16

Fourier Series

Assessment Problems

1 o1y Y 7
AP 16.1 U:f/ V.dt (m>dt:Vm:7V
W=7 ) YT b\ 3 9 T

2T/3 V.
ay, [ / Vi, cos kwot dt + / ( ) cos kwot dt]
2r/3 \ 3
B ( 4V, ) sin dkm\ sm 4km
-~ \BkwoT 3 ) 3
2T/3 V.
by, [/ Vi sin kwot dt + / <) sin kwot dt]
27/3 \ 3

~ () o ()| = (D) |- (7))

AP16.2 [a] a, = Tm =21.99V
[b] a1 =-5196 a2 =2598 a3=0 a4=-1299 a5=1.039
bl == 9 b2 = 45 b3 = 0 b4 == 225 b5 - 18

[e] wy = <277j) = 50rad/s
[d] f3=3fy=23.87THz

[e] v(t) =21.99 — 5.2 cos 50t + 9sin 50t + 2.6 cos 100t + 4.5 sin 100t
—1.3 cos 200t + 2.25sin 200t + 1.04 cos 250t + 1.8sin 250t + - - -V

AP 16.3 Odd function with both half- and quarter-wave symmetry.

6V,
vy(t) = <T> . 0<t<T/6: ay—=0, a,—=0 forallk
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162 CHAPTER 16. Fourier Series
b, =0 for k even
] [T/4
= —/ f(t) sin kwyt dt, k odd
T/ o
T/6 T/4
/ (6V ) t sin kwot dt + — 8 Vi sin kwot dt
- T T/ 1/6
12V,,\ . [km
- ( k2m? ) S 3

12V, & 1 nm
5 — sin 3 sin nwot V

2
n=1,3,5 10

vy(t) = -

AP 16.4 [a] Using the results from AP 16.2, and Equation (16.39),
Ay =-52-379=104/—120°; Ay =2.6—j4.5=>52/—60°
A3 =0; Ay =—-13-32.25=26/—120°
As; =104 —j1.8=2.1/-60°
0, = —120°; 0y = —60°; 03 not defined;
0y = —120°; 05 = —60°
[b] v(t) = 21.99 + 10.4 cos(50t — 120°) + 5.2 cos(100¢t — 60°)
+ 2.6 cos(200t — 120°) + 2.1 cos(250t — 60°) + - - -V

AP 16.5 The Fourier series for the input voltage is

8A & /1
vi= 3 nzl;% <n2 sin n27r) sin nwo(t +1'/4)

84 X 1,

— > (sm n;) cos nwot

2
T =135 \1

8A X 1
= — g — cos nwyt
2 n?
n=1,3,5

8A  8(281.257%)

5 = 2250 mV

2T 2T
Wy = — —

102 =1
T = o007 <10 = 10




Problems

> 1
v = 2250 ) — cos10ntmV
n=1,35"

From the circuit we have

v \/ IR
7 R+ (1/jwC) jwC 1+ jwRC
1/RC 100
V, = / =

i = —V
1/RC + jw 100 + jw
Vi1 = 2250/0° mV; wo = 10 rad/s

2250
Vi3 = 5 0° = 250/0° mV; 3wy = 30 rad/s

2250

Vis = = 0° = 90/0° mV: 5w = 50 rad/s

vV, = &(2250@) = 2238.83/— 5.71°mV
L7100 + 410 - ‘ :

\Y 100 — ——(250/0°) = 239.46/— 16.70° mV
7700 + 730 -

\Y 100 — ——_(90/0°) = 80.50/— 26.57° mV
100 + 550 -

v, = 2238.33 cos(10t — 5.71°) + 239.46 cos(30t — 16.70°)
+80.50 cos(50t — 26.57°) + ... mV

AP 16.6 [a] The Fourier series of the input voltage is

4A4 = 1
vg=— > —sinnwy(t+71/4)
T =135
0 1 . /nm
=42 Z { sin (ﬂ cos 2000nt V
n=1,3,5 L1 2
From the circuit we have
Vo Vo=V,
V,sC + =0
T I T TR

B B s/RC
v, Hs)= 57 (s/RC) + (1/LC)
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AP 16.7 wy =

CHAPTER 16. Fourier Series

Substituting in the numerical values yields

500s
His) —
() = 25005 7 10°

V1 =42/0° wo = 2000 rad/s

V3 = 14/180° 3wy = 6000 rad/s
Vg5 =8.4/0° dwo = 10,000 rad/s
V,7 = 6/180° Two = 14,000 rad/s

500(j2000) !
108 — 4 x 106 + 500(52000) 96 + j1

H(j6000) = 0.04682/87.32°

H(j10,000) = 1/0°

H(j14,000) = 0.07272/— 85.83°

Thus,

Vo1 = (42/0°)(0.01042/89.40°) = 0.4375/89.40° V
Vo3 = 0.6555/— 92.68° V

Vo5 =84/0°V

V.7 = 0.4363/94.17°V

H(j2000) =

= 0.01042/89.40°

Therefore,

v, = 0.4375 cos(2000¢ + 89.40°) + 0.6555 cos(6000t — 92.68°)
+ 8.4 cos(10,000t) 4 0.4363 cos(14,000¢ + 94.17°) + ... V

[b] The 5th harmonic, that is, the term at 10,000 rad/s, dominates the output

voltage. The circuit is a bandpass filter with a center frequency of 10,000 rad/s
and a bandwidth of 500 rad/s. Thus, () is 20 and the filter is quite selective.
This causes the attenuation of the fundamental, third, and seventh harmonic
terms in the output signal.

21 x 103
—— = 3rad/
20044 MY
=0 (1/s)1C
LI +
v, O 202V,




Problems 16-5

2 25V,
Vp= (V) = 8
f 2+s+1/s( )= Eias i1
VR 2s
H(s)= &) =__=°
() <Vg> s2+2s+1
6k

Vg = 25.98sinwt ViV, = 25.9800°V

6

H(j3) = == 5 = 0B/=5BIE Vi, = 15588/ 5313V
15.588/v/2)2

p, — 15:588/V2)7 582/*/_) — 60.75W

vg, = 0, therefore P3=0W
Vg, = —1.04 sin dwpt V; Vg = 1.04/180°

330

H(j15) = — 1%
U15) = =50 730

=0.1327/—82.37°

Vi, = (1.04/180°)(0.1327/— 82.37°) = 138,97.63° mV

0.138/4/2)?
P = (2/\/_) =4.76 mW; therefore P = P; = 60.75W

AP 16.8 Odd function with half- and quarter-wave symmetry, therefore a,, = 0, a;, = 0 for all
k, by, = 0 for k even; for k£ odd we have

] [T/8 ] [T/4
b, = —/ 2sin kwot dt + f/ 8 sin kwot dt
T/ o T 1/8

_ (i) [1—1—3008 (T)] k odd

Therefore C, = (‘7> [1 + 3 cos <T)} ,  mnodd

nm
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AP 169 [a] s = \/; [(2)2 (Z;) (2) + (8)2 <3§ - Tﬂ =34 ="5831A

8

—112.5 1.5 0.9

[b] C; = ]ﬂ ; Cs = ]7; Cs = 37;
—71.8 —71.4 0.4
Cr = jﬂ ;o Cy= jﬁ ;o Cn= A

> 2
L = Jfgc +2 > |G, = \/71'2 (12.52 4+ 1.52 + 0.92 + 1.82 + 1.42 4 0.42)

n=1,3,5
=5.777TA

) —5.831

[c] % Error — 5.777 — 5.83

[]] . . ] C C

e 2
Lips = $I§C +2 Z |C,|? = ¢W2 (12.52 +1.52 +0.92 + 1.82 + 1.42)

n=1,3,5
=5.714 A
774 — 5.831
% EBrror — 5.77 5.83

100 = —0.
= 831 x 100 0.98%

Thus, the % error is still less than 1%.

AP 16.10 T' = 32 ms, therefore 8 ms requires shifting the function 7"/4 to the right.

o0

4 .
i= > - j% (1 + 3 cos T) pdnwo(t=T/4)

n=-—oo

n(odd)

4

it (1 4 3cos m) =i (n1)(7/2) ginsot
™ n 4

n=-—oo

n(odd)



Problems 167

Problems
P16.1 [a] wo = — 2" —31.415.93 radss
' Wor T 000 x 106 0
2

Wobh — W = 157080 krad/s

[b] f ! ! 5000 H f. 1 25.000 H
oa = - — = Z; o = ———— y Z

T~ 200 x 106 P40 x 10-6
100(10 x 107)
[C] Ava 07 Qb 40 < 1076 5V

[d] The periodic function in Fig. P16.1(a) has half-wave symmetry. Therefore,

o =0; an =0 forkeven, b, =0 ~forkeven

For k odd,
T/4 2kt 4 (T/2 2kt
—/ 7T—ahH— 80 cos T dt
T Jr/a
160 T . 2«kt |T/4 320 T . 2nwkt |T/2
= — ——sin —— 4+ — ——sin
T 27‘(‘]{3 T 0 T 271‘]{3 T T/4
80 . 7k . 160 160 sinrk _ i 7wk
= —sin — inmk — sin —
7k 2 7k 2
k
_ 8™ kodd
7k
T/4 2kt 4 (T/2 2kt
b = — / 40si dt + = [ 80 dt
21 o i T +T T/4 S

—-160 T 2rkt T/ 320 T 27Tkt T/2

- T 271']6 o8 T 0 B Tﬂ T T/4
=80 160
= 0—-1 —-1-0
—(0=1) = —~( )
240
-k
The periodic function in Fig. P16.1(b) is even; therefore, b, = 0 for all k. Also,
awp, =20V
4 (T/8 2kt
axp = T/ 100 cos n dt

A0 T ok (T
T27T]<7 T 0
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[e] For the periodic function in Fig. P16.1(a),

80 & 1 3

o(t) =— ) —“sin T cos nwot + —sinnw,t | V

T 2 n
n=1,3,5

For the periodic function in Fig. P16.1(b),

200 & /1
o(t) =25+ —>" ( sm% oS nwot) \%

™ = \n

P 16.2 In studying the periodic function in Fig. P16.2 note that it can be visualized as the
combination of two half-wave rectified sine waves, as shown in the figure below.
Hence we can use the Fourier series for a half-wave rectified sine wave which is
given as the answer to Problem 16.3(c).

t
T 3T/4 -T/2 -T/4 0 T/4 T/2 3T/4 T
wlt)
B0
-T 31/4 -T/2 -T/4 0 T/4 T/2 3T/4 T
100 COS Nw,t
t)=—+50 ol —
vi(t) = = + 50 sinw,t - n;ﬁ n2—1)
60 120 & cosnw,(t —T/2)
va(t) = —+3081nw0(t—T/2)—— \%
T n%;,ﬁ (n?2—1)
Observe the following, noting that n is even:
2T
sinw,(t —7/2) = sin (wot — ;2> = sin(w,t — m) = — sinw,t



Problems 16-9

2mn'T

cosnw,(t — T'/2) = cos (nwot - ;nz) = cos(nw,t — nm) = cos nw,t
Using the observations above,

60 120 > ot
v9(t) = — — 30sinw,t — > % \Y%

T T W iThe (n2—1)
Thus

160 — )
v(t) = vi(t) + va(t) = — + 20sinw,t — Z cos2nw b
@ ez (02— 1)

P 16.3 [a] Odd function with half- and quarter-wave symmetry, a, = 0, a; = 0 for all k,
b, = 0 for even k; for k£ odd we have

8 [(T/4 . 4V,
bk = T 0 Vm Sin kWOt dt = ﬁ7 k odd
4Vm <1
and v(t) = > —sinnwgtV
T p=135"

[b] Even function: b, =0 for &k

2 [T/2 .o 2V
av—? ; VmsmTtdt -

4 [T/2 s 2V, 1 1

= — T sin —t cos kwot dt = —

W=7 fy  Vmsinptcoskuo 71' (1—2/<:+1+2k>
AV, m
1 —4k2

2V

and v(t) = ll%—ZZ e cosnwot] \%

1 (7T/2 (27 Vin
[c] av—f ; Vmsm(T>tdt —

2 T/2 .27 Voo (14 coskm
ai = 7 V, sin ?tcoskwotdt: — (1—k2>
Note 0 for k-odd 2Vim for k even

Coap = -odd, ap=——— ven,

g P a1 - k)

2 (T/2 L2
bk:—/ Vinsin —tsinkwotdt =0 for k=2,3,4,...
T Jo T

For k =1, wehave b; = 7m; therefore
Vi Vi 2V & 1
v(t) = — + o sin wot + — n;w T cos nwot V
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P164

P 16.5

Starting with Eq. (16.2),

f(t) sin kwot = a, sin kwot + Z @y, COS nwot sin kwot + Z b,, sin nwyt sin kwyt
n=1 n=1

Now integrate both sides from ¢, to £, + T". All the integrals on the right-hand side
reduce to zero except in the last summation when n = k, therefore we have

tot+T T 9 ftotT
[ p@ysinkeotdt =0+0+ b, <2> or b= F(t) sin kuwot dt
to to
to+T 1 to+T
[a] Is = / sin mwgt dt = — cos mwot
to mwo to

= ——[cos mwo(t, + T) — cos mwot,]
mwy

= [cos mwqt, cos mwyT — sin mwot, sin mwyT — cos mwot,]
mwo

= ——[cos mwot, — 0 — cosmwgt,] =0 for all m,

mwo
to+T 1 totT
I; = / cos mwot, dt = [sin mwot]
to mwo to

1
= [sin mwy(t, + T) — sin mwot,]
mwo

= [sin mwqt, — sinmwgt,] =0 for all m
mwo

to+T 1 [totT
[b] Is = / cos mwyt sin nwot dt = 5 / [sin(m + n)wet — sin(m — n)wot] dt
to to
But (m + n) and (m — n) are integers, therefore from I above, Ig = 0 for all
m, n.
totT 1 [totT
[c] Iy = / sin mwot sin nwot dt = 5 / [cos(m — n)wet — cos(m + n)wpt] dt
to to
If m # n, both integrals are zero (I; above). If m = n, we get
1 [to+T p 1 /to+T T T
to

== cos2mwptdt = — — 0= —
2,

I
? 2 2

to+T
[d] [io = / cos mwot cos nwot dt
to

1 fto+T
2/
If m # n, both integrals are zero (I; above). If m = n, we have
1 /t0+T 1 [to+T T T
to

]10:5 dt+§ . cos2mw0tdt:§+O:§

[cos(m — n)wet + cos(m + n)wet] dt



P 16.6

P 16.7

Problems

and z=0 when ¢t=0

1 /0 1 /T/2

f(=z)(—dr) =

1 0
Therefore — / = — = ——
T —T/Qf() T Jt/2 T Jo

T/2 T/2
Theref L= / t) dt / t)dt =0
erefore a T +T

/ ) cos kwot dt + — / ) cos kwyt dt
T T/2
Again, let t = —x in the first integral and we get
T/ 2
/ ) cos kwot dt = —— / ) cos kwox dx
T T/2

Therefore a, =0 forall k.

T/2

2 0 2
b= | kot in kuwot dt
F= 7 —T/2f< sin kwy +T ; f(t) sin kwy
Using the substitution ¢ = —x, the first integral becomes

9 [T/2
— / f(z) sin kwyx dx
T Jo
T/2
Therefore we have b, = T / ) sin kwyt dt

/ ) sin kwot dt + — / ) sin kwt dt
T T/2

16-11

Now let ¢ =  — T'/2 in the first integral, then dt = dx, z = 0 when ¢t = —T'/2 and
x =T/2whent = 0, also sin kwy(z — T'/2) = sin(kwox — k7) = sin kwoz cos k.

Therefore
T/ 2
/ ) sin kwot dt = —— / ) sin kwox cos km dz  and
T T/2
9 T/2
b = (1 = cos k) / F@) sin kot dt
0

Now note that 1 — cos km = 0 when £ is even, and 1 — cos k7 = 2 when k is odd.

Therefore b, = 0 when k£ is even, and

T/2
=7 / ) sin kwot dt  when k is odd
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P 16.8

P 169

Because the function is even and has half-wave symmetry, we have a, = 0, a; = 0
for k even, b, = 0 for all £ and

4 T2
ay = = / f(t) cos kwot dt, k odd
T Jo
The function also has quarter-wave symmetry;

therefore f(t) = —f(T/2 —t) in the interval T'/4 < t < T/2;
thus we write

T/4
=7 / ) cos kwot dt + — / ) cos kwt dt

Now let t = (7'/2 — x) in the second integral, then dt = —dx, x = T'/4 when
t =T/4 and x = 0 when t = T'/2. Therefore we get

4 T2 4 (T/4
— f(t) cos kwot dt = —— f(z) cos km cos kwox dz
T J1/4 T Jo

Therefore we have
4
ar = —(1 — cos k) / f(t) cos kwot dt
T 0
But k£ is odd, hence
T/4
=7 / ) cos kwyt dt, k odd

Because the function is odd and has half-wave symmetry, a, = 0, a;, = 0 for all &,
and b, = 0 for k£ even. For k odd we have

T/2
k T / sm ka)ot dt

The function also has quarter-wave symmetry, therefore f(¢) = f(7/2 — t) in the
interval 7'/4 <t < T'/2. Thus we have

4 (T/4 4 [T/2
o / f(t) sin kwot dt 4 — / f(t) sin kwot dt
T Jo T Jr/a

Now let ¢ = (7'/2 — z) in the second integral and note that dt = —dz, x = T/4
when t = T'/4 and x = 0 when t = T'/2, thus

4 T/2

4 T/4
— f(t)sin kwot dt = —= cos km / f(x)(sin kwox) dx
T Jrya T 0

But £ is odd, therefore the expression becomes

T/4
=7 / ) sin kwyt dt



Problems
P 16.10 [a] f ! ! 62.5H
. =—=———+-—=0625Hz
T 16 x 103

[b] no, because f(3 ms) = 10 mA but f(—3 ms) = —10 mA.
[c] yes, because f(—t) = —f(t) for all .
[d] yes
[e] yes
[f] a, =0, function is odd

ai =0, for all k; the function is odd

by =0, for k even, the function has half-wave symmetry

] [T/4
b = / F(t)sinkw,t,  kodd
TJo

] T/8 T/4
= — {/ 5t sin kw,t dt + 0.01 sin kw,t dt}
T 0 T/8

8
= T{Intl + Int2}

T/8
Intl = 5/ t sin kw,t dt
0

1 t T/8
=5 2 sin kw,t — o cos kw,t .
5 . km 0.625T km
= in— — —
k2w? " kw, R
T/4 —0. /4 0.01 k
Int2 = 0.01 / sin kw,t dt = cos kw,t = CoS &
T/8 We /8 kw, 4
Intl + Int2 = > sink—ﬁ + (0'01 — 0‘625T> cos]ir
k22 4 kw, kw, 4

o

0.6257 = 0.625(16 x 107%) = 0.01

.k
Intl + Int2 = 202 sin ==
8 5 o] . km 016 | km
b= |7 g T T = in g bodd
160 & si 4
it)=— > Sm(z;r/)sinnwoth

T n=135

16-13
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2
P16.11 [a] T=1; w,= % — o7 rad/s
[b] yes

[c] no
[d] no

P 16.12 [a] v(¢) is even and has both half- and quarter-wave symmetry, therefore a, = 0,
b, = 0 for all k, a;, = O for k-even; for odd k& we have

8 [T/4 AV, . [(km
ajp = ? 0 Vm COS k‘u)ot dt = E Sin <2>

o
_ 4Vm > [sm} cos nwot V
n=13,5

[b] wv(t) is even and has both half- and quarter-wave symmetry, therefore a, = 0,
ay = 0 for k-even, b, = 0 for all k; for k-odd we have

/4 8V,
T/ ( —V>coskw0tdt: g
8V, & 1
Therefore v(t) = —— Y —; cosnwotV
T =135

P 16.13 [a] i(t) is even, therefore b, = 0 for all k.
1 T 1 I

y=—-—-1,-2-=—="A
=9y T 4
T/4
715 kw,t dt
T/ ( ) cos kw
41, [T/4 161,, [T/4
=7 ; cos kw,t dt — e / ; t cos kw,t dt
= Int1 — IIth
41, 21, . k
Int; = - /), cos kwtdt = T sin —W
161, [T/4
Inty, = T2 / . t cos kw,t dt
161, 1 , T/4
= {k%g cos kw,t + o, sin kwot} .

41, km 21, km
= 332 c037 -1+ ﬁsm—
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41,, km
ap = 312 <1 — COS 2) A

I, 41, & 1 — cos 2
ity =7+ (n/2)

cos nw,t A

2 2
™ . n

[b] Shifting the reference axis to the left is equivalent to shifting the periodic
function to the right:

cos nw,(t — T'/2) = cos nm cos nw,t

Thus
L, 41, & (1— 2
i) = m 4 (1 — cos(nm/2)) cosnm cosnwt A
4 2 = n?
P 16.14 [a]
20 4 ¢ (t)
15 1
10 1
5 .
t{s)
T T 6 I
-3 2 4 B
-5
-10
-15 4
=20
[b] Even, since f(t) = f(—t)
[c] Yes, since f(t) = —f(T/2 —t) in the interval 0 < ¢ < 4.
[d] a, =0, a; =0, forkeven (half-wavesymmetry)
by =0, forall £ (function is even)
Because of the quarter-wave symmetry, the expression for ay is
T/4
/ ) cos kwot dt, Kk odd
T
Rt 2 ?

5 o8 kwot + sin kwot

8 r2
= - / 412 cos kwot dt =
8 Jo 0

2t
k2wg k3w
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boo() =k () (2) =

cos(km/2) =0, since k is odd

4k%w2 — 2 16k%w2 — 8
=404+ —220 Zsin(kn/2)| = ——2 " sin(kn/2
ay l + K sin(km/2) e sin(km/2)
2w 2_7r2‘ 3_7r3
TR Ty T T
k?m? — 8 )
ap = (W) (64) sin(k7/2)
o [n2r2 — 8]
t) =64 ——— | si 2 t
f(t) nzl;gﬁ B sin(nm/2) cos(nwot)

[e] cosnwy(t —2) = cos(nwot — m/2) = sin nwyt sin(nm/2)

n?m? — 8

53 sin?(nm /2) sin(nwot)
n

P 16.15 [a]

1

] [N . B o N |
1

| | 1 1
= [un} [} I [
1

-1

[b] Odd, since f(—t) = —f(t)

[c] f(t) has quarter-wave symmetry, since f(7/2 —t) = f(t) in the interval
0<t<4.

[d] a, =0, (half-wave symmetry); a; =0, forallk (functionis odd)

by =0, forkeven (half-wave symmetry)

] [T/4
b= / F(t)sin kwot dt, & odd
0

] r2
:f/ 13 sin kwyt dt
8 Jo
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2 6 3 6t ?
= lk%)g sin kwot — = wé‘ sin kwot — k:TJO cos kwot + 13 wg’ cos kwot i
27 km
kao(2) =k (5) ) =5

cos(km/2) =0, since k is odd
12
by = [k@ 5 sin(km/2) — = (ifo Sln(knr/Q)]

9 22 44
kwozk:(g)zkﬂ' k%}éz—kﬂ; k4w§:k7r

192 8 .
= { - W%Q} sin(kr/2), K odd
192 & 1 . .
f(t) = — n:%’s [n? ( - 7r2n2) sm(mr/Q)} sin nwot
[e] sinnwy(t — 2) = sin(nwet — 7/2) = — cos nwyt sin(nm/2)
192 & 11 8\ .,
ft) = = n_zl’:w L”LZ (1 — 7r2n2> sin (mr/2)] cos nwot
P 16.16 [a]
26 1E i)
ol 10+an/m)
15 -
10 1
(120/T) ¢
4:”’ t
~r/4 -T/8 | . T/ T/4 3T/ F/2 5T/8 IT/4
1-10
1-15
120
25

[b] a, = 0; ap =0, for k even; b, =0, forallk

T/4
=7 / ) cos kwot dt,  for k odd

T/8 120t 8 (T/4 40
=7 / cos kwot dt + — T Jrss (10 + Tt) cos kwot dt

960 (T/8 80 (T/4 320 [T/4
:F/o tcoskwotdt+T/T/8 coskwotdt—i—TQ// t cos kwot dt
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T/ 80 sin kwyt T/4

T kwo T/8

B @ [cos kwot  tsin kwot]

T2 | k23 kwo ],

@ [cos kwot  tsin kwgt] T/

T2 | k2w kwo |
T krm T krm
g =T g =
960 | cos(km/4) T . 0 .. '
by = T2 [ K202 Shon sin(km/4) — kzw(%] + T [sin(k7/2) — sin(kn/4)]
320 |cos(km/2)  Tsin(kr/2) cos(km/4) Tsin(km/4)
T2 k2w 4 kwo k2w 8kwo
640 160 960
- ke /4 in(kr/2) —
(T )2 cos(km/4) + T T2 sin(km/2) ()’

kwT = 2k, (kwoT)? = 4k*r?

160 80 . 240
52 cos(km/4) + s sin(km/2) — g2

ajp =

80
[c] ax = W[Q cos(km/4) + mksin(km/2) — 3]

a; = ig[Q cos(m/4) + wksin(m/2) — 3] = 12.61

80
az = ﬁ[2 cos(3mw/4) + mksin(37/2) — 3] = —12.46
s

80
as = ——|[2cos(bn/4) + mksin(5m/2) — 3] = 3.66

2572
f(t) = 12.61 cos(wot) — 12.46 cos(3wot) + 3.66 cos(bwot) + . . .
T 2 T 7
it="p wl=7y =5

f(T/4) = 12.61 cos(m/2) — 12.46 cos(37/2) + 3.66 cos(57/2) = 0

The result would have been non-trivial for t = 7'/8 or if the function had been
specified as odd.



Problems

P16.17 Let f(t) = va(t — T/6).

16-19

a, = —(2V,,/3)(T/3)(1/T) = —(2V;,/9) and b, =0 since f(t) is even

4/T/6( zvm> g AW 1 tT/6
a = — ——— ) coskw,tdt = ———— sin kw,
o ) 3 T 3 kw, 0
V. T 4V, T
T > | k) :_7m ‘ <k: >
32 Sm( 3 3k "3

2V, AV, &1
Therefore, wvo(t —T/6) = 9 " 3, 2. p5m (7?) COS Nw,t
m n

2V, 4V, &1 .
and vy(t) = ——— — —— ) —sin (n37r

5 3 2 ) cos nw,(t + 1'/6)

Then, v(t) = v1(t) + va(t). Simplifying,

Vo AV, 17 . /nr nmw
v(t) = — — —— > — [Sln (> oS <)] COS Nw,t
9 37 ~n 3 3

4 > 1
+ ﬁ — [sin2 (m)] sin nw,t V
3m —n 3

f V,=9r then a, =77m=21.99 (Checks)

= (2 () (5) =~ () () () - (2o

= (50 (5) = (50) B [r=eon (57) ] = ) [ oon(
ay = 6sin(47/3) = =5.2; by = 6[1 — cos(47/3)] = 9

as = 3sin(87/3) = 2.6; by = 3[1 — cos(87/3)] = 4.5

as = 2sin(127/3) =0; by = 2[1 — cos(121/3)] = 0

ay = 1.5sin(167/3) = —1.3; by = 1.5[1 — cos(16m/3)] = 2.25

as = 1.25in(207/3) = 1.04; b5 = 1.2[1 — cos(20m/3)] = 1.8

All coefficients check!

4nﬂ)
3

)
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P 16.18 [a] The voltage has half-wave symmetry. Therefore,

a, = 0; a, = b, =0, keven

For k odd,

T/2
ap = T / ( > cos kw,t dt

T/2 81,
=7 / 1, cos kwot dt — T/, tcos kwot dt

B % sin kwot
N T /{u)o

sin kwyT’
0

o T2 k23 + kwg

—0—

81, [COS km 1 ]

T2 | k2w k2w

_ (8T[;”> (%) (1 — cos k)

41, 20
= :ﬁ’ for k odd
T/2
b, = - / < ) sin kw,t dt
41, [T1/2 81, .
=T ; sin kwot dt — T2/, t sin kwot dt
41,, | — cos kwyt /2 81, |sinkw,t t Fot
= — — cos kw
T kwo 0 T2 | k2w kwo 0

Al ll — CoS k7T‘| 81, [—Tcos lm]
= — _

kwo T2 2kwy
— kgij:} {1 + ;cos /mr}
= 2;}’: = 1(:, for k£ odd
=15 it =2 (3~ im) = VPR A6
where tanf = m
(nm)? +4

ity =10 Y o cos(nwot — 6,)
n=1,3,5

T2 81, [COS kw,t t /2

T/2

0



[b] A; =10v4+ 72 =37.24A

1
Ay = 90\/4 192~ 10.71A

10
As = %\/4 + 2512 =2 6.33A

10
Ar = 4—9\/4 + 49712 = 4.51 A

10
Ag = 8—1\/4 + 8172 = 3.50A

Problems

tanf; = g 0, ~ 57.52°
tan 63 = 3; 03 = 78.02°
tan 0y = g f; = 82.74°
tan f; = 727r 0, = 84.80°
on 85.95°

tan 69 — 7 09 g

i(t) = 37.24 cos(w,t — 57.52°) 4+ 10.71 cos(3w,t — 78.02°)

+ 6.33 cos(bw,t — 82.74°) + 4.51 cos(Tw,t — 84.80°)

+ 3.50 cos(9w,t — 85.95°) + ...

i(T/4) = 37.24 cos(90 — 57.52°) + 10.71 cos(270 — 78.02°
(T/4) (

+ 6.33 cos(450 — 82.74°) 4 4.51 cos(630 — 84.80°)

+ 3.50 cos(810 — 85.95°%) = 26.22 A

Actual value:

. T 1 2\ ~v

16-21

P 16.19 The function has half-wave symmetry, thus a; = b, = 0 for k-even, a,, = 0; for

k-odd

4 [T/2 8V, (T/2
ap = f/o Vi cos kwot dt — T

p

where p = {1 + e_T/QRC} .

Upon integrating we get

0

4V, sin kwot T/2
W= T ku)(] 0
8V, e t/RC — cos kwot
pT  (1/RC)? + (kwp)? RC

 —8V,.RC

e tRC cos kwot dt

+ kwg sin kwot]

T/2

0
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4 [T/2 T/2
b, = —/ Vi sin kwot dt — % e YEC sin kwot dt
T/ o Pl J o
4V, cos kgt T/2
T k’WO 0
8V —et/RC sin kwot b cos ot T/2
pT  (1/RC)? + (kwy)? | RC 0 1o
_ 4V, _ S8kwyV,, R2C?
mk T[l + (k’LdoRCV]
2 32 2 4Vin ?
P 16.20 [a] ak + bk = ak + (k’ + kwoRcak>
T
= a2 [1+ (kwyRC)? + 2 [ L 4 fuwy RCay
But . — —8V,,RC
"7 T+ (kwoRC)?]
64V2R2C?
Therefore a; = T + (hwo RO thus we have
64V2R2C? 16V2 64V 2 kwoR*C?

2 b2 — _
U O T T (hoROYY] T w2k kT[L+ (keoRCO)?)
Now let o = kwyRC and note that T = 27 /wy, thus the expression for ai + b}

reduces to a; + b2 = 16V2 /m2k*(1 + o?). It follows that

AV,
Vai + b =
wky/1 + (kwoRC)?

4V,
[b] bk = kaRC(lk 4+ —
wk
b 4V, 1 2 1
Thus —k:kwoRC’+ =qa— tao 1
ag wkay, o o
a
Therefore b —a = —kwoRC
k



Problems 1623

P 16.21 Since a, = 0 (half-wave symmetry), Eq. 16.38 gives us

< 4V, 1 bn
Vo(t) = cos(nwot — 6,) where tanf, = —

135 7 (/14 (nweRC)? p,

But from Eq. 16.57, we have tan (3, = kwyRC. It follows from Eq. 16.72 that
tan B, = —ay /by, or tan 0,, = — cot (3,,. Therefore 6,, = 90° + [3,, and
cos(nwot — 0,,) = cos(nwot — B, — 90°) = sin(nwot — G,), thus our
expression for v, becomes

Vi & sin(nwot — Ba)

Vp =
T =135 ny/1 4 (nwoRC)?
P1622 [a] e *=1—2x forsmall x; therefore
t T
—t/RC ~v v ~T/2RC ~ (1 _
© - <1 RC> and ¢ <1 2RC>
o= 2V,,[1 — (t/RC)] B (Vm> 2t — (T/2)
o™ 2 (T/2RC) ~ \RC) |2—(T/2RC)
Q<Vm)(t_T>_<Vm)t_W for 0<t< L
~ \RC 4)  \RC 4RC -2

-8 -8 Vi T’ -4V,
b = _— V —= =
(bl ax (w?k?) ’ (n%?) <4RC> Ty ROR?
P 16.23 [a] Express v, as a constant plus a symmetrical square wave. The constant is V;,, /2

and the square wave has an amplitude of V,,, /2, is odd, and has half- and
quarter-wave symmetry. Therefore the Fourier series for v, is

V., 2V, & .
Vg = — + —— — sin nwyt
g 2 T n—21,:3,5 n 0

The dc component of the current is V,,,/2R, and with
sin nwoyt = cos(nwot — 90°) the kth harmonic phase current is

2V, km 2V,
1. = - = [ — 90° — 0
"7 R + jkwol/=90°  Lr./R2 + (kwoL)? k
kwoL
where 6, = tan~! ( C;g >

Thus the Fourier series for the steady-state current is
Vin n 2V, & sin(nwet — 6,)

2R T n=135ny/ R? + (nwoL)?

A

7
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[b]

CHAPTER 16. Fourier Series

The steady-state current will alternate between /; and /5 in exponential traces
as shown. Assuming ¢ = 0 at the instant 7 increases toward (V,,,/R), we have

Vin Vil _ T
:R+<]1—R)€t/7— for 0St§5

and i = Iye "=(T/2)/7 for T/2 <t < T, where 7 = L/R. Now we solve for I,
and /5 by noting that

Vin Vi _
IlzfgeiT/%— and IQI — + (Il_>€ T/27

R R
These two equations are now solved for [;. Letting = = T'/27, we get
(Vin/R)e™"
I = —F—"-"—
1+e=
Therefore the equations for ¢ become
=— = | T for 0<t< — d
Y Jeamr g Ty
R(1+e™®) 2

A check on the validity of these expressions shows they yield an average value

of (V,,/2R):
1’1 - V) —t/T] dt +

T/2
=gy [ (v

1 (V,, Vi
=+ {5+ 1‘”’(11‘3“2)}

= 3R since I{ + I, = T

U e @l gy
/2

<



Problems

4A = 1
P1624 v;=— Y —sinnwy(t+T/4)
n=1,3,5
4A & nw
= Z ( sin ) cos nwot
T n=135 2
2 4A
wo = L x 10° = 500 radls;  —— =60
4 7

=60 Z ( sin 2) cos H00nt V

n=1,3,5

From the circuit

V; oL Jw Jw \Y
o= 5 JWwbh = 7V, = ————V;
R+ jwL "’ R/L+ jw 1000 + jw
Vi1 =60/0°V; w = 500 rad/s
Vis = —20/0° = 20/180° V; 3w = 1500 rad/s

Vis = 120°V; dw = 2500 rad/s

7900 o o
Vo= —2—" (60/0°) = 26.83/63.43° V
! 1000—1—]500( o)
v, = 100 (20/180°) = 16.64/— 146.31° V
%7000 + 51500 - '
72500 i .
Vs = —2—(12/0°) = 11.14/21.80° V
71000 + j2500( )

v, = 26.83 cos(500¢ + 63.43°) + 16.64 cos(1500t — 146.31°)

+11.14 cos(2500t + 21.80°) + ... V

16-25

P 16.25 [a] From the solution to Assessment Problem 16.6 the Fourier series for the input

voltage is

=42 3 {sm( W)}cos2000ntV
n=1,3,5 2

Also from the solution to Assessment Problem 16.6 we have

V1 =42/0° wp = 2000 rad/s
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Vg3 = 14/180° 3wp = 6000 rad/s
Vg5 =8.4/0° Swo = 10,000 rad/s
V7 = 6/180° Two = 14,000 rad/s
From the circuit in Fig. P16.26 we have
Vo Vo=V,

E—'— sL

T+ (V, = V)sC =0

B s2+1/LC
v, H(s) = 5 s/Re) + (1/0)

Substituting in the numerical values gives
5?2+ 108

H(s) = 55005 1108

96
H(j2000) = 96 + 71 =0.9999/— 0.60°

64
H(j6000) = 61+ 3 =0.9989/— 2.68°

H(510,000) = 0

96
H(j14,000) = g = 0.99T4/L17°

V.1 = (42/0°)(0.9999/ — 0.60°) = 41.998/ — 0.60° V

V5 = (14/180°)(0.9989/ — 2.68°) = 13.985/177.32° V

Vs =0V

V7 = (6/180°)(0.9974/4.17°) = 5.984/184.17° V

v, = 41.998 cos(2000¢ — 0.60°) + 13.985 cos(6000¢ + 177.32°)

+ 5.984 cos(14,000¢ + 184.17°) 4 ... V

[b] The 5th harmonic at the frequency 4/1/LC = 10,000 rad/s has been eliminated

from the output voltage by the circuit, which is a bandreject filter with a center
frequency of 10,000 rad/s.

P 16.26 [a] Note — find i,(t)

V-7,
16s

o _
1000
|Z

1 1
Vol— +125x 10 %+ —— | = —L
01765 71420 ST 1000] T 16s

+ Vo(12.5 x 107%s) + 0



Problems

Vo(1000 + 0.2s* 4 16s) = 1000V,

5000
52 + 80s + 5000

Vo o 5V,
1000 s2 + 80s + 5000

I 5
H = — =
(8) = ¥ = 57805 + 5000

5

(5000 — n2wd) + 780nwy

‘/():

[0:

H(njwo) =

2
wo = % = 2401 w?=57,600r% 80wy = 19,2007

5

H(jnwo) =
(o) (5000 — 57,600m2n2) + j19,2007n

=

(0) =

H (jwo) = 8.82 x 1076/ — 173.89°

H (j2wo) = 2.20 x 1075/ — 176.96°

H(j3wo) = 9.78 x 1077/ = 177.97°
(

H (j4we) = 5.5 x 1077/ — 178.48°
680 1360 [1

16-27

1 1 1
Vg = — — —— | = coswyt + 1—50032w0t + %cos?wot + &cosémot%— o

T T 13

680 1360
%:—xwt§4w2mymw—mW)

™ ™

1360
- ?(2 20 x 107%) cos(2wot — 176.96°)
m

1360
- ?(9 78 x 1077 cos(3wot — 177.97°)

™

1360
— W@ 5 x 1077) cos(dwopt — 178.48°%) —

= 216.45 x 107 — 1.27 x 1072 cos(wot — 173.89°)
—6.35 x 107° cos(2wyt — 176.96°)
—1.21 x 107° cos(3wot — 177.97°)

— 3.8 x 107% cos(dwyt — 178.48°) —
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ip = 216.45 — 1.27 cos(wot — 173.89°) mA

Note that the sinusoidal component is very small compared to the dc
component, SO

10 = 216.45mA (a dc current)

[b] Yes, the solution makes sense. The circuit is a low-pass filter which nearly
eliminates all but the dc component.

P 16.27 The function is odd with half-wave and quarter-wave symmetry. Therefore,

ap =0, for all k; the function is odd

b, =0, for k even, the function has half-wave symmetry
] [T/4

b = — / F(t)sinkw,t,  kodd
T/Jo

] T/10 T/4
= — { / 500t sin kw,t dt + / sin kw,t dt}
T 1|Jo T/10

8
= T{Intl + Int2}

T/10
Intl = 500/ t sin kw,t dt
0

cos kw,t

T/10
0 ‘|

1
= 500 lk%)g sin kw,t — o

500 . km 50T km
= sin — — cos —
k2w? "5 kw, 5

T/4 1 km
/10 kw, 5

T/4 1
Int2 = / sin kw,t dt = cos kw,t
T/10 kw,

Intl + Int2 500 . km +< 1 5OT> km
= S1n — — COS —
k2w? 5 kw, kw, 5
507 = 50(20 x 107%) =1
500 . kw
Intl + Int2 = kag sm?
0 k 2 k
b= [S. 200 el g KT 20 R edd

T 472 k2 5 m2k? 5
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Problems 1629

i(t) - 20 i sin(nm/5)

n=1,3,5

sin nw,t A

2 n?

From the circuit,

1 1

_ L %,
TRyt F

Yeq

;o 1/C(s + Ry/L)
e 82 + S(RlRQC + L)/RlLC + (Rl + RQ)/RlLC

Therefore,

320 x 10%(s + 32 x 10%)

H(s) —
(8) = 2 32.8 x 105 + 288 x 10°

We want the output for the third harmonic:

2 00w 8wy = 300

T T ook 108 T W= AT
20 3
Iy = i —0.214/— 90°
93 = 9n2 "M 5 gin 3wt [=90°
320 x 104(j3007 + 32 x 10%)

H(53007) = — 353.6/— 5.96°

(j8007) (73007)2 + 32.8 x 104(j3007) + 28.8 x 10 /= 5.96°
Therefore,

Vos = H(33007) 1,3 = (353.6/— 5.96°)(0.214/— 90°) = 75.7/—90° — 5.96° V

Vo3 = 75.7sin(3007t — 5.96°) V

2 2T

= =~ x10%° =200 kr
Wo - 10m x 10 00 krad/s
3 x 108 5 % 106
T A I O SV T
v, 1/RC
His)= Yo = (1/RC)s

V, 2+ (1/RC)s + (1/LC)
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o 1 (10%)(102)
RC T (@0x109@) V7 e T (o 2
H(s) = 10°s

52 4+ 106s + 25 x 1012

jw x 106
(25 x 1012 — w?) + j105w

H(jw) =

15th harmonic input:

vg15 = (150)(1/15) sin(157/2) cos 15w,t = —10cos 3 x 10 V

V5 = 10/ 180° V

H(j3 x 10°%) = 6173 0.1843/79.38°

V15 = (10)(0.1843)/— 100.62° V

Vo1 = 1.84 cos(3 x 10° — 100.62°) V

25th harmonic input:

vg25 = (150)(1/25) sin(257/2) cos 5 x 10 = 6cos 5 x 105V

V925 :6EV
H(j5 x 10%) = J =1/0°
0+ 75
V025 = 6EV

Vg2s = 6cosb x 10%V

P 1629 [a] ay — {1 <T> I, + T[m] _ 3

2 [2\2 2 4
21,
()= 0<t<T)2

ity =1,  T/2<t<T

/T/22]t koutdi + 2 [ I coskw,t dt
=7 cos kw, T Jryo cos kw,

1012



Problems 16-31

—ye " (cos km — 1)
/mz Lsinkwotdt+ = [ L, sinkwyt di
b, = T sin kw, T Jryo sin kw,
-k
31, —21
Ay = 4 ) a; = 7T2 ) a :O
—21,,
a
3 972
—1I —1I
by = —= by = ——
1 T ) 2 27_(_

9 2 1 1
Lins = In\| — + — + =— + =— = 0.80401,, Eq. 16.81
\/16+7r4+27r2+87r2 0.8040 (Eq )

Lims = 192.95mA
P = (0.19295)*(1000) = 37.23 W

[b] Area under i

T/2 4] T
A= / i+

’”2

4128372 T

T T2 3 m9

1 37 2
—IQT[ +} fTIm

Lins \/ —TIQ— =1 A
T3 \/> 95.96 m

(0.19596)%1000 = 38.4 W

37.23
E =(———1)(100) = —3.05
L] Error (38.40 ) (100) %
80 = 1
P 16.30 vg—lo—i—— Z jcosnwotV
T - 13,5 1
27 2T

x 10% = 500 rad/s

W = — =

T ~ 4r

80 80
vy = 10 + — cos 500¢ + — cos 1500¢ + . ..
2 972
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sL
||
11
V'JC ﬁ‘{ RT WV,
Vo=V Vo
s —|—SC‘/O+E—O

Vo(RLCs* + Ls + R) = RV,

v, 1/LC

H = —_—

(5) V, $2+s/RC+1/LC

1 106
I TG
LC ~ (0.1)(10)

L w0 1000v/2
RC (50v/2)(10)

106

H =

) = T 1000v3s 1 108

106

H(jw) =

) = 16—t 1 100003
H(j0) = 1

H(5500) = 0.9701/— 43.31°
H(j1500) = 0.4061/— 120.51°

80

T2

Vo = 10(1) + — (0.9701) cos(500¢ — 43.31°)

80
+ W(O.ZLOGI) cos(1500t — 120.51°) + . ..

v, = 10 4 7.86 cos(500t — 43.31°) + 0.3658 cos(1500t — 120.51°) + ...



Problems 16-33

2 2
7.86 0.3658
Vims 24|10+ | —= | +|—7=—] =1144V
V2 V2

2

Vi _ 1.85 W
5002

Note — the higher harmonics are severely attenuated and can be ignored. For
example, the 5th harmonic component of v, is

I

P

80
Vo5 = (0.1580) (25

2) cos(2500t — 146.04°) = 0.0512 cos(2500¢ — 146.04°) V
T

P 16.31 [a] av_W:Vm

T
T/4
=7 / { — t} cos kw,t dt
4V, 1 km
= — oS —
w2k 2
bk = 0, all £
60
v =— =15V
ey
240
ay = 77T2
240 120
a2 = (1 —cosm) = —
1 [/240\? 120\ 2
Vims = 1| (15)2 + = () + <> —24.38V
2 |\ 72 2
24.38)2
P = ( 1:38) =59.46 W

[b] Area under v?; 0<t<T/4

28.800  57.600
2 I ) 2
v? = 3600 — t+ 2t
7)1 28,800, 57,600,
A=2 / 3600 — —o 0y dt = 6007
0 T + T2

Vims = ;GOOT = V600 = 24.49V

— V600" /10 = 60W
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59.46
60.00

P 16.32 [a] v = 15 + 400 cos 500t + 100 cos(1500t — 90°) V
i =24 5cos(500t — 30°) + 3 cos(1500t — 15°) A

[¢] Error = ( 1> 100 = —0.9041%

P = (15)(2) + ;(400)(5) cos(30°) + ;(100)(3) cos(—75°) = 934.85 W

400\  [100\>
= 2 —_— —_— =
[b] Vrms—J(w) +<\/§> +<\/§> 291.93V

[e] Iims = J (2)2 + (%)2 + (\%)2 = 4.58A

T/6 36V2 T T
P 1633 [a] Areaunder 1> = A= 4/ O 2 gt 4 oy ( _ )
0 T2 3 6
VAT VAT
9 3

1 /2vz2T V2T 2 1
Theref Vims = 1| = m m =V =+ = ="T4. \Y
erefore JT( 9 + 5 > V, \/94—3 74.5356

[b] v, = 105.30 sinwpt — 4.21 sin dwt + 2.15sin Twot + -+ -V

(105.30)2 + (4.21)2 + (2.15)2

5 = 74.5306 V

Therefore Vs = \/

480 1 1 1 1
P 16.34 [a] v(t) = —{sinw,t + 3 sin 3wyt + — sin bw,t + = sin Tw,t + 5 sin Qw,t + - - -
T

5
2| )+ () + () o)
480 T 1 1 1

e T R
a2V T s T T

= 11755V

117.55
120

960 1 1
[c] v(t) = — {sin wot + 9 sin 3wyt + % sin Hw,t

[b] % error = < — 1) (100) = —2.04%

1 1
4+ — sin Tw,t + 8lsin9wot—--~}

49
Vo~ 960 14+ 1 n 1 n 1 . 1
R S2V0) 81 625 2401 6561

= 69.2765V



Problems

120

Vims = —= = 69.2820V
V3
69.2765
- — 1) (100) = —0.0081
% error <69.2820 ) (100) 0.0081%
340 680 (1 1
P 16. S 2l coswet 4+ — cos 2wt + - -
6.35 [a] v(t) = - - {3coswt—i—15cos wot + }
340\2 7680\ |/ 1 \° 1\’
e 2+ (2 [() (2
7r m 3v2 15v/2
340 1 1
T + (18+450> 0.0819V
170
b] Vims = — = 120.2082
[b] /2
120.0819
170 340
[c] v(t) = — + 85 sinw,t — — cos 2w, t
T 3T
Vs & (170)2—1— 8 + 340 2’\“848021V
rms T \/— 3\/_71' .
1
Vims = ;O =85V

% error = —0.23%

P 16.36 [a] Half-wave symmetry a, = 0, ax = by, = 0, even k. For k odd,

/T/44[ ; bt di — 161,
oy cos kwy e

T/4
/ t cos kwot dt
0

T/4

T2 k2wd * kwo

161, 0+ T | km 1
= sin — — ——
T2 4kwy 2 k%W

a2
. k|’

T/44]1,, 161, T/4 .
b, = T/ —t sin kwot dt = T /0 t sin kwot dt

161, {cos kwot t
0

sin k:wot}

0 7T2]€2

T2 w2 kwo

161, {sin kwot t
B 2

}T/4 41, . <k‘7r
cos kwot sin

)
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2L, . (K 2 2 [k
== A (5) =) e ()

2y 2
1 > _ j} — 0471,/ — 60.28°

™

=
as — jbs = 217”{(—1—;) +j<2>}—026[ /170.07°
{(

3 3
21, 2 2
as —jb5 = — 1-— ) ] <)} = Oll[m/ — 8.30°
s 5% 5%
21 2 2
— by = =" (-1 - — | — | ¢ = 0.101,,/175.23°
= T {< 77T)+j<77T>} 0107, A75.23°

ig = 0.471,, cos(wpt — 60.28°) + 0.261,, cos(3wet 4+ 170.07°)

+ 0.111,, cos(bwot — 8.30°) + 0.101,, cos(Twgt + 175.23°) + - - -

00 AQ
@ 5,6
n=1,3,5
0.47)? 0.26)? 0.11)? 0.10)?
g[mw PO QIO _ 4,
T/4 /41, \* 3212\ [\ |74 I2T
9 7m — m - — m
[d] Areaunderzg—Q/0 (Tt> dt ( e ><3> . 6
1 (12T 1
I, ==~ )="2=0417],
g T< 6 ) V6

[e] % error = <esmnated _ 1) 100 — (0.39271

W — 1> 100 = —3.8%

P 16.37 [a] v has half-wave symmetry, quarter-wave symmetry, and is odd

a, =0, ar = 0all k, by = 0 k-even

exact

] [T/4
- = / F(t)sin kwot dt, k-odd
0

8 T/8V T/4
= — {/ e sin kw,t dt + V., sin kw,t dt}

T 0 T/8
T/4
T/8‘|

8V | coskw,t
4T

/8 N 8V, | coskw,t
T

kw, kw,




Problems

T kw7 |2 2Ty Ty

AV, (1 km 1
- {4 + 0.75 cos 4} = %[10 + 30 cos(km/4)]

by = 10+ 30 cos(m/4) = 31.21
1

by = §[10 + 30 cos(3m/4)] = —3.74
1

bs = 5[10 + 30 cos(5m/4)] = —2.24

1
by = ?[10 + 30 cos(7m/4)] = 4.46

31.212 4 3.742 + 2.242 + 4.462
V(rms) ~ Vm\/ i ; i = 22.51

T T
[b] Area under v? = 2 {2(2.5@2 (8) + 1007 (4)] = 53.1257*T

1
V(rms) = \/ 7(53.1257%)T = V/53.125m = 22.90

22.51
[c] % Error = (2290 — 1> (100) = -1.7%

P 16.38 [a] From Problem 16.16,

vit)
204 (V)
%(-’MIT)t
154
10
{120/ ¢
5_
T T t
a T/8 T/4

The area under v?:

T/8 14,400 T/4 40t\ 2
A=14 / 2 dt (10 ) dt
[ 0 T2 + T/8 + T
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P 16.39

CHAPTER 16. Fourier Series

T/8

T/4 3200 ¢
+ 400t

57,600 320082
g T 2

72 3

_|_
0 8 T2

27,600 T 3T T 275
= ———T 4400~ + 1600— + 6400

1536 8 64 1536 3

1 /575 575
s = | = [ ——T) =/~ =13.84V
Vo =7 (57) = 7 - 103

2

v
b] P=—2=1278W
[b] 15 78

[e] From Problem 16.16,
80
by = —(2co845° + sin90° — 3) = 12.61V
T

vy = 12.61 sinwgt V

2
15
[d] % error — (12?;304 _ 1) (100) = —61.71%

Figure P16.39(b): t, =0.2s; ¢, =0.6s
v=>50t 0<t<0.2
v=-50t+20 02<t<0.6

v=25t—-25 06<t<1.0

0.2

20
Area 1 under v?> = A, = 25002 dt = 0
0

06 40
Area2 = Ay = / 100(4 — 20¢ + 25¢%) dt =
0.2

10 40
Area3 = A, :/ 625(t" — 2t +1)dt = -

0.6

100
A1+A2+A3:?

1/1
Vo= [L(0) 10
1\3)7 3

T/4 6400 ¢t3

3

T/4

T/8



Problems

Figure P16.39(c): t, =t, = 0.4 s
v(t) =25t 0<t<04

50
o) =S (t=1) 04<t<1

0.4 4
A = 625t% dt = 40
0 3
1.0 9
Ay = i.o(t?—%jtl)dt:@
0.4 3
100
Al + AQ — 7

1 1 /100 10
Vims = \/T(A1+A2)— \/1 <3> = ﬁV

Figure P16.39 (d): t, =1, =1
v=10t 0<t<1

1 100
A, :/ 10062 dt = —
0 3

1 /100 10
— /(=) = 2V
Vims 1(3) 7

1 (T/4 ) |7 —Jjnwot |T/4
P1640 ¢, = — / Vjpe imwot gt = 2 | £
T Jo T [ —jnw, lo
V, . V, nmw V, nmw
— M Ti(e=inm/2 _ )] = —™ gin — m( _1>
Tnw, (e ) 2mn i 2 + ]27m o8 2
Vi nmw nmw
= py [sm2 — 7 (1 —cos)}

v(t) = Z el

1 /T/4 V,
o — Uy = 75 det:ﬂ
: “ T Jo 4

16-39



1640 CHAPTER 16. Fourier Series

or
i 2 1— 2
o — Vin lim lsm(mr/ ) y cos(nm/ )]
2m n—=0 n n

_ Vi l<7r/2) cos(nm/2) _ . (x/2) sin(mr/Q)l

21 n—=0 1 1
— Vin {W _ '0] — E
“orl2 T
Note it is much easier to use ¢, = a, than to use L'Hopital’s rule to find the limit of
0/0.
Vil 1 Vin
P1641 c,=a,= — - — = —
COTh T T T

1 /Tv,, .
0= = [ ——te Il dt
¢ T/o T

Vm 'e—jnwot T
= e (—jnwpt — 1
T2 __ngwg( Jnwo )‘|0
Vm 'e—jn27rT/T A A 1
= | e (—J”TT - 1) — 521
| —nwg —n2wg
Vi, [ 1 )
= 7% _n%ug(l + jn2m) — n%%]
Vin
=5 n=E1L42,43,
nm

1 /T 1 (T /V,\?
N 2 ¢ — 1| — _m 2
P 1642 [a] Vi \/T/Ovdt ¢T/O <T)tdt
V2t3T
V733,
Ve Ve
V3 3

P = (120/v3)” =480 W
10
[b] From the solution to Problem 16.41
cozlgozﬁoV; 64:‘7.1827?:.1:
120 .60 120 12
01—]§_J?3 Cs ]107_ .



Problems

120 30 .120 10
02:‘7@:]?; CGIJE:]?

120 20 120 8.57
@I T vy

‘/rms = \ch+22 ‘CTLP

n=1

= 68.58V
68.58)2
[c] P= ( ) = 470.29W
10
470.2
% error = ( 1209 — 1) (100) = —2.02%

1 T/22V, .
SRRE (Y
T Jo T ©

2Vm e Jnwet - T/2
=75 [—n%)g( Jjnw.t — 1) i
Vm —inm( :
=553 e (jnm + 1) — 1]

Since e /"™ = cos nm we can write

Vin
C, = (cosnm — 1)+ j—— cosnm
2nm

_m
2m2n?

o4
[b] C, = T 135V

—54 27
C_i=— +j— =10.19/122.48°V
T T

Cy =10.19/—122.48°V
13.5

Co=—7—=430/—90°V
™
Cy=4.3090°V
6 .9 .
™

C3=2.93/—101.98°V

1641



CHAPTER 16. Fourier Series

6.75
Cos=—j=— =215/=90°V

Cy =2.15/90°V
[c]

—a
[ 625k
Vg T ZSDQTRL Vs

|

v, V., V,-V,
250  sL 62.5 x 103_

(250LC's* + 1.004sL + 250)V, = 0.004sLV,

v, (1/62,500C)s
V = (8) = 2
. &1 1/249C + 1/LC

16s

H(s) =
() = 5121905 7 4 % 107
o 2
w(,:%:mi; % 10° = 2 x 10° rad/s
H(j0) =0

ik
12,500(1 — k?) + j251k

H(j2 x 10°k) =

Therefore,
H_; =0.03980°; H, = 0.03980°
_]2 -5 o -5 o
H 5= =5.33 x 107°/86.23°: H, =5.33x107°/—89.23
2= 237,500 — j20 X ’ 2 %
_3 y
H 5= ﬁ = 3.00 x 107°/89.57°; H, =3.00 x 1075/ —89.57°
- —J
_4 )
H , = J —2.13 x 1077 89.69°; Hy = 2.13 x 107%/— 89.69°

—187,500 — 51004
The output voltage coefficients:

Co=0
C_1 = (10.19/122.48°)(0.00398,0°) = 0.0406/122.48° V



Problems 1643

C1 = 0.0406/— 122.48°V

C_y = (4.30/—90°)(5.33 x 107°/86.23°) = 2.29 x 107*/—=3.77°V
Cy =229 x 10743.77°V

C_3 = (2.93/101.98°)(3.00 x 107°/89.57°) = 8.79 x 107°/191.55° V
C3 =8.79 x 107°/—191.55° V

C 4= (2.15/—90°)(2.13 x 107°/89.69°) = 4.58 x 107°/—0.31°V
Cy =458 x 107°/0.31° V

4 4
[d] Ve = ch 23 [ JQZ Cal?
n=1 n=1

= 1/2(0.0406% + (2.29 x 10-4)2 + (8.79 x 10-5)2 + (4.58 x 10-3)2 = 0.0574 V

(0.0574)2
p= U0 ysow
250 a

1 [T/2 12V, \?
P 16.44 = 2Vm
644 [a] V. \/ - /0 ( - t) dt

1 l4v2 th/z

T T2 3 0

B 4Vv2 Vi

3)®) V6
4

Vims = 5— =22.00V
V6

[b] From the solution to Problem 16.43

|Cy| = 4.30

V,(rms) 2 1/13.52 4 2(10.19? + 4.302 + 2.93 4 2.15?) = 21.20V

21.29

[C] % Error = (2205 —

1) (100) = —3.44%
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CHAPTER 16. Fourier Series

[a] From Example 16.3 we have:

4 4 k
a, = f 10V, ap= Vg (”)

40 km ,
bk:ﬂ_kll—COS<2>], Ak/—QZ:ak—jbk

A; =18.01V 01 = —45°, Ay =12.73V, 0y = —90°

A3 - 6V7 93 - _13507 A4 — 0, A5 - 36 V, 95 = —450

Ag =424V,  0g=-90°, A; =257V,  60;=—135°

Ry (V) By (deq)

2 136

13

16

14 an

12

10

B

B 4F.

4

: Al

] 1 | — i} I [ —
o 1 2 3 4 A B T 8 o 1 2 3 4 B B T 8

k k

an—]bn an+jbn
= o, =TI o
2 2 "

[b] €, =
C’ozavzl()V 03:3[1350\/ 06:212@\/
Cy =9/45°V C_3=3/—-135°V C_¢=2.12/—-90°V
C1=9/-45°V (C,=0C_4= C7; =1.29/135°V
Cy =6.3790°V Cs =1.8/45°V C_7=129/-135°V

C_2=637/—90°V C_5=18/-45°V

—

'
0 — W= homod D

—m
—_—

L e —

o —

m—

mi—e

L —

=
w o A
=] = [
-—

—_—ta

—



Problems 1645

P 16.46 [a] From the solution to Problem 16.29 we have

A = ap — jb, = 52 (coskm — 1) +j@
Ao =0.751,, = 180 mA
240 240

A= = (=2) + j=— = 90.56/122.48° mA
T e

240
Ay :jQ— = 38.20/90° mA
T
240 240
Ay = —(—2 — = 26.03/101.98° mA
3= g3 (—2) +j5 = 26.03/101.98° m

240
A4 :jg = 1910@mA

240 240)
= (—2) + j—— = 15.40/97.26° mA
2572 5

240
Ag = o = 1273/90°mA
T

As

ma,)
200
$180
150
100 80.56
382
50 T 26.03 191 154 12.73
. T 2 e %

0 @y 2mp 3@y 4o 5p, Bwp MWo

1487 12268 ;
o 10188 o 0726° ¢

0 © 2oy 30y 40 5¢, Bog N
[b] Cp = Ay = 180mA
) = ;Ali _ 45.28/122.48° mA
C_1 =45.28/—122.48° mA
Cy = ;Ag/—eg =19.1/90° mA

C_5=19.1/—90°mA
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Cy = ;Agﬂ = 13.02/101.98° mA
C_3=13.02/—101.98° mA

Cy = ;ALLM — 9.55/90° mA

C_4 =9.55/—90°mA

Cys = ;Ag,/—eg, = 7.70/97.26° mA
C_5="7.70/—97.26°mA

Cs = ;A6d — 6.37/90° mA

C_ = 6.37/— 90° mA

ma,
2mICnIt )
180
10
95]53.02 4578|4528 13.02
. 19.1 T19.1 955
11 7.7 6.37
6.37 . ? | Y9040

R ) |
654-3-2-1 012 3 45 gh
112248 101,08 97.26°
kaAdN
T,-ST-I-I-1 01 2 5 455"
l 90"1

go®  -g0°

- 1150
-97.26"-101.98 ) 1o

[y

P 1647 [a] v = A;cos(wot + 90°) + Az cos(3w,t — 90°)
+Ajs cos(bw,t + 90°) + Az cos(Tw,t — 90°)
v = —A;sinw,t + Az sin 3w,t — As sin Sw,t + A7 sin Tw,t
[b] v(—t) = Ay sinw,t — Az sin3w,t + As sin bw,t — Az sin Tw,t
v(—t) = —v(t); odd function
[c] v(t—T/2) = —A;sin(w,t — ) + Az sin(3w,t — 37)
—As sin(bw,t — b) + A7 sin(Tw,t — T)

= A;sinw,t — Az sin 3w,t + As sin bw,t — A7 sin Tw,t

v(t — T/2) = —v(t), yes, the function has half-wave symmetry



Problems

[d] Since the function is odd, with hws, we test to see if
f(T)2—1t) = f(t)

f(T/2 —t) = —Ajsin(m — w,t) + Agsin(3m — 3w,t)
As sin(bm — bw,t) + Az sin(7m — Tw,t)
= —A; sinw,t + Az sin 3w,t — As sin bw,t + A7 sin Tw,t

f(T/2 —t) = f(t) and the voltage has quarter-wave symmetry

1647

P 16.48 [a] i = 11,025 cos 10,000t 4 1225 cos(30,000¢ — 180°) + 441 cos(50,000¢ — 180°)

+ 225 c0s 70,000t nA
= 11,025 cos 10,000t — 1225 cos 30,000t — 441 cos 50,000
+ 225 cos 70,000t A

[b] i(t) =i(—1), Function is even

[e] Yes, Ay=0, A,=0 forneven
11,0252 4+ 12252 + 4412 + 2252

[d] Lome = \/ pe Al AT

5 = 7.85mA
[e] A, = 11,025,0° 4A; C1 = 5512.500° uA
Ay = 1225/180° jiA; Cy = 612.5/180° A
As = 441 /180° pA; C5 = 220.5/180° uA
A; =225 /0° pA; C7 = 112.500° nA
C_1 = 5512.500° jA; C_y = 612.5/— 180° uA
C_s = 220.5/— 180° jA; C_r = 112.50/0° A

i = 112.56 970000t | 9o() 5,=j180° ,=j50,000t | 19 5,—j180° ,—j30,000t
+ 5512.5¢ 710,000 | 5519 5,710,000t 4 519 5i180° 30,000t

+ 290).5¢7180° £750,000t 4 {79 570,000t LA
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[f]
| Cal
(LA

55125 * 55125

%
(¢

® 5125

22045

1112.5

® 5125

22045

1112.5

70 -50 -30 - o 10

(7

n
180°
-70 =50 -30 -10 | |

I I 10 30 50 70
~180°

P 16.49 From Table 15.1 we have

1
(s+1)(s?+s+1)

H(s) =

After scaling we get

106
(s + 100)(s% + 100s + 10%)

H'(s) =

W, = 28 — 51 % 10° = 400 rad/s

1
(1 + j4n)[(1 — 16n2) + j4n]

H'(jnw,) =

It follows that

H(j0) = 10°

30

> (krad/s)

&0

70 ikrad/s)



Problems 1649

1

H(jw,) = , — = 0.0156/— 241.03°

o) = 57155 74)

1

H(j2w,) = , — = 0.00195/— 255.64°

(720) (1+ 78)(—63 + 58)

A A 24 & cosnw,t

t) = = 4+ Zsinw,t — — B o

v,(t) - + 5 sin w nZQZA’ﬁ’ RO
= b4 + 27msinw,t — 36 cos 2wt — - V
Vo = 54 + 1.338in(400t — 241.03°) — 0.07 cos(800¢ — 255.64°) — --- V

P 16.50 Using the technique outlined in Problem 16.17 we can derive the Fourier series for
v, (t). We get

800 & 1
vy(t) =100+ — > — cosnwt

2
n=135, 1V
The transfer function of the prototype second-order low pass Butterworth filter is

1

H(s)=—
(s) 24425 +1

where w, = 1 rad/s

Now frequency scale using k; = 2000 to get w. = 2 krad/s:

4 x 10°
H(s) = x 10
52 4 2000v/2s + 4 x 106
H(j0) =1
H(j5000) = L 10° — 0.1580/ — 146.04°
P = (G5000)2 1 2000v/2(j5000)2 + 4 x 106 :
H(j15,000) = 4 10° — 0.0178/— 169.13°
5 (715,000)% + 2000v/2(j15,000)2 + 4 x 106 :
Ve = 100V
800
Vgl - 7@\]
e
800
Vgg - EV

om?
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Voge = 100(1) = 100V

800
Vo (O 1580/ — 146.04°) = 12.81/— 146.04° V

800
Vo3 = 02 —(0.0178/—169.13°) = 0.16/— 169.13° V

V(1) = 100 + 12.81 cos(5000¢ — 146.04°)
+0.16 cos(15,000 — 169.13°) + - -- V

P 16.51 [a] Let V, represent the node voltage across I?,, then the node-voltage equations are

Vo=V, Va
R —l—E—l—Vng—i—(V V,)sC1 =0
V,
(O V)SCQ+O =0

Rs

Solving for V;, in terms of V, yields
—1

V.

=2 = H(s) = e

1 1 Ri+Ry
‘/g 57+ R3 (a + C’2> s+ R1R2R3C1C2
It follows that
W2 =

°  RyRsR3C,Ch
1 /1 1
i-w e+

_

Note that

R C 1 1
His)= M (a%a) m (& + )
2+7(¢+7> +(M)
ST R 01 T G2 ) S T \RiR2RsC10n
[b] For the given values of R, Ry, R3, C}, and C; we have
i) ( & > Ry 400

R, \C, + Cy 2R, 313
L (1 + 1) — 2000
Rg 01 02 N

Ry + Ry

—  —f  —0.16 x 10" =16 x 10®
RleRgclcz



Problems

—(400/313)(2000)s
H(s) = — 8
52 4+ 20005 + 16 x 10
or 2
%:%:miﬁ % 105 = 4 x 10" rad/s
. —(400/313)(2000) jnw,
H(jnw,) =
(neo) = 1675 105 - n2w? + j2000nw,
—j(20/313)n
~ (1 —n?)+50.05n
, —j(20/313) 400
H(jw,) = ——220 20— 198
(o) = = 6.050) 313
| —~j(20/313)(3) .
H(j3w,) = : = 0.0240/91.07
(73wo) = == =015 ALOT
H(j5w,) —Jj(100/313) _ 0133/90.60°
W) = —————= = 0. .
J —24 + j0.25
44 =201
v(t) = — > —sin(nmr/2) cos nwyt
T p=135"
A=15.651V

v,y(t) = 62.60 cos w,t — 20.87 cos 3w,t + 12.52 cos dw,t — - - -

Uo(t) = —80 cos w,t — 0.50 cos(3w,t + 91.07°)
+ 0.17 cos(bw,t + 90.60°) — - -+ V
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