CHAPTER 33 – Light: Reflection and Refraction



1.	(a)	The speed in ethyl alcohol is

			v = c/n = (3.00 ´ 108 m/s)/(1.36) =      2.21 ´ 108 m/s.

	(b)	The speed in lucite is

			v = c/n = (3.00 ´ 108 m/s)/(1.51) =      1.99 ´ 108 m/s.



2.	We find the index of refraction from

		v = c/n;

		2.29 ´ 108 m/s = (3.00 ´ 108 m/s)/n, which gives n =      1.31.



3.	The time for light to travel from the Sun to the Earth is

		?t = L/c = (1.50 ´ 1011 m)/(3.00 ´ 108 m/s) = 5.00 ´ 102 s =      8.33 min.



4.	We convert the units:

		d = (4.2 ly)(3.00 ´ 108 m/s)(3.16 ´ 107 s/yr) =      4.0 ´ 1016 m.



5.	The length in space of a burst is

		?s = c ?t = (3.00 ´ 108 m/s)(10–8 s) =      3 m.



6.	The speed in water is

		vwater = c/nwater.

	We find the index of refraction in the substance from

		v = c/n;

		0.92vwater = 0.92c/nwater = c/n, which gives n = 1.33/0.92 =      1.45.



7.	The eight-sided mirror would have to rotate 1/8 of a revolution for the succeeding mirror to be in position to reflect the light in the proper direction.  During this time the light must travel to the opposite mirror and back.  Thus the angular speed required is

		w 	= ?q/?t = (2p rad/8)/(2L/c) = (p rad)c/8L 

			= (p rad)(3.00 ´ 108 m/s)/8(35 ´ 103 m) =       3.4 ´ 103 rad/s      (3.2 ´ 104 rev/min).



8.	For a flat mirror the image is as far behind the mirror as the object is in front, so the distance from object to image is 

		do + di = 1.8 m + 1.8 m =        3.6 m.
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9.	We show some of the rays from the tip of the arrow that 

	form the three images.  Single reflections form the two side 

	images.  Double reflections form the third image.  The two 

	reflections have reversed the orientation of the image.
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10.	The angle of incidence equals the angle of reflection.  

	Thus we have

		tan q = (H – h)/L = h/x;

		(1.54 m – 0.40 m)/(2.30 m) = (0.40 m)/x, 

	which gives x = 0.81 m =      81 cm.
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11.	From the triangle formed by the mirrors and the  

	first reflected ray, we have

		q + a + f = 180°;

		40° + 135° + f = 180°, which gives f =      5°.









12.	Because the rays entering your eye are diverging from the image position behind the mirror, the diameter of the area on the mirror and the diameter of your pupil must subtend the same angle at the image:

		Dmirror/di = Dpupil/(do + di);

		Dmirror/(80 cm) = (5.0 mm)/(80 cm + 80 cm), which gives Dmirror = 2.5 mm.

	Thus the area on the mirror is

		Amirror = #pDmirror2 = #p(2.5 ´ 10–3 m)2  =       4.9 ´ 10–6 m2.
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13.	For the first reflection at A the angle of incidence q1 is the 

	angle of reflection.  For the second reflection at B the angle of 

	incidence q2 is the angle of reflection.  We can relate these 

	angles to the angle at which the mirrors meet, f, by using the 

	sum of the angles of the triangle ABC:

		f + (90° – q1) + (90° – q2) = 180°,   or   f = q1 + q2 .

	In the same way, for the triangle ABD, we have

		a + 2q1 + 2q2 = 180°,   or   a = 180° – 2(q1 + q2) = 180° – 2f.

	At point D we see that the deflection is 

		b = 180° – a = 180° – (180° – 2f) = 2f.



14.	(a)	The velocity of the wave, which specifies the direction of the light wave, is in the direction of 

		the ray.  If we consider a single reflection, because the angle of incidence is equal to the angle of 

		reflection, the component of the velocity perpendicular to the mirror is reversed, while the 

		component parallel to the mirror is unchanged.  When we have three mirrors at right angles, we 

		can choose the orientation of the mirrors for our axes.  In each of the three reflections, the 

		component of velocity perpendicular to the mirror will reverse.  Thus after three reflections, all 

		three components of the velocity will have been reversed, so the wave will return along the line of 

		the original direction.

	(b)	Assuming the mirrors are large enough, the incident ray will make two reflections only if its 

		direction is parallel to one of the mirrors.  In that case, it has only two components, both of which 

		will be reversed, so the ray will be      reversed along the line of the original direction.









15.	The rays from the Sun will be parallel, so the image will be at the focal point.  The radius is

		r = 2f = 2(18.2 cm) =       36.4 cm.



16.	To produce an image at infinity, the object will be at the focal point:

		do = f = r/2 = (22.0 cm)/2 =       11.0 cm.



17.	

		�                �





18.	The ball is a convex mirror with a focal length

		f = r/2 = (– 4.5 cm)/2 = – 2.25 cm.

	We locate the image from

		(1/do) + (1/di) = 1/f; 

		[1/(25.0 cm)] + (1/di) = 1/(– 2.25 cm), which gives di = – 2.06 cm.

	The image is       2.06 cm behind the surface, virtual.

	The magnification is

		m = – di/do = – (– 2.06 cm)/(25.0 cm) = + 0.082.

	Because the magnification is positive, the image is       upright.



19.	We find the image distance from the magnification:

		m = hi/ho = – di/do ;

		+ 3 = – di/(1.5 m), which gives di = – 4.5 m.

	We find the focal length from

		(1/do) + (1/di) = 1/f; 

		[1/(1.5 m)] + [1/(– 4.5 m)] = 1/f, which gives f = 2.25 m.

	The radius of the concave mirror is

		r = 2f = 2(2.25 m) =      4.5 m.



20.	We find the image distance from the magnification:

		m = hi/ho = – di/do ;

		+ 5.0 = – di/(2.00 cm), which gives di = – 10.0 cm.

	We find the focal length from

		(1/do) + (1/di) = 1/f; 

		[1/(2.00 cm)] + [1/(– 10.0 cm)] = 1/f, which gives f = 2.5 cm.

	Because the focal length is positive, the mirror is      concave      with a radius of 

		r = 2f = 2(2.5 cm) =      5.0 cm.

















21.	To produce an upright image, we have di < 0.  

	A smaller image means |di | < do , so f < 0, which means the mirror is      convex.

	We find the image distance from the magnification:

		m = hi/ho = – di/do ;

		0.33 = – di/(20.0 m), which gives di = – 6.6 m.

	We find the focal length from

		(1/do) + (1/di) = 1/f; 

		[1/(20.0 m)] + [1/(– 6.6 m)] = 1/f, which gives f = – 9.85 m.

	The radius of the mirror is

		r = 2f = 2(– 9.85 m) =      – 20 m.
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22.	(a)	We see from the ray diagram that 

		the image is behind the mirror, so it is 

		virtual.  We estimate the image 

		distance as      – 7 cm.













	(b)	If we use a focal length of – 10 cm, we locate the image from

			(1/do) + (1/di) = 1/f; 

			[1/(20 cm)] + (1/di) = 1/(– 10 cm), which gives di = – 6.7 cm.

	(c)	We find the image size from the magnification:

			m = hi/ho = – di/do ;

			hi/(3.0 mm) = – (– 6.7 cm)/(20 cm), which gives hi =      1.0 mm.



23.	(a)	With di = do , we locate the object from

			(1/do) + (1/di) = 1/f; 

			(1/do) + (1/do) = 1/f, which gives do = 2f = r.

		The object should be placed at the       center of curvature.

	(b)	Because the image is in front of the mirror, di > 0, it is      real.

	(c)	The magnification is 

			m = – di/do = – do/do = – 1.

		Because the magnification is negative, the image is      inverted.

	(d)	As found in part (c), m =      – 1.



24.	We take the object distance to be 8, and find the focal length from

		(1/do) + (1/di) = 1/f;

		(1/8) + [1/(– 14.0 cm)] = 1/f, which gives f = – 14.0 cm.

	Because the focal length is negative, the mirror is     convex.

	The radius is

		r = 2f = 2(– 14.0 cm) =      – 28.0 cm.

















25.	We find the image distance from

		(1/do) + (1/di) = 1/f = 2/r, which we can write as  di = rdo/(2do – r).

	The magnification is

		m = – di/do = – r/(2do – r).

	If do > r, then (2do – r) > r, so 

		| m | = r/(2do – r) = r/(> r) < 1.

	If do < r, then (2do – r) < r, so 

		| m | = r/(2do – r) = r/(< r) > 1.
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26.	From the ray that reflects from the 

	center of the mirror, we have

		tan q = ho/do = hi/di ;

		| m | = hi/ho = di/do .

	Because the magnification is positive 

	and the image distance on the ray 

	diagram is negative, we get

		m = – di/do .









�

27.	From the ray diagram, we see that

		tan q = ho/do = hi/di  ;

		tan a = ho/(do + r) = hi/(r – di ).

	When we divide the two equations. we get

		(do + r)/do = (r – di )/di  ;

		1 + (r/do) = (r/di) – 1,   or   

		(r/do) – (r /di) = – 2;

		(1/do) – (1/di) = – 2/r = – 1/f, with f = r/2.

	From the ray diagram, we see that di < 0.  

	If we consider f to be negative, we have

		(1/do) + (1/di) = 1/f.



28.	We find the image distance from the magnification:

		m = hi/ho = – di/do ;

		+ 0.55 = – di/(3.2 m), which gives di = – 1.76 m.

	We find the focal length from

		(1/do) + (1/di) = 1/f; 

		[1/(3.2 m)] + [1/(– 1.76 m)] = 1/f, which gives f =       – 3.9 m.



29.	(a)	To produce a smaller image located behind the surface of the mirror requires a      convex mirror.

	(b)	We find the image distance from the magnification:

			m = hi/ho = – di/do ;

			(3.5 cm)/(4.5 cm) = – di/(28 cm), which gives di = – 21.8 cm.

		As expected, di < 0.  The image is located      22 cm behind the surface.

	(c)	We find the focal length from

			(1/do) + (1/di) = 1/f; 

			[1/(28 cm)] + [1/(– 21.8 cm)] = 1/f, which gives f =       – 98 cm.

	(d)	The radius of curvature is

			r = 2f = 2(– 98 cm) =      – 196 cm.





30.	(a)	To produce a larger image requires a      concave mirror.

	(b)	The image will be      erect and virtual.

	(c)	We find the image distance from the magnification:

			m = hi/ho = – di/do ;

			1.3 = – di/(20.0 cm), which gives di = – 26.0 cm.

		We find the focal length from

			(1/do) + (1/di) = 1/f; 

			[1/(20.0 cm)] + [1/(– 26.0 cm)] = 1/f, which gives f = 86.7 cm.

		The radius of curvature is

			r = 2f = 2(86.7 cm) =      173 cm.
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31.	For a mirror we have

		(1/do) + (1/di) = 1/f,   or   di = dof/(do – f );   and 

		m = hi/ho = – di/do = – f/(do – f).

	If we place the object so one end is at do1 and the 

	other is at do2 = do1 – ¬, the image distances to 

	the ends will be 

		di1 = do1f/(do1 – f ) and 

		di2 = do2f/(do2 – f ) = di1 –  ¬¢.

	Thus the length of the image is

		¬¢ 	= di1 – di2 = [do1f/(do1 – f )] – [(do1 – ¬)f/(do1 – ¬ – f )] 

			= [(do1 – ¬ – f )do1f – (do1 – ¬)(do1 – f )f ]/(do1 – f )(do1 – ¬ – f ) = – ¬f 2/(do1 – f )(do1 – ¬ – f ).

	With ¬ « do1 , this becomes

		¬¢ ˜ – ¬f 2/(do1 – f )2.

	Thus the longitudinal magnification is 

		¬¢/¬ = – m2.

	The negative sign indicates that the image is reversed front to back, as shown in the diagram.



32.	We find the angle of refraction in the glass from

		n1 sin q1 = n2 sin q2 ;

		(1.00) sin 63° = (1.50) sin q2 , which gives q2 =      36°.



33.	We find the angle of refraction in the air from

		n1 sin q1 = n2 sin q2 ;

		(1.33) sin 32.5° = (1.00) sin q2 , which gives q2 =      45.6°.



34.	We find the incident angle in the water from

		n1 sin q1 = n2 sin q2 ;

		(1.33) sin q1 = (1.00) sin 76.0°, which gives q1 =      46.8°.



35.	We find the incident angle in the air from

		n1 sin q1 = n2 sin q2 ;

		(1.00) sin q1 = (1.33) sin 43.0°, which gives q1 = 65.1°.

	Thus the angle above the horizon is 

		90.0° – q1 = 90.0° – 65.1° =     24.9°.
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36.	For the refraction at the first surface, we have

		nair sin q1 = n sin q2 ;

		(1.00) sin 45.0° = (1.50) sin q2 , which gives q2 = 28.1°.

	We find the angle of incidence at the second surface from

		(90° – q2) + (90° – q3) + A = 180°, which gives

		q3 = A – q2 = 60.0° – 28.1° = 31.9°.

	For the refraction at the second surface, we have

		n sin q3 = nair sin q4 ;

		(1.50) sin 31.9° = (1.00) sin q4 , which gives       

		q4 =      52.4° from the normal. 
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37.	We find the angle of incidence from the distances:

		tan q1 = L1/h1 = (2.7 m)/(1.3 m) = 2.076, so q1 = 64.3°.

	For the refraction from air into water, we have

		nair sin q1 = nwater sin q2 ;

		(1.00) sin 64.3° = (1.33) sin q2 , which gives q2 = 42.6°.

	We find the horizontal distance from the edge of the pool from

		L 	= L1 + L2 = L1 + h2 tan q2 

			= 2.7 m + (2.1 m) tan 42.6°  =      4.6 m.



38.	The angle of reflection is equal to the angle of incidence:

		qrefl = q1 = 2q2 .

	For the refraction we have

		nair sin q1 = nglass sin q2 ;

		(1.00) sin 2q2 = (1.52) sin q2 .

	We use a trigonometric identity for the left-hand side:

		sin 2q2 = 2 sin q2 cos q2 = (1.52) sin q2 ,   or   cos q2 = 0.760, so q2 = 40.5°.

	Thus the angle of incidence is q1 = 2q2 =      81.0°.
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39.	Because all of the surfaces are parallel, the angle of refraction 

	from one surface is the angle of incidence at the next:

		n1 sin q1 = n2 sin q2 ;

		n2 sin q2 = n3 sin q3 .

	Thus we have

		n1 sin q1 = n3 sin q3 ,

	which is the same as refraction from the first medium directly 

	into the third medium.
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40.	(a)	We find the angle in the glass from the refraction 

		at the air–glass surface:

			n1 sin q1 = n2 sin q2 ;

			(1.00) sin 43.5° = (1.58) sin q2 , which gives q2 =      25.8°.

	(b)	Because the surfaces are parallel, the refraction angle 

		from the first surface is the incident angle at the second 

		surface.  We find the angle in the water from the refraction 

		at the glass–water surface:

			n2 sin q2 = n3 sin q3 ;

			(1.58) sin 25.8° = (1.33) sin q3 , which gives q3 =      31.2°.

	(c)	If there were no glass, we would have 

			n1 sin q1 = n3 sin q3¢;

			(1.00) sin 43.5° = (1.33) sin q3¢, which gives q3¢ =      31.2°.

		Note that, because the sides are parallel, q3 is independent of the presence of the glass.
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41.	Because the surfaces are parallel, the angle of refraction 

	from the first surface is the angle of incidence at the second,

	Thus for the refractions, we have

		n1 sin q1 = n2 sin q2 ;

		n2 sin q2 = n1 sin q3 .

	When we add the two equations, we get

		n1 sin q1 = n1 sin q3 ,  which gives  q3 = q1 .

	Because the ray emerges in the same index of refraction, it is undeviated.
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42.	Because the glass surfaces are parallel, the exit beam will be 

	traveling in the same direction as the original beam.  

	We find the angle inside the glass from

		nair sin q = n sin f .

	If the angles are small, we use 

		cos f ˜ 1, and sin f ˜ f, where f is in radians.

		(1.00) q =  nf,   or   f = q/n.

	We find the distance along the ray in the glass from

		L = t/cos f ˜ t.

	We find the perpendicular displacement from the original 

	direction from 

		d = L sin (q – f) ˜ t(q – f) = t[q – (q/n)] = tq(n – 1)/n.



43.	We find the speed of light from the index of refraction, v = c/n.  For the change, we have

		(vred – vviolet)/vviolet 	= [(c/nred) – (c/nviolet)]/(c/nviolet) 

							= (nviolet – nred)/nred = (1.662 – 1.613)/(1.613) = 0.030 =       3.0%.



44.	We find the speed of light from the index of refraction, v = c/n.  For the change, we have

		(vblue – vred)/vred 	= [(c/nblue) – (c/nred)]/(c/nred) 

							= (nred – nblue)/nblue = (1.613 – 1.643)/(1.643) = – 0.018 =      – 1.8%.













45.	We find the angles of refraction in the glass from

		n1 sin q1 = n2 sin q2 ;

		(1.00) sin 60.00° = (1.4820) sin q2,450 , which gives q2,450 = 35.76°;

		(1.00) sin 60.00° = (1.4742) sin q2,700 , which gives q2,700 = 35.98°.

	Thus the angle between the refracted beams is

		q2,700 – q2,450 = 35.98° – 35.76° =     0.22°.
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46.	For the refraction at the first surface, we have

		nair sin qa = n sin qb ;

		(1.00) sin 45° = (1.643) sin qb1 , which gives qb1 = 25.49°;

		(1.00) sin 45° = (1.617) sin qb2 , which gives qb2 = 25.93°.

	We find the angle of incidence at the second surface from

		(90° – qb) + (90° – qc) + A = 180°, which gives

		qc1 = A – qb1 = 60.00° – 25.49° = 34.51°;

		qc2 = A – qb2 = 60.00° – 25.93° = 34.07°.

	For the refraction at the second surface, we have

		n sin qc = nair sin qd ;

		(1.643) sin 34.51° = (1.00) sin q1 , which gives       q1 = 68.6° from the normal;

		(1.617) sin 34.07° = (1.00) sin q2 , which gives       q2 = 64.9° from the normal. 



47.	When the light in the material with a higher index is incident at the critical angle, the refracted angle is 90°:

		nlucite sin q1 = nwater sin q2 ;

		(1.51) sin q1 = (1.33) sin 90°, which gives q1 =      61.7°.

	Because lucite has the higher index, the light must start in      lucite.



48.	When the light in the liquid is incident at the critical angle, the refracted angle is 90°:

		nliquid sin q1 = nair sin q2 ;

		nliquid sin 51.3° = (1.00) sin 90°, which gives nliquid =      1.28.
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49.	We find the critical angle for light leaving the water:

		n sin q1 = sin q2 ;

		(1.33) sin qC = sin 90°, which gives qC = 48.75°.

	If the light is incident at a greater angle than this, it will 

	totally reflect.  We see from the diagram that 

		R > H tan qC = (82.0 cm) tan 48.75° =      93.5 cm.









50.	The ray reflects at the same angle, so each segment makes a 15° angle with the side.  We find the 

	distance L between reflections from

		d = L sin q;

		1.40 ´ 10–4 m = L sin 15°, which gives L =      5.41 ´ 10–4 m.

















51.	We find the angle of incidence from the distances:

		tan q1 = L/h = (7.0 cm)/(8.0 cm) = 0.875, so q1 = 41.2°.

	For the maximum incident angle for the refraction from liquid into air, we have

		nliquid sin q1 = nair sin q2 ;

		nliquid sin q1max = (1.00) sin 90°, which gives sin q1max = 1/nliquid .

	Thus we have

		sin q1 = sin q1max = 1/nliquid ;

		sin 41.2°  = 1/nliquid ,   or       nliquid = 1.5.



52.	For the refraction at the first surface, we have
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		nair sin q1 = n sin q2 ;

		(1.00) sin q1 = n sin q2 , which gives sin q2 = sin q1/n.

	We find the angle of incidence at the second surface from

		(90° – q2) + (90° – q3) + A = 180°, which gives

		q3 = A – q2 = 75° – q2 .

	For the refraction at the second surface, we have

		n sin q3 = nair sin q4 = (1.00) sin q4. 

	The maximum value of q4 before internal reflection takes 

	place at the second surface is 90°.  Thus for internal reflection 

	to occur, we have

		n sin q3 = n sin (A –  q2) = 1.

	When we expand the left-hand side, we get

		n(sin A cos q2 – cos A sin q2) = 1.

	If we use the result from the first surface to eliminate n, we get

		sin q1 (sin A cos q2 – cos A sin q2)/(sin q2) = sin q1[(sin A/tan q2) – cos A] = 1,   or 

		1/tan q2 = [(1/sin q1) + cos A]/sin A = [(1/sin 45°) + cos 75°]/sin 75° = 1.732, 

	which gives

		tan q2 = 0.577,  so  q2 = 30°.

	From the result for the first surface, we have

		nmin = sin q1/sin q2max = sin 45°/sin 30° = 1.414, so       n = 1.414.
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53.	For the refraction at the side of the rod, we have

		n2 sin g = n1 sin d.

	The minimum angle for total reflection gmin occurs when d = 90°:

		n2 sin gmin = (1.00)(1) = 1,   or   sin gmin = 1/n2 .	

	We find the maximum angle of refraction at the end of the rod from

		bmax = 90° – gmin .

	Because the sine function increases with angle, for the 

	refraction at the end of the rod, we have	

		n1 sin amax = n2 sin bmax ;

		(1.00) sin amax = n2 sin (90° – gmin) = n2 cos gmin .

	If we want total internal reflection to occur for any incident angle at the end of the fiber, the maximum value of a is 90°, so 

		n2 cos gmin = 1.

	When we divide this by the result for the refraction at the side, we get

		tan gmin = 1,   or   gmin = 45°.

	Thus we have

		n2 = 1/sin gmin = 1/sin 45° = 1.414.  
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54.	(a)	The ray enters normal to the first surface, so there is no 

		deviation there.  The angle of incidence is 45° at the second surface.

		When there is air outside the surface, we have

			n1 sin q1 = n2 sin q2 ;

			n1 sin 45° = (1.00) sin q2 .

		For total internal reflection to occur, sin q2 = 1, so we have

			n1 = 1/sin 45° =       1.414.  

	(b)	When there is water outside the surface, we have

			n1 sin q1 = n2 sin q2 ;

			(1.50) sin 45° = (1.33) sin q2 , which gives sin q2 = 0.80.

		Because sin q2 < 1,       the prism will not be totally reflecting.  

	(c)	For total reflection when there is water outside the surface, we have

			n1 sin q1 = n2 sin q2 ;

			n1 sin 45° = (1.33) sin q2 .

		For total internal reflection to occur, sin q2 = 1, so we have

			n1 = 1.33/sin 45° =      1.88.  
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55.	We find the location of the image of a point on the bottom from 

	the refraction from water to glass (with R = 8):

		(n1/do1) + (n2/di1) = (n2 – n1)/R = 0;

		[(1.33)/(12.0 cm)] + [(1.50)/di1] = 0, which gives di1 = – 13.5 cm.

	Using this as the object for the refraction from glass to air, we find 

	the location of the final image (with R = 8):

		(n2/do2) + (n3/di2) = (n3 – n2)/R = 0;

		[(1.50)/(25.5 cm)] + [(1.00)/di2] = 0, which gives di2 = – 17.0 cm.

	Thus the bottom appears to be        17.0 cm below the surface of the glass.





56.	(a)	When the fish is at the center of the bowl, the light has an incident angle of 0°, so there is no 

		deviation.  Thus the image of the fish will be at the center.

		Because the glass is thin, we can treat the refraction as if it was from water to air.  

		We find the location of the image of the fish from

			(n1/do1) + (n2/di1) = (n2 – n1)/R;

			[(1.33)/(25.0 cm)] + [(1.00)/di1] = (1.00 – 1.33)/(– 25.0 cm), which gives 

			di1 = – 25.0 cm  (at the center of the bowl).

	(b)	Because the glass is thin, we can treat the refraction as if it was from water to air.  

		We find the location of the image of the fish from

			(n1/do2) + (n2/di2) = (n2 – n1)/R;

			[(1.33)/(20.0 cm)] + [(1.00)/di2] = (1.00– 1.33)/(– 25.0 cm), which gives 

			di2 = – 18.8 cm  (behind the glass).
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57.	From the diagram for a convex surface 

	with n2 < n1 , we have

		q2 = b + g, q1 = b + a, 

		AB = BC tan b = OB tan a = IB tan g, where 

		BC = R, OB = do , and IB = – di 

	(from the sign convention).

	When the angles are small, sin f ˜ tan f ˜ f, 

	so we have

		AB = Rb = doa = – di g.

	For the refraction at the surface, we have

		n1 sin q1 = n2 sin q2 .  

	For small angles, this becomes

		n1q1 = n2q2 ;

		n1(b + a) = n2(b + g);

		n1[(AB/R) + (AB/do)] = n2[(AB/R) – (AB/di)], which gives  (n1/do) + (n2/di) = (n2 – n1)/R.

	Figure 33–36 shows the result for a convex surface with n2 > n1 .



	From the diagram for a concave surface with n2 > n1 , we have

�

		q2 = b – g, q1 = b – a, 

		AB	= BC tan b 

			= OB tan a = IB tan g, where 

		BC = – R, OB = do , and IB  = – di 

	(from the sign convention).

	When the angles are small, 

		sin f ˜ tan f ˜ f, so we have

		AB = – Rb = doa = – di g.

	For the refraction at the surface, 

	we have

		n1 sin q1 = n2 sin q2 .  

	For small angles, this becomes

		n1q1 = n2q2 ;

		n1(b – a) = n2(b – g);

		n1[(– AB/R) – (AB/do)] = n2[(– AB/R) – (– AB/di)], which gives  (n1/do) + (n2/di) = (n2 – n1)/R.



�

	From the diagram for a concave surface 

	with n2 < n1 , we have

		q2 = g – b, q1 = a – b, 

		AB	= BC tan b 

			= OB tan a = IB tan g, where 

		BC = – R, OB = do , and IB  = – di 

	(from the sign convention).

	When the angles are small, 

		sin f ˜ tan f ˜ f, so we have

		AB = – Rb = doa = – di g.

	For the refraction at the surface, 

	we have

		n1 sin q1 = n2 sin q2 .  

	For small angles, this becomes

		n1q1 = n2q2 ;

		n1(a – b) = n2(g – b);

		n1[(AB/do) – (– AB/R)] = n2[(– AB/di) – (– AB/R)], which gives (n1/do) + (n2/di) = (n2 – n1)/R.
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58.	The angle of refraction is 45°, so we find the angle of the ray 

	in the water from

		n sin f = nair sin q  = sin q ;

		(1.33) sin f = sin 45° , which gives f = 32.1°.

	This ray passes through the surface of the water at

		x = D = H tan f = (1.00 m) tan 32.1° = 0.627 m;

		y = H = 1.00 m.

	To locate the image we must find the apparent source of a cone 

	of rays reaching the viewer.  We consider a second ray from 

	the coin at an incident angle of f + df.  We can find the angle 

	between the refracted rays from

		n sin f = sin q ;

		n cos f df = cos q  dq, which gives dq = n cos f df/cos q.

	We find the separation of the two rays at the surface from

		dD = H sec2 f df.

	This distance subtends the angle dq at the location of the image, a distance r from the point where the rays pass through the surface.  We use the distance perpendicular to the ray to find r:

		dD cos q = r dq;

		H sec2 f df cos q = rn cos f df/cos q; which gives 

		r = H cos2 q/n cos3 f = (1.00 m)cos2 45°/(1.33) cos3 (32.1°) = 0.618 m.

	The location of the image is

		x = D – r sin q = 0.627 m – (0.618 m) sin 45° = 0.19 m;

		y = H – r cos q = 1.00 m – (0.618 m) cos 45° = 0.56 m.

	Thus the image is         0.56 m above and 0.19 m toward the viewer.



59.	For a plane mirror each image is as far behind the mirror as the object is in front.  Each reflection produces a front-to-back reversal.  We show the three images and the two intermediate images that are not seen.

		�



	(a)	The first image is from a single reflection, so it is 

			d1 = 2D = 2(1.5 m) =       3.0 m       away.

		The second image is from two reflections, so it is 

			d2 = L + d + D = 2.0 m + 0.5 m + 1.5 m =      4.0 m      away.

		The third image is from three reflections, so it is

			d3 = 2L + D + D = 2(2.0 m) + 1.5 m + 1.5 m =      7.0 m      away.

	(b)	We see from the diagram that

			the first image is facing      toward you;

			the second image is facing       away from you;

			the third image is facing      toward you.
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60.	We find the angle of incidence for the refraction from water 

	into air:

		nwater sin q1 = nair sin q2 ;

		(1.33) sin q1 = (1.00) sin (90.0° – 14.0°), 

	which gives q1 = 46.8°.

	We find the depth of the pool from

		tan q1 = x/h;

		tan 46.8° = (5.50 m)/h, which gives h =       5.16 m.





�



61.	For both mirrors the image is virtual (behind the mirror),

	 so the image distances are negative.

	The image distance for the plane mirror is di1 = – do , and 

	the image is upright and the same size.

	Because the angle subtended by the image is small, it is

		q1 = h1/(do – di1) = h/2do .

	The image distance for the convex mirror is di2 , and the 

	image is upright and smaller.

	Because the angle subtended by the image is small, it is

		q2 = h2/(do – di2) = q1/2 = h/4do ,   or   

		h2/h = (do – di2)/4do .

	We find the image distance from the magnification:

		m2 = h2/h = – di2/do = (do – di2)/4do , 

	which gives di2 = – do/3.

	We find the required focal length of the convex mirror from

		(1/do) + (1/di2) = 1/f2 ;

		(1/do) + [1/(– do/3)] = 1/f2 , which gives f2  = – do/2.

	Thus the radius of curvature is 

		R2 = 2f2 = 2(– do/2) = – do =       – 3.80 m.





62.	At the critical angle, the refracted angle is 90°.  For the refraction from plastic to air, we have 

		nplastic sin qplastic = nair sin qair ;

		nplastic sin 37.3° = (1.00) sin 90°, which gives nplastic = 1.65.

	For the refraction from plastic to water, we have 

		nplastic sin qplastic¢ = nwater sin qwater ;

		(1.65) sin qplastic¢ = (1.33) sin 90°, which gives qplastic¢ =      53.7°.





63.	The two students      chose different signs for the magnification,     i. e., one upright and one inverted.

	The focal length of the concave mirror is f = R/2 = (40 cm)/2 = 20 cm.

	We relate the object and image distances from the magnification:

		m = – di/do ;

		± 3 = – di/do , which gives di = — 3do .

	When we use this in the mirror equation, we get

		(1/do) + (1/di) = 1/f ;

		(1/do) + [1/(— 3do)] = 1/f , which gives      do  = 2f/3, 4f/3 = 13.3 cm, 26.7 cm.

	The image distances are = – 40 cm (virtual, upright), and + 80 cm (real, inverted).







64.		

		�





�

65.	For the refraction at the second surface, we have

		n sin q3 = nair sin q4;

		(1.56) sin q3 = (1.00) sin q4. 

	The maximum value of q4 before internal reflection takes 

	place at the second surface is 90°.  Thus for internal reflection 

	not to occur, we have

		(1.56) sin q3 = 1.00;

		sin q3 = 0.641, so q3 = 39.9°.

	We find the refraction angle at the second surface from

		(90° – q2) + (90° – q3) + A = 180°, which gives

		q2 = A – q3 = 72° –  q3 .

	Thus q2  = 72° – 39.9° = 32.1°.

	For the refraction at the first surface, we have

		nair sin q1 = n sin q2 ;

		(1.00) sin q1 = (1.56) sin q2 ; which gives sin q1 = (1.56) sin q2 .

	For the limiting condition, we have

		sin q1 = (1.56) sin 32.1° = 0.830, so q1       = 56.1°.
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66.	For the refraction at the first surface, we have

		sin qi = n sin q2 .

	We find the angle of incidence at the second surface from

		q3 = f – q2 .

	For the refraction at the second surface, we have

		n sin q3 = sin qf .

	The total deviation angle is the sum of the deviations that 

	take place at each surface:

		dm 	= (qf – q3) + (qi – q2) = qi + qf – f  

			= sin–1(n sin q2) + sin–1[n sin(f – q2)] – f. 

	This gives the deviation as a function of q2 .  To find the angle q2 

	that minimizes the deviation, we set ddm/dq2 = 0:

		�

	We can see by inspection that we have

		q2 = f – q2 ,   or   q2 = !f.

	Thus q3 = f  – q2 = !f  and qi = qf , so the internal ray is perpendicular to the bisector of f.  The minimum deviation angle is dm = 2qi – f, or qi = !(dm + f ).

	From the first refraction equation, we have

		sin qi = n sin q2 ,    or      n = sin !(dm + f )/sin !f.
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67.	(a)	The ray travels from point A, a distance H1 from the 

		surface, to point B, a distance H2 from the surface, after 

		reflecting from the surface.  The component of the 

		distance between A and B parallel to the surface is L.  

		If x is the component of the distance between A and the 

		point P, where the ray meets the surface, parallel to 

		the surface, the time of travel is

			tAB 	= tAP + tPB

				= [(x2 + H12)1/2/c] + {[(L – x)2 + H22]1/2/c}.

		We find the value of x for the minimum time from

			dtAB/dx = [(1/c)!(2x)/(x2 + H12)1/2] + {(1/c)!(– 2)(L – x)/[(L – x)2 + H22]1/2} = 0, 

		which reduces to

			x/(x2 + H12)1/2 = (L – x)/[(L – x)2 + H22]1/2.

		From the diagram, we see that 

			x/(x2 + H12)1/2 = sin qi and (L – x)/[(L – x)2 + H22]1/2 = sin q r , 

		so we have sin qi = sin q r ,   or   qi = q r .

�

	(b)	The ray travels from point A in the top medium, a distance 

		H1 from the surface, to point B in the bottom medium, a 

		distance H2 from the surface.  The component of the distance 

		between A and B parallel to the surface is L.  If x is the 

		component of the distance between A and the point P, where 

		the ray meets the surface, parallel to the surface, the time 

		of travel is

			tAB 	= tAP + tPB

				= [(x2 + H12)1/2/(c/n1)] + {[(L – x)2 + H22]1/2/(c/n2)}.

		We find the value of x for the minimum time from

			dtAB/dx = [(n1/c)!(2x)/(x2 + H12)1/2] + {(n2/c)!(– 2)(L – x)/[(L – x)2 + H22]1/2}= 0, 

		which reduces to

			n1x/(x2 + H12)1/2 = n2(L – x)/[(L – x)2 + H22]1/2.

		From the diagram, we see that 

			x/(x2 + H12)1/2 = sin q1    and    (L – x)/[(L – x)2 + H22]1/2 = sin q2 , 

		so we have n1 sin q1 = n2 sin q2 .
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68.	(a)	For the refraction at the side of the rod, we have

			n2 sin q3 = n1 sin q4.

		The minimum angle for total reflection q3min occurs 

		when q4 = 90°:

			(1.54) sin q3min = (1.00)(1), which gives  q3min = 40.5°.

		We find the maximum angle of refraction at the end 

		of the rod from

			q2max = 90° – q3min = 90° – 40.5° = 49.5°.

		Because the sine function increases with angle, for the 

		refraction at the end of the rod, we have

			n1 sin q1max = n2 sin q2max;

			(1.00) sin q1max = (1.54) sin 49.5°, which gives sin q1max = 1.17.

		The maximum value of the sine function is 1, so q1max = 90°,      

		and total internal reflection will occur for all angles of incidence.

	(b)	If the rod were in water, we would have

			n2 sin q3 = n1 sin q4 ;

			(1.54)  sin q3min = (1.33)(1), which gives  q3min = 59.7°.

		We find the maximum angle of refraction at the end of the rod from

			q2max = 90° – q3min = 90° – 59.7° = 30.3°.

		For the refraction at the end of the rod, we have

			n1 sin q1max = n2 sin q2max;

			(1.33) sin q1max = (1.54) sin 30.3°, which gives q1max = 35.7°.

		All incident angles between 0° and 35.7° will internally reflect inside the rod.



69.	For the refraction at the convex surface, for which R > 0, we have

		(n1/do) + (n2/di) = (n2 – n1)/R;

		[(1.33)/(20 cm)] + [(1.50)/di] = (1.50 – 1.33)/(2.0 cm), which gives      di = 81 cm  (inside the glass).



�

70.	For the refraction from the fiber to air we have

		n sin q1 = nair sin q2 .

	To have total internal reflection at the surface,

		n sin q1 > nair sin 90° = 1,  or  sin q1 > 1/n.

	The smallest angle of incidence, and thus the smallest 

	value for sin q1 , occurs for rays parallel to the axis 

	that are next to the inner side of the bend.  

	From the diagram we see that 

		sin q1 = r/ (r + d), so

		r/ (r + d) > 1/n,   or       r > d/(n – 1).
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