3

Natural and Step Responses of RLC
Circuits

Assessment Problems

AP 8.1 [a] therefore (' = 500 nF

1
(2RC)2  LC’

[b] o = 5000 = therefore C' = 1uF

2RC”’

103)(106
s12 = —5000 \/25 x 106 — (;é) = (—5000 £ 55000) rad/s

VLC

S19 = [—40 +4/(40)2 — 202} 10%,

[c] = 20,000, therefore C = 125nF

s1 = —b.36 krad/s, S9 = —74.64 krad/s

1 t
AP82 i = / [—14€750002 | 96200002 4o 1 30 x 103
0

_ 146—5000.r
= 20
{ —5000

t 266—20,00015 t

0 * —20,000

}+3O x 1073
0

= 56 x 1073 (e — 1) — 26 x 1073(e72000 — 1) 4-30 x 10~*
= [56e7%% — 56 — 26e~ 27000 + 26 4 30] mA

= 5672000t _ 9620000t mA t>0
AP 8.3 From the given values of R, L, and C, s; = —10krad/s and so = —40 krad/s.
[a] v(07) =v(0T) =0, therefore g (07) =0

8-1



82 CHAPTER 8. Natural and Step Responses of RLC' Circuits

[b] ic(0%) = —(ir,(0") +in(07)) = —(—4+0) = 4A

dv. (0" dv. (0" 4
[c] C Uccg? ) _ i.(0%) =4, therefore UCC;? ) _ = 4% 10°V/s
[d] v = [Ale—I0,000t 4 A26—40,000t] V, t 2 O+
dv(0"
U(O+) = Al + AQ, Uc(it ) == —10,000141 — 40,000A2
Therefore A; + Ay =0, —A; —4A, = 40,000; A; =40,000/3 V

le] Ay = —40,000/3 V
[f] v = [40,000/3][e™ 10 — e= 0V, ¢ >0

1
AP 8.4 [a] SRO = 8000, therefore R = 62.5()
10V

. + . —
[b] igr(0") = 6250 160 mA

dv(07)
dt

ic(0%) = —(ir,(0%) + ip(0%)) = —80 — 160 = —240mA = C
dv(0")  —240m
a — C

dv.(07)
dt

Therefore 60008, — 80008; = —240,000, By, = (—80/3)V

Therefore

= —240kV/s

[C] Bl = U(O+) =10 V, = deQ — OéBl

d
[d] i, = — (i +ic);  in=v/R  ic= Cdi:

80
v = e %10 cos 6000t — ~ sin 6000t] V

1280
Therefore ix = e %%[160 cos 6000t —

sin 6000¢] mA
: —~8000¢ 460 .
ic=e [—240 cos 6000t + — sin 6000¢] mA

82
i, = 10e™3%%[8 cos 6000t + ~ sin 6000t mA,  t>0

therefore =500, R =100¢

1 2 1 106 1
AP8.5 [a] (mc) =~ 4 RO

[b] 0.5CVy =12.5 x 107, therefore 1 =50V
[e] 0.5L1F =12.5 x 1072, Iy = 250mA



Problems 8-3

dv(0*
[d] D, =v(0") =50, vc(lt ) =D —aD,
50

R(0T) = — = A

ir(07) 100 500 m

Therefore ic(0") = —(500 + 250) = —750 mA

dv(07) 1073
Theref ——= = -T750 x —— = —75,000V
erefore 7 X 8 , /s

1

Therefore D; — aDy = —75,000; a= 5SRO — 500, D; = —50,000 V/s

[e] v = [50e~°%" — 50,000te """V
in = % = [0.5¢7% — 500t A, ¢ >0t

Vo 40

R~ 500

[b] ic(0") = I —ig(0%) — i (0%) = —1—0.08 — 0.5 = —1.58 A
diL(0Y)  V, 40

AP 8.6 [a] ir(0T) = = 0.03A

= —=—=0625A
el =0 L~ 0.64 /s
1 1 .
[d] o= RO 1000; c= 1,562,500; s12 = —1000 % 5750 rad/s
le] i, =if + Bie‘at cos wqt + Bée_at sin wyt, if=1=—-1A

i,(0%Y) =05 =iy + B, therefore Bj =1.5A

dir, (0*
Zchi(&) ) _ 62.5 = —aB] + wyBs, therefore Bj = (25/12) A
Therefore iy, (t) = —1 + e '"°%[1.5 cos 750t + (25/12) sin 750t] A, t>0
[f] v(t) = Ldin _ 40e 1% cos 750t — (154/3)sin 750tV ¢ >0
Codt -

AP 8.7 [a] i(0T) = 0, since there is no source connected to L for ¢ < 0.

15k
+ pu— - p— —_— p— V

1 0 = 07) = (15 (50) =50

di(0* di(0+
(e 50+ 80i(0") + L9 _ 00, O 15000 A/s

dt dt

1
[d] o = 8000; 6= 100 x 106; 12 = —8000 % 56000 rad/s
[e] i =if + e *[B] coswat + By sinwgt]; ip=0, i(0")=0

di(0+
Therefore Bj = 0; Zgit) = 10,000 = —aB] + wyB;

Therefore Bl = 1.67 A; i = 1.67e 3% gin 6000t A, t>0



84 CHAPTER 8. Natural and Step Responses of RLC' Circuits

AP 8.8 v.(t) = v; + e *[B] coswgt + Bjsinwgt], vy =100V
dv.(0
v.(07) = 50 V; Ua<lt ) = 0; therefore 50 = 100 + B}

B} = —50V; 0= —aB] +wiB)

Therefore B} = 55| = (2888) (=50) = —66.67V
d

Therefore v, (t) = 100 — e~ *%[50 cos 6000t + 66.67 sin 6000¢] V, t>0

Problems
P8.1 [a] L 250
. o = = g
2RC' 2(1000)(2 x 10-6)
1 1
w? = 40,000

° T LC ~ (125)(2 x 10-9)

s12 = —250 £ 1/2502 — 40,000 = —250 £ 150

s1 = —100 rad/s
sy = —400 rad/s

[b] overdamped

[e] Note — we want w,; = 120 rad/s:

wyg = w2 —a?

a? = w? — w3 = 40,000 — (120)* = 25,600
a = 160
1 1

- _160: . R=— = 1562.59
SRC 7 2(160)(2 x 10-6)

[d] s1, s = —160 £ 1/160? — 40,000 = —160 + 5120 rad/s

| 1
— J40,000= ——: . R= — 12500
le] o= 40,000 = 57 R=5G0@xi0e — 2




Problems

P82 [a] —a+ \/a? — w2 = —250
—a —y/a? — w2 = —1000

Adding the above equations, — 2o = —1250

a = 625rad/s

1 1
2RC 2R(0.1 x 10-9)

R = 8k

2y/a? —w? =750

4(a® — w?) = 562,500

= 625

w, = 500rad/s

1
2925 x 10 = —
Wo = 20 X LC

1
L= =40H
(25 x 10%)(0.1 x 10-6)

t
[b] Z'R — U(R) — _16—250t + 46_1000t mA, t 2 O+
do(t
ic=C Zi ) _ 0.2e7 250t _ 3 2~ 1000F jy A t>0"
i, = —(ig +ic) = 0.8¢7 2% — 0.8e 1% mA, t>0

15
P83 [a] in(0) = 5 = TomA

ir,(0) = —45mA

ic(0) = —ir,(0) —ir(0) = 45 — 75 = —30mA
B 1

2RC 2(200)(0.2 x 107°)

i L ! = 10°
> LC (50 x 1073)(0.2 x 10-6)

[b] a = = 12,500

512 = —12,500 + V1.5625 x 108 — 108 = —12,500 + 7500
s1 = —5000 rad/s; So = —20,000 rad/s
v = Aje 9000t 4 A o—20,000¢

U(O) == Al +A2 =15

8-5



86 CHAPTER 8. Natural and Step Responses of RLC' Circuits

dv —30 x 1073

22(0) = —50004; — 20,0004y = —— " = 15 x 10*V
7 (0) 50004, 0,000A, 02 % 10-6 5 x 10%V/s
Solving, A; =10; Ay =5
v = 106—5000t + 56—20,000tv t>0
dv
- o™
[e] ic 7

0.2 x 10*6[_50’0006750001‘/ _ 10070006720,000%

— _106—500015 _ 206_20’000t mA

Z'R — 5067500015 + 256720,00(% mA
i, = —ic — ip = —40e 9000 _ 57200000 A >0

1 1

- — 8000
2RC ~ 2(312.5)(0.2 x 10-9)

P 8.4

L — 1 . 108
LC (50 x 10-3)(0.2 x 10-6)

512 = —8000 & v/8000% — 108 = —8000 =% j6000 rad/s

response is underdamped

v(t) = Bre ™ cos 6000 + Bye *" sin 6000¢

15

+y — _ . I G
v =18V =B (07) = g5 = 48mA
ic(07) = [—ip(07) +ig(07)] = —[~45 + 48] = —3mA

+ _ 1 -3
do(07) 5> 10 = —15,000 V/s

dt 0.2x10-6

dv(0
tl(t ) = —80005; + 60008y = —15,000
60008, = 8000(15) — 15,000 S By=175V

v(t) = 15 cos 6000 + 17.5¢ %% sin 6000t V, ¢ >0



P 8.5

P 8.6

Problems

1 1

= = =104
2RC 2(250)(0.2 x 10-9)

«

o? = 10%; ot =Wt
Critical damping:
v = Dyte™ ™ 4 Dye™ ™

15

io(07) = —[ir(0%) +ig(07)] = —[—45 + 60] = —15mA
’U(O) = D2 =15

d
L Dift(=ae) + € — aDye

dv ic(0)  —15x10°%
50 =Di—aDy = =5 0.2 x 106

= —75,000

Dy = aDy — 75,000 = (10%)(15) — 75,000 = 75,000
v = (75,000t + 15)e 10" v, t>0
a = 1000/2 = 500

1 1
~ 2aC  2(500)(2.5 x 10-6)

R = 4000
v(0Y) =3(14+1)=6V

6
ir(07) = — = 15mA

=400
dv 100t —900t
Y 300610 _ 9700
dt
dv(0F
”Elt ) — 300 — 2700 — —3000 Vs

ic(07) = 2.5 x 1075(—3000) = —7.5mA

i (07) = —[ir(0%) + ic(0%)] = —[15 — 7.5 = —7.5mA
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P 8.7 [a] o = 20,000; wg = 15,000

wyg = \Jw?2 —a?

w2 =wj+a®=225x 10° + 400 x 10° = 625 x 10°

o —

L _ 625 x 108
Lc
L = 1 = 40 mH
(625 x 106)(40 x 1079)
1
bl a= ——
bl & =57
1 1
R = 6250

" 2aC  2(20,000)(40 x 10-9)

[e] V, =v(0) =100V
[d] I, = ir(0) = —ir(0) —ic(0)

[e]

V, 100

r(0) = = = — =160mA
m0) =7 =55 o
dv
c(0) = C—(0
ie(0) = € 0)
d
dit} = 100{e~20:90%1_15 000 sin 15,000t — 30,000 cos 15,000¢]—
20,000e~20:90% [¢05 15,000t — 2 sin 15,000¢]

dv 4
E(O) = 100{1(—30,000) — 20,000} = —500 x 10

dv 4 -9
CE((D = —500 x 10*(40 x 107™7) = —200 mA

I, =200 — 160 = 40 mA
d
d—: = 100e2%00%%[25 000 sin 15,000t — 50,000 cos 15,000¢]
= 25 x 10%e~20:00%[gin 15,000¢ — 2 cos 15,000(]
dv

Ca = 0.1e2%%(sin 15,000t — 2 cos 15,000¢)

ic(t) = 0.1e72%%%(sin 15,000t — 2 cos 15,000t) A
ir(t) = 0.16e 229 (cos 15,000t — 2sin 15,000¢) A

in(t) = —ig(t) —ic(t)
= ¢ 2090040 cos 15,000t + 220 sin 15,000t) mA, ¢ >0



Problems

P 8.8 [a] 2a = 1000; a = 500rad/s

2y/a? —w? = 600; w, = 400 rad/s

1 1
~ 2aR  2(500)(250)

C =4uF

1

L = pu
w2C' (400)2(4 x 1079)

= 1.5625H

ic(0+) = Al + AQ = 45mA
dic —diy, dip
dt + dt + dt
dic(0) _ dir(0)  dir(0)

dt dt dt

dig(0) 15
dt  1.5625

din(0) _ 1dv(0) _ 1ic(0) _  45x107°
dt R dt R C (250)(4>< 10—6)

dic(0)
dt

200A4; + 8004, =54.6 A; + Ay, =0.045

=9.6A/s

=—-9.6—-45= —54.6 A/s

Solving, A; = —31mA; Ay = 7T6mA
ic = —31e 2% £ 76780 mA, t>0"
[b] By hypothesis
v = Aze” 2% 4 Aye % t>0
v(0) =A3+ A, =15

dv(0) 45 x 1072
dt 4 x 106

= 11,250 V/s

~200A5 — 8004, = 11,250; .. A3 =3875V; A, = 2375V

v = 38.75e 200 _ 23757800 v t>0

[c] in(t) = 2”% = 155¢~ 200 _ 95780t A ¢ >0t

[d] 71, = —ig —ic

i, = —124e7 2% 4+ 19¢ 7% mA | t>0

89
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1 \? 1 9

1
C=——  —1u4F
(500)2(4) "
500
2RC
R Y 1k
~ 2(500)(10-6)
v(0) = Dy =8V
in(0) = —— — $mA
R 77000

ic(0) = =8 +10 = 2mA

dv 2 x 1073
Z2(0) =Dy — 500D, = 22—
g (0) = D1 = 500D; 106

Dy = 2000 + 500(8) = 6000 V/s

= 2000V /s

[b] v = 6000te ™" + 850tV ¢t >0
d
d%f) = [=3 x 105t + 2000]e 7"

d
ic = Cd—: — (—3000f + 2)e % mA, ¢ >0

1
P8.10 [a] o« = —— = 0.5rad/s

2RC
1
2 - _—_ =9595
Yo T TO

wy = 1/25.25 — (0.5)2 = 5 rad/s

v = Bre /% cos 5t + Baye /% sin 5t
v(0) = By =0 v = Bye "?sin 5t

d 4
in(07) = 0A;  ic(0%) = 4A; d—;’(oﬂ = g = 50 Vs

50 = —OéBl + deg = —05(0) + 5B2
BQ == 10

v=10e""?sin5tV, t>0



Problems 811

d
[b] dit) = —5e 2 sin 5t + 10e~/%(5 cos 5t)

d
d—z:o when 10cos5t =sin5t or tan5t = 10

bt1 = 1.47, t; = 294.23 ms
bty = 1.47 + m, ty, = 922.54 ms

oty = 1.47 + 271'7 t3 = 1550.86 ms

o 2
[c] t5 —t; = 1256.6ms: Ty = — = 2" — 1256.6 ms
Wy 5
T, 1256.6
[d] t» — t; = 628.3ms; ?d =5 =0283ms

[e] v(ty) = 10e~ 14711 gin 5(0.29423) = 8.59 V
v(ty) = 10~ 46127 gin 5(0.92254) = —6.27V
v(ts) = 10e~O7743) gin 5(1.55086) = 4.58 V

[f]

P8.11 [a] a=0; Wy = W, = V25.25 = 5.02rad/s
v = By cosw,t + By sinw,t; v(0) = By = 0; v = By sinw,t

dv ,
CE(O) = —ZL(O) =4

50 = —aB; + wgBy = —0 + V25.258,
By =50/v/25.25 =995V

v =995sn5.02t V, t>0

5.02
[b] 27 f = 5.02; f= = =~ (.80 Hz
T
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[c] 995V

1 1
P8.12 2 — = =25 x 10°
lal v =76 = masyGEax 109 ~ 2%

w, = 5000 rad/s

1 1
—_ —=5000;, R= = 31.25kQ
2RC ! 2(5000)(3.2 x 10-9)

[b] U(t) — D1t6—5000t + D2€—5000t

v(0) = 100V = D,

d
d—: — (Dyt + 100)(—5000e =00 4 [, ¢=5000¢
dv Zc(O)
—(0) = =500 x 103 + Dy =
dt ( ) X + 1 C
ic(0) = —in(0) — ir.(0)
100
i (0) = —3.2mA
i (0) 31,500 m

ic(0) = —(3.246.4) = —9.6mA

o 0.6 x 10-3
—(0)=—"C = _3x10°
0 =359 = 3% 10

—500 x 10° + D; = —3 x 10°
D; = —25 x 10°V/s

v(t) = (=25 x 10°t + 100)e 200 v, t>0

[c] ic(t) = 0 when @(t) =0

dt
d
dit’ = (=25 x 10%¢ + 100)(—5000)e~5000 4 ¢=5000t(_95 x 107)
= (125 x 105 — 30 x 10%)e 5000
dv 8 6 .
= 0when125 x 10%, =3 10% . = 240ps

v(240us) = e 2[(—25 x 10%)(240 x 107%) 4 100] = —150.6 V



Problems

—190.6 —4.82mA
31,250

[d] ir,(240us) = —ig(240us) =
1
wc(240ps) = 5(3.2 x 1077)(—150.6)% = 36.29 uJ
1
wr, (240p8) = 5(12.5)(—4.82 x 107%)? = 145.2 uJ
w(240us) = we + wr, = 181.49 pJ

1 1
w(0) = 5(12.5)(6.4 x 107%)? + 5(3.2 x 1079)(100)* = 272 uJ

181.49
272

% remaining = (100) = 66.72%

1
P813 [a] a= RO~ 1250, w, = 103, therefore overdamped

s1 = —500, s9 = —2000

therefore v = A;e 0% 4+ A,e2000¢

+ 0+
v(0T) =0 = A; + Ay; [d”gz )1 - Zc(g ) _ 08.000V/s

Therefore — 500A4; — 20004, = 98,000

:ﬂ) A2:ﬂ
15 15

930
U(t) — {?-‘ [67500t _ 67200015} V, t>0

Ay

[b] 357

a0+

a 2 4 ]

t (ms)

Example 8.4: v 2741V  at 1.4 ms

8-13
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Example 8.5: vpa = 36.1V  at 1.0 ms

Problem 8.13: v« = 30.9 at 0.92 ms

P 8.14 From the form of the solution we have
U(O) = A1 + A2

dv(0T)
dt

= —a(A; + Ay) + jwy(A; — Ay)

We know both v(0) and dv(07)/dt will be real numbers. To facilitate the algebra we
let these numbers be K and K5, respectively. Then our two simultaneous equations
are

Ki=A+A4A,
Ky = (—a+ jwg) A1 + (—a — jwg) A
The characteristic determinate is

1 1
A= = —j2wd

(—a+ jwq) (—a — jwyg)

The numerator determinates are

K 1
le :—(Oé‘|—jCUd)K1—KQ
K (—a — jwa)
1 K :
and N, = =Ky + (a — jwq) Ky
(—a+ jwa) K>

N K, —jlaK, + K
It follows that A, = 1 walh Jj(aKy + K»)
A de

N K (K K
and A2:K2:wd 1+]2(jd1+ 2)

We see from these expressions that  A; = AJ



P 8.15

P 8.16

Problems

By definition, B; = A; + As. From the solution to Problem 8.14 we have

24K
A+ Ay = C;ZJIZKl
d

But K is v(0), therefore, B; = v(0), which is identical to Eq. (8.30).
By definition, By = j(A; — As). From Problem 8.14 we have

By = j(A, — Ay) = H O+ K)ok + Ky

2wd Wy
It follows that
dv(0T

Ky = —aKi +wygBy, but K, = U;t ) and K, =B
Thus we have
dv
£(0+) = —CYBl + deQ,
which is identical to Eq. (8.31).
t<0: V,=15V, I, = —60mA

+

15V T 1kF §62 .5mH

_ —60mA

t > 0:
+
T 1pF 21000 v, 57 SmH
) 15 .
ir(0) = 100 = 150 mA; ir,(0) = —60mA
ic(0) = =150 — (=60) = —90 mA
1 1

« = 5000 rad/s

~ 2RC ~ 2(100)(1079)

8-15
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1 1
2= = =16 x 10°
Yo T TC T 625 x 10-9)(10-6)

51,2 = —5H000 %+ V25 x 106 — 16 x 106 = —5000 + 3000
s1 = —2000 rad/s; sy = —8000 rad/s

Vo = Aye2000t | A o—8000¢
A+ Ay =v,(0) =15

dv, —90 x 1073
th (0) = —2000A4; — 8000A, = % = —90,000

Solving, A1 =5V, Ay =10V
Vy = 56—2000t + 106_8000t \/7 t Z 0

1 1
P8.17 w’=-—= =16 x 10°
Yo T IO T (625 x 10-3)(10-9) 8

1 1

= = =2
2RO~ 250)(10-6) ~ 2%

«

512 = —2500 £ V25002 — 16 x 106 = —2500 + j3122.5rad/s
v,(t) = Bre " cos 3122.5t + Bye 2% sin 3122.5¢

0,(0) = By = 15V

15
r(0) = — = 75mA
ir(0) = 555 =75m
iL(0) = —60 mA
ic(0) = —ig(0) —ip,(0) = —15mA .. ZCC(,O) — —15,000 V /s
dv,
2 (0) = 25008, + 3122.58; = ~15,000 V /s
3122.5B, = 2500(15) — 15,000 .. By =721V

v,(t) = 15¢~ 2% cos 3122.5¢ + 7.21e~ 2% 5in 3122.5¢ V, t>0



P 8.18

P 8.19

1 1

wzziz :16X106

° T LC (625 x 10-3)(1079)

1 1
~ 2RC 2(125)(10-5)

a = 4000

o = w? (critical damping)

”Uo(t) — D1t6—4000t + D26—4000t

0,(0) = Dy = 15V

15
ir(0) = T 120 mA
ir,(0) = —60mA
ic(0) = =60 mA
dv,

2 (0) = —4000D; + D,

io(0) _ —60 x 10~
C 106

= —60,000
Dy — 4000D, = —60,000; D; =0
v,(t) = 151V, t>0

q .
i 2x10 i

-+

v l¢§ g0kt

N T

vr = —2 x 10%4 + 16 x 10%i7;
= 4000i; + 16,000i7 = 20,000i7

T _ 90k0)
T

"~ 100

20kt

(—ir)

Problems

8-17
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~ 3000

V,==""—(50)=30V; I,=0
5000 ")
i6(0) = —in(0) — iL(0) = ——2 _ _ _15mA
G TR P 00,000 0
ic(0)  —1.5x107%
C  025x106 6000
1 1
Ww=—= =10°

° 7 LC ~ (40)(0.25 x 10-5)

1 1
~ 2RC 2(20 x 103)(0.25 x 10-°)

« = 100 rad/s

wg = V105 — 1002 = 300 rad/s
v, = B1e 1% cos 300t 4+ Bye 1% sin 300t
1,(0) = By =30V

dv,
dt

(0) = 300B, — 100B; = —6000

3008, = 100(30) — 6000; S By=-10V

v, = 30e71%% cos 300t — 1019 sin 300t V, t>0

i
P820 [a] v=L <C;tL> _ 16[6720,000t _ 6780,000t] \ t>0

[b] ip = % _ 40[6—20,0001& _ 6—80700015] mA, t>0t

[c] ic = I — iy, —ir = [-8e 2" 4+ 32e7%0% mA, £ >07

i
P821 [a] v=L1 <£> — 40732000 Gin 94 000V, £ >0
v
bl ic(t) =1 —ig —ip, =24 x 107° — — —
[b] Zc() IR — L X 625 (a9

= [24e 7320 05 24,000t — 32¢3%9%% sin 24,000¢] mA, t>0"

.
P822 w=1 (;;) — 960,000t 000y 4>



P 8.23

Problems 8-19
t<0: ir, = 9/3000 = 3mA
t>0:
6 (F) 2 oD §62.5H T2 230 (Dama
6k|[3k = 2k
oma(] S §62.5H T 2-50F

, 1 1

w

1 1
o

° T LC ~ (62.5)(2.5 x 10°9)

= 6400; w, = 80 rad/s

o — w? = 10" — 6400 = 3600

s1,2 = —100 = 60 rad/s

T 2RC ~ 2(2000)(2.5 x 10°9)

= 100;

s1 = —40 rad/s; S9 = —160 rad/s

iL — [f_'_Allef40t +A/267160t
ZL(OO) = [f = 9mA

iL(0) = Al + Ay + Iy = 3mA

Al +A,+9m=3m so A+ A,=-6mA

diy,
Solving, Al = —8mA,

i, =9 — 8e 10 1 2710 mA

A, =2mA

t>0

o? =10*
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P 8.25

CHAPTER 8. Natural and Step Responses of RLC' Circuits

1 1
2= = = 10°%; » = 10* rad/
Yo = L0 T (50 x 10-3)(0.2 x 10-6) v rads

1 1
~ 2RC 2(200)(0.2 x 10-)

«

= 12,500 rad/s .". overdamped

s12 = —12,500 £ \/(12,500)2 — 108 = —12,500 £ 7500 rad/s
s1 = —5000 rad/s; $9 = —20,000 rad/s
Iy = 60mA
i, = 60 x 1073 + Ale=5000 | A7 o=20.000¢
—45x 107 =60 x 1072 + A} + Ay, Aj+ Ay =—-105x 107°
diy,

15
—= = —5000A" — 20,0004, = —— = 300
dt ! ’ 27 0.05

Solving, A} = —120mA; A, = 15mA

in, = 60 — 120e 79008 1 1572000t ;A ¢ >

1 1

- - — 8000; ? =64 x 10°
“T9RC T 2(312.5)(0.2 x 10-9) S :
w, = 10% underdamped

512 = —8000 % j+/8000? — 10% = —8000 £ 56000 rad/s

i, = 60 x 107 4+ Bje %% cos 6000t + Bhe %% sin 6000t

—45x 107 =60 x 107 + B, . B} =-105mA
diy, , )
E(O) = —8000B; + 60008} = 300

B, = —90mA

i, = 60 — 105e 5% ¢os 6000t — 90e %% sin 6000t mA, ¢ >0



P 8.26

P 8.27

Problems

1 1

e = - 104
2RC ~ 2(250)(0.2 x 10-)

«

o® =10° = w? critical damping
i, = Iy + Dite " 4 DLe 10" — 60 x 1072 + D)te 10" + Dje 10"
i(0) = —45 x 107* = 60 x 107 + D; . D)= —105mA

i
%(0) — —10*D, + D, = 300A/s
D! =300+ 10*(—105 x 1073) = =750 A /s

i, = 60 — 750,000t 10" — 105¢ 19" mA, ¢ >0

For ¢t>0
+
30naT 4000 £ 1.254F T 1_25H§ v,
1 1
= —— =1000:; — =64 x 10*
“ = SRC ' IC %

51,2 = —1000 = 600 rad/s
s1 = —400rad/s; s9 = —1600rad/s
v — Vf+A/1€—4OOt+A/26—16OOt

Vi=0:  1,(0")=0;  ic(0") =30mA

Al +A5=0
dv,(0F) ic(0%)
dt 1.25 x 106 000V/s
dv,(0F
vo(07) _ —400A4, — 16004} = 24,000
dt
Solving,

Al =20V,  A,=-20V

v, = 2064008 _ 901000t v t>0

8-21
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P 8.28 [a] From the solution to Prob. 8.27 s; = —400rad/s and sy = —1600rad/s,
therefore

Z'O — If +A/16—400t +Al2€—1600t

di,(0F
I;=30mA;  i,(07) =0; W(01) _
dt
0=30x 107 + A} + Aj; —4004) — 160045 = 0

Solving
A} = —40mA; A, = 10mA
io = 30 — 40e %% 1 106719 mA | t>0
di,
[b] dilt — 166740015 - 16671600t

di,

v, = L—2 = 20e~ 400 _ 901600ty t>0
dt
This agrees with the solution to Problem 8.27
P 8.29 ! ! 1000
. a = = =
2RC 2(400)(1.25 x 1079)
1 1
W= = = 64 x 10

° 7 LC ~ (1.25 x 10-6)(1.25)

512 = —1000 £ v/10002 — 64 x 10* = —1000 + 600 rad/s
s1 = —400 rad/s; S9 = —1600 rad/s
Vp(00) =0=V}

v, = Al =400t | A1 =160t
v,(0) = 12 = A| + Aj
Note: ic(0T) =0

dv,
dt

(0) = 0 = —400A} — 16004,

Solving, Al =16V, A, = —4V

V,(t) = 16400 — 41000y t>0



Problems

P8.30 [a] i, = I; + Aje 400 4 Al 1600

12
]f = m = 30mA, 10(0) =0

0=30x 107" + A} + A, oo AL+ AL =-30x%x 1078
di, 12

d—zt( ) = 157 = —4004] — 160045

Solving, Al = —32mA; A, =2mA
io = 30 — 327190 £ 271600 A >0
di,

[b] dit = [12.8¢~400t _ 3916001

Vp = LCS: = 16400 _ 471600y ¢ >

This agrees with the solution to Problem 8.29.

P831 i (07) = iL(0+) = 37.5mA
Fort > 0

37.5mAE 20002 6.25H§ 25lE Ty

1L

1
a = 100rad/s; w? = 6400

= oRC °= Ie

s1 = —40rad/s S9 = —160rad/s
Vp(00) =0=V}

v, = A/16740t 4 A/2€7160t

ic(07) = -375+375+0=0

dv,

=0
dt

8-23
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P 8.32

CHAPTER 8. Natural and Step Responses of RLC' Circuits
CZ;" (0) = —40A] — 1604

Al +4A, = 0; A+ A, =0

A=0;  Ay=0

v, =0fort >0
Note: v,(0) = 0; vo(00) = 0; dU;EO) =0

Hence the 37.5 mA current circulates between the current source and the ideal
inductor in the equivalent circuit. In the original circuit the 7.5 V source sustains a
current of 37.5 mA in the inductor. This is an example of a circuit going directly into
steady state when the switch is closed. There is no transient period, or interval.

t <O
625
o )= o + - 2 = 2 V
0el07) = 0o(07) = 75725 (25) = 20
’lL(Oi) = ZL(OJr) =0
t>0
+
+
_ il 312 .5mH
160mA(T 1250 2 SuF T 20V g v
_ W
_3 20 . + . +
—160 x 10 —|-1725+Zc<0)+020; Zc(O):O
1 1
- — 800 rad/
9RC ~ 2(125)(5 x 10-9) rads
1 1
Yo T TC T B125 x 109 (5 x 10-8)

2

o’ = w? critically damped



Problems 8-25

[a] v, = V} + Djte %" + Dje 80"
V=0

dv,(0)
dt

v,(07) =20 = D),

— —800D, + D} =0

D' = 800D}, = 16,000 V/s
v, = 16,000te % 42078V, ¢ > 0"
[b] i = I + Dite™" + Dje >

. dir (0F) 20
0" =0: Iy = 160mA: _ — 64 A/
w(07) =0; f ma; dt 312.5 x 103 S

0=160+D}  D,=—160mA;

—800D), + D = 64; D} = —64 Als
i, = 160 — 64,000te 5% — 1605 mA t>0
P833 [a] wy = / pdt = / voip dt
0 0

v, = 16,000te 8% 4 20800t v
i, = 0.16 — 64te 8% — 0.16e 780 A
p = 3.2¢ 780 4 9560te 800 — 3840t 1600

—1,024,000t2 1600t _ 3 91600t yy

wy, = 3.2 [ e S0 dt 12560 [ te S0 gt — 3480 [ e 190 gy
0 0 0

1,024,000 / 12616000 gy 3.9 / L1600t g4
0 0

e—800t [ 9560 -
_ g™ 8006800 — 1
—800 |, " m002° ( )0
3840 00 h
_ ~1600¢ — 1
60z )0
1,024,000 —1600t 242 -
_ 1,024,000 160022 + 3200¢ + 2
00 a0+
—1600t |
—32°

(—1600) |,
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All the upper limits evaluate to zero hence

3.2 2560 3840  (1,024,000)(2) 3.2
— + _ — — =4ml
800 8002 16002 16003 1600

Note this value corresponds to the final energy stored in the inductor, i.e.

wr,

1
wy,(00) = 5(312.5 x 107%)(0.16)* = 4 mJ.
[b] v = 16,000te 3% 4 2080 v

i = 1oz = 12807 1 0.16¢ " A
Pr = vig = 2,048,000£%¢ % 4 5120te 1% 4 3.2¢ 710
WR :/ prdt

0

— 2,048,000 / 1261600t gt 1 5120 / fe~ 1600t ¢ | 3.9 / ¢~ 16001
0 0 0

2,048,000 1600t 0
= T jgopr[1600°¢* 432006 + 2] | 4
512067160(% o) 3_2671600t 00
——(—1600t — 1 _—
16002 ¢ ) o T (=1600) o

Since all the upper limits evaluate to zero we have
o — 2,048,000(2) N 5120 n 32
R 16008 16002 1600
[c] 160 =ig +ic + i (mA)

5ml]

ir + i1, = 160 + 64,000te "% mA
ic = 160 — (ig +ip) = —64,000te 3% mA = —64te =800 A
pc = vig = [16,000te 8% + 20680 [—64te—80%]
= —1,024,000t2 1600 _ 12801600t

we = —1,024,000 / 1261600t g1 1980 / T
0 0

~—1,024,000¢ 1600

[e%) 1280671600t ')
we= ~1600 -

———(—1600t — 1
0 16002 ( ) 0

[1600%* 4 3200t + 2]

Since all upper limits evaluate to zero we have

~ —1,024,000(2)  1280(1)

— 1mJ
1600° 16002 m




Problems 827

Note this 1 mJ corresponds to the initial energy stored in the capacitor, i.e.,
1

we(0) = 5(5 x 1079)(20)* = 1mlJ.

Thus we(oo) = 0 mJ which agrees with the final value of v = 0.

[d] 75 = 160mA

ps(del) = 160v mW
— 0.16[16,000te—50% 4 20¢~50]
= 3.2¢7800% 4 2560te 800 W
Wy = 3.2/;06—80% dt + /?2560t6—800t dt

3.2 —800t |00 2560 —800t 00
=2 2P (800t — 1)
—800 o 8002 0
3.2 2560
= —+ ——=8ml
800 soo o™
[e] w, =4m] (absorbed)
wr = bmlJ] (absorbed)
wg = 1mJ  (delivered)
wg = 8mJ (delivered)
deel = Wabs = 9mJ.
3.75 x 103
P 8.34 N=—""""-(1 =
8.3 ve(07) 1195 = 103( 50) =50V
. . 150
ZL(0+) =100 mA, ZL(OO) = % =20 mA
L ! 800
o = = =
2RC 2(2500)(0.25 x 10-6)
1 1
e =108
Yo T IC T (4)(0.25 x 10-9)
o? =64 x 10%; o’ < wi; .".. underdamped

s1.0 = —800 % jv/800% — 10° = —800 + j600 rad/s
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i, = I;+ Ble * coswgt + Bhe * sinwgt
= 20+ Bje 8% cos 600t + Bhe %% sin 600t
i(0) =20 x 1073 + B!, Bj =100m — 20 m = 80 mA

diy,, , , 50
—(0) = 600B; —800B; = —~ = 12.5

6008, = 800(80 x 1073) + 12.5; B, = 127.5mA
i, = 20 4 80e 3% cos 600t 4 127.5¢ %% sin 600t mA, t>0

P 835 [a] 2a =5000; o = 2500rad/s

Va2 — w? = 1500; w? =4 x10°; w, = 2000 rad/s

R
— = — 92500 R = 5000L
“Tar !
w2—i—4x106- L—liog—m
° LC ’ 4 x108(50)
R = 25,0009
[b] i(0) =0
di(0 1
L i0) _ v.(0); ~(50) x 10~?v2(0) = 90 x 10~°
dt 2
v2(0) = 3600;  v.(0) =60V
di(0) 60
= — =12A/
i 5 °

[e] i(t) = Aye 1% 4 Ape™*0

di(0)
dt

Solving,

= —1000A; — 40004, = 12

Z(t) — 46—1000t - 46_4000t mA t Z 0



Problems

di(t)

[d] y7 — —46_1000t 4 166—4000t
di —4000t —1000t
T = () when 16¢ = 4e
or 3000t _ 4
In4
[e] imax = 404062 — 4718484 — 1 Qo mA
i
[f] v (t) = 5d—z = [—20e71000¢ 4 84000y ¢ > gt

P 836 « = 2000rad/s; wgq = 1500rad/s

w? —a? =225 x 10% w? =625 x 10*;  w, = 2500rad/s

R
— Y —2000; R =4000L
“Tor ’
1 1
— =625x10% L= =2H
LC S (625 % 101)(80 x 10-9)
R = 8kQ

i(0%) = B = 7.5mA,; att = 0"

gLy
T a0V -+ vooh _‘_
BOnF =T 30V
I
60 + v,(07) — 30 = 0; o (0F) = =30V
di(0t) =30
= = _15A/
dt 2 DAL
di(0*
Z<dt ) 15008, — 20008, = —15
15008, = 2000(7.5 x 107%) — 15; S By=0A

i = 7.5 2% gin 1500t mA, ¢ >0

8-29
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P 8.37 From Prob. 8.36 we know v, will be of the form
Ve = B3e 2% 051500t + Bye 2% sin 1500t
From Prob. 8.36 we have

0:(0) = =30V = B

and
dv.(0) ic(0)  7.5x 1073 3
= - 010 93.75 x 10
dv,
“dio) = 1500B, — 2000B5 = 93,750

150084 = 2000(—30) + 93,750; By =225V

v(t) = —30e™ 2% cos 1500t + 22.5¢ 2% sin 1500t V

1 1
P 8.38 g =25 x 10°
al w0 = 76 = 80 x 1005 x 10-9)
« 1t w, = 5000 rad/s

= ﬁ =
R = (5000)(2)L = 8002

[b] i(0) = i,(0) = 30mA

v.(0) = 800i(0) + 80 x 10—3@

dt
20 —800(30 x 107%)  di(0)
80 x 103 o dt
di(0)
= —-50A
dt /s

[C] Vo = D1t€—5000t +D26—5000t

ve(0) = Dy =20V

dUC ZC(O) —iL(O)
—(0) = D; — 5000Dy = =
dt (0) ! T ¢ C
30 x 1073
D — 1 = - = —
1 00,000 05 5 10 60,000

ve = 40,000te 0% 4 2075000 v t>0

D, = 40,000 V/s



Problems

P 8.39 [a] Fort > O:

5k} 7.5E0
iyl & L
+ i N
727 0. 1uF Ez oH
W
a
-

Since i(07) = (07) =0

0,(0Y) =72V
1 oy
_ 1 )
[b] v = 5000 + oo [ ide+7
dv di
= 5000 + 10 x 10%
_ = 5000 +10 x 10%
vy (0) di(0%) N di(0*)
= 1 1 ) =
o 5000 +10 x 10%(0%) = 5000 o
(0
_Ldz(() ) _ 9
dt
di(0*) 72
— 2 — _988A/
dt 2.5 S.8ALs
+
dva(07) _ 144,000 V/s
dt
R 12,500
= — = ’ = 2
[c] « 5T 202.5) 500 rad/s
w2 = 1 ! =4 x 10°

°7 LC ~ (2.5)(0.1 x 107)

512 = —2500 4+ v/25002 — 4 x 106 = —2500 + 1500 rad/s
Overdamped:

vy = Aje~ 1000t 4 4 —4000¢

’Ua(O) =72= Al + A2

dv,(0)
dt

Solving, A; =48; Ay, =24

= —144,000 = —1000A; — 40004,

Vg = 486—1000t + 246_4000t V, t Z 0+
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, 1 1

P 8.40 =— = =25
Yo T IC T (10)(4 x 103
R 80
T A TET) B M
a? < w? underdamped

$190=—44 jV9=—4+ j3radls
i = Bye *cos3t + Bye *sin 3t
i(0) = By = —240/100 = —2.4 A

y
d—z(O) — 3B, — 4B, =0

By =—-32A

i=—24e " cos3t —3.2sin3t A, t>0

P84l <0 "
100
—e
S Myl +
Fioly: 200
230
1]
2110 if v(0)
()240v
 J
240 240
(0) = = _6A
0 = s 3001~ 10
70
0,(0) = 240 — 8(6) — ——(6)(20) = 108V

100



P 8.42

Problems

>0 1H 50)
PV B At
62, + +
1102 SmF T Vo TV
R 20
=—=——=10 2 =100
“Tor oy ¢
1 1
wi=-—= = 200

w? > a? underdamped

512 = —100 & v/100 — 200 = —10 = 510 rad/s
v, = Bre % cos 10t + Bye 1% sin 10¢
v,(0) = By = 108V

dv, dv, —6

@0y = ¢ = 1200V
a0 ’ dt 5 x 103 /s
dv,

~2(0) = ~10B1 + 10B, = 1200

10B, = —1200 + 10B; = —1200 + 1080; B, = —120/10 = —12V

v, = 1087 1% cos 10t — 12e %% sin 10¢ V, t>0

[a] t < O:
.80 .
o = g5 = 100mA; = 500i, = (500)(0.01) = 50V
t>0:
R 500

= = = 10° rad/

“T oL T 2025 x 1079) rads
1 1

W= = =100 x 10°

° T LC (2.5 x 1073)(40 x 10-9)

ot =w, .. critically damped

8-33
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io(t) = Dite 10t 4 Dy 107
io(0) = Dy = 100mA
CZ;(O) ——aDy+D; =0
Dy = 10°(100 x 107%) = 10,000
io(t) = 10,000te 9" + 0.1e7 1P A, >0

[b] v,(t) = Dgte 10t + Dye 10

,(0) = Dy = 50
dv
C—2(0) = —0.1
o (0)
dv, —0.1
0= 55 1g = 2 X 10°V/s = —aDi + Dy

D3 = 10°(50) — 25 x 10° = 25 x 10°
Uo(t) = 25 x 10°te 1t 4+ 50e 10V, £ >0

R 000
P84 =—=——=/1 d
843 « 5T 201) 000 rad/s

1 1
P = =20 x 10°
YT IC T WBox 1079

512 = —4000 £ V40002 — 20 x 106 = —4000 % 52000 rad/s
v, = Vi + Bie %% cos 2000t + Bje "% sin 2000¢

,(0) = 0 =V} + B,

vo(00) = 80V; S, By =-80V
v, (0
v di ) 0= 20008, — 40008

20008, = 4000(—80) ... B, =-160V

v, = 80 — 80e 1% 05 2000t — 160e %% 5in 2000t V, ¢ > 0



P 8.44

Problems

t <O0:
i A L >
a0} Bl %J‘_L(D) l
+
150(; v (0) 180
: —150
ZL(O) = W = —HA

ve(0) = 18i,(0) = =90V

t>0:
A A LA A
200 8t 100mH
+
R 10
= — = —— =>50rad/
“T oL T o0 UM
2 ! ! 5000
W, = —— = =
° LC  (0.1)(2 x 1073)
we > a2 underdamped
512 = —50 = V502 — 5000 = —50 £ 550
v, = 60 + Bje ™ cos 50t + Bhe "% sin 50t
v:(0)=-90=60+ B; .. B} = —150
dv dv -5
C—2(0) = —5; °(0) = ———— = —2500
dt(> ’ dz&<> 2 x 103
dv, / . /
I (0) = =50B; + 50By = —2500 .. B, = —200

Ve = 60 — 150e % cos 50t — 200e % sin 50t V, ¢ >0
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P845 ic(0)=0;  v,(0)=50V

R 8000

= - " = 2
2L = 2(160 x 10-9) 5,000 rad/s

«

1 1 ,
2 6
“o = LC T (160 x 10-3)(10 x 10-9) 8

a2 = w2‘

o)

critical damping

Vo(t) = Vj + D)jte 50000 4 Py o=25,0001
V=250V

0,(0) =250 + D, = 50; Dy =—200V

dv, ,
CZ (0) = —25,000D), + D, = 0

D’ = 25,000D) — 5 x 10° V/s

U, = 250 — 5 x 10525000t _ 900e=25:000ty ¢ >

P846 [a] t <O0: 10k} 20k if0m)
'\f'\f'\a' .
| +
+
50V v(07) v{07) (o 40v
-
120
i(07) = = 4mA
30,000
ve(07) = 80 — (10,000)(0.004) = 40V
t=0":
s
5k}
M
20 BHL
+ + 20k ;
=125 dmp
v, A0VTELRF a0v
c Véu :l ‘

5kQ|[20kQ = 4k
0o(0F) = —(0.004)(4000) 4 40 = 40 — 16 = 24V



Problems 8-37

[b] v,(t) = ve — 4000i,

dv dv di
°(0) = So¢(0) — 400022 (0
5 (07) = —-(07) 5 (07)
dv, . 4 %107
) = (5760 < 108~ 2048V

—vp(07) +0,(07) +40=0 v, =64V

diy, .. 64
—2(0%") = — =128A
o (07) 7 8A/s
dv,
ch (07) = —2048 — 4000(12.8) = —53,248 V /s
1 1
2= — = =10.24 x 10*
el wo = 76 = B)i(125/64) x 10-9] 8
4
a= 2}2 = 2(2(5);) = 400 rad/s; o =16 x 10*
o > w? overdamped

51,2 = —400 %= 240 rad/s

Vo(t) = Vi + Ale 100 4 Al 040

Vi = v,(00) = =40V

40+ A + Ay =24

—160A4, — 6404, = —53,248

Solving, A, = —256; A, =89.6

v,(t) = —40 — 25.6e 0% + 89 6040V, t>0"

P847 [a] v. =V} + [B]coswgt + Bysinwgt] e~

dv,
dt

Since the initial stored energy is zero,

dv.(01)
dt

t

= [(wgBy — aB]) coswgt — (aBy + wyBy) sin wgt]e™™

v.(0") =0 and =0

/!
aB)

It follows that B} = —V; and Bj=
Wy
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When these values are substituted into the expression for [dv./dt], we get

dv o?
S = =— 4+ wy | Vie ™ sin wyt
dt (wd d) ! d

But V; =1V and a—+wd: - Zo

dv, 2
Therefore e _ (c%) Ve sinwgt
dt Wy

dv,
dt

[b]

=0 when sinwgt=0, or wgt=nr

where n=0,1,2,3,...

Therefore ¢ = nr
Wd

nmw
[c] When t,=—, coswgt, =cosnm = (—1)"
Wd

and sinwgt =sinnmt =0
Therefore  v.(t,) = V[1 — (—1)"e"o""/4]
[d] It follows from [c] that
v(ty) =V + Ve @™ and  w,(t3) = V 4 Ve Bar/wa)

Therefore Volts) =V e-Bamjwa) e

2am /wgq)

o 1o [ve(ty) = V]
But — =t3—t, =Ty, th = In o~
T T T T M edlts) — V)
1 ve(t1) =V 3= m™ 2m
P848 a=_—In{-Y "Ly = D20
‘T n{vc(tg)—V}’ S
7000 . [63.84 o
Q o n [26.02} 000; Wy T, 7000 rad/s
w2 =w?+a? =149 x 10° 4 10° = 50 x 10°
1
L= =200mH; R =2aL =4000

(50 x 106)(0.1 x 1079)



Problems 8-39

P 8.49 [a] Let be the current in the direction of the voltage drop v,(t). Then by hypothesis
i =1i;+ Bie * coswgt + Bye ™ sinwgt

v
if=i(c0) =0, i(0)= =B

Therefore i = Bje ™ coswyt + Bhe * sinwgyt
1 2

di di
L (0) =0, therefore —Z(O) =0
dt dt
di , . ) o .
o [(wgBs — aBj]) coswgt — (By + wgB7) sinwgt] e
« a'V,
Therefore wyB, — aB; = 0; B, = " B, = ;dﬁg

Therefore

di a2V,  wiVi\ .
Vy = dt:_{L<wd}§+ i%g)Slnwdt}e_at

L 2
= — {Vg <a + wd> sinwdt} e—at
R Wy

VoL (o 4w
R

) e~ sin wyt

Wd
Ve :
Vp = — e sinwgtV, t>0"
RC’wd d -
dv, \% .
[b] CZ = _wdf%C' {wq coswgt — asinwgt fe™

d

Y% _0 when tan wat = hadl

dt o

Therefore wyt = tan™ ' (wg/a) (smallest t)

1
t=—tan ! <wd>
Wq «

P 8.50 [a] From Problem 8.49 we have

UV = VY e~ sin wyt
Rde
R 4800
= — = =37,500rad/
CT oL T o(6ax 103y DO
1 1
w? = = = 3906.25 x 10°

LC (64 x1073)(4 x 1079)
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wg = \/w2 — a2 = 50krad/s

—Vy _ —(=72) _
RCwy  (4800)(4 x 1079)(50 x 103)

v, = 75e 3750 6in 50,000t V, t>0

[b] From Problem 8.49

U I <wd) Lo (50,000
= — tan — | = —tan
T o 50,000 37,500

tq = 18.55 us

[€] Vmax = 75e 031859 6in[(0.05)(18.55)] = 29.93 V
[dl R=480Q; o= 3750rad/s

wyq = 62,387.4rad/s
v, = 601.08¢737% 5in 62,387.4tV, t >0
ty = 24.22 us

Umax = 047.92V

d?v, 1
P8.51 -
Bl "0 = meme,
L 10~ — 250
R,C1R,Cy — (100)(400)(0.5)(0.2) x 1076 x 10-6
d?v,
= 2500,
0<t<05:
vy = 80mV
d*v
0 =2
TER
Let g(t) = CZ)to’ then Zg =20 or dg=20dt




dv, = 20t dt

(0

vo(t) = 102V, 0<t<0.5"

dvol 1
= — —20v, = —1.6
dt RyCy Y Yo
dUOl = —1.6dt

'Uol(t) t
/ dr = —1.6/ dy
vol(o) 0

'Uol(t) — ’Uol(O) = —16t, Uol(O) =0
v(t) = —1.6tV, 0<t<05"

O.5+ S t S tsat:

dZUO dvo
=—-1 let t) =

dg(t

Zi) = —10; dg(t) = —10dt

g(t) t
/ dr = —10 dy
9(0.5%) 0.5

g(t) — g(0.5%) = —10(t — 0.5) = —10t + 5

dv,(0.5T)
05%) = 22/
9(0.5™) o
dvo ;o 0 —051(0.5T)
CE(M )= 400 x 103

001(0.57) = 1,(0.57) = —1.6(0.5) = —0.80 V
dv,(0.57) 0.80

_ —2uA
C—a 04x106 “F
dv, n 2x 1076
5= =" v
g (007) =g qge = 10V/s
dv,
g(t) = =10t +5+10 = 10t +15 = =

dv, = —10tdt + 15 dt

vo () t t
dz — / 10y dy + / 15d
/1;0(0.5+) 0.5+ vy 0.5+ Y

'Uo(t) t
/ dx = 20/ x dx; V() — v,(0) = 10£,  ,(0)
v0(0) 0

Problems

=0
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842 CHAPTER 8. Natural and Step Responses of RLC' Circuits

t t

Vo(t) — ,(0.5%) = —5y?

+ 15y

0.5 0.5

Vo(t) = 1,(0.57) — 5t* +1.25 + 15t — 7.5
05(0.57) = 0,(0.57) = 2.5V
v,(t) = —5t* + 15t — 3.75V, 0.57 <t <ty

d’Uol

= —20(-0.04) = 0.8, 0.5 <t < to

'Uol(t) t
dv,; = 0.8dt; / dr = 0.8 dy

01(0~5+) 0.5%

Vo1 (t) = 151(0.5%) = 0.8t — 0.4;  061(0.57) = vy (0.57) = —0.8V

Vo1 (t) = 0.8t — 1.2V, 0.5%7 <t < ta

Summary:
0<t<05s: Vo1 = —1.6tV, v, =10t>V
0.5%s <t <te: Vo1 = 0.8t — 1.2V, v, = —5t>+ 15t —3.75V

[b] —12.5 = —5¢2

sat

+ 15tas — 3.75

5t2

sat

— 15ty — 8.75 =0
Solving, tsat = 3.D S€EC
Vo1 (tsat) = 0.8(3.5) = 1.2 =16V

P852 7 = (10°(0.5x 107 =0.50s

1

— =2 T = (5 x 10%)(0.2 x 107°) = 15; Soo—=1
T1 T2
d?v, dv,
3 20, = 20
a2 g
s +35+2=0

(s+1)(s+2)=0; s1=—1, s9=-2

20
vo=Vp+ Ale™t + Aye™;  Vp = - =10V

v, =10+ Ale ™ + Aye



Problems

dv,
dt

0,(0) =0 =10+ A} + Aj; (0) =0=—A] — 24,
Al = =20, A, =10V
v,(t) = 10 — 20e" + 10e 'V, 0<t<0.5s

dvol
dt

+ 20,1 = —1.6; Co U =—08408V, 0<t<0.5s

0,(0.5) = 10 — 20e %° + 10! = 1.55V

051(0.5) = 0.8 +0.8¢7" = —0.51V

At t=0.5s
RMC2
My
0.z2nuf
iC
400k0
L Ay ™~ ——e
-0.51v 1.55v

v v

0-+0.51 1.55 -0

T I00x 108 Bxaoe AN
dv dv 0.954
C—2 =0.954 uA: © = 22 — 4773V
dt HA; 02 /s
t>0.5s
d?v, dv,
3 20, = —10
az g T
Vo(00) = =5

v, = —5 + A’le’(t’o"r’) + A/2672(t70.5)

1.55 = =5+ A} + A)

843
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P 8.53

P 8.54

CHAPTER 8. Natural and Step Responses of RLC' Circuits
dv,
;t (0.5) = 4.773 = — A, — 24,

Al + A, = 6.55; — A —2A, =4.773
Solving,

Al =17.87V; Ay =—-11.32V
Vo = —5 + 17.87e~705) _ 11.32¢72(-05) y | t>05s

dUOl

dt

+ 2U01 =0.8

Vop = 0.4 4 (—0.51 — 0.4)e7 2705 = 0.4 — 0917209y, t>05s

At t = 0 the voltage across each capacitor is zero. It follows that since the
operational amplifiers are ideal, the current in the 500 k{2 is zero. Therefore there
cannot be an instantaneous change in the current in the 1 uF capacitor. Since the
capacitor current equals C'(dv,/dt), the derivative must be zero.

d?v,

gz 2

[a] From Example 8.13

d
therefore L(Zli =2, g(t) =

g(t) — g(0) = 2t; g(t) = 2t + g(0); 9(0) = p

+ , +
5v 1r 0v
: b _ , dv,(0)
= x10%=1pA =ic=-C
'R = 500 pA = to dt
dv,(0) —1x107°
= = —1 =
dt 1 x 106 9(0)
dv,
—2t—1
dt
dv, = 2t dt — dt

vy — ,(0) = ¥ — t; v,(0) =8V
Vo=1"—1t+8,  0<t < by



Problems 845

[b] * —t+8=9
tP—t—1=0
t=(1/2) + (vV5/2) 2 1.62s, te = 1.62s
(Negative value has no physical significance.)
P 8.55 Part (1) — Example 8.14, with R, and R, removed:
[a] R, = 100kS2; C1 = 0.1 uF; Ry, = 25k€; Cy =1puF

d?v, 1 1 1 1
— . ——— =100 =40
dtQ (RaCl) (Rb02> Ug, Racl RbC2

3 d*v,
vy = 250 x 1077 therefore = 1000
dt?
dv, (0 .
[b] Since v,(0) =0 = Y di ), our solutionis v, = 500t* V

The second op-amp will saturate when

Vo =06V, or tg =1/6/5002=0.1095s

[C] dvol _ 1 v
dt — R.,C;*
[d] Since v,1(0) =0, wvy =—25tV

At t=0.1095s, v, = —-2.74V

= —25

Therefore the second amplifier saturates before the first amplifier saturates.
Our expressions are valid for 0 < ¢ < 0.1095s. Once the second op-amp
saturates, our linear model is no longer valid.

Part (2) — Example 8.14 with v,;(0) = —2V and v,(0) = 4 V:

[a] Initial conditions will not change the differential equation; hence the equation is
the same as Example 8.14.

[b] v, =5+ Aje 1% + Ale*"  (from Example 8.14)
v,(0) =4 =5+ A + A

100k (47100} mA

Ay
i +
g 1C(EI j
- 4V +
25k0C
» A *

— +

2V iz (2/25)mA OV

v -
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4 2
. ; 0+ - = =90
100 T =55
4 dv,(0T)
o(07) = — mA = °
0(07) = g mA =C—,
dv0(0+) 0.04 x 1073
= =40V
dt 10-6 /s
dv, / _—10t ) —20t
dv, + ’ ’

Therefore — A} — 245 =4 and A} + A, =-1
Thus, A] =2 and A} = -3
Vo =5+2e10% 372y t>0

[c] Same as Example 8.14:

dvol
dt
[d] From Example 8.14:

+ 200, = —25

Vp1(00) = —1.25V; v1(0) = -2V (given)

Therefore
Vo = —1.25 + (=24 1.25)e 2" = —1.25 - 0.75¢ "'V, t >0
P 8.56 |[a]
C T C
I - b
0.5R
R v, R
L Ay gy
.
Yy TZC *
— UD
¢ l v 3_
dv Uy — VU v
202 94 2=
@« "R TR
dv, v, v 0— v, d(0 — vy)
1) Theref = 7. C =0
() Therefore ="+ 25 = 3Rc R YT
dv, v, dvy,
2) Theref — =0 . = —RC—
(2) Therefore 7 +RC , v i



P 8.57

Problems

2’0b d?)b d(vb — UO) B
R T
duy, Up, 1dv,
Theref — 4 — ==
(3) Therefore - 3"+ 26 = 2 @
2
From (2) we have chfa = —RC dd;;b and v, = —RC’dOZb

When these are substituted into (1) we get

vy, doy v
4 —peT W
@ dt? dt 2RC

Now differentiate (3) to get

P, | Loy, 18,
dt2  RC dt 2 di?

But from (4) we have

&)

Py L, v,
dt>  RC dt — 2R2C?
Now substitute (6) into (5)

(6)

dQ'Uo _ vg
2 R2(?
[b] When R;C) = RyCy = RC': v, v,
11 = bz = : 7 = e

The two equations are the same except for a reversal in algebraic sign.

[c] Two integrations of the input signal with one operational amplifier.

[a] f(t) = Iinertial force + frictional force + spring force

= M|[d*z/dt*] + D[dz/dt]| + Kz

w5 =5~ () () - (o)

Up =

. 21‘
Given vy = TR then

S—— doy oL ode
vB = R101 0 dy2 N RlC’l dt

1 /t d 1

Vo = — v =—=

¢ RQOQ 0 B4y RlRQOICQ

& Rg dx

"R, P T RR.CLdt

847
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P 8.58

CHAPTER 8. Natural and Step Responses of RLC' Circuits

Vg =

R5+R6} [R5—|—R6:| 1
———|ue = T

R Rg " RiR,CiCy
— Ry
Ry

vp = { ]f(t), va = —(vp + vg + vp)

de
dt

d*x Ry Ry
Theref — == f(t)— ReR1RyC1Cy
actore 5 = |2 10 - |55 G - |l mrmea

R7 R3R7 R?(R5 + RG)
W po BV K=
Rs’ ReR.R.C; " ReRg R RyCyCh

Rs + Rg }x

Therefore M =

Box Number | Function

1 inverting and scaling
inverting and scaling

integrating and scaling

inverting and scaling

2
3
4 integrating and scaling
5
6

noninverting and scaling

[a] Given that the current response is underdamped we know ¢ will be of the form

i = 1;+ B} coswgt + BY sinwgt]e™

where o= —

1
and wg = w2 —a?= ﬁ—oﬁ

The capacitor will force the final value of 7 to be zero, therefore Iy = 0.

By hypothesis i(07) = V,./R therefore B} = Vy./R.

Att = 07 the voltage across the primary winding is zero hence di(0")/dt = 0.
From our equation for ¢ we have

(CZ = [(wgBh — aB}) coswgt — (weB} + aBy) sinwgt]e
Hence

dz(dc:) B, — B =0

Thus

Bé _ EB’ _ aVye.

wy * wa R
It follows directly that

. Va a
1= fc cos wyt + — sinwgt| e

Wy



Problems
[b] Since wyB] — aB} = 0 it follows that
dl / / —at
i —(wgB] + aBj)e™® sinwgt
a2V wqVa
But aB, = ©  and B! = <
2= R waP1= TR
Therefore
waVae | @Vage Vg [wi+a®
B! B, = =
Wb B =TT U R TR | w
But u)2—|—(342:u)2:L
d o LC
Hence
Vi
B! B, = —=_
waD1 ta 2 wdRLC'
) di
Now since v, = L— we get
dt
Vie . Vie  _—ar .
v = —Lde:iLCe_at sinwgt = — de)Ce o gin wyt
di
c]l vo="V3 —tR—L—
[e] v de — 1 7
iR =V, (cos wat + 2 sin wdt) e ot
Wd
Vie .
Ve = Ve — Ve (cos wgt + @ sin wdt) e ot de o—at gin wqt
Wd waRC

Vdc . a‘/dc
wdRC’ Wq

= Ve — Vace™* cos wyt + ( ) e~ sin wgt

1 1
= Ve [1 — e coswgt + o (RC — 04) e~ sin wdt}

= Vi [1 — e coswyt + Ke " sin wyt]

P8.59 vy = Vi {1 - C]L%Oe_“t sin wdt}
Wd
dvg), —aVy. d .
Zsp Rl e t
G wRC @i et
—aVy. '
— aRé’ [—ae™ sinwgt + wy coswyte™ ]
Wd
aVy.e~

= [ sinwgt — wy cos wgt]

wdRC

849
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dv
d—;p =0 when « sinwygt = wy coswgt
w w
or tanwgt = —d; wqt = tan™" (d)
Q Q
1 w
tmax = — tan~ (d)
Wy (0%

Note that because tan 6 is periodic, i.e., tan § = tan(f £ nx), where n is an integer,
there are an infinite number of solutions for ¢ where dv,,/dt = 0, that is

o tan~!(wg/a) & nw

W

Because of e~*" in the expression for v, and knowing ¢ > 0 we know v, will be
maximum when ¢ has its smallest positive value. Hence

tan™! (wg/a) ‘

Wy

tmax -

P8.60 [a] v.= Vg[l — e ® coswgt + Ke * sin wyt]

dv d
¢ = — 11 —at i —
7 Vdcdt[ + e (K sinwgt — coswgt)]

= Va{(—ae ) (K sinwgt — coswgt)+
e~ [waK coswgt + wy sinwgt]}

= Ve [(wg — aK) sinwgt + (o + wgK) coswgt]

dv,

ol 0 when (wg— aK) sinwgt = —(a+ weK) coswgt
; : {a + de]
or tanwgt=|——
d aK —wy
K
wgt £ nm = tan™? [Wl}
aK —wy
1 K
t. = — {tanl (W) + mr}
Wy aK —wy
R 4 x10°
o= o = 5 = 666.67 rad/s

109
Wg = \/12 — (666.67)2 = 28,859.81 rad/s



Problems 851

1 1
K=—[—— = 21.63
Wy (RC a)

1 B 1
o= {tan™"(~43.29) + nm} = @{—1.55 + nr)

The smallest positive value of ¢ occurs when n = 1, therefore
temax = 09.23 us

[b] ve(temax) = 12[1 — e~ %™ cos Wyt max + K e~ ™ sin witemax)
= 262.42V

[c] From the text example the voltage across the spark plug reaches its maximum
value in 53.63 us. If the spark plug does not fire the capacitor voltage peaks in
55.23 us. When v, s maximum the voltage across the capacitor is 262.15 V.
If the spark plug does not fire the capacitor voltage reaches 262.42 V.

P8.61 [a] w= ;L[z‘((ﬁ)? = ;(5)(16) x 107% = 40mlJ

13
[b]azﬁi?)x 0

5T = 10 = 300rad/s

10°
wi =15z — (300)2 = 28,282.68 rad/s

1 105  4x108
RC 075 3

1
fiax = — tan~! (wd) — 55.16 s
Wy «

12(50)(4 x 10°)

—atmax o tmax = —27 80804V
3(28.282.68) M ’

Vgp (tmax) = 12 —

[e] ve (tmax) = 12[1 — e~ max o8 Watmax + K e tmax gin Watmax]



