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Introduction to the Laplace Transform

Assessment Problems

et e Pt

AP 12.1 [a] cosh (Gt = 5

Therefore,

1 roo
L{cosh pt} = 5/ [e= (=Pt 4 o= (s+0)]q¢
-

L[ e=Bt o0 =(s4B) oo
=- +
2 [—(s—ﬁ) o- —(s+0) o—]
1 1 1 S
= — —|— =
2 (s—ﬁ s—l—ﬁ) sz — (32
gt _ ,—pt
[b] sinh gt = 26
Therefore,
1 0
L{sinh Gt} = 7/ — e~ (s+P) } dt
2./ o-
1 [ =)t r [ o (Bt r
"2 (s+08) ],

“2(5wa) "
2\s—F 5+8)  (#-P)

AP 12.2 [a] Let f(t) = te—®:

—at __ 1
F(s) = L{te "} = 7@ oy
dF(s)

Now, L{tf(t)} =— 7
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AP 123

AP 12.4

AP 12.5

CHAPTER 12. Introduction to the Laplace Transform

Caty 4 1 B 2
So.  L{t-te }7_ds l(s—l—a)Q] - (s+a)?
[b] Let f(t) =e “sinh ¢, then
B _ p
LU0} =FO) = (o

B oy oo 5B ps
£{dt}_F() ) =Grap—7 " Gro—p

[c] Let f(t) = coswt. Then

B s an dF(s) —(s*—w?)
F(s) = (52 + w?) d ds  (s2+w?)?

dF 2 _ 2
Therefore L{tcoswt} = — d(S) — (52 . W2)2
S S w

652 + 265 + 26 K, K, K3
(s+1)(s+2)(s+3) s+1 s+2 s+3
-2 2 24 — 5242
Kl:w:& Kzzﬂzg
(1) (=1)()
4 — 2
K, = 54 - T8 +26 ]
(=2)(=1)
Therefore  f(t) = [3e™" + 27 + e ] u(t)
7s? 4+ 63s + 134 K K. K.
Fls) = 5%+ 03s + _ L 2 3
(s+3)(s+4)(s+5) s+3 s+4 s+5
-1 134 112 — 252+ 134
K1:63 89+3:4; Ky — 5+3:6
1(2) (=D(1)
175 - 315+ 134
K3 — + — —3

21
f(t) = [4e™ 4+ 6 — 3e ™ u(t)

10(s* + 119)

F) = 52 105 + 169)

S19 = =5+ /25 — 169 = —5 + j12



Problems

Ky . Ky n K
s+5 s+5—7512 s4+54+ 7512

F(s) =

_10(25+119)
Y795 50+ 169
10[(=5 + j12)2 + 119]

fa = (712)(j24)

= j4.167 = 4.167/90°
Therefore

f(t) = [10e7" 4 8.33¢ 7" cos(12t + 90°)] u(t)
= [10e™5 — 8.33e¢ 75 sin 12t] u(t)

482+7S+1 KO Kl K2
AP 126 F(s) = ———F— = —
(s) s(s+1)2 s (s+1)? * s+1
1 4—-7+1
Koy=—=1,; Ki=——7—=2

" ds s
142

1

d [432%—73—%1] s(8s+7) — (4> + Ts + 1)
Ky _
s=—1 s=—1

3

Therefore  f(t) = [1 + 2te™" + 3¢~ u(t)

40 40
AP 12.7 F(s) = -
Al Sy iy Al (R S L PO
K e K
= __ a—_ —
(s+2—41)2 (s+2—341) (s+2+71)
R S
(s +2+41)
40 o *
Ki= (o = —10 = 10480° and K = ~10

d 40 80
Ky= | — 2 - 10 =10/—90°
2 ds[@—%?+j1ﬁ]$:2wl G2~

K3 = j10
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124 CHAPTER 12. Introduction to the Laplace Transform

Therefore

f(t) = [20te? cos(t + 180°) 4 20e2* cos(t — 90°)] u(?)
= 20e?"[sint — t cos t] u(t)

AP128F(S)_532—|—293—|—32_532+295+32_ B s+38
' (s +2)(s+4) s24+6s+8 (s+2)(s+4)
s+8 K1 K2

(s +2)(s+4) s+2+s+4

—2+38 —4+8
K, = = 3; Ky = = -2
1 9 3 2 _9
Therefore,
3 2
F(s)=5—
<S) s—|—2+3+4

F(t) = 50(t) + [~3e~2 + 2~ "u(t)

25% +8s? 4+ 25 — 4 4(s+1)
AP 129 F(s) = =2s—24+ ———F+—F—=25—2
(5) s2+ 55+ 4 S P 3 T P B

ft) = 2dfi(;) —20(t) + de” " u(t)

AP 12.10

lim sF(s) = lim
§—00 §—00

[ 7531+ (9/s) + (134/75°)] ] _
s3[1+ (3/9)][1 + (4/s)][1 + (5/s)]

f07) =7

lim sF(s) = lim
s—0 s—0

[ 753 + 6352 + 134s ]_
(s+3)(s+4)(s+5)|
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12-6 CHAPTER 12. Introduction to the Laplace Transform

Problems

P12.1 [a] f(t) = 5t{u(t) — u(t — 2)] + 10[u(t — 2) — u(t — 6)]+
(=5t + 40)[u(t — 6) — u(t — 8)]
[b] f(t) = (10sinmt)[u(t) — u(t —2)]
[el f(t) = 4t[u(t) — u(t = 5)]
P122 [a] (10 +)[u(t + 10) — u(t)] + (10 — £)[u(t) — u(t — 10)]
= (t + 10)u(t + 10) — 2tu(t) + (t — 10)u(t — 10)
[b] (—24 — 8¢)[u(t+ 3) —u(t + 2)] — 8[u(t +2) —u(t + 1)] + 8t[u(t + 1) — u(t — 1)]
8t — 1) — u(t — 2)] + (24 — 8t)[u(t — 2) — u(t — 3)]
= —8(t + 3)ut +3) + 8(t + 2)u(t +2) + 8(t + Du(t + 1) — 8(t — Du(t — 1)
—8(t — 2)u(t — 2) + 8(t — 3)u(t — 3)

P12.3
80 1 it

40 H

20

o
L=

-10 A 0 ] 10 15 20 25 30
220
40

/O -

P124 |[a] 25 9 iy

tis)




Problems

[b] f(t) = —20t[u(t) — u(t — 1)] — 20[u(t — 1) — u(t — 2)]

+20 cos(5t)[u(t — 2) — u(t — 4)]
+(100 — 20¢)[u(t — 4) — u(t — 5)]

12-7

1 1 1
[b] 0; [e] oo
3 3
P12.6 [a] I :/ (£ + 2)3(t) dt+/ 8(t% 4+ 2)8(t — 1) dt
-1 -1
= (0° +2) +8(1° +2) =2 + 8(3) = 26
2 2 2
[b] 1:/ £oydt+ [ 5+ 15) dt+/ £26(t — 3) dt
—2 —2 —2
=0%+(-15)*+0=2.25
1 [ (44 jw) + 1 4+350 2
P 127 t:—/ 9) xS .de:<>.1 _2
1) 21 J—oo (94 jw) mo(w) - e dw 27 9+]07T6 9
P 12.8 Ase — 0 the amplitude — oo; the duration — 0; and the area is independent of ¢,
1.e.,
© e 1
A= — dt =1
—oco T 82 + t2
P129 Fls)= [ Letgp—C O
. S) = —e€ =
—¢ 2¢ 2¢es
1 se®® 4 se” % 1 2s
Fls) = 5, limy [ 1 ] 25 1
P12.10 [a] Let dv=4'(t — a)dt, v=20(t—a)
w=f(t),  du=f(t)d
Therefore

L.

[b] £{5'(0)} = [~ 3 (et dt = - l

F)F (¢ — a)dt = F(D)5(t — a)

=0~ f(a)




12-8 CHAPTER 12. Introduction to the Laplace Transform

P12.11 57y
4
=
-8 —g/2 g/ 2 e "
-4
23
—€/2 4 e/2 /4 e 4
Py = [ St [T (S5) et [ et
—& 9 —e/2 \ € e/2 €

4
Therefore  F'(s) = —[e* — 2e%/% 4 2¢75/2 o7
se

L4 (1)} = lim F(s)

After applying L'Hopital’s rule three times, we have

2 2s (3
ll_{%; [SGSE o 2688/2 o 26755/2 +8€S€] _ ES (28>

Therefore L£{0"(t)} = s*

P12.12 L {ddgt)} = s"F(s) = "7 f(07) =" f1(07) — -,
Therefore
,C{5(n)(t)} _ Sn(l) _ Sn_l(S(O_) _ Sn—25/(0—) — .. =4g"
I 1 . —at —
P 12.13 [a] L{t} = = therefore L{te "} = (5t a)
Jwt efjwt
[b] sinwt = -
72
Therefore
. 1 1 1 1 2jw
P _ Y I B et
w

s2 + w?



Problems

[c] sin(wt + 0) = (sinwt cos + coswt sin §)
Therefore
L{sin(wt + 0)} = cosOL{sinwt} + sin OL{coswt}
_ wcosf + ssind
52 + w?

—st 0o 1

> 1
[d] L{t}:/o et = o (~st 1) | =0 5(0-1)=

[e] f(t) = coshtcosh® + sinhtsinh@
From Assessment Problem 12.1(a)
S
L{cosht} = 27
From Assessment Problem 12.1(b)
1
s?2—1

e

L{sinht} =

L{cosh(t + )} = cosh b {51] + sinh 6 [

s2 —

32—1}

sinh 0 + s[cosh 0]
B s2—1

P12.14 [a] L{te ')} = / " pe(stalt gy
.~

ef(era)t

(s + a)?

—(s+a)t—1
o

Ete} = (s +a)?

[b]

E{jt(te_at)} = (s—i—sa)2 -0

d
[c] a(te_“t) = —ate” " +e

— 1 —a s+a
—at —at —at — a —
L{—ate™ + e} (s+a)2+(s+a) (s+a)2+(s+a)2

d, _av | s
ﬁ{dt(te )} = Gta? CHECKS
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12-10 CHAPTER 12. Introduction to the Laplace Transform

< —st
P12.15 [a] L{f(1)} = / ) 625 — ae—ot=2)e=st gt

1 se —se\ __ a —se __
= gl = () e =0
lim Fs) =1 — —— = —°
=0 s+a s+a
1
—at\ __
[b] ﬁ{e }_S+CL
, B B N5 a__S
Therefore L{f'(t)} = sF(s) — f(07) “a 0 P
P12.16 L{c " f(t)} = / e~ (1))~ dt = /OO F(t)e b dt = F(s + a)
o, \_F(s) 1
P12.17 [a] [,{/6 dx}_ s =3t a
t 1/1 1
w1 £ vanp =2 (5) =5
t ar 1 e—at
[c] /O_e d:z:—g ,
{1 e—at} 11 1 1
E - — — | - — =
a a als s+a s(s+a)

52—|—w2

[b] £

P12.18 [a] c{dsmm}

{dcos wt

82+w2

[c] £ {dg(t2)} _ (2> — $2(0) — 5(0) — 2(0) = 2

dt3 53
[d] dsm wt = (coswt) - w L{wcoswt} = s
’ 824 w2
d t
C(C);w = —wsinwt + §(t)

. wg 82
L{—wsinwt +0(t)} = R +1= i
d?(t?) d3(12)

o = 2u(t); oo =200 L£{20(0)}



Problems

P 12.19 [a] f(t) = 5t{u(t) — u(t — 2)]
+(20 — 5¢)[u(t — 2) — u(t — 6)]
+(5t — 40)[u(t — 6) — u(t — 8)]
= Stu(t) — 10(t — 2)u(t — 2)
+10(t — 6)u(t — 6) — 5(t — 8)u(t — 8)

5[1 — 2e72% 4 2e705 — 78]

O F(s) = 2
[b] .
(t
5
g 2 14 & g tis)
-5
f(t) = 5[u(t) —u(t — 2)] — 5[u(t — 2) —u(t — 6)]
+5[u(t — 6) — u(t — 8)]
= 5u(t) — 10u(t — 2) + 10u(t — 6) — Su(t — 8)
CLf(B) = 5[1 — 2¢72¢ +826_65 — e8]
Lc] f"(t)ASS(t) Tﬁ(ts)
Jj g 15 Ji tis)
-10&(t-2) _55(t-8)

F7(t) = 56(t) — 105(t — 2) + 108( — 6) — 55(t — 8)

L{f" (1)} = 5[1 — 2™ 4 2e7% — 78]

12-11



12-12 CHAPTER 12. Introduction to the Laplace Transform

2

t
P 12.20 [a]/ vde = &
0— 2

t2 L e 2 —st

Lle™ .,
=35 _83(515 + 2st + 2)

y
1 1

“w?=a

cff ro) -

[b] E{/Otxdx}zﬁ{t} = 1/s* :i

S S 53

t
c{[ vdr} - L CHECKS
- S

B 40e73°
- (s+38)

P 1221 [a] £{40e 8=yt —3)}
[b] First rewrite f(t) as
f(t) = (5t = 10)u(t — 2) + (40 — 10t)u(t — 4)
+(10t — 80)u(t — 8) + (50 — 5t)u(t — 10)
=5(t —2)u(t —2) —10(t — H)u(t — 4)
+10(t — 8)u(t — 8) — 5(t — 10)u(t — 10)

5[6—25 _ 26—43 + 26—85 _ 6—105]

52

F(s) =

P1222 L{f(at)} = /  fat)et dt
.
Let u = at, du = adt, u=0" when ¢t=0"

and uw=00 when t=o00
o0 —(u/a)s du 1
Therefore  £{f(at)} = / Flwe @ — 2 pis/a)
0- a a
P 1223 [a] fi(t) = e “ sinwt; Fi(s) =

F(S) = SFl(S) — f1(0_) R



Problems

st+a

[b] fi(t) = e “coswt;  Fi(s) = Graitet

Fi(s) s+a
s sl(s+a)?+w?

d
[c] a[e‘“t sinwt] = we™ ™ coswt — ae” ™ sin wt

w(s+a) —wa ws
Therefore F'(s) = (540 + & = (5+a)?+w?

L— —ae"® coswt + we ®sinwt + a
/ e coswrdr = - -
- a’ +w
Therefore
1 —a(s+ a) w2 a
F = —
5) a? + w? l(s+a)2+w2+(3+a)2+wz+81
_ s+a
= s[(8+a)2 _I_MQ}
dF(s) d 00 7t o »
P 1224 = s - _ E
@l = [T st at] == [T e an
F
Therefore L{tf(t)} = _d d(S)
s
dQF(s) © u dSF(S) o, »
bl —5— = |- e a = |- —trwe

Therefore - ff) — (=1)" /oot”f(t)e—stdt:(—1)"£{t"f(t)}

[c] {7} = £{t*} = (—1)* d! <1) _ 120

ds* \ 52 56

. B d & B 20s

L{te " cosht}:

From Assessment Problem 12.1(a),

s

F(s) = ht} =

(s) = L{cosht} 21

dF (8" =11 -s(2s)  s*+1

ds (s2—1)2 (82 —1)2
dF 241

Therefore — E = m

12-13



12-14 CHAPTER 12. Introduction to the Laplace Transform

Thus

s2+1
(s —1)?

_ +1)2+1 52+ 2s + 2
eosht) = -
Lleteosht) = 29995 = 9 1 2

P 1225 [a] / w)du = /Oo [ Zof(t)e—ut dt} du = /ZO U:of(t)e—m du} dt
— /Zof(t)/:oe_“t dudt = /:Of(t) [e:tt“ OO] dt

o[ e
20s
(s + 52)2

tsin Bt
therefore E{ ; } / [UQWLW ]du

Let w = u® + 3%, then w = s> + 3? when u = s, and w = oo when u = o0;
also dw = 2u du, thus

L{tcosht} =

[b] £{tsin Bt} =

tsinBt e [dw] =1\~ B
A R i C Gy e
P 1226 I,(s)= 821'_2’_81; RlC' = 1.6; LlC =1 é =1.6
Vis) 1 V( ) -
7 TI [sV(s) = 0(07)] = Iy(s)
V() [35+ 1+ 5C) = (o)
Vg D) Ll(s) _ sl(s)

t+ 5 +sC Ls+142LC 2+ pas+ 1o

B (1.6)(1.2)s? B 1.9252
(824 165+ 1)(s2+1)  (s2+1.6s+1)(s2+1)

o_vc 1 t do
P 1227 [a] * Rd+Z/()UO ;t:o

dv,
dt

v, + L/vodx+RC = Vi



Problems

[b] V, + £ + RCsV, = Vac
L s
sLV, + RV, + RCLs*V, = LVy.
1 c
Vi(s) = (1/RC)Vq

s2+ (1/RC)s + (1/LC)

1 st
[c] iO:Z/O U, dx

v, (1/RCL)Vg,

L(s)= 7= s[s? + (1/RC)s + (1/LC)]

1 1
P 12.28 — = =50 x 108
[al 75 = 200 x 109 (100 x 109)

1 1
_ = 2000
RC ~ (5000)(100 x 10-9)

70,000
Vo(s) = :
() = 2720008 - 50 x 10°

51,2 = —1000 = 57000 rad/s

70,000
Vo(s) = . _
(s + 1000 — ;j7000)(s + 1000 + 57000)
B K, . Ky
s+ 1000 — 57000 s + 1000 -+ 57000
70,000
Ki=———=5/—90°
' 414,000 [=90°

Vo(t) = 10e™1%% cos(7000t — 90°)u(t) V

= 10e~ 9% sin(7000¢)u(t) V

35(10,000
[b] I.(s) = . ( ) .
s(s + 1000 — 57000)(s + 1000 + §7000)
K n K, i K
s s+ 1000 — 57000 s+ 1000 4 37000
K, - 35(10,000) 7 mA
50 x 106
35(10,000
Ky = (10,000) = 3.54/171.87° mA

(—1000 + j7000)(;j14,000)
io(t) = [T+ 7.07e %% cos(7000¢ + 171.87°)]u(t) mA

12-15



12-16 CHAPTER 12. Introduction to the Laplace Transform

1 ft Uy dv,
P 1229 [a] ]dczz/o vda + 2+ C
Tae — Vo(s) | Vo(s)
R e e A
B 1./C
Vol) = T A7RO)s + (17LC)
. dv,
[e] i, =C i

SIdc
2+ (L/RC)s + (1/LC)

I,(s) = sCV,(s) =

1 1
P 12.30 — — 500
Bl 26 = ax 109 E <109
1 1
S — 40,000
LC ~ (12.5)(2 x 1079) ’
(5) 500,000,
o\S) =
s+ 5005 + 40,000
500,000,
(s +100)(s + 400)
B 15,000
"~ (54 100)(s + 400)
K, K
 s+100 s+ 400
15.000 15.000
K, = 22 — 50 Ky= """ — 50
T ’ 27 2300

50 50
Vils) = -
() = 700 ~ 53400

Vo(t) = [50e 1% — 50e 4%y (t) V

0.03s
bl I,(s) =
bl 1o(s) = - 700) (s + 400)
K n K
s+100 ' s+400
0.03(—100)
K= 22 001
! 300
0.03(—400
Ky = 280 0y

—300



Problems 12-17

(s) = —0.01 N 0.04
N 54100 s+ 400

io(t) = (40e 1% — 101y () mA

[c] i,(0) = 40 — 10 = 30 mA
Yes. The initial inductor current is zero by hypothesis, the initial resistor
current is zero because the initial capacitor voltage is zero by hypothesis. Thus
at t = 0 the source current appears in the capacitor.

d’Ul V1 — Uy

P 12.31 — =1

3 [a]Cdt+ R lg
1 rt Vg — ¥
Z/Ouzdwr 20y
or

dvy v vy .
Ca TR R

V1 U9 1 rt

R R'L
[b] CsVi(s) + Vﬁ) - VQ}(;) = I,(s)

Vi(s) | Va(s) | Va(s) _

~r gt 70

(RCs + 1)Vi(s) — Va(s) = RI,(s)
—sLVi(s) + (R+sL)Va(s) =0

Solving,
1
‘/2(3) — S 9(8)
Cls?+ (R/L)s + (1/LC)]
1 6 1 6 R
. — = : — =2 10°; — =
P 12.32 c 5 x 107 i7e 5 x 10°; 7 8000
6 x 1073)(5 x 10°
g = XG0
s? + 8000s + 25 x 10
s1,2 = —4000 £ 53000
Va(s) 30,000
S g
2 (s + 4000 — 53000)(s + 4000 + 53000)

K . K
s + 4000 — j3000 ' s + 4000 + 3000




12-18 CHAPTER 12. Introduction to the Laplace Transform

30,000
= — 5 =5/—90°

K, = — =
76000

vs(t) = 10699 ¢o5(3000¢ — 90°)
= [10e~40%% gin 3000¢]u(t) V

P 12.33 [a] Fort > 0":

U dv, .

E + C dt + 1o = 0

b di, dv,  d%i,

o Tt dt 7 dt?
L di, d?i,
——+ L
R dt + dt?

d?%i, 1 di, L.

T =0
a2 T RCat "I

1 1
2 J— p— — —_— — pu—
[b] s°I,(s) — slqgc — 0+ RO [sI,(s) — lac] + LCIO(S) 0

1 1
IO(S) 82 + %S + ﬁ = IdC(S + 1/RC)

I(s) = Tae[s + (1/RO)]
2 824 (1/RC)s + (1/LC)]

1 1
P1234 — = : — =16 x 10°
3 Vit 8000; IC 6 x 10

(s) = 0.005(s + 8000)
N 62 48000s + 16 x 106

8172 = —4000

1.(5) 0.005(s 4 8000) KK
o S) = =
(s + 4000)> (s +4000)2 " s+ 4000

K1 = 0.005(s + 8000) =20

s=—4000

d
[0.005(s + 8000)],__ 4000 = 0-005

K2:7
S

()= 20 0005
YT (s 4000)2 T s+ 4000

io(t) = [20te™ "% 4 0.005¢ " u(t) V



Problems

. di d, . d, . di

P 1235 [a] 300 = 60i; + 25(171 + 10— (i = i1) + 5 (i1 — i2) — 100751
d, di .
0="5-(i2—i1) + 1067251 + 40i,

Simplifying the above equations gives:
diy diy

— 600 + 10— + 522
300 = 607, + Odt+5dt

O diy _diy
0 = 40iy + 521 4 522
R T

[b] 320 — (105 + 60) L1 (s) + 5sa(s)

0 =5sl1(s) + (5s + 40)I5(s)

[c] Solving the equations in (b),

60(s + 8)
s(s+4)(s+24)
—60
(s +4)(s+24)

K; K, K;
d] I = —
Ld] 1(8) S +3—|—4+s+24

PR CUIC NI

(4)(24)
(60)(=16)
(—24)(-20)
11(5):(5— 5 2 )

s s+4_s+24

]1(8) =

]2(8) =

|
I

|
o

ng :—2

i1(t) = (5 — 3™ — 27 u(t) A

K, n K,
s+4 s+24

—60 —60
U3 K==
20 37 2 3

-3 3
I =
2(3) (s+4+s+24>

in(t) = (3e72* — 3e~*)u(t) A

IQ(S) =

K, =

[e] i1(c0) =5 A; is(c0) =0A

12-19



12-20 CHAPTER 12. Introduction to the Laplace Transform

[f] Yes,att = oo
300
11 60 5

Since ¢; is a dc current at ¢ = oo there is no voltage induced in the 10 H
inductor; hence, i; = 0. Also note that i (0) = 0 and i3(0) = 0. Thus our
solutions satisfy the condition of no initial energy stored in the circuit.

P 12.36 From Problem 12.26:

1.92s?

V) = et DeEr 1)

s>+ 1.6s+ 1= (s+ 0.8 + 50.6)(s + 0.8 — j0.6); 2+ 1= (s—j1)(s+j1)

Therefore
1.92s2
V(s) = 4 - . 4
(s4+0.84+70.6)(s + 0.8 — j0.6)(s — j1)(s + j1)
B K K7 K5 K3

5108406 51084506 s—jl s+l

1.92s2
K, = =1/—126.87°
" (54 0.8450.6)(s2+ 1) lem—ostjos {1
1.92s2
= =0.6/0°
(s+71)(s2 4+ 1.65+ 1) ls=jn =
Therefore

v(t) = [2¢7°% cos(0.6t — 126.87°) + 1.2 cos(t)]u(t) V
Kl K2 K3
s+ 1 + s+ 2 + s+ 4

8s% 4 375 + 32
K, =
(s4+2)(s+4) ls=—1

P 1237 [a] F(s) =

=1

 85% 4375+ 32
2T (s 1)(s+4) |

B 852 + 37s + 32
s+ D)(s+2) li=a

ft) = [e™" +5e7% + 2 u(t)



Problems

K, K, K; K,
F(s) = —
[(b] F(s) s +5—|—2+5—|—3+5—|—5

B 8s% 4+ 8952 4 3115 + 300

K, = =10
! (s+2)(s+3)(s+5) ls=o
8s% + 89s? + 311s + 300
K2 - - 5
s(s+3)(s+5) s—_2
853 + 8952 4+ 311s + 300
Kg - - —8
A5 s
853 + 8952 + 311s + 300
K= =1
G+ +3) s
f(t) = [10 4 5e™2" — 8e™3 4 e~ u(t)
K K, K
F(s) = -
[e] F(s) s+1+s—|—2—j+s+2+]
225% + 60s + 58
K, = =10
! s2+4s+5 =1
2252 + 60s + 58 .
Ky = - =6+ 758 =10/53.13°
T GADG 24 ) sy

f(t) = [10e™" 4 20e™ 2 cos(t + 53.13°)]u(t)

[d F()—Kl—i— K, n K
= s+7—7 s+T7+7

P 250(s + 7)(s + 14)

1 = 490
s2 4+ 14s + 50 5=0
14
K - 250(s + 7)(s + ) — 125/ — 163.74°
s(s+7+7) =14

f(t) = [490 + 250e " cos(t — 163.74°)|u(t)

K, K, K
P 12.38 [a]F(s):?;+i+ &

s s+5
100
K, = =20
! s + 5 s=0
d 7 100 —100
K = — = = —4
> 7 ds L+5] (s +5)2% ls=o
100
K3 — T — 4
S s=—5H

f(t) =[20t — 4 + de™*"u(t)

12-21
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K Ky K3
b] F(s) = —t
bl F(s) s T (5+1)2+5+1
50 5
K, = M — 9250
(3+ ]-)2 s=0
K, — 50(s +5) — _9200
S s=—1
d |50 5) 50 50 5)
Ky = [P0 B 150 S0 +5) o
ds s s 52 1
F(t) = [250 — 200t~ — 250eu(t)
K Ko Ky K
Fs)= L4 22
[e] F(s) 32+ s Jr$—|—3—j+5+3+j
100(s + 3)
Ki=———"-"- =30
' 82465+ 10 |s—o
d [ 100(s + 3)
> ds | s2+6s+ 10
100 100 3)(2 6
_ _ 100 +3)2s+6)) gy g g
s?2 +6s+ 10 (s2+6s+10)* | _,
100(s + 3) .
T —— =4+ 43 =5/36.87°
’ s (s + 3+ J) ls=—3+; g S

f(t) = [30t — 8 + 10e™* cos(t + 36.87°)]u(t)

K1 KQ K3 K4
d] F(s) = —
[d] F(s) s +(55—1—1)3+(3+1)2+3+1

5(s + 2)?
== =20
! (5 + 1)3 s=0
2
K, - 5(s+2) _ =
S s=—1
d [5(s+2)? 10(s+2) 5(s+2)?
Ky=— 2220} = -
ds s 5 52 1
= -10-5=-15
P 1d [10(s+2) 5(s+2)°
T 2ds s 52

2

1 [m _10(s+2) 10(s+2) 10(5—1—2)2]

S 52 52 53



Problems 1223

1
= —(=10— 10 — 10 — 10) = —20

2
f(t) =20 — 2.5¢%" — 15te™" — 20e"Ju(t)
Kl KQ K; KS K;:
el Fs)=—+ = + 5+ - .
[] (8) S (S—|—2—j)2 (S—|—2—|—])2 S+2_] 8—|—2—]
400
Ki= 5——15| =16
P (82 45 +5)2 lao
400
Ky=—"F"—+ = 44.72/26.57°
? S(S +2+ ])2 s=—2+7 ;
d 400 —400 —800
K3 = — 5 = 5 ) —+ <3
ds | s(s+247) s(s+2+7)  s(s+2+7)% ],

P 12.39 [a]

[b]

=12+ j16 — 20 + j40 = —8 + 556 = 56.57/98.13°
f(t) = [16 + 89.44te " cos(t + 26.57°) + 113.14e~ " cos(t + 98.13°)]u(t)

5
F(s)= s*+6s+8| 5s*+38s+80
552 + 30s + 40
8s + 40
8s + 40 Ky Ko
F :5 _— =
() +s2+65+8 s+2+s+4
4
1:85+ 0 _ 19
s+4 s=—2
8 40
K= — 4
3+2 s=—4

F(t) = 56() + [12¢72 — de~*u(t)

10
F(s) = s2+485+625 | 10s2+ 5125 + 7186
1052 + 4805 + 6250
325 + 936

325 + 936 K, K3
() =10+ 5 s v VT s st
2
K, = 528+ 930 — 16 — j12 = 20/ — 36.87°

S+ 24+ 97 ls=—24+j7
f(t) = 105(t) + [40e~* cos(Tt — 36.87°)u(t)



12-24 CHAPTER 12. Introduction to the Laplace Transform

[c] s—10
F(s)= s*+15s+50| s+ 5s*—50s— 100

s34+ 1552 + 50s

—10s? — 100s — 100

—10s? — 150s — 500
90s + 400

K, N K,
s+5 s+10

F(s)=s—10+
505 + 400
PS40
50s + 400
B =20
2 S+ 5 s=—10
f(t) =8(t) — 100(t) + [30e™"" + 20~ "u(t)
K K, K K;
P 12.40 F(s)=—+—
al i) = 5+ T+ Tt sr i
100
100(s+1) | _ 20
_d [100(s+1)
Cds |s24+25+5
=20—-8=12
100(s + 1) .
_— =—6+ 758 =10/126.87°
s2(s + 14 72) ls=—14j2 / /20T
f(t) = [20t + 12 + 20e " cos(2t + 126.87°)]u(t)
Ky K3 Ky
G+58 T (5452 545

=30
s=-—5

Klz

B 100 100(s + 1)(25 +2)

K - _
? [32+28+5 (s2+ 25+ 5)2

s=0

3 =

mwm=f+

o500 |
e (5 + 5)3 s=0
500
Ko=2"]  =-100
S ls=-5
d 1500 —500
Ky= 2|20 = — 20
3 ds{ 5 } % ls=—s5
1d =500 11000
K = - | — = — = —4
! 2d3[ 52 } 2 (83) ls=—s

f(t) =[4 — 50t — 20te™™ — 4e"u(t)



Problems 12-25

K1 KQ K3 K4
F(s)=—
el F&) =+ G T or e st
4
- 0(s+2) %0
(5+1>3 s=0
K2:4O(s+2) — 40
S s=—1
4 2 4 4 2
K= 4 l0<8+>] _ [0_0@;)] 40 40— 80
ds 5 s 5 —1
1d [40 40(s+2)
K= |2 T2
T 2ds [ 52 ]
1[40 40 80(s+2) 1 B
=3 [52_52+83L__1 = (=40 — 40 - 80) = ~80
f(t) = [80 — 20t%e™" — 80te™" — 80e "u(t)
Ky K, K3 K, K
d] F(s) = —
[ FG) =+ i T o T e Tard
2
K, = (s +5) =25
(s + )4
2
S s=—1
~d [(s+5) 2(s+5)  (s+5)°
Ky = ds s st
—8—-16=-24
o }i 2(s+5)  (s+5)
YT 2ds s 52
1[2 2(s+5) 2(s+5) 2(s+5)>
S - +
2 |s s? 52 53 1
1
= 5(-2-8-8-32) =25
% _1d 2 2(s+5) 2(s+5)  2(s+5)°
° 7 6ds |s 52 52 s3
11-2 2 4(s+5) 2  4(s+5)  4(s+5) 6(s+5)
6|s? s s3 52 s3 s3 s

1
= (-2-2-16-2-16-16 - 96) = 25

f(t) =1[25— (8/3)t3e™" — 12t — 25te™" — 25¢ "|ul(t)
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P 12.41 f(t)—,c—l{ K K- }

— + ;
s+a—j38 s+a+jp
— Ke—oatejﬂt + K*e—ate—jﬁt
= |K|e=oe/?eiPt 4 =19 =001
— ‘K‘e—at[ej(ﬁt-‘r@) 4 e—j(6t+0)]

= 2|K|e~* cos(St + 0)

P 1242 [a] L{"f(1)} = (—1)" [an(S)]

ds™
d"F(s) (=1)"n!

1
Let f(t)=1, then F(s):;, thus =

g(n+1) g(n+1)

Therefore g{tn}:<_1)n[(—1)"n!]: n!

(r—1)!

S’f‘

It follows that E{t(r_l)} -

—1)!
and [:{t('r—l)e—at} _ (7” 1)

(s+a)
K K K r—1_—at
Therefore L{tr e = —— = [ Kt e ™
(r—1)! (s+a) (r—1)!
K K*
[b] f(t)=L"" { 4+ : }
) (s+a—jB)r (sta+ip)
Therefore
KtTfl ] K*trfl 4
t) = —(a—jp)t —(a+3B)t
r—1_—at
— |K(‘tl€)' [ejﬁejﬁt n efjee—jﬁt}
r—1)!
2UK trflefat
— l|(7“|—1)'1 cos(5t + 0)

‘ . 1.92s3 _
P 12.43 [a] lim sV(s) = lim [34[1 +(1.6/s) + (1/s2)][1 + (1/52)]] !

Therefore v(0%) =0

[b] No, V has a pair of poles on the imaginary axis.



Problems 1227

8s3 4+ 37s% 4+ 32s
(s+1)(s+2)(s+4)

P 1244 [a] sF(s) =

li_r)résF(s) =0, S floo) =0
lim sF(s) = 8, co f(0f)y =8

B 8s% 4+ 8952 4 3115 + 300

b] sF(s) =
bl sF(s) (s +2)(s% +8s+15)
}91£(1)5F($) = 10; o floo) =10
lim sF(s) =8, o f(0f)y =8
2253 4 60s% + 58s
F pr—
el sF(s) = @ v a5+ 5)
lli% sF(s) =0, o floo) =0
lim sF(s) =22, S0 f(0T) =22
250(s + 7)(s + 14)
d] sF(s) =
(A1 sF(s) = =3 715 + 50)
. ~250(7)(14) _ B
£%SF(S) =~ = 490, S f(oo) =490
Sh_)Iglo sF(s) = 250, S f(0%) =250
100
P 12.45 F(s) =
[al sF(s) s(s+5)
F'(s) has a second-order pole at the origin so we cannot use the final value
theorem.
lim sF(s) = 0, S f(0f)y =0
50(s + 5)
b] sF(s) = ——~
bl sF(s) (s+1)2
£1_r>% sF(s) = 250, " f(oo) =250
Lim sF(s) =0, S f(0h)y =0
100(s + 3)
F p—
(el sF(s) = S+ 65 7 10)
F'(s) has a second-order pole at the origin so we cannot use the final value
theorem.
lim sF(s) =0, o f(0f)y =0

§—00
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P 12.46

P 12.47

P 12.48

CHAPTER 12. Introduction to the Laplace Transform
5(s + 2)?
d] sF(s) = —+
[d] s (8) (S + 1)3
£1_I>%SF(S) = 20, o f(oo) =20
lim sF(s) =0, o f(0h)y =0
400
F(s)=———F7—=
[e] sF(s) (s24+4s+5)?
£1_rgsF(s) = 16, o f(oo) =16
lim sF(s) =0, S f(0f)y=0
All of the F'(s) functions referenced in this problem are improper rational functions,

and thus the corresponding f(¢) functions contain impulses (§(¢)). Thus, neither the
initial value theorem nor the final value theorem may be applied to these F'(s)
functions!

. SVdC/RC
Vol) = T ATRO)s 1 (1/10)
£i_r>r(1)sVO(s) =0, "o Up(00) =0
lim sV, (s) =0, oo 0,(01) =0
Vao/RCL)
I,(s) =
s1ol8) = G A/RO)s 1 (1/10)
: ~ Vae/RLC Vg ~ Vae
E—{%SIO(S) = UT - R ) ZO(OO) - R
lim sl,(s) = 0, S i,(0M) =0
- (IdC/C)S
Vol$) = T AR + (1710
lim sV,(s) =0, S 0(00) =0
lim sV5(s) =0, Soou,(0T) =0
SQIdC
I =
s1o(8) = G ATRO)s + (1/10)
lim sl,(s) =0, S p(00) =0
lim s/,(s) = Iqc, S 0(01) = Ige

§—00



P 12.49

P 12.50

[a] sF(s) =

100(s + 1)
s(s?2+2s+5)

Problems

12-29

F'(s) has a second-order pole at the origin, so we cannot use the final value

theorem here.

lim sF(s) =0, f(0")y=0
[b] sF(s) = (ST%)?)

ngig(l)sF(s) =4, f(oo) =14

lim sF(s) =0, f(0Y)=0

40(s + 2

[e] sF(s) = (;;;)3)

li_r}r& sF(s) = 80, f(o0) =80

lim sF(s) =0, f(07)=0
[d] sF(s) = Ez i 34

E_E% sF(s) = 25, f(oo) =25

lim sF(s) =0, f(0")y=0
SL(s) = Iqes[s + (1/RC)]

lim s/,(s) = 0,

s—0

lim sl,(s) = Iqc,

§—00

s>+ (1/RC)s + (1/LC)

io(00) =0

io(07) = I4e



