1. According to Eq. 39-4 E,, o< L™ . As a consequence, the new energy level E', satisfies

E, (L'Y" (LY _1
E, \L L) 2’

which gives L’ =+/2L. Thus, the ratio is L'/ L =~/2 =1.41.




2. (a) The ground-state energy is

2 6.63x10J-s)’
Elz( h 2],72: ( ) - (1)2=1.51><10—18J=9.42ev.
8m,L 8m, (200x10™"% m)

(b) With m, = 1.67 x 10" *" kg, we obtain

E_[ P anz (6.63x107%7 s’

- (8m, 8m, (20010 m)’

(1)° =8.225x1072J=5.13x10" eV,



3. To estimate the energy, we use Eq. 39-4, with n = 1, L equal to the atomic diameter,
and m equal to the mass of an electron:

x (1)° (6.63x107J-s) |
E=n"—= - =3.07x10"°J=1920MeV =~ 1.9 GeV.
8mL™ 8(9.11x107" kg)(1.4x10™*m)




4. With m, = 1.67 x 10" *” kg, we obtain

(1)" =3.29%x107'J =0.0206eV.

34 2
El{h—zzjnz: (6.63%10 J.s,)2
8mL 8m, (100x10" m)

Alternatively, we can use the mc® value for a proton from Table 37-3 (938 x 10° eV) and
the sc = 1240 eV - nm value developed in problem 83 of Chapter 38 by writing Eq. 39-4
as

3 n’h? nz(hc)
n 8mL2 S(mpc2)L2 '

This alternative approach is perhaps easier to plug into, but it is recommended that both
approaches be tried to find which is most convenient.



5. We can use the mc” value for an electron from Table 37-3 (511 x 10° eV) and the Ac =
1240 eV - nm value developed in problem 83 of Chapter 38 by writing Eq. 39-4 as
ko (hc)2
" 8ml* 8(14762)112 '

For n = 3, we set this expression equal to 4.7 eV and solve for L:

,__n(he) _ 3(1240¢V-nm)
- B(m)E,  [8(511x10° eV)(47eV)

=0.85nm.



6. We can use the mc” value for an electron from Table 37-3 (511 x 10’ eV) and the /¢ =
1240 eV - nm value developed in problem 83 of Chapter 38 by writing Eq. 39-4 as
ko (hc)2
" 8ml* 8(14762)112 '

The energy to be absorbed is therefore

(#-1)r"  15(he)’ 15(1240eV -nm)’
AE:E4—E1: 5 = 3 2: 2:90.3eV.
8m, L 8(m.c*) > 8(511x10%eV) (0.250nm)




7. Since E, < L™ * in Eq. 39-4, we see that if L is doubled, then E; becomes (2.6 eV)(2) >
=0.65¢V.



8. Let the quantum numbers of the pair in question be » and n + 1, respectively. We note
that

(n+ 1)K n’H 2+ 1)K

E. . —-E =

T 8ml? 8ml? 8ml?

Therefore, E,+1 — E,= (2n + 1)E;. Now
E.,—-E =E=5E =25E =(2n+1)E,,
which leads to 2n + 1 =25, or n=12. Thus,
(a) the higher quantum number is n+1 = 12+1 =13, and
(b) the lower quantum number is n = 12.
(c) Now let
E.,-E =E,=6"E =36E =(2n+1)E,,

which gives 2n + 1 = 36, or n = 17.5. This is not an integer, so it is impossible to find the
pair that fits the requirement.



9. The energy levels are given by E, = n’h*/8mL?, where h is the Planck constant, m is the
mass of an electron, and L is the width of the well. The frequency of the light that will
excite the electron from the state with quantum number #»; to the state with quantum

number nyis [ = AE/h=(h/ 8mL2)(n;. —~ nf) and the wavelength of the light is

B 8ml’c

_c__ombc
)

We evaluate this expression for n; = 1 and ny= 2, 3, 4, and 5, in turn. We use /2 = 6.626 X
10°%47 - s,m=9.109 x 10_31kg, and L =250x 10" '? m, and obtain the following results:
(a) 6.87 x 10~ * m for ny=2, (the longest wavelength).

(b) 2.58 x 10" * m for ny= 3, (the second longest wavelength).

(c) 1.37 x 10" * m for ny= 4, (the third longest wavelength).



10. Let the quantum numbers of the pair in question be » and »n + 1, respectively. Then
Ey—E, =E; (n+1)*— Ein* = (2n + 1)E,. Letting

E,.—E,=2n+1)E =3(E,—E,)=3(4E, -3 E,) =21E,,

n+

we get 2n+ 1 =21, or n = 10. Thus,
(a) the higher quantum numberisn+1=10+1=11, and
(b) the lower quantum number is # = 10.

(c) Now letting

E,.—E,=(2n+1)E, =2(E, _E3)22(42E1 —32E1)= 14E,,

n+l

we get 2n + 1 = 14, which does not have an integer-valued solution. So it is impossible to
find the pair of energy levels that fits the requirement.



11. We can use the mc” value for an electron from Table 37-3 (511 x 10 eV) and the hc =
1240 eV - nm value developed in problem 83 of Chapter 38 by rewriting Eq. 39-4 as
ko (hc)2
" 8ml 8(74762)112 '

(a) The first excited state is characterized by n = 2, and the third by n'= 4. Thus,

(he)
8(m02 )L2

(n?=n*)= (1240eV  nn) (47 -2)=(6.02¢V) (16-4)

AE = 2
8(511x10°eV) (0.250nm)

which yields AE =72.2 eV.

Now that the electron is in the n' = 4 level, it can “drop” to a lower level (n") in a variety
of ways. Each of these drops is presumed to cause a photon to be emitted of wavelength

he 8(mcz)L2
A= = S -
E, —E, hc(n’ -n” )
For example, for the transition n' = 4 to »n" = 3, the photon emitted would have
wavelength
§(511x10° eV)(0.250 nm)’
A= =29.4nm,

(1240eV-nm)(4* -37)

and once it is then in level »” = 3 it might fall to level »"' = 2 emitting another photon.
Calculating in this way all the possible photons emitted during the de-excitation of this
system, we obtain the following results:

(b) The shortest wavelength that can be emitted is A, ,, =13.7nm.
(c) The second shortest wavelength that can be emitted is A, ,, =17.2nm.
(d) The longest wavelength that can be emitted is A, ,, = 68.7 nm.
(e) The second longest wavelength that can be emitted is A, ,, =41.2nm.

(f) The possible transitions are shown next. The energy levels are not drawn to scale.



(g) A wavelength of 29.4 nm corresponds to 4 — 3 transition. Thus, it could make either
the 3 — 1 transition or the pair of transitions: 3— 2 and 2 — 1. The longest wavelength

that can be emitted is A, , = 68.7 nm.

(h) The shortest wavelength that can next be emitted is A, ,, =25.8nm.



12. The frequency of the light that will excite the electron from the state with quantum
number #; to the state with quantum number nyis f = AE/h = (h/ 8ml’ ) (n/z, — nl.z) and the

wavelength of the light is

< _ 8ml’c
f h(nf, —nf)

I //lhc(n_f, —-n’)
8mc’

The longest wavelength shown in Figure 39-28 is 4 =80.78 nm which corresponds to a
jump from n, =2 to n, =3. Thus, the width of the well is

}\/:

The width of the well is

=0.350nm =350 pm.

I (80.78 nm)(1240eV - nm)(3* —2%)
8(511x10°eV)



13. The probability that the electron is found in any interval is given by P = I|w|2dx,

where the integral is over the interval. If the interval width Ax is small, the probability
can be approximated by P = |yf* Ax, where the wave function is evaluated for the center
of the interval, say. For an electron trapped in an infinite well of width L, the ground state
probability density is

SO

{2 o(z)

(a) We take L =100 pm, x = 25 pm, and Ax = 5.0 pm. Then,

P= [M} sin’ [M} = 0.050.

100pm 100 pm

(b) We take L = 100 pm, x = 50 pm, and Ax = 5.0 pm. Then,

pz[M}mz {M}:mo,

100 pm 100pm

(c) We take L =100 pm, x = 90 pm, and Ax = 5.0 pm. Then,

P= {2(5'0 pm)} sin? [“(90 pm)} = 0.0095.

100 pm 100 pm




14. We follow Sample Problem 39-3 in the presentation of this solution. The integration
result quoted below is discussed in a little more detail in that Sample Problem. We note
that the arguments of the sine functions used below are in radians.

(a) The probability of detecting the particle in the region 0< x < £ is
2\ L\ . 2(y sin2y\"
—j(— | sin® ydy = —(——— =0.091.
L)\ m ) nt\2 4 ),

(b) As expected from symmetry,

()

(c) For the region £ < x <3L we obtain

- ' 2 . 2 T
I sin® ydy = _(l_sm_y =0.091.
/4 m\2 4 s

- . 3n/4
[ /4sin2ydy:%(l—w) — 082
2 4 /4

which we could also have gotten by subtracting the results of part (a) and (b) from 1; that
is, 1 —2(0.091) = 0.82.



15. According to Fig. 39-9, the electron’s initial energy is 109 eV. After the additional
energy is absorbed, the total energy of the electron is 109 eV + 400 eV = 509 eV. Since it
is in the region x > L, its potential energy is 450 eV (see Section 39-5), so its kinetic

energy must be 509 eV —450 eV =59 eV.



16. From Fig. 39-9, we see that the sum of the kinetic and potential energies in that
particular finite well is 280 eV. The potential energy is zero in the region 0 <x < L. If the
kinetic energy of the electron is detected while it is in that region (which is the only

region where this is likely to happen), we should find K =280 eV.



17. Schrodinger’s equation for the region x > L is

d’ v, 8’ m
a’x2

—5[E-Uw=0.

If = De™™, then d *yidx”* = 4k’ De™ = 4k* yrand

d’ dy 87[ m
de

[E U,Jw.

—[E-U,Jy= 4k21//+

This is zero provided

k= %sz(Uo —E).

The proposed function satisfies Schrodinger’s equation provided & has this value. Since
Uy is greater than £ in the region x > L, the quantity under the radical is positive. This
means k is real. If & is positive, however, the proposed function is physically unrealistic.
It increases exponentially with x and becomes large without bound. The integral of the
probability density over the entire x axis must be unity. This is impossible if y is the
proposed function.



18. We can use the mc” value for an electron from Table 37-3 (511 x 10 eV) and the hc =
1240 eV - nm value developed in problem 83 of Chapter 38 by writing Eq. 39-20 as

w02 n heY (2 n
E"x’"y:E[L_z—i_L_;]:g(( )2 [ ; +—; .
. L, mc ) L L

For n, = n,= 1, we obtain

_ (1240eV-nm)’ Lo, 1
"8(511x10%eV) | (0.800nm)’  (1.600nm)’

] =0.734 V.



19. We can use the mc” value for an electron from Table 37-3 (511 x 10 eV) and the hc =
1240 eV - nm value developed in problem 83 of Chapter 38 by writing Eq. 39-21 as

2 2 2 2 2 2
20 (P m, n hc n., n, n
E e = Ly—=+=|= (e) e et e

m|\ 2 2 I

For n,=n,=n.=1, we obtain

_ (1240eV -nm)’ S SR
" 8(511x10%V) | (0.800nm)’  (1.600nm)”  (0.400nm)’

J =3.08 eV.



20. We are looking for the values of the ratio

E 2 p?
= n; +—-|= ni+ln2
W /8ml L L 4

and the corresponding differences.

(a) For n, = n, = 1, the ratio becomes 1+ =1.25.

(b) For n, = 1 and n, = 2, the ratio becomes 1+1(4)=2.00. One can check (by computing
other (n,, n,) values) that this is the next to lowest energy in the system.

(c) The lowest set of states that are degenerate are (n,, n,) = (1, 4) and (2, 2). Both of
these states have that ratio equal to 1++(16) = 5.00.

(d) For n, = 1 and n, = 3, the ratio becomes 1+1(9)=3.25. One can check (by computing

other (n,, n,) values) that this is the lowest energy greater than that computed in part (b).
The next higher energy comes from (ny, n,) = (2, 1) for which the ratio is 4 +%(1) =4.25.

The difference between these two values is 4.25 — 3.25 = 1.00.



21. The energy levels are given by

2 2 n2 2 }12
R L e P
o 8m| 2 2| 8mL 4

2
y

where the substitutions L, = L and L, = 2L were made. In units of W*/8mL?, the energy
levels are given by nf +ni /4. The lowest five levels are E;; = 1.25, E1, = 2.00, E13 =

3.25, B> = 4.25, and E»» = E1 4 = 5.00. It is clear that there are no other possible values
for the energy less than 5. The frequency of the light emitted or absorbed when the
electron goes from an initial state i to a final state f'is /= (E; — E;)/h, and in units of

h/8mL* is simply the difference in the values of nf+ni/ 4 for the two states. The
possible frequencies are as follows: 0.75(1,2 —1,1),2.00(1,3 —>1,1),3.00(2,1 - 1,1),
3.75(2,2—>1,1),1.25(1,3—>1,2),2.25(2,1 - 1,2),3.00(2,2 - 1,2),1.00(2,1 - 1,3),
1.75(2,2 -1,3),0.75(2,2 — 2,1), all in units of h/8mlL>.

(a) From the above, we see that there are 8 different frequencies.

(b) The lowest frequency is, in units of #/8mL?, 0.75 (2,2 —2,1).

(¢) The second lowest frequency is, in units of #/8mL?, 1.00 (2, 1—1,3).

(d) The third lowest frequency is, in units of #/8mL?, 1.25 (1,3 —1,2).

(e) The highest frequency is, in units of #/8mL?, 3.75 (2,2 —1,1).

() The second highest frequency is, in units of h/8mL?, 3.00 (2,2—1,2)or (2, 1 - 1,1).

(g) The third highest frequency is, in units of #/8mL?, 2.25 (2, 1 —1,2).



22. We are looking for the values of the ratio

En n, .n n2 772 n2
e P B BT | = o+ )
W /8ml L L L o

and the corresponding differences.
(a) For n, = n, = n. =1, the ratio becomes 1 + 1 + 1 = 3.00.

(b) For n, = n, = 2 and n. = 1, the ratio becomes 4 + 4 + 1 = 9.00. One can check (by
computing other (ny, n,, n;) values) that this is the third lowest energy in the system. One
can also check that this same ratio is obtained for (n,, n,, n.) = (2, 1, 2) and (1, 2, 2).

(c) For n, = n, = 1 and n. = 3, the ratio becomes 1 + 1 + 9 = 11.00. One can check (by
computing other (ny, n,, n.) values) that this is three “steps” up from the lowest energy in
the system. One can also check that this same ratio is obtained for (n, n,, n.) = (1, 3, 1)
and (3, 1, 1). If we take the difference between this and the result of part (b), we obtain
11.0—9.00 =2.00.

(d) For n, = n, = 1 and n. = 2, the ratio becomes 1 + 1 + 4 = 6.00. One can check (by
computing other (ny, n,, n.) values) that this is the next to the lowest energy in the system.
One can also check that this same ratio is obtained for (n,, n,, n.) = (2, 1, 1) and (1, 2, 1).
Thus, three states (three arrangements of (ny, n,, n.) values) have this energy.

(e) For n, =1, n, = 2 and n, = 3, the ratio becomes 1 + 4 + 9 = 14.0. One can check (by
computing other (n,, n,, n;) values) that this is five “steps” up from the lowest energy in
the system. One can also check that this same ratio is obtained for (ny, n,, n.) = (1, 3, 2),
(2,3,1),(2,1,3),(3,1,2)and (3, 2, 1). Thus, six states (six arrangements of (7, n,, n.)
values) have this energy.



23. The ratios computed in problem 22 can be related to the frequencies emitted using f =
AE/h, where each level E is equal to one of those ratios multiplied by #%*/8mL>. This
effectively involves no more than a cancellation of one of the factors of 4. Thus, for a
transition from the second excited state (see part (b) of problem 22) to the ground state
(treated in part (a) of that problem), we find

+(os0- 3.00)( L ) _ (6.00)( h j .

8m 8ml?

In the following, we omit the #/8mL* factors. For a transition between the fourth excited
state and the ground state, we have /= 12.00 — 3.00 = 9.00. For a transition between the
third excited state and the ground state, we have f'= 11.00 — 3.00 = 8.00. For a transition
between the third excited state and the first excited state, we have /= 11.00 — 6.00 = 5.00.
For a transition between the fourth excited state and the third excited state, we have f'=
12.00 — 11.00 = 1.00. For a transition between the third excited state and the second
excited state, we have f=11.00 —9.00 = 2.00. For a transition between the second excited
state and the first excited state, we have /= 9.00 — 6.00 = 3.00, which also results from
some other transitions.

(a) From the above, we see that there are 7 frequencies.

(b) The lowest frequency is, in units of #/8mL?, 1.00.

(c) The second lowest frequency is, in units of #/8mL?, 2.00.
(d) The third lowest frequency is, in units of #/8mL?, 3.00.
(e) The highest frequency is, in units of 4#/8mL?, 9.00.

(f) The second highest frequency is, in units of 4/8mL?, 8.00.

(g) The third highest frequency is, in units of 4/ 8mL?, 6.00.



24. The difference between the energy absorbed and the energy emitted is

he he

E E

photon absorbed - photon emitted = }\‘

absorbed 7\' emitted

Thus, using the result of problem 83 in Chapter 38 (hc = 1240 eV - nm), the net energy
absorbed is

1 1
375nm 580nm

hcAG) ~ (1240eV. nm)(

Jz 1L17eV .



25. The energy E of the photon emitted when a hydrogen atom jumps from a state with
principal quantum number u to a state with principal quantum number ¢ is given by

1 1
EA(I—)

where 4 = 13.6 eV. The frequency f of the electromagnetic wave is given by f = E/h and
the wavelength is given by A = ¢/f. Thus,

Ll E A1 1)
A ¢ he he\?* W)

The shortest wavelength occurs at the series limit, for which # = . For the Balmer series,
¢=2 and the shortest wavelength is Az = 4hc/A. For the Lyman series, /=1 and the
shortest wavelength is A, = hc/A. The ratio is Ag/A; = 4.0.



26. From Eq. 39-6,

AE = hf =(414x107" eV -5)(62x10" Hz) = 2.6eV .



27. (a) Since energy is conserved, the energy E of the photon is given by £ = E; — Ej,
where E; is the initial energy of the hydrogen atom and Eis the final energy. The electron
energy is given by (— 13.6 eV)/n’, where # is the principal quantum number. Thus,

_-136eV_ —136eV

E=E —-FE, = =12.1eV.
SO
b) The photon momentum is given b
(b) p g y
12.1eV)(1.60x 107" J/eV
p:E:( )( / ):6.45><10‘27kg-m/s.

c 3.00%x10° m/s

(c) Using the result of problem 83 in Chapter 38 (hc = 1240 eV - nm), the wavelength is

, _ 1240¢V - nm
121eV

=102nm .



28. (a) The energy level corresponding to the probability density distribution shown in
Fig. 39-22 is the n = 2 level. Its energy is given by

_136eV

E,=—=—=-34eV.

(b) As the electron is removed from the hydrogen atom the final energy of the proton-
electron system is zero. Therefore, one needs to supply at least 3.4 eV of energy to the
system in order to bring its energy up from E; = — 3.4 eV to zero. (If more energy is
supplied, then the electron will retain some kinetic energy after it is removed from the
atom.)



29. If kinetic energy is not conserved, some of the neutron’s initial kinetic energy is used
to excite the hydrogen atom. The least energy that the hydrogen atom can accept is the
difference between the first excited state (n = 2) and the ground state (» = 1). Since the
energy of a state with principal quantum number 7 is —(13.6 eV)/n*, the smallest
excitation energy is 13.6 eV — (13.6 eV)/(2)* = 10.2 eV. The neutron does not have
sufficient kinetic energy to excite the hydrogen atom, so the hydrogen atom is left in its
ground state and all the initial kinetic energy of the neutron ends up as the final kinetic
energies of the neutron and atom. The collision must be elastic.



30. (a) We use Eq. 39-44. At r =0, P(r) o< r* = 0.

(b) Atr=a
-2 -2
P(r) = %aze_za/” = 4e = 4e = =102nm™" .
a a 529%10™ nm
(c) Atr=2a
4 _ lee™ 16e”

=554nm™" .

pE 4 529%10” mm



31. (a) We use Eq. 39-39. Atr=a

o 1
e"/"] =—e’= ~e”?=291nm™ .
)
Ta n(529%107 nm)

(b) We use Eq. 39-44. Atr=a

-2 -2
P(r) = atele = de

3 = = =102nm™" .
a a 529x10™° nm




32. () AE=—(13.6eV)(4 =1 H)=128¢V.

(b) There are 6 possible energies associated with the transitions4 — 3,4 — 2,4 — 1,3
— 2,3 > land2 —1.

(c) The greatest energy is £, , =12.8¢eV.

41

(d) The second greatest energy is E, , = —(13.66\7)(3_2 ~17)=12.1eV.
(e) The third greatest energy is E, ,, =—(13.6eV) (2_2 - 1_2) =10.2eV.

() The smallest energy is E, , =—(13.6eV)(47 =37)=0.661 eV .

(g) The second smallest energy is E, , = —(13.66\/)(3*2 -2 ) =1.89¢eV.

(h) The third smallest energy isE, , =—(13.6eV)(4> —27)=2.55¢V.
42



33. (a) We take the electrostatic potential energy to be zero when the electron and proton
are far removed from each other. Then, the final energy of the atom is zero and the work
done in pulling it apart is W = — E;, where E; is the energy of the initial state. The energy
of the initial state is given by E; = (~13.6 eV)/n’, where n is the principal quantum
number of the state. For the ground state, » =1 and W =13.6 V.

(b) For the state with n =2, W= (13.6 eV)/(2)* =3.40 V.



34. Conservation of linear momentum of the atom-photon system requires that

L/

precoil = pphoton = mpvrecoil =

where we use Eq. 39-7 for the photon and use the classical momentum formula for the
atom (since we expect its speed to be much less than c¢). Thus, from Eq. 39-6 and Table
38-3,

_AE_ E-E _ (-13.6eV)(47 -17) alm)s,
= me (mye?) /e (938x10°€V) /(2.998x10° m/s)




35. (a) and (b) Letting a = 5.292 x 10" "' m be the Bohr radius, the potential energy
becomes

e (899x10°N-m?/C?)(1602x107 C)’ N
Us—f—= L =—436x10"* 1 =-272eV .
TE,a 292 % m

The kinetic energy is K =E—-U=(—13.6 eV)—(—27.2eV)=13.6 eV.



36. (a) The calculation is shown in Sample Problem 39-6. The difference in the values
obtained in parts (a) and (b) of that Sample Problem is 122 nm —91.4 nm = 31 nm.

(b) We use Eq. 39-1. For the Lyman series,

8 8
Af = 2998 x 10_9m/s _ 2.998x 10_9m/s —87%10" Hz.
914x107 m 122x107 m

(c) Fig. 39-19 shows that the width of the Balmer series is 656.3 nm — 364.6 nm =
292 nm =0.29 ym.

(d) The series limit can be obtained from the o — 2 transition:

_2.998x10° m/s  2.998x10° m/s

- 3646 10_9 6563 10_9 :365X1014H2z37X1014HZ
OX m IX m

Af




37. The proposed wave function is

where a is the Bohr radius. Substituting this into the right side of Schrodinger’s equation,
our goal is to show that the result is zero. The derivative is

dl// - _ 1 e—r/a
dr \/EQS/Z
SO
r2 dV/ - _ },.2 e—r/a
dr \/Eas/z
and

Li(rzd_‘/’)_ ! [_ZJrl]er/a_l[_Ll}
r* dr dr ) ma*| r a al r a v

The energy of the ground state is given by E = —me*/8£,h” and the Bohr radius is given
by a=h"g,/nme’, so E =—e’/8ne,a. The potential energy is given by U = —¢*/dne,r,
S0

8n2m[E_U] _81t2m 3 e’ 4 e’ _87t2m e’ [_14_2]
n e 8me,a  4me,r e 8ne, v

Tcmez[ 1 2} 1[ 1 2}
h'e, L a r al a r

The two terms in Schrodinger’s equation cancel, and the proposed function ¥ satisfies
that equation.




38. Using Eq. 39-6 and the result of problem 83 in Chapter 38 (hc = 1240 eV
find

AE=E,, =1 1200V _ o6y
peen =T 1216mm

Therefore, niow = 1, but what precisely 1S #nigh?

13.6eV _ 13.6eV

2 12

+10.2¢eV

Eyw=E +AE ;

 nm), we

which yields » = 2 (this is confirmed by the calculation found from Sample Problem 39-

6). Thus, the transition is from the » = 2 to the n = 1 state.
(a) The higher quantum number is n = 2.

(b) The lower quantum number is n = 1.

(c) Referring to Fig. 39-18, we see that this must be one of the Lyman series transitions.



39. According to Sample Problem 39-8, the probability the electron in the ground state of
a hydrogen atom can be found inside a sphere of radius r is given by

p(r)=1—e* (1 +2x+ 2x2)
where x = r/a and a is the Bohr radius. We want » = a, sox =1 and
pla)=1-e”(1+2+2)=1-5¢"=0323.

The probability that the electron can be found outside this sphere is 1 — 0.323 = 0.677. It
can be found outside about 68% of the time.



40. (a) Since E, =—0.85eV and E; =—13.6 eV + 10.2 eV = - 3.4 eV, the photon energy
1S Ephoton = E2—E1=—-0.85eV—-(-3.4eV)=2.6¢V.

(b) From

11
E,—E, =(-136 eV)(———zj =26¢V

2
n, nm
we obtain

1 1 _26ev_ 3 1 |1

2l 136eV 16 4 20

Thus, n, = 4 and n; = 2. So the transition is from the » = 4 state to the n = 2 state. One can
easily verify this by inspecting the energy level diagram of Fig. 39-18. Thus, the higher
quantum number is n, = 4.

(c) The lower quantum number is n; = 2.



41. The radial probability function for the ground state of hydrogen is P(r) =
(4r*/a)e” ", where a is the Bohr radius. (See Eq. 39-44). We want to evaluate the

integral J.: P(r)dr. Eq. 15 in the integral table of Appendix E is an integral of this form.

We set n =2 and replace a in the given formula with 2/a and x with ». Then

r P(r)dr = iSerze_z"/”dr = 13% =1
0 a v a (2/ a)



42. From Sample Problem 39-8, we know that the probability of finding the electron in
the ground state of the hydrogen atom inside a sphere of radius r is given by

p(r)=1—e* (1 +2x+ 2x2)

where x = r/a. Thus the probability of finding the electron between the two shells
indicated in this problem is given by

pla<r<2a)=pQa)-pa)=|1-e (1+2x+2x") | —[1-e™(1+2x+2¢")] _
=0.439.



43. (a) ys0 1s real. Squaring it, we obtain the probability density:

2 4

Poo(") =Wy [P (4zr*) =| —— 7' cos’ 6 |(471") = —— ¢ cos 6.
327a 8a

(b) Each of the other functions is multiplied by its complex conjugate, obtained by
replacing i with — i in the function. Since ¢’ ¢ ? = ¢” = 1, the result is the square of the
function without the exponential factor:

2
r

2 _ -rla : 2
Wl = PYEE e"“sin” 6
and
2
r .
W, I'= - e"'“sin* 6.

The last two functions lead to the same probability density:

2
r

64na’

4
¢ sin’ 9] (4r?) = #e’”” sin? 4.

5
a

B, () =y, |2 (47”'2) :[

(c) The total probability density for the three states is the sum:

B (r)+ By, (n)+ By, (r) :<| Waio ' + W1 [+ W01 ’2)(4”’”2)
4 4
=r—5e7”" cos’ 6+ sin’ 6 +Lsin’ 0 =r—se*”“.
8a 2 2 8a

The trigonometric identity cos® 8+ sin> =1 is used. We note that the total probability
density does not depend on for ¢ it is spherically symmetric.



44. Using Eq. 39-6 and the result of problem 83 in Chapter 38 (hc = 1240 eV - nm), we
find

AE=E :hc:12406V-nm

=E o = =12.09 eV.
A 106.6 nm

Therefore, njow = 1, but what precisely 1S #pign?

_13.6eV __13.6eV

Eiw=E +AE > 2 +12.09¢V

n
which yields # = 3. Thus, the transition is from the » = 3 to the n = 1 state.
(a) The higher quantum number is n = 3.
(b) The lower quantum number is n = 1.

(c) Referring to Fig. 39-18, we see that this must be one of the Lyman series transitions.



45. Since Ar is small, we may calculate the probability using p = P(r) Ar, where P(r) is
the radial probability density. The radial probability density for the ground state of

hydrogen is given by Eq. 39-44:
2
P(r) = (4%) o2l
a

where a is the Bohr radius.

(a) Here, r = 0.500a and Ar = 0.010a. Then,

3
a

2
P= [4r Arj e =4(0.500)*(0.010)e™" =3.68x10~° =3.7x10".

(b) We set ¥ = 1.00a and Ar = 0.010a. Then,

2
P =[4’" f”} e’ = 4(1.00)*(0.010)e™ =5.41x10™ = 5.4x10™.
a



46. According to Fig. 39-25, the quantum number 7 in question satisfies » = n’a. Letting r
= 1.0 mm, we solve for #n:

33
= L= [0 0,
a 529x107 ' m



47. The radial probability function for the ground state of hydrogen is P(r) =
(4r/a’)e >, where a is the Bohr radius. (See Eq. 39-44.) The integral table of Appendix

E may be used to evaluate the integral 7, , = J:rP(r) dr. Setting n = 3 and replacing a in

the given formula with 2/a (and x with »), we obtain

[~ _4°°3—2r/a _4 6
Fg = JO rP(r)dr —a—J.O rledr = —

- =L5a.
a (2/a)

3



48. (a) The plot shown below for |ysoo(r)|* is to be compared with the dot plot of Fig.
39-22. We note that the horizontal axis of our graph is labeled “r,” but it is actually #/a
(that is, it is in units of the parameter a). Now, in the plot below there is a high central
peak between » = 0 and r ~ 2a, corresponding to the densely dotted region around the
center of the dot plot of Fig. 39-22. Outside this peak is a region of near-zero values
centered at » = 2a, where Y50 = 0. This is represented in the dot plot by the empty ring
surrounding the central peak. Further outside is a broader, flatter, low peak which reaches
its maximum value at » = 4a. This corresponds to the outer ring with near-uniform dot
density which is lower than that of the central peak.

0.04
0.03
0.02

0.01

rTT T T TT T T T T T T T T T T T T T T T T T T T T T T TTT] r

o 1 2 3 4 5 6 7

(b) The extrema of yA(r) for 0 < r < o may be found by squaring the given function,
differentiating with respect to r, and setting the result equal to zero:

1 -20)(-4) .,

=0
32 a’n

which has roots at » = 2a and » = 4a. We can verify directly from the plot above that » =
4a is indeed a local maximum of ¥, (r). As discussed in part (a), the other root (r = 2a)
is a local minimum.

(c) Using Eq. 39-43 and Eq. 39-41, the radial probability is

’,.2 r ? —rla
})200(7):47572V/§00(V): 3(2__) e
8a a

(d) Let x = r/a. Then



a

2 2
_Epzoo(’”)dr = f#@—ﬁj e"dr =% fx2(2—x)2e_xdx = f(x4 —4x° +4x7)e "dx

=%[4!—4(3!)+4(2!)]=1

where we have used the integral formula J.O x"edx=n!.



49. From Eq. 39-4,

E.-E |- (n+2)2—in2— " (n+1)
e 8ml? smi? )"\ 2ml? '




50. We can use the mc? value for an electron from Table 37-3 (511 x 10° eV) and the hc =
1240 eV - nm value developed in problem 83 of Chapter 38 by writing Eq. 39-4 as
ko (hc)2
" 8ml* 8(14762)112 '

(a) With L = 3.0 x 10° nm, the energy difference is

2
E,-E, = 1249 (22 -17)=13x10""eV.

8(511x10°)(30x10°)’

(b) Since (n + 1)* — n* =2n + 1, we have

W he)’
AE=E  —-E = " (2n+1):%(2n+1).

mL 8(mc )L2

Setting this equal to 1.0 eV, we solve for #:

4(mc)PAE | 4(511x10°eV) (3.0x10°nm) (1.0eV) 1o
n= ——= -—=1.2x10".
(he)’ 2 (1240eV-nm)’ 2

(c) At this value of n, the energy is

2
E, = 1249 ~(6x10") = 6x10" eV

8(511x10%)(3.0x10%)

Thus

E, _ 6x10%eV

— = ——=1.2x10".
mc® 511x10°eV

(d) Since E,/mc® > 1, the energy is indeed in the relativistic range.



51. (a) The allowed values of ¢ for a given n are 0, 1, 2, ..., n — 1. Thus there are n
different values of /.

(b) The allowed values of m, for a given ¢ are —¢, —¢ + 1, ..., /. Thus there are 2/ + 1

different values of m, .

(c) According to part (a) above, for a given n there are n different values of /. Also, each
of these ¢’s can have 2/ + 1 different values of m, [see part (b) above]. Thus, the total

number of m,’s is

n—1

> @l+h=n’.

(=0



52. (a) and (b) In the region 0 <x < L, U, = 0, so Schrodinger’s equation for the region is

d’y  8n’m
+—
dx? h?

Ey=0

where £ > 0. If l/} (x) = B sin® kx, then v (x) = B’ sin kx, where B’ is another constant
satisfying B'> = B. Thus d > wldx> = — k* B'sin kx = — k> y(x) and
2

TTm
h2

d’y  8n’m
+
dx? h

Ez//=—k2z//+8 Ev.

This is zero provided that

8n’mE

k* = e

The quantity on the right-hand side is positive, so k is real and the proposed function
satisfies Schrodinger’s equation. In this case, there exists no physical restriction as to the

. . . . 27
sign of k. It can assume either positive or negative values. Thus, k = i7 2mE.



53. (a) and (b) Schrodinger’s equation for the region x > L is

d’ l//+81tm

E-U, 0,
dx2 h [ ]W

where £ — Uy < 0. If yf (x) = Ce **, then Uux) =Cle & where C' is another constant
satisfying C'? = C. Thus d *y/dx’ = 4°C'e ™ = 4k* yand

8
dxl/; n m[E Uyw= k2w+ [E—Uo]l//.
This is zero provided that k° = 87t m [U -F ]

The quantity on the right-hand side is positive, so k is real and the proposed function
satisfies Schrodinger’s equation. If & is negative, however, the proposed function would
be physically unrealistic. It would increase exponentially with x. Since the integral of the
probability density over the entire x axis must be finite, ¥ diverging as x — e would be
unacceptable. Therefore, we choose

k= 2]:" 2m(U, - E) > 0.



54. (a) The allowed energy values are given by E, = n*h*/8mL?*. The difference in energy
between the state » and the state n + 1 is

B (2n+ )R
Sml>  Sml’

AE=E, —E, = [(n+ 1)2 _nZ]

and

AE,, _{(2n+1)h2}[8mﬁ]_ 2n+1

E 8ml? n’h? n’

As n becomes large, 2n+1—>2n and (2n+1)/n* — 2n/n* =2/n.
(b) No. As n— =, AE,,; and E do not approach 0, but AE,q/E does.
(c) No. See part (b).

(d) Yes. See part (b).

(e) AE,j/E is a better measure than either AE,q or E alone of the extent to which the
quantum result is approximated by the classical result.



55. (a) We recall that a derivative with respect to a dimensional quantity carries the
(reciprocal) units of that quantity. Thus, the first term in Eq. 39-18 has dimensions of y
multiplied by dimensions of x 2. The second term contains no derivatives, does contain i
and involves several other factors that turn out to have dimensions of x™ *:

8n’m
hZ

kg
(-5

[E - U(x)] =

assuming SI units. Recalling from Eq. 7-9 that J = kg'm*/s’, then we see the above is
indeed in units of m~? (which means dimensions of x2).

(b) In one-dimensional Quantum Physics, the wavefunction has units of m™ 12 as Sample

Problem 39-2 shows. Thus, since each term in Eq. 39-18 has units of y multiplied by
units of x 2, then those units are m~ Zm?2=m 2



56.Forn=1

o_me (9.11x107" kg)(1.6x10™° C)' ey
" 8ah’ g(8.85x10™ F/m) (6.63x107 1 -s) (1.60x107 J/eV) o




57. (a) and (b) Using Eq. 39-6 and the result of problem 83 in Chapter 38 (hc = 1240 eV -
nm), we find

AE=E,,, =1 1280V 50y
een = 4860 nm

Therefore, niow = 2, but what precisely 1S #nigh?

E —E AR _13.6eV _ 13.6eV

high low 2 2
n 2

+2.55eV

which yields n = 4. Thus, the transition is from the » = 4 to the n = 2 state.
(a) The higher quantum number is n = 4.
(b) The lower quantum number is n = 2.

(c) Referring to Fig. 39-18, we see that this must be one of the Balmer series transitions
(this fact could also be found from Fig. 39-19).



58. (a) The “home-base” energy level for the Balmer series is » = 2. Thus the transition
with the least energetic photon is the one from the n» = 3 level to the n = 2 level. The
energy difference for this transition is

I 1

AE=E,-E,=—(136 eV)(3—2—2—2) =1889¢V .

Using the result of problem 83 in Chapter 38 (hc = 1240 eV - nm), the corresponding
wavelength is

hc 1240eV-nm
AE 1.889¢eV

=658nm .

(b) For the series limit, the energy difference is

AE=FE_-E, = —(13.66V)(L—2i2) =340eV .

2

hc 1240eV-nm
AE 340eV

=366nm .

The corresponding wavelength is then A =



59. The wavelength A of the photon emitted in a transition belonging to the Balmer series
satisfies

hc I 1
E, = 7: E -E, = —(13.6eV)(n—2—2—2) where n=3,4,5,...

Using the result of problem 83 in Chapter 38 (hc = 1240 eV - nm), we find

_ 4hen’ _ 4(1240 eV -nm) n’
(13.6 eV)(n* —4) 13.6 eV n -4/

Plugging in the various values of n, we obtain these values of the wavelength: A = 656
nm (for n = 3), A = 486 nm (for n = 4), A = 434 nm (for n = 5), A =410 nm (for n = 6), A
=397 nm (for n = 7), A = 389 nm (for n = 8), etc. Finally for n = o, A = 365 nm. These
values agree well with the data found in Fig. 39-19. [One can also find A beyond three
significant figures by using the more accurate values for m,, e and 4 listed in Appendix B
when calculating £, in Eq. 39-33. Another factor that contributes to the error is the
motion of the atomic nucleus. It can be shown that this effect can be accounted for by
replacing the mass of the electron m, by m.m,/(m, + m.) in Eq. 39-33, where m,, is the
mass of the proton. Since m, > m,, this is not a major effect.]
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