Chapter 6 - The Schrodinger Equation

d¥P

2
61 AY _ pyokor_ pyoang & T
&

de

= k29

Also, % = -w®. The Schrodinger equation is then, with these substitutions,

-W2k2P/2m + V¥ = -ihw¥P. Because the left sideisreal and the right side is a pure
imaginary number, the proposed ¥ does not satisfy Schrodinger’ s equation.

6-2.  For the Schrédinger equation:
2
AY _ g ang T
dx

-2 = -k?¥. Also, % = -ie¥

Substituting these into the Schrodinger equation yields:

Wk*P/2m+ V¥ = ho¥, whichistrue, provided ho = ¥Wk?>/2m+ V,ie,if E= E,+ V.
For the classical wave equation: (from Equation 6-1)
4>y e

From above: = = -k*% and also — = o’ ¥, Substituting into Equation 6-1
dx

(with ¥ replacing & and v replacing ¢) - k2% = (1/v2y- w*¥), whichistruefor v = w/k.

5l

Substituting into the time-independent Schrodinger equation,

2
63. (3 %: /%% and %z

N
A .

2.2 2 2
ST Y e ) = By
2mL* 2mlL? 2mlL?
2 2.2 2 2.2
Solving for V(X), M(x) = LSO S e 0 S S
2mL? 2mL* 2mlL? 2mL* 2
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Chapter 6 - The Schradinger Equation

(Problem 6-3 continued)
where k= %*/mL*. Thisisthe equation of aparabola centered at x = 0.

V(x)

0 X

(b) The classical system with this dependence is the harmonic oscillator.

6-4. (a) Ex) = E-W(x)=%/2mL*-%x*/2mL* = %*/2mL*1-x>/L?
(b) The classical turning points are the pointswhere E = V(x) or E,(x) = 0. That occurs when

x2/L%*=1,orwhenx = +1L.

(c) For aharmonic oscillator V(x) = mw?x2/2, S0

HWx?
e 0?x2/2 = & = W/ m*L* = w=h/mL?
2mlL
2
Thus, E = L L i=l°ﬁoo
2mL? mL?)2 2

6-5. (@ W(x,f) = Asinkx - ot

¥ wA coskx - wt,

ot

i’ﬁ% = —ihwAcoskx - wt,
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Chapter 6 - The Schradinger Equation

(Problem 6-5 continued)

az—‘f - K2Asinkx - of)
ox
_32 312
i 1. Asin(kx—oot) aez“ﬁﬂ
2m 3x? 2m ot

(b) P(x,t) = Acoskx - wty + iAsinkx - ot

i“n%—lf = ihwA kx - o) - i>hwA coskx - wt)

= hwAd coskx - wt) + ihwAsinkx - wt,

2 222 2:22
W oY - Mk Acos(kx—cot)+ hik Asin(kx—wt)
2m Qgx2 2m 2m
hk?
=5 (Acoskx — oty + iAsinkx - wt)
m
272
= i’hﬂ if L hw it does. (Equation 6-5 with V = 0)

ot 2m

6-6. (a) For afreeelectron V(x) =0, so

2 2 2
_2*’__6’ Yopy » LYo o502y
m d d

Substituting into the Schrodinger equation gives:
2510 12/2myy = EYy and, since E = E, = p%/2m for afree paticle,

p2=2m25x10%%2/2m) and p = 2.5x10'% % = 2.64x 10 *kg-mls

(b) E=p*/2m = 2.64x10 % kg-mls\’/(2)(9.11x103 kg) = 3.82x10718J
(3.82x10718.7,1/1.60x 10" J/eVy = 23.9 eV

(©) A=h/p=663x103J-5/2.64x10*kg-m/s = 2.5x10%m = 0.251 nm
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Chapter 6 - The Schradinger Equation

6-7. Y(x)= Ce /L and E=0

2 2
@ -2 vy= 0
m dx

E 2 2 L4 L2
2 2 2 2
And - | A2 2 Lyl Mow=0 so Mx)= ——| 2% g
4 2 2 2
2m{ 4 L mL?\ L
(b)
Vix)
\/ X
6-8. +a +a
f w* 1|de — A2 e—i(kx—wt)Xei(kx—wt)dx -1
= A2 fdx = A%x'? = 4?(2a) = 1
1
. A =
(Za)1/2

Normalization between -« and + is not possible because the value of the integral isinfinite.
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Chapter 6 - The Schradinger Equation

6-9.

6-10.

6-11.

(@) Theground state of an infinitewell is E, = h2/8mL? = (hc)*>/8mc?L?
1

. 2
Form=m,L=01nm E, = (1240 MeV"fm) = 0.021 eV
8(938.3x 108 e7(0.1nm)?
. 2
(b) Form=m, L=1fm E = — (ZAOMVmY 545 ppy

8(938.3x108 eV (1fin)?

The ground state wave functionis (n=1) ¢,(x) = y2/L sin(mx/L) (Equation 6-32)

The probability of finding the particlein Ax is approximately:
P(x)Ax = 2sin Ax = & in2| X
L L L L

(8 for x = % and Ax = 0.002L, P(x)Ax = Msinz( n_L)

- 0.004sing = 0.004

) x = 2L payax = 200002L) oof 27L ) _ 6 0045in 2™ = 0.0035
3 L 3

() for x =L, P(x)Ax = 0.004sin’x = 0

The second excited state wave functionis (n=3) y,(x) = y2/L sin(3nx/L)

(Equation 6-32). The probability of finding the particlein Ax is approximately:
P(x)Ax = —sm 3mx Ax
L L

@ x - % and Ax = 0.002L, P(x)Ax -

%OZL) ( 3nLJ 0004sm3—2n = 0.004

(b) x = % P(x)Ax = 0.004sin ( 63“LL) - 0.004sin227 = 0

31

|
~

(©) for x =L, P(x)Ax = 0.004 sinz( ) = 0.004sin’3m = 0
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Chapter 6 - The Schradinger Equation

2242 2 2
6-12. E = lmv2 _ nmh (Equation 6-24)  n? = lmv2 2mL” | _ [ mvL
2 2mL? 2 N Th

mvL _ (10 kg)(1073 m/s)(1072 m) _ 3x10%
Th 7(1.055x 10734 )

n =

6-13. (@) Ax = 0.0001L = 0.0001,(1072m) = 10 6m
= 0. = (0. B “mlsy= 10" “m/s
Ap = 0.0001p = (0.0001,(10"°kgy 103 m/s) = 1076 kg-m/

(b) AxAp _ (1075710718 kgm/s) _ 9x10!!
h 1.055x1073 s

6-14. (@) Thisisaninfinite square well of widthL. V(X)=0and E = E, = p?/2m. From uncertainty
principle: E, — p .. =Ap="%/Ax=%/L and
2
E_ . = DPun/2m=%/2mL*= h*/87°mL?>

(b) The solution to the Schrédinger equation for the ground stateis:
P, (x) = (2/L)"sin(nx/L)

2
and ddxltl = _( %) 2( %) 1/zsin(nx/L) = —( %JZIIJI

h2
8mL?

%2 2
So, —(%) Y, = EY, or E, =

2m

Theresultin (a) is about 1/10 of the computed value, but has the correct dependence on h, m,
and L.

6-15. (@) For theground state, L = A/2, so A = 2L.
(b) Recall that state n has n half-wavelengthsbetween x=0and x=L,soforn=3, L = 3A/2 or
A=2L/3.
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Chapter 6 - The Schradinger Equation

(Problem 6-15 continued)
(©) p= h/A = h/2L intheground state.

(d) p2/2m = h%/4L%/2m = h?/8mL? ,which isthe ground state energy.

h%n? h?
6-16. E, = and AE,=E,_  -E, = n2+2n+ 1)
8mL? 8mL?
h? he
or, AE, = (2n + 1) = —
8mL? A

= 0.459 nm

o[- ( A ) "2 ( Ahe ] "2 ( (694.3nm)(1240eV-nm) |

8mc 8mc? 8(0.511x10% el

6-17. Thisisaninfinite square well with L= 10 cm.

h’n? - lmv2= (2.0x1073kg) (20 nm)?

8mL? 2 2(3.16x107 s

E =

n

2 _ 8(2.0x103kg)® 20x10°m)* (0.1m)?
2(3.16x107 sy (6.63x 10734 J- 5

-3 -9
o 22:0x107kg)20x10°m) (0.1m) _ 5o 014

3.16x1075(6.63x 1073 - )

6-18. (a) Y (x) = (2/L)"*sin(5nx/L)dx

0.4L
P= [ (2/L)sin*(5nx/L)dx
0.2L

Letting Snx/L = u, then Sndx/L = du and x = 02L = u==

and x= 04L & u=2m, so

x .
27 Z —sin2x

|
S C
L)\ 5m) ] L)\ 5 4 )i 5
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Chapter 6 - The Schradinger Equation

(Problem 6-18 continued)

6-19.

6-20.

6-21.

(b) P = (2/L)sin2%l’/2)(0.011,) - 0.02 where 0.017 = Ax

E1 _ h2 _ (hC)2
8mL? 8mc?L?
. 2
() For anelectron: E, = (1240 MeV'fim) = 3.76x10% MeV
8(0.511 MeV) (10fm)?
. 2

(b) For aproton: E, = (1240 MeV" fim) = 2.05 MeV

8(938.3 MeV) (10

(c) AE, = 3E, (SeeProblem6-16)
For theelectron: AE,, = 3E, = 1.13x10* MeV

For the proton: AE,, = 3E, = 6.15 MeV

F = -dE/dL comesfrom the impulse-momentum theorem FA¢ = 2mv where At = L/v
So, F~mv?/L~E/L. Because E, = h*/8mL?, dE/dL = h*/4m L* where the minus sign

(6.63x10734 -5
4(9.11x1073 kg 10" 0m)

means"onthewal". So F = h%/4mL3 = = 121x107N

Theweight of anelectronism g = 9.11x 10731 kg 9.8 m/s?) = 8.9x1073° N whichisminuscule by

comparison.

Y, (x) = \I% sinnTnx

To show that

L
fsin( nTnx) sin( nT‘n:x) de = 0

0

Using thetrig identity 2 sinA sinB= cos(A-B) - cos(A+B), the integrand becomes
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Chapter 6 - The Schradinger Equation

(Problem 6-21 continued)

%{cos[(n - m)‘n:x/L] - cos[(n + m)nx/L]}

Theintegra of thefirst termis

L sin(n-m)nx/ L and similarly for the second term with (n + m) replacing (n - m.
T (n-m)

Since n and m are integers and n=m, the sines both vanish at the limitsx=0and x= L.

L for n=m.
. sin( nnx) sin( anx) dx = 0

6-22. (a) fll[d/ /\ /\ |

(b) .

AN AN A

(b)
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Chapter 6 - The Schradinger Equation

6-24. Because E, = 0.5eV andfor afinitewell dlso E, = n*E, , thenn=4isat about 8eV, i.e., near the
top of thewell. Referringto Figure 6-14, ka = 2.

ka- V2mE y L

. o (724x10°)L = 27

L=21/724%x10° = 8.7x10 % = 0.87 nm

6-25. For V,>E>V,: xliSWhere V=0-— 7 and X, and X, is where Vv, v,

PDNWAN

OVle :X2 X

From -~ to O and x, to +: ¢ is exponential

Otox, : yisoscillatory; E, islargeso pislargeand A issmall; amplitude is small because E.
hencev islarge.

X, to X, g isoscillatory; E, issmall so pissmall and % islarge; amplitude is large because
E,, hencevissmall.

6-26. (3) 6 () 4/\ K

~ wn
T
H—H—‘_‘——\.
o
o

=N W

>

10 0 +10

(©)
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Chapter 6 - The Schradinger Equation

6-27. Referring to Figure 6-14, there will be two levelsin the well when ka = 7/2 (or larger) where

_ a/2mkE,

ka = V2 - T
h 2

Squaring and rearranging,

E. = 7‘)21'52 _ (hC)2
= _
8ma? 32mc?a?
. 2
E, - (12407 nm, = 25.6x105 ¢V
32(1.88x10° V(1076 nm)?
E, = 25.6 MeV

The well must be at |east this deep.

6-28. Forn=3, ¢, = 2/L,"*sin(3nx/L)
L
(@ (x)= fx(Z/L)sin2(3‘n:x/L)dx
0

substituting # = 3nx/L, then x = Lu/3 7 and dx = (L/37)du. Thelimits become:
x=0—>u=0andx=L > u=37

3n
(x)=(2/L)(L/37)(l/3 ™) | usin®udu
0

3n
usin2u _ cos2u

4 8 I

- (2/LYL/37y ”72 -

= (2/L)(I/3n)*(3m)y’/4 = L/2

L
(b) (x?)= fx2(2/L)sin2(3‘n:x/L)dx
0

Changing the variable exactly asin (a) and noting that:

37
u’ u* 1| . ucos2u
— | —-=| sin2u-
6 4 8 4

3
u?sin®udu =

[

0

0
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Chapter 6 - The Schradinger Equation

(Problem 6-28 continued)

We obtain (x2) = ( 1/3 - %n2) L2 = 032012

6-29. (a) Classicaly, the particleis equally likely to be found anywhere in the box, so P(x) = constant.
L
In addition, fP(x)dx= 1 so P(x)=1/L.
0

L L
(b) (x) = [ (x/L)ds = L/2 and (x?) = f(x2/L)dx = L%/3
0 0

630, - PV, piyue) - Eve) (Equation 6- 18)
2m gy?
1 (nd\(nd o
ﬁ( 75) ( 75) Yx) = (E- V() ¥(x)

1
Epop Py Y=(E-V(ny

Multiplying by ¢ and integrating over the range of X,

oo

A

+

Ydx = flll* (£ - V(x)pdx

2
pop

2m

<%>: (E-V®) or (p?)= 2mE-V(x))

For the infinite square well V(x) = 0 wherever y(x) does not vanish and vice versa. Thus,

2,242 212
nn?a}:n% forn=1
2mL? L?

(V(x))= 0and (p*) = (2mE) = (2m
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Chapter 6 - The Schradinger Equation

L? 12 L
6-31. (x%?)= =—-=_  (SeeProblem6-28.) And (x) = =
3 211;2 2
2 2 5 12 12
3 o2 4 12 o2

< 2\ Tl:zl'hz _
p.)= Iz and (p)= 0 (SeeProblem 6-30.)

2 H2 2
= B2 And 6,0= (0.181L)(nn/L) = 0.568%

L2

-0

o, = V{p*)-(p)’ =

<mw/’h ) 1/4

6-32. Y,(x) = A,e ¥ /2 where 4,
(x) = [ A(fxe"”“’xz/”dx Letting % = mwx?/% and x = h/mw)*u

—co

2udu = mw/% (2xdx). And thus, (mw/%) 'udu = xdx; limits are unchanged.

(x) = A(f(h/mw) | ue™ du=0 (Note that the symmetry of V(X) would also tell us that

(x)=0.)
(x?) = / Alx2e moN/ gy

A02(°h/moo)3/2 [ ue ™ du = 2A02(°ﬁ/mw)3/2fu2e‘”2du
e 0

245 (h/mw)2 Jm/4 = (mw/vm) 2(h/mw)¥?n/2 = W/ (2mw)

2
6-33. 5— + %moozx2 = (n+ 1/2)hw. For the ground state (n = 0),
m

2
(x?%) = L(m/z—pZ/zm) and (x)*= - —P°_ - %/2mw (See Problem 6-32)
m o> mow m?e
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Chapter 6 - The Schradinger Equation

(Problem 6-33 continued)

6-34. (a) ¥, (xt) = (m(,)/’hn)l/“e‘m®x2/2%e—i(.)t/2

+ o

= ii 2y = pr ii 2\{1
(©) p,,, o (p*) [ O(x,t)( iax) o(x, 1) dx

—oo

0¥, _ Ao(mwx/sﬁn)lme—mwxz/zﬁe—imt/z
ox
P,

> Ao[(_ mox/h)(-mwx/h)-mw/h o ~MOX?/2h 5 -i01/2
ox

+ oo

(p2) = 1A} (mw/h) [ mox2/n-1ye ™o/ gy

+ oo + oo

= —°ﬁ2A02(mco/°ﬁ) [ (mo)xz/“ﬁ)e"'”“’xz/*’dx— [ e ~mex/n gy

— o0 — oo

Letting u = (mw/h)"x, then

(p?) = —“ﬁonz(mm/“ﬁ)(m(.o“h)"1/2 ue gy - | e ™ du

— o0 —oo

) oo

- —°ﬁ2A02(mw/°ﬁ)”22 fuze‘”zdu—fe‘“zdu
0

0
= - % (mw/hn) 2 (mw/H)? 2 [ vT_ g)

= R (mw/h)(12) = mhw/2
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Chapter 6 - The Schradinger Equation

6-35. W, (x) = C,e ™**/?* (Equation 6- 58)

a + oo + o

[ @2 = 1= |CoPe " dr

CoP %20y = (G x2x 2\ % with A = ma/»
X

_ |C0|2 Th
mw
Ya
c, - ( mco)
(b) e TR

m(l.) -m x2
(x?2) = _f x|y, P dx = _f x2 n—he ©x"/M g
= m_"’x2]2= m_wxle 1with)»=moo/°ﬁ
Th Th 4\ A3

1 (me | mH 1 h
2\ mh \ m3® 2mo
1 1 1 1 % 1
0) (V(x)) = (=mw?*x?) = —mw?*{(x?) = —mwx -——— = ~hw
© ®) 2 2 2 mw 4

6-36. Y, (x) = Clxe‘"’“’xz/“ (Equation 6-58)
(W @Pde= 1= (|CPx%e >y = |C P x2l,

(@ = |C1|2x2xl iwithA.:m(n)/%
4N A,

3
- |cl|2xl Th
2N\ m3e’
3 3\%
C, - 4m°> w
TH
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Chapter 6 - The Schradinger Equation

(Problem 6-36 continued)

e e 3,3)% )
(b) (x) = fx|l|11|2dx= x3( 4m° w ) e ~MmOxX /v b — ()

/ _f K
(©) e e 3.3) %
(x2) = x2Pe= x| L pomertg2 g
J _{o TH
3,3)\% 3,3
| Amiw x21, = 4m”w ><2><é 1whelre:)»=m(»)/°ﬁ
H TH 8\ »
_ 3| mPe® | w3 %
2\ w2 \m’e’ 2mo
1 1 1 3 %k 3
d) (V) = {(=mw*x2) = —m*{(x?) = —me**x=>— = Zha
@ ®) 2 2 2 2mw 4
6-37. (@) AxAp=h — Ap=h/Ax=h/24
(b) E, = p*/2m=(%/24)*/2m = /8mA*>
2 E22mA> E?
2 w2\ 2 K2 4 4E,

Because E, = hw/2 also E = 4E,

(2) &%,/ 0x? iscomputed in Problem 6-34(b). Using that quantity,

W mw
(E ) = -— | =%hw/4=2F
2m 2% / k

6-38. E = (n+1/2)ho E . =(n©+3/2)ho
E. . -E ,=AE (n+3/2-n-1)ho = ho
AE/E = hw(rn+ 1/2)hw=1/(n+1/2)

n

AE
lim , —— = limnﬂ,( 1 ) = 0. In agreement with the correspondence principle.

E n+1/2

n
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Chapter 6 - The Schradinger Equation

6-39. (8) w=2mnf=2n/T = 2n/1.425 = 4.42 rad/s

E, = %m = 1.055x107%*J-s 4.42 radls)/2 = 2.33x10734J

(b) 4 = /(500.0)* - (499.9)* = 10 mm
E=(n+1/2)hw=1/2mw?4?

499.9 mm
500.0 mm

/fo.l mm

n+1/2=1/2(0.010kg)(4.42 rad/s)(102m)*/1.055x1073*J-s
=2.1x10% or n= 2.1x10%8

© f=w/2n=070Hz

6-40. ll-'o(x) Aoe—mx2/2°n

P, (x) = 4, S e

From Equation 6-58.

Note that ,isan even function of x and ,isan odd function of x. It follows that

+ oo

6-41. (a) For x>0, Wk, /2m + V,= E = W2k /2m = 2V,
0, k, = (2mV0)1/2/"h. Because k, = (4mV0)1/2/°h, then k, = kl/ﬁ.
(b) R = (kl—sz/(kl + sz (Equation 6-68)

= (1-1/V2V/(1+ 1/y2)* = 0.0294, or 2.94% of the incident particles are reflected.
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Chapter 6 - The Schradinger Equation

(Problem 6-41 continued)

6-42.

6-43.

6-44.

(© T=1-R=1-0.0294 = 0.971

(d) 97.1% of the particles, or 0.971x10° = 9.71x10°, continue past the step in the +x direction.

Classically, 100% would continue on.

(@ For x>0, ¥k, /2m-V, = E = ¥k'/2m = 2V,
0, k, = (6m VO)I/Z/"h. Because k, = (4m Vo)m/’h, then k, = +/3/2k,.
(b) R = k-ky2/ ke + k> = (1-y/3/2)"/(1+ /3/2)" = 0.0102. Or 1.02% arereflected at x = 0.

(©0 T=1-R=0.99
(d) 99% of the particles, or 0.99x10° = 9.9x10°, continue in the +x direction. Classically, 100%

would continue on.

(kl _k2)2 R 4k1 k2 R
R = > (Equation 6- 68) T= > (Equation 6- 69)
(kl + kz) Fr* kz)
4k, +k,  k-k2 Ak +ki-2kk+ kX ki+2kk + Kk
T+R- 1 2+(1k2)_ 17K 1k ]6:1 1kt

ey kz)2 ey kz)2 k) ey + kz)2

k + k2
T+R-= % =1 (Equation 6- 70)
ki + k)

E 172 _ (E_ V0)1/2
- 172 172
E + (E_ VO)

A For E<V,, E- VO)”2 is imaginary and thenumerator and denominator

arecomplex conjugates. Thus,|B]? = |4 andtherefore R = |B*/|A* = 1,hence T= 1-R= 0

140



Chapter 6 - The Schradinger Equation

6-45. A+ B=C and k,A-k B = k,C (Equation 6- 65a&b)
Substituting for C, k,4-k,B = k,(A + B) = k,A+ k,B and solving for B,

k -k
B= 12 4 whichisEquation 6-66. Substituting this value of B into Equation 6-65(a),

+

1 2
- k,+ k,+k 2k

A+ 1k2A=C—A 1tk hh or C= L. whichis Equation 6-67.
1+ ky k,+ k, 17 5

6-46. Using Equation 6-76, T~ 162

0

_E

0

e 2% where E = 2.0eV, V, = 6.5 eV, and

a=05nm. T=16| 20|[ 129 2008105 . 6.5x10-5
6.5 6.5

(Equation 6-75 yields T = 6.6x1073))

6-47. R=11 "2 and T=1-R (Equations 6- 68 and 6- 70)
o+ ey

(a) For protons:

k, = 2mcE /he = /2(938MeV)(40MeV) /197.3 MeVfin = 1.388

ky = \[2mc? E-Vy) /he = 2(938MeV)(10MeV) /1973 MeVfin = 0.694

2 [ 1:388-0.694 |°
1.388 + 0.694

~( 0.694

2
=| ——| =0111 AndT=1-R=0.889
2.082

(b) For electrons:

172 172
k= 1388 92111 0324 k= 0.60a] 921117 0162
938 938

( 0.0324-0.0162

2
= 0.111 And T=1-R = 0.889
0.0324 + 0.0162

No, the mass of the particleisnot afactor. (We might have noticed that/m could be canceled

from each term.)
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Chapter 6 - The Schradinger Equation

n2h?
6-48. (@ E, = The ground stateisn=1, so
8mL?
2 . 2
E, - (heY _ _(1240MeV+fm)’  _ oopeapy
8mcL?  8(938.3MeV)(Lfin)
(b) 2000 sggmev (C) AEy = he/dy,
ol _ 1240 MeV-fin
£ 2L (819-205)MeV
(MeV)
1000 = 819 Mev
R o Ty
205 MeV €
07
1240 MeV -
(€) Ay, = eV

 (1844-205)MeV

6-49. (a) The probability density for the ground state is P(x) = ?(x) = (2/L)sin*nx/L.

probability of finding the particleintherange0 <x<L/2is:
L2 /2

= 2.02fm

= 1.21fm

= 0.73fm

2L . 5 2w 1
P= . P(x)dx= == . sinfudu= =| =-0| = = where u= nx/L
! ) Lxn/ | 4 ) 2 /
L3 /3 .
(b) P= . P(x)dx = 2L o= 2| ®osin2m/3 ) 1.V3_ 0.195
/ Lr/ n\ 6 4 3 41

0 0

(Note /3 isthe classical result.)

© P= | P(x)ds- %i sinudu = 2

31/4 34
n J T (
0 0

3n_sin3n/2) _
8 4

(Note 3/4 isthe classical result.)
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Chapter 6 - The Schradinger Equation

272 21,2
650. (@ E, - " and E, - TR

8mL? 8mL?

E -E 2 -1-n2 - -

So, n+l_“n _ R +2n-1-n _ 2n 1= 2-1/n For largen, 1/n<<2 and

En n2 n2 n

En+1_En 2
E  n

(b) For n=1000 the fractional energy differenceis TZOO = 0.002 = 0.2%

(c) It meansthat the energy difference between adjacent levels per unit energy for largenisgetting
smaller, as the correspondence principle requires.

6-51. (8 F(x.0) = ¥(x)f)

2
PF_ AND ) - g s LF - 40 PO -y
ox dx ot dt

Substituting above in Equation 6-6,

- 2"‘—2w” @0 + W@ = inl @
m

o)

Dividing by ¢(x)/(®), —%% + V(x) = ﬁa%

(b) Set both sides equal to C.
il O o O Cd_ gy
1@ fin  in

Inf- Inf, = %’ - _iTCt o f= fie IO = £ eI with = C/%

and C=hw=E

_ W dAy

© YO, yy-c-p D+ v b = Bve

2m Y(x) 2m

143



Chapter 6 - The Schradinger Equation

6-52. (@) Theball’s minimum speed occursin the ground statewhere A = 2L and p = h/A = mv.

4.
yo B 6.63x 10775 ~ 1.66x10°% mis

2mL  22x1073kg)(0.001cm)102m/cm)

(b) The period T, the time required for the ball to make one round trip across the box is:
T=20.001cmx 10"2m/cm)/1.66 x1025m/s = 1.20x10%'s
(Thisis about 1000 times the age of the universe.)
6-53. (a) Therequirement isthat ¢?(x) = $?(-x) = P(-x)P(-x). Thiscan betrueonly if:
U(-x)=¥(x) or Y(-x)=-Y(x).

A’y 2m
> =

2E Y, the general solutions
h

(b) Writing the Schrodinger equation in the form

of this 2nd order differential equation are:

P(x) = Asinkx and Y (x) = Acoskx where k= \/2mE /%. Because the boundaries of
thebox areat x = + L/2, both solutionsare allowed (unlike thetreatment in the text where one
boundary was at x = 0). Still, thesolutionsareall zero at x = + L/2 provided that an integral
number of haf wavelengths fit between x = - L/2 and x = + L/2. This will occur for:

¥ (x) = (2/L)"cosnnx/L when n=1,3,5,
And for ¢, (x) = (2/L)2sinnnx/L when n=2,4,6,:.

The solutions are alternately even and odd.

(c) Thealowed energiesare: E = ¥2k2/2m = ¥2(nnL)*/2m = n’h%/8mL>.
6-54. Y,(x) = de ¥/’

(@) % = -x/LYAe /"  and P, = L% = (~x/L%de */L" - (- x/L),
dx dx
dy, B
o, E = _(I/L)‘I’o_ (x/L)dlIJO/dx
And d2¢1

— = - (1/L)dy,/dx - (1/L)dv,/dx - (x/L)d*y,/dx?

= 2x/L3W, + x/L*, + x>/L%,
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(Problem 6-54 continued)
Recalling from Problem 6-3 that V(x) = ¥2x2/2mL*, the Schrodinger equation becomes

(-1/2m)3x/L3 + x3/L 3, + Wx3/2mL >, = E(-x/L),
or, simplifying: (-3%x/2mL?, = E(-x/L)y,. Thus, choosing E appropriately will
make y, a solution.

(b) We seefrom () that E = 3%?/2mL?, or three times the ground state energy.

(c) v, plotted looks as below. The single node indicates that v, is the first excited state. (The
energy valuein [b] would also tell usthat.)

¥

VA x

L
6-55. (x2)= f%xzsinznnx/l,dx Letting u = nnx/L,du= (nn/L)dx
0

2 nmn
(x2) = 2 L L) | u?sinudu

L\ nm nm) o
2 LYY w1 ucos2u "
== —| |—-| —-=|sin2u-

L\ n=n 6 8 4 0
_2( LV\@my _y_mm_ | L2 L?

L\ nn 6 4 3 2n?7?
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£ e where E= 10eV, V= 25¢V, and a = 1 nm.

1-=

656. T~162
VO

o

@ o= ,/2m(v0—E)/°ﬁ = \/Z(mec2)(V0—E)/(°ﬁc)

= /2(0.511x10%eV(15¢eV) /197.3 eV-nm = 19.84 nm ™!

And aa = (19.84 nm1y(1nm) = 19.84

7~16] 19| 1-10] o-1984 L 9 2 x 1070
25 25

(b) Fora=0.1nm: aa = (19.84 nm1)(0.1nm) = 1.984

7~16] 19|[ 1210 o-1984 . 9 508
2 25

6-57. (a) For ¥(x,t) = Asin(kx- wt)
2
d"¥ o wAcos(kx-wt) sothe Schrodinger equation becomes:

= -k’ and — = -
ot

dx2

2172
IR fsin(kx-wr) + V(x)Asin(kx-of) = - ihocos(kx- o)

Because the sin and cos are not proportional, this ¥ cannot be a solution. Similarly, for
Y(x,t) = Acos(kx- wt), there are no solutions.

(b) For®(x,t) = Ajcos(kx- wt) + isin(kx-wt); = Ae’** “* we have that

2
d lf = - k2%  and oF __ io¥P. And the Schrédinger equation becomes:
dx

212
- ’*2" ¥+ V)P = -heP for he = W2k 2m+ V.
m
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6-58. A

« classically allowed:

i 0<z<z,

Zy z

The wave function will be concaved toward the z axis in the classically alowed region and
away from the z axis elsewhere. Each wave function vanishesat z=0andasz — 0. The
smaller amplitude in the regions where the kinetic energy is larger.

Ground State

¥,

First Excited State

WI z,

Second Excited State

¥,

z, z
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6-59. Writing the Schrédinger equation as: E, §(x) + V(x)y(x) = Ey(x) from which we have:
EW(x) = (E-V(x)¥(x) = (-1*/2myd*/dx?). The expectation value of E, is

(E,) = | E, y(x)y(x)dx Substituting E,y(x) from above and reordering multiplied quantities

— 0

gives: (E,) = fw q;(x)( - %%) Y(x)dx
6-60. () ApAx=h & mAvAx=h
Av=%h/mAa = (1.055%10734J-5/9.11x10731)10 2 m,
Av ~1.16x10%m/s = 0.39¢
(b) The width of the well L is till an integer number of half wavelengths, L = n(A/2), and

deBroglie’srelations still gives: L = nh/2p. However, pisnot givenby: p = \/2mE, , but

by the relativistic expression:p = (E2-mc2*"” /c. Substituting this yields:

L= nhe = E*-mc?? = (nhe/2L)
21E%-mc?|

2
2
e @) e
12
22 2 12
© E, = M) v me2p| = [U280eVimmy 6 s11x108e02| = 8.03x105 eV
4L2 41073 nmy?
2 2 2
(d) Nonrelativistic: E, = — = (el _ (1240¢eVnm) - 3.76x10° eV

8mL> 8mc*L?  8(0.511x10%eV 1073 nm)?

E, computed in () is 2.14 times the nonrelativistic value.

6-61. (@) Applying the boundary conditions of continuity to ¢ and d{;/dx at x = 0 and x = a, where the
variouswavefunctionsare given by Equations 6-74, resultsin thetwo pairs of equationsbel ow:
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(Problem 6-61 continued)
Atx=0. A+ B=C+ D and ikAd-ikB=-aC+ oD
Atx=a: Fe'®*® = Ce @ 4+ De® and ikFe'®® = —qCe %+ qDe®

Eliminating the coefficients C and D from these four equations, a straightforward but lengthy
task, yields:

* 4ikad = [(a+ ik)’e " - (a-ik)* e Fe'ka
The transmission coefficient T is then:

o |FP :{ 4ika }2

AR e ™o+ ikYe - (a-ik)e®

1
2

0

Recdling that sinh® = —®-¢7% and noting that (e + ik) and (a-ik) are complex

conjugates, substituting k= y2mE /% and o = ,/Zm(VO—E) /h, T then can be written as

-1

7ol1s sinh? oa
4 £l . E
" "

(b) If ea>>1, then the first term in the bracket on the right side of the * equation in part (a) is
much smaller than the second and we can write:

. -(a+ ik)a 2 212,-2ca

F _Adikae AndT=|E| . l6a’k"e

A (a-ik)? A o2 + k)2

o T~16| Z || 1- £ | ¢-20

0 0
6-62. |yy*=|CPe ?*  (Equation6-72)
2
Where [CP = | | | = 2.000

28V P o 208 V2 2
EE 172 + (E— V() 1/2§ 2(05 V0)1/2 + (_ 0.5 V0)1/2§

o= ,/2m(v0—E)/°ﬁ = \/Z(mpc2)(20MeV)/°ﬁc
= 1/2(938.3 MeV)(20MeV) /197.3 Mev-fm = 0.982fm !
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(Problem 6-62 continued)

l?

X(fm) e—2ax |1IJ]]|2 — |C|2e—2ax
1 0.1403 0.5612
2 0.0197 0.0788
3 276 x10°3 1.10x 102
4 3.87x10* 1.55x 103
5 5.4x10° 22x10*
0.5
0.3
0.1
0 T P 3 4
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