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Chapter 2

Sections 2-1 to 2-4: Transmission-Line Model

Problem 2.1 A transmission line of length I connects a load to a sinuscidal voltage
source with an oscillation frequency f. Assuming the velocity of wave propagation
on the line is ¢, for which of the following situations is it reasonable to ignore the
presence of the transmission line in the solution of the circuit:

(@) [ =20cm, f =10kHz,

(b) [ =50km, f=60Hz,

() I =20cm, f=300MHz,

(d) I=1mm, f=100GHz

Solution: A transmission line is negligible when /A < 0.01.
| _If (20x1072m)x (10x 10° Hz)

@ 7= YT = 6.67 x 107 (negligible).
®) % = % = (0 103;:3;;5?;: 10° He) = 0.01 (borderiine).

(3] % = % = Lol 10_231:1();;55 3;'2 I He) = 0.20 (nonnegligible).
@) % = % = feor’ ;ﬂ }2 ;(0(81:;?; 30 ) = 0.33 (nonnegligible).

Problem 2.2 Calcnlate the line parameters R, L', G', and C' for a coaxial line with
an inner conductor diameter of 0.5 cm and an outer conductor diameter of 1 cm,
filled with an insulating material where g = i, & = 2.25, and o = 107> S/m. The
conductors are made of copper with g = yp and G, = 3.8 X 107 Sfm. The operating
frequency is 1 GHz.

Solufion: Given

a=(0.5/2)cm=0.25%10"*m,
b=(1.0/2)cm=0.50x10"2m,

combining Egs. (2.5) and (2.6) gives

1 (mfpe (1 1
R=— iy
2nY o (a & b)

1 \/ﬁ(logl-lz)(tmxlo"’ Hfm)( 1 1 )

= 5.8x 107 S/m 025%x102m " 050x102m
= (0.788 {/m.




CHAPTER 2 19
From Eg. (2.7),

r'=ELmn

w7
=L (b) e
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From Eg. (2.8),

2n6  2mx 1073 S/m

G = n(b/a) — = 9.1 mS/m.

From Eqg. (2.9),

_2me _ 2me& _ 2mX2.25x%(8.854 x 10712 F/m)
" In(b/a)  Wn(bja) In2

e = 181 pF/m.

Problem 2.3 A 1-GHz parallel-plate transmission line consists of 1.5-cm-wide
copper strips separated by a 0.2-cm-thick layer of polystyrene, Appendix B gives
fe = o = 47 x 1077 (H/m) and 6. = 5.8 x 107 (S/m) for copper, and & = 2.6 for
polystyrene. Use Table 2-1 to determine the line parameters of the transmission line.
Assume g = g and © >~ 0 for polystyrene.

Solution:
2R, 2 5 7x 109 x 4m x 10-7\ /2
R ==LV = 155757 ( 5.8 x 107 ) =50 &,
4nx 1077 x2x 1073
L" = ’LE = = .} =7
- T 1.67x 10 (H/m),
& =0 because ¢ = 0,
. Ew w  107° 1.5% 102 _§6
C——d""-—EOEfE- 36n Xz.GXW—l.F)’zXIO (F/m).

Problem 2.4 Show that the transmission line model shown in Fig. 2-37 (P2.4)
yields the same telegrapher’s equations given by Egs. (2.14) and (2.16).

Solution: The voltage at the ceniral upper node is the same whether it is calculated
from the left port or the right port:

Y2+ 3Az,1) = v(z,1) - FR'Az i(z,1) - %L’&g—t"(zvﬂ

= v(z+Az,1) + SR Az i(z+ Az,7) + %L’Az%i(z%ﬁz,t).
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Figure P2.4: Transmission line model.

Recognizing that the current through the G' || C’ branch is i(z,2) — i(z+ Az,7) (from
Kirchhoff’s current law), we can conclude that

2
i(z,2) — i(z+Az,t) = G'Az v(z+ 3Az,1) +C'Az§v(z +14z,1).

From both of these equations, the proof is completed by following the steps outlined
in the text, ie. rearranging terms, dividing by Az, and taking the limit as Az — 0.

Problem 2.5 Find &, B, up, and Zg for the coaxial line of Problem 2.2.
Solutiom: From Eg. (2.22),

y= VR + joL')(G + joC')
= .\/ (0.788 /m) + j(2m x 10° s~1)(139 x 10-9 H/m)

x /(9.1 x 103 S/m) + j(27 x 10° s=1)(181 x 10~12 F/m)
=(140x 1073 4+ j31.5) m™.

Thus, from Egs. (2.25a) and (2.25b), a = 0.140 Np/m and B = 31.5 rad/m.
From Eq. (2.29),

_ [R+jel (0.788 Q/m) + j(27 x 10° s~1)(139 x 10~° H/m)
A G+ joC’ ~ { (9.1x10-3S/m)+ j(2m x 109 s~1)(181 x 10~12 F/m) .
= (27.7+ j0.098) Q.

From Eq. (2.33),

® 2nx10°
u,ngz i :ZXIOSmfs.

31.3
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tion 2-5: The Lossless Line
Problem 2.6 In addition to not dissipating power, a lossless line has two important
e es: (1) it is dispertionless (up is independent of frequency) and (2) its
-haracteristic impedance Z; is purely real. Sometimes, it is not possible to design
transmission line such that R < ol and G’ < ©C', but it is possible to choose the
ensions of the line and its material properties so as to satisfy the condition

RC'=L'G" (distortionless line).

2 line is called a distortionless line because despite the fact that it is not lossless,
does nonetheless possess the previously meniioned features of the loss line. Show

t for a distortioniess line,
L.l'

C.I'
O::R'\/E;=\/R'G', p=oVICT, Z=iz-

olution: Using the distortionless condition in Eq. (2.22) gives

y=a+jB= V(R + joL')(G + jeC’)
- VLT (E‘; : (9’_ :
L L’+Jm C’+]m
R R
N T L S T g s
Vv C\/(L,-‘r](t)) (L'+Jm)
Yol R : c .
=LC (E-i-j(:])::ﬁ" ?+](m/L’C'.

¢’ PP ®
D‘te*{):R’ = =3 = e, === .
( ge P R /e

- Similarly, using the distortionless condition in Eq. (2.29) gives

Zo= I R/L+jo  [U
c\G/C+jo VC

Problem 2.7 For a distortionless line with Zg = 50 Q, o = 40 (mNp/m),

#p = 2.5 x 108 (m/s), find the line parameters and A at 250 MHz.
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Solution: The product of the expressions for o and Z; given in Problem 2.6 gives
R=0Zy=40%x103%x50=2 ({¥m),
and taking the ratio of the expression for Z; to that for up, = /B = 1//L'C’ gives

Z
Lj = ;_‘0_ — 5'-55)(—0'10—8 =i 10_7 (H/m) =200 (anm).
P 4

With L' known, we use the expression for Z; to find C":

i I 2R ™

The distortionless condition given in Problem 2.6 is then used io find G'.

, RC' 2x801x10712 A
G = e gene—oaa (S/m) = 800 (uS/m),

and the wavelength is obtained by applying the relation

Hp _ 2.5x10°

= T 0x106 ™

Problem 2.8 Find o and Z; of a distortionless line whose R’ = 4 Q/m and
G' =4x10™* S/m.

Solution: From the equations given in Problem 2.6,

[4 X 4 X 10‘“]“1 =4x1072 (Np/m),
L; l,l'z
Z=y\am=\g ( =y ) =100 Q.

Problem 2.2 A transmission line operating at 125 MHz has Zy =402, a=0.02
(Np/m), and B = 0.75 rad/m. Find the line parameters R, L', G',and C’.

Solution: Given an arbitrary transmission line, f = 125MHz, Zp = 40 Q,
a = 0.02Np/m, and B = 0.75rad/m. Since Zp is real and o # 0, the line is
distortionless. From Problem 2.6, B = wvL'C’ and Zy = /L' /C’, therefore,

;o B% _ _075x40

— =382 nH/m.
®  2mx125x 106 SZnkim
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Then, from Zp = /L' /C’,

_ L' _382nH/m

T

= 23.9 pF/m.
From o= +VR'G and R'C' =L'G,

! !
Ko VR'GH}% = VRG4/ % = 0Zy = 0.02 Np/m x 40 Q = 0.8 Q/m

and

o? _ (0.02Np/m)

GC=x 0.8 O/m

= 0.5 mS/m.

Problem 2.10 Using a slotted line, the voltage on 2 lossless transmission line was
found to have a maximum magnitude of 1.5 V and a minimum magnitude of 0.8 V.
Find the magnitude of the load’s reflection coefficient.

Solution: From the definition of the Standing Wave Ratio given by Eq. (2.59),

t

E

o7

= =19
Vi 0

1.5
8

Solving for the magnitude of the reflection coefficient in terms of S, as in
Example 2-4,

Problem 2.11 Polyethylene with & = 2.25 is used as the insulating material in a
lossless coaxial line with characteristic impedance of 50 Q. The radius of the inner
conductor is I mm.

(a) What is the radius of the outer conductor?

(b) What is the phase velocity of the line?

Solution: Given a lossless coaxial line, Zp =50 2, & =2.3, a= 1 mm:
(a) From Table 2-2, Zy = (60/+/E) In(b/a) which can be rearranged to give

b= adVE/% = (1 mm)esom‘!ﬁo = 3.5 mm.
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(b) Also from Table 2-2,

c 3 % 10% m/s

wy = e 2T O a8 105 s,
P VE w23

Problem 2.12 A 50-Q lossless transmission line is terminated in a load with
impedance 7, = (30— j60) 2. The wavelength is 5 cm. Find:

(a) the refiection coefficient at the load,

(b) the standing-wave ratio on the line,

{¢) the position of the voltage maximum nearest the load,

(d) the position of the current maximum nearest the load.

Solwiiom:
{2) From Eqg. (2.4%2),

_ZL-Z _ (30— j60)—50
Zi+Z (30— j60)+50

(b) From Eq. (2.59),

T

— 0.632¢7 716

14T 140632

S= - =
TwiT]  1-D0i632

4.44.

(¢) From Eq. (2.56)

A nh =71.6°xScmnrad nx5cm
lmax:4_ —_—=

Tt 2 47 180° 2
= —-0.50 cm+2.50 cm = 2.00 cm.

(&) A current maximum OCCUrs 2t a voltage minimum, and from Eq. (2.58),

Lin = lmax— A /4 =2.00cm —5 cm/4 = 0.75 cm.

Problem 2.13 On a 150-Q lossless transmission line, the following observations
were noted: distance of first voltage minimum from the load = 3 cm; distance of first
voltage maximum from the load =9 cm; S=3. Find ;.

Solution: Distance between a minimum and an adjacent maximum = A/4. Hence,

9cm—3cm==6cm=A/4,
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or A = 24 cm. Accordingly, the first voltage mimimum is at £min = 3cm = %.
Application of Eq. (2.57) with n = 0 gives

2 A

GT—ZXTxgs—n,
which gives 8; = —7/2.
S—-1 3-1 2
IN==——=—ouwu=—-=0.5.
Ir] S+1 341 4 05

Hence, I’ = 0.5¢77%/2 = —j0.5.
Finally,
1+ 1-j0.5

ZL =2y [T_—f} = 150 [m] =(90—j120) Q.

Problem 2.14 Using 2 slotted line, the following results were obtained: distance of
first minimum from the load = 4 cm; distance of second minimum from the load =
14 cm, voltage standing-wave ratio = 2.5. If the line is lossless and Zp = 50 L, find
the load impedance.

Solution: Following Example 2.5: Given a lossless line with Zg = 50 Q, §=25,
lmin(o) = 4 €M, Imip(1) = 14 cm. Then

A
Lmin(1) = min(0) = 3
or
A=2X Urmn(l] = Imin[D]) =20 cm

and

2n  2mrad/cycle
B= P 20 cm/cycle Homzadi.

From this we obtain

B8r = 2Blmin(z) — (2n+ )mrad =2 X 10x rad/m x 0.04 m — 1 rad
= —0.2n rad = —36.0°.

Also,
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14T 1 +0.429¢—736:0°
=z {2 )=50 - | =(83.3-j51.4)Q.
=5 (1“ 1") (1 — 0.429¢—136.0 ( J314)

Problem 2.15 A load with impedance Z; = (25 ~ j50) Q is to be connected to a
lossless transmission line with characteristic impedance Zy, with Z; chosen such that
the standing-wave ratio is the smallest possible. What should Zy be?

Solution: Since S is monotonic with [T (i.e., a plot of S vs. |T'] is always increasing),
the value of Zy which gives the minimum possible S also gives the minimum possible
|T], and, for that matter, the minimum possible |1"|2 A necessary condition for a
minimum is that its derivative be equal to zero:

l = 3 IR+ jiXL—Zo)

Zo Ry + jXi+Zof
_ 9 (R-Z)+X! _ 4RUZ— (R2+X2))
T 0% (RL+Z0)'+X2 (Ru+Zo) +X2)
Therefore, Z2 = R} + X or

= |Zul = /(252 +(=50)*) = 55.9Q.

A mathematically precise solution will also demonstrate that this point is a
minimum (by calculating the second derivative, for example). Since the endpoints
of the range may be local minima or maxima without the derivative being zero there,
the endpoints (namely Zy = 0 2 and Zy = = Q) should be checked also.

Problem 2.16 A 50-Q lossless line terminated in 2 purely resistive load has a
voltage standing wave ratio of 4. Find all possible values of Z; .

Solution: B Aot
=51~ a51 %%
For a purely resistive load, 8, = 0 or . For 8, =0,
1477 14+0.6
= 20[1—1"_ 50[1—0.6] ¢
For8.=1, I = —0.6 and
(1 —-0.6
= =1258Q
4 50»1+O-6] :
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Section 2-6: Input Impedance
Problem 2.17 At an operating frequency of 300 MEHz, a lossless 50-€ air-spaced
transmission line 2.5 m in length is terminated with an impedance 7y = (60+ j20) .
Find the input impedance.
Solution: Given a lossless transmission line, Zg = 50 Q, f =300 MHz, [=2.5m,
and Z;, = (60+ j20) Q. Since the line is air filled, up = ¢ and therefore, from Eqg.
(238),

® 2mx300x10°

el ST OID ona.
Rers 3 108 Lol

Since the line is lossless, Eq. (2.69) is valid:

7. =2 (ZL+jZotanBI) 8 ((60+j20)+j50tan(2nrad.!m><2.5 m))
B Zo+jZianpl)  ~ \ 50+ j(60+ j20)tan(2n rad/m X 2.5 m)
e ((60+j20)+jSOX 0 _
=20 (50+j(60+ j20)x0/ (60+120) Q.

Problem 2.18 A lossless transmission line of electrical length [ = 0.35 is
terminated in a load impedance as shown in Fig. 2-38 (P2.18). Find T, S, and Zin.

bt [ = 0,35 A=
o Lol

Zin > Zy=10082 Zy=(60+730) Q2

O o,

Figure P2.18: Loaded transmission line.

Sclution: From Eq. (2.4%a),

e ZL_ZO _ (60+]30)_ 100 =0_307ej132.5°_

I'= —
ZL+Zo  (60+ 30)-+100

From Eg. (2.59),

14T 140307 _

S= = -
1-[T] ~ 1-0.307

1.89.
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From Eq. (2.63)
- (ZL+jZotan ﬁl)
=% (Zo + /7wl
e (60+ j30)+ j100tan (25240.351)
B 100+ j(60 + j30)tan (Z220.354)

) = (64.8 — j38.3) Q.

Problem 2.19 Show that the input impedance of a quarter-wavelength long lossless
line terminated in 2 short circuit appears as an open Circuit.

Solution: o 70 tan Bl
o ' ELEAC0EOP
Z ZO(ZO-E-}'ZLtanﬁI)'
Forl=2% Bl=2.2=% WithZ =0, wehave
3 2
Zin=2p (%) = jeo (open circuit).

Problem 2.20 Show that at the position where the magnitude of the voltage on the
line is 2 maximum the input impedance is purely real.

Solution: From Eq. (2.56), lmax = (8; + 2nm)/28, so from Eq. (2.61), using polar
representation for T,

Y _ 1+ |T]es® e /2Plnas

_z (1 [Nefeioi2m | 2 (1 T
- 1 — |Tje/8 g=J(Or+2nm) 1-11/°

which is real, provided Z; is real.

Problem 221 A voltage generator with vg(z) = Scos(2m x 10°1) V and internal
impedance Z, = 50 Q is connected to a 50-Q lossless air-spaced transmission
line. The line length is 5 cm and it is terminated in 2 load with impedance
Zy = (100-;100) L. Find

{a) I atthe load.

(b) Zi 2t the input to the transmission line.

(¢) the input voltage V; and input current §i.
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Solution:
{a) From Eq. (2.4%2a),

_Z—Zy _ (100 j100)—50
T Zi+Zo~ (100— j100)+50

T =0.62-727

(b) All formulae for Zi, require knowledge of B = ®/up. Since the line is an air line,
up = c, and from the expression for vg(7) we conclude @ = 21 X 10° rad/s. Therefore

_2rx10° rad/s _ 20m

b= -
Then, using Eq. (2.63),
: ZL+jZotanBI)
z““z"(zwjz;.tanﬁl

_ 5o (100 — j100) + j50tan (23 rad/m X 5 cm)

- 50+ j(100 — j100)tan (2 rad/m x 5 cm)
(100— j100) + j50tan (% rad)
50+ j(100 — j100)tan (5 rad)

) =(12.5- j12.7) Q.

An zlternative solution to this part involves the solution to part (a) and Eq. (2.61).
(<) In phasor domain, ¥, = 5 V ¢/° . From Eq. (2.64),

t

. VeZw _ 5x(12.5-j12.7)
YT Zg+Zm  50+(12.5-j12.7)

and also from Eq. (2.64),

= 1.40e= 739" (v),

Vi 1.4~ 73497 11.5°
Z = (12.5 — j12.7) = 78.4¢’ (mA)-

Rt

Problem 2.22 A 6-m section of 150-Q lossless line is driven by a source with
vg(2) = Scos(8mx 1072 —30°) (V)

and Z, = 150 Q. If the line, which has a relative permittivity & = 2.25, is terminated
in a load Z;, = (150 — j50) &, find

{a) A onthe line,

(b) the reflection coefficient at the load,

() the input impedance,
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(&) the input voltage 175,
(e) the time-domain input voliage v;(1).

Solution:
vg(t) = 5cos(8mx 1071 -30°) V,
V=570 v,

Transmission line

CHAPTER 2

|
'
°'-\ =

* T+ \ 83

7, [(150-50) @

Figure P2.22: Circuit for Problem 2.22.

(a)
¢ 3 x 108
=— = =2x10° (m/s),
T B V25 el
?L:z_eg=27tup=21tx2xlos=5m,
f @ 87 x 107
1?
5= 2810 _gan (rawm),

wo | 2X 108
Bl=0.4nx6=24n (rad).
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Bl =04nx6 =241 (rad).

Since this exceeds 27 (rad), we can subtract 21, which leaves a remainder Bl =0.4n
(rad). ) )
®) T= Zi—-Zy 150-j50— 150 —j50
T Z.+Z0 150—j50+150  300—j50
(c)

=0.16e7 /3057,

- éﬁzﬂﬁ]

Zn="% [Zo+fZLtanl3l

(150 — j50) + j150tan(0.4%)
150+ j(150 — j50) tan(0.4m)

= 150 [ ] = (115.70 + j27.42) Q.

(@)

VeZm _ 5e7P0(115.7+j27.42)
Zg+Zn 1504+ 115.7+ j27.42
_ g (11574 j27.42
265.7+ j27.42
= 503  0.44674 = 2277258 (V).

(e)

vi(2) = ReVie/] = Re[2.2¢7 7225 /] = 2.2.c05(8m 107t —22.56°) V.

Problem 2.23 Two half-wave dipole antennas, each with impedance of 75 2, are
connected in parallel through a pair of transmission lines, and the combination is
connected to a feed transmission line, as shown in Fig. 239 (P2.23(a)). All lines are
50 Q and lossless.
(a) Calculate Zy,, the input impedance of the antenna-terminated line, at the
parallel juncture.
(b) Combine Zy, and Ziy, in parallel to obtain 77 , the effective load impedance of
the feedline.
(¢) Calculate Z;; of the feedline.

Solution:
(a)

e i ZLl -+ }Zotﬂngh

=% [Zo i ta:nﬁ!l]

x5 {75 + j5Otan[(27/1)(0-21))]
B 50+ j75tan|(21/A)(0.21)]

} = (35.20— j8.62) Q.
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=750
] (antenna)
-75Q
(antenna)
Figure P2.23: (a) Circuit for Problem 2.23.
) , ;
Zin, Ziny 35.20 — j8.62 '
4 Zioy +Zin, | 2(35.20— jB.62) (17.60— j4.31) Q
(©)
° o —
]
® e

Figure P2.23: (b) Equivalent circuit.

(17.60— j4.31) + j5Otas{(2n/ ?»)(0-3’“)]} = (107.57- j56.7) .

= 50] o e A el G050
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Section 2-7: Special Cases

Problem 224 At an operating frequency of 200 MHz, itis desired to use a section
of a lossless 50-Q transmission line terminated in 2 short circuit to construct an
equivalent load with reactance X = 25 Q. If the phase velocity of the line is 0.75c¢,
what is the shortest possible line length that would exhibit the desired reaciance at its
input?

Solution:

_ __ (2m rad/cycle) x (200 x 10 cyclefs) _
e g 0.75 % (3 x 10° mis) =339 rad/m.

On 2 lossless short-circuited transmission line, the input impedance is always purely
imaginary; i.e., Z° = jX. Solving Eq. (2.68) for the line length,

sC
oL BB 1 o250 (DdGl iz
Zo 50 Q 5.59 rad/m

B ~ 5.59 rad/m

for which the smallest positive solutionis 8.3 cm (withn = 0).

Problem 2.25 A lossless transmission line is terminated in 2 short circuit. How
long (in wavelengths) should the line be in order for it to appear as an open circuit at
its input terminals?
Solution: From Eq. (2.68), Z = jZotanBl. I Bl = (/2 + n7), then Zi7 = jeo (2).
Hence,

A mh

1= (Fem) =5+ 5

This is evident from Figure 2.15(d).

Problem 2.26 The input impedance of a 31-cm-long lossless transmission line of
unknown characteristic impedance was measured at 1 MHz. With the line terminated
in a short circuit, the measurement yielded an input impedance equivalent to an
inductor with inductance of 0.128 uH, and when the line was open circuited, the
measurement yielded an input impedance equivalent to a capacitor with capacitance
of 20 pF. Find Z, of the line, the phase velocity, and the relative permittivity of the
insulating material.

Solution: Now ® = 2nf = 6.28 x 10° rad/s, so

7 = jol = j2ux 105x 0.128 x 107° = j0.804 O
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and Z2° = 1/joC = 1/(j2m x 105 x 20 x 10712) = — j8000 Q.
From Eq. (2.74), Zo = \/ZaZy = +/(j0-804 Q)(—j8000 L) = 80 L. Using
Eq. 2.75),

@ !
B/
_ 6.28 x 108 x 0.31 _1.95% 106 .
tan? (£+/=50.804/(— 78000))  (001+nm) .

Mp=

where n > 0 for the plus sign and » > 1 for the minus sign. For n = 0,
up = 1.94 x 10° m/s = 0.65¢ and & = (c/up)? = 1/0.65% = 2.4. For other values
of n, u, is very slow and &, is unreasonably high.

Problem 227 A 60-Q resistive load is preceded by a A/4 section of 2 50-£2 lossless
line, which itselfis preceded by another A /4 section of a 100-Q line. What 1s the input
impedance?

Solution: The inputimpedance of the A./4 section of line closest to the load is found
from Ea. (2.77):

_ _zg _50%
Zm—ZL S =41.7Q.

The input impedance of the line section closest to the load can be considered as the
load impedance of the next section of the line. By reapplying Eq. (2.77), the next
section of A/4 line is taken into account:

zZz 1007
= — = —— =240 Q.
4 417 AR

Problem 228 A 100-MHz FM broadcast station uses a 300-82 transmission line
between the transmitter and a tower-mounted half-wave dipole antenna. The antenna
impedance is 73 £2. You are asked to design a quarter-wave transformer to match the
antenna to the line. '
(a) Determine the electrical length and characteristic impedance of the gquarter-
wave section.
(b) If the quarter-wave section is a two-wire line with d = 2.5 cm, and the spacing
between the wires is made of polystyrene with g, = 2.6, determine the physical
length of the quarter-wave section and the radius of the two wire conductors.




CHAPTER 2 33

Solution:

(2) For a match condition, the input impedance of a load must match that of the
transmission line attached to the generator. A line of electrical length A /4 can be
used. From Eq. (2.77), the impedance of such a line should be

Zo=ZwZi =V300x73 =148 Q.
(b)

&_u_p_ c 3x108 — 0.465m

Af T 4/af 4v26x100x105

a
and, from Table 2-2,

120

Hence,

_ 14826
T 120

(&) &

and whose solution is a = 4/7.44 = 25 cm/7.44 = 3.36 mm.

= 1.99,

which leads to

Problem 2.29 A 50-MHz generator with Z, = 50 Q is connected to a load
71 = (50 — j25) Q. The time-average power transferred from the generator into the
load is maximum when Zy = Z , where Z] is the complex conjugate of Z; . To achieve
this condition without changing Z,, the effective load impedance can be modified by
adding an open-circuited line in series with Z, as shown in Fig. 2-40 (P2.29). If the
line’s Zg = 100 L, determine the shortest length of line (in wavelengths) necessary
for satisfying the maximum-power-transfer condition.

Solutiom: Since the real part of Z;_ is equal to Z,, our task is to find [ such that the
input impedance of the line is Z;; = +j25 Q, thereby cancelling the imaginary part
of Z; (once Z; and the input impedance the line are added in series). Hence, using
Eq. (2.73),

—j100cotBl = j25,

R

T UL
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Zg= 1008

———

P

Z, K50-25)

Figure P2.29: Transmission-line arrangement for Problem 2.29.

or
25

cotﬁl = —i-'aa

= —0.25,

which leads to
Bl = —1.326 or 1.816.

Since | cannot be negative, the first solution is discarded. The second solution leads
[Xe}
_1.816 _ 1.816

i B _(211'/1.):0'291'

Problem 236 A 50-Q lossless line of length / = 0.375A comnects a 200-MHz
generator with 17’3 = 150 V and Z; = 50 Q to 2 Joad Z; . Determine the time-domain
current through the load for:

{a) Z = (50— j50) &,

®) Z. =508,

(€} Z. = 0 (short circuit).
Solutiom:

(@) Z.= (50— j50) Q, Bl =% x 0.375A = 2.36 (rad) = 135°.

_ ZL-Zy _50-j50-50  —j50
T Z+Zy; 50-j50+50 100—j30
Application of Eq. (2.63) gives:

Z. =7 [ZL+fZOtanﬁl] _s [(50-;«'50) + j50tan135°
T Zo+ jZetanBl] T T | 504 j(50— j50)tan135°

r = 0.4577834%

]=Um+ﬁma
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202 Transmission line
+
Generator @*__1 = 0.375 x_.__@;i’ Load
= -l b e O
I

TA

+ |

Figure P2.30: Circuit for Problem 2.30(a).

Using Eg. (2.66) gives

Vi = ngin( 1 )

Zg 4+ Zin e/Bl +1—8"j5‘!
_ 150(100+ j50) 1
T 50+ (100 + j50) \ /135 +0.45¢—763.43°¢—J135°
=751 (W),

75113

=5 (1—0.45¢77934%°) = 13471084 (A,

e BEEF
F=-"(1-D=
L= ( )
I:L(E) = %E[I]_ejw]
— me[l_34e~jma.44°ej4xstr]

= 1.34cos(4n x 10%: — 108.44°) (A).
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(b)
Zy =508,
I'=40,
some Zy =508,
150 x 50 i 1350
+ — _ =1 —j135 AV
°© 7 50+50 (e-’135°+0) o S
o VU"' T8 soema ;
— 0 _ ‘- -jI35 =1.5 ~j135° A
7 50°¢ e (A),
iL(2) = Re[1.5e 35410 — 1 5c0s(4m x 10% ~ 135%)  (A).
(e
Zy =0,
=-1,
0+ jZytan135° . .
A el ] = ° = —j50
Zin Zo( Zoi0 ) JZotan135 J (£2),
150(_]-50) 1 _ -1350
Vo =55 750 \ o — e | = 1°¢ W,
_ V+ 758—_;'135” .
= O i . W P LS 7
ko= zﬂ[ ] 35 [14+1]=3e (A),

ir (z) = 3cos(4m x 10% — 135°)  (A).

Section 2-8: Power Flow on Lossless Line
Problem 2.31 A generator with V, = 100 V and Z, = 50 £2 is connected to a load
Zi. =75 Q through a 50-Q lossless line of length / = 0.15A.

(a) Compute Ziy,, the input impedance of the line at the generator end.

(b) Computef and V
(¢) Compute the time-average power delivered to the line, Py = ERe[VI*]

(d) Compute VL, 7., and the time-average power delivered to the load,

A = -ERe[VLIi ]. How does Py, compare to A ? Explain.
{e) Compute the time average power delivered by the generator, 7, and the time

average power dissipated in Z;. Is conservation of power satisfied?

Solution:
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Tramnsmission line

T

50 ©

Q

+
157%:("\/) Zigi: B DG §759.

Generator T@____ I=0.15A—»] Load

=] 5

J

et
s

0

7z
5

Figure P2.31: Circuit for Problem 2.31.

(@)
Bl= % x 0.15A = 54°,
2L + jZotanfl 75+ j50tan54° _
- _so[5ss0mmse) |
-Zm ZD [ZO+jZ]_tallﬁI:| 50 [50-{—]75@54{:] (41 25 J 6 35)Q
)

—

Ve 100
Zy+Ziy 50+ (41.25— j16.35)
Vi = LZin = 1.08/1016°(41.25 - j16.35) = 47.86¢~ /1146 (v).

T

=1.08¢/1016° (a)

32
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@

Pp= %me[ﬁfﬂ = %me[w.sse-ﬂ“‘ﬁ“ x 1.08 e=/10-16°]

47. 1.08
= %—XCDS(Zl.ﬁzo) =24 (W).

(@

_Zi—-Zy _15-50
T Z4+Zy T75+50

_ 47 .86 o—11:46° _—
Ve =Va( 1 ) s =50e72% (W),

T

=0.2,

2Bl 1 TeJBl | — &% 1 0.2 %
L= Vg (14T) = 50e754(1+02) = 607 (V),

= V+ —j54 540
h=o-(1-T)= 2 (1-02)=087 (a),

50
B = %me[ﬁj}*_] = %me[me-fs‘“ x 0.8”%]=24 (W).

B = P, which is as expected because the line is lossless; power input to the line
ends up in the load.

(e)

Power delivered by generator:

1.,z 1 10.16°
Po = —SRe[V,L] = =Re[100 x 1.08¢/1%1¢"] = 54¢0s(10.16°) = 53.15 (W).
g g 2

Power dissipated in Zs:
Pge = Eme[IiV@] = Emz[fifrzg] = §|Iil Zs = 5 (1.08)°x50=29.15 (W).

Note 1: Fg = Pzg +Pa=53.15W.

Problem 232 If the two-antenna configuration shown in Fig. 241 (P2.32) is
connected to a generator with Vy = 250 V and Z; = 50 £2, how much average power
is delivered to each antenna?

Solution: Since line 2 is A/2 in length, the input impedance is the same as
Zy, = 75 Q. The same is true for line 3. At junction C-D, we now have two 75-Q
impedances in parallel, whose combination is 75/2 = 37.5 Q. Line 1 is A/2 long.
Hence at A—C, input impedance of line 1 is 37.5 £, and

o Ve _ 20
YT Ze+Zn  50+375

=2.836 (A),
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< Z1,=75Q
= (Antenna 1)

Generator

> Z1.=75Q
(Antenna 2)

Figure P2.32: Antenna configuration for Problem 2.32.

1

T — 2
bin= %%[Iin‘] = >Rl Z,) = Gty

2

This is divided equally between the two antennas. Hence, each antenna receives
15337 = 76.68 (W).

= 15337 (W).

Problem 2.33 For the circuit shown in Fig. 2-42 (P2.33), calculate the average
incident power, the average reflected power, and the average power transmitted into
the infinite 100-2 line. The A/2 line is lossless and the infinitely long line is
slightly lossy. (Hint: The input impedance of an infinitely long line is equal to its
characteristic impedance so long as o # 0.)

Solution: Considering the semi-infinite transmission line as equivalent to 2 load
(since all power sent down the line is lost to the rest of the circuit), Zy = Z; = 100 Q.
Since the feed line is A/2 in length, Eq. (2.76) gives Zi, = Zp = 100 @ and
Bl = (2n/A)(A/2) =T, s0 e2/B! = —1. From Eq. (2.4%),

_ZL-Zy 100-50 1
S Zi+vZo 100450 3
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ZI:IOOQ—W-N

i i i t
Pay I Pay
r 1
PL, ~—!

Figure P2.33: Line terminated in an infinite line.

Also, converting the generator to a phasor gives ﬁg = 26/ (V). Plugging all these
results into Eg. (2.66),

s VeZn ( 1 )_(2)(100) 1
O T\ Zg+Zn ) \ B +Te-B ) 7 \50+100/ \ (-1)+3(-1)

=118 = 1 (V).

From Eqgs. (2.84), (2.85), and (2.86),

2 iy an®
Pi — 1V6§_1 = 116}180 |2
Ly 27y 2x50
2
X 10 mW = —1.1 mW,

= 10.0 mW,

: 1
P;\r o _IFIZP:;V =- g

P, =Py =P, +P,=100mW-1.1 mW =_8.9mW.

Problem 2.34 An antenna with a load impedance Z;, = (754 j25) Q is connected to
a transmitter through 2 50- lossless transmission line. If under matched conditions

(50-€2 Joad), the transmitter can deliver 10 W to the load, how much power does it
deliver to the antenna? Assume Z; = Zo. '
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Solution: From Egs. (2.66) and (2.61),

e i;g‘zi“ 1
0 =\Z+zm ) \F T A

. Vezo[(1+Te 2P/ (1 —Tem 2P ) e~ )
~ \Zo+2Zo [(14Te~72B) /(1 -Te~ 128 )] 1+ Te 28
f;'ge-jﬁf
T (1 —Te= 2B+ (1+Te 28
7 —iB!
Vge JB _ i} _jﬁ[_

s =1

T (1 —Te B+ (1+Te28) 2 g
Thus, in Eq. (2.86),
|V0 g -»'5’12

° 13V _ W
P == —(1-[T1) = 2220 (1= |07 = g2 - = ITP).

Under the matched condition, |[I] = 0 and A = 10 W, s0 |V,2/8Zy = 10 W.

When Zp, = (75 + j25) €, from Eq. (2.492),

_Z-Zy _ (15+)25)Q-50Q

= = = 0.277e535°,
Zi+Z0  (15+25)Q+50Q €8

$0 Py = 10W (1—|T1?) =10 W (1-0.277*) =9.23 W.

43

Section 2-9: Smith Chart

Problem 235 Use the Smith chart to find the reflection coefficient corresponding

to a load impedance:
(@) ZL =32,
®) Z=(2-2j)%,
© ZL=—2jZ,
(@) Zp = 0 (short circuit).
Solution: Refer to Fig. P2.35.
() PointAiszp =3+ j0. T =0. Se
(b) Point Biszp =2—j2. T =0. 62e-29 7
() Point Cisz =0—j2. T =1 0e=531°
(@) Point Diszp =04+ j0. I'=1 081800
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Figure P2.35: Solution of Problem 2.35.

Problem 2.36 Use the Smith chart to find the normalized load impedance
corresponding to a reflection coefficient:

(@ T'=0.5,

b) =052,
() T=-1,

(@ T=0.343%,
(& T=0,

® =7

Solution: Refer to Fig. P2.36.
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Figure P2.36: Solution of Problem 2.36.

(2) Point A’ isT =0.5at 7z =3+ jO.

(b) Point B is ' = 0.5¢/°° ar zp = 1+ j1.15.
(©Point C'isT=—-1atz =0+ jO.

(d) Point D' is I = 0.3¢=73° at z = 1.60— j0.53.
(e) Point E'isT= O atz = 1+ jO.

(£) Point F isT = jatz = 0+ jl.

Problem 2.37 On a lossless transmission line terminated in a load Z, = 100 &,
the standing-wave ratio was measured to be 2.5. Use the Smith chart to find the two

possible values of Zp.
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Solution: Refer to Fig. P2.37. S = 2.5 is at point L1 and the constant SWR
circle is shown. gz is real at only two places on the SWR. circle, at L1, where
7z =S=25,2nd12, wherezp = 1/5=0.4. s0 Zo1 = Zi /701 = 1000/2.5=40£82
and Zo» = Z1 /712 = 1002/0.4 = 250 Q.

Figure P2.37: Solution of Problem 2.37.

Problem 238 A lossless 50-Q transmission line is terminated in a load with
Zy = (504 j25) Q. Use the Smith chart to find

{2) the reflection coefficient I,

(b) the standing-wave ratio,

(¢} the input impedance at 0.35A from the load,
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(d) the input admittance at 0.35A from the load,
(¢) the shortest line length for which the input impedance is purely resistive,

(f) the position of the first voltage maximum from the load.

;o s Lay] [
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Figure P2.38: Solution of Problem 2.38.

Solution: Refer to Fig. P2.38. The normalized impedance

_ {50+ j25)Q .
L= 500 =1+j0.5

is at point Z-LOAD.
(2) T = 0.24¢7759" The angle of the reflection coefficient is read of that scale at

the point ;.




