example4: Whichterm of theAP: 21, 18, 15, .. .is —81?Also, isany term 0? Give
reason for your answer.

Solution : Here,a=21, d=18-21=-3 and a =- 81, and we have to find n.

As a=a+(n-1)d,

we have —-81=21+(n-1)(-3)
—81=24-3n
—105=-3n

o, n=35

Therefore, the 35th term of the given APis— 81.

Next, we want to know if there is any n for which a, = 0. If such an nisthere, then
21+(n-1)(3) =0,

i.e, 3n-1)=21

i.e, n=238

So, the eighth term is 0.

Example 5 : Determine the AP whose 3rd term is 5 and the 7th term is 9.
Solution : We have

a,=a+(3-1)d=a+2d=5 (1)
and a=a+(7-1)d=a+6d=9 2
Solving the pair of linear equations (1) and (2), we get
a=3 d=1

Hence, therequired APis3,4,5,6,7, ...



ARITHMETIC PROGRESSIONS 103

Example 6 : Check whether 301 is aterm of the list of numbers 5, 11, 17, 23, . ..
Solution : We have :

a-a=1-5=6, a,-a=17-11=6, a,-a,=23-17=6
Asa , , —a isthesamefor k=1, 2, 3, etc., the given list of numbersisan AP.
Now, a=5 and d=6.
Let 301 be aterm, say, the nth term of the thisAP.

We know that
a=a+(n-1d
o, 301=5+(-1)x6
i.e., 301=6n-1
302 151
= "6 T3

But n should be a positive integer (Why?). So, 301 is not aterm of the given list of
numbers.
Example 7 : How many two-digit numbers are divisible by 3?
Solution : Thelist of two-digit numbersdivisibleby 3is:
12,15, 18,...,99
Isthisan AP?Yesitis. Here, a=12, d=3, a = 99.

As a=a+(n-1)d,
we have 9=12+(n-1)x3
i.e, 87=(n-1)x3
i.e n—1:§=29

’ 3
ie, n=29+1=30

So, there are 30 two-digit numbersdivisible by 3.

Example 8 : Find the 11th term from the last term (towards the first term) of the
AP:10,7,4,...,—62.

Solution : Here, a=10, d=7-10=-3, | =-62,

where I=a+(mn-1)d
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To find the 11th term from the last term, we will find the total number of termsin
the AP,

o, -62=10+ (n—-1)(-3)
i.e, —-72=(n-1)(-3)

ie, n-1=24

or n=25

So, there are 25 terms in the given AP,

The 11th term from the last term will be the 15th term. (Note that it will not be
the 14th term. Why?)

So, a, =10+ (15-1)(3) =10-42=-32
i.e., the 11th term from the last term is— 32.
Alternative Solution :
If we write the given APin the reverse order, then a = — 62 and d = 3 (Why?)
So, the question now becomes finding the 11th term with these a and d.
So, a,=-62+(11-1)x3=-62+30=-32
So, the 11th term, which is now the required term, is— 32.
Example 9: A sum of Rs 1000 isinvested at 8% simple interest per year. Calculate

the interest at the end of each year. Do these interests form an AP? If so, find the
interest at the end of 30 years making use of this fact.

Solution : We know that the formulato calculate smple interest is given by

Simple Interest = PXRXT
P T
. 1000%x8x1
So, the interest at the end of the 1st year = RST = Rs 80
. 1000%x 8x 2
The interest at the end of the 2nd year = RST =Rs 160
. 1000x8x% 3
The interest at the end of the 3rd year = RST =Rs 240

Similarly, we can obtain the interest at the end of the 4th year, 5th year, and so on.
So, the interest (in Rs) at the end of the 1st, 2nd, 3rd, . . . years, respectively are
80, 160, 240, . ..
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It isan AP asthe difference between the consecutive termsin thelist is 80, i.e.,
d =80. Also, a = 80.

So, to find the interest at the end of 30 years, we shall find a,,.
Now, a,, = a+(30-1) d=80+ 29 x 80 = 2400
So, the interest at the end of 30 yearswill be Rs 2400.

Example 10 : In a flower bed, there are 23 rose plants in the first row, 21 in the
second, 19 in the third, and so on. There are 5 rose plantsin the last row. How many
rows are there in the flower bed?

Solution : The number of rose plantsin the 1st, 2nd, 3rd, . . ., rows are:
23,21,19,...,5

It forms an AP (Why?). Let the number of rows in the flower bed be n.

Then a=23, d=21-23=-2,4a=5

As, a=a+(n-1)d

We have, 5=23+(n-1)(-2)

i.e, -18=(n-1)(-2)

i.e., n= 10

So, there are 10 rows in the flower bed.

EXERCISE 52

1. Fill in the blanks in the following table, given that a is the first term, d the common
difference and a_ the nth term of the AP:

a d n a,
0] 7 3 8
(i) -18 10 0
(iif) -3 18 -5
(iv) | -189 25 . 36
v) 35 0 106
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2. Choose the correct choice in the following and justify :

3.

(i) 30thtermof theAP: 10,7,4,...,is

AT ®) 77 © 77 (D) —87
(i) 11thterm of the AP: —3, _% 2., is
A) 28 ®) 22 © -3 ) —48%

Inthefollowing APs, find the missing termsin the boxes:

i 2. D %

(ii)|:|, 13, D 3

(i) 5, D D 9%
w00 0 O s
o = 0 0 O =

4., Whichtermof theAP: 3,8,13,18,...,is 78?

Find the number of termsin each of thefollowing APs:

. ) 1
@) 7,13,19,...,205 (i) 18,152 ,13,...,-47

6. Check whether —150isatermof theAP: 11, 8,5,2...
7. Findthe 31st term of anAPwhose 11th term is 38 and the 16th termis 73.
8. AnAPconsistsof 50 termsof which 3rdtermis12 andthelast termis106. Find the 29th

10.
11
12.

13.
14.
15.
16.

term.

If the 3rd and the 9th terms of an AP are 4 and — 8 respectively, which term of thisAPis
zero?

The 17th term of an AP exceedsits 10th term by 7. Find the common difference.
Whichterm of the AP: 3, 15, 27, 39, . . . will be 132 more than its 54th term?

Two APs have the same common difference. The difference between their 100th termsis
100, what isthe difference between their 1000th terms?

How many three-digit numbersaredivisibleby 7?

How many multiplesof 4 lie between 10 and 250?

For what value of n, arethe nth termsof two APs: 63, 65, 67, ...and 3, 10, 17, . .. equal?
Determinethe AP whosethird termis 16 and the 7th term exceeds the 5th term by 12.
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17. Findthe 20th term fromthelast term of the AP: 3, 8, 13, .. ., 253.

18. Thesum of the 4th and 8th terms of an AP is24 and the sum of the 6th and 10th termsis
44, Find thefirst threeterms of the AP.

19. SubbaRao started work in 1995 at an annual salary of Rs5000 and received anincrement
of Rs200 each year. Inwhich year did hisincome reach Rs 7000?

20. Ramkali saved Rs5inthefirst week of ayear and then increased her weekly savings by
Rs1.75. If inthe nth week, her weekly savings become Rs 20.75, find n.

5.4 Sum of First n Termsof an AP

Let us consider the situation again
givenin Section 5.1 inwhich Shakila
put Rs 100into her daughter’ smoney
box when she was one year old,
Rs 150 on her second birthday,
Rs 200 on her third birthday and will
continueinthe sameway. How much
money will be collected inthemoney
box by the time her daughter is 21
yearsold?

Here, the amount of money (in Rs) put in the money box on her first, second,
third, fourth . . . birthday wererespectively 100, 150, 200, 250, . . . till her 21st birthday.
To find the total amount in the money box on her 21st birthday, we will have to write
each of the 21 numbers in the list above and then add them up. Don't you think it
would be atedious and time consuming process? Can we make the process shorter?
Thiswould be possible if we can find a method for getting this sum. Let us see.

We consider the problem given to Gauss (about whom you read in
Chapter 1), to solve when he was just 10 years old. He was asked to find the sum of
the positive integersfrom 1 to 100. Heimmediately replied that the sum is 5050. Can
you guess how did he do? He wrote :

S=1+2+3+...+99+100
And then, reversed the numbers to write
S=100+99+...+3+2+1
Adding these two, he got
2S=(100+1)+(99+2)+...+(3+98) +(2+99) + (1 + 100)
=101+101+...+101+101 (100 times)

100 x 101
S= ——

=5050, i.e., the sum = 5050.
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We will now use the same technique to find the sum of thefirst ntermsof an AP:
aa+da+2d,...

The nth term of thisAPisa+ (n—1) d. Let S denote the sum of thefirst nterms
of the AP. We have

S=za+(at+td)+(a+2d)+...+[a+(n=-1)d] 1)
Rewriting the terms in reverse order, we have
S=[la+(nh-1d]+[a+(n-2)d]+...+(a+d)+a 2

On adding (1) and (2), term-wise. we get
og= P AU 528 5 B 30N deo- 4 123 90 20 W45 (7 %]
n times

o, 2S=n[2a+(n—-1)d] (Since, there are n terms)

n
o, S= 5 [2a+ (n-1)d]
So, the sum of the first n terms of an AP is given by

n
S= B [2a+ (n —1) d]
n
We can also write this as S= 5 [a+a+(n-1)d]

: _n
i.e, S= > (a+a) (3)

Now, if there are only ntermsin an AP, then a_= |, the last term.
From (3), we see that
n
= — (a+
S 5 a+l) 4
This form of the result is useful when the first and the last terms of an AP are
given and the common difference is not given.

Now wereturn to the question that was posed to usin the beginning. The amount
of money (in Rs) inthe money box of Shakila s daughter on 1st, 2nd, 3rd, 4th birthday,
..., were 100, 150, 200, 250, . . ., respectively.

Thisisan AP. We haveto find the total money collected on her 21st birthday, i.e.,
the sum of the first 21 terms of thisAP.



ARITHMETIC PROGRESSIONS 109

Here,a=100, d =50 and n=21. Using the formula:

S= g[2a+(n—])d],

we have S= 2E:L[2><1OO+(21—:I)><50] = 2E:L[200+1000]

= 231 x 1200 = 12600
So, the amount of money collected on her 21st birthday is Rs 12600.
Hasn't the use of the formula made it much easier to solve the problem?

We also use S, in place of S to denote the sum of first n terms of the AP. We
write S,, to denote the sum of the first 20 terms of an AP. The formula for the sum of
thefirst n termsinvolves four quantities S, a, d and n. If we know any three of them,
we can find the fourth.

Remark : The nth term of an APisthe difference of the sum to first n terms and the

sumtofirst (n—1) termsof it,i.e,a =S —-S, ..
Let us consider some examples.

Example 11 : Find the sum of the first 22 terms of the AP: 8, 3, -2, . ..

Solution : Here, a=8, d=3-8=-5, n=22.

We know that

S = g[2a+(n—il) d]

22
Therefore, S = E

So, the sum of the first 22 terms of the AP is— 979.

[16 + 21(-5)] = 11(16 — 105) = 11(-89) = — 979

Example 12 : If the sum of thefirst 14 terms of an APis 1050 and itsfirst termis 10,
find the 20th term.

Solution : Here, S, = 1050, n = 14, a = 10.

As S = g[2a+(n—1)d],

14
0, 1050 = 3[20+13d] =140 + 91d
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i.e., 910= 91d
or, d= 10
Therefore, a, =10+ (20—1) x 10 =200, i.e. 20th termis 200.

Example 13 : How many terms of the AP: 24, 21, 18, . . . must be taken so that their
sumis 78?

Solution : Here,a=24, d=21-24=-3, S =78. Weneed to find n.

n
We know that S = §[2a+ (n-1d]
n n
So, 78= E[48+(n—1)(—3)] = E[Sl—Sn]
or 3 -51n+156=0
or n—-17n+52=0
or (n-4(n-13)=0
or n=4 or 13

Both values of n are admissible. So, the number of termsiseither 4 or 13.
Remarks:
1. Inthis case, the sum of the first 4 terms = the sum of the first 13 terms = 78.

2. Two answers are possible because the sum of the terms from 5th to 13th will be
zero. Thisis because a is positive and d is negative, so that some terms will be
positive and some others negative, and will cancel out each other.

Example 14 : Find the sum of :

(i) thefirst 1000 positiveintegers (ii) thefirst n positiveintegers
Solution :

() LetS=1+2+3+...+1000

n
Using the formula S, = E(a+ [) for the sum of the first n terms of an AP, we

have

1000

S = Y (1+1000) =500 x 1001 = 500500

1000
So, the sum of thefirst 1000 positive integersis 500500.
(i) LetS =1+2+3+...+n

Herea =1 and thelast term | isn.
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nl+n n(n+
Therefore, S = % or Snz%

So, the sum of first n positive integers is given by

_n(n+1

" 2

Example 15 : Find the sum of first 24 terms of the list of numbers whose nth termis
givenby

a=3+2n

Solution :

As a = 3+2n,

0, a=3+2=5
a,=3+2x2=7
a,=3+2x3=9
N

List of numbersbecomes 5, 7,9, 11, . ..

Here, 7-5=9-7=11-9=2and soon.

So, it forms an AP with common difference d = 2.
Tofind S

,, Wehaven=24, a=5 d=2

24
Therefore, S, = P

So, sum of first 24 terms of the list of numbersis 672.

[2x5+(24-1)x 2] = 12[10 + 46] =672

Example 16 : A manufacturer of TV sets produced 600 setsin the third year and 700
sets in the seventh year. Assuming that the production increases uniformly by afixed
number every year, find :

(i) the productioninthe 1st year (i) the productioninthe 10th year
(iii) thetotal productioninfirst 7 years

Solution : (i) Sincethe production increasesuniformly by afixed number every year,
the number of TV sets manufactured in 1st, 2nd, 3rd, . . ., yearswill form an AP,

L et us denote the number of TV sets manufactured in the nth year by a .
Then, a, = 600 and a, =700
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or, a+ 2d = 600
and a+ 6d= 700

Solving these equations, weget d=25 and a=550.

Therefore, production of TV setsin thefirst year is 550.

(ii)) Now a,=a+9d=550+9x25=775
So, production of TV setsin the 10th year is 775.

(iii) Also, s = %[2x550+(7—1)><25]

7
- 5[1100+150] = 4375

Thus, the total production of TV setsinfirst 7 yearsis 4375.

EXERCISE 5.3
1. Findthe sum of thefollowing APs:
@) 2,7,12,...,to10terms. (i) =37,-33,-29, ...,to 12terms.
(i) 06,17,28,...,t0100terms.  (iv) —, =, 1 . . tollterms.
15 12 10

2. Findthe sumsgiven below :
1
(W 7+ 105 +14+...+84 (i) 34+32+30+...+10

(i) -5 +(-8) +(-11) +...+(-230)
3. InanAP:
() givena=5,d=3,a =50, findnandS .
(i) givena=7,a,=35, finddand S,.
(iii) givena ,=37,d=3,findaand S,
(iv) givena,=15,S =125 finddanda,,
(v) givend=5,S,=75,findaand a,.
(vi) givena=2, d=8, S =90,findnanda,
(vii) givena=8,a =62, S =210, findnandd.
(viii) givena =4,d=2, S =-14,findnanda.
(i¥) givena=3,n=8,S=192, findd.
(¥ givenl =28, S=144, andtherearetotal 9terms. Find a.
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4.
5.

How many termsof theAP: 9, 17, 25, . . . must betaken to give asum of 636?

Thefirst term of an APis5, thelast termis45 and the sum is400. Find the number of terms
and the common difference.

Thefirst and thelast termsof an APare 17 and 350 respectively. If the common difference
is9, how many terms are there and what istheir sum?

7. Findthesum of first 22 termsof an APinwhich d =7 and 22nd term is 149.
8. Find the sum of first 51 terms of an AP whose second and third terms are 14 and 18

10.

11

12.
13.
14.
15.

16.

17.

18.

respectively.

If the sum of first 7 termsof an APis49 and that of 17 termsis 289, find the sum of
first nterms.

Showthata,a,..., a,...formanAPwherea isdefined asbelow :
() a =3+4n (i) a =9-5n
Also find the sum of thefirst 15 termsin each case.

If the sum of thefirst ntermsof an APis4n—n? what isthefirst term (that is S )? What
isthe sum of first two terms?What isthe second term? Similarly, find the 3rd, the 10th and
the nth terms.

Find the sum of thefirst 40 positive integers divisible by 6.
Find the sum of thefirst 15 multiples of 8.
Find the sum of the odd numbers between 0 and 50.

A contract on construction job specifies a penalty for delay of completion beyond a
certain date asfollows: Rs200 for thefirst day, Rs 250 for the second day, Rs 300 for the
third day, etc., the penalty for each succeeding day being Rs 50 more than for the
preceding day. How much money the contractor hasto pay as penalty, if he has delayed
the work by 30 days?

A sum of Rs 700 isto be used to give seven cash prizesto students of a school for their
overall academic performance. If each prizeisRs 20 lessthan its preceding prize, find the
value of each of the prizes.

In a school, students thought of planting trees in and around the school to reduce air
pollution. It was decided that the number of trees, that each section of each class will
plant, will bethe same asthe class, in which they are studying, e.g., asection of Classl
will plant 1 tree, asection of Class|| will plant 2 treesand so ontill Class XIl. Thereare
three sections of each class. How many trees will be planted by the students?

A spiral is made up of successive semicircles, with centres alternately at A and B,
starting with centre at A, of radii 0.5cm, 1.0 cm, 1.5cm, 2.0cm, ... asshownin
Fig. 5.4. What is the total length of such a spiral made up of thirteen consecutive

22
semicircles? (Takern = 7)
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L
Fig. 54
[Hint : Length of successivesemicirclesisl, |, I, 1,, ... withcentresat A, B,A, B, .. .,
respectively.]

19. 200logsarestackedinthefollowing manner: 2010gsinthe bottom row, 19inthe next row,
18intherow next to it and so on (seeFig. 5.5). In how may rows are the 200 logs placed
and how many logs are in the top row?

Fig. 5.5
20. Inapotatorace, abucket isplaced at the starting point, which is5m from thefirst potato,

and the other potatoes are placed 3 m apart in astraight line. There areten potatoesin the
line (seeFig. 5.6).

m [ [aY [ [aY o [aY

Sm 3m 3m . . . . . .

Fig. 5.6

A competitor startsfrom the bucket, picks up the nearest potato, runs back with it, drops
it in the bucket, runs back to pick up the next potato, runsto the bucket to drop it in, and
she continues in the same way until all the potatoes are in the bucket. What is the total
distance the competitor has to run?

[Hint : To pick up the first potato and the second potato, the total distance (in metres)
run by acompetitoris2 x5+ 2 x (5+ 3)]
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EXERCISE 5.4 (Optional)*

1. Whichtermof theAP: 121,117,113, .. .,is
itsfirst negativeterm?
[Hint: Findnforan<0] ......... X

2. Thesum of thethird and the seventh terms
of an APis 6 and their product is 8. Find
the sum of first sixteen terms of the AP.

3. A ladder has rungs 25 cm apart.
(see Fig. 5.7). The rungs decrease 1
uniformly in length from 45 cm at the 2
bottom to 25 cm at the top. If the top and

1
the bottom rungs are 25 mapart, whatis ~ f——— |y

*
the length of the wood required for the 23 cm
rungs? T v...JY

250 .
[Hint : Number of rungs= —— Fig. 5.7

4. Thehousesof arow are numbered consecutively from 1 to 49. Show that thereisavalue
of x such that the sum of the numbers of the houses preceding the house numbered x is
equal to the sum of the numbers of the houses following it. Find this value of x.
[Hint:S_ =S, -S]

5. A small terrace at afootball ground comprisesof 15 steps each of whichis50 mlong and
built of solid concrete.

1

1 1
Each step hasarise of 2 m and atread of P m. (seeFig. 5.8). Calculate thetotal volume
of concrete required to build the terrace.
1 1
[Hint : Volume of concrete required to build thefirst step = 2 X 2 x50 ms]

ENGE

N
m\/v K"J

Fig. 5.8

* These exercises are not from the examination point of view.
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5.5

Summary

In this chapter, you have studied the following points :

1

Anarithmetic progression (AP) isalist of numbersin which each termis obtained by
adding afixed number d to the preceding term, except thefirst term. The fixed number d
iscalled thecommon difference.

Thegeneral formof anAPisa, a+d, a+2d, a+3d,...

A given list of numbers a, a, a,, . . . isan AP, if the differences a, — a, a, — a,,
a,—a,...givethesamevaue, i.e,if a ,, —a isthe samefor different values of k.

Inan APwith first term a and common differenced, the nth term (or the general term) is
givenby a =a+(n-1)d.

The sum of thefirst ntermsof an APisgiven by :
n
S= E[Za +(n-1d]

If | isthelast term of thefinite AP, say the nth term, then the sum of all terms of the AP
isgivenby :

S= g(a )

A NoTe To THE READER

a+c
If a, b, c arein AP, then b = T and b is called the arithmetic

mean of a and c.




TRIANGLES

6.1 Introduction

You are familiar with triangles and many of their propertiesfrom your earlier classes.
In Class|X, you have studied congruence of trianglesin detail. Recall that two figures
are said to be congruent, if they have the same shape and the same size. In this
chapter, weshall study about those figureswhich have the same shape but not necessarily
the same size. Two figures having the same shape (and not necessarily the same size)
arecalled similar figures. In particular, we shall discussthe similarity of trianglesand
apply thisknowledgein giving asimple proof of Pythagoras Theorem learnt earlier.

Can you guess how heights of mountains (say Mount Everest) or distances of
some long distant objects (say moon) have been found out? Do you think these have

WAH! WAH!
Soon I will

AAH!

It is so easy reach the moon.~
to measure the 7
height of the L&/
mountain. REF\‘;;
i =

[T1]
=]
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been measured directly with the help of a measuring tape? In fact, al these heights
and distances have been found out using the idea of indirect measurements, whichis
based on the principle of similarity of figures (see Example 7, Q.15 of Exercise 6.3
and also Chapters 8 and 9 of this book).

6.2 Similar Figures

In Class IX, you have seen that al circles with the same radii are congruent, all
squares with the same side lengths are congruent and all equilateral triangleswith the

same side lengths are congruent.
Now consider any two (or more)
circles [see Fig. 6.1 (i)]. Are they
congruent? Since all of them do not
have the same radius, they are not
(1)

congruent to each other. Note that
some are congruent and some are not,
but al of them have the same shape.
So they all are, what we call, similar.
Two similar figures have the same
shape but not necessarily the same
size. Therefore, al circlesaresimilar.
What about two (or more) squares or
two (or more) equilateral triangles (i)
[seeFig. 6.1 (ii) and (iii)] ?Asobserved

in the case of circles, here aso all

squares are similar and all equilateral

trianglesare similar. /\
From the above, we can say

that all congruent figures are (iif)
similar but the similar figures need _
not be congruent. Fig. 6.1
Can acircle and a square be A b P S

similar? Can atriangle and asguare

be similar? These questions can be

answered by just looking at the

figures (see Fig. 6.1). Evidently B c Q

thesefiguresarenot similar. (Why?) R
Fig. 6.2
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What can you say about the two quadrilaterals ABCD and PQRS
(see Fig 6.2)?Are they similar? These figures appear to be similar but we cannot be
certain about it.Therefore, we must have some definition of similarity of figures and
based on this definition somerulesto decide whether thetwo given figuresare similar
or not. For this, let uslook at the photographsgivenin Fig. 6.3:

Fig. 6.3

You will at once say that they are the photographs of the same monument
(Tgf Mahal) but are in different sizes. Would you say that the three photographs are
similar? Yes,they are.

What can you say about the two photographs of the same size of the same
person one at the age of 10 years and the other at the age of 40 years? Are these
photographs similar? These photographs are of the same size but certainly they are
not of the same shape. So, they are not similar.

What does the photographer do when she prints photographs of different sizes
from the same negative?You must have heard about the stamp size, passport size and
postcard size photographs. She generally takes a photograph on asmall size film, say
of 35mm size and then enlargesit into abigger size, say 45mm (or 55mm). Thus, if we
consider any line segment in the smaller photograph (figure), its corresponding line

45 55
segment inthe bigger photograph (figure) will be 35 [or g) of that of theline segment.

This really means that every line segment of the smaller photograph is enlarged
(increased) in the ratio 35:45 (or 35:55). It can also be said that every line segment
of the bigger photograph is reduced (decreased) in theratio 45:35 (or 55:35). Further,
if you consider inclinations (or angles) between any pair of corresponding line segments
inthetwo photographs of different sizes, you shall seethat theseinclinations(or angles)
arealways equal. Thisisthe essence of the similarity of two figuresand in particular
of two polygons. We say that:

Two polygons of the same number of sides are similar, if (i) their
corresponding angles are equal and (ii) their corresponding sides are in the
same ratio (or proportion).
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Note that the same ratio of the corresponding sides is referred to as the scale
factor (or the Representative Fraction) for the polygons. You must have heard that
world maps (i.e., global maps) and blue prints for the construction of a building are
prepared using a suitable scale factor and observing certain conventions.

Inorder to understand similarity of figuresmoreclearly, let usperformthefollowing
activity:
Activity 1 . Place alighted bulb at a o
point O ontheceiling and directly below
it atable in your classroom. Let us cut a
polygon, say aquadrilateral ABCD, from
a plane cardboard and place this
cardboard parallel to the ground between
the lighted bulb and the table. Then a
shadow of ABCD is cast on the table.
Mark the outline of this shadow as
A’B’C'D’ (see Fig.6.4).
Note that the quadrilateral A’‘B'C’'D’” is
an enlargement (or magnification) of the
guadrilateral ABCD. This is because of
the property of light that light propogates
in astraight line. You may also note that
A’ liesonray OA, B" liesonray OB, C’
lieson OCand D’ lieson OD. Thus, quadrilateralsA’B’C’'D” and ABCD are of the
same shape but of different sizes.

So, quadrilateral A’B’C’D’” issimiliar to quadrilateral ABCD. We can also say
that quadrilateral ABCD is similar to the quadrilateral A’'B’C’'D’.

Here, you can also note that vertex A’ corresponds to vertex A, vertex B’
correspondsto vertex B, vertex C’ correspondsto vertex C and vertex D’ corresponds
to vertex D. Symbolically, these correspondences are represented asA” < A, B” <> B,
C' <> Cand D’ «» D. By actualy measuring the angles and the sides of the two
quadrilaterals, you may verify that

(Y£LA=ZA",£B=«B,£C=4£C,£D=4£D"and

(i) AB _BC _CD _ DA

A'B" B'C CD DA’

This again emphasises that two polygons of the same number of sides are
similar, if (i) all the corresponding angles are equal and (ii) all the corresponding
sides are in the same ratio (or proportion).
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From the above, you can easily say that quadrilaterals ABCD and PQRS of

Fig. 6.5aresimilar.
R

5.0 cm

P 3.0 cm Q

Fig. 6.5

Remark : You can verify that if one polygon is similar to another polygon and this
second polygonissimilar to athird polygon, then thefirst polygonissimilar to thethird
polygon.

You may note that in the two quadrilaterals (a square and a rectangle) of
Fig. 6.6, corresponding angles are equal, but their corresponding sides are not in the
same rétio.

D 3cm C 3.5cm
3cm 3cm 3cm 3cm
1 []
A 3cm B 3.5cm Q

Fig. 6.6

So, thetwo quadrilateralsare not similar. Similarly, you may note that in the two
quadrilaterals (a square and a rhombus) of Fig. 6.7, corresponding sides are in the
same ratio, but their corresponding angles are not equal. Again, the two polygons
(quadrilaterals) are not similar.
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D 2.1 cm C

2.1 cm 2.1 cm

2.1 cm

Fig. 6.7

Thus, either of the above two conditions (i) and (ii) of similarity of two
polygons is not sufficient for them to be similar.

EXERCISE 6.1
1. Fill inthe blanks using the correct word given in brackets:
(i) Allcirclesare—_____. (congruent, similar)
(i) All squaresare . (similar, congruent)
(i) All —_trianglesaresimilar. (isosceles, equilateral)
(iv) Two polygons of the same number of sides are similar, if (a) their corresponding
anglesare —_______ and (b) their corresponding sidesare —_______.(equal,
proportional)

2. Givetwo different examplesof pair of
(i) similarfigures. (i) non-similar figures.
3. Statewhether thefollowing quadrilateralsare similar or not:

D 3cm C
| L]
S 1.5cm R 3 cm 3 cm
1.5cm 1.5cm
1 []
P 1.5cm Q A 3cm B

Fig. 6.8
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6.3 Similarity of Triangles
What can you say about the similarity of two triangles?

Youmay recall that triangleisalso apolygon. So, we can state the same conditions
for the similarity of two triangles. That is:

Two triangles are similiar, if
(i) their corresponding angles are equal and
(i) their corresponding sides are in the same ratio (or proportion).

Note that if corresponding angles of two
triangles are equal, then they are known as
equiangular triangles. A famous Greek
mathematician Thalesgave animportant truth relating
to two equiangular triangleswhich isasfollows:

The ratio of any two corresponding sides in
two equiangular triangles is always the same.

It is believed that he had used a result called
the Basic Proportionality Theorem (now known as

the Thales Theorem) for the same. Thales
(640 — 546 B.C.)

To understand the Basic Proportionality
Theorem, let us perform thefollowing activity:

Activity 2 : Draw any angle XAY and on its one
armAX, mark points (say fivepoints) P, Q, D, Rand
B such that AP=PQ = QD = DR = RB.

Now, through B, draw any lineintersecting arm
AY at C (see Fig. 6.9).

Also, through the point D, draw aline parallel
to BC to intersect AC a E. Do you observe from

Fig. 6.9

AD 3
your constructions that DB = 5 ?Measure AE and

AE AE 3
EC. What about ok Observe that EC isalso equal to 5 Thus, you can see that

inA ABC. DE [ BCand 22 - AE
n DE[IBCand 55 =F=

theorem (known as the Basic Proportionality Theorem):

. Isitacoincidence? No, it isdueto thefollowing
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Theorem 6.1 : If alineis drawn parallel to one side of a triangle to intersect the
other two sides in distinct points, the other two sides are divided in the same
ratio.

Proof : We aregiven atriangle ABC inwhich aline
parallel to side BC intersects other two sidesAB and
AC at D and E respectively (see Fig. 6.10).

We nesd to prove that -2 = 2
en 0 prove DB EC

Let usjoin BE and CD and then draw DM L AC and _
EN 1 AB. Fig. 6.10

1 1
Now, area of A ADE (= 5 base x height) = 5 AD x EN.

Recall from Class | X, that area of A ADE is denoted as ar(ADE).

1
So, ar(ADE) = > AD x EN
- 1
Smilarly, ar(BDE) = 5 DB x EN,

1 1
ar(ADE) = - AE x DM and ar(DEC) = 5 EC x DM,

1
= AD x EN
ar(ADE AD
Therefore, arADE) -2 2= (@D}
a(BDE) 1 DBxEN DB
2
1 AE x DM
ar(ADE) 2 AE
and = =— 2
ar(DEC) 1 Ecxpm EC
2

Note that A BDE and DEC are on the same base DE and between the same parallels
BC and DE.

o, ar(BDE) = ar(DEC) 3)
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Therefore, from (1), (2) and (3), we have :

AD _ AE
DB EC
Is the converse of this theorem also true (For the meaning of converse, see
Appendix 1)?To examinethis, let us perform the following activity:

Activity 3 : Draw an angle XAY on your
notebook and on ray AX, mark points B, B,
B, B,and B such that AB, = BB, = BB, =
BB, = B,B.

Similarly, on ray AY, mark points
C.C,C,C,and Csuchthat AC =CC, =
C.C,=C,C,=C,.. Then join B,.C, and BC
(see Fig. 6.11).

Fig. 6.11
AB, AC, 1
Note that B,B = C.C (Each equal to Z)
You can also see that lines B,C, and BC are parallel to each other, i.e.,
B,C, || BC D
Similarly, by joining B,C,, B.C, and B,C,, you can see that:
AB, _ AG [=gj and B.C, || BC 2
B,B C.C \ 3 e |l @
ABs _ AG [—gj d B.C, || BC 3
BB - CC | 2) M BG ®)
AB, _ AC, [JJ and B,C, || BC (4)
BB cCcC \ 1 4

From (1), (2), (3) and (4), it can be observed that if aline dividestwo sides of a
triangle in the sameratio, then thelineis parallel to the third side.

You can repeat thisactivity by drawing any angle XAY of different measure and
taking any number of equal partson armsAX and AY . Each time, you will arrive at
the same result. Thus, we obtain the following theorem, which is the converse of
Theorem 6.1:
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Theorem 6.2 : If a line divides any two sides of a
triangle in the same ratio, then the line is parallel
to the third side.

Thistheorem can be proved by taking aline DE such
thatﬂ—E d ing that DE isnot parallel
DB EC and assuming isnot par

to BC (see Fig. 6.12).
If DE is not paralel to BC, draw a line DE’

parallel to BC. Fig. 6.12
. AD _AE
here AE_AE iy

erefore, EC - EC (Why ?)

Adding 1 to both sides of above, you can see that E and E” must coincide.
(Why ?)

Let us take some examples to illustrate the use of the above theorems.

Example1: If alineintersects sidesAB and AC of aA ABC at D and E respectively

. AD AE _
and is parallel to BC, prove that AC (see Fig. 6.13).

AB
Solution : DE || BC (Given)
% AD _ AE Theorem 6.1
\ DB - EC (Theorem 6.1)
A
DB _EC
o, AD ~ AE
DB EC
—+1=z —+1
o AD AE D E
AB _ AC
o AD - AE
B
AD AE C
0, — - = _
AB - AC Fig. 6.13
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Example 2 : ABCD is atrapezium with AB || DC. A B

E and F are points on non-parallel sides AD and BC / \
respectively such that EF is parallel to AB E F

Fig. 6.14). Show that o = oF
(see Fig. 6.14). Show that =ry =& N

Solution : Let us join AC to intersect EF at G _
(see Fig. 6.15). Fig. 6.14

AB || DC and EF ||AB  (Given)

So, EF||DC (Linesparallel tothe sameline are
parallel to each other)

Now, in A ADC, /’~.~ \
EG|| DC (AsEF || DC) E F

X
o, 25 = A% (theorem 6.1 1
"ED - oc (Theorem6d) @) . c
Similarly, from A CAB,
oG CF Fig. 6.15
AG ~ BF
. AG _ BF )
-6 GC - FC P @
Therefore, from (1) and (2),
AE _ BF
ED FC
PS PT S !
Example 3: InFig. 6.16, 5 TR and Z PST =
Z PRQ. Prove that PQR is an isosceles triangle. 0 R
PS _PT :
. AL Fig. 6.16
Solution : Itisgiven that o~ SQ R
So, ST ||QR (Theorem 6.2)

Therefore, Z PST = ZPQR (Corresponding angles) (1)
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Also, itisgiventhat

Z PST = Z PRQ 2
o, Z PRQ = Z PQR [From (1) and (2)]
Therefore, PQ =PR (Sides opposite the equal angles)

i.e, PQRisanisoscelestriangle.

EXERCISE 6.2

1. InFig.6.17, (i) and (ii), DE || BC. Find ECin (i) and AD in (ii).

A
1.5em 1 em
D E_>
3cm B
B C

(1)

Fig. 6.17 B
2. E and F are points on the sides PQ and PR /M{\
respectively of aA PQR. For each of thefollowing A L C
cases, state whether EF || QR : W

(i) PE=3.9cm,EQ=3cm,PF=3.6cmandFR=24cm D

(i) PE=4cm,QE=4.5cm,PF=8cmandRF=9cm Fig. 6.18
(i) PQ=1.28cm,PR=2.56cm, PE=0.18cmand PF=0.36cm
3. InFig. 6.18,if LM ||CB and LN || CD, prove that

A
AM _ AN
AB AD D
4. In Fig. 6.19, DE || AC and DF || AE. Prove that
BF _BE . .
FE EC F o E



TRIANGLES 129

5. In Fig. 6.20, DE || OQ and DF || OR. Show that

P
EF[IQR ‘
6. InFig. 6.21, A, B and C are points on OP, OQ and EL/—/\\F

OR respectively such that AB || PQ and AC || PR.
Show that BC || QR. O
7 . .

. Using Theorem 6.1, provethat aline drawn through
the mid-point of one side of atriangle parallel to _
another side bisectsthe third side. (Recall that you Fig. 6.20
have proved it in Class | X).

8. Using Theorem 6.2, prove that the line joining the
mid-points of any two sides of atriangleisparallel

to the third side. (Recall that you have done it in
Class|X).

9. ABCD is atrapezium in which AB || DC and its
diagonalsintersect each other at the point O. Show Q

R
that 20 AO _CO _
BO DO Fig. 6.21
10. The diagonals of a quadrilateral ABCD intersect each other at the point O such that
20 * Show that ABCD isat
B0 Do Show isatrapezium.

6.4 Criteriafor Smilarity of Triangles

Inthe previous section, we stated that two trianglesare similar, if (i) their corresponding
anglesareequal and (ii) their corresponding sidesarein the sameratio (or proportion).

That is,in A ABC and A DEF, if
(Y£ZA=«4D,4B=/E, £ZC=ZFand

AB_BC_cA thenthetwo't I I Fig. 6.22
(i) — DE_ EF_ D en the two triangles are similar (see Fig. ).
A
&
B C E F

Fig. 6.22
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Here, you can see that A corresponds to D, B corresponds to E and C
corresponds to F. Symbolically, we write the similarity of these two triangles as
‘AABC ~ A DEF and read it as ‘triangle ABC is similar to triangle DEF’. The
symbol ‘~ standsfor ‘issimilar to’. Recall that you have used the symbol ‘=’ for
‘iscongruent to’ in Class 1 X.

It must be noted that as done in the case of congruency of two triangles, the
similarity of two triangles should also be expressed symbolically, using correct
correspondence of their vertices. For example, for the trianglesABC and DEF of
Fig. 6.22, we cannot write A ABC ~ A EDF or A ABC ~ A FED. However, we
can write A BAC ~ A EDF.

Now anatural question arises : For checking the similarity of two triangles, say
ABC and DEF, should we alwayslook for all theequality relationsof their corresponding
angles(LA=4D,«£B=ZE, ZC= ZF)andall theequality relations of the ratios

AB BC CA
DE EF FD
in Class|X, you have obtained some criteriafor congruency of two trianglesinvolving
only three pairs of corresponding parts (or elements) of the two triangles. Here a so,
let usmake an attempt to arrive at certain criteriafor similarity of two trianglesinvolving
relationship between less number of pairs of corresponding parts of the two triangles,
instead of all the six pairsof corresponding parts. For this, let us perform thefollowing
activity:

of their corresponding sides ( j ?Let usexamine. You may recall that

Activity 4 : Draw two line segments BC and EF of two different lengths, say 3 cm
and 5 cm respectively. Then, at the points B and C respectively, construct anglesPBC
and QCB of some measures, say, 60° and 40°. Also, at the points E and F, construct
angles REF and SFE of 60° and 40° respectively (see Fig. 6.23).

R
SN/p
Q P
A
A6 40\ ¢ £ 60 4°\ F
3cm 5cm
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Let rays BP and CQ intersect each other at A and rays ER and FS intersect
each other at D. In the two triangles ABC and DEF, you can see that
/B=/E ZC=/ZFand ZA=2D. That is, corresponding angles of these two
triangles are equal. What can you say about their corresponding sides ? Note that

BC 3 _ AB CA
EF 5 6. What about — and —’?On measuring AB, DE, CA and FD, you
AB CA
will find that — and — arealsoequal t0 0.6 (or nearly equal t0 0.6, if thereissome
error in the measurement) Thus, — AB _BC_CA You can repeat this activity b
DE EF FD P y by

constructing several pairsof triangles having their corresponding anglesequal . Every
time, you will find that their corresponding sidesarein the sameratio (or proportion).
Thisactivity leads usto thefollowing criterion for similarity of two triangles.

Theorem 6.3 : If in two triangles, corresponding angles are equal, then their
corresponding sides are in the same ratio (or proportion) and hence the two
triangles are similar.

This criterion is referred to as the AAA
(Angle—Angle—Angle) criterion of A
similarity of two triangles.

Thistheorem can be proved by taking two
triangles ABC and DEF such that
/A=/D,/B=/EandsC=«F B
(see Fig. 6.24)

Cut DP=AB and DQ =AC and join PQ.

So, AABC= A DPQ (Why ?)
Thisgives /ZB=/ZP =/E and PQ || EF (How?)
Theref bp_ DQ Why?

erefore, PE - OF (Why?)
. AB _ AC Whyo
i.e, DE - DF (Why?)
Similarl AB _ BC AB BC _AC

may. b T EF ™ DEEF DF’

Remark : If two angles of atriangle are respectively equal to two angles of another
triangle, then by the angle sum property of atriangle their third angles will also be
equal. Therefore, AAA similarity criterion can also be stated asfollows:



132 M ATHEMATICS

If two angles of one triangle are respectively equal to two angles of another
triangle, then the two triangles are similar.

This may be referred to as the AA similarity criterion for two triangles.

You have seen above that if the three angles of one triangle are respectively
equal to the three angles of another triangle, then their corresponding sides are
proportional (i.e., inthe sameratio). What about the converse of this statement? Isthe
conversetrue?In other words, if the sides of atriangle are respectively proportional to
the sides of another triangle, isit truethat their corresponding anglesare equal ? Let us
examineit through an activity :

Activity 5 : Draw two triangles ABC and DEF such that AB = 3 cm, BC = 6 cm,
CA =8cm,DE=4.5cm, EF =9 cmand FD =12 cm (see Fig. 6.25).

D
A
8 cm 4.5 cm 12 cm
3 cm
B 6 cm ¢ E 9 cm F
Fig. 6.25
. vou have AB_BC CA o o2
, you have : DE_ EF_ FD (each equ 03)

Now measure Z A, « B, £ C, £ D, £ Eand Z F. You will observe that
ZA=4D,4B=ZEand £ C= ZF, i.e, the corresponding angles of the two
triangles are equal .

You can repest thisactivity by drawing several such triangles (having their sides
inthe sameratio). Everytime you shall seethat their corresponding angles are equal .
Itisdueto thefollowing criterion of similarity of two triangles:

Theorem 6.4 : If in two triangles, sides of one triangle are proportional to
(i.e., in the same ratio of ) the sides of the other triangle, then their corresponding
angles are equal and hence the two triangles are similiar.

Thiscriterion isreferred to asthe SSS (Side-Side-Side) similarity criterion for
two triangles.

This theorem can be proved by taking two triangles ABC and DEF such that
AB_BC _CA

E = EF —E (< 1) (See Flg 626)
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Fig. 6.26
Cut DP=AB and DQ =AC and join PQ.

It b that bp -D—Q d EF (How?
can be seen PE - OF and PQ || (How?)
So, /Z/P=/ZE and ZQ=ZF
DP _ DQ _ PQ

Therefore, DE - DE ~ EF
. DP_DQ_BC ...

! DE - DF _ EF (W9
o, BC = PQ (Why?)
Thus, A ABC = A DPQ (Why ?)
So, LA=4D, ZB=ZE and ZC=ZF (How ?)

Remark : You may recall that either of the two conditions namely, (i) corresponding
anglesare equal and (ii) corresponding sides arein the sameratio is not sufficient for
two polygons to be similar. However, on the basis of Theorems 6.3 and 6.4, you can
now say that in case of similarity of thetwo triangles, it isnot necessary to check both
the conditions as one condition impliesthe other.

Let us now recall the various criteriafor congruency of two triangles learnt in
Class|X. You may observethat SSSsimilarity criterion can be compared with the SSS
congruency criterion.This suggests usto look for asimilarity criterion comparable to
SAS congruency criterion of triangles. For this, let us perform an activity.

Activity 6 : Draw two triangles ABC and DEF such that AB =2 cm, £ A = 50°,
AC=4cm,DE=3cm, £ D =50° and DF = 6 cm (see Fig.6.27).
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D
A
50°
50° 4 cm 6 cm
2 cm 3 cm
B C E F
Fig. 6.27

AC 2
Here, you may observe that DOF (each equal to §) and Z A (included

DE
between the sidesAB and AC) = £ D (included between the sides DE and DF). That
is, oneangle of atriangleisequal to one angle of another triangle and sidesincluding
these angles are in the same ratio (i.e., proportion). Now let us measure £ B, £ C,
ZEand ZF

Youwill findthaa «B=ZEand£ZC=ZF Thatis, ZA=«2D,ZB=ZEand
£ C=ZF So, by AAA similarity criterion, A ABC ~ A DEF. You may repeat this
activity by drawing several pairs of such triangleswith one angle of atriangle equal to
one angle of another triangle and the sides including these angles are proportional .
Everytime, you will find that thetrianglesaresimilar. It isdueto thefollowing criterion
of similarity of triangles:

Theorem 6.5 : If one angle of a triangle is equal to one angle of the other
triangle and the sides including these angles are proportional, then the two
triangles are similar.

This criterion isreferred to as
the SAS (Side-Angle-Side)
similarity criterion for two
triangles. A

As before, this theorem can
be proved by taking two triangles
ABC and DEF such that

AB AC
DE DF
(see Fig. 6.28). Cut DP = AB, DQ
=AC andjoin PQ.

(<l)and ZA=2D
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Now, PQ || EF and A ABC = A DPQ (How ?)

o, LZA=/D,£ZB=/ZPand£ZC=4£Q

Therefore, A ABC ~ A DEF (Why?)

We now take some examples to illustrate the use of these criteria.

Example 4 : InFig. 6.29, if PQ || RS, prove that A POQ ~ A SOR.

R
P
(0)
Q S
Fig. 6.29
Solution : PQ || RS (Given)
o, ZP=/S (Alternate angles)
and ZQ=/R
Also, Z POQ = £ SOR (Vertically opposite angles)
Therefore, A POQ ~ A SOR (AAA smilarity criterion)
Example 5 : Observe Fig. 6.30 and then find £ P.
R
A 63 7.6
80’
1.8 33
_A60
B 6 CcC P 12 Q

Fig. 6.30
Solution : In A ABC and A PQR,
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AB_38_1BC_6_1 CA 3/3 1
RO 76 2 QP 12 2 PRr76B 2

_ AB _BC _CA
Thatis, RQ QP PR
o, A ABC ~ A RQP (SSSsimilarity)
Therefore, LC=ZLP (Corresponding anglesof similar triangles)
But £LC=180°-ZA-«B (Angle sum property)

= 180° —80° — 60° = 40°
o, Z P=40°
Example 6 : In Fig. 6.31,
OA .0OB = OC . OD.
Showthat ZA=~2Cand«ZB=/D.
Solution: OA .OB = OC . OD (Given)

OA _ OD Fig. 6.31
= oc " o8 @ ) ’
Also, we have Z AOD = Z COB (Verticaly oppositeangles) (2)
Therefore, from (1) and (2), A AOD ~ ACOB (SASsimilarity criterion)
So, LZA=/ZCand«ZD=4B

(Corresponding anglesof similar triangles)

Example 7 : A girl of height 90 cmis A
walking away from the base of a
lamp-post at aspeed of 1.2 m/s. If thelamp
is 3.6 m above the ground, find the length
of her shadow after 4 seconds.

Solution : Let AB denote the lamp-post
and CD thegirl after walking for 4 seconds
away from the lamp-post (see Fig. 6.32).

Fromthefigure, you can seethat DE isthe
shadow of the girl. Let DE be x metres.
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Now,BD=12mx4=48m.
Note that in A ABE and A CDE,

/ZB=2D (Eachisof 90° because |lamp-post
as well as the girl are standing
vertical to the ground)

and LE=ZE (Same angle)
o, A ABE ~ A CDE (AA similarity criterion)
Theret BE _ AB
eretore DE = CD
ie 48+x _ 36 QOcm-ﬂm-09m
e x 09 (B0em =700 M=09M)
i.e., 4.8+ X = 4x
i.e, 3x=438
ie, x=16
So, the shadow of the girl after walking for 4 secondsis 1.6 m long.
Example 8 : In Fig. 6.33, CM and RN are Q N P
respectively the medians of A ABC and
A PQR. If AABC ~ A PQR, prove that : A
(i) AAMC ~APNR
M
. CM _AB
(ii) RN PQ C
B R
(i) ACMB ~ A RNQ o 643
Solution : (i) AABC ~ A PQR Fig. 6. (Given)
AB _BC_CA
=0, PO~ QR RP (D)
and LA=/P £ZB=/ZQand £LC=4R 2
But AB = 2AM and PQ = 2 PN
(AsCM and RN are medians)
. 2AM CA
So, from (1), —2PN = RP
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ie,

Also,
So, from (3) and (4),

(if) From(5),

But

Therefore,

(i) Again,

Therefore,

Also,

ie,

Therefore,

AM

PN

ZMAC= Z NPR

A AMC ~ A PNR

M
RN
cA
RP
oM
RN
AB
PQ
oM
RN
oM
RN

oM
RN

oM
RN

“QR ON
A CMB ~ A RNQ

CA

= RP (©)

[From (2)] (4)

(SASsimilarity) (5)

= 6
RP ©)

AB
PQ [From (D] (7)

AB
PO [From (6) and (7)] (8)

BC
& [From (1)]
BC

@ [From (8)] (9)
AB _2BM
PQ 20N
BM

QN

BC _BM

(10)

[From (9) and (10)]

(SSSsimilarity)

[Note: You can aso prove part (iii) by following the same method as used for proving

part (i) ]

form:

EXERCISE 6.3

1. Satewhichpairsof trianglesin Fig. 6.34 are similar. Writethe similarity criterion used by
you for answering the question and also write the pairs of similar trianglesin the symbolic
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P
4 60° A y
f@\ 1\

80’ 80’
B 407\ ¢ QY 407 g B—5z—CQ 7 R

(i) (i)
P

D
L ) p M 6
5
2.7/ \3 2.5/70
/\ /Da\ 70
M— P E 5 F N L Q 10 R

(iif) (iv)

D
D P
; /&5 ﬁa\ /4\7\
2.5 0
8¢ 8¢ - 80° 3¢
B/é\c E 80\ E FQ R

(vi)

Fig. 6.34

2. InFig.6.35,A0ODC~AOBA, £ BOC=125°

and £ CDO=70°. Find £ DOC, £ DCOand Dmo 9
£ OAB.
0))125°
3. DiagonalsAC and BD of atrapezium ABCD
A B
with AB || DC intersect each other at the
Fig. 6.35

point O. Using asimilarity criterion for two

OA 0B,

triangles, show that oC = oD
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10.

. QR_QT
InFig. 6.36, QS PR and £ 1= /2. Show

that A PQS~A TQR.

Sand T are points on sides PR and QR of
A PQR such that £ P= £ RTS. Show that
ARPQ~ARTS.

In Fig. 6.37, if A ABE = A ACD, show that
AADE~AABC.

InFig. 6.38, altitudesAD and CE of AABC
intersect each other at the point P. Show
that:

(i) AAEP~ACDP
(i) AABD~ACBE
(iii) AAEP~AADB
(iv) APDC~ABEC
E isapoint on the side AD produced of a

parallelogram ABCD and BE intersectsCD
at F. Show that AABE ~A CFB.

InFig. 6.39, ABC and AMPare two right
triangles, right angled at B and M
respectively. Prove that:

(i) AABC~AAMP

CA _BC
PA  MP

CD and GH are respectively the bisectors
of ZACB and £ EGF suchthat D and H lie

on sidesAB and FE of AABC and A EFG
respectively. If AABC ~A FEG, show that:

(i)

y D _AC
OCTINTE
(ii) ADCB~AHGE
(iiiy ADCA ~A HGF

T
//\
1 21‘)
Q s R

Fig. 6.36

A
A
B C

Fig. 6.37

C
D
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11

12.

13.

14.

15.

16.

In Fig. 6.40, E is a point on side CB
produced of an isosceles triangle ABC
withAB =AC.IfAD L BCandEF LAC,
provethat AABD ~ A ECF.

Sides AB and BC and median AD of a
triangle ABC are respectively propor-
tional to sides PQ and QR and median
PM of A PQR (seeFig. 6.41). Show that
AABC~APQR.

D isapoint onthe side BC of atriangle
ABC suchthat ZADC = ZBAC. Show
that CA2=CB.CD.

Sides AB and AC and median AD of a
triangle ABC are respectively
proportional to sides PQ and PR and
median PM of another triangle PQR.
Show that AABC ~ A PQR.

Fig. 6.41

A vertical pole of length 6 m castsashadow 4 mlong on the ground and at the sametime
atower casts a shadow 28 m long. Find the height of the tower.

If AD and PM are medians of triangles ABC and PQR, respectively where

AB _ AD

AABC~ A PQR, provethat E = M

6.5 Areasof Similar Triangles

You have learnt that in two similar triangles, the ratio of their corresponding sidesis
the same. Do you think there is any relationship between the ratio of their areas and
theratio of the corresponding sides? You know that areais measured in square units.
So, you may expect that this ratio is the square of the ratio of their corresponding
sides. Thisisindeed true and we shall proveit in the next theorem.

Theorem 6.6 : The ratio of the areas
of two similar triangles is equal to the
square of the ratio of their
corresponding sides.

Proof : We are given two
triangles ABC and PQR such that
A ABC ~ A PQR (see Fig. 6.42).
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We need hog T(ABO) _(ABY EZ_[%T
en toprovetatar(PQR)— PQ = OR = RP

For finding the areas of the two triangles, we draw altitudes AM and PN of the
triangles.

1
Now, ar (ABC) = > BC x AM

and ar (PQR) = QR x PN

1
a(ABC) 5 *BCXAM  goyam
a (PQR) %XQRXPN QRPN

S0, (@)

Now, in AABM and A PON,

£ZB=2Q (AsA ABC ~ A PQR)
and ZM=ZN (Each is of 90°)
o, A ABM ~ A PON (AA similarity criterion)
AM AB
Therefore, N - PO 2
Also, AABC~ A PQR (Given)
AB _ BC_CA
=0, PQ” QR RP &
a (ABC) AB AM
Therefore, a (POR) — E X N [From (1) and (3)]
= % X % [From (2)]
(%)
PQ
Now using (3), we get
a(ABC) (ABY) (BC 2_[%j2
a(PR) ~ (PQ) |Qr) (RP -

Let us take an exampleto illustrate the use of this theorem.
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Example 9 : In Fig. 6.43, the line segment A
XY is paralel to side AC of A ABC and it

divides the triangle into two parts of equal X

. . AX
areas. Find theratio AB

B v C
Fig. 6.43

Solution : We have XY || AC (Given)
So, ZBXY=ZA and £LBYX=4ZC  (Corresponding angles)
Therefore, A ABC ~ A XBY (AA similarity criterion)

ar (ABC) (AB)Z

So, a (XBY) = (Theorem 6.6) (1)

XB
Also, ar (ABC) = 2 ar (XBY) (Given)
a (ABC) 2
= a(xey) 7 1 @

Therefore, from (1) and (2),

== e, =
1 XB 1

(ﬂ)z_z . AB 2

XB
o xB_ 1
’ AB ~ V2
XB 1
1-—==1-—
o AB 2
AB-XB 2-1 . AX 2-1 2-2
OI’, AB \/E y |.e., AB \/E - 2 .
EXERCISE 6.4
1. Let AABC~ A DEF andtheir areas be, respectively, 64 cm? and 121 cm?. If EF = 15.4

cm, find BC.

2. Diagonals of a trapezium ABCD with AB || DC intersect each other at the point O.
If AB =2CD, find theratio of the areas of trianglesAOB and COD.



144 MATHEMATICS

3. InFig.6.44, ABC and DBC aretwo triangleson the A C
samebase BC. If AD intersects BC at O, show that

ar (ABC) _ AO o
ar (DBC) DO

4. If theareasof two similar trianglesare equal, prove B D
that they are congruent. Fig. 6.44

5. D, EandF arerespectively the mid-pointsof sidesAB, BC and CA of A ABC. Findthe
ratio of the areas of A DEF and A ABC.

6. Provethat theratio of theareasof two similar trianglesisequal to the square of theratio
of their corresponding medians.

7. Provethat the area of an equilateral triangle described on one side of asquareis equal
to half the area of the equilateral triangle described on one of its diagonals.

Tick thecorrect answer and justify :

8. ABCand BDE aretwo equilateral triangles such that D isthe mid-point of BC. Ratio of
the areas of trianglesABC and BDE is

A) 2:1 (B) 1:2 ©) 4:1 D) 1:4
9. Sidesof twosimilar trianglesareintheratio4 : 9. Areas of thesetrianglesareintheratio
(A) 2:3 (B) 4:9 (C) 81:16 (D) 16:81

6.6 PythagorasTheorem

You are aready familiar with the Pythagoras Theorem from your earlier classes. You
had verified thistheorem through some activitiesand made use of it in solving certain
problems. You have al so seen aproof of thistheoremin Class|X. Now, we shall prove
this theorem using the concept of similarity of B
triangles. In proving this, we shall make use of
a result related to similarity of two triangles
formed by the perpendicular to the hypotenuse
from the opposite vertex of theright triangle.
Now, let ustakearight triangleABC, right

angled at B. Let BD be the perpendicular to the A D ¢
hypotenuse AC (see Fig. 6.45). Fig. 6.45
You may note that in A ADB and A ABC
LA=ZA
and ZADB = ZABC (Why?)
So, AADB ~ A ABC  (How?) (@)

Similarly, ABDC~AABC  (How?) )



TRIANGLES 145

So, from (1) and (2), triangles on both sides of the perpendicular BD are similar
to thewhole triangle ABC.

Also, since AADB ~ AABC
and A BDC~ AABC
So, AADB ~ ABDC (From Remark in Section 6.2)

The above discussion leads to the following theorem :

Theorem 6.7 : If a perpendicular is drawn from
the vertex of the right angle of a right triangle to
the hypotenuse then triangles on both sides of
the perpendicular are similar to the whole triangle
and to each other.

Let us now apply this theorem in proving the
Pythagoras Theorem:

Pythagor as
(569 — 479 B.C.)

Theorem 6.8 : In a right triangle, the square of the hypotenuse is equal to the
sum of the sgquares of the other two sides.

Proof : We are given aright triangle ABC right angled at B.

B
We need to prove that AC? = AB? + BC? :
Letusdraw  BD L AC (seeFig. 6.46). :
Now, AADB ~ AABC (Theorem 6.7) :
A O C
AD AB _ : P
o, AB - AC (Sidesare proportional) Fig. 6.46
or, AD .AC = AB? (1
Also, A BDC ~ A ABC (Theorem 6.7)
. cb _ BC
' BC AC

or, CD .AC= BC? )
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Adding (1) and (2),
AD .AC +CD.AC = AB? + BC?
or, AC (AD + CD) = AB? + BC?
or, AC.AC = AB? + BC?
or, AC’= AB2+BC* ®

The above theorem was earlier given by an ancient Indian mathematician
Baudhayan (about 800 B.C.) inthefollowing form:

The diagonal of a rectangle produces by itself the same area as produced
by its both sides (i.e., length and breadth).

For this reason, this theorem is sometimes also referred to as the Baudhayan
Theorem.

What about the converse of the Pythagoras Theorem?You have already verified,
in the earlier classes, that thisis also true. We now proveit in the form of atheorem.

Theorem 6.9 : In a triangle, if square of one side is equal to the sum of the
squares of the other two sides, then the angle opposite the first side is a right
angle.

Proof : Here, we are given atriangle ABC in which AC?> = AB? + BC2
We need to prove that £ B = 90°.

To start with, we construct a A PQR right angled at Q such that PQ = AB and
QR = BC (see Fig. 6.47).

A P
C B R H Q
Fig. 6.47
Now, from A PQR, we have :
PR? = PQ? + QR? (Pythagoras Theorem,
as / Q=90°)

o, PR? = AB? + BC? (By construction) Q)
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But AC?= AB? + BC? (Given) 2
So, AC=PR [From (1) and (2)] 3
Now, in A ABC and A PQR,
AB = PQ (By construction)
BC=0QR (By construction)
AC=PR [Proved in (3) above]
So, A ABC = A POQR (SSS congruence)
Therefore, ZB=2Q (CPCT)
But ZQ=90° (By construction)
o, ZB=90° [

Note: Also see Appendix 1 for another proof of this theorem.
Let us now take some examples to illustrate the use of these theorems.

Example 10 : In Fig. 6.48, £ ACB = 90° C
and CD 1 AB. Prove that BC —E~
VeI 2 T AD
Solution : AACD ~ AABC
(Theorem 6.7) 5 B

. AC _ AD .

h AB - AC Fig. 6.48
o, AC?= AB .AD (@)
Smilarly, A BCD ~ A BAC (Theorem 6.7)
. BC _ BD

’ BA BC
or, BC?=BA .BD 2

Therefore, from (1) and (2),

BC2 BA-BD BD
AC2 _ AB-AD AD

Example 11 : A ladder is placed against a wall such that its foot is at a distance
of 2.5 m from the wall and its top reaches awindow 6 m above the ground. Find the
length of the ladder.
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Solution : Let AB bethe ladder and CA be the wall A
with the window at A (see Fig. 6.49).

Also, BC=25mand CA=6m
From Pythagoras Theorem, we have:
AB? = BC? + CA?
= (2.5)2 + (6)?
= 4225
o, AB =65
Thus, length of the ladder is 6.5 m. T 25m ©

Example 12 : In Fig. 6.50, if AD L BC, prove that Fig. 6.49
AB? + CD? = BD? + AC2.
Solution : From A ADC, we have
AC2= AD? + CD?
(Pythagoras Theorem) (1) D
From A ADB, we have
AB2 = AD? + BD?
(Pythagoras Theorem) (2)
Subtracting (1) from (2), we have Fig. 6.50
AB2 —AC? = BD? — CD? B
or, AB? + CD? = BD? + AC?

Example 13 BL and CM are medians of a M
triangle ABC right angled at A. Prove that
4 (BL?2+ CM? =5BC>

Solution : BL and CM are medians of the ¢
A ABCinwhich £ A =90° (see Fig. 6.51).

From A ABC, Fig. 6.51
BC?= AB? + AC*> (Pythagoras Theorem) (1)

L A

FromA ABL,
BL? = AL? + AB?
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ACY e
or, BL? = > + AB” (L isthe mid-point of AC)
2
o, BLz= A7, ap?
o, 4BL2= AC? + 4 AB? )
From A CMA,

CM? = AC? + AM?

2
AB
or, CM2= AC*+ (7) (M isthe mid-point of AB)
2
or, CM2= AC?+ AB
or 4 CM2= 4 AC? + AB? (3)

Adding (2) and (3), we have

4 (BL2+ CM?) = 5 (AC? + AB?)
i.e, 4 (BL2+ CM?) = 5 BC? [From (1)]
A D

Example 14 : O is any point inside a
rectangle ABCD (see Fig. 6.52). Prove that
OB2? + OD? = OA% + OC2

| L Q
Solution : o

Through O, draw PQ || BC so that P lies on

AB and Q lieson DC. B _ C
Now, PO || BC Fig. 6.52

Therefore, PQ L AB and PQ L DC (£ B =90° and £ C =90°)
o, £ BPQ =90° and £ CQP = 90°

Therefore, BPQC and APQD are both rectangles.
Now, from A OPB,
OB? = BP? + OP? Q)
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Similarly, from A OQD,

OD? = OQ? + DQ@? 2
From A OQC, we have

0OC? = OQ? + CQ? (3)
and from A OAP, we have

OAZ = AP? + OP? 4

Adding (1) and (2),
OB2? + OD? = BF? + OP? + OQ? + DQ?
= CQ?+ OP? + OQ? + AP?
(AsBP = CQ and DQ = AP)
= CQ? + OQ* + OF* + AP
= OC2 + OA? [From (3) and (4)]

EXERCISE 6.5

1. Sides of triangles are given below. Determine which of them are right triangles.
In case of aright triangle, write the length of its hypotenuse.

(i) 7cm,24cm,25¢cm
(i) 3cm,8cm,6cm
(iif) 50cm,80cm, 100cm
(iv) 13cm,12cm,5¢cm
2. PQRisatriangleright angled at Pand M isa

point on QR such that PM L QR. Show that C
PM2=QM .MR.
3. InFig.6.53,ABD isatriangleright angled at A
andAC L BD. Show that
(i) AB2=BC.BD B A
(i) AC*=BC.DC .
Fig. 6.53
(iii) AD2=BD.CD g
4. ABCisanisoscelestriangleright angled at C. Provethat AB? = 2AC2
5. ABCisanisoscelestrianglewithAC = BC. If AB2=2 AC?, provethat ABCisaright
triangle.
6. ABCisanequilateral triangle of side 2a. Find each of itsaltitudes.

7. Prove that the sum of the squares of the sides of arhombus is equal to the sum of the
squares of its diagonals.
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8.

10.

11

12.

13.

14.

15.

16.

17.

InFig. 6.54, Oisapointintheinterior of atriangle

ABC, OD 1 BC, OE L ACand OF L AB. Show that

(i) OA?+0B2+0C?*-0D?-0F?-0F?*=AF+BD?+ CE?,
(i) AF?2+BD?+CE?=AE2+CD?+BF

A ladder 10 mlong reachesawindow 8 m abovethe

ground. Find the distance of the foot of the ladder
from base of thewall.

A guy wireattached to avertical poleof height 18 m
is 24 m long and has a stake attached to the other
end. How far from the base of the pole should the
stake be driven so that the wire will be taut?

Fig. 6.54

An aeroplaneleaves an airport and flies due north at a speed of 1000 km per hour. At the
same time, another aeroplane leaves the same airport and flies due west at a speed of

1
1200 km per hour. How far apart will be the two planes after 15 hours?

Two poles of heights 6 m and 11 m stand on a
plane ground. If the distance between the feet
of the polesis 12 m, find the distance between
their tops.

A

D and E are points on the sides CA and CB

respectively of atriangle ABC right angled at C.

Provethat AE2 + BD?=AB2+ DE2, C ]
D

The perpendicular from A on side BC of a
AABC intersects BC at D such that DB =3 CD Fig. 6.55
(seeFig. 6.55). Provethat 2AB2=2AC?+BC2

=~

1
Inanequilateral triangle ABC, D isapoint on side BC such that BD = 3 BC. Provethat
9AD?*=7AB2
In an equilateral triangle, prove that three times the square of one side is equal to four
times the square of one of its altitudes.

Tick thecorrect answer andjustify : INAABC,AB = 63 cm,AC=12cmandBC=6cm.
TheangleB is:

(A) 120° B) 60°
© & (D) 45°
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EXERCISE 6.6 (Optional)*
. : . QS _PQ
1. InFig. 6.56, PSisthebisector of £ QPR of A PQR. Provethat SR PR
P A
D N
R C ] LB
Fig. 6.56 Fig. 6.57
2. InFig. 6.57, D isapoint on hypotenuseAC of AABC, DM L BCand DN L AB. Prove
that :
(i) DM?2=DN.MC (i) DN?=DM .AN

3. InFig.6.58,ABCisatriangleinwhich ZABC>90° andAD L CB produced. Provethat
AC?=AB?+BC?+2BC.BD.

A A
D B C B D C
Fig. 6.58 Fig. 6.59
4. In Fig. 6.59, ABC is a triangle in which £ ABC < 90° and AD L BC. Prove that
AC?2=AB?+BC?>-2BC.BD. A

5. InFig.6.60, AD isamedian of atriangle ABC and
AM L BC. Provethat:

BC\’
(i) AC2=AD?+BC.DM + (7j

Fig. 6.60

* These exercises are not from examination point of view.
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BC)® 1
(i) AB2=AD?—BC.DM + [7) (ii) AC?+AB*=2AD?+ 2 BC?

6. Provethat the sum of the squares of the diagonals of parallelogramis equal to the sum
of the squares of its sides.

7. InFig. 6.61, two chordsAB and CD intersect each other at the point P. Prove that :
(i) AAPC~ADPB (i) AP.PB=CP.DP

Fig. 6.61 Fig. 6.62

8. In Fig. 6.62, two chords AB and CD of a circle intersect each other at the point P

(when produced) outside the circle. Prove that A

() APAC~APDB (i) PA.PB=PC.PD

9. InFig. 6.63, Disapoint onside BC of AABC

B :
D~ AC Prove that AD isthe B 5 C

bisector of £ BAC.

10. Nazimaisfly fishinginastream. Thetip of
her fishing rod is 1.8 m above the surface
of the water and the fly at the end of the
string rests on the water 3.6 m away and
2.4 mfromapoint directly under thetip of
the rod. Assuming that her string
(from thetip of her rod to the fly) is taut,
how much string does she have out
(seeFig. 6.64)?1f shepullsinthe string at
the rate of 5 cm per second, what will be
the horizontal distance of thefly from her
after 12 seconds?

such that
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6.7

Summary

In this chapter you have studied the following points :

1

10.

11

12.

13.

Two figures having the same shape but not necessarily the same size are called similar
figures.

All the congruent figures are similar but the converse is not true.

Two polygons of the same number of sidesare similar, if (i) their corresponding angles
are equal and (ii) their corresponding sides are in the sameratio (i.e., proportion).

If alineisdrawn paralel to one side of atriangle to intersect the other two sides in
distinct points, then the other two sides are divided in the same ratio.

If alinedividesany two sidesof atrianglein the sameratio, thenthelineisparallel tothe
third side.

If intwo triangles, corresponding angles are equal, then their corresponding sidesarein
the sameratio and hencethetwo trianglesare similar (AAA similarity criterion).

If intwo triangles, two angles of onetriangle are respectively equal to the two angles of
the other triangle, then thetwo trianglesare similar (AA similarity criterion).

If in two triangles, corresponding sides are in the same ratio, then their corresponding
anglesare equal and hencethetrianglesare similar (SSSsimilarity criterion).

If oneangle of atriangleisequal to one angle of another triangle and the sidesincluding
these angles are in the same ratio (proportional), then the triangles are similar
(SASsimilarity criterion).

Theratio of the areas of two similar trianglesis equal to the square of the ratio of their
corresponding sides.

If aperpendicular is drawn from the vertex of the right angle of aright triangle to the
hypotenuse, then the triangles on both sides of the perpendicular are similar to the
wholetriangle and also to each other.

Inaright triangle, the square of the hypotenuseisequal to the sum of the squares of the
other two sides (Pythagoras Theorem).

If in atriangle, square of one side is equal to the sum of the squares of the other two
sides, then the angle opposite the first sideis aright angle.

A NoTe To THE READER

If in two right triangles, hypotenuse and one side of one triangle are
proportional to the hypotenuse and one side of the other triangle,
then the two triangles are similar. This may be referred to as the
RHS Similarity Criterion.

If you use this criterion in Example 2, Chapter 8, the proof will become
simpler.
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7.1 Introduction

In Class X, you have studied that to locate the position of a point on a plane, we
require apair of coordinate axes. The distance of a point from the y-axisiscalled its
x-coordinate, or abscissa. The distance of a point from the x-axis is called its
y-coor dinate, or ordinate. The coordinates of a point on the x-axis are of the form
(%, 0), and of a point on the y-axis are of the form (0, y).

Here is aplay for you. Draw a set of a pair of perpendicular axes on a graph
paper. Now plot thefollowing points and join them as directed: Join the point A(4, 8) to
B(3, 9) to C(3, 8) to D(1, 6) to E(1, 5) to F(3, 3) to G(6, 3) to H(8, 5) to I(8, 6) to
J(6, 8) toK(6, 9) to L (5, 8) to A. Thenjoin the points P(3.5, 7), Q (3, 6) and R(4, 6) to
form atriangle. Also join the points X (5.5, 7), Y (5, 6) and Z(6, 6) to form atriangle.
Now join S(4, 5), T(4.5, 4) and U(5, 5) to form atriangle. Lastly join Sto the points
(0, 5) and (0O, 6) and join U to the points (9, 5) and (9, 6). What picture have you got?

Also, you have seen that a linear equation in two variables of the form
ax + by + ¢ =0, (a, b are not simultaneously zero), when represented graphically,
gives a straight line. Further, in Chapter 2, you have seen the graph of
y=ax?+bx+ c(a=#0), isaparabola Infact, coordinate geometry has been devel oped
as an algebraic tool for studying geometry of figures. It helps us to study geometry
using algebra, and understand algebra with the help of geometry. Because of this,
coordinate geometry iswidely applied in variousfields such as physics, engineering,
navigation, seismology and art!

In this chapter, you will learn how to find the distance between the two points
whose coordinates are given, and to find the area of the triangle formed by three given
points. You will also study how to find the coordinates of the point which dividesaline
segment joining two given pointsin agiven ratio.



156 M ATHEMATICS

7.2 DistanceFormula North
L et usconsider thefollowing situation:

A town B is located 36 km east and 15
km north of the town A. How would you find
the distance from town A to town B without B
actually measuringit. Let ussee. Thissituation
can be represented graphically as shown in
Fig. 7.1. You may use the Pythagoras Theorem Ale > East X
to calculate this distance. 36 km

15 km

Now, suppose two points lie on the x-axis. Fig. 7.1
Can we find the distance between them? For
instance, consider two pointsA(4, 0) and B(6, 0) Y
inFig. 7.2. The points A and B lie on the x-axis. 83D (0. 8)
From the figure you can see that OA = 4 g
units and OB = 6 units. 67
Therefore, the distance of B from A, i.e,, S
AB = OB —OA = 6—4 = 2 units, 4

So, if two points lie on the x-axis, we can

easily find the distance between them.

Now, suppose we take two points lying on ) A X
the y-axis. Can you find the distance between =~ O| 1 2 3'/*'5 5 6\
(6,0)

them. If the points C(0, 3) and D(O, 8) lie on the 4,0
y-axis,'similarlywefindthatCD:8—3=5units Fig. 7.2
(see Fig. 7.2).

Next, can you find the distance of A from C (in Fig. 7.2)? Since OA =4 unitsand

OC = 3units, thedistanceof A fromC,i.e., AC= /32 + 42 =5units. Similarly, you can
find the distance of B from D = BD = 10 units.

Now, if we consider two points not lying on coordinate axis, can we find the
distance between them? Yes! We shall use Pythagoras theorem to do so. Let us see
an example.

InFig. 7.3, the points P(4, 6) and Q(6, 8) liein thefirst quadrant. How do we use
Pythagoras theorem to find the distance between them? Let us draw PR and QS
perpendicular to the x-axis from P and Q respectively. Also, draw a perpendicular
from Pon QSto meet QS at T. Then the coordinates of R and S are (4, 0) and (6, 0),
respectively. So, RS =2 units. Also, QS = 8 unitsand TS = PR = 6 units.
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Therefore, QT = 2 unitsand PT = RS = 2 units.
Now, using the Pythagoras theorem, we
have
PQ? = PT? + QT?
=22+2°=8
So, PQ = 2./2 units

How will we find the distance between two
pointsin two different quadrants?

Consider the points P(6, 4) and Q(-5, —3)
(see Fig. 7.4). Draw QS perpendicular to the
x-axis. Also draw a perpendicular PT from the

=<

N W A U1 &N X

Q6. 8)

P
A

4,

o

...R SX
123/‘456\(60)

4,0

i ) Fig. 7.3
point P on QS (extended) to meet y-axis at the
point R.
Y
9
8t
-t
5t
T R(0, 4) .P(6,4)
3+
2

Fig. 7.4

Then PT = 11 unitsand QT = 7 units. (Why?)

101 2 34556

Using the Pythagoras Theorem to the right triangle PTQ, we get

PQ= 112+ 7% = /170 units.
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Let us now find the distance between any two Y
points P(x,, y,) and Q(x,, y,). Draw PR and QS Qe )
perpendicular to the x-axis. A perpendicular from the
point P on QS is drawn to meet it at the point
T (See Flg 75) (xl,y1

Then, OR=x,0S=x, So, RS=x —x =PT.
Also, SQ=y, ST=PR=y. S0, QT=y,-V,.
Now, applying the Pythagorastheoremin A PTQ, weget <o R X
sz =PT2 + QTz
= (Xz - Xl)z + (yz - yl 2

Therefore, PQ = \/(Xz— X1)2 + (Y2_ y1)2

Note that sincedistanceisalwaysnon-negative, wetake only the positive square
root. So, the distance between the points P(x,, y,) and Q(X,, ,) is

— 2 2
PQ = \/(Xz_ Xl) + (yz_ yl) '
which is called the distance for mula.
Remarks :

T

Ny

Fig. 7.5

1. In particular, the distance of a point P(x, y) from the origin O(0, 0) isgiven by

OP = 1/x2+y2 .

2. We can also write, PQ = \[(x - %,)* + (1 — ,)? - (Why?)

Example 1 : Do the points (3, 2), (-2, -3) and (2, 3) form atriangle? If so, name the
type of triangle formed.

Solution : Let us apply the distance formula to find the distances PQ, QR and PR,
where P(3, 2), Q(—2, —-3) and R(2, 3) are the given points. We have

PQ=/(3+2)7 + (2+3)? =+/52 + 52 = /B0 = 7.07 (approx.)

QR= /(2 -2)% + (-3 —3)2 =/(-4)* + (-6)> =+/52 = 7.21 (approx.)

PR=\/(3-2)2 + (2-3)% =/ + (-1)? =42 = 1.41 (approx.)

Sincethe sum of any two of these distancesisgreater than thethird distance, therefore,
the points P, Q and R form atriangle.
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Also, PQ? + PR? = QR?, by the converse of Pythagoras theorem, we have £ P = 90°.
Therefore, PQR isaright triangle.

Example 2 : Show that the points (1, 7), (4, 2), (-1, 1) and (— 4, 4) are the vertices
of a square.

Solution : LetA(L, 7), B(4, 2), C(-1, —1) and D(—4, 4) be the given points. One way
of showing that ABCD is a square is to use the property that all its sides should be
equal and both its digonals should also be equal. Now,

AB =/(1-4)%+ (7-2)° =[9+ 25=/34
BC=\(4+1)°+(2+1)? =/25+9=+/34
CD =/(-1+4)* + (-1-4)2 =,/9+ 25 =34
DA=\/(1+4)% + (7-4)?=/25+9=/34
AC =1+ 1)+ (7+1)% = /4 + 64 = /68
BD =\/(4+4)% + (2-4)° =[64+ 4 =/68

Since, AB = BC = CD = DA and AC = BD, dll the four sides of the quadrilateral
ABCD are equal and its diagonalsAC and BD are also equal. Thereore, ABCD isa
square.

Alternative Solution : We find
thefour sidesand onediagonal, say,

AC as above. Here AD? + DC? =

34 + 34 =68=AC? Therefore, by

the converse of Pythagoras
theorem, £ D =90°. A quadrilateral

with all four sides equal and one

angle 90° is a square. So, ABCD  ROWS
isasguare.

i
=

[

Example 3 : Fig. 7.6 shows the
arrangement of desks in a
classroom. Ashima, Bharti and A
Camella are seated at A(3, 1), Iﬁ’T
B(6, 4) and C(8, 6) respectively. 1 2 3 45 6 7 8 910
Do you think they are seated in a Columns

line? Give reasons for your Fig. 7.6

answer.

- N W A 1N 0 O
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Solution : Using the distance formula, we have
AB= [(6-37+(4-12 =9+9=18=32
BC= \(8-6)"+ (647 =4+ 4=B=22
AC=,/8-3?%+ (6-1)72 =25+ 25 = /50 = 5,2

Since, AB + BC = 3./2 + 24/2 = 5\/2 = AC, we can say that the points A, B and C
are collinear. Therefore, they are seated in aline.

Example 4 : Find arelation between x and y such that the point (x , y) is equidistant
from the points (7, 1) and (3, 5).

Solution : Let P(x, y) be equidistant from the pointsA(7, 1) and B(3, 5).

We are given that AP = BP. So, AP? = BP?

e, (X=72+(y—1y= (x-3)*+ (y—5)°

i.e, X—14X+49+y?2 -2y +1=x2—-6x+9+y2—-10y + 25

ie, X—y=2

<

whichistherequired relation.

Remark : Notethat the graph of the equation
x—y=2isaline. From your earlier studies,
you know that a point which is equidistant
from A and B lies on the perpendicular
bisector of AB. Therefore, the graph of
X —Yy = 2isthe perpendicul ar bisector of AB
(see Fig. 7.7).

Example5: Find apoint onthey-axiswhich
is equidistant from the points A(6, 5) and
B(—4, 3).

/2 34567
Solution : We know that a point on the
y-axisis of the form (0, y). So, let the point +”

P(0, y) be equidistant from A and B. Then Fig. 7.7
(6-02+(B-y) = (-4-07+B-yy

i.e, 36+25+y*—10y = 16 + 9 + y?— 6y

ie, 4y = 36

ie, y=9

B@3, 5)

A(7,1)

2
N
A T S IR T N7 - N -
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So, therequired point is (0, 9).

Let uscheck our solution: AP = /(6 — 0)2 + (5—9) = /36 + 16 = /52

BP= \[(-4-0)% + (3-9)° = |16 + 36 = /52

Note: Using the remark above, we seethat (0O, 9) isthe intersection of the y-axisand
the perpendicular bisector of AB.

EXERCISE 7.1

1. Find the distance between the following pairs of points:

() (2.3).(41) (i) (-5,7).(-13) (iii) (& b),(-a,-b)
2. Find the distance between the points (0, 0) and (36, 15). Can you now find the distance
between the two towns A and B discussed in Section 7.2.

3. Determineif thepoints(1, 5), (2, 3) and (—2,—11) arecollinear.
4. Check whether (5, -2), (6, 4) and (7, — 2) arethe vertices of anisoscelestriangle.

5. In a classroom, 4 friends are
seated at the pointsA, B, Cand
D asshowninFig. 7.8. Champa
and Chameli walk into theclass
and after observing for a few
minutes Champaasks Chameli,
“Don’t you think ABCD is a
square?’ Chameli disagrees.
Using distance formula, find
which of themiscorrect.

i
=]

Rows

6. Namethetype of quadrilateral
formed, if any, by thefollowing

D 5|
your answer:

points, and give reasons for
i) 1-2),(L0),(-12), (30 1 2 3 4 5 6 7 8 9 10
. Columns
(i) (3,5),(3,1),(0,3),(-1,-4)
(i) (4,5),(7,6),(4,3),(L2 Fig. 7.8
7. Findthe point on the x-axiswhich isequidistant from (2, -5) and (-2, 9).

8. Findthevalues of y for which the distance between the points P(2, — 3) and Q(10, y) is
10 units.

—_— N W AR N X O
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9. If Q(0, 1) isequidistant from P(5, —3) and R(x, 6), find the values of x. Also find the
distances QR and PR.

10. Find arelation between x and y such that the point (x, y) is equidistant from the point
(3,6)and (-3, 4).

7.3 Section Formula

Let us recall the situation in Section 7.2.
Suppose a telephone company wants to %

position arelay tower at P between A and B

is such away that the distance of the tower B(36, 15)
from B istwiceitsdistancefromA. If Plies )

on AB, it will divide AB in the ratio 1 : 2 Lk C

(see Fig. 7.9). If we take A as the origin O, A X
and 1 km as one unit on both the axis, the Y D E

coordinates of B will be (36, 15). In order to
know the position of the tower, we must know
the coordinates of P. How do we find these
coordinates?

Let the coordinates of P be (X, y). Draw perpendiculars from P and B to the
x-axis, meeting it in D and E, respectively. Draw PC perpendicular to BE. Then, by
the AA similarity criterion, studied in Chapter 6, A POD and A BPC are similar.
Thereiore, 22-9P_ 1  PD_OP 1

TEE e T 22" BC PB 2
so, X -1 ggY _L
36-x 2 15-y 2 Y
These equations givex = 12 and y = 5. B(xz,52)

You can check that P(12, 5) meets the my

conditionthat OP: PB =1: 2. 5 P

Now let us use the understanding that my
you may have developed through this
exampleto obtain the general formula.

Fig. 7.9

Consider any two pointsA(x,, y,) and
B(x,, ¥,) and assume that P (X, y) divides
AB internally in the ratiom : m, i.e., ) S T X
PA _

PB

% (see Fig. 7.10). Fig. 7.10
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Draw AR, PS and BT perpendicular to the x-axis. Draw AQ and PC parallel to
the x-axis. Then, by the AA similarity criterion,

A PAQ ~A BPC

PA_AQ _ PQ
Therefore, BP_ PC ~ BC (@D}
Now, AQ=RS=0S-0OR=x-X

PC =ST=0T-0S=Xx,—-X

PQ=PS-QS=PS-AR=y-y,

BC=BT-CT=BT-PS=y,—-y
Substituting these valuesin (1), we get

m _ X=X _Y- %
m X=X Y-y
Taking Moo X2X e getx= 2 X,
m  X-X m + m,
Similarly, taking M y_yl,Wegetyz my, + MYy,
m, Y-y m+m,

So, the coordinates of the point P(x, y) which divides the line segment joining the
pointsA(x,, y,) and B(x,, y,), internaly, intheratiom, : m, are

m +m m+m
This is known as the section formula.

This can also be derived by drawing perpendiculars from A, P and B on the
y-axis and proceeding as above.

If theratioin which PdividesAB isk: 1, then the coordinates of the point Pwill be
[kszr % ky, + )ﬁ}

[mlxz TMX My, + mzY1J )

k+1 k+1

Special Case : The mid-point of aline segment divides the line segment in the ratio
1: 1. Therefore, the coordinates of the mid-point P of the join of the points A(x,, y,)
and B(x,, y,) is

Ix+1% Ly+ly, | (X+% %tV
1+1 1+1 2 2 :
Let us solve afew examples based on the section formula.
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Example 6 : Find the coordinates of the point which dividesthe line segment joining
the points (4, —3) and (8, 5) intheratio 3 : 1 internaly.

Solution : Let P(x, y) be the required point. Using the section formula, we get

MR O NP L2 O R
3+1 3+1

Therefore, (7, 3) isthe required point.

Example 7 : In what ratio does the point (— 4, 6) divide the line segment joining the
pointsA(— 6, 10) and B(3, —8)?

Solution : Let (-4, 6) divide AB internally in the ratio m : m,. Using the section
formula, we get

3m - 6m, —8m +10m, ] O

m+ m, m +m,
Recall that if (x, y) = (a, b) then x= aand y = b.

(=4, 6)=[

_4= 3m, — 6m, and 6:—8rq+10m2

o,
m +m, m+m
3m -6
Now, 4= M givesus
m +m
—4m —4m, = 3m —6m,
e, 7m, =2m,
e, m:m,=2:7
You should verify that the ratio satisfies the y-coordinate al so.
o 1 10 —8™ 110
-8m +10m, _ o
Now, = (Dividing throughout by m.)
n'!l. + rnZ ﬂ + 1 m2
m,
-8 x % +10
= 5 =6
—+1
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Therefore, the point (—4, 6) dividesthe line segment joining the pointsA(— 6, 10) and
B(3,—-8)intheratio2: 7.

Alternatively : Theratiom, : m, can also be written as M1 ork: 1 Let (—-4,6)
m,

divide AB internally intheratiok : 1. Using the section formula, we get

4.6) = 3k-6 -8k+10 5
(-4.6)= k+1 k+1 2
%, 4= k-6

k+1
ie, —4k—-4=3k-6
ie, k=2
ie, k:1=2:7

You can check for the y-coordinate also.

So, the point (— 4, 6) divides the line segment joining the points A(— 6, 10) and
B(3,—8)intheratio2: 7.

Note: You can also find thisratio by calculating the distances PA and PB and taking
their ratios provided you know that A, P and B are collinear.

Example 8 : Find the coordinates of the points of trisection (i.e., points dividing in
three equal parts) of the line segment joining the pointsA(2, — 2) and B(— 7, 4).

Solution : Let P and Q be the points of A P Q B
trisection of AB i.e., AP=PQ = QB (z,iz) ) ) (_7" 4)
(seeFig. 7.11). Fig. 7.11

Therefore, PdividesAB internally intheratio 1 : 2. Therefore, the coordinates of P, by
applying the sectionformula, are

A=7) +2(2) 1(4) + 2(-2)
1+2 | 1+2 )& (L0

Now, Q also dividesAB internally in theratio 2 : 1. So, the coordinates of Q are

A7) +1(2) 2(4) +L-2)
[ 241  2+1 ]’i-e-’(“"z)
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Therefore, the coordinates of the points of trisection of the line segment joining A and
B are (-1, 0) and (- 4, 2).
Note: We could also have obtained Q by noting that it isthe mid-point of PB. So, we
could have obtained its coordinates using the mid-point formula.
Example 9 : Find the ratio in which the y-axis divides the line segment joining the
points (5, — 6) and (-1, — 4). Also find the point of intersection.
Solution : Let theratio bek : 1. Then by the section formula, the coordinates of the
—k+5 -4k-6)

k+1 k+1

point which dividesAB intheratiok : 1 are [

This point lies on the y-axis, and we know that on the y-axis the abscissais 0.

-k +5
k+1

Therefore,

So, k=5
That is, theratiois5: 1. Putting the value of k = 5, we get the point of intersection as

o)

Example 10 : If the points A(6, 1), B(8, 2), C(9, 4) and D(p, 3) are the vertices of a
parallelogram, taken in order, find the value of p.

Solution : We know that diagonals of a parallelogram bisect each other.
So, the coordinates of the mid-point of AC = coordinates of the mid-point of BD

o [6+9 1+4j_ [8+p 2+3]

2 2 ) U 2 2

' 53)-(5>3)

l1.e., 2’9 = 2 2
15 8+p

0, 27~ 2

ie, p=7
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1

10.

EXERCISE 7.2

Find the coordinates of the point which dividesthejoin of (-1, 7) and (4, =3) inthe
ratio2: 3.

Find the coordinates of the points of trisection of the line segment joining (4, —1)
and (-2, -3).

To conduct Sports Day activities, in
your rectangular shaped school
ground ABCD, lines have been
drawn with chalk powder at a
distance of 1m each. 100 flower pots
have been placed at adistance of 1m
from each other along AD, asshown

C

1
inFig. 7.12. Niharikaruns 7 ththe

distance AD on the 2nd line and

1
posts a green flag. Preet runs 5 th

the distance AD on the eighth line
and posts a red flag. What is the
distance between both the flags? If
Rashmi hasto post ablueflag exactly A
halfway between the line segment 1 23456 7 89 10
joining the two flags, where should

she post her flag? Fig. 7.12

Find theratio in which theline segment joining the points (— 3, 10) and (6, — 8) isdivided
by (-1, 6).

Find theratio in which theline segment joining A (1, — 5) and B(— 4, 5) isdivided by the
x-axis. Also find the coordinates of the point of division.

If (1, 2), (4,y), (X, 6) and (3, 5) arethe vertices of aparallelogram taken in order, find
xandy.

Find the coordinates of apoint A, where AB isthe diameter of acircle whose centreis
(2,—3)andBis(1, 4).

If Aand B are (— 2, —2) and (2, — 4), respectively, find the coordinates of P such that

AP=— AB and Plies on the line segment AB.

Find the coordinates of the points which divide the line segment joining A(— 2, 2) and
B(2, 8) into four equal parts.

Find the area of arhombusif itsverticesare (3, 0), (4, 5), (-1, 4) and (- 2,—1) takenin
order. [Hint : Areaof arhombus= 2 (product of its diagonals)]
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7.4 Areaof aTriangle

Inyour earlier classes, you have studied how to calculate the area of atriangle when
its base and corresponding height (altitude) are given. You have used the formula:

1
Area of atriangle = 5 x base x altitude

InClass|X, you have also studied Heron’sformulato find the area of atriangle.
Now, if the coordinates of the vertices of atriangle are given, can you find its area?
WEell, you could find the lengths of the
three sidesusing the distanceformulaand Y
then use Heron’sformula. But this could
be tedious, particularly if the lengths of
the sides are irrational numbers. Let us
see if there is an easier way out.

Alx;, )

. (x27y2) C(x3aJ’3)
Let ABC be any triangle whose

vertices are A(x,, y,), B(x, y,) and B
C(x,, y,;). Draw AP, BQ and CR
perpendiculars from A, B and C,
respectively, tothex-axis. Clearly ABQP,
APRC and BQRC are all trapezia o| QP R
(see Fig. 7.13). Fig. 7.13

Now, from Fig. 7.13, it is clear that

area of A ABC = area of trapezium ABQP + area of trapezium APRC
— area of trapezium BQRC.

You also know that the

area of atrapezium = 5 (sum of parallel sides)(distance between them)
Therefore,

Areaof A ABC = %(BQ + AP) QP + % (AP+CR) PR — %(BQ + CR) QR

1 1 1
= 5 (Y2 + Y% — %) + > (Vo + ¥a) (% — %) — 5 (Y2 + ¥3)(% — %)
1
= 5 [Xl(Y2 —V3) +% (V3 — W) + X (Y, — Y2)]
Thus, the area of A ABC isthe numerical value of the expression

1
S D0y ¥5) #2600 = ) + %0 — e ]
Let us consider afew examples in which we make use of this formula.



CoOoRDINATE GEOMETRY 169

Example 11 : Find the area of a triangle whose vertices are (1, -1), (- 4, 6) and
(-3,-5).

Solution : The area of the triangle formed by the vertices A(1, —-1), B(— 4, 6) and
C (=3, -5), by using the formula above, is given by

% [L(6+5) + (-4) (-5+ 1 + (-3 (-1~ 6)]

= %(11+16+ 21) =24

So, the area of the triangle is 24 square units.

Example 12 : Find the area of atriangle formed by the points A(5, 2), B(4, 7) and
C(7,-4).
Solution : The area of the triangle formed by the vertices A(5, 2), B(4, 7) and
C(7,—4) isgiven by

%[5(7+4)+4(—4—2)+7(2—7)]

- Les5-24-35=2_ >
2 2

Since areais ameasure, which cannot be negative, we will take the numerical value
of —2,i.e, 2. Therefore, the area of the triangle = 2 square units.

Example 13 : Find the area of the triangle formed by the points P(-1.5, 3), Q(6, —2)
and R(-3, 4).
Solution : The area of the triangle formed by the given pointsis equal to

%[_1.5(—2— 4) + 6(4-3) + (-39 (3+ 2)]

:%(9+6—15):0

Can we have atriangle of area O square units? What does this mean?

If the area of atriangle is 0 square units, then its vertices will be collinear.

Example 14 : Find the value of k if the points A(2, 3), B(4, k) and C(6, —3) are
collinear.

Solution : Sincethe given pointsare collinear, the area of the triangle formed by them
must be 0, i.e,,



170 M ATHEMATICS

%[Z(k +3)+4(-3-3)+6(3-Kk)] =0

e, 4 =0
Therefore, k=0
Let us verify our answer.
areaof AABC = %[2(0 +3)+4(-3-3)+6(3-0)]=0
Example 15 : If A(-5, 7), B(— 4, -5), C(-1, —6) and D(4, 5) are the vertices of a
quadrilateral, find the area of the quadrilateral ABCD.
Solution : By joining B to D, you will get two trianglesABD and BCD.

Now the areaof A ABD = %[—5(—5— 5+ (-4 (5-7) +4(7 + 5]

= %(50 +8+48) = %6 = 53 squareunits

1
Also, theareaof A BCD = E[_4(_6 ~5) —1(5+5) + 4(-5+ 6)]

= %(44 —10 + 4) =19 squareunits

So, the area of quadrilateral ABCD = 53 + 19 = 72 square units.

Note: To find the area of a polygon, we divide it into triangular regions, which have
no common area, and add the areas of these regions.

EXERCISE 7.3

1. Findthe areaof thetriangle whose vertices are:
0 (23,(-10,.(2-4 (i) (-5,-1).(3,-5).(5,2
2. Ineach of thefollowing find the value of ‘k’, for which the points are collinear.
0 (7.-2.(5,1), 3k (i) 8,1).(k,—4),(2,-5
3. Findtheareaof thetriangleformed by joining the mid-points of the sides of thetriangle
whose vertices are (0, —-1), (2, 1) and (0O, 3). Find theratio of this areato the area of the
giventriangle.
4. Findtheareaof thequadrilateral whose vertices, takenin order, are (—4,-2), (—3,-5),
(3,—2)and (2, 3).
5. Youhavestudiedin Class|X, (Chapter 9, Example 3), that amedian of atriangledivides

it into two triangles of equal areas. Verify this result for A ABC whose vertices are
A(4,-6),B(3,-2) and C(5, 2).
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EXERCISE 7.4 (Optional)*

1. Determinetheratioinwhichtheline 2x +y—4 =0 dividestheline segment joining the
pointsA(2,—2) and B(3, 7).

2. Find arelation between x andy if the points (X, y), (1, 2) and (7, 0) are collinear.
3. Findthe centre of acircle passing through the points (6, — 6), (3, —7) and (3, 3).

4. Thetwo opposite vertices of asguare are (-1, 2) and (3, 2). Find the coordinates of the
other two vertices.

5. The Class X students of a
secondary school in
Krishinagar have been allotted
a rectangular plot of land for
their gardening activity.
Sapling of Gulmohar are
planted on the boundary at a
distance of 1m from each other.
There is a triangular grassy
lawn in the plot as shown in
the Fig. 7.14. The students are
to sow seeds of flowering
plants on the remaining area of
the plot.

teeeceeceeseeeece

o [ 1o [0 [® 61D 1o 1

"Fleshiste

Fig. 7.14

(i) TakingA asorigin, find the coordinates of the vertices of the triangle.
(i) What will be the coordinates of the vertices of A PQR if Cistheorigin?
Also calculate the areas of the triangles in these cases. What do you observe?

6. Theverticesof aAABCareA(4, 6), B(1,5) and C(7, 2). A lineisdrawn to intersect sides

AB andAC at D and E respectively, such that % = % = % Calculatethe areaof the

A ADE and compareit with the areaof AABC. (Recall Theorem 6.2 and Theorem 6.6).

7. LetA(4,2),B(6,5) and C(1, 4) betheverticesof AABC.
(i) Themedianfrom A meetsBC at D. Find the coordinates of the point D.

(i) Find the coordinates of the point Pon AD suchthat AP: PD=2:1

(i) Find the coordinates of points Q and R on medians BE and CF respectively such
thatBQ:QE=2:1andCR:RF=2:1.

(iv) What do yo observe?
[Note: The point whichiscommonto all the three mediansis called the centroid
and this point divides each medianintheratio2: 1.]

* These exercises are not from the examination point of view.
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(v) IfA(X,Y,), B(X,Y,) and C(x,,y,) arethevertices of A ABC, find the coordinates of
the centroid of the triangle.

8. ABCD isarectangleformed by the pointsA(-1,-1), B(- 1, 4), C(5,4) and D(5,-1). P, Q,

75

R and S are the mid-points of AB, BC, CD and DA respectively. Is the quadrilateral
PQRS a square? arectangle? or arhombus? Justify your answer.

Summary

In this chapter, you have studied the following points :

1.

2.
3.

The distance between P(x,, y,) and Q(X,, Y,) is /(x, — %) + (¥, — W)’
The distance of a point P(x, y) from the originis /x* + y?.
The coordinates of the point P(x, y) which divides the line segment joining the
points A(x,, y,) and B(x,, y,) internally in the ratio m : m, are
(m&+mm,mw+%m}

m+m m +m

. The mid-point of the line segment joining the points P(x,, y,) and Q(x,, y,) is

2 2

The area of the triangle formed by the points (x, y,), (X,, ¥,) and (X, y,) is the
numerical value of the expression

[&+&,m+nj_

QMn—m+&%—m+&m—ﬁH

A NOTETO THE READER

Section 7.3 discusses the Section Formulafor the coordinates (x, y) of a
point P which divides internally the line segment joining the points
A(X,, y,) and B(x,, y,) intheratiom, : m, as follows:

. 25 w2 y= my, + My,
m+m m+m

Note that, here, PA : PB =m, : m,.

However, if P does not lie between A and B but lies on the line AB,
outside the line segment AB, and PA : PB =m, : m,, we say that Pdivides
externally the line segment joining the points A and B. You will study
Section Formula for such case in higher classes.




| NTRODUCTION TO
TRIGONOMETRY

There is perhaps nothing which so occupies the
middle position of mathematics as trigonometry.

— J.F. Herbart (1890)
8.1 Introduction

You have already studied about triangles, and in particular, right triangles, in your
earlier classes. Let ustake some examplesfrom our surroundingswhereright triangles
can be imagined to be formed. For instance :

1. Suppose the students of a school are
visiting Qutub Minar. Now, if astudent
islooking at thetop of theMinar, aright
triangle can be imagined to be made,
as shown in Fig 8.1. Can the student
find out the height of the Minar, without
actually measuring it?

2. Suppose agirl issitting on the balcony
of her house located on the bank of a Fig. 8.1
river. Sheislooking down at aflower
pot placed on astair of atemplesituated
nearby on the other bank of the river.
A right triangleisimagined to be made
inthissituation asshownin Fig.8.2. If
you know the height at which the
personissitting, can you find thewidth % -1
of the river?.

Fig. 8.2
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3. Suppose a hot air balloon is flying in
the air. A girl happens to spot the
balloon in the sky and runs to her @A @
mother to tell her about it. Her mother B
rushes out of the house to look at the
balloon.Now when the girl had spotted S
the balloon intially it was at point A.
When both the mother and daughter /.~ ;
came out to see it, it had already  Ag~- Lo SO
travelled to another point B. Can you _
find the altitude of B from the ground? Fig. 8.3

In al the situations given above, the distances or heights can be found by using
some mathematical techniques, which come under a branch of mathematics called
‘trigonometry’. The word ‘trigonometry’ is derived from the Greek words ‘tri’
(meaning three), ‘gon’ (meaning sides) and ‘metron’ (meaning measure). In fact,
trigonometry isthe study of relationships between the sides and angles of atriangle.
The earliest known work on trigonometry was recorded in Egypt and Babylon. Early
astronomers used it to find out the distances of the stars and planets from the Earth.
Even today, most of the technologically advanced methods used in Engineering and
Physical Sciences are based on trigonometrical concepts.

In this chapter, we will study some ratios of the sides of aright triangle with
respect to its acute angles, called trigonometric ratios of the angle. We will restrict
our discussion to acute angles only. However, these ratios can be extended to other
angles also. We will also define the trigonometric ratios for angles of measure 0° and
90°. We will calculate trigonometric ratios for some specific angles and establish
some identitiesinvolving these ratios, called trigonometric identities.

8.2 Trigonometric Ratios

In Section 8.1, you have seen someright triangles
imagined to beformed in different situations.

Let ustake aright triangle ABC as shown
inFig. 8.4.

Here, £ CAB (or, in brief, angle A) isan
acute angle. Note the position of the side BC
with respect to angleA. It faces £/ A. We call it ]
the side opposite to angle A. AC is the Side adjacent to
hypotenuse of theright triangleand thesideAB angle A
is a part of £ A. So, we call it the side
adjacent to angle A.

a

Hypotenuse

Side opposite to angle A

=]

Fig. 8.4
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Note that the position of sides change C
when you consider angle C in place of A
. =
(see Fig. 8.5). E
You have studied the concept of ‘ratio’ in u g
. ) . . ypotenuse =
your earlier classes. We now define certainratios e %
involving the sides of aright triangle, and call 2 Eﬂ
them trigonometric ratios. ZE
Thetrigonometric ratios of the angle A A B
inright triangle ABC (see Fig. 8.4) are defined Side opposite to
asfollows: angle C
_ side oppositeto angle A BC Fig. 8.5
sineof LA = =—
hypotenuse AC
. side adjacent toangle A AB
cosineof L A= =—
hypotenuse AC
tanaent of £ A = side oppositetoangleA ~ BC
g ~ sideadjacenttoangleA  AB
cosecant of Z A = — L =— hypgtenuse _AC
sineof /A ddeoppositetoangleA BC
secant of LA = - 1 =— hypotenuse = AC
cosneof £/ A sideadjacent toangleA BC
1 _ sideadjacent toangle A AB

cotangent of L A = =— : =—
tangent of ~ A sideoppostetoangleA BC
The ratios defined above are abbreviated assin A, cosA, tan A, cosec A, sec A
and cot A respectively. Note that the ratios cosec A, sec A and cot A are respectively,
the reciprocals of theratiossin A, cos A and tan A.

BC

_BC aAc _snA _ COsA

Also, observe that tan A = AB _ﬁ_ s A and cot A = SnA
AC

So, the trigonometric ratios of an acute angle in a right triangle express the
relationship between the angle and the length of its sides.

Why don’t you try to define the trigonometric ratios for angle C in the right
triangle? (SeeFig. 8.5)
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Thefirst use of the idea of ‘sine’ in the way we use
it today was in the work Aryabhatiyam by
Aryabhatta, in A.D. 500. Aryabhatta used the word
ardha-jya for the half-chord, which was shortened
to jyaor jivain due course. When the Aryabhatiyam
wastrandated into Arabic, theword jivawasretained
asitis. Thewordjivawastrandated into sinus, which
means curve, when theArabic version wastrand ated
into Latin. Soon the word sinus, also used as sine,
became common in mathematical texts throughout
Europe. An English Professor of astronomy Edmund

Gunter (1581-1626), first used the abbreviated Aryabhatta
notation‘sin’. A.D. 476 — 550

Theorigin of theterms’ cosine’ and ‘tangent’ was much later. The cosine function
arose from the need to compute the sine of the complementary angle. Aryabhatta
caled it kotijya. The name cosinus originated with Edmund Gunter. In 1674, the
English Mathematician Sir Jonas Moore first used the abbreviated notation ‘ cos'.

Remark : Note that the symbol sin A is used as an
abbreviation for ‘thesine of theangleA’. sinA isnot Q
the product of ‘sin’ and A. ‘sin’ separated from A =
has no meaning. Similarly, cosA is not the product of

‘cos and A. Similar interpretations follow for other P
trigonometric ratios al so.

Now, if we take a point P on the hypotenuse Hypotenuse
AC or apoint Q on AC extended, of theright triangle
ABC and draw PM perpendicular to AB and QN A
perpendicular to AB extended (see Fig. 8.6), how M B N
will the trigonometric ratios of £ A in A PAM differ
fromthose of £ Ain A CAB or fromthoseof ZAin Fig. 8.6
A QAN?

To answer this, first ook at these triangles. IsA PAM similar to A CAB? From
Chapter 6, recall the AA similarity criterion. Using the criterion, you will see that the
triangles PAM and CAB are similar. Therefore, by the property of similar triangles,
the corresponding sides of the triangles are proportional .

AM AP MP

S0 wehave AB ~AC BC
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MP  BC

i i — = —=98nA
From this, wefind AP AC .
- AM AB MP BC
Similarly, ——=—+ = COSA, — =— = and so on.
Y AP AC AM AB tan A

This showsthat the trigonometric ratios of angle A in A PAM do not differ from
those of angle A in A CAB.

In the same way, you should check that the value of sin A (and also of other
trigonometric ratios) remains the samein A QAN also.

From our observations, it is now clear that the values of the trigonometric
ratios of an angle do not vary with the lengths of the sides of the triangle, if
the angle remains the same.

Note : For the sake of convenience, we may write sin?A, cos?A, etc., in place of
(sinA)?, (cosA)?, etc., respectively. But cosecA = (sinA)t=sintA (itiscalled sine
inverseA). sint A has adifferent meaning, which will be discussed in higher classes.
Similar conventions hold for the other trigonometric ratios as well. Sometimes, the
Greek letter 0 (theta) is aso used to denote an angle.

We have defined six trigonometric ratios of an acute angle. If we know any one
of the ratios, can we obtain the other ratios? Let us see.

1
If inaright triangle ABC, sin A = 3’ ‘
B
then this means that A_C=§ i.e., the 3k k
lengths of thesidesBC and AC of thetriangle
ABCareintheratiol: 3(seeFig.8.7). Soif A B
BC isequal to k, then AC will be 3k, where Fig. 8.7

kisany positive number. To determine other
trigonometric ratios for the angle A, we need to find the length of the third side
AB. Do you remember the Pythagoras theorem? Let us use it to determine the
required length AB.

AB2 = AC?2 — BC? = (3k)2 — (K)2 = 8k2 = (2/2 k)2

Therefore, AB = + 242k

So, we get AB = 22k (WhyisAB not—2y2k?)
AB 22k 22

Now, COSA= ——=——=——

AC 3k 3
Similarly, you can obtain the other trigonometric ratios of theangleA.
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Remark : Since the hypotenuse is the longest side in a right triangle, the value of
sinA or cosA isalwayslessthan 1 (or, in particular, equal to 1).

Let us consider some examples.

a

4
Example 1 : Given tan A = 5 find the other

trigonometric ratios of the angle A.

Solution : Let us first draw a right A ABC

(see Fig 8.8). 4k

Now, we know that tan A = -2 =2

ow, we know anA=-_ =3
Therefore, if BC = 4k, then AB = 3k, where k is a A Y B
positive number.

Fig. 8.8
Now, by using the Pythagoras Theorem, we have J

AC? = AB? + BC? = (4k)? + (3K)? = 25k2
o, AC = 5k
Now, we can write all the trigonometric ratios using their definitions.
BC 4k 4
A= AC 5 5

1
Therefore, cot A = —— =
ore, co tan A

Hlw
8
1]

Il
NG NG|
2
o
&
>
1]

Il
wlo

Example 2 : If £ B and £ Q are
acute angles such that sin B = sin Q,
then provethat « B = £ Q.

Solution : Let us consider two right
triangles ABC and PQR where
sin B = sin Q (see Fig. 8.9). C B R Q
Fig. 8.9

We have snB =

and snQ=

313 5|3
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h AC _ PR
en AB ~ PQ
Theref AC A8 ks 1
erefore, PR-PQ 1)

Now, using Pythagoras theorem,
BC= \JAB?- AC?

and QR = ,/PQ* - PR?
BC JAB -AC’ KPQ'-KPR® Kk(PQ’-PR®
. R=hzPRe | PO PR JPQP PR @

From (1) and (2), we have

i

AC _ AB_BC
PR PQ OR
Then, by using Theorem 6.4, A ACB ~ A PRQ and therefore, £ B = £ Q.

Example 3 : Consider A ACB, right-angled at C, in
which AB = 29 units, BC = 21 unitsand Z ABC =6
(see Fig. 8.10). Determine the values of

) ) 29
(i) cos*6 +sin? 6,
(i) cos? 6 —sin? 6.
Solution : In A ACB, we have 0
C B
— 2 2 — 2 2 2
AC= JAB2-BC? = ./(29)* — (21) Fig. 8.10

= /(29 - 21)(29 + 21) = ,/(8)(50) = /400 = 20units
AC 20 BC 21
=—=—»1C008S0=—=—
AB 29 AB 29

§2+(2_12_202+212_400+441_

29 29) 292 841

21 2_(@ ® (21+20)(21-20) 41
29 29) 29? 84l

So, sino

Now, (i) cos?0 + sin?0 = ( 1

and (ii) cos’6 —sin?6 = (
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Example4: Inaright triangle ABC, right-angled at B, A
if tan A = 1, then verify that

2 sSinA cosA =1.

BC
Solution : INAABC, tanA= o= =1 (see Fig 8.11)

i.e., BC= AB _
Fig. 8.11
Let AB = BC =k, where k is a positive number.

Now, AC= JAB?+ BC?
= J(K)? + (k)% =k~/2

heret L BC_L1 o _AB_1
erefore, sin AC 2 and CcosA = 4= NG
So, 2sinA cosA = 2( j( j 1, which istherequired value.

Example 5 : In A OPQ, right-angled at P,

OP=7cmand OQ — PQ = 1 cm (see Fig. 8.12). ?
Determine the values of sin Q and cos Q.
Solution : In A OPQ, we have

0Q? = OP + PQ?
i.e, (1+PQ)?=0P + PQ* (Why?)
ie, 1+ PQ?*+2PQ = OF* + PQ?
i.e, 1+2PQ= 7?2 Why?

PQ (Why?) pL0 o
ie, PQ=24cmand OQ =1+ PQ=25cm om
Fig. 8.12
7 24

So, st— andcosQ——

25
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EXERCISE 8.1
1. InAABC, right-angledat B, AB =24 cm, BC=7cm. Determine:
(i) snA,cosA r
(i) sinC,cosC
2. InFig.8.13, findtan P—cot R.
3 12 cm 13 cm
3. IfsinA= 2 calculate cos A and tan A.
4. Given15cot A =8, findsin A and sec A.
13 Q R
5. Givensec6= I} calculate all other trigonometric ratios. Fig. 8.13

6. If £ A and £ B are acute angles such that cos A = cos B, then show that £ A = £/ B.

(1+sin0)(1—sin0)

7. 1f cotezz- evaluate: (i) (ii) cot?6
8 (1+ cos 0) (1 — cosb)
1-tan’A -
8. If 3 cot A =4, check whether —1+ A = cos? A —sin?A or not.

1
9. Intriangle ABC, right-angled at B, if tan A = ﬁ find the value of::
() snAcosC+cosAsnC
(i) cosAcosC—-sinAsinC

10. InAPQR,right-angled at Q, PR + QR =25 cm and PQ = 5 cm. Determine the val ues of
sin P, cosPand tan P.

11. Statewhether thefollowing aretrue or false. Justify your answer.
(i) Thevalueof tan A isalwayslessthan 1.

12
(i) secA= = for some value of angle A.

(i) cosA isthe abbreviation used for the cosecant of angle A.
(iv) cot A isthe product of cot and A.

4
(v) snb= 3 for someangle6.

8.3 Trigonometric Ratiosof Some SpecificAngles

From geometry, you are already familiar with the construction of angles of 30°, 45°,
60° and 90°. In thissection, wewill find the values of the trigonometric ratiosfor these
angles and, of course, for 0°.
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Trigonometric Ratios of 45° C

InA ABC, right-angled at B, if oneangleis45°, then
the other angle is also 45°, i.e, L A=~/ C = 45°

(see Fig. 8.14).

So, BC=AB (Why?) B
A

Now, Suppose BC =AB = a. Fig. 8.14

Then by Pythagoras Theorem, AC2 = AB? + BC2 = & + a2 = 2a2,
and, therefore, AC = a/2.
Using the definitions of the trigonometric ratios, we have :

side opposite to angle 45° BC a 1
sin45° = PP g =—=—=-=

- hypotenuse “AC a2 2
side adjacent toangle 45° AB a 1
cos45° = =——=—==—
hypotenuse AC a2 2
side opposite to angle 45°  BC a
tan 45° = oo OPP ge4>” _BC_a_,
side adjacent to angle45° AB a
1 1 1
Also, cosec 45° = — =\/§,sec45°= =\/§,cot45°= =1.
Sin 45° Cos 45° tan 45°
Trigonometric Ratios of 30° and 60°
A
Let us now calculate the trigonometric ratios of 30°
and 60°. Consider an equilateral triangleABC. Since
each anglein an equilateral triangleis60°, therefore, 30°
LA=/B=/£C=60°.
Draw the perpendicular AD from A to the side BC B/\60° C
(see Fig. 8.15). b
Now AABD = AACD (Why?) Fig. 8.15
Therefore, BD = DC
and ZBAD = £ CAD (CPCT)

Now observe that:
A ABD isaright triangle, right-angled at D with £~ BAD = 30° and £ ABD = 60°
(see Fig. 8.15).
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Asyou know, for finding the trigonometric ratios, we need to know the lengths of the
sides of the triangle. So, let us suppose that AB = 2a.

1
Then, BD:EBC=a
and AD? = AB? — BD? = (2a)? — (a)? = 3a2,
Therefore, AD = a\/:_%
Now, we have :
sin30° = @=i=l cos30°—£——a\/§—£
T AB 2a 2’ " AB 2a 2
poBD_ 2 1
tan 3 = AD a\@ \/é
Also cosec 30° = ! =2, sec30° = 1 _2
’ © &§n30° "~ cos30° /3
1
cot 30° = =\/§.
tan 30°
Similarly,
snpr= AR V3 N3 o tan 60° = /3
" AB 2a 2 -2 -3
60° = —=» sec 60° = 2 and cot 60° = £
COSec =5 sec =2andco =5

Trigonometric Ratios of 0° and 90°
L et us see what happens to the trigonometric ratios of angle

A, if itismade smaller and smaller in theright triangle ABC ¢
(seeFig. 8.16), till it becomes zero. As £ A gets smaller and
smaller, thelength of the side BC decreases.The point C gets
closer to point B, and finally when £ A becomes very close A B
to 0°, AC becomes almost the same as AB (see Fig. 8.17). Fig. 8.16
< . R . A

; S e

A B A B A B A B A B A B

Fig. 8.17
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When £ A is very close to 0°, BC gets very close to 0 and so the value of

BC
SinA = AC isvery closeto 0. Also, when £ A isvery closeto 0°, AC is nearly the

AB
same as AB and so the value of cos A = AC isvery closeto 1.

This helps us to see how we can define the values of sin A and cos A when
A =0°. We define: sin 0° =0 and cos 0° = 1.

Using these, we have :

sin 0°
tan0° = =0,cot0° = » which is not defined. (Why?)
cos 0° tan 0°
1 1 I . .
sec 0° = —— =1 and cosec 0° = ——: which isagain not defined.(Why?)
cos 0° sin 0°

Now, let us see what happensto the trigonometric ratiosof £ A, whenitismade
larger and larger in A ABCill it becomes90°. As £ A getslarger and larger, £ C gets
smaller and smaller. Therefore, asin the case above, the length of theside AB goeson
decreasing. The point A gets closer to point B. Finally when £ A isvery closeto 90°,
Z C becomes very close to 0° and the side AC almost coincides with side BC
(see Fig. 8.18).

C C C
A B - “AnB R AP

Fig. 8.18

When £ Cisvery closeto 0°, £ A isvery close to 90°, side AC is nearly the
sameasside BC, and so sin A isvery closeto 1. Also when £ A isvery close to 90°,
Z Cisvery closeto 0°, and the side AB is nearly zero, so cosA isvery closeto 0.

So, we define: sin 90° = 1 and cos 90° = 0.
Now, why don’t you find the other trigonometric ratios of 90°7?

We shall now give the values of all the trigonometric ratios of 0°, 30°, 45°, 60°
and 90° in Table 8.1, for ready reference.
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Table 8.1

Remark : From the table above you can observe that as £ A increases from 0° to
90°, sin A increases from 0 to 1 and cos A decreases from 1 to 0.

Let usillustrate the use of the valuesin the table above through some examples.

Example 6 : In A ABC, right-angled at B, A
AB =5 cm and £ ACB = 30° (see Fig. 8.19).
Determine the lengths of the sides BC and AC.

5

Solution : Tofind thelength of the side BC, wewill  ~
choose the trigonometric ratio involving BC and the 30°
givensideAB. Since BCistheside adjacent to angle B C
C and AB isthe side opposite to angle C, therefore Fig. 8.19

AB e

BC O
i i — t 300 -_——
l1.e, BC = lan = \/é

which gives BC= 5/3 cm
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To find the length of the side AC, we consider
AB

i 0= —— ?
sin30 AC (Why?)
- 1_5
i.e., >~ AC
ie, AC = 10cm

Note that alternatively we could have used Pythagoras theorem to determine the third
sidein the example above,

ie, AC= JAB?+ BC? = /52 + (54/3)2 cm = 10cm.

Example 7 : In A PQR, right-angled at

Q (seeFig. 8.20), PQ=3cmand PR=6 cm. P
Determine £ QPR and £ PRQ.
Solution : Given PQ = 3 cm and PR = 6 cm. 3 em 6 cm
R _y
Therefore, PR snR Q R
Fig. 8.20

r snR= 3_1
© ~ 6 2
o, Z PRQ = 30°
and therefore, Z QPR =60°. (Why?)

You may note that if one of the sides and any other part (either an acute angle or any
side) of aright triangleisknown, the remaining sides and angles of thetriangle can be
determined.

1 1
Example8: If sn(A-B) = P cos(A+B) = > 0°<A+B<90°, A>B,findA
and B.

1
Solution : Since, sin (A —B) = 5 therefore, A—B =30° (Why?) (1)

1
Also, sincecos (A + B) = o therefore, A + B =60° (Why?) 2
Solving (1) and (2), weget : A = 45° and B = 15°.
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EXERCISE 8.2
1. Evauatethefollowing:
(i) sin60° cos30° +sin 30° cos60° (i) 2tan?45° + cos? 30° —sin?60°
Gi cos 45° () SN 30° + tan 45° — cosec 60°
sec 30° + cosec 30° sec 30° + cos 60° + cot 45°

5 cos® 60° + 4 sec? 30° — tan® 45°
(V) ) o (e}
sin? 30° + cos® 30
2. Choose the correct option and justify your choice :

i 2 tan 30°
O o
(A) sn60° (B) cos60° (©) tan60° (D) sin30°
1- tan? 45°
) 14 an? 450
(A)  tan90° B) 1 (©) sin45° (D) 0
(i) sin2A =2sinAistruewhen A =
A) © B) ° ©) 45° (D) 60°
_ 2 tan 30°
V) T tan? 300
(A) cos60° (B) sin60° (©) tan60° (D) sin30°

1
3. Iftan(A+B)=,/3 andtan(A—B):E;0°<A+B£90°;A>B,findAandB.

4. State whether the following are true or false. Justify your answer.
@) sn(A+B)=sinA +sinB.
(i) Thevalue of sin 6 increases as 6 increases.
(i) The value of cos 6 increases as 0 increases.
(iv) sin©=cos0 for all valuesof 6.
(v) cot A isnot defined for A = 0°. C

8.4 Trigonometric Ratiosof Complementary Angles

Recall that two angles are said to be complementary

if their sum equals90°. In A ABC, right-angled at B,

do you see any pair of complementary angles? A B
(SeeFig. 8.21) Fig. 8.21
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Since Z A + £ C =90°, they form such a pair. We have:

Az BC AohB L BC
an —AC COSA = AC dnA = AB

WA _AC AB (”
COSEC A = BC SECA = AB CO = BC

Now let us write the trigonometric ratiosfor £ C=90° — L A.
For convenience, we shall write 90° — A instead of 90° — £ A.
What would be the side opposite and the side adjacent to the angle 90° —A?

Youwill find that AB isthe side opposite and BC isthe side adjacent to the angle
90° — A. Therefore,

) AB BC AB
Sin(90°—A)= S50 €0s(90°-A) = = tan (90°-A) = oo
(2
AC AC B
cosec (90° —A) = E7sec(90°—A)= B_C cot (90° —A) = E

Now, compare the ratiosin (1) and (2). Observe that :

: AB BC .
sin (90° —A) = — =cosA and cos (90° —A) = — =sinA

AC AC

AB BC
°—A)= — =Cot A °_A)= —=tan A
Also, tan (90° —A) BC , cot (90° -A) AB
90° A-&—cosecA 90° — A _ﬁ—%A
sec (90" -A)= g~ oS (90T -A) =g T

So, sin (90° — A) = cos A, cos (90° — A) = sin A,
tan (90° — A) = cot A, cot (90° — A) =tan A,

sec (90° — A) = cosec A, cosec (90° — A) = sec A,

for all values of angle A lying between 0° and 90°. Check whether this holds for
A =0°orA=90°

Note: tan 0° = 0 = cot 90°, sec 0° = 1 = cosec 90° and sec 90°, cosec 0°, tan 90° and
cot 0° are not defined.

Now, let us consider some examples.
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Example 9 : Evaluate tan 65 .
cot 25°
Solution : We know : cot A = tan (90° —A)
o, cot 25° = tan (90° — 25°) = tan 65°

. tan 65° _ tan 65°
o cot 25°  tan 65°

Example 10 If sin 3A = cos (A — 26°), where 3A isan acute angle, find the value of
A.

Solution : We are given that sin 3A = cos (A — 26°). (1)
Since sin 3A = cos (90° — 3A), we can write (1) as
cos (90° — 3A) = cos (A — 26°)
Since 90° — 3A and A — 26° are both acute angles, therefore,
90°—-3A = A-26°
which gives A=29°
Example 11 : Express cot 85° + cos 75° in terms of trigonometric ratios of angles
between 0° and 45°.
Solution : cot 85° + cos 75° = cot (90° — 5°) + cos (90° — 15°)
= tan 5° + sin 15°

EXERCISE 8.3
1. Evaluate:

sin 18° tan 26°
(0] cos 72° (i) cot 64° (iii) cos48°—sin42° (iv) cosec31°—sech9°
2. Show that :
(i) tan48°tan23°tan42°tan67° =1
(i) cos38°cos52°—sin38°sin52°=0
3. If tan 2A = cot (A —18°), where 2A isan acute angle, find the value of A.
4. Iftan A =cot B, provethat A + B =90°.

5. If sec 4A =cosec (A —20°), where 4A isan acute angle, find the value of A.
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6. If A, B and C areinterior angles of atriangle ABC, then show that

Sin(B hl Cj = cosé.
2 2

7. Expresssin67° + cos 75° interms of trigonometric ratios of angles between 0° and 45°.

8.5 Trigonometricldentities A

You may recall that an equation is called an identity
whenitistruefor all valuesof thevariablesinvolved.
Similarly, an equation involving trigonometric ratios
of anangleiscalled atrigonometricidentity, if itis
truefor all values of the angle(s) involved.

In thissection, we will prove onetrigonometric
identity, and use it further to prove other useful C B
trigonometricidentities. Fig. 8.22

In A ABC, right-angled at B (see Fig. 8.22), we have:
AB? + BC? = AC? (1)
Dividing each term of (1) by AC?, we get

AB? BC? AC?
2T 2 = 2
AC? AC AC

| -G -6
i.e, — |t = = |7=
AC AC AC
i.e, (cosA)> + (snA)3=1
i.e, cos A +sinfA=1 2

Thisistruefor al A such that 0° < A <90°. So, thisisatrigonometric identity.
Let us now divide (1) by AB2. We get

AB? BC? AC?
2 + 2 2
AB?> AB AB

* )38 - (35

i.e, 1+tan?A = sec? A (3)
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Isthis equation true for A = 0°? Yes, it is. What about A = 90°? Well, tan A and
sec A are not defined for A = 90°. So, (3) istruefor all A such that 0° < A < 90°.

Let us see what we get on dividing (1) by BC? We get

AB?2 BC? AC?
2 + 2 2
BC? BC BC

_ AB) (BCY [(ACY
ie, —| *lac!| = |ar
BC BC BC
i.e, cot?A + 1 = cosec? A 4

Note that cosec A and cot A are not defined for A = 0°. Therefore (4) istruefor
all A such that 0° <A < 90°.

Using theseidentities, we can express each trigonometric ratio in terms of other
trigonometric ratios, i.e., if any one of theratiosis known, we can also determine the
values of other trigonometric ratios.

Let us see how we can do this using these identities. Suppose we know that

1
tan A = ﬁ Then, cotA = /3.

2
S|nce,S€C2A=1+tan2A:1+E=il, %CA:—,andcosAzé
3 3 3 2

Again, SinA = /1 cos? A = /1_£§1 :%.Therefore, COSec A = 2.

Example 12 : Express the ratios cos A, tan A and sec A in terms of sin A.

Solution : Since cos? A +sin? A = 1, therefore,

o A = 1—sin?A,i.e, cosA = +41-sn’A

Thisgives cosA = /1-sin?A (Why?)

sin A sin A 1 1
Hence, tan A = = andsec A =

cosA . [1_sn?A COSA:«/l—sinzA
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Example 13 : Provethat secA (1 —sin A)(sec A +tan A) = 1.
Solution :

LHS=secA (L—snA A +tanA) = L (L-snA) L +SinA

=S A (1-sinA)(sc NnA) = cos A cosA cosA

@-snA)(l+snA) 1-sn®A
cos® A cos® A

cos® A
cos® A

=1=RHS

cot A—-cosA cosecA -1
cot A+cosA cosecA +1

Example 14 : Prove that

cos A
Cot A—cosA sinA - CosA
Solution ;: LHS = A = CosA
cot A + cos A _ + cos A
sin A
COSA(s'nlA_lJ (sinlA_lj A -1
- = =R T RHs

Cos A _1 +1 . +1
sin A sin A

sSn®-cosO+1 1

. = » using the identity
sin6+cos6—-1 secH-tan6

Example 15 : Prove that

sec?0 =1+ tan? 0.

Solution : Since we will apply the identity involving sec 6 and tan 6, let us first
convert the LHS (of the identity we need to prove) in terms of sec 6 and tan 6 by
dividing numerator and denominator by cos6.

Sin® —cosO+1 tanO-1+secO
snO+cos6—-1 tanO+1-secHd

LHS=

_ (tan® +secO)-1 {(tan O + sec 6) — 1} (tan 6 — sec 0)
T (tan0-secH) +1 {(tan 0 — sec ) + I} (tan O— sec 0)
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_ (tan®6 — sec®6) — (tan 6 — sec )
~ {tan 0 —sec 0 + 1} (tan® — sec 0)

—1-tanO+secH
(tan ® —sec 6 + 1) (tan 6 — sec 6)

|
~ tan0-scH secH-tano

which isthe RHS of the identity, we are required to prove.

EXERCISE 84

Expressthe trigonometric ratiossin A, sec A and tan A in terms of cot A.

NP

Write all the other trigonometric ratiosof £ A intermsof secA.
3. Evauate:

~§in? 63°+sin? 27°

O co?17° + cos? 73°

(i) sin25° cos65° + cos25° sin 65°
4. Choose the correct option. Justify your choice.
() 9sec®’A—-9tar A=

(A) 1 ® 9 © 8 D)o
(i) (1+tanO +secO) (1+ cotO—cosech) =

(A) O ® 1 © 2 0) -1
(i) (secA+tanA)(1-sinA)=

(A) sec A (B) snA (©) cosec A (D) cos A
o l+tan® A
) Tvco?a

(A) sec?A B) -1 (© cot? A (D) tan? A

5. Provethefollowingidentities, wherethe anglesinvolved are acute anglesfor which the
expressions are defined.

1-cos@ . COSA 1+snA

i) (cosec®—cotf)2= I +
0 ( ) 1+cos6 (i) 1+snA cos A

2seCc A
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tan 0 cot 6
(i) +
l1-cot® 1-tan6
[Hint : Writethe expressionintermsof sin 6 and cos 0]

=1+ 9Cc 6 cosec O

~1l+scA  Sn?A
(iv) =
sec A 1-cosA
cosA —sin A +1

(v) : = cosec A + cot A, usingtheidentity cosec?’A =1 + cot? A.
CosA +sinA -1

[Hint : Simplify LHSand RHS separately]

1+snA sn® —2sin*0
i ————— =secA +tan A iy —— 7 " —tan 0
M) V1 snA (vii) 2 cos’0 — cos 0 an
(viii) (sinA +cosecA)2+ (CosA +secA)? =7 +tan? A + cotz A
. 1
cosec A —sSnA)(sec A —cosA)=———
(ix) ( ) ) tanA + cot A

[Hint : Simplify LHSand RHS separately]

1+ten?A)_(1-tn A)
1+coA ) \(1—cotA) ~1@A

x

®

8.6 Summary
In this chapter, you have studied the following points :
1. Inarighttriangle ABC, right-angled at B,

side opposite to angle A side adjacent to angle A

sinA = CosA =
hypotenuse hypotenuse
side opposite toangle A
tan A = — ; .
side adjacent to angle A
2. COSeCc A = _1 1SeC A = ;tanA:L'tanA:SlnA

sin A cos A cot A CosA
3. If oneof thetrigonometric ratios of an acute angleisknown, the remaining trigonometric
ratios of the angle can be easily determined.

4. Thevauesof trigonometric ratiosfor angles0°, 30°, 45°, 60° and 90°.

5. Thevalue of sin A or cosA never exceeds 1, whereas the value of sec A or cosec A is
always greater than or equal to 1.

6. sin(90° —A) =cosA, cos(90° —A) =sinA;
tan (90° —A) =cot A, cot (90° —A) =tanA;
sec (90° —A) = cosec A, cosec (90° —A) = secA.
7. sirtA+cofA=1,
sec’A—tan?A=1 for 0°<A<90°,
cosec’A=1+cot?A for 0° <A<90°



SoME APPLICATIONSOF
TRIGONOMETRY

9.1 Introduction

In the previous chapter, you have studied about trigonometric ratios. In this chapter,
you will be studying about somewaysin which trigonometry isused in thelifearound
you. Trigonometry is one of the most ancient subjects studied by scholarsal over the
world. As we have said in Chapter 8, trigonometry was invented because its need
arosein astronomy. Sincethen the astronomers have used it, for instance, to calculate
distancesfrom the Earth to the planetsand stars. Trigonometry isal so used in geography
and in navigation. The knowledge of trigonometry is used to construct maps, determine
the position of anisland in relation to thelongitudes and | atitudes.

Surveyors have used trigonometry for
centuries. One such large surveying project
of the nineteenth century was the ‘Great
Trigonometric Survey’ of British India
for which the two largest-ever theodolites
were built. During the survey in 1852, the
highest mountain in the world was
discovered. From a distance of over
160 km, the peak was observed from six
different stations. In 1856, this peak was
named after Sir George Everest, who had A Theodolite
commissioned and first used the giant (Surveying instrument, which isbased
theodolites (see thefigurealongside). The  on the Principles of trigonometry, is

theodolites are now on display in the  ysed for measuring angles with a
Museum of the Survey of India in rotating telescope)

Dehradun.
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In this chapter, we will see how trigonometry is used for finding the heights and
distances of various objects, without actually measuring them.

9.2 Heightsand Distances
Let us consider Fig. 8.1 of prvious chapter, which is redrawn below in Fig. 9.1.

C
S e
&g\q}\ &g\%’."
o O
o o
An le of elevation ,-"Angle of elevation :
Ak.‘.\»(....fg .......................... A ‘B
E ................................... E........................................:D

Fig. 9.1

In this figure, the line AC drawn from the eye of the student to the top of the
minar is called the line of sight. The student is looking at the top of the minar. The
angle BAC, so formed by the line of sight with the horizontal, is called the angle of
elevation of the top of the minar from the eye of the student.

Thus, theline of sight isthe line drawn from the eye of an observer to the point
in the object viewed by the observer. The angle of elevation of the point viewed is
the angleformed by theline of sight with the horizontal when the point being viewed is
above the horizontal level, i.e., the case when we raise our head to look at the object
(see Fig. 9.2).
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Now, consider the situation given in Fig. 8.2. The girl sitting on the balcony is
looking down at aflower pot placed on a stair of the temple. In this case, the line of
sight is below the horizontal level. The angle so formed by the line of sight with the
horizontal is called the angle of depression.

Thus, the angle of depression of apoint on the object being viewed isthe angle
formed by the line of sight with the horizontal when the point is below the horizontal
level, i.e., the case when we lower our head to look at the point being viewed
(see Fig. 9.3).

Horizontal level

2) Object

Fig. 9.3

Now, you may identify the lines of sight, and the angles so formed in Fig. 8.3.
Arethey angles of elevation or angles of depression?

Let usrefer to Fig. 9.1 again. If you want to find the height CD of the minar
without actually measuring it, what information do you need?You would need to know
thefollowing:

(i) The distance DE at which the student is standing from the foot of the
minar.

(i) theangle of elevation, £ BAC, of the top of the minar.
(ili) the height AE of the student.

Assuming that the above three conditions are known, how can we determinethe
height of the minar?

Inthefigure, CD = CB + BD. Here, BD = AE, which isthe height of the student.
Tofind BC, we will use trigonometric ratios of £ BAC or L A.

In A ABC, the side BC is the opposite side in relation to the known £ A. Now,
which of the trigonometric ratios can we use? Which one of them has the two values
that we have and the one we need to determine? Our search narrows down to using
either tan A or cot A, as these ratios involve AB and BC.
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BC AB
Therefore, tanA = AB or cotA = BC which on solving would give us BC.

By adding AE to BC, you will get the height of the minar.
Now |et usexplain the process, we havejust discussed, by solving some problems.

Example 1 : A tower stands vertically on the ground. From a point on the ground,
whichis 15 m away from the foot of the tower, the angle of elevation of the top of the
tower isfound to be 60°. Find the height of the tower.

Solution : First let us draw a simple diagram to
represent the problem (see Fig. 9.4). Here AB
represents the tower, CB is the distance of the point
from the tower and £ ACB isthe angle of elevation.
We need to determine the height of the tower, i.e.,
AB. Also, ACB isatriangle, right-angled at B.

To solve the problem, we choose the trigonometric
ratio tan 60° (or cot 60°), as the ratio involves AB
and BC.

No tan 60° = E
W, - BC I
AB
i.e., \/§ = —
15
ie. AB = 153

Hence, the height of the tower is 15,3 m.

Example 2 : An electrician has to repair an electric
fault on a pole of height 5 m. She needs to reach a
point 1.3m below the top of the poleto undertake the
repair work (see Fig. 9.5). What should bethelength
of theladder that she should usewhich, wheninclined
at an angle of 60° to the horizontal, would enable her
to reach the required position? Also, how far from
the foot of the pole should she place the foot of the

ladder? (You may take /3 = 1.73)
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Solution : InFig. 9.5, the electrician is required to reach the point B on the pole AD.
So, BD=AD-AB=(5-13m=3.7m.

Here, BC represents the ladder. We need to find its length, i.e., the hypotenuse of the
right triangle BDC.

Now, can you think which trigonometic ratio should we consider?
It should be sin 60°.

BD 37 .3
o, BC—SIFIGO o BT 2
Therefore BC = 3'7X2-428m( rox.)

i.e., the length of the ladder should be 4.28 m.

No E = cot 60° = i
W BD _ BNE
i DC = 37 2.14
i.e, N m (approx.)

Therefore, she should place the foot of the ladder at a distance of 2.14 m from the
pole.

Example 3: Anobserver 1.5 mtall is 28.5 m away
from achimney. The angle of elevation of the top of
the chimney from her eyesis45°. What isthe height
of the chimney?

Solution : Here, AB isthe chimney, CD the observer o ¥
and £ ADE the angle of elevation (see Fig. 9.6). In p 4—5,°-‘-"’:M¥§' 1
this case, ADE is a triangle, right-angled at E and ﬂ

we are required to find the height of thechimney. ~C B :
We have AB= AE+BE=AE+15 Fig. 9.6
and DE= CB=285m

To determine AE, we choose a trigonometric ratio, which involves both AE and
DE. Let us choose the tangent of the angle of elevation.
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N tan 45° = E

ow, an = DE
ie 1= —AE
- - 285
Therefore, AE = 285

So the height of the chimney (AB) = (28.5+ 1.5) m=30m.

Example4 : From apoint P on the ground the angle of elevation of thetop of a10m
tall buildingis30°. A flagishoisted at the top of the building and the angle of elevation
of the top of the flagstaff from P is 45°. Find the length of the flagstaff and the
distance of the building from the point P. (You may take /3 = 1.732)

Solution : In Fig. 9.7, AB denotes the height of the building, BD the flagstaff and P
the given point. Note that there aretwo right triangles PAB and PAD. We are required
to find the length of the flagstaff, i.e., DB and the distance of the building from the
point P, i.e., PA.

Since, we know the height of the building AB, we De
will first consider theright A PAB.

We h tan 30° = E
e have an = Ap
. 1_ 1
l1.e., \/é = AP
P A
Therefore, AP= 103 .
Fig. 9.7

i.e., the distance of the building fromPis 10\/5 m=17.32m.

Next, let us suppose DB = x m. Then AD = (10 + x) m.

AD 10+ X

Now, inright A PAD, tan 45° = E: 10\@

Theref L 10 + X
erefore, =
103
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e, x=10 (V3-1) =7.32
So, the length of the flagstaff is 7.32 m.

Example5: Theshadow of atower standing A
on alevel ground isfound to be 40 m longer
when the Sun’saltitudeis 30° thanwhenitis
60°. Find the height of the tower.

Solution : In Fig. 9.8, AB is the tower and
BC is the length of the shadow when the

Sun’s altitude is 60°, i.e., the angle of 30° 60°
elevation of thetop of the tower from thetip D «—40m ——>C B
of the shadow is60° and DB isthe length of

the shadow, when the angle of elevation is Fig. 9.8

30°.

Now, let AB be h m and BC be x m. According to the question, DB is 40 m longer
than BC.

So, DB = (40+X)m
Now, we have two right trianglesABC and ABD.
InAABC tan 60° = AB

’ - BC

h

o, VRl M
InAABD tan 30° = AB
n , an30° = 55
: 1 h
ie, 73" x+40 2
From (1), we have h= x/3

Putting thisvalue in (2), we get (X\@)\@ =x+40,i.e,3x=x+40
ie, x= 20

o, h= 203 [From (1)]
Therefore, the height of the tower is 204/3m.
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Example6: Theanglesof depression of thetop and the bottom of an 8 mtall building
from thetop of amulti-storeyed building are 30° and 45°, respectively. Find the height
of the multi-storeyed building and the distance between the two buildings.

Solution : InFig. 9.9, PC denotes the multi- P

storyed building and AB denotesthe 8 m tall 30° 45°
building. We are interested to determine the

height of the multi-storeyed building, i.e., PC

and the distance between the two buildings,

i.e., AC. B b

Look at the figure carefully. Observe that
PB is atransversal to the parallel lines PQ
and BD. Therefore, £ QPB and £ PBD are
alternate angles, and so are equal. A C
So £ PBD =30°. Similarly, £ PAC = 45°,

Fig. 9.9

In right A PBD, we have

PD . 1 B

5D = tan 30° = W or BD = PD./3
Inright A PAC, we have

E =tan45°=1

AC B
i.e., PC = AC
Also, PC = PD + DC, therefore, PD + DC = AC.

Since, AC = BD and DC = AB =8 m, we get PD + 8 = BD = PD+/3 (Why?)
oD = 8 ~ 8(\/§+ 1)
V3-1 (V3+1)(v3-1

So, the height of the multi-storeyed building is {4(\/§ + 1) + 8} m = 4(3 + \/§)m
and the distance between the two buildingsis also 4(3 + \@) m.

= 4(\@ + 1)m.

Thisgives

Example 7 : From apoint on a bridge across ariver, the angles of depression of
the banks on opposite sides of theriver are 30° and 45°, respectively. If the bridge
is at a height of 3 m from the banks, find the width of the river.
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Solution : In Fig 9.10, A and B
represent points on the bank on
opposite sides of theriver, so that
AB isthe width of theriver. Pis
a point on the bridge at a height
of 3m, i.e, DP=3 m. We are
interested to determine the width
of the river, which is the length
of the side AB of the A APB.
Now, AB = AD + DB
Inright AAPD, £ A = 30°.
So tan 30° PD
. an = e
AD
. 13
ie., B ap O AD=3/3 m
Also, inright A PBD, £ B =45°. So, BD =PD =3 m.
Now, AB=BD+AD=3+3/3=3(1++3)m.
Therefore, the width of theriver is 3(\/§ + 1) m,
EXERCISE 9.1
1. Acircusartistisclimbinga20mlong rope, whichis
tightly stretched and tied from the top of avertical A
pole to the ground. Find the height of the pole, if
the angle made by the rope with the ground level is
30° (seeFig. 9.11). 20 m
2. A tree breaks due to storm and the broken part >
bends so that the top of the tree touches the ground B 30 C
making an angle 30° with it. The distance between
the foot of the tree to the point where the top Fig. 9.11

touches the ground is 8 m. Find the height of the
tree.

3. A contractor planstoinstall two slidesfor the childrento play in apark. For the children
below the age of 5 years, she prefersto have aslidewhosetopisat aheight of 1.5m, and



204

MATHEMATICS

10.

11

12.

13.

isinclined at an angle of 30° to the ground, whereasfor elder children, shewantsto have
a steep dlide at a height of 3m, and inclined at an angle of 60° to the ground. What
should be the length of the slide in each case?

The angle of elevation of the top of atower from a point on the ground, which is30 m
away from the foot of the tower, is30°. Find the height of the tower.

A kiteisflying at a height of 60 m above the ground. The string attached to the kiteis
temporarily tied to a point on the ground. The inclination of the string with the ground
is60°. Find the length of the string, assuming that thereis no slack in the string.

A 1.5 mtall boy is standing at some distance from a 30 m tall building. The angle of
elevation from his eyesto the top of the building increases from 30° to 60° as he walks
towards the building. Find the distance he walked towards the building.

From a point on the ground, the angles of elevation of the bottom and the top of a
transmission tower fixed at thetop of a20 m high building are 45° and 60° respectively.
Find the height of the tower.

A statue, 1.6 m tall, stands on the top of a pedestal. From a point on the ground, the
angle of elevation of the top of the statue is 60° and from the same point the angle of
elevation of the top of the pedestal is 45°. Find the height of the pedestal.

The angle of elevation of the top of abuilding from thefoot of the tower is 30° and the
angle of elevation of thetop of thetower from the foot of the building is60°. If thetower
is50 m high, find the height of the building.

Two poles of equal heights are standing opposite each other on either side of the road,
which is80 mwide. From a point between them on the road, the angles of el evation of
the top of the poles are 60° and 30°, respectively. Find the height of the poles and the

distances of the point from the poles.

A TV tower standsvertically on abank 2

of a canal. From a point on the other

bank directly opposite the tower, the

angle of elevation of the top of the

tower is60°. From another point 20 m

away from this point on the line joing

this point to the foot of the tower, the o

angle of elevation of the top of the D 30 60
tower is 30° (see Fig. 9.12). Find the < 20m > C B
height of the tower and the width of Fig. 9.12

the canal.

From thetop of a7 m high building, the angle of elevation of thetop of acabletower is
60° and the angle of depression of itsfoot is45°. Determine the height of the tower.

As observed from the top of a 75 m high lighthouse from the sea-level, the angles of
depression of two ships are 30° and 45°. If one ship is exactly behind the other on the
same side of the lighthouse, find the distance between the two ships.
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14. A 1.2mtal girl spotsaballoon moving @ @
with thewind in a horizontal line at a e
height of 88.2 m fromthe ground. The T

angle of elevation of the balloon from FO .
the eyes of the girl at any instant is N 88 2m

60°. After some time, the angle of 60° :
elevation reducesto 30° (seeFig. 9.13) \\30 AP
Find the distance travelled by the

balloon during theinterval. Fig. 9.13

15. A straight highway leads to the foot of atower. A man standing at the top of the tower
observes a car at an angle of depression of 30°, which is approaching the foot of the
tower with auniform speed. Six seconds|ater, the angle of depression of the car isfound
to be 60°. Find the time taken by the car to reach the foot of the tower from this point.

16. Theangles of elevation of the top of atower from two points at a distance of 4 m and
9 m from the base of the tower and in the same straight line with it are complementary.
Prove that the height of the tower is6 m.

9.3 Summary
In this chapter, you have studied the following points :

1. (i) Theline of sight istheline drawn from the eye of an observer to the point in the
object viewed by the observer.

(i) Theangleof elevation of an object viewed, isthe angle formed by theline of sight
with the horizontal when it isabovethe horizontal level, i.e., the casewhen weraise
our head to look at the object.

(i) Theangleof depression of an object viewed, isthe angleformed by theline of sight
with the horizontal whenit isbelow the horizontal level, i.e., the case when welower
our head to look at the object.

2. The height or length of an object or the distance between two distant objects can be
determined with the help of trigonometric ratios.



CIRCLES

10.1 Introduction

You have studied in Class | X that a circle is a collection of all pointsin a plane
which are at a constant distance (radius) from a fixed point (centre). You have
also studied various terms related to a circle like chord, segment, sector, arc etc.
L et us now examine the different situationsthat can arisewhen acircleand aline
aregiven in aplane.

S0, let us consider acircleand aline PQ. There can be three possibilities given
inFig. 10.1 below:
P

P P

(1) (ii) (iii)
Fig. 10.1

In Fig. 10.1 (i), the line PQ and the circle have no common point. In this case,
PQ is called a non-inter secting line with respect to the circle. In Fig. 10.1 (ii), there
are two common points A and B that the line PQ and the circle have. In this case, we
cal theline PQ asecant of thecircle. InFig. 10.1 (iii), thereisonly one point A which
iscommon to theline PQ and the circle. Inthiscase, thelineis called atangent to the
circle.
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You might have seen apulley fitted over awell whichisused
intaking out water from thewell. Look at Fig. 10.2. Heretherope
on both sides of the pulley, if considered asaray, islike atangent
to the circle representing the pulley.

Is there any position of the line with respect to the circle
other than the types given above? You can see that there cannot
be any other type of position of the linewith respect to thecircle.
In this chapter, we will study about the existence of the tangents
to acircleand aso study some of their properties.

10.2 TangenttoaCircle

In the previous section, you have seen that a tangent* to a circle is a line that
inter sects the circle at only one point.

To understand the existence of the tangent to a circle at a point, let us perform
thefollowing activities:

Activity 1 : Take a circular wire and attach a straight wire AB at a point P of the
circular wireso that it can rotate about the point Pin aplane. Put the system on atable
and gently rotate the wire AB about the point Pto get different positions of the straight
wire [see Fig. 10.3(i)].

In various positions, the wire intersects the
circular wire at P and at another point Q, or Q, or
Q,, etc. In one position, you will see that it will
intersect the circle at the point P only (see position
A’B’ of AB). This shows that a tangent exists at
the point P of the circle. On rotating further, you
can observethat in all other positionsof AB, it will
intersect thecircleat Pand at another point, say R,
or R, or R, etc. So, you can observe that thereis
only one tangent at a point of the circle. Fig. 10.3 (i)

While doing activity above, you must have observed that as the position AB
moves towards the position A" B’, the common point, say Q,, of theline AB and the
circlegradually comesnearer and nearer to the common point P. Ultimately, it coincides
with the point Pin the position A’B” of A”B”. Again note, what happensif ‘AB’ is
rotated rightwards about P? The common point R, gradually comes nearer and nearer
to P and ultimately coincides with P. So, what we seeis:

The tangent to a circle is a special case of the secant, when the two end
points of its corresponding chord coincide.

*The word ‘tangent’ comes from the Latin word ‘tangere’, which means to touch and was
introduced by the Danish mathematician Thomas Finekein 1583.
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Activity 2 : On a paper, draw acircle and a
secant PQ of the circle. Draw various lines
parallel to the secant on both sides of it. You
will find that after some steps, the length of  p’
the chord cut by the lines will gradually
decrease, i.e., the two points of intersection of
the line and the circle are coming closer and
closer [see Fig. 10.3(ii)]. In one case, it
becomes zero on one side of the secant and in
another case, it becomes zero on the other side
of the secant. Seethe positionsP' Q" and P’Q”
of the secant in Fig. 10.3 (ii). These are the
tangentsto thecircleparalle to the given secant
PQ. Thisa so helpsyou to see that there cannot Fig. 10.3 (ii)
be more than two tangents parallel to agiven

secant.

This activity also establishes, what you must have observed, while doing
Activity 1, namely, a tangent is the secant when both of the end points of the
corresponding chord coincide.

The common point of the tangent and the circleis called the point of contact
[the point A in Fig. 10.1 (iii)]and the tangent is said to touch the circle at the
common point.

PII

QII

QI

Now look around you. Have you seen abicycle
or acart moving? Look at its wheels. All the spokes
of awheel are along itsradii. Now note the position
of the wheel with respect to its movement on the
ground. Do you see any tangent anywhere?
(SeeFig. 10.4). Infact, thewheel movesalong aline
whichisatangent to thecirclerepresenting thewhesdl.
Also, notice that in all positions, the radius through
the point of contact with the ground appearsto be at
right angles to the tangent (see Fig. 10.4). We shall Fig. 10.4
now prove this property of the tangent.

Theorem 10.1 : The tangent at any point of a circle is perpendicular to the
radius through the point of contact.

Proof : We are given a circle with centre O and a tangent XY to the circle at a
point P. We need to prove that OP is perpendicular to XY.
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Take apoint Q on XY other than P and join OQ (see Fig. 10.5).

The point Q must lie outside the circle.
(Why? Note that if Q liesinside the circle, XY
will become a secant and not a tangent to the
circle). Therefore, OQ is longer than the radius
OP of thecircle. That is,

0oQ > OP.

Since this happens for every point on the
line XY except the point P, OP is the
shortest of all the distances of the point O to the
points of XY. So OP is perpendicular to XY.
(asshown in Theorem A1.7.)

Remarks :

1. By theorem above, we can also conclude that at any point on acircle there can be
one and only one tangent.

2. Theline containing the radius through the point of contact is also sometimes called
the ‘normal’ to the circle at the point.

EXERCISE 10.1

1. How many tangents can acircle have?
2. Fill intheblanks:
(i) Atangenttoacircleintersectsitin___ point (9).
(i) Alineintersectingacircleintwo pointsiscalled a
(i) Acirclecanhave__ parallel tangents at the most.
(iv) The common point of atangent to acircleand thecircleiscalled .
3. Atangent PQ at apoint P of acircle of radius5 cm meets aline through the centre O at
apoint Q sothat OQ =12 cm. Length PQ is:
(A) 12cm (B) 13cm (©) 85cm (D) 119 cm.

4. Draw acircle and two lines parallel to a given line such that one is a tangent and the
other, a secant to the circle.

10.3 Number of Tangentsfrom aPoint on aCircle

To get an idea of the number of tangents from a point on acircle, let us perform the
following activity:
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Activity 3 : Draw acircle on a paper. Take a
point Pinsideit. Can you draw atangent to the
circle through this point? You will find that all
thelinesthrough thispoint intersect thecirclein
two points. So, it is not possible to draw any
tangent to a circle through a point inside it
[see Fig. 10.6 (i)].

Next take apoint P on the circle and draw
tangents through this point. You have already
observed that there is only one tangent to the
circle at such apoint [see Fig. 10.6 (ii)].

Finally, takeapoint Poutsidethecircleand
try to draw tangentsto the circle from this point.
What do you observe? You will find that you
can draw exactly two tangents to the circle
through this point [see Fig. 10.6 (iii)].

We can summarise these facts as follows:

Case 1: Thereisno tangent to acircle passing
through apoint lying insidethecircle.

Case 2 : Thereisone and only one tangent to a
circlepassing through apoint lying onthecircle.
Case 3 : There are exactly two tangents to a
circlethrough apoint lying outsidethecircle.

InFig. 10.6 (iii), T,and T, are the points of
contact of the tangents PT, and PT,
respectively.

The length of the segment of the tangent
from theexternal point P and the point of contact
withthecircleiscalled thelength of thetangent
from the point P to the circle.

(i)

T,
(iii)
Fig. 10.6

Notethat in Fig. 10.6 (iii), PT, and PT, are the lengths of the tangents from Pto
the circle. The lengths PT, and PT, have a common property. Can you find this?
Measure PT, and PT,. Are these equal ? In fact, thisis always so. Let us give a proof

of thisfact in the following theorem.
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Theorem 10.2 : The lengths of tangents drawn
from an external point to a circle are egual. Q

Proof : We are given a circle with centre O, a
point P lying outside the circle and two tangents
PQ, PR on the circle from P (see Fig. 10.7). We p
are required to prove that PQ = PR.

For this, we join OP, OQ and OR. Then

2 OQP and £ ORP are right angles, because R
these are angles between the radii and tangents,
and according to Theorem 10.1 they are right Fig. 10.7
angles. Now in right triangles OQP and ORP,
OQ=O0OR (Radii of the same circle)
OP= OP (Common)
Therefore, A OQP = A ORP (RHS)
Thisgives PQ = PR (CPCT)
[
Remarks :

1. The theorem can also be proved by using the Pythagoras Theorem as follows:
PQ? = OP? — OQ? = OF? — OR? = PR? (As OQ = OR)
which gives PQ = PR.

2. Note aso that £ OPQ = £ OPR. Therefore, OP is the angle bisector of £ QPR,
i.e., the centre lies on the bisector of the angle between the two tangents.

Let us take some examples.
Example l: Provethat intwo concentric circles,

the chord of the larger circle, which touches the
smaller circle, is bisected at the point of contact.

Solution : We are given two concentric circles
C, and C, with centre O and a chord AB of the Al

larger circle C, which touches the smaller circle
C, atthepoint P(seeFig. 10.8). We need to prove
that AP = BP. B

Let usjoin OP. Then, AB isatangent to C, at P Fig. 10.8
and OPisitsradius. Therefore, by Theorem 10.1,

OP L AB
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Now AB is achord of the circle C, and OP L AB. Therefore, OP is the bisector of
the chord AB, as the perpendicular from the centre bisects the chord,

i.e, AP =BP

Example 2 : Twotangents TPand TQ are drawn
to acirclewith centre O from an external point T. P
Prove that © PTQ =2 £ OPQ.

Solution : We are given a circle with centre O,

an external point T and two tangents TP and TQ T<

to the circle, where P, Q are the points of contact

(see Fig. 10.9). We need to prove that 0
ZPTQ=220PQ Fig. 10.9

Let ZPTQ=0

Now, by Theorem 10.2, TP =TQ. So, TPQ is an isosceles triangle.

1 1
Therefore, ZTPQ=ZTQP= > (180° - 6) =90° — 59
Also, by Theorem 10.1, Z OPT = 9Or
o, LOPQ=LOPT—4TPQ:90°—[90°—%OJ

1 1

=—0==ZPT

2 2 Q

Thisgives ZPTQ =22 0OPQ

Example 3 : PQ is achord of length 8 cm of a
circle of radius 5 cm. The tangents at P and Q
intersect at a point T (see Fig. 10.10). Find the
length TP.

Solution : Join OT. Let it intersect PQ at the T
point R. Then A TPQ isisoscelesand TO is the
angle bisector of £ PTQ. So, OT L PQ
and therefore, OT bisects PQ which gives
PR =RQ =4cm.

Fig. 10.10

Also, OR= ,JOP? - PR? =[5~ 4? cm =3cm.
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Now, ZTPR+ ZRPO=90°=ZTPR+ ZPTR (Why?)
So, ZRPO=ZPTR
Therefore, right triangle TRPissimilar to theright triangle PRO by AA similarity.

Thisgives E = E i.e.,E = ﬂ orTP= @ cm.
PO RO 5 3 3
Note: TP can also be found by using the Pythagoras Theorem, as follows:
Let TP=x and TR=y. Then
X =y +16 (Taking right A PRT) (@)
X2+ 5= (y+3)? (Taking right A OPT) 2
Subtracting (1) from (2), we get
25=6y—-7 or y= 2=E
6 3
2
Therefore, X2 = (1—3?) +16= 1—5(16 +9) = 1ox2 [From (1)]
20
or X= ?

EXERCISE 10.2

In Q.1 to 3, choose the correct option and give justification.

1. Fromapoint Q, thelength of thetangent to acircleis24 cm and the distance of Q from
the centreis 25 cm. Theradius of thecircleis T

(A) 7cm B) 12cm
© 15cm (D) 245cm

2. InFig.10.11,if TPand TQ arethetwo tangents
toacirclewith centre O so that £ POQ = 110°,
then £ PTQisequal to

(A) 60 B) 7
© & D) o Fig. 10.11

3. If tangents PA and PB from apoint Pto acircle with centre O are inclined to each other
at angle of 80°, then £ POA isequal to

(A) 3O ®) &
© 7 D) &

i
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4. Provethat the tangents drawn at the ends of adiameter of acircle are parallel.

10.

11

12.

13.

Prove that the perpendicular at the point of contact to the tangent to a circle passes
through the centre.

Thelength of atangent from apoint A at distance 5 cm from the centre of thecircleis4
cm. Find theradius of thecircle.

Two concentric circles are of radii 5 cm and 3 cm. Find the length of the chord of the
larger circlewhich touchesthe smaller circle.

A quadrilateral ABCD isdrawnto circumscribeacircle (see Fig. 10.12). Provethat

AB+CD=AD+BC

X p Y
e a®
O«
C
X' Y!
Q B
Fig. 10.12 Fig. 10.13

InFig. 10.13, XY and X"Y’ are two parallel tangents to a circle with centre O and
another tangent AB with point of contact C intersecting XY at A and X"Y” at B. Prove
that £ AOB =90°.

Prove that the angle between the two tangents drawn from an external point to acircle
is supplementary to the angle subtended by the line-segment joining the points of
contact at the centre.

Prove that the parallelogram circumscribing a A

circleisarhombus.

AtriangleABCisdrawnto circumscribeacircle
of radius 4 cm such that the segments BD and
DC into which BC is divided by the point of

contact D are of lengths 8 cm and 6 cm o
respectively (seeFig. 10.14). Find the sidesAB
andAC.

Prove that opposite sides of a quadrilateral ¢
circumscribing acircle subtend supplementary
angles at the centre of the circle. Fig. 10.14

<—6 cm—>D 8 cm
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104 Summary

In this chapter, you have studied the following points :

1. Themeaning of atangent to acircle.

2. Thetangent to acircleis perpendicular to the radius through the point of contact.
3. Thelengths of the two tangents from an external point to acircle are equal.
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11.1 Introduction

In Class I X, you have done certain constructions using a straight edge (ruler) and a
compass, e.g., bisecting an angle, drawing the perpendicular bisector of aline segment,
some constructions of triangles etc. and also gave their justifications. In this chapter,
we shall study some more constructions by using the knowledge of the earlier
constructions. You would a so be expected to give the mathematical reasoning behind
why such constructions work.

11.2 Division of aLine Segment

Suppose aline segment isgiven and you haveto divideitinagivenratio, say 3: 2. You
may do it by measuring the length and then marking apoint on it that dividesit in the
given ratio. But suppose you do not have any way of measuring it precisely, how
would you find the point? We give below two ways for finding such a point.

Construction 11.1 : To divide a line segment in a given ratio.

Givenalinesegment AB, wewant to divideit intheratiom: n, where both mand
n are positive integers. To help you to understand it, we shall takem=3and n= 2.

Steps of Construction :

1. Draw any ray AX, making an acute angle with AB.

2. Locate5 (=m+ n) pointsAl, ALALA, and
A.onAX sothat AA, =A A ,=AA . =AA,
=AA.

3. Join BA,.

4. Through the point A, (m = 3), draw a line
parallel to A_B (by making an angle equal to
ZAAB) at A, intersecting AB at the point C
(seeFig. 11.1). Then,AC: CB =3: 2.
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Let us see how this method gives us the required division.
Since A, Cisparallel to A.B, therefore,

Ay o AC (By the Basic Proportionality Theorem)
Af; ~ CB Y P y
AA A
By construction, 3 =§-Therefore,—C=§-
3s CB 2

This showsthat C dividesAB intheratio 3: 2.
Alternative Method

Steps of Construction :
1. Draw any ray AX making an acute angle with AB. Fig. 11.2
2. Draw aray BY parallel to AX by making £ ABY equal to £ BAX.
3. Locate the points A}, A,, A, (m=3) on AX and B, B, (n = 2) on BY such that
AA =AA =AA =BB, =BB,.

4. JoinA_B,. Let it intersect AB at apoint C (see Fig. 11.2).
ThenAC:CB=3:2
Why does this method work? Let us see.
Here A AA,Cissimilar to A BB,C. (Why ?)

AA; AC

BB, BC
AA 3 3

. , 3 _ AC
Since by construction, =75’ therefore, — =—-
y BB, 2 BC 2

In fact, the methods given above work for dividing the line segment in any ratio.

We now usetheidea of the construction abovefor constructing atriangle similar
to agiven triangle whose sides are in agiven ratio with the corresponding sides of the
giventriangle.

X

Then

Construction 11.2 : To construct a triangle similar to a given triangle as per
given scale factor.

This construction involves two different situations. In one, the triangle to be
constructed is smaller and in the other it is larger than the given triangle. Here, the
scale factor means the ratio of the sides of the triangle to be constructed with the
corresponding sides of the given triangle (see also Chapter 6). L et ustakethefollowing
examples for understanding the constructions involved. The same methods would
apply for the general case also.
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Example 1 : Construct atriangle similar to agiven triangle ABC with its sides equal

3 3
to 2 of the corresponding sides of the triangle ABC (i.e., of scale factor 2 ).

Solution : Given atriangle ABC, we are required to construct another triangle whose
3
Sidesare 2 of the corresponding sides of the triangle ABC.

Seps of Construction :

1. Draw any ray BX making an acute angle
with BC on the side oppositeto the vertex
A.

.3

2. Locate 4 (the greater of 3 and 4 in Z)
points B, B, B, and B, on BX so that
BB,=BB,=BB,=B.B,.

3. Join B,C and draw aline through B, (the
3rd point, 3 being smaller of 3 and 4 in

3
Z) parallel to B,C to intersect BC at C'.

4. Draw a line through C’ parallel
to the line CA to intersect BA at A’
(seeFig. 11.3). Fig. 11.3

Then, AA’BC’ isthe required triangle.
Let us now see how this construction gives the required triangle.

By Construction 11.1 —BC’ —§-

d y T cec 1
Therefore BC_BC+CC_, CC_,,1_4 o BC 3
' BC, BC’ BC’ 3 31| ") BC - 4

Also C'A’ is paralel to CA. Therefore, AA’'BC" ~AABC. (Why ?)

AB AC BC 3
' AB AC BC 4

Example 2 : Construct atriangle smilar to agiven triangle ABC with its sides equal

5 5
to 3 of the corresponding sides of the triangle ABC (i.e., of scale factor 3 )
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Solution : Given atriangle ABC, we are required to construct atriangle whose sides

5
are 3 of the corresponding sides of A ABC.
Steps of Construction :
1. Draw any ray BX making an acute angle with BC on the side opposite to the
vertex A.
5
2. Locate 5 points (the greater of 5and 3in 3 ) B, B,, B,, B, and B, on BX so that
BB, =B,B,=B,B,=B,B, =B,B..
5
3. Join B,(the 3rd point, 3 being smaller of 3and5in 3 ) to C and draw alinethrough
B, parallel to B.C, intersecting the extended line segment BC at C'.

4. Draw a line through C’ parallel to CA A’
intersecting the extended line segment BA at
A’ (see Fig. 11.4).

Then A’BC’ isthe required triangle.

For justification of the construction, note that
A ABC ~ A A’'BC'. (Why ?)

Theref AB AC BC
Cretore A~ AC ~ BC
su BC _ BBy _3
BC' BB, 5
BC' 5 AB AC BC 5
So, B_C_g and, therefore, AB_ AC _BC 3

Remark : In Examples 1 and 2, you could take aray making an acute angle with AB
or AC and proceed similarly.

EXERCISE11.1

In each of the following, give the justification of the construction also:

1. Draw aline segment of length 7.6 cm and divideit in theratio 5 : 8. Measure the two
parts.
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2. Construct atriangle of sides4 cm, 5 cm and 6 cm and then atriangle similar to it whose

2
sides are 3 of the corresponding sides of the first triangle.

3. Construct atriangle with sides 5 cm, 6 cm and 7 cm and then another triangle whose

7
sides are & of the corresponding sides of the first triangle.

4. Construct an isosceles triangle whose base is 8 cm and altitude 4 cm and then another
triangle whose sides are 1% times the corresponding sides of the isosceles triangle.

5. Draw atriangleABCwithsideBC=6cm,AB =5cmand £ ABC=60°. Then construct
atriangle whose sides are :31 of the corresponding sides of the triangle ABC.

6. Draw atriangle ABC withside BC =7 cm, £ B =45°, £/ A =105°. Then, construct a

triangle whose sides are g times the corresponding sides of A ABC.

7. Draw aright trianglein which the sides (other than hypotenuse) are of lengths4 cm and
3 cm. Then construct another triangle whose sides are 2 timesthe corresponding sides

of thegiven triangle.

11.3 Construction of TangentstoaCircle

You have already studied in the previous chapter that if a point liesinside a circle,
there cannot be atangent to the circlethrough thispoint. However, if apoint lieson the
circle, then thereisonly onetangent to thecircle at thispoint and it is perpendicul ar to
the radius through this point. Therefore, if you want to draw atangent at a point of a
circle, simply draw the radius through this point and draw aline perpendicular to this
radius through this point and thiswill be the required tangent at the point.

You have aso seen that if the point lies outside the circle, there will be two
tangents to the circle from this point.

We shall now see how to draw these tangents.

Construction 11.3 : To construct the tangents to a circle from a point outside it.

Wearegiven acirclewith centre O and apoint Poutsideit. We have to construct
the two tangents from P to the circle.



CONSTRUCTIONS 221

Steps of Construction:

1. Join PO and bisect it. Let M be the mid-
point of PO.

2. TakingM ascentreand MO asradius, draw
acircle. Let it intersect the given circle at
the points Q and R.

3. Join PQ and PR.

Then PQ and PR are the required two
tangents (see Fig. 11.5).
Now let us see how this construction works.

Join OQ. Then £ PQO is an angle in the
semicircle and, therefore,

Z PQO = 90°

Can we say that PQ L OQ?

Since, OQisaradiusof thegiven circle, PQ hasto be atangent to thecircle. Similarly,
PR is also atangent to the circle.

Note: If centre of the circleisnot given, you may locate its centre first by taking any
two non-parallel chordsand then finding the point of intersection of their perpendicular
bisectors. Then you could proceed as above.

EXERCISE 11.2

In each of the following, give also the justification of the construction:

1

Draw acircleof radius6 cm. From apoint 10 cm away from its centre, construct the pair
of tangents to the circle and measure their lengths.

Construct atangent to a circle of radius 4 cm from a point on the concentric circle of
radius 6 cm and measure itslength. Also verify the measurement by actual calculation.

Draw acircle of radius 3 cm. Take two points P and Q on one of its extended diameter
each at adistance of 7 cm from its centre. Draw tangents to the circle from these two
points P and Q.

Draw apair of tangentsto acircle of radius5 cm which areinclined to each other at an
angleof 60°.

Draw aline segment AB of length 8 cm. Taking A as centre, draw acircle of radius4 cm
and taking B as centre, draw another circle of radius 3 cm. Construct tangents to each
circlefromthe centre of the other circle.
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6. Let ABC bearight trianglein which AB =6 cm, BC=8cmand £ B =90°. BD isthe
perpendicular from B onAC. Thecirclethrough B, C, D isdrawn. Construct the tangents
fromAtothiscircle.

7. Draw acirclewiththe help of abangle. Take apoint outside the circle. Construct the pair
of tangents from this point to the circle.

11.4 Summary
In this chapter, you have learnt how to do the following constructions:
1. Todividealine segment in agiven ratio.

2. To construct atriangle similar to agiven triangle as per agiven scale factor which
may be less than 1 or greater than 1.

3. To construct the pair of tangents from an external point to acircle.

A NoTe To THE READER

Construction of aquadrilateral (or apolygon) similar to agiven quadrilateral
(or a polygon) with a given scale factor can also be done following the
similar steps as used in Examples 1 and 2 of Construction 11.2.
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12.1 Introduction

You are aready familiar with some methods of finding perimetersand areas of simple
plane figures such as rectangles, squares, parallelograms, triangles and circles from
your earlier classes. Many objects that we come acrossin our daily life are related to
the circular shape in some form or the other. Cycle wheels, wheel barrow (thela),
dartboard, round cake, papad, drain cover, variousdesigns, bangles, brooches, circular
paths, washers, flower beds, etc. are some examples of such objects (see Fig. 12.1).
So, the problem of finding perimeters and areas related to circular figuresis of great
practical importance. In this chapter, we shall begin our discussion with areview of
the concepts of perimeter (circumference) and areaof acircleand apply thisknowledge
in finding the areas of two special ‘parts of acircular region (or briefly of acircle)
known as sector and segment. We shall also see how to find the areas of some
combinations of planefiguresinvolving circlesor their parts.
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12.2 Perimeter and Areaof aCircle— A Review

Recall that the distance covered by travelling once around a circle is its perimeter,
usually called its circumference. You also know from your earlier classes, that
circumference of acircle bears a constant ratio with its diameter. This constant ratio
is denoted by the Greek letter  (read as ‘pi’). In other words,

circumference

diameter "
or, circumference = m x diameter
= x 2r (wherer istheradius of the circle)
= 2mr
Thegreat Indian mathematician Aryabhatta (A.D. 476 —550) gave an approximate
value of . He stated that m = % which is nearly equal to 3.1416. It is aso

interesting to note that using an identity of the great mathematical genius Srinivas
Ramanujan (1887-1920) of India, mathematicians have been able to calculate the
value of © correct to million places of decimals. As you know from Chapter 1 of
Class|X, misanirrational number and its decimal expansion is non-terminating and
non-recurring (non-repeating). However, for practical purposes, we generally take

22
thevalue of &t as - or 3.14, approximately.

You may also recall that areaof acircleisnr?, wherer istheradius of thecircle.
Recall that you have verified it in Class VII, by cutting a circle into a number of
sectors and rearranging them as shown in Fig. 12.2.

‘\V%

(i)

Fig 12.2
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1
You can seethat the shapein Fig. 12.2 (ii) isnearly arectangle of length 5 x 2mr

1
and breadth r. This suggests that the area of the circle = 5 x 2nr X r = qr2, Let us
recall the conceptslearnt in earlier classes, through an example.

Example 1 : The cost of fencing a circular field at the rate of Rs 24 per metre is

Rs 5280. The field is to be ploughed at the rate of Rs 0.50 per m?. Find the cost of
22

ploughing thefield (Taken = 7).

Total cost 5280

Solution :  Length of the fence (in metres) = Rete Yol 220
So, circumference of thefield =220 m
Therefore, if r metresisthe radius of the field, then

2nr = 220

22
or, 2 X 7 xr =220
_220x7 c

o - "= oxz2 73
i.e, radiusof thefieldis35 m. ”
Therefore, area of the field = nr?= Ea x35x35m?P=22x5x%x35m?
Now, cost of ploughing 1 m? of the field = Rs 0.50
So, total cost of ploughing thefield= Rs22 x 5 x 35 x 0.50 = Rs 1925

EXERCISE12.1

22
Unless stated otherwise, use wt = 7

1. Theradii of two circles are 19 cm and 9 cm respectively.
Find the radius of the circle which has circumference equal
to the sum of the circumferences of the two circles.

2. Theradii of twocirclesare 8 cm and 6 cm respectively. Find
the radius of the circle having area equal to the sum of the
areas of thetwo circles.

3. Fig. 12.3 depicts an archery target marked with its five
scoring areas from the centre outwards as Gold, Red, Blue,
Black and White. The diameter of the region representing
Gold scoreis 21 cm and each of the other bandsis 10.5 cm
wide. Find the area of each of the five scoring regions.

Fig. 12.3
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4. Thewheelsof acar are of diameter 80 cm each. How many complete revol utions does
each wheel makein 10 minuteswhen the car istravelling at a speed of 66 km per hour?

5. Tick thecorrect answer in thefollowing and justify your choice: If the perimeter and the
areaof acirclearenumerically equal, then theradius of thecircleis

(A) 2units (B) m units (©) 4units (D) 7units

12.3 Areasof Sector and Segment of aCircle

You have already come across the terms sector and g’lal;or
ector

segment of a circle in your earlier classes. Recall
that the portion (or part) of thecircular region enclosed
by two radii and the corresponding arc is called a
sector of the circle and the portion (or part) of the
circular region enclosed between a chord and the
corresponding arc is called a segment of the circle.
Thus, in Fig. 12.4, shaded region OAPB is a sector
of the circle with centre O. £ AOB is called the
angle of the sector. Note that in thisfigure, unshaded region OAQB is also a sector of
the circle. For obvious reasons, OAPB is called the minor sector and
OAQB iscalled the major sector. You can aso see that angle of the major sector is
360° — £ AOB. Q

Now, look at Fig. 12.5 in which AB is a chord
of thecirclewith centre O. So, shaded regionAPB is
a segment of the circle. You can also note that
unshaded region AQB isanother segment of thecircle
formed by the chord AB. For obvious reasons, APB
is called the minor segment and AQB is called the
major segment.

Fig. 12.4

Major
Segment

Remark : When we write ‘segment’ and ‘ sector’
we will mean the ‘minor segment’ and the ‘minor
sector’ respectively, unless stated otherwise.

Now withthisknowledge, let ustry to find some
relations (or formulae) to calculate their areas.

Let OAPB be a sector of a circle with centre
O and radius r (see Fig. 12.6). Let the degree
measure of £ AOB be 0.

You know that area of a circle (in fact of a A B
circular region or disc) ismr2. P
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In away, we can consider thiscircular region to be a sector forming an angle of
360° (i.e., of degree measure 360) at the centre O. Now by applying the Unitary
Method, we can arrive at the area of the sector OAPB as follows:

When degree measure of the angle at the centre is 360, area of the
sector = mr?

So, when the degree measure of the angle at the centreis 1, area of the
2

sector = i
"~ 360

Therefore, when the degree measure of the angle at the centre is 6, area of the

2

Tr 9 2
= — = — r
sector 360 x 0 360 x e,

Thus, we obtain the following relation (or formula) for area of a sector of a
circle:

0 2
=——xnr
Area of the sector of angle 6 360 nre,
where r is the radius of the circle and 0 the angle of the sector in degrees.

Now, a natural question arises : Can we find
the length of the arc APB corresponding to this
sector? Yes. Again, by applying the Unitary
Method and taking the whole length of the circle
(of angle 360°) as 2rtr, we can obtain the required

length of the arc APB as i><2nr
g %0 .

0
So, length of an arc of a sector of angle @ = %X 2nr

Now let us take the case of the area of the
segment APB of acircle with centre O and radiusr
(see Fig. 12.7). You can see that :

Area of the segment APB = Area of the sector OAPB — Area of A OAB

_ 9 x > — areaof AOAB
360

Note: From Fig. 12.6 and Fig. 12.7 respectively, you can observe that :
Area of the major sector OAQB = nr? — Area of the minor sector OAPB
and Area of major segment AQB = nr? — Area of the minor segment APB
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Let us now take some examples to understand these concepts (or results).

Example 2 : Find the area of the sector of acircle

with radius4 cm and of angle 30°. Also, find thearea

of the corresponding major sector (Usent = 3.14).

Solution : Given sector is OAPB (see Fig. 12.8).

——xmr?

360

= 2 s14xaxaom?
360

= —12'356 cm? = 4.19cm? (approx.)

Area of the sector

Area of the corresponding major sector

= nr2 — area of sector OAPB

= (3.14 x 16 — 4.19) cm?

= 46.05 cm? = 46.1 cm?(approx.)

(360 —0) « mr2
360

[360 -30
360

Alternatively, areaof the magjor sector =

j x 3.14 x 16 cm?

_ 330 3.14 x 16cm? = 46.05 cm?
360

= 46.1 cm? (approx.)

Example 3 : Find the area of the segment AYB
showninFig. 12.9, if radiusof thecircleis21 cmand

22
£ AOB = 120°. (Usen = )

Fig. 12.9
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Solution : Area of the segment AYB
= Area of sector OAYB —Areaof A OAB (1)

Now, area of the sector OAYB = % x % x 21 x 21cm? = 462 cnv 2

For finding the area of A OAB, draw OM L AB as shownin Fig. 12.10.
Note that OA = OB. Therefore, by RHS congruence, A AMO = A BMO.

1
So, M isthe mid-point of AB and £ AOM = Z BOM = 3 x120° = 60°,

Let OM =x cm M

A B
OM o -
So, from A OMA, a = cos 60° 2](-,’] 60 ] 60 m\c&
o
X 1 1 )
— = = |cos60° == Fig. 12.10
o 21 2 [ 2) J
_ 4

or, X= 5

21
o, OM = — cm

2

.3
Also, oA =sn60°= —
o, AM = Zlf cm

2 x 21

Therefore, AB = 2AM = XT*@ cm = 214/3cm
S0, areaofAOAB:%ABXOM :%leﬁx%cmz

441

== v @

441
Therefore, area of the segment AYB = [462 - Tx/éj cm? [From (1), (2) and (3)]

= 271 (88 — 21./3)cm?
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EXERCISE 12.2

22

Unless stated otherwise, use wt = 7

1. Findtheareaof asector of acirclewith radius6 cmif angle of the sector is60°.
2. Findtheareaof aquadrant of acirclewhose circumferenceis 22 cm.

3. Thelength of the minute hand of a clock is 14 cm. Find the area swept by the minute
hand in 5 minutes.

4. A chord of acircle of radius 10 cm subtends aright angle at the centre. Find the area of
thecorresponding: (i) minorsegment (ii) major sector. (Usern = 3.14)
5. Inacircleof radius 21 cm, an arc subtends an angle of 60° at the centre. Find:

(i) thelength of thearc (ii) areaof the sector formed by the arc
(iii) areaof the segment formed by the corresponding chord

6. A chord of acircleof radius 15 cm subtends an angle of 60° at the centre. Find the areas
of the corresponding minor and major segments of the circle.

(User=314and /3 =1.73)
7. A chord of acircle of radius 12 cm subtends an

angle of 120° at the centre. Find the area of the
corresponding segment of the circle.

(Usem=3.14and /3 =1.73)

8. A horseistied to a peg at one corner of a square
shaped grassfield of side 15 m by meansof a5 m
long rope (seeFig. 12.11). Find

(i) the area of that part of the field in which the
horse can graze.

(i) theincreasein the grazing areaif therope were Fig. 12.11
10 mlonginstead of 5m. (User = 3.14)

9. A broochismade with silver wirein the form of a
circlewithdiameter 35 mm. Thewireisalsousedin
making 5 diameterswhich dividethecircleinto 10
equal sectorsasshowninFig. 12.12. Find :

S0
(i) thetotal length of the silver wirerequired. %@é@

(if) the area of each sector of the brooch.

Fig. 12.12
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10.

11

12.

13.

14.

An umbrella has 8 ribs which are equally spaced
(seeFig. 12.13). Assuming umbrellato beaflat circle
of radius 45 cm, find the area between the two
consecutive ribs of the umbrella.

A car has two wipers which do not overlap. Each
wiper hasablade of length 25 cm sweeping through
anangleof 115°. Find thetotal areacleaned at each
sweep of the blades. Fig. 12.13

To warn ships for underwater rocks, a lighthouse
spreads ared coloured light over a sector of angle
80° to adistance of 16.5 km. Find the areaof the sea
over which the shipsarewarned. (Usen = 3.14)

A round table cover has six equal designsas shown
inFig. 12.14. If theradius of the cover is28 cm, find
the cost of making the designs at the rate of
Rs0.35 per cm? (Use /3 =1.7)

Tick the correct answer in thefollowing : Fig. 12.14

{
A
:j
S
<]
K
\

Areaof asector of angle p (in degrees) of acirclewithradiusR is

p p ) p p )
P R PR P orR P L oxR
(A) 160 " ®) Tgo ™ (O 35X " (B) 7507 "

12.4 Areasof Combinationsof PlaneFigures

So far, we have calculated the areas of different figures separately. Let us now try to
calculate the areas of some combinations of plane figures. We come across these
types of figuresin our daily life and also in the form of various interesting designs.
Flower beds, drain covers, window designs, designson table covers, are some of such
examples. Weillustrate the process of cal culating areas of these figures through some
examples.

Example4 : InFig. 12.15, two circular flower beds
have been shown on two sides of a square lawn
ABCD of side 56 m. If the centre of each circular
flower bed is the point of intersection O of the
diagonals of the square lawn, find the sum of the D

A B

O 56m

@)

areas of the lawn and the flower beds.

Fig. 12.15
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Solution : Area of the square lawn ABCD = 56 x 56 m? (@)
Let OA = OB = x metres
o, X2 + x? = 562
or, 2x? = 56 x 56
or, X2 = 28 x 56 2
90 , 1 2
Now, area of sector OAB = —=X7©tX" = —x1X
360
1 22
= XX 28 x 56 m? [From (2)] (3)
1 2
Also, areaof A OAB = 2 x56x56m* (£ AOB = 90°) 4
1 22 1
o, area of flower bed AB = [Zx7x28x56—z><56><56jm2

[From (3) and (4)]

lxzsxseig—zj m?
4 7

1 8
= x28x56x - m
4 7 ®

Similarly, areaof the other flower bed

1 8
= —x28x56x—m
4>< X ><7 (6)

1 8
Therefore, total area = [56 x 56 + 2 x 28 x 56 x -

+ % x 28 x 56 x g}mz [From (1), (5) and (6)]

28x56[2+g+2j m?
7 7

28 x 56><1—78 m? = 4032m?
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Alternative Solution :
Total area= Area of sector OAB + Area of sector ODC
+ Areaof A OAD + Area of A OBC

ﬂxgx28x56+ﬂxg><28><56
360 7 360 7

+1x56x56+1x56x56jm2
4 4

1><28><56 §+§+2+2 m?
4 7 7

7 x 56

(22 + 22+ 14+ 14)m?

= 56 x 72 m? = 4032 m?
Example 5 : Find the area of the shaded region in A
Fig. 12.16, where ABCD is a square of side 14 cm.
Solution : Area of square ABCD
=14 x 14 cm? = 196 cm?

14
Diameter of each circle= —cm =7cm /
2
D C

7 )

o, radius of each circle= Ecm Fig. 12.16

) area of onecircle = mr2 = —><Z><Zcm2

! LR AP R

77
Therefore, area of the four circles= 4 x Ecm2 =154 cm?

Hence, areaof the shaded region = (196 — 154) cm? = 42 cm2.
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Example 6 : Find the area of the shaded design in Fig. 12.17, where ABCD is a
square of side 10 cm and semicircles are drawn with each side of the square as
diameter. (Use t = 3.14)

A B A B
|
v I
111
D 10 cm C D C
Fig. 12.17 Fig. 12.18
Solution : Let usmark the four unshaded regionsasl|, |1, Il and IV (see Fig. 12.18).

Areaof | + Areaof Il
= Areaof ABCD — Areas of two semicircles of each of radius 5 cm

1
= [10><10—2><§>< T X 52]cm2 = (100 —3.14 x 25) cm?

= (100 — 78.5) cm? = 21.5 cnv?

Similarly, Areaof Il + Areaof IV = 21.5 cm?

So, area of the shaded design = Area of ABCD — Areaof (I + 11 + 111 +1V)
= (100 — 2 x 21.5) cm? = (100 — 43) cm? = 57 cm?

EXERCISE 12.3

22
Unless stated otherwise, usen = = Q

1. Findtheareaof the shaded regionin Fig. 12.19, if
PQ =24 cm, PR =7 cm and O is the centre of the
circle.

R
P
Fig. 12.19
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2. Findtheareaof theshaded regionin Fig. 12.20, if radii of the two concentric circleswith
centre O are 7. cm and 14 cm respectively and £ AOC = 40°.

A B

A 'W'

C D C

Fig. 12.20 Fig. 12.21

3. Findtheareaof the shaded regionin Fig. 12.21, if ABCD isasquare of side 14 cm and
APD and BPC are semicircles.

4. Findtheareaof the shaded regionin Fig. 12.22, whereacircular arc of radius 6 cm has
been drawn with vertex O of an equilateral triangle OAB of side 12 cm as centre.

PSRN

A

vt
12 cm

Fig. 12.22 Fig. 12.23

5. From each corner of asquare of side4 cm aquadrant of acircleof radius 1 cmiscut and
also acircleof diameter 2 cmiscut asshownin Fig. 12.23. Find the areaof theremaining

portion of the square.

6. Inacircular table cover of radius32cm, a
design is formed leaving an equilateral
triangle ABC in the middle as shown in
Fig. 12.24. Find the area of the design
(shaded region).

Fig. 12.24
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10.

InFig. 12.25,ABCD isasquareof side 14 cm. With
centres A, B, Cand D, four circles are drawn such
that each circletouch externally two of the remaining
three circles. Find the area of the shaded region.

Fig. 12.25

Fig. 12.26 depictsaracing track whose | eft and right ends are semicircul ar.

Fig. 12.26 B

The distance between the two inner paralel line
segments is 60 m and they are each 106 m long. If
thetrack is10 mwide, find :

(i) the distance around the track along its inner edge
(ii) the area of the track.

In Fig. 12.27, AB and CD are two diameters of a
circle (with centre O) perpendicular to each other
and OD is the diameter of the smaller circle. If
OA =7 cm, find the area of the shaded region.

The area of an equilateral triangleABCis17320.5
cm?. With each vertex of the triangle as centre, a
circleisdrawn with radius equal to half the length

of theside of thetriangle (see Fig. 12.28). Find the AY‘
area of the shaded region. (Use = = 3.14 and

J3 =1.73205)

aN
J

A
Fig. 12.27

Fig. 12.28
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11. On a square handkerchief, nine circular designs each of radius 7 cm are made
(seeFig. 12.29). Find the area of the remaining portion of the handkerchief.

A B
A
C
D
D C B 0
Fig. 12.29 Fig. 12.30

12. InFig. 12.30, OACB isaquadrant of acirclewith centreO andradius3.5cm. If OD =2cm,
find the area of the

(i) quadrant OACB, (if) shaded region.

13. InFig.12.31, asquare OABCisinscribed in aquadrant OPBQ. If OA =20 cm, find the
areaof the shaded region. (Usen = 3.14)

A B
Q
C B
21cm
C D
\ \sf
7em v
(0) A P
Fig. 12.31 Fig. 12.32

14. AB and CD arerespectively arcs of two concentric circles of radii 21 cmand 7 cm and
centre O (seeFig. 12.32). If £ AOB = 30°, find the area of the shaded region.

15. InFig. 12.33, ABC isaquadrant of acircle of
radius 14 cm and asemicircleisdrawn with BC B
asdiameter. Find the area of the shaded region.

A C
Fig. 12.33
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16. Calculate the area of the designed region in
Fig. 12.34 common between the two quadrants
of circlesof radius 8 cm each.

8 cm 8 cm

8 cm
Fig. 12.34
125 Summary
In this chapter, you have studied the following points :
1. Circumferenceof acircle=2mr.
2. Areaof acircle=mr2
3. Length of an arc of asector of acirclewith radiusr and angle with degree measure® is

ix 27r,

4. Areaof asector of acirclewithradiusr and anglewith degreesmeasure 0 is % x mr?,

5. Areaof segment of acircle
= Area of the corresponding sector — Area of the corresponding triangle.



SURFACE AREASAND
VOLUMES

13.1 Introduction

From Class|X, you arefamiliar with some of the solidslike cuboid, cone, cylinder, and
sphere (seeFig. 13.1). You havea so learnt how to find their surface areas and volumes.

Fig. 13.1

Inour day-to-day life, we come acrossanumber of solids made up of combinations
of two or more of the basic solids as shown above.

You must have seen a truck with a
container fitted on its back (see Fig. 13.2),
carrying oil or water from one place to 116
another. Isit in the shape of any of the four |||
basic solids mentioned above? You may
guess that it is made of a cylinder with two
hemispheres as its ends.

Fig. 13.2
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onein Fig. 13.3. Can you nameit?A test tube, right!

You would have used onein your sciencelaboratory.
This tube is also a combination of a cylinder and a
hemisphere. Smilarly, whiletravelling, you may have
seen some big and beautiful buildings or monuments
made up of acombination of solids mentioned above.

Again, you may have seen an object like the {::3
—_Qo

If for some reason you wanted to find the
surface areas, or volumes, or capacities of such
objects, how would you do it? We cannot classify _
these under any of the solidsyou have already studied. Fig. 13.3

In this chapter, you will see how to find surface areas and volumes of such
objects.

—/

13.2 SurfaceAreaof aCombination of Solids

Let us consider the container seen in Fig. 13.2. How do we find the surface area of
such a solid? Now, whenever we come across a new problem, we first try to see, if
we can break it down into smaller problems, we have earlier solved. We can see that
this solid is made up of acylinder with two hemispheres stuck at either end. It would
look like what we havein Fig. 13.4, after we put the pieces all together.

4 N
Z X

Fig. 134
If we consider the surface of the newly formed object, we would be able to see
only the curved surfaces of the two hemispheres and the curved surface of the cylinder.

So, the total surface area of the new solid is the sum of the curved surface
areas of each of theindividual parts. Thisgives,

TSA of new solid = CSA of one hemisphere + CSA of cylinder
+ CSA of other hemisphere

where TSA, CSA stand for ‘Total Surface Area’ and ‘Curved Surface Area
respectively.

Let us now consider another situation. Suppose we are making atoy by putting
together a hemisphere and a cone. Let us see the steps that we would be going
through.
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First, wewould take a cone and a hemisphere and bring their flat faces together.
Here, of course, we would take the base radius of the cone equal to the radius of the
hemisphere, for the toy is to have a smooth surface. So, the steps would be as shown

inFig. 13.5. "
. .

T e &

At theend of our trial, we have got oursel ves anice round-bottomed toy. Now if
we want to find how much paint we would require to colour the surface of this toy,
what would we need to know? We would need to know the surface area of the toy,
which consists of the CSA of the hemisphere and the CSA of the cone.

So, we can say:
Total surface area of the toy = CSA of hemisphere + CSA of cone
Now, let us consider some examples.

Example 1 : Rasheed got aplaying top (lattu) ashis
birthday present, which surprisingly had no colour on
it. Hewanted to colour it with hiscrayons. Thetopis 5cm
shaped like a cone surmounted by a hemisphere
(see Fig 13.6). The entire top is 5 cm in height and
the diameter of the top is 3.5 cm. Find the area he .

22
has to colour. (Taken = 7) Fig. 13.6

Solution : Thistop is exactly like the object we have discussed in Fig. 13.5. So, we
can conveniently use the result we have arrived at there. That is:

TSA of thetoy = CSA of hemisphere + CSA of cone

. 1 2 2
Now, the curved surface area of the hemisphere = E(4TEF ) =2nr

22 35 35 2
— | 2x—x—x—|Ccm
7 2 2
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Also, the height of the cone = height of the top — height (radius) of the hemispherical part

35
= 5—7 Cm =325cm

35
So, thedant height of thecone (1 ) = y/r> + h? = \/[7j +(3.25)* cm =37 cm (3pprox.)

22 35 ,
Therefore, CSA of cone = iirl = £l X > x 3.7 |cm

This gives the surface area of the top as
2xgx§x3—'5 cm? + g><3;5><3.7 cm?
7 2 2 7 2

-2, 3—25 (35+37)cm’ = 1—21>< (3.5 + 3.7) cm? = 39.6 cm? (approx.)

You may note that ‘total surface area of the top’ is not the sum of the total
surface areas of the cone and hemisphere. 4.2 cm

Example 2 : The decorative block shown
in Fig. 13.7 is made of two solids— a cube
and ahemisphere. The base of theblock isa
cube with edge 5 cm, and the hemisphere
fixed on the top has a diameter of 4.2 cm.
Find the total surface area of the block.
(Take = 22) 3 cm

7 Fig. 13.7

Solution : Thetotd surface area of the cube = 6 x (edge)? =6 x 5 x 5 cn? = 150 cm?.

Note that the part of the cube where the hemisphere is attached is not included in the
surface area.
o, the surface area of the block = TSA of cube — base area of hemisphere
+ CSA of hemisphere
150 — mtr2 + 2 mr?= (150 + mtr2) cnv?
150cm? + [ 2« 22, 42) oy

7 2 2
(150 + 13.86) cm? = 163.86 cm?
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Example 3 : A wooden toy rocket isin the 1
shape of a cone mounted on a cylinder, as
shown in Fig. 13.8. The height of the entire
rocket is26 cm, whilethe height of theconical
part is6 cm. The base of the conical portion
has a diameter of 5 cm, while the base
diameter of thecylindrical portionis3cm. If
the conical portion is to be painted orange
and the cylindrical portion yellow, find the
area of the rocket painted with each of these
colours. (Taken = 3.14)

Solution : Denote radius of cone by r, slant
height of coneby |, height of coneby h, radius

6 cm

26 cm

5cm

base of cylinder

base of cone

of cylinder by r” and height of cylinder by h'. J
Thenr =25cm, h=6¢cm, r’ = 1.5 cm, _
h' =26 —6 =20 cm and Fig. 13.8

|= Jr2+h? = 252 + 6 cm =6.5¢cm

Here, the conical portion hasits circular base resting on the base of the cylinder, but
the base of the coneislarger than the base of the cylinder. So, apart of the base of the
cone (aring) isto be painted.

So, the area to be painted orange = CSA of the cone + base area of the cone
— base area of the cylinder

= qrl + mr? — n(r’)?

= n[(2.5 x 6.5) + (2.5)> — (1.5)7] cm?
= m[20.25] cm? = 3.14 x 20.25 cnv?

= 63.585 cm?

Now, theareato be painted yellow = CSA of the cylinder
+ area of one base of the cylinder

= 2nr'h + w(r’)?

=qar’ (2h + 1)

= (314 x 15) (2% 20+ 1.5) cm?
= 471 x415cm?

= 195.465 cm?
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Example4: Mayank madeabird-bath for hisgarden
in the shape of a cylinder with a hemispherical
depression at one end (see Fig. 13.9). The height of
thecylinder is1.45 manditsradiusis30 cm. Find the

22
toal surface area of the bird-bath. (Take = Ea )

Solution : Let h be height of the cylinder, and r the
common radius of the cylinder and hemisphere. Then,

Fig. 13.9
the total surface area of the bird-bath = CSA of cylinder + CSA of hemisphere

= 2nrh+ 2nr2 = 2nr(h + 1)

= 2x§ x 30(145 +30) cm?

= 33000 cm? = 3.3

EXERCISE 13.1

22
Unless stated otherwise, take t = 7'

1. 2 cubes each of volume 64 cm?® are joined end to end. Find the surface area of the

resulting cuboid.

2. A vessal isin the form of a hollow hemisphere mounted by a hollow cylinder. The
diameter of the hemisphereis 14 cm and the total height of the vessel is 13 cm. Find the

inner surface area of the vessel.

3. Atoyisintheform of acone of radius 3.5 cm mounted on a hemisphere of sameradius.
Thetotal height of thetoy is 15.5 cm. Find the total surface area of the toy.

4. A cubical block of side 7 cm is surmounted by a hemisphere. What is the greatest
diameter the hemisphere can have? Find the surface area of the solid.

5. A hemispherical depression is cut out from one face of a cubical wooden block such
that the diameter | of the hemisphere is equal to the edge of the cube. Determine the

surface area of the remaining solid.

6. A medicine capsule is in the shape of a
cylinder with two hemispheres stuck to each
of its ends (see Fig. 13.10). The length of
theentire capsuleis 14 mm and the diameter
of the capsuleis5 mm. Find its surface area.

C

k-

14 mm

Fig. 13.10

7
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7. A tent isin the shape of a cylinder surmounted by a conical top. If the height and
diameter of thecylindrical part are 2.1 m and 4 m respectively, and the slant height of the
topis2.8 m, find the area of the canvas used for making the tent. Also, find the cost of
the canvas of the tent at the rate of Rs 500 per m?2. (Note that the base of the tent will not
be covered with canvas.)

8. Fromasolid cylinder whose height is2.4 cm and diameter 1.4 cm, aconical cavity of the
same height and same diameter is hollowed out. Find the total surface area of the
remaining solid to the nearest cm?.

9. A wooden article was made by scooping
out ahemisphere from each end of a solid
cylinder, as shown in Fig. 13.11. If the
height of the cylinder is 10 cm, and its
base is of radius 3.5 cm, find the total
surface area of the article.

13.3 Volumeof aCombination of Solids Fig. 13.11

In the previous section, we have discussed how to find the surface area of solids made
up of a combination of two basic solids. Here, we shall see how to calculate their
volumes. It may be noted that in calculating the surface area, we have not added the
surface areas of the two constituents, because some part of the surface areadisappeared
in the process of joining them. However, this will not be the case when we calculate
thevolume. The volume of the solid formed by joining two basic solidswill actually be
the sum of the volumes of the constituents, as we see in the examples bel ow.

Example 5 : Shantaruns an industry in
ashed which isin the shape of a cuboid
surmounted by a half cylinder (see Fig.
13.12). If the base of the shed is of
dimension 7 m x 15 m, and the height of
the cuboidal portionis8m, find thevolume
of air that the shed can hold. Further,
suppose the machinery in the shed
occupies a total space of 300 m?, and
there are 20 workers, each of whom
occupy about 0.08 m® space on an
average. Then, how much air isin the

Fig. 13.12

22
shed? (Teke = )
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Solution : Thevolume of air inside the shed (when there are no people or machinery)
is given by the volume of air inside the cuboid and inside the half cylinder, taken
together.

Now, thelength, breadth and height of the cuboid are 15 m, 7 m and 8 m, respectively.
Also, the diameter of the half cylinder is 7 m and its height is 15 m.

1
So, the required volume = volume of the cuboid + 5 volume of the cylinder

= 15x7x8+1x§xzxzx15 m® = 1128.75 m®
27 2 2

Next, the total space occupied by the machinery = 300 m?
And the total space occupied by the workers = 20 x 0.08 m* = 1.6 m®
Therefore, the volume of the air, when there are machinery and workers

= 1128.75-(300.00 + 1.60) = 827.15 m?®

Example 6 : A juice seller was serving his
customersusing glassesas shownin Fig. 13.13.
Theinner diameter of the cylindrical glasswas
5 cm, but the bottom of the glass had a
hemispherical raised portion which reduced the
capacity of the glass. If the height of a glass
was 10 cm, find the apparent capacity of the
glass and its actual capacity. (Usent = 3.14.) Fig. 13.13

Solution : Since the inner diameter of the glass = 5 cm and height = 10 cm,

the apparent capacity of the glass= nrzh
= 3.14 x 25 x 25 % 10 cm® = 196.25 cm?®

But the actual capacity of the glassisless by the volume of the hemisphere at the
base of the glass.

2 2
ie, itislessby - nr®= —x 3.14x25x25x 25cm® = 32.71 cm?

So, the actual capacity of the glass = apparent capacity of glass — volume of the
hemisphere
= (196.25-32.71) cm?

= 163.54 cm?
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Example 7 : A solid toy is in the form of a E A F
hemi sphere surmounted by aright circular cone. The
height of the cone is 2 cm and the diameter of the

0
B C

base is 4 cm. Determine the volume of the toy. If a

right circular cylinder circumscribesthetoy, find the -

difference of the volumes of the cylinder and the toy. HY—— P_..- -G

(Taken = 3.14) Fig. 13.14

Solution : Let BPC be the hemisphere and ABC be the cone standing on the base
of the hemisphere (see Fig. 13.14). The radius BO of the hemisphere (as well as

1
of the cone) = 5 x4cm=2cm.

2 3 1 2
So, volumeof thetoy = gnr +§7cl’ h

= E x 3.14x (2)%+ % x 3.14 x (2)* x 2} cm® = 25,12 cm?

Now, let theright circular cylinder EFGH circumscribe the given solid. The radius of
the base of the right circular cylinder = HP=BO =2 cm, and its height is

EH=AO0+0P=(2+2)cm=4cm
So, the volume required = volume of theright circular cylinder —volume of the toy
(314 x 22x 4 -25.12) cm?®
2512 cm?

Hence, the required difference of the two volumes = 25.12 cm®,

EXERCISE 13.2

22
Unless stated otherwise, take t = 7 .

1. A solidisin the shape of a cone standing on a hemisphere with both their radii being
equal to 1 cmand the height of the coneisequal toitsradius. Find thevolume of the solid
intermsof .

2. Rachel, an engineering student, was asked to make amodel shaped like acylinder with
two cones attached at itstwo ends by using a thin aluminium sheet. The diameter of the
model is3cmanditslengthis12 cm. If each cone hasaheight of 2 cm, find the volume
of air contained inthe model that Rachel made. (A ssume the outer and inner dimensions
of the model to be nearly the same.)
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3. A gulab jamun, contains sugar syrup up to about e
30% of itsvolume. Find approximately how much
syrup would be found in 45 gulab jamuns, each
shaped like acylinder with two hemispherical ends
withlength 5cmand diameter 2.8 cm (seeFig. 13.15).

— e

4. A pen stand made of wood is in the shape of a Fig. 13.15
cuboid with four conical depressionsto hold pens.
Thedimensionsof the cuboid are 15 cm by 10 cm by
3.5cm. Theradiusof each of the depressionsis0.5
cm and the depth is 1.4 cm. Find the volume of
wood intheentire stand (see Fig. 13.16).

5. A vessd is in the form of an inverted cone. Its

height is 8 cm and the radius of its top, which is HuRne
open, is5 cm. Itisfilled with water up to the brim. i/ V'V V'V

When lead shots, each of whichisasphere of radius

0.5 cm are dropped into the vessel, one-fourth of -

thewater flows out. Find the number of lead shots

dropped in the vessel. Fig. 13.16

6. A solidiron poleconsistsof acylinder of height 220 cm and base diameter 24 cm, which
issurmounted by another cylinder of height 60 cm and radius 8 cm. Find the massof the
pole, giventhat 1 cm? of iron has approximately 8g mass. (User = 3.14)

7. A solid consisting of aright circular cone of height 120 cm and radius 60 cm standing on
ahemisphere of radius 60 cm is placed upright in aright circular cylinder full of water
such that it touchesthe bottom. Find the volume of water leftinthe cylinder, if theradius
of the cylinder is60 cm and itsheight is180 cm.

8. A spherical glassvessel hasacylindrical neck 8 cmlong, 2 cmin diameter; the diameter
of the spherical part is8.5 cm. By measuring the amount of water it holds, achild findsits
volume to be 345 cm®. Check whether she is correct, taking the above as the inside
measurements, andrt = 3.14.

13.4 Conversion of Solid from One Shapeto Another

We are sure you would have seen candles.
Generally, they arein the shape of acylinder.
You may have also seen some candles

shaped like an animal (see Fig. 13.17). f%‘
—_— _"

Fig. 13.17
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How are they made? If you want a candle of any specia shape, you will have to
heat thewax inametal container till it becomescompletely liquid. Thenyouwill haveto
pour it into another container which has the special shape that you want. For example,
take acandlein the shape of asolid cylinder, melt it and pour whole of the molten wax
into another container shaped like arabbit. On cooling, you will abtain acandlein the
shape of the rabbit. The volume of the new candle will be the same as the volume of
the earlier candle. Thisiswhat we
have to remember when we come
across objects which are converted
from one shape to another, or when
aliquid which originally filled one
container of a particular shape is
poured into another container of a
different shape or size, asyou seein Fig. 13.18
Fig13.18.

To understand what has been discussed, let us consider some examples.

Example 8: A cone of height 24 cm and radius of base 6 cm is made up of modelling
clay. A child reshapesit in the form of a sphere. Find the radius of the sphere.

1
Solution : Volume of cone = Pkt 6x 6 x 24 cm®

4
If r isthe radius of the sphere, then itsvolumeis 5”3 .

Since, the volume of clay in the form of the cone and the sphere remains the same, we
have

ﬂ><Tc><r3: E><Tc><6><6><24
3 3

ie, P=3x3x24=3Fx28
o, r=3x2=6
Therefore, the radius of the sphereis 6 cm.

Example 9 : Selvi’s house has an overhead tank in the shape of acylinder. This
is filled by pumping water from a sump (an underground tank) which isin the
shape of a cuboid. The sump has dimensions 1.57 m x 1.44 m x 95cm. The
overhead tank hasitsradius 60 cm and height 95 cm. Find the height of the water
left in the sump after the overhead tank has been completely filled with water
from the sump which had been full. Compare the capacity of the tank with that of
the sump. (Usern = 3.14)
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Solution : The volume of water in the overhead tank equals the volume of the water
removed from the sump.

Now, the volume of water in the overhead tank (cylinder) = nr*h
= 314x06x06x095m?
The volume of water in the sump when full = | x b x h=1.57 x 1.44 x 0.95 m®
The volume of water left in the sump after filling the tank
=[(1.57 % 1.44x 0.95) —(3.14 x 0.6 X 0.6 x 0.95)] m® = (1.57 x 0.6 x 0.6 x 0.95 x 2) m?

_ volume of water left in the sump
| xb

~157x0.6x0.6x0.95x 2

- 1.57 x 1.44

= 0475m=475cm

So, the height of the water left in the sump

Capecity of tank ~ 3.14x0.6x0.6x0.95 1

Al = -
% Capacity of sump 1.57 x1.44x 0.95 2

Therefore, the capacity of the tank is half the capacity of the sump.

Example 10 : A copper rod of diameter 1 cm and length 8 cm is drawn into awire of
length 18 m of uniform thickness. Find the thickness of the wire.

2
Solution : The volume of therod = 7 x (%] x 8cm® =2n cm®

The length of the new wire of the same volume = 18 m = 1800 cm
If r istheradius (in cm) of cross-section of the wire, its volume = 1t x r2 x 1800 cm?®

Therefore, T Xr2x1800= 27
i.e r2= L
’ 900
_ 1
l1.e., r= %

1
So, the diameter of the cross section, i.e., the thickness of the wire is 1—5 cm,
i.e., 0.67mm (approx.).
Example 11 : A hemispherical tank full of water isemptied by a pipe at the rate of 3;
litres per second. How much time will it take to empty half the tank, if it is3min

22
diameter? (Take mt = = )
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N w

Solution : Radius of the hemispherical tank = - m

3
99
Volume of the tank = % x 72 x (Ej m = —m?

2 T 14
i 1 99 5, 99 )
So, the volume of the water to be emptied = — x — m® = — x 1000 litres
2 14 28
_ 9900 .
- 28

Since, ? litresof water isemptied in 1 second, %0800 litres of water will beemptied

99000)(_ seconds, i.e., in 16.5 minutes
o8 5 i.e, i .5 minutes.

in

EXERCISE 133

22
Takem = 7 , unless stated otherwise.

1. A metallic sphere of radius 4.2 cm is melted and recast into the shape of a cylinder of
radius 6 cm. Find the height of the cylinder.

2. Metdlic spheresof radii 6 cm, 8 cm and 10 cm, respectively, are melted to form asingle
solid sphere. Find the radius of the resulting sphere.

3. A 20mdeepwell withdiameter 7 misdug and the earth from digging isevenly spread out
toformaplatform 22 mby 14 m. Find the height of the platform.

4. A well of diameter 3misdug 14 mdeep. Theearth taken out of it hasbeen spread evenly
all around it inthe shape of acircular ring of width 4 m to form an embankment. Findthe
height of the embankment.

5. A container shaped likearight circular cylinder having diameter 12 cm and height 15cm
isfull of icecream. Theicecreamisto befilled into conesof height 12 cm and diameter
6 cm, having ahemispherical shapeonthetop. Find the number of such coneswhich can
befilled withice cream.

6. How many silver coins, 1.75 cmin diameter and of thickness 2 mm, must be melted to form
acuboid of dimensions5.5cm x 10cm x 3.5cm?
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7. A cylindrical bucket, 32 cm high and with radius of base 18 cm, isfilled with sand. This
bucket isemptied on the ground and a conical heap of sand isformed. If the height of the
conical heap is 24 cm, find the radius and slant height of the heap.

8. Waterinacana, 6 mwideand 1.5 m deep, isflowing with aspeed of 10 km/h. How much
areawill itirrigatein 30 minutes, if 8 cm of standing water isneeded?

9. A farmer connectsapipeof internal diameter 20 cmfrom acana into acylindrical tank in
her field, whichis10 min diameter and 2 m deep. If water flowsthrough the pipe at the
rate of 3km/h, in how muchtimewill thetank befilled?

13.5 Frustum of aCone

In Section 13.2, we observed objects that are formed when two basic solids were
joined together. Let us now do something different. Wewill take aright circular cone
and remove a portion of it. There are so many ways
inwhich we can do this. But one particular case that
we areinterested in isthe removal of asmaller right
circular cone by cutting the given cone by a plane
paralel to its base. You must have observed that the
glasses (tumblers), in general, used for drinking wa- ==
ter, are of this shape. (See Fig. 13.19) Fig. 13.19

Activity 1: Take some clay, or any other such material (like plasticine, etc.) and form
acone. Cut it with aknife parallel to its base. Remove the smaller cone. What are you
left with?You are left with a solid called a frustum of the cone. You can see that this
has two circular ends with different radii.

So, given acone, when we slice (or cut) through it with aplane parallel toitsbase
(see Fig. 13.20) and remove the cone that is formed on one side of that plane, the part
that is now left over on the other side of the planeis called afrustum* of the cone.

A cone sliced The two parts Frustum of a cone
by a plane separated
parallel to base

Fig. 13.20

**Frustum’ isalatin word meaning ‘ piece cut off’, and itsplural is‘frusta’.
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How can we find the surface area and volume of a frustum of a cone? Let
us explain it through an example.

Example 12 : Theradii of the ends of afrustum
of a cone 45 cm high are 28 cm and 7 cm
(see Fig. 13.21). Find its volume, the curved
surface area and the total suface area

22
(Teken = ).

Solution : The frustum can be viewed as adif-
ference of two right circular cones OAB and
OCD (see Fig. 13.21). Let the height (in cm)
of the cone OAB be h, and its slant height |,
i.e, OP=h and OA = OB =1,. Let h, be the
height of cone OCD and I, its slant height. Fig. 13.21

Wehave:r, =28cm,r,=7cm
and the height of frustum (h) = 45 cm. Also,
h = 45+h, (1)

We first need to determine the respective heights h, and h, of the cone OAB
and OCD.

Since the triangles OPB and OQD are similar (Why?), we have

2 4
h.Z. 2 @
h, 7 1
From (1) and (2), we get h, = 15 and h, = 60.
Now, the volume of the frustum

= volume of the cone OAB — volume of the cone OCD

1 22 2 2 3 3

The respective slant height |, and |, of the cones OCD and OAB are given

|, = (7)? + (15)? =16.55 cm (approx.)

l,= \/(28)2 + (60)* = 4\/(7)2 + (15)% = 4x 16.55 = 66.20 cm

by
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Thus, the curved surface area of the frustum = mr |, —7r |,
22 22
== (28)(66.20) — E2 (7)(16.55) =5461.5 cm?
Now, the total surface area of the frustum

= the curved surface area + nr? + nr?

22 22
= 5461.5 cm? + 7(28)2cm2 + 7(7)2 cm?

= 5461.5 cm? + 2464 cm? + 154 cm? = 8079.5 cm?.

Let h be the height, | the slant height and r, and r, the radii of the ends
(r, > r,) of the frustum of a cone. Then we can directly find the volume, the
curved surace area and the total surface area of frustum by using the formulae
given below :

. 1 2 2
(i) Volume of the frustum of the cone = gﬁh(rl + 1,400,
(i) the curved surface area of the frustum of the cone = n(r, + r,)I
where | = \Jh* (r, 1,)%.

(iii) Total surface area of the frustum of the cone = il (r,+r,) + mr? + mrZ,

wherel = /h* (r, r,)>.

These formulae can be derived using the idea of similarity of triangles but we
shall not be doing derivations here.

Let us solve Example 12, using these formulae:

1
() Volumeof thefrustum = Zrh(t+ 1 +1r, )

%% . 45. [(28)2 +(7)% + (29) (7)] cm?

= 48510 cm?

(i) We have 1= Jh2 4 (n-1,)* = (457 + (28— 7)% cm
= 3/(15)% + (7)? =49.65cm
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So, the curved surface area of the frustum

22
=n(r, +r)l= £ (28 + 7) (49.65) = 5461.5 cm?
(ili) Tota curved surface area of the frustum

= w(r+ )+l + nrf

[5461.5 + %(28)2 + %(7)2} cm2 = 8079.5 cm?
Let us apply these formulae in some examples.

Example 13 : Hanumappa and hiswife Gangammaare
busy making jaggery out of sugarcanejuice. They have
processed the sugarcane juice to make the molasses,
whichispoured into mouldsin the shape of afrustum of
a cone having the diameters of itstwo circular faces as
30 cm and 35 cm and the vertical height of themouldis
14 cm (see Fig. 13.22). If each cm® of molasses has

) Fig. 13.22
mass about 1.2 g, find the mass of the molasses that can

be poured into each mould. [Taken =§ j

Solution : Sincethe mould isin the shape of afrustum of acone, the quantity (volume)
. LT 2 2

of molasses that can be poured into it = gh(rl +r,+0n rz) ,

wherer istheradius of the larger base and r, is the radius of the smaller base.

}xgx14 3—52+ §2+ 3—5><§ cm® 3

Itisgiventhat 1 cm? of molasses has mass 1.2g. So, the mass of the molassesthat can
be poured into each mould = (11641.7x 1.2) g

= 13970.04 g = 13.97 kg = 14 kg (approx.)
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Example 14 : An open metal bucket isin the
shape of a frustum of a cone, mounted on a
hollow cylindrical base made of the same me-
tallic sheet (see Fig. 13.23). The diameters of
the two circular ends of the bucket are 45 cm
and 25 cm, thetotal vertical height of the bucket
is 40 cm and that of the cylindrical base is 6
cm. Find the area of the metallic sheet used to
make the bucket, where we do not take into
account the handle of the bucket. Also, find

the volume of water the bucket can hold. Fig. 13.23
Take 2 .
7

Solution : The total height of the bucket = 40 cm, which includes the height of the
base. So, the height of the frustum of the cone = (40 — 6) cm = 34 cm.

Therefore, the slant height of the frustum, | = \/W* (1, 1,)*,

wherer, =22.5cm, r,=12.5 cm and h = 34 cm.

S, | = /342 +(225-125)% cm

= /342 +10% = 35.44 cm

The area of metallic sheet used = curved surface area of frustum of cone
+ area of circular base
+ curved surface area of cylinder
= [ x 35.44 (22.5 + 12.5) + 1 x (12.5)?
+2n x 12.5 x 6] cnv?

= % (1240.4 +156.25 + 150) cm?

= 4860.9 cm?
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Now, the volume of water that the bucket can hold (also, known as the capacity

of the bucket)

nxh

3
2 3HA

- x (i + 17 +11,)

= = x==x[(22.5) + (12.5)* + 22.5x12.5] cm?

7 3
22 34

= 7 X ? x 943.75 = 33615.48 cm?3

33.62 litres (approx.)

EXERCISE 134

22
Uset = — unless stated otherwise.

7

1. A drinking glassis in the shape of afrustum of a

cone of height 14 cm. The diameters of its two
circular endsare4 cmand 2 cm. Find the capacity of
the glass.

. Thesdlant height of afrustum of aconeis4 cmand
the perimeters (circumference) of its circular ends
are 18 cmand 6 cm. Find the curved surface area of
the frustum.

. A fez, the cap used by the Turks, is shaped like the
frustum of acone (seeFig. 13.24). If itsradiuson the
open sideis 10 cm, radius at the upper baseis4 cm
anditsslant height is 15 cm, find the area of material
used for making it.

Fig. 13.24

. A container, opened from the top and made up of a metal sheet, isin the form of a
frustum of acone of height 16 cm with radii of itslower and upper ends as 8 cm and 20
cm, respectively. Find the cost of the milk which can completely fill the container, at the
rate of Rs 20 per litre. Also find the cost of metal sheet used to make the container, if it

costsRs8 per 100 cnm?. (Taken = 3.14)

. A metallicright circular cone 20 cm high and whose vertical angleis60° iscut into two
partsat the middle of itsheight by aplane parallel toitsbase. If the frustum so obtained

be drawn into awire of diameter 1_16 cm, find the length of thewire.
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EXERCISE 135 (Optional)*

1. Acopper wire, 3mmindiameter, iswound about acylinder whose lengthis 12 cm, and
diameter 10 cm, so as to cover the curved surface of the cylinder. Find the length and
mass of the wire, assuming the density of copper to be 8.88 g per cm®.

2. A right triangle, whose sides are 3 cm and 4 cm (other than hypotenuse) is made to
revolve about its hypotenuse. Find the volume and surface area of the double cone so
formed. (Choose value of 1 as found appropriate.)

3. Acistern, internally measuring 150 cm x 120 cm x 110 cm, has 129600 cm® of water init.
Porous bricks are placed in the water until the cistern is full to the brim. Each brick
absorbs one-seventeenth of its own volume of water. How many bricks can be put in
without overflowing the water, each brick being 22.5cm x 7.5cm x 6.5cm?

4. Inonefortnight of agiven month, therewasarainfall of 10cminariver valey. If thearea
of thevalley is 97280 km?, show that the total rainfall was approximately equivalent to
the addition to the normal water of three rivers each 1072 kmlong, 75 mwideand 3m
deep. 18 cm

5. Anoil funnel made of tin sheet consists of a
10 cm long cylindrical portion attached to a
frustum of acone. If thetotal heightis22 cm, 22 em
diameter of thecylindrical portionis8cmand
the diameter of thetop of thefunnel is18 cm, 10 ch
find the area of thetin sheet required to make

thefunnel (seeFig. 13.25). § cm

Fig. 13.25

6. Derivetheformulafor the curved surface areaand total surface areaof the frustum of a
cone, given to you in Section 13.5, using the symbols as explained.

7. Derivetheformulafor thevolume of the frustum of acone, giventoyouin Section 13.5,
using the symbols as explained.

13.6 Summary
In this chapter, you have studied the following points:

1. To determine the surface area of an object formed by combining any two of the basic
solids, namely, cuboid, cone, cylinder, sphere and hemisphere.

2. Tofind the volume of objectsformed by combining any two of acuboid, cone, cylinder,
sphere and hemisphere.

* These exercises are not from the examination point of view.
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3. Givenaright circular cone, whichissliced through by aplane parallel to its base, when
the smaller conical portionisremoved, theresulting solid iscalled a Frustumof a Right
Circular Cone.

4. Theformulaeinvolving the frustum of acone are:

. 1 2 2
(i) Volumeof afrustum of acone= énh(rl tIh+ rlrz).

. 2
(i) Curved surfaceareaof afrustum of acone=l(r, +r,) wherel = h? + (r1 - r2) .

(iii) Total surfaceareaof frustumof acone=nl(r, +r,) +m(r >+ r?) where
h = vertical height of the frustum, | = slant height of the frustum

r,and r, areradii of the two bases (ends) of the frustum.
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There are lies, damned lies and statistics.
— by Disraeli

14.1 Introduction

In Class|X, you have studied the classification of given datainto ungrouped aswell as
grouped frequency distributions. You have also learnt to represent the data pictorially
intheform of variousgraphs such asbar graphs, histograms (including those of varying
widths) and frequency polygons. In fact, you went a step further by studying certain
numerical representatives of the ungrouped data, also called measures of central
tendency, namely, mean, median and mode. In this chapter, we shall extend the study
of these three measures, i.e., mean, median and mode from ungrouped data to that of
grouped data. We shall also discuss the concept of cumulative frequency, the
cumul ative frequency distribution and how to draw cumul ative frequency curves, called
ogives.

14.2 Mean of Grouped Data

The mean (or average) of observations, aswe know, isthe sum of the values of al the
observationsdivided by thetotal number of observations. From Class|X, recall that if
X, X, . . X, @re observations with respective frequencies f, f,, . . ., f, then this
means observation x, occurs f, times, x, occursf, times, and so on.

Now, the sum of the values of all the observations=fx +fx,+...+fx  and

the number of observations=f +f, + ... +f.
So, the mean X of the datais given by
fx + % +L + f x
f,+ f,+L + f,
Recall that we can write thisin short form by using the Greek letter X (capital
sigma) which means summation. That is,
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fx
which, more briefly, iswrittenas X = z—lf)q , if itisunderstood that i variesfrom
1ton. i

Let usapply thisformulato find the mean in the following example.

Example 1 : The marks obtained by 30 students of Class X of a certain school in a
Mathematics paper consisting of 100 marks are presented in table below. Find the
mean of the marks obtained by the students.

Solution: Recall that to find the mean marks, we require the product of each x with
the corresponding frequency f. So, let us put themin acolumn asshowninTable 14.1.

Table 14.1
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Therefore, the mean marks obtained is 59.3.

In most of our real lifesituations, datais usually so large that to make ameaningful
study it needsto be condensed as grouped data. So, we need to convert given ungrouped
datainto grouped data and devise some method to find its mean.

Let us convert the ungrouped data of Example 1 into grouped data by forming
class-intervals of width, say 15. Remember that, while allocating frequenciesto each
class-interval, studentsfalling in any upper class-limit would be considered in the next
class, e.g., 4 students who have obtained 40 marks would be considered in the class-
interval 40-55 and not in 25-40. With thisconvention in our mind, let usform agrouped
frequency distribution table (see Table 14.2).

Table 14.2

Class interval 10-25 [ 25-40| 40-55| 55-70 | 70-85| 85-100

Number of students 2 3 7 6 6 6

Now, for each class-interval, we require a point which would serve as the
representative of the whole class. It is assumed that the frequency of each class-
interval is centred around its mid-point. So the mid-point (or class mark) of each
class can be chosen to represent the observations falling in the class. Recall that we
find the mid-point of aclass (or its class mark) by finding the average of its upper and
lower limits. That is,

Upper casslimit + Lower classlimit
2

Class mark =

10 25 .
5 ie,

17.5. Similarly, we can find the class marks of the remaining class intervals. We put
them in Table 14.3. These class marks serve as our x’s. Now, in general, for the ith
class interval, we have the frequency f. corresponding to the class mark x. We can
now proceed to compute the mean in the same manner as in Example 1.

With referenceto Table 14.2, for the class 10-25, the classmark is
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Table 14.3
Class interval | Number of students (f) | Class mark (x;) f.x,
10- 25 2 175 35.0
25-40 3 325 97.5
40-55 7 475 3325
55-70 6 62.5 375.0
70-85 6 775 465.0
85- 100 6 925 555.0
Total 2f =30 > f x =1860.0

The sum of the valuesin the last column givesus Z f x. So, the mean X of the
given dataisgiven by
Ifx  1860.0
=f 30
This new method of finding the mean is known as the Direct M ethod.

We observethat Tables 14.1 and 14.3 are using the same data and employing the
same formula for the calculation of the mean but the results obtained are different.
Can you think why thisis so, and which one is more accurate? The difference in the
two valuesis because of the mid-point assumption in Table 14.3, 59.3 being the exact
mean, while 62 an approximate mean.

X = 62

Sometimes when the numerical values of x and f, are large, finding the product
of x and f, becomestedious and time consuming. So, for such situations, let usthink of
amethod of reducing these calculations.

We can do nothing with the f’s, but we can change each x to a smaller number
so that our calculations become easy. How do we do this? What about subtracting a
fixed number from each of these x’s? Let us try this method.

The first step isto choose one among the X' s as the assumed mean, and denote
it by ‘a’. Also, to further reduce our calculation work, we may take ‘a’ to be that x
which liesin the centre of x;, X,, . . ., X . S0, we can choose a = 47.5 or a= 62.5. Let
us choose a = 47.5.

The next step isto find the difference d between a and each of the x’s, that is,
the deviation of ‘a’ from each of the x’s.

e, d=x-a=x-475
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The third step isto find the product of d with the corresponding f, and take the sum
of all thef d’s. The calculations are shown in Table 14.4.

Table 14.4
Class interval Number of | Class mark d=x-—475 fd
students (f,) (x.)

10-25 2 175 -30 —60
25-40 3 325 -15 —45
40- 55 7 475 0 0
55-70 6 62.5 15 0
70-85 6 775 30 180
85- 100 6 92.5 45 270
Total 2f =30 2fd = 435
So, from Table 14.4, the mean of the deviations, d = >f

Now, let usfind the relation between d and X.
Sinceinobtaining d, we subtracted ‘a’ from each x, so, in order to get the mean

X, weneed to add ‘a’ to d . This can be explained mathematically as:

Mean of deviations,

o,

d

d

x|

>t

= (

x - a)

>f,

Ifix  Zfa

=f,

X —

a+d

f,
=,
=f

a
d
Sf.d,

—at+——

>t
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Substituting the values of a, 2fd and Zf from Table 14.4, we get

X = 47.5+%=47.5+14.5=62.

Therefore, the mean of the marks obtained by the studentsis 62.
The method discussed above is called the Assumed Mean Method.

Activity 1: From the Table 14.3 find the mean by taking each of x (i.e., 17.5, 32.5,
and so on) as‘a’. What do you observe? You will find that the mean determined in
each case is the same, i.e,, 62. (Why ?)

So, we can say that the value of the mean obtained does not depend on the
choice of ‘a’.

Observethat in Table 14.4, the valuesin Column 4 are all multiples of 15. So, if
we divide the valuesin the entire Column 4 by 15, we would get smaller numbersto
multiply with f. (Here, 15 isthe class size of each classinterval.)

. —a
So, letu, = X'T where a is the assumed mean and h is the class size.

Now, we calculate u, in this way and continue as before (i.e., find f u and
then Xf u). Taking h = 15, let us form Table 14.5.

Table 14.5
: X; —a
Class interval| f, X; d=x-a U= f.u.
10-25 2 175 -30 -2 —4
25-40 3 325 —15 -1 -3
40- 55 7 475 0 0 0
55-70 6 62.5 15 1 6
70-85 6 775 30 2 12
85-100 6 925 45 3 18
Total >f. =30 2fu =29
Let g zfu
-,

Here, again let usfind the relation between T and X .
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X —a
We have, U=
| — .
Therefore, U= h 1] Zfix —aif
xf, h| >f,
_1izfx 3
~ h| =f >f
= l[i— a]
h
o, h = X-a
e, X =a+ hu
>fu
X = + h| —/—
=0, ( =f ]

Now, substituting the values of a, h, Zfu and Zf from Table 14.5, we get

X = 47.5+15x (Qj
30

=475+145=62
So, the mean marks obtained by a student is 62.
The method discussed above is called the Step-deviation method.
We note that :

e the step-deviation method will be convenient to apply if all thed’s have a
common factor.

e The mean obtained by all the three methods is the same.

e The assumed mean method and step-deviation method are just simplified
forms of the direct method.
e TheformulaX =a+ hu still holdsif aand h arenot asgiven above, but are
X —a
P
Let us apply these methods in another example.

any non-zero numbers such that u, =
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Example 2 : The table below gives the percentage distribution of female teachersin
the primary schools of rural areas of various states and union territories (U.T.) of
India. Find the mean percentage of femal e teachersby all the three methods discussed
inthissection.

Source : Seventh All India School Education Survey conducted by NCERT

Solution : Let us find the class marks, x, of each class, and put them in a column
(see Table 14.6):

Table 14.6

x 50
10

Here we take a = 50, h = 10, thend = x — 50 and y,

We now find d and u, and put them in Table 14.7.
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Table 14.7

Percentage of |Numberof | x [ d=x-50| =%=0| ix | fd | fu

female states/U.T. 10
teachers (f)

15-25 6 20 -30 -3 120 | —180 | -18
25-35 n 30 —20 —2 330 220 | 22
35-45 7 40 -10 -1 280| —70| -7
45 - 55 4 50 0 0 200 0 0
55-65 4 60 10 1 240 40 4
65- 75 2 70 20 2 140 40 4
75-85 1 80 30 3 80 30 3
Total 35 1390 |-360 (—-36

From the table above, we obtain Xf = 35, Xfx = 1390,
xfd =-360, Xfu =-36.

Using the direct method, x = Zhix 1390 _ 9o
>f; 35
Using the assumed mean method,
vf.d _
X=a+—— = 50+ 300 _ 3971

Using the step-deviation method,

g a+|ZY | hos0s (=38 10=-3071
>f 35

i
Therefore, the mean percentage of female teachers in the primary schools of
rural areasis 39.71.

Remark : The result obtained by al the three methods is the same. So the choice of
method to be used depends on the numerical values of x and f. If x and f are
sufficiently small, then the direct method is an appropriate choice. If x and f are
numerically large numbers, then we can go for the assumed mean method or
step-deviation method. If the class sizes are unequal, and x are large numericaly, we
cantill apply the step-deviation method by taking hto be asuitabledivisor of all thed’s.



STATISTICS

269

Example 3 : Thedistribution below showsthe number of wicketstaken by bowlersin
one-day cricket matches. Find the mean number of wickets by choosing a suitable
method. What does the mean signify?

Number of 20-60 | 60-100| 100-150| 150-250( 250 - 350 | 350 - 450
wickets

Number of 7 16 12 2 3
bowlers

Solution : Here, the class size varies, and thex s arelarge. Let us still apply the step-
deviation method with a =200 and h = 20. Then, we obtain the dataasin Table 14.8.

Table 14.8
d;
Number of Number of X d=x-200 U =— u f
i i i i 20 i
wickets bowlers

taken (f)

20- 60 7 40 -160 -8 -56
60 - 100 5 80 -120 -6 -30
100 - 150 16 125 —75 -3.75 —60
150 - 250 12 200 0 0 0
250- 350 2 300 100 5 10
350 - 450 3 400 200 10 30

Total 45 -106

_ -106
o, U = % Therefore, x =200 + ZO(EJ =200-47.11 = 152.89.

Thistellsusthat, on an average, the number of wicketstaken by these 45 bowlers
in one-day cricket is152.89.

Now, let us see how well you can apply the concepts discussed in this section!
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Activity 2 :
Dividethe students of your classinto three groups and ask each group to do one of the
following activities.

1. Collect the marksobtained by all the students of your classin Mathematicsin the

latest examination conducted by your school. Form agrouped frequency distribution
of the data obtained.

2. Collect thedaily maximum temperaturesrecorded for aperiod of 30 daysin your
city. Present this data as a grouped frequency table.

3. Measurethe heights of all the students of your class (in cm) and form agrouped
frequency distribution table of this data.

After all the groups have collected the data and formed grouped frequency
distribution tables, the groups should find the mean in each case by the method which
they find appropriate.

EXERCISE 14.1

1. A survey wasconducted by agroup of studentsasapart of their environment awareness
programme, in which they collected the following dataregarding the number of plantsin
20 housesin alocality. Find the mean number of plants per house.

Number of plants | 0-2 | 2-4 | 4-6 | 6-8 | 8-10 | 10-12 | 12-14

Number of houses 1 2 1 5 6 2 3

Which method did you use for finding the mean, and why?
2. Consider thefollowing distribution of daily wages of 50 workers of afactory.

Dailywages(inRs) | 100-120 | 120-140 | 140-160 | 160-180 | 180-200

Number of workers 12 14 8 6 10

Find the mean daily wages of theworkers of thefactory by using an appropriate method.

3. Thefollowing distribution shows the daily pocket allowance of children of alocality.
The mean pocket allowanceis Rs 18. Find the missing frequency f.

Daily pocket 11-13 (13-15| 15-17 | 17-19 | 19-21 | 21-23 | 23-25
allowance (in Rs)

Number of children 7 6 9 13 f 5 4
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4. Thirty women were examined in ahospital by adoctor and the number of heart beats per
minute were recorded and summarised asfollows. Find the mean heart beats per minute
for these women, choosing a suitable method.

Number of heart beatq 65-68 | 68-71 | 71-74 | 74-77 | 77-80 | 80-83 | 83-86
per minute

Number of women 2 4 3 8 7 4 2

5. In aretail market, fruit vendors were selling mangoes kept in packing boxes. These
boxes contained varying number of mangoes. The following was the distribution of
mangoes according to the number of boxes.

Number of mangoes | 50 - 52 | 53-55 | 56-58 [ 59-61 [ 62 - 64

Number of boxes 15 110 135 115 5

Find the mean number of mangoes kept in a packing box. Which method of finding
the mean did you choose?

6. Thetable below shows the daily expenditure on food of 25 householdsin alocality.

Daily expenditure |100-150 | 150-200 | 200-250 | 250-300 | 300-350
(inRs)

Number of 4 5 12 2 2
households

Find the mean daily expenditure on food by a suitable method.

7. Tofind out the concentration of SO, inthe air (in parts per million, i.e., ppm), the data
was collected for 30 localitiesin acertain city and is presented bel ow:

Concentration of SO, (in ppm) Frequency

0.00 - 0.04 4
0.04 - 0.08
0.08 - 0.12
0.12 - 0.16
0.16 - 0.20
0.20 - 0.24

N A N O ©

Find the mean concentration of SO, inthe air.



272 MATHEMATICS

8. A classteacher hasthefollowing absentee record of 40 students of aclassfor thewhole
term. Find the mean number of days a student was absent.

Numberof | 0-6| 6-10|10- 14|14 - 20| 20-28|28 - 38(38 - 40
days

Number of 1 10 7 4 4 3 1
students

9. Thefollowing table gives the literacy rate (in percentage) of 35 cities. Find the mean
literacy rate.

Literacyrate(in %) 45-55| 55-65 | 65-75| 75-85| 85-95

Number of cities 3 10 1 8 3

14.3 Modeof Grouped Data

Recall from Class|X, amodeisthat value among the observations which occurs most
often, that is, the value of the observation having the maximum frequency. Further, we
discussed finding the mode of ungrouped data. Here, we shall discussways of obtaining
amode of grouped data. It is possible that more than one value may have the same
maximum frequency. In such situations, the data is said to be multimodal. Though
grouped data can a so be multimodal, we shall restrict ourselvesto problemshaving a
singlemode only.

Let usfirst recall how wefound the mode for ungrouped datathrough thefollowing
example.
Example 4 : The wickets taken by a bowler in 10 cricket matches are as follows:
2 6 4 5 0 2 1 3 2 3
Find the mode of the data.
Solution : Let usform the frequency distribution table of the given dataasfollows:

Number of 0 1 2 3 4 5 6
wickets
Number of 1 1 3 2 1 1 1

matches
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Clearly, 2 isthe number of wicketstaken by the bowler in the maximum number
(i.e., 3) of matches. So, the mode of thisdatais 2.

In agrouped frequency distribution, it is not possible to determine the mode by
looking at the frequencies. Here, we can only locate a class with the maximum
freguency, called the modal class. The mode isavalue inside the modal class, and is
given by theformula:

f,—f
Mode= | +| —2—C2 |xh
(Zfl— f, - fzj *
where | = lower limit of themodal class,
h = size of the classinterval (assuming all class sizesto be equal),
f, = frequency of the modal class,
f, = frequency of the class preceding the modal class,

f, = frequency of the class succeeding the modal class.
Let us consider the following examplesto illustrate the use of thisformula.
Example5: A survey conducted on 20 householdsin alocality by agroup of students

resulted in the following frequency table for the number of family members in a
household:

Family size 1-3 3-5 Si= 7 7-9 9-11

Number of 7 8 2 2 1
families

Find the mode of this data.

Solution : Herethe maximum classfrequency is8, and the class corresponding to this
frequency is 3 - 5. So, the modal classis 3 -5.

Now
modal class=3-5, lower [imit (1) of modal class= 3, classsize (h) =2
frequency ( f,) of the modal class = 8,
frequency ( f,) of class preceding the modal class =7,
frequency ( f,) of class succeeding the modal class = 2.
Now, let us substitute these valuesin the formula:
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Mode=|+--—jLZj&—- % h
2f,— fo— 1,

_34| 827 )i2-3:2_308
2x8-7-2 7

Therefore, the mode of the data above is 3.286.

Example 6 : The marksdistribution of 30 students in amathematics examination are
given in Table 14.3 of Example 1. Find the mode of this data. Also compare and
interpret the mode and the mean.

Solution : Refer to Table 14.3 of Example 1. Since the maximum number of students
(i.e., 7) have got marksin the interval 40 - 55, the modal classis 40 - 55. Therefore,

the lower limit (1) of the modal class = 40,

the class size (h) = 15,

the frequency (f,) of modal class=7,

the frequency ( f,) of the class preceding the modal class = 3,

the frequency ( f,) of the class succeeding the modal class = 6.
Now, using theformula:

Mode= | + _ izt
2f,— f, - f,

7—

= 40+ | ——
we get Mode (14—6—3

jxl5=52

So, the mode marksis 52.
Now, from Example 1, you know that the mean marksis 62.

So, the maximum number of students obtained 52 marks, while on an average a
student obtained 62 marks.

Remarks :

1. In Example 6, the mode is | ess than the mean. But for some other problemsit may
be equal or more than the mean also.

2. It depends upon the demand of the situation whether we areinterested in finding the
average marks obtained by the students or the average of the marks obtained by most
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of the students. In thefirst situation, the mean isrequired and in the second situation,
the mode isrequired.

Activity 3: Continuing with the same groupsasformed in Activity 2 and the situations
assigned to the groups. Ask each group to find the mode of the data. They should also
compare this with the mean, and interpret the meaning of both.

Remark : Themode can also be calculated for grouped data with unequal classsizes.
However, we shall not be discussing it.

EXERCISE 14.2
1. Thefollowing table showsthe ages of the patients admitted in ahospital during ayear:

Age(inyears) 5-15 | 15-25 | 25-35 | 35-45 | 45-55 | 55-65

Number of patients 6 n 21 23 14 5

Find the mode and the mean of the data given above. Compare and interpret the two
measures of central tendency.

2. Thefollowing data gives the information on the observed lifetimes (in hours) of 225
electrical components:

Lifetimes(inhours) | 0-20 | 20-40 | 40-60 | 60-80 [ 80-100| 100-120

Frequency 10 b 2 6l 3 2

Determinethe modal lifetimes of the components.

3. Thefollowing datagivesthe distribution of total monthly household expenditure of 200
familiesof avillage. Find the modal monthly expenditure of the families. Also, find the
mean monthly expenditure:

Expenditure(in Rs) Number of families
1000- 1500 24
1500- 2000 4
2000- 2500 28
2500- 3000 28
3000- 3500 &0
3500-4000 2
4000- 4500 16
4500- 5000 7
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4. The following distribution gives the state-wise teacher-student ratio in higher
secondary schools of India. Find the mode and mean of this data. Interpret the two
measures.

5. The given distribution shows the number of runs scored by some top batsmen of the
worldin one-day international cricket matches.

Find the mode of the data.

6. A student noted the number of cars passing through a spot on a road for 100
periods each of 3 minutes and summarised it in the table given below. Find the mode
of the data:
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14.4 Median of Grouped Data

Asyou have studied in Class | X, the median is a measure of central tendency which
givesthe value of the middle-most observation in the data. Recall that for finding the
median of ungrouped data, we first arrange the data values of the observations in

n+1
ascending order. Then, if nisodd, the median isthe (T) th observation. And, if n

iseven, then themedian will bethe average of the gth andthe (g + 1jth observations.

Suppose, we have to find the median of the following data, which gives the
marks, out of 50, obtained by 100 studentsin atest :

Marks obtained 2 | 29 28 33 | 42 38 | 43 25

Number of students | 6 28 24 15 2 4 1 20

First, we arrange the marks in ascending order and prepare a frequency table as
follows:

Table 14.9
Marks obtained Number of students
(Frequency)
20 6
25 20
28 24
29 28
33 15
38 4
12
43 1
Total 100
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Heren = 100, which is even. The median will be the average of the gth and the

(g + 1]th observations, i.e., the 50th and 51st observations. To find these

observations, we proceed as follows:
Table 14.10

Now we add another column depicting this information to the frequency table
above and name it as cumulative frequency column.

Table 14.11
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From the table above, we see that:
50th observatonis28  (Why?)
51st observationis29

28+ 29 _ 85

So, Median =

Remark : The part of Table 14.11 consisting Column 1 and Column 3 is known as
Cumulative Freguency Table. The median marks 28.5 conveys the information that
about 50% students obtained marks|ess than 28.5 and another 50% students obtained
marks more than 28.5.

Now, let us see how to obtain the median of grouped data, through the following
Situation.

Consider agrouped frequency distribution of marks obtained, out of 100, by 53
students, in acertain examination, asfollows:

Table 14.12

Marks Number of students

0-10
10-20
20-30
30-40
40-50
50-60
60-70
70- 80
80-90
90- 100

0 N © N B W W s~ W oo

From the table above, try to answer the following questions:
How many students have scored marks less than 10? The answer is clearly 5.
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How many students have scored less than 20 marks? Observe that the number
of students who have scored less than 20 include the number of students who have
scored marks from O - 10 as well as the number of students who have scored marks
from 10 - 20. So, the total number of studentswith markslessthan20is5+ 3, i.e, 8.
We say that the cumulative frequency of the class 10-20is 8.

Similarly, we can compute the cumulative frequencies of the other classes, i.e.,
the number of students with marks less than 30, less than 40, . . ., less than 100. We
givethemin Table 14.13 given below:

Table 14.13
Marks obtained Number of students
(Cumulative frequency)

Lessthan 10 5

Lessthan 20 5+3=8
Less than 30 8+4=12
Lessthan 40 12+3=15
Less than 50 15+3=18
L ess than 60 18+4=22
Lessthan 70 22+7=29
Less than 80 29+9=38
Less than 90 38+7=45
Less than 100 45+8=53

The distribution given above is called the cumul ative frequency distribution of
the less than type. Here 10, 20, 30, . . . 100, are the upper limits of the respective
classintervals.

We can similarly make the table for the number of students with scores, more
than or equal to 0, more than or equal to 10, morethan or equal to 20, and so on. From
Table 14.12, we observethat all 53 students have scored marks more than or equal to

0. Sincethere are 5 students scoring marksin theinterval O - 10, thismeansthat there
are 53 — 5 = 48 students getting more than or equal to 10 marks. Continuing in the
same manner, we get the number of students scoring 20 or above as48 —3 = 45, 30 or
above as45—4 =41, and so on, as shown in Table 14.14.
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Table 14.14

The table above is called a cumulative frequency distribution of the more
thantype. Here0, 10, 20, . . ., 90 give the lower limits of the respective classintervals.

Now, to find the median of grouped data, we can make use of any of these
cumul ative frequency distributions.

Let us combine Tables 14.12 and 14.13 to get Table 14.15 given below:
Table 14.15

Now in a grouped data, we may not be able to find the middle observation by
looking at the cumulative frequencies asthe middle observation will be somevaluein
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aclassinterval. It is, therefore, necessary to find the value inside a class that divides
the whole distribution into two halves. But which class should this be?

n
To find this class, we find the cumulative frequencies of al the classes and 5

We now locate the class whose cumulative frequency is greater than (and nearest to)

n n
? Thisiscalled the median class. In the distribution above, n = 53. So, > = 26.5.

Now 60 — 70 is the class whose cumul ative frequency 29 is greater than (and nearest
n
—,i.e, 26.5.

to) > ,i.e,26.5

Therefore, 60 — 70 is the median class.

After finding the median class, we use the following formulafor cal culating the
median.

n
— —cf
Median= | + | 2 x h,
where | = lower limit of median class,

n = number of observations,

cf = cumulative frequency of class preceding the median class,
f = frequency of median class,

h = class size (assuming class size to be equal).

- n
Substituting the values 5= 26.5, 1=60,cf=22,f=7,h=10

in the formula above, we get

Median= 60 + (265 22) 10

:60+ 7

= 664

So, about half the students have scored marks less than 66.4, and the other half have
scored marks more 66.4.
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Example 7 : A survey regarding the heights (in cm) of 51 girlsof Class X of aschool
was conducted and the following data was obtained:

Height (in cm)

Number of girls

Less than 140
Less than 145
Less than 150
Less than 155
Less than 160
Less than 165

5 88 B »

a1
[ty

Find the median height.

Solution : To calculate the median height, we need to find the classintervalsand their

corresponding frequencies.

Thegiven distribution being of thelessthan type, 140, 145, 150, . . ., 165 givethe
upper limits of the corresponding classintervals. So, the classes should be bel ow 140,
140- 145, 145 - 150, . . ., 160 - 165. Observe that from the given distribution, wefind
that there are 4 girls with height less than 140, i.e., the frequency of class interval
below 140 is 4. Now, there are 11 girls with heights less than 145 and 4 girls with
height less than 140. Therefore, the number of girls with height in the interval
140 - 145is 11 — 4 = 7. Similarly, the frequency of 145 - 150 is 29 — 11 = 18, for
150 - 155, itis40—29 = 11, and so on. So, our frequency distribution table with the
given cumulative frequencies becomes:

Table 14.16
Class intervals Frequency Cumulative frequency
Below 140 4 4
140- 145 7 u
145- 150 18 29
150 - 155 n 40
155 - 160 6 46
160 - 165 5 51
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n 51 . . ..
Now n=51.So, rac 25.5. Thisobservation liesin the class 145 - 150. Then,

| (thelower limit) = 145,
cf (the cumulative frequency of the class preceding 145 - 150) = 11,

f (the frequency of the median class 145 - 150) = 18,
h (the class size) = 5.

n
— —cf
Using theformula, Median = | + 2 . x h we have
Median = 145+(25'51’;11jx5

=145+ 725 =149.03
- 18 - . .

So, the median height of the girlsis 149.03 cm.

This means that the height of about 50% of the girlsisless than this height, and
50% are taller than this height.

Example 8 : Themedian of thefollowing datais525. Find thevaluesof x andy, if the
total frequency is 100.

Class interval Frequency

0- 100
100 - 200
200 - 300
300 - 400
400 - 500
500 - 600
600 - 700
700 - 800
800-900
900 - 1000

-b\l©‘<8':l"3><(nl\)
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Solution :

Itisgiventhat n =100

So, 76+x+y=100, i.e, x+y=24 (D)
The median is 525, which liesin the class 500 — 600

So, 1=500, f=20, cf=36+x% h=100

n
Using theformula: Median= | +| 2 fo h, we get
525 = 500+(w]x100
20
ie, 525-500= (14—X) x 5
i.e, 25= 70 -5x
i.e, 5x=70-25=45

So, Xx=9
Therefore, from (1), weget 9+y=24
ie, y=15
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Now, that you have studied about all the three measures of central tendency, let
us discuss which measure would be best suited for a particular requirement.

The mean is the most frequently used measure of central tendency because it
takesinto account all the observations, and lies between the extremes, i.e., the largest
and the smallest observations of the entire data. It also enables us to compare two or
more distributions. For example, by comparing the average (mean) results of students
of different schools of a particular examination, we can conclude which school has a
better performance.

However, extreme values in the data affect the mean. For example, the mean of
classes having frequencies more or less the sameis agood representative of the data.
But, if one class has frequency, say 2, and the five others have frequency 20, 25, 20,
21, 18, then the mean will certainly not reflect the way the data behaves. So, in such
cases, the mean is not a good representative of the data.

In problemswhereindividual observationsare notimportant, and wewishtofind
out a‘typical’ observation, the median is more appropriate, e.g., finding the typical
productivity rate of workers, average wage in a country, etc. These are situations
where extreme values may be there. So, rather than the mean, we take the median as
a better measure of central tendency.

In situations which require establishing the most frequent value or most popular
item, the modeisthe best choice, e.g., to find the most popular T.V. programme being
watched, the consumer item in greatest demand, the colour of the vehicle used by
most of the people, etc.

Remarks :

1. Thereisaempirical relationship between the three measures of central tendency :
3 Median = Mode + 2 Mean

2. Themedian of grouped datawith unequal classsizes can aso be calculated. However,
we shall not discussit here.
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EXERCISE 14.3

1. Thefollowing frequency distribution gives the monthly consumption of electricity of
68 consumers of alocality. Find the median, mean and mode of the data and compare
them.

2. If themedian of the distribution given below is 28.5, find the values of x and y.

3. A lifeinsurance agent found the following data for distribution of ages of 100 policy
holders. Calculate the median age, if policies are given only to persons having age 18
years onwards but |ess than 60 year.
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4. Thelengths of 40 |leaves of a plant are measured correct to the nearest millimetre, and
the data obtained is represented in the following table :

Find the median length of the leaves.

(Hint : The data needsto be converted to continuous classes for finding the median,
since the formula assumes continuous classes. The classes then change to

117.5-126.5,126.5-1355, ...,171.5-180.5.)
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5. Thefollowing table givesthe distribution of thelifetime of 400 neon lamps:

Lifetime(in hours) Number of lamps
1500- 2000 14
2000- 2500 5
2500- 3000 &0
3000- 3500 86
3500- 4000 !
4000- 4500 62
4500- 5000 48

Find themedian lifetime of alamp.

6. 100 surnames were randomly picked up from a local telephone directory and the
frequency distribution of the number of |ettersin the English alphabetsin the surnames
was obtained as follows:

Number of letters 1-4 4-7 7-10 10-13 | 13-16 | 16-19

Number of surnames | 6 0 40 16 4 4

Determine the median number of letters in the surnames. Find the mean number of
lettersin the surnames? Also, find the modal size of the surnames.

7. The distribution below gives the weights of 30 students of a class. Find the median
weight of the students.

Weight (in kg) 40-45 | 45-50 | 50-55 | 55-60 | 60-65 | 65-70 | 70-75

Number of students 2 3 8 6 6 3 2

14.5 Graphical Representation of Cumulative Frequency Distribution

Asweall know, pictures speak better than words. A graphical representation helps us
in understanding given data at a glance. In Class I X, we have represented the data
through bar graphs, histograms and frequency polygons. Let us now represent a
cumul ative frequency distribution graphically.

For example, let us consider the cumulative frequency distribution givenin
Table 14.13.
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Recall that the values 10, 20, 30, T

. . ., 100 are the upper limits of the

respective class intervals. To represent Ef 60+

thedatain thetablegraphically, wemark % sol

theupper limitsof theclassintervalson & ‘Less than’ ogive —
the horizontal axis (x-axis) and their ¢ 40T

corresponding cumulative frequencies  § 307

onthevertical axis(y-axis),choosinga & 207

convenient scale. Thescalemay notbe 5 10T

the same on both the axis. Let us now
plot the points corresponding to the
ordered pairs given by (upper limit,
corresponding cumulative frequency), Fig. 14.1

i.e, (10, 5), (20, 8), (30, 12), (40, 15),

(50, 18), (60, 22), (70, 29), (80, 38), (90, 45), (100, 53) on agraph paper and join them
by a free hand smooth curve. The curve we get is called a cumulative frequency
curve, or an ogive (of the less than type). (See Fig. 14.1)

10 20 30 40 50 60 70 80 90 100
Upper limits——>

Theterm ‘ogive' ispronounced as‘ojeev’ and is derived from the word ogee.
An ogee is a shape consisting of a concave arc flowing into a convex arc, so
forming an S-shaped curve with vertical ends. In architecture, the ogee shape
is one of the characteristics of the 14th and 15th century Gothic styles.

Next, again we consider the cumulative frequency distribution given in
Table 14.14 and draw its ogive (of the more than type).

Recall that, here 0, 10, 20, ...,90 1

)

arethelower limitsof therespectiveclass &' () |
intervals0-10,10-20,...,90-100.To £ 504 ‘More than’ ogive
represent ‘themorethan type’ graphically, £ /

weplot thelower limitsonthex-axisand o

the corresponding cumulative frequencies £ 301
on the y-axis. Then we plot the points é 20
(lower limit, corresponding cumulative & 10
frequency), i.e., (O, 53), (10, 48), (20, 45),
(30, 41), (40, 38), (50, 35), (60, 31),
(70, 24), (80, 15), (90, 8), on agraph paper,
and jointhem by afree hand smooth curve.
The curve we get is a cumulative frequency curve, or an ogive (of the more than
type). (See Fig. 14.2)

10 20 30 40 50 60 70 80 90 100
Lower limits —>
Fig. 14.2
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Remark : Note that both the ogives (in Fig. 14.1 and Fig. 14.2) correspond to the
same data, which isgivenin Table 14.12.

Now, are the ogivesrelated to the median in any way?Isit possible to obtain the
median from these two cumulative frequency curves corresponding to the data in
Table 14.127 Let us see.

One obvious way is to locate

n_ 53 =265 on the y-axis
2 2

(see Fig. 14.3). From this point, draw a
line parallel to thex-axiscutting the curve
at a point. From this point, draw a - S
perpendicular to the x-axis. The point of 10 20 30 40 50 60 70 80 90 100
intersection of this perpendicular with the Upper limits —>
x-axis determines the median of the data Fig. 14.3

(see Fig. 14.3).

Another way of obtaining the
medianisthefollowing:

60+
50 +
40 +
30 | D

20+
10 4

Median (66.4)

Cumulative frequency—>

Draw both ogives (i.e., of the less
than type and of the more than type) on
the same axis. The two ogives will
intersect each other at a point. From this :
point, if we draw a perpendicular on the 10 20 30 40 50 6=0?I50 80 90 100
x-axis, the point at which it cuts the Median (66.4)
x-axisgivesusthemedian (seeFig. 14.4).

Cumulative frequency —

Fig. 14.4

Example 9 : The annua profits earned by 30 shops of a shopping complex in a
locality giverisetothefollowing distribution :

Profit (in lakhs Rs) Number of shops (frequency)
More than or equal to 5 30
More than or equal to 10 28
More than or equal to 15 16
More than or equal to 20 14
More than or equal to 25 10
More than or equal to 30 7
More than or equal to 35 3
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Draw both ogives for the data above.
Hence obtain the median profit.

Solution : We first draw the coordinate
axes, with lower limits of the profit along
the horizontal axis, and the cumulative
frequency along the vertical axes. Then,
weplot the points (5, 30), (10, 28), (15, 16),
(20, 14), (25, 10), (30, 7) and (35, 3). We
join these points with a smooth curve to
get the ‘more than’ ogive, as shown in
Fig. 14.5.

Now, let us obtain the classes, their
freguencies and the cumulative frequency
from the table above.

Cumulative frequency ——>

Table 14.17

50 1
40
30
20
101

T

T

T

T

T

10 20 30 40 50
Lower limits of profit ——>
(in lakhs Rs)

Fig. 14.5

Classes 5-10| 10-15|15-20

20-25]| 25-30| 30-35| 35-40

No. of shops 2 12 2

4

Cumulative 2 14 16
frequency

20

Using these values, we plot the points
(10, 2), (15, 14), (20, 16), (25, 20), (30, 23),
(35, 27), (40, 30) on the same axes as in
Fig. 14.5 to get the ‘less than’ ogive, as
showninFig. 14.6.

Theabcissaof their point of intersectionis
nearly 17.5, which isthe median. Thiscan
also be verified by using the formula
Hence, the median profit (in lakhs) is
Rs 17.5.

Remark : In the above examples, it may
be noted that the class intervals were
continuous. For drawing ogives, it should
be ensured that the class intervals are
continuous. (Also see constructions of
histogramsin Class | X)

Cumulative frequency ——>

30T

20 T

10

‘More than’ ogive

‘Less than’ ogive

10 TZO 30 40 50
Median (17.5)
Profit (in lakhs Rs) ——>

Fig. 14.6
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EXERCISE 144

1. Thefollowing distribution givesthe daily income of 50 workers of afactory.

Dailyincome(inRs) | 100-120 [ 120-140 | 140-160 | 160-180 | 180-200

Number of workers 12 14 8 6 10

Convert the distribution above to a less than type cumulative frequency distribution,
and draw its ogive.

2. During the medical check-up of 35 students of a class, their weights were recorded as

follows:
Weight (in kg) Number of students
Lessthan 38 0
L ess than 40 3
L ess than 42 5
Lessthan 44 9
Less than 46 14
Less than 48 2
Lessthan 50 2
Less than 52 b

Draw aless than type ogive for the given data. Hence obtain the median weight from
the graph and verify the result by using the formula.

3. Thefollowing tablegivesproduction yield per hectare of wheat of 100 farmsof avillage.

Productionyield | 50-55 | 55-60 | 60-65 | 65-70 | 70-75 | 75-80
(inkg/ha)

Number of farms 2 8 12 24 3 16

Change the distribution to a more than type distribution, and draw its ogive.

146 Summary
In this chapter, you have studied the following points:
1. The mean for grouped data can be found by :

(i) thedirect method: X = sz;f)ﬂ
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>f.d,
(i) the assumed mean method : X = a + #

>f.u
(iii) the step deviation method : X = a + (Z_f"] «h,
with the assumption that the frequency of a classis centred at its mid-point, called its
classmark.
The mode for grouped data can be found by using the formula:

Mode= | + _fiofo % h
2f, — f, - 1,

where symbols have their usual meanings.

The cumulative frequency of aclassisthe frequency obtained by adding the frequencies
of al the classes preceding the given class.

The median for grouped datais formed by using the formula:

L

Median= | + Zf xh,

where symbols have their usual meanings.

Representing acumul ative frequency distribution graphically asacumulative frequency
curve, or an ogive of the less than type and of the more than type.

The median of grouped data can be obtai ned graphically asthe x-coordinate of the point
of intersection of the two ogives for this data.

A NoTE TOo THE READER

For calculating mode and median for grouped data, it should be
ensured that the class intervals are continuous before applying the
formulae. Same condition also apply for construction of an ogive.
Further, in case of ogives, the scale may not be the same on both the axes.




PROBABILITY

The theory of probabilities and the theory of errors now constitute
a formidable body of great mathematical interest and of great
practical importance.

— R.S. Woodward
15.1 Introduction

In Class|X, you have studied about experimental (or empirical) probabilities of events
which were based on the results of actual experiments. We discussed an experiment
of tossing acoin 1000 timesin which the frequencies of the outcomeswere asfollows:

Head : 455 Tail : 545

455
Based on this experiment, the empirical probability of aheadis 1000 i.e, 0.455and

that of getting atail is0.545. (Also see Example 1, Chapter 15 of Class| X Mathematics
Textbook.) Notethat these probabilities are based on theresults of an actual experiment
of tossing acoin 1000 times. For thisreason, they are called experimental or empirical
probabilities. In fact, experimental probabilities are based on the results of actual
experiments and adequate recordings of the happening of the events. Moreover,
these probabilitiesare only ‘ estimates’. If we perform the same experiment for another
1000 times, we may get different data giving different probability estimates.

InClassIX, youtossed acoin many timesand noted the number of timesit turned up
heads (or tails) (refer to Activities 1 and 2 of Chapter 15). You also noted that as the
number of tosses of the coin increased, the experimental probability of getting ahead

1
(or tail) came closer and closer to the number > Not only you, but many other
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personsfrom different parts of theworld have donethiskind of experiment and recorded
the number of heads that turned up.

For example, the eighteenth century French naturalist Comte de Buffon tossed a
coin 4040 times and got 2048 heads. The experimental probabilility of getting ahead,

inthiscase, was % ,1.e.,0.507. J.E. Kerrich, from Britain, recorded 5067 headsin

4040
10000 tosses of a coin. The experimental probability of getting a head, in this case,
5067 . . ,
was 7505 = 0.5067 . Statistician Karl Pearson spent some more time, making 24000

tosses of acoin. He got 12012 heads, and thus, the experimental probability of a head
obtained by him was 0.5005.

Now, supposewe ask, ‘What will the experimental probability of ahead beif the
experiment is carried on upto, say, onemillion times? Or 10 million times? And so on?
You would intuitively feel that as the number of tosses increases, the experimental
probability of ahead (or atail) seemsto be settling down around the number 0.5, i.e,,

1
o which is what we call the theoretical probability of getting a head (or getting a

tail), asyou will seeinthe next section. In this chapter, we provide an introduction to
thetheoretical (also called classical) probability of an event, and discuss simple problems
based on this concept.

15.2 Probability — A Theor etical Approach
Let usconsider thefollowing situation :
Suppose a coin is tossed at random.

When we speak of a coin, we assume it to be ‘fair’, that is, it is symmetrical so
that there is no reason for it to come down more often on one side than the other.
Wecall thisproperty of the coin asbeing ‘unbiased’. By the phrase ‘random toss’,
we mean that the coin is allowed to fall freely without any bias or interference.

We know, in advance, that the coin can only land in one of two possible ways—
either head up or tail up (we dismissthe possibility of its‘landing’ on its edge, which
may be possible, for example, if it falls on sand). We can reasonably assume that each
outcome, head or tail, isaslikely to occur asthe other. We refer to this by saying that
the outcomes head and tail, are equally likely.
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For another example of equally likely outcomes, suppose we throw a die
once. For us, adie will always mean afair die. What are the possible outcomes?
They are 1, 2, 3, 4, 5, 6. Each number has the same possibility of showing up. So
the equally likely outcomes of throwing adieare 1, 2, 3, 4, 5 and 6.

Are the outcomes of every experiment equally likely? Let us see.

Suppose that a bag contains 4 red balls and 1 blue ball, and you draw a ball
without looking into the bag. What are the outcomes? Are the outcomes— ared ball
and a blue ball equally likely? Since there are 4 red balls and only one blue ball, you
would agreethat you are morelikely to get ared ball than ablueball. So, the outcomes
(ared ball or ablue ball) are not equally likely. However, the outcome of drawing a
ball of any colour fromthe bagisequally likely. So, al experiments do not necessarily
haveequally likely outcomes.

However, in thischapter, from now on, wewill assumethat all the experiments
have equally likely outcomes.

In Class I X, we defined the experimental or empirical probability P(E) of an
event E as

Number of trialsin which the event happened
Total number of trials

Theempirical interpretation of probability can be applied to every event associated
with an experiment which can be repeated alarge number of times. The requirement
of repeating an experiment has some limitations, as it may be very expensive or
unfeasiblein many situations. Of course, it worked well in cointossing or diethrowing
experiments. But how about repeating the experiment of launching a satellitein order
to compute theempirical probability of itsfailure during launching, or the repetition of
the phenomenon of an earthquake to compute the empirical probability of a multi-
storeyed building getting destroyed in an earthquake?

P(E) =

In experimentswherewe are prepared to make certain assumptions, the repetition
of an experiment can be avoided, as the assumptions help in directly calculating the
exact (theoretical) probability. The assumption of equally likely outcomes (which is
valid in many experiments, asin thetwo examples above, of acoin and of adie) isone
such assumption that leads usto the following definition of probability of an event.

The theor etical probability (also called classical probability) of an event E,
written as P(E), is defined as

Number of outcomesfavourableto E
Number of all possible outcomesof the experiment

P(E) =
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where we assume that the outcomes of the experiment are equally likely.
Wewill briefly refer to theoretical probability asprobability.
Thisdefinition of probability was given by Pierre Simon Laplacein 1795.

Probability theory had its origin in the 16th century when
an Italian physician and mathematician J.Cardan wrote the
first book on the subject, The Book on Games of Chance.
Since its inception, the study of probability has attracted
the attention of great mathematicians. James Bernoulli
(1654 — 1705), A. de Moivre (1667 — 1754), and
Pierre Simon L apl ace are among those who made significant
contributions to this field. Laplace's Theorie Analytique
des Probabilités, 1812, is considered to be the greatest =
contribution by asingle person to the theory of probability. Pierre Simon Laplace
In recent years, probability has been used extensively in (1749 — 1827)
many areas such as biology, economics, genetics, physics,

sociology etc.

Let us find the probability for some of the events associated with experiments
wheretheequally likely assumption holds.

Example 1 : Find the probability of getting a head when a coin is tossed once. Also
find the probability of getting atail.

Solution : In the experiment of tossing a coin once, the number of possible outcomes
istwo — Head (H) and Tail (T). Let E be the event ‘getting a head’. The number of
outcomes favourable to E, (i.e., of getting a head) is 1. Therefore,

P(E) = P (head) = Number of outcomes favourableto E 1
(B) =P (head) = —Sumber of al possible outcomes 2

Similarly, if Fistheevent ‘ getting atail’, then
1
P(F) = P(tall) = 5 (Why ?)

Example2: A bag containsared ball, ablueball and ayellow ball, all the ballsbeing
of the same size. Kritikatakes out aball from the bag without looking into it. What is
the probability that she takes out the

(i) yellow ball? (i) red ball? (iii) blueball?
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Solution : Kritikatakes out aball from the bag without lookingintoit. So, itisequally
likely that she takes out any one of them.

Let Y bethe event ‘the ball taken out isyellow’, B be the event ‘the ball taken
out isblue', and R be the event ‘the ball taken out isred’.

Now, the number of possible outcomes= 3.
(i) The number of outcomes favourableto theeventY = 1.

o, P(Y) =

Smilaly, (i) P(R) =

Wik Wik

1
and (iii) P(B) = §
Remarks :

1. An event having only one outcome of the experiment is called an elementary
event. In Example 1, both the events E and F are elementary events. Similarly, in
Example 2, all the three events, Y, B and R are elementary events.

2. In Example 1, we note that : P(E) + P(F) =1
In Example 2, we note that : P(Y) + P(R) + P(B) =1

Observe that the sum of the probabilities of all the elementary events of
an experiment is 1. Thisistrue in general also.

Example 3 : Suppose we throw a die once. (i) What is the probability of getting a
number greater than 4 ? (ii) What is the probability of getting a number less than or
equal to4?

Solution : (i) Here, let E be the event ‘ getting a number greater than 4. The number
of possible outcomesissix : 1, 2, 3, 4, 5and 6, and the outcomesfavourableto E are 5
and 6. Therefore, the number of outcomes favourableto E is 2. So,

2 1
P(E) = P(humber greater than 4) = s = 3
(i) Let F be the event * getting a number less than or equal to 4.
Number of possible outcomes =6
Outcomes favourableto theevent Fare 1, 2, 3, 4.
So, the number of outcomes favourableto Fis4.

4 2
Therefore, P(F) = 5 = 3
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Arethe events E and F in the example above elementary events? No, they are
not because the event E has 2 outcomes and the event F has 4 outcomes.

Remarks : From Example 1, we note that

1 1
P(E) + P(F) = 5+ 5 =1 @

where E isthe event ‘getting ahead’ and F is the event ‘ getting atail’.
From (i) and (ii) of Example 3, we also get
P(E) + P(F) = 1+g—1 2
() +PF) = 5+3 @
where E isthe event * getting anumber >4’ and F isthe event ‘ getting anumber < 4'.

Note that getting a number not greater than 4 is same as getting a number less
than or equal to 4, and vice versa.

In (1) and (2) above, isF not the same as‘not E' ? Yes, it is. We denote the event

‘not E' by E.

o, P(E) + P(not E) = 1

ie, P(E) + P(E) = 1, whichgivesus P(E)=1-P(E).
In general, it is true that for an event E,

P(E) = 1-P(E)
The event E, representing ‘not E’, is called the complement of the event E.
We also say that E and E are complementary events.
Before proceeding further, let ustry to find the answersto the following questions:
(i) What isthe probability of getting anumber 8 in asingle throw of adie?
(i) What isthe probability of getting anumber lessthan 7 in asingle throw of adie?
Let us answer (i) :

We know that there are only six possible outcomesin asingle throw of adie. These

outcomes are 1, 2, 3, 4, 5 and 6. Since no face of the die is marked 8, so there is no
outcome favourable to 8, i.e., the number of such outcomes is zero. In other words,
getting 8 in asingle throw of adie, isimpossible.

0
So, P(getting 8) = 6 =0
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That is, the probability of an event which is impossible to occur is 0. Such an
event is called an impossible event.

Let us answer (ii) :

Since every face of adie is marked with a number lessthan 7, it is sure that we
will always get a number less than 7 when it is thrown once. So, the number of
favourable outcomes is the same as the number of all possible outcomes, which is 6.

6
Therefore, P(E) = P(getting a number lessthan 7) = s =1

So, the probability of an event which is sure (or certain) to occur is 1. Such an event
is called a sure event or a certain event.

Note: From the definition of the probability P(E), we see that the numerator (number
of outcomesfavourableto the event E) isalwayslessthan or equal to the denominator

(the number of all possible outcomes). Therefore,
O0<PE)=<1

Now, let us take an example related to playing cards. Have you seen a deck of
playing cards? It consists of 52 cardswhich aredivided into 4 suitsof 13 cards each—
spades (#), hearts (v), diamonds (¢) and clubs (%). Clubs and spades are of black
colour, while hearts and diamonds are of red colour. The cards in each suit are ace,
king, queen, jack, 10, 9, 8, 7, 6, 5, 4, 3 and 2. Kings, queens and jacks are called face
cards.

Example 4 : One card is drawn from awell-shuffled deck of 52 cards. Calculate the
probability that the card will

(i) be an ace,
(if) not be an ace.
Solution : Well-shuffling ensures equally likely outcomes.

(i) There are 4 acesin a deck. Let E be the event ‘the card is an ace’.
The number of outcomes favourableto E =4

The number of possible outcomes=52 (Why ?)

4 1
Therefore, P(E) = 52 =1—3

(i) Let F be the event ‘card drawn is not an ace'.

The number of outcomes favourable to the event F = 52 — 4 = 48 (Why?)
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The number of possible outcomes = 52

Theref P(F) = 8L

eretore, P =571

Remark : Note that F is nothing but E . Therefore, we can also calculate P(F) as
follows: P(F) =P(E) = 1 PE—l—i—E

Example 5 : Two players, Sangeeta and Reshma, play a tennis match. It is known
that the probability of Sangeeta winning the match is 0.62. What is the probability of
Reshma winning the match?

Solution : Let Sand R denote the events that Sangeeta wins the match and Reshma
winsthe match, respectively.

The probability of Sangeeta’swinning= P(S) = 0.62 (given)
The probability of Reshma swinning= P(R) = 1 — P(S)
[As the events R and S are complementary]
=1-0.62=0.38
Example 6 : Savita and Hamida are friends. What is the probability that both will
have (i) different birthdays? (ii) the same birthday? (ignoring aleap year).
Solution : Out of thetwo friends, onegirl, say, Savita's birthday can be any day of the
year. Now, Hamida's birthday can also be any day of 365 daysin the year.
We assume that these 365 outcomes are equally likely.

(i) If Hamida'shirthday isdifferent from Savita's, the number of favourable outcomes
for her birthday is 365 —1 = 364

364
So, P(Hamida s birthday isdifferent from Savita's birthday) = 365

(i) P(Savita and Hamida have the same birthday)
1 — P (both have different birthdays)
364
365

1

365

[Using P(E) = 1 - P(E)]
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Example 7 : Thereare 40 studentsin Class X of aschool of whom 25 aregirlsand 15
are boys. The class teacher has to select one student as a class representative. She
writes the name of each student on a separate card, the cards being identical. Then
she puts cards in a bag and stirs them thoroughly. She then draws one card from the
bag. What isthe probability that the name written on the card isthe name of (i) agirl?
(ii) a boy?

Solution : There are 40 students, and only one name card has to be chosen.

(i) The number of all possible outcomesis 40

The number of outcomes favourablefor a card with the name of agirl = 25 (Why?)

25 5
Therefore, P (card with name of a girl) = P(Girl) = 0 = 3
(i) Thenumber of outcomesfavourablefor acard with the name of aboy =15 (Why?)
15 3
Therefore, P(card with name of a boy) = P(Boy) = 20 = 3

Note : We can also determine P(Boy), by taking

. 5 3
P(Boy) = 1 P(not Boy) = 1-P(Girl) = 1~ 2 =

Example 8 : A box contains 3 blue, 2 white, and 4 red marbles. If amarbleis drawn
at random from the box, what is the probability that it will be

(i) white? (i) blue? (iii) red?

Solution : Saying that amarbleisdrawn at randomisashort way of saying that all the
marbles are equally likely to be drawn. Therefore, the

number of possible outcomes=3+2+4=9 (Why?)

Let W denote the event ‘the marble iswhite’, B denote the event ‘the marbleis blu€
and R denote the event ‘marbleisred’.

(i) The number of outcomes favourable to the event W = 2

o, P(W) =

Smilarly, (i) P(B) =

Olw OIN

L i Ry
=3 and (iii) ()—9

Note that P(W) + P(B) + P(R) = 1.
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Example 9 : Harpreet tosses two different coins simultaneously (say, oneis of Re 1
and other of Rs 2). What is the probability that she gets at least one head?

Solution : We write H for ‘head’ and T for ‘tail’. When two coins are tossed
simultaneously, the possible outcomesare (H, H), (H, T), (T, H), (T, T), which are al
equally likely. Here (H, H) means head up on thefirst coin (say on Re 1) and head up
on the second coin (Rs 2). Similarly (H, T) means head up on the first coin and tail up
on the second coin and so on.

The outcomes favourable to the event E, ‘at least one head’ are (H, H), (H, T)
and (T, H). (Why?)

So, the number of outcomes favourableto E is 3.

3
Therefore, P(E) = 2

3
i.e., the probability that Harpreet gets at least one head is 7

Note: You can aso find P(E) asfollows:
_ 1 3 ' = 1
P(E) = 1_P(E):1_Z=Z SmceP(E)—P(nohead)—:1

Did you observethat in all the examples discussed so far, the number of possible
outcomes in each experiment was finite? If not, check it now.

There are many experiments in which the outcome is any number between two
given numbers, or in which the outcomeisevery point within acircleor rectangle, etc.
Can you now count the number of all possible outcomes? As you know, this is not
possible since there areinfinitely many numbers between two given numbers, or there
areinfinitely many pointswithinacircle. So, the definition of (theoretical) probability
which you have learnt so far cannot be applied in the present form. What is the way
out? To answer this, let us consider the following example :

Example 10* : In a musical chair game, the person playing the music has been
advised to stop playing the music at any time within 2 minutes after she starts playing.
What isthe probability that the music will stop within thefirst half-minute after starting?

Solution : Here the possible outcomes are all the numbers between 0 and 2. Thisis
the portion of the number linefrom 0 to 2 (see Fig. 15.1).

v

1 2
Fig. 15.1

1
0 2

* Not from the examination point of view.
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Let E be the event that ‘the music is stopped within the first half-minute’.
The outcomes favourable to E are points on the number line from O to 1 .

1.1
The distancefrom 0 to 2 is 2, while the distance from O to E is E'

Since all the outcomes are equally likely, we can argue that, of the total distance

1
of 2, the distance favourable to theevent Eis —.

2
1
% P(E) = Distance favourable to theevent E.~ _ 2 _ 1
’ Total distancein which outcomescanlie 2 4

Can we now extend the idea of Example 10 for finding the probability asthe ratio of
the favourable area to the total area?

Example 11* : A missing helicopter is reported to have crashed somewhere in the

rectangular region shownin Fig. 15.2. What isthe probability that it crashed inside the
lake shown in the figure?

&)
I\ §

7 a}
e

= ~af,
v ieovie 7 sl
< 9 km B
Fig. 15.2

Solution : The helicopter isequally likely to crash anywherein the region.
Area of the entire region where the helicopter can crash

= (4.5 x 9) km? = 40.5 km?

* Not from the examination point of view.
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Areaof the lake = (2.5 x 3) km? = 7.5 kn»?
75 75 5

Therefore, P (helicopter crashed in the lake) = 205 405 27

Example 12 : A carton consists of 100 shirts of which 88 are good, 8 have minor
defects and 4 have major defects. Jimmy, a trader, will only accept the shirts which
are good, but Sujatha, another trader, will only reject the shirts which have major
defects. One shirt is drawn at random from the carton. What is the probability that

(i) itisacceptableto Jmmy?
(if) it is acceptable to Sujatha?

Solution : One shirt is drawn at random from the carton of 100 shirts. Therefore,
there are 100 equally likely outcomes.

(i) The number of outcomes favourable (i.e., acceptable) to Jimmy = 88 (Why?)
_ ) 8
Therefore, P (shirt is acceptable to immy) = - 0.8
(i) The number of outcomes favourable to Sujatha=88+8=96 (Why?)

_ . 96
So, P (shirt is acceptable to Sujatha) = 100~ 0.96
Example 13 : Two dice, one blue and one grey, are thrown at the same time. Write
down al the possible outcomes. What isthe probability that the sum of thetwo numbers

appearing on the top of the diceis
(i) 82 (i) 13? (i) lessthan or equal to 127

Solution : When the blue die shows ‘1’, the grey die could show any one of the
numbers 1, 2, 3, 4, 5, 6. The sameistrue when the bluedieshows ‘2, ‘3", ‘4", ‘5’ or
‘6’. The possible outcomes of the experiment are listed in the table below; the first
number in each ordered pair is the number appearing on the blue die and the second
number isthat on the grey die.
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1 2 3 4 5 6
(1.1)
(2,1)
3.1)
(4,1)
(5.1)
(6,1)

b

oo 0o B~ WN B

Fig. 15.3

Note that the pair (1, 4) isdifferent from (4, 1). (Why?)
So, the number of possible outcomes=6 x 6 = 36.
(i) Theoutcomesfavourableto the event ‘the sum of thetwo numbersis8’ denoted
by E, are: (2, 6), (3,5), (4,4),(5,3),(6,2) (seeFig.15.3)
i.e., the number of outcomes favourableto E = 5.

5
Hence, P(E) = —
() = 35

(i) Asyou can see from Fig. 15.3, there is no outcome favourable to the event F,

‘the sum of two numbersis13’.

0

-0
36

o, P(F) =

(ili) Asyou can see from Fig. 15.3, al the outcomes are favourable to the event G
‘sum of two numbers < 12'.

0, PG)= — =1
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EXERCISE15.1

1. Completethefollowing statements:
(i) Probability of an event E + Probability of theevent ‘not E' =

(i) The probability of an event that cannot happenis__ . Such an event is
caled .

(i) The probability of an event that is certainto happenis_____ . Such an event
iscaled .

(iv) The sum of the probabilities of all the elementary events of an experiment is

(v) The probability of an event isgreater thanorequalto__ and less than or
equalto__ .

2. Which of thefollowing experiments have equally likely outcomes? Explain.
(i) A driver attemptsto start a car. The car starts or does not start.
(i) A player attempts to shoot a basketball. She/he shoots or misses the shot.
(i) A trial ismadeto answer atrue-false question. The answer isright or wrong.
(iv) A babyisborn. Itisaboy or agirl.

3. Why istossing acoin considered to be afair way of deciding which team should get the
ball at the beginning of afootball game?

4. Which of the following cannot be the probability of an event?

(A) % (B) -1.5 (C) 15% D) 07

5. If P(E) =0.05, what isthe probability of ‘not E’' ?
6. A bag contains lemon flavoured candies only. Malini takes out one candy without
looking into the bag. What is the probability that she takes out
(i) an orange flavoured candy?
(i) alemon flavoured candy?

7. Itisgiven that in a group of 3 students, the probability of 2 students not having the
same birthday is 0.992. What is the probability that the 2 students have the same
birthday?

8. A bag contains 3 red balls and 5 black balls. A ball is drawn at random from the bag.
What isthe probability that the ball drawnis(i) red? (ii) not red?

9. A box contains5 red marbles, 8 white marblesand 4 green marbles. One marbleistaken
out of the box at random. What is the probability that the marble taken out will be
(iyred? (ii)white? (iii) not green?
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10.

11

12.

13.

14.

15.

16.

17.

18.

A piggy bank contains hundred 50p coins, fifty Re 1 coins, twenty Rs 2 coins and ten
Rs5 coins. If itisequally likely that one of the coinswill fall out when the bank isturned
upside down, what isthe probability that the coin (i) will bea50p coin? (ii) will not be
aRs5coin?

Gopi buys afishfromashop for hisaguarium. The
shopkeeper takes out one fish at random from a
tank containing 5 male fish and 8 female fish (see
Fig. 15.4). What isthe probability that thefish taken
outisamalefish?

A game of chance consists of spinning an arrow
which comes to rest pointing at one of the numbers Fig. 15.4
1,2,3,4,5,6,7,8(seeFig. 15.5), and theseareequally

likely outcomes. What is the probability that it will

point at q%
@i 8? A
(i) an odd number? dev

(i) anumber greater than 2?

(iv) anumber lessthan 9? Fig. 15.5
ig. 15.
A dieisthrown once. Find the probability of getting Y

(i) aprimenumber; (if) anumber lying between 2 and 6; (iii) anodd number.
Onecardisdrawn from awell-shuffled deck of 52 cards. Find the probability of getting
(i) aking of red colour (i) afacecard (iii) ared face card
(iv) thejack of hearts (v) aspade (vi) the queen of diamonds
Five cards—theten, jack, queen, king and ace of diamonds, are well-shuffled with their
face downwards. One card is then picked up at random.

(i) What isthe probahility that the card is the queen?

(i) If the queen isdrawn and put aside, what is the probability that the second card

picked up is (@) an ace? (b) aqueen?

12 defective pens are accidentally mixed with 132 good ones. It is not possible to just
look at apen and tell whether or not it is defective. One penistaken out at random from
thislot. Determine the probability that the pen taken out is a good one.

(i) Alotof 20 bulbscontain 4 defective ones. Onebulb isdrawn at random from thelot.
What is the probability that this bulb is defective?

(i) Supposethebulbdrawnin (i) isnot defective and isnot replaced. Now one bulb
is drawn at random from the rest. What is the probability that this bulb is not
defective ?

A box contains 90 discswhich are numbered from 1 to 90. If onediscisdrawn at random
from the box, find the probability that it bears (i) atwo-digit number (ii) a perfect
squarenumber (i) anumber divisible by 5.
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19.

20*.

21.

22.

23.

24,

A child has a die whose six faces show the |etters as given below:

A B C D E| [A

The dieisthrown once. What isthe probability of getting (i) A? (ii) D?

Supposeyou drop adie at random on the rectangular region showninFig. 15.6. What is
the probability that it will land inside the circle with diameter 1m?

3m

2m

Fig. 15.6

A lot consists of 144 ball pens of which 20 are defective and the others are good. Nuri
will buy apenif itisgood, but will not buy if it isdefective. The shopkeeper draws one
pen at random and gives it to her. What is the probability that

(i) Shewill buyit?
(i) Shewill not buy it ?
Refer to Example 13. (i) Completethefollowing table:

Event:
‘Sum on 2dice 2 8 4 5 6 7 8 9 0| 11| 12

Probability 6 6 6

(i) A student arguesthat ‘thereare 11 possible outcomes2, 3,4, 5,6, 7, 8,9, 10, 11 and

1
12. Therefore, each of them hasaprobability n Doyou agreewith thisargument?
Justify your answer.
A game consists of tossing a one rupee coin 3 times and noting its outcome each time.

Hanif winsif all thetosses givethe sameresult i.e., three heads or threetails, and loses
otherwise. Calculate the probability that Hanif will lose the game.

A dieisthrown twice. What isthe probability that
(i) 5will not come up either time? (if) 5Swill comeup at least once?

[Hint : Throwing a die twice and throwing two dice simultaneously are treated as the
same experiment]

* Not from the examination point of view.
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25. Which of the following arguments are correct and which are not correct? Give reasons
for your answer.

(i) If two coins are tossed simultaneously there are three possible outcomes—two
heads, two tails or one of each. Therefore, for each of these outcomes, the

1

probability is 3
(i) If adieisthrown, there are two possible outcomes—an odd number or an even

1
number. Therefore, the probability of getting an odd number is >

EXERCI SE 15.2 (Optional)*

1. Two customers Shyam and Ektaare visiting aparticular shop in the same week (Tuesday
to Saturday). Eachisequally likely to visit the shop on any day as on another day. What
is the probability that both will visit the shop on (i) the same day? (ii) consecutive
days? (iii) different days?

2. A dieisnumbered in such away that its faces show the numbers 1, 2, 2, 3, 3, 6. It is
thrown two times and the total score in two throws is noted. Complete the following
table which gives afew values of the total score on the two throws:

Number infirst throw

+ 1 2 2 3 3 s
5 1| 2 3 3 a4 4 7
£

T 2 3 4 4 5 5 8
o

g 2 5
c

- 3

e}

£ 3 5 9
>

<" 8 7 8 8 9 9 m

What is the probability that the total scoreis
(i) even? (i) 62 (i) at least 67

3. A bag contains5 red balls and some blue balls. If the probability of drawing ablue ball
isdoublethat of ared ball, determine the number of blue ballsin the bag.

4. A box contains 12 ballsout of which x areblack. If oneball isdrawn at random from the
box, what isthe probability that it will be ablack ball?

If 6 more black balls are put in the box, the probability of drawing a black ball is now
double of what it was before. Find x.

* These exercises are not from the examination point of view.
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5. A jar contains 24 marbles, some are green and others are blue. If amarble is drawn at

random from thejar, the probability that it isgreenis g Find the number of blue balls

inthejar.

153 Summary
In this chapter, you have studied the following points :
1. Thedifference between experimental probability and theoretical probability.
2. Thetheoretical (classical) probability of an event E, written as P(E), isdefined as

Number of outcomes favourable to E
Number of al possible outcomes of the experiment

P(E)=

where we assume that the outcomes of the experiment are equally likely.
3. The probability of asure event (or certain event) is 1.
4. The probability of an impossible event isO.
5. The probability of an event E isanumber P(E) such that
0<P(B)<1

6. An event having only one outcome is called an elementary event. The sum of the
probabilities of all the elementary events of an experiment is 1.

7. For any event E, P (E) + P (E) = 1, where E standsfor ‘not E’. E and E are called
complementary events.

A NoTe To THE READER

The experimental or empirical probability of an event is based on
what has actually happened while the theoretical probability of the
event attempts to predict what will happen on the basis of certain
assumptions. As the number of trials in an experiment, go on
increasing we may expect the experimental and theoretical
probabilities to be nearly the same.
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A1l Introduction

Theahility to reason and think clearly isextremely useful in our daily life. For example,
suppose a palitician tellsyou, ‘ If you are interested in a clean government, then you
should votefor me.” What he actually wantsyou to believeisthat if you do not votefor
him, then you may not get aclean government. Similarly, if an advertisement tellsyou,
‘Theintelligent wear XYZ shoes', what the company wants you to conclude isthat if
you do not wear XYZ shoes, then you are not intelligent enough. You can yourself
observe that both the above statements may mislead the general public. So, if we
understand the process of reasoning correctly, we do not fall into such traps
unknowingly.

Thecorrect use of reasoning isat the core of mathematics, especially in constructing
proofs. In Class| X, you wereintroduced to theideaof proofs, and you actually proved
many statements, especialy in geometry. Recall that a proof is made up of several
mathematical statements, each of whichislogically deduced from aprevious statement
in the proof, or from a theorem proved earlier, or an axiom, or the hypotheses. The
main tool, we use in constructing a proof, is the process of deductive reasoning.

We start the study of this chapter with areview of what amathematical statement
is. Then, we proceed to sharpen our skillsin deductive reasoning using several examples.
We shall also deal with the concept of negation and finding the negation of a given
statement. Then, we discuss what it means to find the converse of a given statement.
Finally, wereview theingredients of aproof learnt in Class X by analysing the proofs
of several theorems. Here, we also discuss the idea of proof by contradiction, which
you have come across in Class I X and many other chapters of this book.

Al.2 Mathematical SatementsRevisited

Recall, that a ‘statement’ is a meaningful sentence which is not an order, or an
exclamation or a question. For example, ‘Which two teams are playing in the
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Cricket World Cup Fina ? isaquestion, not astatement. * Go and finish your homework’
isan order, not astatement. ‘ What afantastic goal!’ isan exclamation, not astatement.

Remember, in general, statements can be one of the following:
e always true
e always false
e ambiguous
In Class IX, you have also studied that in mathematics, a statement is
acceptableonly if it iseither alwaystrueor alwaysfalse. So, ambiguous sentences
are not considered as mathematical statements.
Let usreview our understanding with afew examples.
Example 1 : State whether the following statements are always true, always false or
ambiguous. Justify your answers.
(i) The Sun orbits the Earth.
(if) Vehicles have four wheels.
(ili) The speed of light is approximately 3 x 10° km/s.
(iv) A road to Kolkatawill be closed from November to March.
(v) All humans are mortal.
Solution :

(i) Thisstatement isalwaysfalse, since astronomers have established that the Earth
orbits the Sun.

(if) This statement is ambiguous, because we cannot decide if it is always true or
alwaysfalse. Thisdependson what the vehicleis— vehiclescan have 2, 3, 4, 6,
10, etc., wheels.

(ii) This statement is awaystrue, as verified by physicists.

(iv) Thisstatement isambiguous, becauseit isnot clear which road isbeing referred
to.

(v) Thisstatement is aways true, since every human being has to die some time.

Example 2 : State whether the following statements are true or false, and justify your
answers.

(i) All equilateral triangles areisosceles.
(i) Someisoscelestriangles are equilateral.
(iii) All isoscelestriangles are equilateral.
(iv) Some rational numbers are integers.
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(v) Some rational numbers are not integers.

(vi) Not all integersarerational.

(vii) Between any two rational numbers thereis no rational number.
Solution :

(i) Thisstatement istrue, because equilateral triangleshave equal sides, and therefore
are isosceles.

(i) This statement is true, because those isoscel es triangles whose base angles are
60° are equilateral.

(ili) This statement isfalse. Give a counter-examplefor it.

(iv) This statement is true, since rational numbers of the form g where p is an

3
integer and g = 1, are integers (for example, 3= E)'

(v) Thisstatement istrue, becauserational numbers of theform g p, g areintegers

3
and g does not divide p, are not integers (for example, 5 ).

(vi) This statement is the same as saying ‘there is an integer which is not arational
number’. Thisisfalse, because al integers are rational numbers.

(vii) Thisstatement isfalse. Asyou know, between any two rational numbersr and s

. I +s . .
lies 5 whichisarational number.

Example3: If x<4, which of thefollowing statements aretrue? Justify your answers.
(i) 2x>8 (i) 2x<6 (i) 2x< 8
Solution :
(i) Thisstatement isfalse, because, for example, x = 3 < 4 does not satisfy 2x > 8.
(i) Thisstatement isfalse, because, for example, x = 3.5 < 4 does not satisfy 2x < 6.
(ii) This statement istrue, because it isthe same asx < 4.
Example 4 : Restate the following statements with appropriate conditions, so that

they become true statements:
(i) If thediagonals of aquadrilateral are equal, then it isarectangle.

(i) A linejoining two pointson two sidesof atriangleisparallel to thethird side.
(iiiy /p isirrational for all positive integersp.
(iv) All quadratic equations have two real roots.
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Solution :
(i) If the diagonals of a parallelogram are equal, then it isarectangle.

(if) A linejoining the mid-pointsof two sidesof atriangleisparallel tothethird side.
(iii) \/B isirrational for all primesp.
(iv) All quadratic equations have at most two real roots.

Remark : There can be other ways of restating the statements above. For instance,
(iii) can d'so berestated as* \/B isirrational for al positive integersp which arenot a
perfect square’.

EXERCISE Al1l

1. State whether the following statements are always true, always false or ambiguous.
Justify your answers.
(i) All mathematicstextbooksareinteresting.
(i) Thedistancefromthe Earth to the Sunisapproximately 1.5 x 108 km.
(i) All human beings grow old.
(iv) Thejourney from Uttarkashi to Harsil istiring.
(v) Thewoman saw an elephant through a pair of binoculars.
2. State whether the following statements are true or false. Justify your answers.
(i) All hexagons are polygons. (i) Some polygons are pentagons.
(i) Not all even numbersaredivisibleby 2. (iv) Somerea numbersareirrational.
(v) Notall real numbersarerational.

3. Letaandbberea numberssuch that ab# 0. Then which of thefollowing statementsare
true? Justify your answers.

(i) Bothaandb must be zero. (i) Both aand b must be non-zero.
(i) Either a or b must be non-zero.
4. Restatethefollowing statementswith appropriate conditions, so that they becometrue.
(i) Ifa?>b?thena>h. (ii) If x*=y?,thenx=y.
(i) If (x+y)2=x2+y? thenx=0. (iv) Thediagonalsof aquadrilateral
bisect each other.

A1.3 Deductive Reasoning

In Class I X, you were introduced to the idea of deductive reasoning. Here, we will
work with many more examples which will illustrate how deductive reasoning is
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used to deduce conclusions from given statements that we assume to be true. The
given statementsare called ‘ premises’ or ‘ hypotheses'. We begin with some examples.

Example 5 : Given that Bijapur isin the state of Karnataka, and suppose Shabana
livesin Bijapur. In which state does Shabanalive?
Solution : Here we have two premises:
(i) Bijapur isin the state of Karnataka (if) Shabanalivesin Bijapur

From these premises, we deduce that Shabana lives in the state of Karnataka.
Example 6 : Given that all mathematics textbooks are interesting, and suppose you
are reading a mathematics textbook. What can we conclude about the textbook you
are reading?
Solution : Using the two premises (or hypotheses), we can deduce that you are
reading an interesting textbook.
Example 7 : Giventhat y = — 6x + 5, and suppose x = 3. What isy?
Solution : Given the two hypotheses, wegety =—6 (3) + 5=-13.

Example 8 : Given that ABCD is a parallelogram, D C
and supposeAD =5cm,AB =7 cm (seeFig. AL.1).

What can you conclude about the lengths of DC and

BC?

Solution : Wearegiventhat ABCD isaparallelogram. A B

So, we deduce that all the properties that hold for a Fig. A1.1
parallelogram hold for ABCD. Therefore, in particular,

the property that ‘ the opposite sides of aparallelogram are equal to each other’, holds.
Since weknow AD =5 cm, we can deduce that BC =5 cm. Similarly, we deduce that
DC=7cm.

Remark : In this example, we have seen how we will often need to find out and use
properties hidden in agiven premise.

Example9: Giventhat \/B isirrational for all primes p, and supposethat 19423 isa
prime. What can you conclude about /19423 ?
Solution : We can conclude that /19423 isirrational.

In the examples above, you might have noticed that we do not know whether the
hypotheses are true or not. We are assuming that they are true, and then applying
deductive reasoning. For instance, in Example 9, we haven’t checked whether 19423
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isaprime or not; we assume it to be a prime for the sake of our argument.What we
aretrying to emphasisein this section isthat given a particular statement, how we use
deductive reasoning to arrive at aconclusion. What really matters here isthat we use
the correct process of reasoning, and this process of reasoning does not depend on the
trueness or falsity of the hypotheses. However, it must also be noted that if we start
with an incorrect premise (or hypothesis), we may arrive at awrong conclusion.

EXERCISEA1.2

1. Giventhat all women are mortal, and supposethat A isawoman, what can we conclude
about A?

2. Given that the product of two rational humbers is rational, and suppose a and b are
rationals, what can you conclude about ab?
3. Giventhat the decimal expansion of irrational numbersisnon-terminating, non-recurring,

and /17 is irrational, what can we conclude about the decimal expansion

of 177

4. Giventhaty =x?+ 6 and x =— 1, what can we conclude about the value of y?

5. Giventhat ABCD isaparallelogram and £ B = 80°. What can you conclude about the
other angles of the parallelogram?

6. Giventhat PQRSisacyclic quadrilateral and also its diagonal s bisect each other. What
can you conclude about the quadrilateral ?

7. Giventhat ,/p isirrational for all primesp and also supposethat 3721 isaprime. Can

you concludethat /3721 isanirrational number? Isyour conclusion correct? Why or
why not?

A1.4 Conjectures, Theorems, Proofsand Mathematical Reasoning

Consider the Fig. A1.2. Thefirst circle
hasone point onit, the second two points,
the third three, and so on. All possible
lines connecting the pointsaredrawnin

each case.

The lines divide the circle into \ m&\
mutually exclusive regions (having no \gw
common portion). We can count these "

and tabulate our results as shown : Fig. A1.2
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Number of points Number of regions
1 1
2 2
3 4
4 8
5
6
7

Some of you might have come up with aformula predicting the number of regions
given the number of points. From Class I X, you may remember that this intelligent
guess is called a ‘conjecture’.

Suppose your conjecture is that given ‘n’ points on a circle, there are 2" -1
mutually exclusive regions, created by joining the pointswith al possiblelines. This
seems an extremely sensible guess, and one can check that if n =5, we do get 16
regions. So, having verified thisformulafor 5 points, are you satisfied that for any n
points there are 2"~ regions? If so, how would you respond, if someone asked you,
how you can be sure about this for n = 25, say? To deal with such questions, you
would need a proof which shows beyond doubt that this result is true, or a counter-
exampleto show that thisresult failsfor some‘n’. Actualy, if you are patient and try
it out for n = 6, you will find that there are 31 regions, and for n = 7 there are 57
regions. So, n = 6, is a counter-example to the conjecture above. This demonstrates
the power of a counter-example. You may recall that in the Class I X we discussed
that to disprove a statement, it is enough to come up with a single counter-
example.

You may have noticed that we insisted on a proof regarding the number
of regions in spite of verifying the result for n = 1, 2, 3, 4 and 5. Let us consider
afew more examples. You are familiar with the following result (given in Chapter 5):

n(n+1

1+2+3+...+n= . To establish its validity, it is not enough to verify the

result forn=1, 2, 3, and so on, because there may be some‘n’ for which thisresultis
not true (just as in the example above, the result failed for n = 6). What we need isa
proof which establishesitstruth beyond doubt. You shall learn aproof for the samein
higher classes.
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Now, consider Fig. A1.3, where PQ and PR Q
are tangents to the circle drawn from P,

You have provedthat PQ=PR (Theorem10.2). p
You were not satisfied by only drawing several such

figures, measuring the lengths of the respective R
tangents, and verifying for yourselvesthat the result _
was true in each case. Fig. A13

Do you remember what did the proof consist of ? It consisted of a sequence of
statements (called valid arguments), each following from the earlier statementsin
the proof, or from previously proved (and known) results independent from the result
to be proved, or from axioms, or from definitions, or from the assumptions you had
made. And you concluded your proof with the statement PQ = PR, i.e., the statement
you wanted to prove. Thisisthe way any proof is constructed.

We shall now look at some examples and theorems and analyse their proofs to
help usin getting a better understanding of how they are constructed.

We begin by using the so-called ‘direct’ or ‘deductive’ method of proof. In this
method, we make several statements. Each is based on previous statements. If
each statement islogically correct (i.e., avalid argument), it leadsto alogically correct
conclusion.

Example 10 : The sum of two rational numbersis a rational number.
Solution :

S.No. Statements AnalysissfComments
1 Let x and y be rational numbers. Since the result is about
rationals, we start with x and

y which are rational.

2. Let x=™ nz0and y=L,q=0 | Applythedefinitionof
n q .
rationals.
where m, n, p and q are integers.
&l So, x+y="2,P_Ma+np The result talks about the
n q ng sum of rationals, so welook

ax+y.
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4, Using the properties of integers, we see | Using known properties of
that mq + np and nq are integers. integers.

5. Sincen# 0and q# 0, it follows that Using known properties of
ng # 0. integers.

6. Therefore, x+y= A+ isarational | Us ng the definition of a
number g rational number.

Remark : Note that, each statement in the proof above is based on a previously
established fact, or definition.

Example 11 : Every prime number greater than 3 is of the form 6k + 1 or 6k + 5,
where k is an integer.

Solution :
S.No. Statements AnalysissfComments
1 Let p be a prime number greater than 3. | Since the result has to do
with a prime number
greater than 3, we start with
such a number.
2. Dividing p by 6, wefind that p can be of | Using Euclid’'s
the form 6k, 6k + 1, 6k + 2, divisonlemma
6k + 3, 6k + 4, or 6k + 5, where k is
an integer.
o But 6k = 2(3k), 6k + 2 = 2(3k + 1), We now analyse the
6k +4 =23k + 2), remainders given that
and 6k + 3 = 3(2k + 1). So, they are pisprime.
not primes.
4, So, p isforced to be of the Wearriveat thisconclusion
form 6k + 1 or 6k + 5, for some having eliminated the other
integer k. options.

Remark : In the above example, we have arrived at the conclusion by eliminating
different options. This method is sometimes referred to as the Pr oof by Exhaustion.
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Theorem A1.1 (Converse of the ~
Pythagoras Theorem) : If in a triangle the
square of the length of one side is equal
to the sum of the sgquares of the other two
sides, then the angle opposite the first side
is a right angle. I_B C
Proof : Fig. Al.4
S.No. Statements Analysis

1 Let AABC satisfy the hypothesis
AC? = AB? + BC2.

Since we are proving a
statement about such a
triangle, we begin by taking
this.

2. Construct line BD perpendicular to

AB, such that BD = BC, and join A to D.

Thisistheintuitive step we
have talked about that we
often need to take for
proving theorems.

& By construction, AABD isaright
triangle, and from the Pythagoras

Theorem, we have AD? = AB? + BD?.

We use the Pythagoras
theorem, which isalready
proved.

we have AD? = AB? + BC2

4, By construction, BD = BC. Therefore,

Logical deduction.

5. Therefore, AC*> = AB? + BC? = AD?.

Using assumption, and
previous statement.

6. Since AC and AD are positive, we
have AC = AD.

Using known property of
numbers.

common. Therefore, by SSS,
AABC = AABD.

7. We have just shown AC = AD. Also
BC = BD by construction, and AB is

Using known theorem.

8. Since AABC = AABD, we get

ZABC = ZABD, whichisaright angle.

Logical deduction, based on
previously established fact.
[
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Remark : Each of the results above has been proved by a sequence of steps, all
linked together. Their order isimportant. Each step in the proof followsfrom previous
steps and earlier known results. (Also see Theorem 6.9.)

EXERCISEAL3
In each of the following questions, we ask you to prove a statement. List all the stepsin each
proof, and give the reason for each step.
1. Provethat the sum of two consecutive odd numbersis divisible by 4.

2. Taketwo consecutive odd numbers. Find the sum of their squares, and then add 6 to the
result. Prove that the new number isalwaysdivisible by 8.

3. If p=5isaprimenumber, show that p? + 2 isdivisibleby 3.
[Hint: UseExample11].
4. Letxandy berational numbers. Show that xy isarational number.

5. If aandbarepositiveintegers, thenyou know that a=bq+r,0<r <b, whereqisawhole
number. Provethat HCF (a, b) = HCF (b, r).

[Hint: Let HCF (b,r) =h. So,b=k handr =k h, wherek, and k, are coprime]
6. Alineparalle tosideBC of atriangleABC, intersectsAB and AC at D and E respectively.

Prove that E = E
DB

EC
A1.5 Negation of a Satement

In this section, we discuss what it meansto ‘hegate’ a statement. Before we start, we
would like to introduce some notation, which will make it easy for us to understand
these concepts. To start with, let uslook at a statement as a single unit, and giveit a
name. For example, we can denote the statement ‘It rained in Delhi on 1 September
2005’ by p. We can also write this by

p: Itrainedin Delhi on 1 September 2005.
Similarly, let uswrite

g: All teachers are female.

r: Mike'sdog has ablack tail.

S 2+2=4.

t: TriangleABCisequilateral.

This notation now helps us to discuss properties of statements, and also to see
how we can combine them. In the beginning we will be working with what we call
‘simple’ statements, and will then move onto ‘ compound’ statements.
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Now consider the following table in which we make a new statement from each
of the given statements.

Original statement New statement

p: It rained in Delhi on ~p: Itisfasethat it rained in Delhi

1 September 2005 on 1 September 2005.

g: All teachers are female. ~Q: Itisfase that all teachers are
female.

r: Mike'sdog has ablack tail. ~r: Itisfalse that Mike's dog has a
black tail.

S 2+2=4. ~s Itisfasethat 2+ 2 =4.

t: TriangleABC isequilateral. ~t: It is false that triangle ABC is
equilateral.

Each new statement in the tabl e isanegation of the corresponding old statement.
Thatis, ~p, ~q, ~r, ~sand ~t are negations of the statementsp, g, r, sand t, respectively.
Here, ~pisread as‘not p’. The statement ~p negates the assertion that the statement
p makes. Notice that in our usual talk we would simply mean ~p as ‘It did not rainin
Delhi on 1 September 2005." However, we need to be careful while doing so. You
might think that one can obtain the negation of a statement by simply inserting the
word ‘not’ in the given statement at a suitable place. While this works in the case of
p, the difficulty comeswhen we have a statement that beginswith ‘al’. Consider, for
example, the statement g: All teachers arefemale. We said the negation of this statement
is~q: Itisfalsethat all teachers are female. Thisisthe same as the statement ‘ There
are some teachers who are males.” Now let us see what happens if we simply insert
‘not’ in g. We obtain the statement: * All teachers are not femal€e’, or we can obtain the
statement: ‘Not all teachers are female.” The first statement can confuse people. It
could imply (if we lay emphasis on theword ‘ All’) that all teachersare male! Thisis
certainly not the negation of g. However, the second statement gives the meaning of
~Q, i.e, that there is at least one teacher who is not a female. So, be careful when
writing the negation of a statement!

So, how do we decide that we have the correct negation? We use the following
criterion.

Let p be a statement and ~p its negation. Then ~p is false whenever p is
true, and ~p is true whenever p is false.
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For example, if it is true that Mike's dog has a black tail, then it is false that
Mike's dog does not have ablack tail. If it isfalse that ‘Mike's dog has a black tail’,
then it istrue that ‘Mike's dog does not have a black tail’.

Similarly, the negations for the statementssand t are:
S 2+ 2=4; negation, ~s: 2+ 2 # 4.
t: TriangleABCisequilateral; negation, ~t: TriangleABC isnot equilateral.
Now, what is ~(~s)? It would be 2 + 2 = 4, which iss. And what is~(~t)? This
would be ‘thetriangle ABC isequilaterd’, i.e., t. Infact, for any statement p, ~(~p)
is p.
Example 12 : State the negations for the following statements:

(i) Mike's dog does not have ablack tail.

(i) All irrational numbers arereal numbers.

(iii) /2 isirrational.

(iv) Some rational numbers are integers.

(v) Not al teachers are males.

(vi) Some horses are not brown.

(vii) Thereisno real number x, such that x* = — 1.
Solution :

(i) Itisfalsethat Mike's dog does not have ablack tail, i.e., Mike’'s dog has a black
tail.

(i) Itisfalsethat all irrational numbers are real numbers, i.e., some (at least one)
irrational numbers are not real numbers. One can also write this as, ‘Not all
irrational numbers are real numbers.’

(iii) Itisfalsethat /2 isirrational, i.e., \/2 isnotirrational.

(iv) Itisfalsethat some rational numbers areintegers, i.e., no rational number isan
integer.

(v) Itisfalsethat not all teachers are males, i.e., al teachers are males.

(vi) Itisfalsethat some horses are not brown, i.e., al horses are brown.

(vii) It isfalsethat thereisno real number x, such that x> = —1, i.e., thereis at least
one real number X, such that x2 = — 1.

Remark : From the above discussion, you may arrive at thefollowing Wor king Rule

for obtaining the negation of a statement :

(i) First write the statement with a‘not’.

(i) If thereisany confusion, make suitable modification, specially in the statements
involving ‘All’ or ‘Some'.
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EXERCISE Al4
1. Statethe negations for the following statements:

() Manismortal. (i) Linelisparalle tolinem.
(iii) This chapter has many exercises. (iv) All integersarerational numbers.
(v) Some primenumbersare odd. (vi) No student islazy.

(vii) Some catsare not black.

(viii) Thereisno real number x, such that /x = —1.

(i¥) 2 dividesthe positiveinteger a. (®) Integersaand b are coprime.

2. Ineach of the following questions, there are two statements. State if the second is the
negation of the first or not.

(i) Mumtazishungry. (i) Somecatsare black.
Mumtaz is not hungry. Some cats are brown.
(iii) All elephants are huge. (iv) All fireenginesarered.
One elephant is not huge. All fire engines are not red.

(v) Nomanisacow.
Some men are cows.

A1.6 Converseof a Statement

We now investigate the notion of the converse of a statement. For this, we need the
notion of a‘ compound’ statement, that is, a statement which isacombination of one or
more ‘simple’ statements. There are many ways of creating compound statements,
but we will focus on those that are created by connecting two simple statements with
the use of thewords‘if” and ‘then’. For example, the statement *If it israining, then it
isdifficult to go on abicycle’, ismade up of two statements:

p: Itisraining

g: Itisdifficult to go on abicycle.

Using our previous notation we can say: If p, then g. We can also say ‘pimplies
g, and denoteit by p= q.

Now, supose you have the statement * If the water tank is black, then it contains
potable water.” Thisis of the form p = ¢, where the hypothesisis p (the water tank
is black) and the conclusion is q (the tank contains potable water). Suppose we
interchange the hypothesis and the conclusion, what do we get?Wegetq= p, i.e,, if
the water in the tank is potable, then the tank must be black. This statement is called
the converse of the statement p = q.
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In general, the converse of the statement p = qisq = p, where p and q are
statements. Note that p = g and q = p are the converses of each other.

Example 13 : Write the converses of the following statements :
(i) If Jamilaisriding abicycle, then 17 August falls on a Sunday.
(i) If 17 August is a Sunday, then Jamilaisriding abicycle.
(iii) If Paulineisangry, then her face turns red.
(iv) If aperson has a degree in education, then she is allowed to teach.
(v) If aperson hasaviral infection, then he runs a high temperature.

(vi) If Ahmadisin Mumbai, then heisin India.
(vii) If triangle ABC isequilateral, then all itsinterior anglesare equal.
(viii) If x isanirrational number, then the decimal expansion of x is non-terminating

non-recurring.
(ix) If x—aisafactor of the polynomia p(x), then p(a) = 0.

Solution : Each statement above is of the form p = q. So, to find the converse, we
first identify p and g, and then writeq = p.
(i) p: Jamilaisriding abicycle, and g: 17 August falls on a Sunday. Therefore, the
converseis: If 17 August falls on a Sunday, then Jamilaisriding abicycle.
(i) Thisis the converse of (i). Therefore, its converse is the statement given in
(i) above.
(i) If Pauline's face turns red, then sheis angry.
(iv) If aperson isallowed to teach, then she has a degree in education.

(v) If aperson runs ahigh temperature, then he has aviral infection.

(vi) If Ahmadisin India, then heisin Mumbai.
(vii) If al theinterior angles of triangle ABC are equal, then it isequilateral.
(viii) If the decima expansion of x is non-terminating non-recurring, then x is an
irrational number.
(ix) If p(a) =0, then x —a isafactor of the polynomial p(x).
Notice that we have simply written the converse of each of the statements
above without worrying if they are true or false. For example, consider the following

statement: If Ahmad isin Mumbai, then heisin India This statement is true. Now
consider the converse: If Ahmad isin Indig, then heisin Mumbai. This need not be

true always — he could be in any other part of India.
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In mathematics, especially in geometry, you will come across many situations
where p = qistrue, and you will have to decide if the converse, i.e., q= p, isaso
true.

Example 14 : State the converses of the following statements. In each case, aso
decide whether the converse is true or false.

(i) If nisan eveninteger, then 2n + 1 isan odd integer.

(i) If the decimal expansion of a real number is terminating, then the number is
rational.

(iii) If atransversal intersects two paralel lines, then each pair of corresponding
anglesisequal.

(iv) If each pair of opposite sides of aquadrilateral isequal, then the quadrilateral is
aparallelogram.

(v) If two triangles are congruent, then their corresponding angles are equal .

Solution :

(i) Theconverseis‘If 2n + 1isan odd integer, then nisan eveninteger.” Thisisa
false statement (for example, 15=2(7) + 1, and 7 is odd).

(i) ‘If areal number is rational, then its decimal expansion is terminating’, is the
converse. Thisis afalse statement, because arational number can also have a
non-terminating recurring decimal expansion.

(ili) The converse is ‘If atransversal intersects two lines in such a way that each
pair of corresponding angles are equal, then thetwo lines are parallel.” We have
assumed, by Axiom 6.4 of your Class I X textbook, that this statement is true.

(iv) ‘If aquadrilateral isaparallelogram, then each pair of itsoppositesidesisequa’,
isthe converse. Thisistrue (Theorem 8.1, Class I X).

(v) “If the corresponding anglesin two triangles are equal, then they are congruent’,
isthe converse. Thisstatement isfalse. Weleaveit to you to find suitable counter-
examples.

EXERCISEALS

1. Wirite the converses of the following statements.
(i) Ifitishotin Tokyo, then Sharan sweatsalot.
(i) 1f Shalini ishungry, then her stomach grumbles.
(iii) If Jaswant has a scholarship, then she can get a degree.
(iv) If aplant hasflowers, thenitisalive.
(v) If ananimal isacat, thenit hasatail.
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2. Writethe converses of the following statements. Also, decide in each case whether the
converseistrue or false.

(i) If triangle ABC isisosceles, then its base angles are equal.
(i) If aninteger isodd, then its square is an odd integer.
(i) 1fx2=1,thenx=1.
(iv) 1f ABCD isaparallelogram, then AC and BD bisect each other.
(v) If a, bandc, arewhole numbers, thena+ (b+c)=(a+b) +c.
(vi) If xandy are two odd numbers, then x +y is an even number.
(vii) If verticesof aparallelogram lieonacircle, thenitisarectangle.

A1.7 Proof by Contradiction

So far, in al our examples, we used direct arguments to establish the truth of the
results. We now explore ‘indirect’ arguments, in particular, a very powerful tool in
mathematics known as‘ proof by contradiction’. We have already used thismethod in
Chapter 1to establish theirrationality of several numbersand also in other chaptersto
prove some theorems. Here, we do several more examplesto illustrate the idea.

Before we proceed, let us explain what a contradiction is. In mathematics, a
contradiction occurs when we get a statement p such that pistrue and ~p, itsnegation,
isalso true. For example,

p: X =% , Where a and b are coprime.

g: 2 dividesboth ‘a’ and ‘b’.

If we assumethat p istrue and also manage to show that g istrue, then we have
arrived at a contradiction, because g implies that the negation of p is true. If you
remember, thisis exactly what happened when wetried to provethat /2 isirrational
(see Chapter 1).

How does proof by contradiction work? L et us see thisthrough aspecific example.

Suppose we are given the following :

All women are mortal. A isawoman. Prove that A is mortal.

Even though thisis arather easy example, let us see how we can prove this by

contradiction.

e Let us assume that we want to establish the truth of a statement p (here we
want to show that p : ‘A ismortal’ istrue).
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e S0, we begin by assuming that the statement is not true, that is, we assume that
the negation of pistrue (i.e., A isnot mortal).

e Wethen proceed to carry out aseries of logical deductions based on the truth of

the negation of p. (Since A is not mortal, we have a counter-example to the
statement * All women aremortal.” Hence, it isfalse that all women are mortal.)

e |f thisleadsto acontradiction, then the contradiction arises because of our faulty
assumption that p is not true. (We have a contradiction, since we have shown
that the statement ‘ All women are mortal’ and its negation, ‘Not all women are
mortal’ istrue at the same time. This contradiction arose, because we assumed
that A isnot mortal.)

e Therefore, our assumption iswrong, i.e., p hasto betrue. (So, A ismortal.)
Let us now look at examples from mathematics.
Example 15 : The product of anon-zero rational number and an irrational number is
irrational.
Solution :

Statements Analysis‘Comment

We will use proof by contradiction. Let r bea non-
zero rational number and x be an irrational number.

m
Let r=F, wherem, n are integers and m# 0,

n# 0. We need to prove that rx isirrational.

Assume rx s rational. Here, we are assuming the
negation of the statement that
we need to prove.

Then rx=£,q¢0, where p and q are integers. | This follow from the
q

previous statement and the
definition of a rational
number.

Rearranging the equation rx= g ,q#0, and

n
using the fact that r =", we get x=— =
n

rq mg’
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Since np and mq are integers and mq # 0,
X isarational number.

Using propertiesof integers,
and definition of arational
number.

Thisis a contradiction, because we have shown x
to berational, but by our hypothesis, we have x
isirrational.

Thisiswhat wewerelooking
for — acontradiction.

The contradiction has arisen because of the faulty
assumption that rx is rational. Therefore, rx
isirrational.

Logical deduction.

We now prove Example 11, but thistime using proof by contradiction. The proof

isgiven below:

Statements

Analysis’‘Comment

Let us assume that the statement is note true.

Aswe saw earlier, thisisthe
starting point for an argument
using ‘ proof by contradiction’.

So we suppose that there exists a prime number
p > 3, which isnot of the form 6n + 1 or 6n + 5,
where n is a whole number.

Thisisthe negation of the
statement in the result.

Using Euclid’sdivision lemmaon division by 6,
and using the fact that p is not of the form 6n + 1
or 6n+ 5, wegetp=6nor6n+2or6n+3

or 6n + 4.

Using earlier proved results.

pisprime.

Therefore, pisdivisible by either 2 or 3. Logical deduction.
So, p isnot aprime. Logical deduction.
Thisisacontradiction, because by our hypothesis | Precisely what we want!

The contradiction has arisen, because we assumed
that there exists a prime number p > 3whichis
not of theform 6n + 1 or 6n + 5.

Hence, every prime number greater than 3 is of the
form6n+ 1 or 6n + 5.

We reach the conclusion.
]
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Remark : The example of the proof above shows you, yet again, that there can be
several ways of proving aresult.

Theorem A1.2 : Out of all the line segments, drawn from a point to points of a
line not passing through the point, the smallest is the perpendicular to the line.

Proof : P
X i Y,
~ Al AZM L
Fig. A15
Statements Analysis’‘Comment

Let XY bethegivenline, Papoint not lyingon XY | Since we have to prove that
and PM, PA, PA,, .. . etc, betheline segments | out of all PM, PA, PA,, . ..
drawn from Pto the points of theline XY, out of | etc., thesmallest isperpendi-
which PM isthe smallest (see Fig. AL.5). cular to XY, we start by
taking these line segments.

Let PM be not perpendicular to XY Thisisthe negation of the
statement to be proved by
contradiction.

Draw a perpendicular PN on the line XY, shown | We often need

by dotted linesin Fig. A1.5. constructionsto prove our
results.

PN isthe smallest of all the line segments PM, Side of right triangleisless

PA,, PA, ... etc., which means PN < PM. than the hypotenuse and

known property of numbers.

This contradicts our hypothesis that PM is the Precisely what we want!
smallest of all such line segments.

Therefore, the line segment PM is perpendicular | We reach the conclusion.
to XY.
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EXERCISEAL6

1. Supposea+b=c+d,anda< c. Useproof by contradiction to show b> d.

2. Letr bearational number and x be anirrational number. Use proof by contradiction to
show that r + X isan irrational number.

3. Use proof by contradiction to prove that if for an integer a, a2 is even, then so is a.
[Hint : Assumeaisnot even, that is, itisof theform 2n + 1, for someinteger n, and then
proceed.]

4. Useproof by contradiction to provethat if for aninteger a, a?isdivisibleby 3, thenais
divisibleby 3.

5. Useproof by contradiction to show that thereisno value of nfor which 6" endswith the
digit zero.

6. Prove by contradiction that two distinct lines in a plane cannot intersect in more than
one point.

Al8 Summary
In thisAppendix, you have studied the following points :
1. Different ingredients of aproof and other related conceptslearnt in Class|X.
2. The negation of a statement.
3. The converse of a statement.
4. Proof by contradiction.



M ATHEMATICAL M ODELLING A2

A2.1 Introduction

e An adult human body contains approximately 1,50,000 km of arteries and veins
that carry blood.

e The human heart pumps 5 to 6 litres of blood in the body every 60 seconds.
e The temperature at the surface of the Sun is about 6,000° C.

Have you ever wondered how our scientists and mathematicians could possibly
have estimated these results? Did they pull out the veins and arteries from some adult
dead bodies and measure them? Did they drain out the blood to arrive at these results?
Did they travel to the Sun with a thermometer to get the temperature of the Sun?
Surely not. Then how did they get these figures?

Well, the answer liesin mathematical modelling, which we introduced to you
in Class IX. Recall that a mathematical model isamathematical description of some
real-life situation. Also, recall that mathematical modelling isthe processof creating a
mathematical model of a problem, and using it to analyse and solve the problem.

So, in mathematical modelling, we take areal-world problem and convert it to an
equivalent mathematical problem. Wethen solvethe mathematical problem, and interpret
its solution in the situation of the real-world problem. And then, it isimportant to see
that the solution, we have obtained, ‘ makes sense’, which isthe stage of validating the
model. Some examples, where mathematical modelling is of great importance, are:

(i) Finding the width and depth of ariver at an unreachable place.
(i) Estimating the mass of the Earth and other planets.
(i) Estimating the distance between Earth and any other planet.
(iv) Predicting thearrrival of the monsoon in acountry.
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(v) Predicting the trend of the stock market.
(vi) Estimating the volume of blood inside the body of a person.
(vii) Predicting the population of acity after 10 years.
(viii) Estimating the number of leavesin atree.
(ix) Estimating the ppm of different pollutantsin the atmosphere of acity.
(x) Estimating the effect of pollutants on the environment.
(xi) Estimating the temperature on the Sun’s surface.

In this chapter we shall revisit the process of mathematical modelling, and take
examples from the world around us to illustrate this. In Section A2.2 we take you
through all the stages of building a model. In Section A2.3, we discuss a variety of
examples. In Section A2.4, we look at reasons for the importance of mathematical
modelling.

A point to remember isthat herewe aim to make you aware of an important way
inwhich mathematics helpsto solvereal-world problems. However, you need to know
some more mathematicsto really appreciate the power of mathematical modelling. In
higher classes some examples giving thisflavour will be found.

A2.2 Sagesin Mathematical Modelling

InClass|X, we considered some exampl es of the use of modelling. Did they giveyou
aninsight into the process and the stepsinvolved init? Let usquickly revisit the main
stepsin mathematical modelling.

Step 1 (Understanding the problem) : Define thereal problem, and if working in a
team, discusstheissuesthat you wish to understand. Simplify by making assumptions
and ignoring certain factors so that the problem is manageable.

For example, suppose our problem isto estimate the number of fishesin alake. It is
not possibleto capture each of these fishesand count them. We could possibly capture
asample and from it try and estimate the total number of fishesin the lake.

Step 2 (Mathematical description and formulation) : Describe, in mathematical
terms, the different aspects of the problem. Some ways to describe the features
mathematically, include:

e definevariables

e writeequationsor inequalities

e gather data and organise into tables
e make graphs

e calculate probabilities
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For example, having taken asample, as stated in Step 1, how do we estimate the
entire population? Wewould have to then mark the sampled fishes, allow them to mix
with the remaining onesin the lake, again draw a sample from the lake, and see how
many of the previously marked ones are present in the new sample. Then, using ratio
and proportion, we can come up with an estimate of thetotal population. For instance,
let us take a sample of 20 fishes from the lake and mark them, and then rel ease them
in the same lake, so asto mix with the remaining fishes. We then take another sample
(say 50), from the mixed population and see how many are marked. So, we gather our
data and analyse it.

One major assumption we are making is that the marked fishes mix uniformly
with the marked fishes, and the sample we take is a good representative of the entire
population.

Step 3 (Solving the mathematical problem) : The simplified mathematical problem
developed in Step 2 isthen solved using various mathematical techniques.

For instance, supposein the second sampleinthe examplein Step 2, 5fishesare

5. 1
marked. So, 50 e, 0 of the populationismarked. If thisistypical of the whole

1
population, then Eth of the population = 20.

So, the whole population = 20 x 10 = 200.

Step 4 (Interpreting the solution) : The solution obtained in the previous step
isnow looked at, in the context of the real-life situation that we had started with in
Step 1.

For instance, our solution in the problem in Step 3 gives us the population of
fishes as 200.

Sep 5 (Validating the model) : We go back to the origina situation and see if the
results of the mathematical work make sense. If so, we use the model until new
information becomes available or assumptions change.

Sometimes, because of the simplification assumptions we make, we may lose
essential aspects of the real problem while giving its mathematical description. In
such cases, the solution could very often be off the mark, and not make sense in the
real situation. If this happens, we reconsider the assumptions made in Step 1 and
revise them to be more redlistic, possibly by including some factors which were not
considered earlier.
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For instance, in Step 3 we had obtained an estimate of the entire population of
fishes. It may not be the actual number of fishes in the pond. We next see whether
thisis agood estimate of the population by repeating Steps 2 and 3 afew times, and
taking the mean of the results obtained. This would give a closer estimate of the
population.

Another way of visualising the process of mathematical modelling is shown
inFig.A2.1.

Red-lifeproblem
Smplify

A 4

Describethe problem
inmathematical terms

\ 4

A 4

Solvethe
Change problem
assumptions T
A\ 4
Interpret the
solutioninthe

rea-lifestuation

A 4

Doesthe solution

No : Yes Model is
< captur_etht_a real-life suitable
dtuation?
Fig. A2.1

Modellers look for a balance between simplification (for ease of solution) and
accuracy. They hope to approximate reality closely enough to make some progress.
The best outcome is to be able to predict what will happen, or estimate an outcome,
with reasonabl e accuracy. Remember that different assumptionswe usefor simplifying
the problem can lead to different models. So, there are no perfect models. There are
good ones and yet better ones.
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EXERCISE A21

1. Consider the following situation.

A problem dating back to the early 13th century, posed by Leonardo Fibonacci asks
how many rabbits you would have if you started with just two and let them reproduce.
Assume that a pair of rabbits produces a pair of offspring each month and that each
pair of rabbits produces their first offspring at the age of 2 months. Month by month
the number of pairs of rabbitsis given by the sum of the rabbits in the two preceding
months, except for the Oth and the 1st months.

After just 16 months, you have nearly 1600 pairs of rabbits!

Clearly state the problem and the different stages of mathematical modelling in this
situation.
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A2.3 Somelllustrations

Let us now consider some examples of mathematical modelling.

Example 1 (Rolling of a pair of dice) : Suppose your teacher challenges you to the
following guessing game: She would throw a pair of dice. Before that you need to
guess the sum of the numbersthat show up on the dice. For every correct answer, you

get two points and for every wrong guess you lose two points. What numbers would
be the best guess?

Solution :

Sep 1 (Understanding the problem) : You need to know a few numbers which
have higher chances of showing up.

Step 2 (Mathematical description) : In mathematical terms, the problem trand ates
to finding out the probabilities of the various possible sums of numbers that the dice
could show.

We can model the situation very simply by representing aroll of the dice asarandom
choice of one of the following thirty-six pairs of numbers.

1,1) 1,2 1,3) (1,4) (1,5) (1,6)
(2,1) (2,2 (2,3) (2,4) (2,5) (2,6)
(3.1 (3.2 (3.3) (3.4) (3,9 (3,6)
(4,1) (4,2 (4,3) (4,4) (4,5) (4,6)
(5.1 (5.2 (5,3) (5.4) (5,5 (5,6)
(6,1) (6,2 (6,3) (6,4) (6,5 (6,6)

Thefirst number in each pair represents the number showing on thefirst die, and the
second number is the number showing on the second die.

Step 3 (Solving the mathematical problem) : Summing the numbers in each pair
above, wefind that possiblesumsare 2, 3, 4,5, 6,7, 8,9, 10, 11 and 12. We haveto find
the probability for each of them, assuming all 36 pairsare equally likely.

Wedo thisin thefollowing table.

Sum 2 3 4 5 6 7 8 91 10| 11|12

1 2 3 4 5 6 5 4 3 2 1

Probability | 25| 35 | 36| 36 | 36 | 36 | 36 | 36| 36 | 36 | 6

Observe that the chance of getting a sum of a seven is 1/6, which is larger than the
chances of getting other numbers as sums.
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Step 4 (Interpreting the solution) : Since the probability of getting the sum 7 isthe
highest, you should repeatedly guess the number seven.

Sep 5 (Validating the model) : Toss a pair of dice a large number of times and
prepare a relative frequency table. Compare the relative frequencies with the
corresponding probabilities. If these are not close, then possibly the dice are biased.
Then, we could obtain data to eval uate the number towards which the biasis.

Before going to the next example, you may need some background.

Not having the money you want when you need it, is a common experience for
many people. Whether it ishaving enough money for buying essentialsfor daily living,
or for buying comforts, we awaysrequire money. To enabl e the customerswith limited
funds to purchase goods like scooters, refrigerators, televisions, cars, etc., a scheme
known as an instalment scheme (or plan) is introduced by traders.

Sometimes atrader introduces an instalment scheme as a marketing strategy to
alure customersto purchasethese articles. Under theinstal ment scheme, the customer
is not required to make full payment of the article at the time of buying it. She/heis
allowed to pay apart of it at thetime of purchase, and therest can be paid ininstalments,
which could be monthly, quarterly, half-yearly, or even yearly. Of course, the buyer
will haveto pay moreintheinstalment plan, because the seller isgoing to charge some
interest on account of the payment made at a later date (called deferred payment).

Before we take a few examples to understand the instalment scheme, let us
understand the most frequently used terms related to this concept.

The cash price of an article is the amount which a customer has to pay as full
payment of the article at the time it is purchased. Cash down payment is the amount
which a customer has to pay as part payment of the price of an article at the time of
purchase.

Remark : If theinstalment scheme is such that the remaining payment is completely
made within one year of the purchase of the article, then simpleinterest is charged on
the deferred payment.

In the past, charging interest on borrowed money was often considered evil, and,
in particular, was long prohibited. One way people got around the law against
paying interest was to borrow in one currency and repay in another, the interest
being disguised in the exchange rate.

Let us now come to arelated mathematical modelling problem.
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Example 2 : Juhi wants to buy a bicycle. She goes to the market and finds that the
bicycle she likesis available for Rs 1800. Juhi has Rs 600 with her. So, she tells the
shopkeeper that she would not be able to buy it. The shopkeeper, after a bit of
calculation, makesthefollowing offer. Hetells Juhi that she could take the bicycle by
making a payment of Rs 600 cash down and the remaining money could be made in
two monthly instalments of Rs610 each. Juhi hastwo optionsoneisto go for instalment
scheme or to make cash payment by taking loan from abank whichisavailable at the
rate of 10% per annum simple interest. Which option is more economical to her?

Solution :

Step 1 (Understanding the problem) : What Juhi needs to determine is whether
she should take the offer made by the shopkeeper or not. For this, she should know the
two rates of interest—one charged in the instalment scheme and the other charged
by the bank (i.e., 10%).

Step 2 (Mathematical description) : In order to accept or reject the scheme, she
needs to determine the interest that the shopkeeper is charging in comparison to the
bank. Observe that since the entire money shall be paid in less than a year, simple
interest shall be charged.

We know that the cash price of the bicycle = Rs 1800.
Also, the cashdown payment under the instalment scheme = Rs 600.

So, the balance price that needsto be paid in the instalment scheme = Rs (1800 — 600)
= Rs 1200.

Let r % per annum be the rate of interest charged by the shopkeeper.
Amount of each instalment = Rs 610
Amount paid in instalments = Rs 610 + Rs 610 = Rs 1220
Interest paid in instalment scheme = Rs 1220 — Rs 1200 = Rs 20 Q)
Since, Juhi kept a sum of Rs 1200 for one month, therefore,
Principal for the first month = Rs 1200
Principal for the second month = Rs (1200 — 610) = Rs 590

Balance of the second principal Rs590 + interest charged (Rs 20) = monthly instalment
(Rs610) = 2nd instalment

So, the total principal for one month = Rs 1200 + Rs 590 = Rs 1790
1790 xr x 1

i = = — 2
Now, interest = Rs 10012 2
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Step 3 (Solving the problem) : From (1) and (2)

1790><rx1_ 0
100x12

_ 20x1200 13.14
or r= “1790 (approx.)
Sep 4 (Interpreting the solution) : The rate of interest charged in the instalment

scheme = 13.14 %.
The rate of interest charged by the bank = 10%

So, she should prefer to borrow the money from the bank to buy the bicycle whichis
more economical.

Sep 5 (Validating the model) : This stage in this case is not of much importance
here as the numbers are fixed. However, if the formalities for taking loan from the
bank such as cost of stamp paper, etc., which make the effective interest rate more
than what it is the instalment scheme, then she may change her opinion.

Remark : Interest rate modelling is still at its early stages and validation is still a
problem of financial markets. In case, different interest rates areincorporated in fixing
instal ments, validation becomes an important problem.

EXERCISEA2.2

In each of the problems bel ow, show the different stages of mathematical modelling for solving
the problems.

1. Anornithologist wantsto estimate the number of parrotsin alargefield. She usesanet
to catch some, and catches 32 parrots, which she rings and sets free. The following
week she managesto net 40 parrots, of which 8 areringed.

(i) What fraction of her second catchis
ringed?

(i) Find an estimate of thetotal number ;
of parrotsinthefield. p

2. Suppose the adjoining figure represents :
an aerial photograph of aforest with each :
dot representing atree. Your purposeisto :
find the number of trees there are on this
tract of land as part of an environmental
census.
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3. AT.V. can be purchased for Rs 24000 cash or for Rs 8000 cashdown payment and six
monthly instalments of Rs 2800 each. Ali goes to market to buy a T.V., and he has
Rs 8000 with him. He has now two options. One is to buy TV under instalment
scheme or to make cash payment by taking loan from some financial society. The
society charges simpleinterest at the rate of 18% per annum simpleinterest. Which
option is better for Ali?

A2.4 WhyisMathematical M odelling I mportant?

Aswe have seenin the examples, mathematical modelling isaninterdisciplinary subject.
Mathematicians and specialistsin other fields share their knowledge and expertise to
improve existing products, develop better ones, or predict the behaviour of certain
products.

Thereare, of course, many specific reasonsfor theimportance of modelling, but
most are related in some ways to the following :

e To gain understanding. If we have a mathematical model which reflects the
essential behaviour of areal-world system of interest, we can understand that
system better through an analysis of the model. Furthermore, in the process of
building the model we find out which factors are most important in the system,
and how the different aspects of the system are related.

e To predict, or forecast, or simulate. Very often, we wish to know what a real-
world systemwill dointhefuture, but it isexpensive, impractical orimpossibleto
experiment directly with the system. For example, in weather prediction, to study
drug efficacy in humans, finding an optimum design of anuclear reactor, and so
on.

Forecasting is very important in many types of organisations, since
predictions of future events have to be incorporated into the decision-making
process. For example:

In marketing departments, reliable forecasts of demand help in planning of
the sale strategies.

A school board needs to able to forecast the increase in the number of
school going children in various districts so as to decide where and when to
start new schools.

Most often, forecasters use the past datato predict the future. They first analyse
the data in order to identify a pattern that can describe it. Then this data and
pattern is extended into the future in order to prepare a forecast. This basic
strategy isemployed in most forecasting techniques, and isbased on the assumption
that the pattern that has been identified will continue in the future also.
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e To estimate. Often, we need to estimate large values. You' ve seen examples of
thetreesin aforest, fishinalake, etc. For another example, before elections, the
contesting partieswant to predict the probability of their party winning theelections.
In particular, they want to estimate how many peoplein their constituency would
vote for their party. Based on their predictions, they may want to decide on the
campaign strategy. Exit polls have been used widely to predict the number of
seats, a party is expected to get in elections.

EXERCISE A23

1. Based upon the data of the past five years, try and forecast the average percentage of
marksin Mathematicsthat your school would obtain in the Class X board examination
at the end of the year.

A25 Summary
InthisAppendix, you have studied the following points:

1. A mathematical model isamathematical description of areal-life situation. Mathematical
modelling is the process of creating a mathematical model, solving it and using it to
understand thereal-life problem.

2. Thevarious stepsinvolved in modelling are : understanding the problem, formulating
the mathematical model, solving it, interpreting it in the real-life situation, and, most
importantly, validating the model.

3. Developed some mathematical models.
4. Theimportance of mathematical modelling.
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. - S
EXERCISE 1.1
1 () 45 (ii) 19 (i) 51
2. Aninteger can beof theform 6q, 6+ 1, 6q + 2, 6+ 3, 6q + 4 or 6 + 5.
3. 8columns
4. Aninteger can be of theform 3q, 3q + 1 or 3q + 2. Square al of theseintegers.
5. Aninteger canbeof theform9q,9q+1,99+2,9q+3,...,0r9q+8.

EXERCISE 1.2

1. (i) 22x5x7 (i) 22x3x13 (i) Fx52x17
(iv) 5x7x11x13 (V) 17x19x23
2. () LCM=182;HCF=13 (i) LCM =23460; HCF=2 (iii) LCM =3024; HCF=6
3. () LCM=420;HCF=3 (i) LCM =1139;HCF=1  (iii) LCM =1800; HCF=1
4. 2233 7. 36 minutes
EXERCISE 14
1. (i) Terminating (i) Terminating
(ili) Non-terminating repeating (iv) Terminating
(v) Non-terminating repeating (vi) Terminating
(vii) Non-terminating repeating (viii) Terminating
(iX) Terminating () Non-terminating repeating
2. (i) 000416 (i) 2125 (iv) 0.009375

(vi) 0115 (viii) 04 (¥ 07
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0)
(ii)
(i)

@)

@)
(iv)

@)
(iv)

@)
(if)
(ii)

@)

@)
(if)
(ii)

Rational, primefactorsof qwill beeither 2 or 5 or both only.
Not rational
Rational, primefactors of qwill also have afactor other than 2 or 5.

EXERCISE 2.1
No zeroes (i) 1 (i) 3 (iv) 2 (v) 4 (vi) 3

EXERCISE 2.2

11 .. 13
2,4 (if) 2% (iii) 35
2,0 (v) 5, V15 o) 1,3
A2 —x—4 (i) 3x®-3J/2x+1 (i) x2 ++/5
X2—x+1 (v) d2+x+1 (vi) x2=4x+1

EXERCISE 2.3
Quotient =x—3 and remainder = 7x—9
Quotient = x? + x—3 and remainder = 8
Quotient = —x?—2 and remainder =—5x+ 10
Yes (ii) Yes (iii) No 311 4. g(x)=x2—x+1
p(x) = 2x2—2x+ 14, g(x) =2,q(x) =x2=x+ 7,r(x) =0
p(x) =x3+x2+x+1,g(x)=x2—1,q(X) =x+1,r(x) =2x+2
p(X) =x3+ 2% —x+2,9(X) =x-1,gX)=x+2,r(x) =4

There can be several examplesineach of (i), (i) and (iii).

EXERCISE 2.4 (Optional)*

-2 —Tx+14 3. a=1b=++2
-57 5. k=5anda=-5

EXERCISE 3.1

Algebraically the two situations can be represented as follows:

X—7y+42=0; x—3y—-6=0, wherexandy arerespectively the present ages of Aftab and
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1

w N

his daughter. To represent the situations graphically, you can draw the graphs of these
two linear equations.

Algebraically the two situations can be represented as follows:

X+ 2y =1300; x + 3y = 1300, where x and y are respectively the costs (in Rs) of abat and
a ball. To represent the situations graphically, you can draw the graphs of these two
linear equations.

Algebraically the two situations can be represented as follows:

2x+y=160; 4x + 2y = 300, wherex and y are respectively the prices (in Rs per kg) of apples
and grapes. To represent the situations graphically, you can draw the graphs of these
two linear equations.

EXERCISE 3.2
(i) Required pair of linear equationsis
X +y=10; x—y =4, wherex isthe number of girlsandy isthe number of boys.

To solve graphically draw the graphs of these equations on the same axes on graph
paper.
Girls=7,Boys=3.

(i) Required pair of linear equationsis
5x + 7y =50; 7x + 5y = 46, where x and y represent the cost (in Rs) of apencil and of
a pen respectively.
To solve graphically, draw the graphs of these equations on the same axes on graph
paper.
Cost of one pencil = Rs 3, Cost of one pen = Rs5

(i) Intersect at a point (i) Coincident (i) Pardld

(i) Consistent (i) Inconsistent (iii) Consistent

(iv) Consistent (v) Consistent

(i) Consistent (i) Inconsistent (iii) Consistent (iv) Inconsistent

The solution of (i) above, isgiven by y=5—x, where x can take any value, i.e., thereare
infinitely many solutions.

The solution of (iii) aboveisx =2,y =2, i.e., unigue solution.

5. Length=20m and breadth =16 m.
6. One possible answer for the three parts:

() 3x+2y-7=0 (i) 2x+3y—12=0 (i) 4x+6y—16=0
Verticesof thetriangleare (-1, 0), (4, 0) and (2, 3).
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EXERCISE 3.3

1. () x=9 y=5 (i) s=9, t=6 (i) y=3x-3,
where x can take any value, i.e., infinitely many solutions.
(iv) x=2, y=3 (v) x=0, y=0 (Vi) x=2, y=3

2. Xx==2,y=5 m=-1
(i) x—y=26, x=3y,wherexandyaretwo numbers(x>y); x=39,y=13.

(i) x—y=18, x+y=180, wherex andy are the measures of thetwo anglesin degrees,
x=99, y=81L

(iif) 7x+6y=23800, 3x + 5y = 1750, wherex and y are the costs (in Rs) of one bat and one
ball respectively; x =500, y = 50.

(iv) x+10y=105, x+ 15y=155, wherexisthefixed charge(inRs) andyisthecharge(in
Rsper km); x=5, y=10; Rs255.

(v) 11x—9y+4=0, 6x—5y+ 3=0, wherex andy are numerator and denominator of the
fraction; g (x=7,y=9).

(Vi) x=3y—10=0,x—7y+30=0, wherexandy arethe agesin years of Jacob and his
son; x =40,y = 10.

EXERCISE 3.4

10 X=1—. y:§ (i) x=2, y=1 (iii) xzi,y: 3
5 5 13 13
(iv) x=2, y=-3
2. () x-y+2=0,2x-y—-1=0,wherexandy arethe numerator and denominator of the
) 3
fraction; 5

(i) x—3y+10=0, x—2y—10=0,wherexandy aretheages(inyears) of Nuri and Sonu
respectively. Age of Nuri (x) = 50, Age of Sonu (y) = 20.

(i) x+y=9, 8—-y=0,wherexandy arerespectively the tens and units digits of the
number; 18.

(iv) x+2y=40, x+y=25 wherexandy arerespectively the number of Rs50 and Rs 100
notes; x=10, y = 15.

(v) x+4y=27, x+2y=21 wherexisthefixed charge (in Rs) andy isthe additional
charge (inRs) per day; x=15, y=3.
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(i)

(if)

(i)
(iv)

v)

(iv)

(vii)

(if)

(i)

EXERCISE 3.5
No solution (i) Uniguesolution; x=2, y=1
Infinitely many solutions  (iv) Uniquesolution; x=4, y=-1
a=50b=1 (i) k=2 3. x=-2, y=5

X + 20y = 1000, x + 26y = 1180, where x is the fixed charges (in Rs) and y is the
charges (in Rs) for food per day; x =400, y=30.

3x—y—-3=0, 4x—y—-8=0, wherexandy arethe numerator and denominator of the

fraction; —-
12

3x—y =40, 2x-y =25, wherex and y are the number of right answers and wrong
answers respectively; 20.

u—v=20, u+v=100, whereuandyv arethe speeds (in km/h) of thetwo cars; u =60,
v=40.

3x—5y—6=0, 2x+3y—61=0, wherexandy arerespectively thelength and breadth
(inunits) of therectangle; length (x) = 17, breadth (y) =9.

EXERCISE 3.6

1 1 . 1
X==,y=2= i) x=4, y=9 ) x==y=-2
> Y=3 (i) y (iif) ey
x=4, y=5 v) x=1,y=1 (Vi) x=1, y=2

x=3, y=2 (viii) x=1, y=1

u+v=10,u—v=2, whereuandv arerespectively speeds (in km/h) of rowing and
current; u=6,v=4.

2 + > = 1 3 + 8 = E where n and marethe number of daystaken by 1 woman
n m 4n m 3

and 1 man to finish the embroidery work; n=18, m= 36.

60 + 240 =4, 100 + 200 = % where u and v are respectively the speeds
u v u v

(inkm/h) of thetrain and bus; u=60, v=280.

EXERCISE 3.7 (Optional)*

1. Ageof Aniis19yearsand age of Bijuis16 yearsor age of Ani 21 years and age of Biju
24 years.

2. Rs40, Rs 170. Let the money with the first person (in Rs) be x and the money with the
second person (in Rs) bey.

x+100=2(y—100), y + 10= 6 (x—10)
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3. 600km 4. 3B 5. LA=20°, £B=40°, £C=120°
6. Coordinatesof the verticesof thetriangleare (1, 0), (0,-3), (0, -5).

c(a—b)—b' _c(a-b)+a

7. () x=1, y=-1 (i) x= 21 ST 22
(i) x=a, y=b (iv) x=a+h, y= - 2ab (v) x=2, y=1
a+b
8. LA=120°, «B=70°, £C=60°, £D=110°
EXERCISEA4.1
1 () VYes (i) Yes (i) No (iv) Yes
(V) Yes (vi) No (vii) No (viii) Yes

2. () 2x*+x-528=0, wherexisbreadth (in metres) of the plot.
(i) x2+x—306=0, wherexisthesmaller integer.
(i) x2+32x—273=0, where x (inyears) isthe present age of Rohan.
(iv) u?—8u-1280=0, whereu (inkm/h) isthe speed of thetrain.

EXERCISE 4.2

) . 3 5
1. () -25 (ii) —2,5 (iii) _E’_\E
© 33 %%
@ 9,36 (i) 25,30
3. Numbersare13and 14. 4. Positiveintegersare 13 and 14.
5. 5cmand12cm 6. Number of articles= 6, Cost of each article=Rs 15

EXERCISE 4.3

~1-4/33 -1+ 3 B
4

L () %.3 (i) , (i) >, -

(iv) Do not exist

2. Sameasl 3. ()

3_2*@- 3+ V13 (i) 1,2 4. 7years

2
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5. Marksin mathematics =12, marksin English=18;
or, Marksin mathematics= 13, marksin English=17
6. 120m,90m 7. 18,12 or 18,-12
8. 40km/h 9. 15hours, 25 hours
10. Speed of the passenger train = 33 km/h, speed of expresstrain =44 km/h
1. 18m,12m
EXERCISE 44
+
1. (i) Real rootsdonotexist (i) Equal roots, ii (i) Distinct roots; 3+43
NEWNE 2
2. () k=26 (i) k=6
3. Yes 40m,20m 4. No 5. Yes.20m,20m
EXERCISE 5.1
1. (i) Yes 15,23,31,...formsanAPaseach succeeding termisobtained by adding 8in
its preceding term.
) 3V (3v)
(i) No.VqumesareV,T- ) (i) Yes. 150,200, 250, ...formanAP.
iv) No.A t 10000 1+i 10000 1+i i 10000 1+i i
(iv) No.Amountsare 100 100 100
2. (i) 10,20,30,40 (i) —2,—-2,-2,-2 (i) 4,1,-2,-5
iv) -1, _%, oé (v) —1.25,—1.50,—1.75,~2.0
3. () a=3,d=-2 (i) a=-5, d=4
1 4 )
i) a==d=—= iv) a=0.6, d=1.1
(i) a=21d=2 )
1,9
4. () N i) Yes d==;4,—:5
(i) No (i) Yes. > >
(i) Yes.d=-2;-9.2,-11.2,-13.2 (iv) Yes.d=4; 6,10,14

(V) Yes.d=.2;3+4J2,3+5/2,3+6J2 (vi) No

(vii) Yes.d=-4; —16,-20,—-24 (viii) Yes. d =0; —%. —%. —%
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(i¥) No (®) Yes.d=a; 5a,6a, 7a
(d) No (i) Yes.d=+/2: 50, /72, /98
(xiii) No (xiv) No (xv) Yes.d=24;97,121, 145

EXERCISE 5.2
1 () a=28  (i)yd=2  (ii)a=46  (v) n=10  (v) 8 =35
2. () C (i) B

3 () i) [18,[8] (i) 63,18

iv) =2 . [0].[2],[4] ) [53], [23 ,[8], |7
4. 16thterm 5 () 34 (i) 27
6. No 7. 178 8 &
9. Sthterm 10. 1 11. 65thterm
12. 100 13. 128 14. &0
15. 13 16. 4,10,16,22,...
17. 20thtermfromthelast termis158.
18. —-13,-8,-3 19. 1llthyear 20. 10

EXERCISE 5.3

1 () 245 (i) <180 (i) 5505  (iv) %

2. () 1046% (i) 286 (i) —8930

3. () n=16,5 =440 (i) d= g s, =273 (i) a=4, S, =246
(v) d=-1,a,=8 V) a= _3_35. a, :8_35 (Vi) n=5, a =34
(i) n=6, d:5—54 (viiy n=7, a=-8 ¥ d=6

® a=4
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n
4. 12.Byputtinga=9,d=8, S=636intheformulaS= E[Za + (n-1)d], wegetaquadratic
. . 53
equation 4n?+5n-636=0. On solving, weget n= 2 12, Out of thesetwo rootsonly
oneroot 12 isadmissible.
8
5. n=16, dzé 6. n=38, S=6973 7. Sum=1661
8. §,=5610 9. n? 10. (i) S,=525 (ii) S =—465
1. 5=3S5,=4 a,=5,-S =1, §,=3, a,=5,-S5,=-1,
a,=S,-5,=-15, a =S -S, _,=5-2n.
12. 4920 13. 90 14. 65 15. Rs 27750
16. Valuesof theprizes(in Rs) are 160, 140, 120, 100, 80, 60, 40.
17. 24 18. 143cm
19. 16rows, 5logsareplacedinthetop row. By putting S=200, a= 20, d=-1intheformula
n
S= E[Za +(n-1d], weget, 41n—n? =400. On solving, n = 16, 25. Therefore, the
number of rowsiseither 16 or 25.a,=a+24d=-4
i.e., number of logsin 25th row is—4 which isnot possible. Therefore n = 25 is not
possible. For n=16, a,, = 5. Therefore, there are 16 rows and 5 logs placed in the top
row.
20. 370m
EXERCISE 5.4 (Optional)*
1. 32ndterm 2. 5,=20,76 3. 350cm
4. 5 5. 750m?
EXERCISE 6.1
1. () Smiler (i) Similer (i) Equilateral
(iv) Equal, Proportional 3. No
EXERCISE 6.2
@) 2cm (i) 24cm
i) No (i) Yes (iiii) Yes

9. Through O, draw aline parallel to DC, intersecting AD and BC at E and F respectively.
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EXERCISE 6.3
1. () Yes. AAA,AABC~APQR (i) Yes.SSS,AABC~AQRP
(i) No (iv) Yes.SAS,AMNL~AQPR
(v) No (vi) Yes. AA,ADEF~APQR
2. 55°,55° 55°
14. Produce AD to a point E such that AD = DE and produce PM to a point N such that
PM =MN. Join EC and NR.
15. 42m
EXERCISE 6.4
1. 112cm 2. 4:1 5 1:4 8. C 9.D
EXERCISE 6.5
1. (i) Yes 25cm (i) No (iii) No (iv) Yes 13cm
6. a3 9. 6m 10. 6J7 m 11. 300:/61km
12. 13m 17. C

EXERCISE 6.6 (Optional)*

1. ThroughR, draw aline parallel to SPto intersect QP produced at T. Show PT = PR.
6. Useresult (iii) of Q.5 of thisExercise. 7. 3m, 279m

EXERCISE 7.1

1. () 242 (i) 442 (i) 2,/a? +b?
2. 39; 39km 3. No 4. Yes 5. Champaiscorrect.
6. (i) Square (i) Noquadrilateral (iii) Perallelogram
7. (=7,0) 8 -93 9. +4,QR=+/41, PR =+/82,9/2
10. 3x+y-5=0
EXERCISE 7.2

1 13 2. (2, —§) ; [0, —Zj

3 3
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3. /61m: 5thlineat adistanceof 22.5m 4. 2:7
3
5. 1:1;(—5-0) 6. x=6, y=3 7. (3,-10)
2 20 7 13 .
8 | = -= 9. |-1,—-1:(0,5,]|1, = 10. 24 sg. units
(7 7) (Lz)()[zj >

EXERCISE 7.3

=

21
0) Esq' units (i) 32 sg. units 2. (i) k=4 (i) k=3
3. 1sg.unit; 1:4 4. 28 sg. units

EXERCISE 7.4 (Optional)*

1 2:9 2. Xx+3y-7=0 3. (3-2 4. (1,0),(1,4)
(i) (4,6),(3,2),(6,5); taking AD and AB ascoordinate axes

9
(i) (12, 2), (13, 6), (10, 3); taking CB and CD as coordinate axes. 5 SO. units,

9
E SO. units; areas are the same in both the cases.

15 .
6. —sg. units; 1:16
32Sq

: 7 9 . 11 11
7. () D|—»— i) Pl —» —
0 (2 2) 0 (3 3j
11 11 11 11 . .
il P P =4 [ p— iv) P,.Q, R arethe same point.
()Q(33j [33j()Q p
v) [Xl+ 2t X ATV ¥ Y3J 8. Rhombus
3 3
EXERCISE 8.1
1 (i) sinA :l-cosA -2 (i) sinCzﬁ-cosC:l
25 25 25 25
2.0 3. CosA =ﬂvt6\nA=i 4. sinA:E.secA =y
4 J7 17 8
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5. sin® =£. cos6 = E tan© :E. coto :E- CosecH = 13
13 13 12 5 5
7. 29 iy 22 8. Y
() o4 (i) o4 . Yes
. 12 5 12
R ii . sSinP=—,cosP=—: tanP=—
9. () 1 (i) O 10 13 13 5
. () Fase (i) True (iii) False (iv) Fase (v) False
EXERCISE 8.2
. } - 32-6 43— 2443 67
1. @)1 (i) 2 (iii) 8 (iv) —1n (v) -
2 @0 A (i) D (i) A (iv) C 3. LA=45°, «B=15°
4. (i) Fase (i) True (iii) False (iv) Fase (V) True
EXERCISE 8.3
M 1 (i) 1 (i) O (iv) O
3. LA=36F° 5. LA=22° 7. cos23°+sin15°
EXERCISE 84
’ 2
1. SinA:;,tanA: 1 y SEC :ﬂ
M+ cot2 A COtA COtA
’ 2
2. sinA:ﬂ:cosA:i-tanA: sec’A -1
SecA SecA
CotA = ;l COSecA = SeC—A
Jse?A -1 sec’A -1
3 01 (i) 1 4. () B (i) C (i) D (iv) D
EXERCISE 9.1
1. 10m 2. 8/3m 3. 3m 23m 4. 10/3m
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5.

13.

40y3m 6. 19J3m 7 20(@ —1)m 8. 0.8(\/5 +1)m

16§m 10. 20¢3m, 20m, 60m 11. 10/3m, 10m 12. 7(\6 + 1)m
204

50\/§m 14. ?\/ém 15. 3 seconds

EXERCISE 10.1

1. Infinitely many

2. (i) One (ii) Secant (iii) Two (iv) Pointof contact 3. D
EXERCISE 10.2

1. A 2.B 3. A 6. 3cm

7. 8cm 12. AB=15cm,AC=13cm
EXERCISE 12.1

1. 28cm 2. 10cm

3. Gold: 346.5cn?; Red: 1039.5cm?; Blue: 1732.5 cm?; Black : 2425.5 crr?; White: 3118.5 cm?.

4. 4375 5 A

10.

13.

EXERCISE 12.2

154
132 e 2 ey 3. —om’
8 3
(i) 285cm? (i) 2355cm?
. y 44143,
(i) 22cm (i) 231cm? (i) | 231 - 2 cm
20.4375cm?; 686.0625 cm? 7. 88.44cm?
. y _ .35,
(i) 19.625m? (i) 58.875cm? 9. (i) 285mm (i) 2 mm
22275
——— om’ 1. B8 e 12. 189.97krr?
28 126
Rs162.68 14. D
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EXERCISE 12.3

1 @cmz 2. ﬁcmz 3. 42cm?
28 3
22528
4. (@ + 36\/§j cm? 5. g cm? 6. [T - 768\@) om?
7. 42cn? 8. (i) @ m (i) 43207
9. 66.5C? 10. 1620.5cm? 11. 3780
12. () %cmz (i) %cmz 13. 22807
256
14. 3%8 om? 15. 98cm? 16. —- cm?
EXERCISE 13.1
1. 160cm? 2. 5720m? 3. 21450m?
4. Greatest diameter = 7 cm,surface area= 332.5 cn?
5, %F (n + 24) 6. 220Nn? 7. 44n?, Rs22000
8. 18cm? 9. 3740
EXERCISE 13.2
1. tcmd

2. 66 cm?®. Volumeof theair insidethe model = Volume of air inside (cone + cylinder + cone)

= (%nrzhﬁ nreh, + ?1% nrzhlj. wherer istheradius of the cone and the cylinder, h, is

the height (length) of the cone and h, is the height (Iength) of the cylinder.

1
Required Volume= gﬂrz(hl+3hz +h).

3. 338cm? 4. 52353cm? 5. 100 6. 892.26kg
7. 1.131m®(approx.) 8. Not correct. Correct answer is346.51 cm®,
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EXERCISE 13.3

1. 274cm 2. 12cm 3. 25m
4. 1125m 5 15 6. 400
36cm; 1213cm 8. 562500m? or 56.25 hectares. 9. 100 minutes
EXERCISE 134
2 3 2 2
1 1025 cm 2. 48cm? 3. 7107 cm
4. Cost of milk isRs209 and cost of metal sheet isRs 156.75. 5. 7964.4m
EXERCISE 13.5 (Optional)*
1. 125.6m;111.533kg 2. 30.24cm? 52.75 cm?
4. -
3. 17192 4. 7827 cm
EXERCISE 14.1
1. 8.1 plants. We have used direct method because numerical values of x and f are small.
2. Rs145.20 3. f=20 4. 759
5. 57.19 6. Rs211 7. 0.099 ppm
8. 12.38days 9. 69.43%
EXERCISE 14.2
1. Mode = 36.8 years, Mean = 35.37 years. Maximum number of patients admitted in the

hospital are of the age 36.8 years (approx.), while on an average the age of a patient
admitted to the hospital is35.37 years.

2. 65.625hours
3. Moda monthly expenditure = Rs 1847.83, Mean monthly expenditure = Rs 2662.5.
4. Mode:30.6, Mean=29.2. Most states/U.T. have astudent teacher ratio of 30.6 and on

an average, thisratiois 29.2.
Mode=4608.7 runs 6. Mode=44.7 cars

EXERCISE 14.3

Median = 137 units, Mean =137.05 units, Mode = 135.76 units.
The three measures are approximately the same in this case.
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Median=8.05, Mean=8.32, Moda size=7.88
Median weight = 56.67 kg

N o DN

EXERCISE 14.4

1
Daily income(in Rs) Cumulative
frequency
Lessthan 120 12
Lessthan 140 %
Lessthan 160 A
Lessthan 180 40
Lessthan 200 50

x=8,y=7 3. Medianage=35.76 years
Median length=146.75mm 5. Medianlife=3406.98 hours

Draw ogive by plotting the points :
(120, 12), (240, 26), (160, 34),
(180, 40) and (200, 50)

2. Draw theogive by plotting the points: (38, 0), (40, 3), (42, 5), (44, 9), (46, 14), (48, 28),

(50, 32) and (52, 35). Here g =17.5. Locatethe point on the ogivewhose ordinateis 17.5.

The x-coordinate of this point will be the median.

Production yield
(kg/ha)

Cumulative
frequency

Morethan or equal to 50
Morethan or equal to 55
Morethan or equal to 60
Morethan or equal to 65
Morethan or equal to 70
Morethan or equal to 75

Bed88E

Now, draw the ogive by plotting the points: (50, 100), (55, 98), (60, 90), (65, 78), (70, 54)

and (75, 16).
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=

EXERCISE 15.1
M 1 (i) 0, impossibleevent (i) 1, sureor certain event
(iv) 1 (v) 0,1

2. Theexperiments (iii) and (iv) have equally likely outcomes.
3. When wetoss a coin, the outcomes head and tail are equally likely. So, the result of an

13.

14.

15.

17.

19.

22.

individual coin tossiscompletely unpredictable.

B 5. 095 6. (1) 0 @i 1
.3 .. 5
0.008 8. (i) 3 (i) 3
. 5 .. 8 .13 .5 17
(@) 17 (i) 17 (iii) 17 10. (i) 9 (i) 18
5 1 _
13 12. (i) s (i) —= @iy = (iv) 1
o1 1 o1
05 @5 ()3
1 3 3 1 1 1
)55 Mg )y  Wgm W M)
1 11
0 5 ma@, OO 16. 75
) .. 15 .9 o1 o1
0) 5 (i) 10 18. (i) 10 (i) 10 (iii) 5
. 1 T 31 5
i = (i) s 20. 22 21. (i) 6 (i) %
0]
Sumon 2 3 4 5 6 7 8 9 | 10| 11| 12
2dice
e L] 2| S [ 45} 6] 5| 413} 21
Probability | 35 | 35 | 36| 36 | 36 | 36| 36 | 36 | 36 | 36 | 36

(i) No. Theeleven sumsare not equally likely.
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3
23. Z; Possible outcomesare: HHH, TTT, HHT, HTH, HTT, THH, THT, TTH. Here, THH

meanstail in thefirst toss, head on the second toss and head on the third toss and so on.

11
2. () % (i) 55

25. (i) Incorrect. We can classify the outcomes like this but they are not then ‘equally
likely’. Reasonisthat ‘one of each’ can result in two ways — from a head on first
coin and tail on the second coin or from atail on the first coin and head on the
second coin. Thismakesit twicely aslikely astwo heads (or two tails).

(i) Correct. The two outcomes considered in the question are equally likely.

EXERCISE 15.2 (Optional)*

) .. 8
L0 é (i) = (iii) 151
2 1 2 2 3 3 6

1 2 3 3 4 4 7
2 3 4 4 5 5 8
2 3 4 4 5 5 8
3 4 5 5 6 6 9
3 4 5 5 6 6 9
6 7 8 8 9 9 12

L1 1 .. 5

05 @y )

3 1 4 > x=3 5. 8
12

EXERCISE Al1.1
1. (i) Ambiguous (i) True (iii) True (iv) Ambiguous
(v) Ambiguous
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w N

o~ W P

~

(i) True (i) True (i) False (iv) True (V) True

. Only (ii) istrue.

() Ifa>0anda?>b? thena>h.

(i) Ifxy>0andx?=y? thenx=y.

@iii) If (x+y)?=x2+y*andy =0, thenx=0.

(iv) Thediagonalsof aparallelogram bisect each other.

EXERCISE A1.2
Aismortal 2. abisrationa
Decimal expansionof /17 isnon-terminating non-recurring.
y=7 5. ZA=100°,£C=100° £« D=180°
PQRSisarectangle.

Yes, because of the premise. No, because /3721 = 61 whichisnot irrational. Since the
premise was wrong, the conclusion isfalse.

EXERCISE Al1.3

Take two consecutive odd humbers as 2n + 1 and 2n + 3 for some integer n.

EXERCISE Al4

(i) Manisnot mortal.
(i) Linelisnot parallel tolinem.
(iii) The chapter does not have many exercises.
(iv) Notall integersarerational numbers.
(v) All prime numbersare not odd.
(vi) Some studentsarelazy.
(vii) All catsareblack.

(viii) Thereisat least onereal number x, such that \/x =—1.

(iX) 2 does not divide the positive integer a.
(¥ Integersaand b are not coprime.
(i) Yes (i) No (ili) No (iv) No (V) Yes



364

MATHEMATICS

1

@)
(if)
(ii)
(iv)
v)

@)
(if)
(ii)
(iv)
v)
(vi)

(vii)

EXERCISE Al15

If Sharan sweatsalot, then it is hot in Tokyo.

If Shalini’s stomach grumbles, then sheis hungry.

If Jaswant can get a degree, then she has a scholarship.

If aplantisalive, then it has flowers.

If an animal hasatail, thenitisacat.

If the base angles of triangle ABC are equal, then it isisosceles. True.
If the square of an integer isodd, then the integer isodd. True.
Ifx=1, thenx®*=1. True.

If AC and BD bisect each other, then ABCD isaparallelogram. True.
Ifa+(b+c)=(a+b)+c,thena, bandcarewhole numbers. False.
If x +yisan even number, then x and y are odd. False.

If aparallelogramisarectangle, itsverticeslieon acircle. True.

EXERCISE Al.6

1. Suppose to the contrary b < d.
3. SeeExample 10 of Chapter 1.
6. SeeTheorem 5.1 of Class| X Mathematics Textbook.

EXERCISE A2.2

1 .
(@) 5 (i) 160

Take 1 cn?? area and count the number of dots in it. Total number of trees will be the
product of this number and the area (in cm?).

Rate of interest in instalment schemeis 17.74 %, whichislessthan 18 %.

EXERCISE A2.3

Students find their own answers.
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