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Introduction 

This book supports the AQA Level 2 Certificate in Further Mathematics. 

The qualification is designed for high achieving students who have already 
achieved, or are expected to achieve, grades A or A• in GCSE Mathematics. 

Many of these students are likely to progress to study Mathematics at A-level and 

beyond. 

Higher order mathematical skills will be studied in greater depth with an 

emphasis on algebraic reasoning, rigorous argument and problem solving skills. 

Students following this course will be able to achieve their maximum potential at 

Level 2 and be well prepared to tackle a Level 3 Mathematics qualification. 

The content is split into Algebra, Geometry, Calculus and Matrices with each 

section containing work that stretches and challenges, and which goes beyond 

the Key Stage 4 Programme of Study. The topic areas are frequently linked 

together as progress is made through the book, highlighting the beauty and 

inter-connectedness of mathematics. The problem-solving questions will often 

involve more than one topic area. 

Two symbols are used throughout the book: 

IJ This denotes a 'discussion point'. These are prompts to help you to understand 

the theory that has been, or is about to be, introduced. Answers to these are 

also included. 

A This 'warning sign' alerts you either to restrictions that need to be imposed or 

to possible pitfalls. 

In addition the book includes a nwnber of activities. These are often used to 

introduce a new concept, or to reinforce the examples in the text. Throughout the 

book the emphasis is on understanding the mathematics being used rather than 

merely being able to perform the calculations but the exercises do, nonetheless, 

provide plenty of scope for practising basic techniques. 

It is hoped that students (and teachers) will be inspired and challenged by the 

rigorous nature of the course and be able to appreciate the power of mathematics 

for its own sake as well as a problem-solving tool. 

I 
I 
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Number and algebra I 

The only thing that separates successful people from the ones who 

aren't is the willingness to work very, very hard. 
Helen Gurley Brown (American Businesswoman) 

Numbers and the number system 

Number will be tested implicitly throughout the course. Apart from 

manipulation of surds (pages 14-18), examination questions will always test 

number with at least one of algebra, calculus or geometry. These questions will 

appear at appropriate times in the book. The following exercise provides practice 

of some number skills that may be needed. 

1 ABCD isastraightline.AB = 4cm, AC = 10cm,AD =22cm. 

A C D 

Work out these ratios, giving your answers in their simplest form. 

(ii AC:AB (iii A B :BC [iii) AD:AB 

[iv ) BC:CD ,,, BD:BC 

., Workout 

[ii 60%of£115 [iii 33f% of780 (iii] 17.5%of64an. 

J Workout 

[ii 95%of7540 [iii 12 ! % of53.76 [iii) 4.2%of£150. 

., [ii Increase80by5%. [iii Increase £240 by 75%. 

[iii] Decrease£20by40%. [iv ] Decrease 36 by 66f%. 

5 [ii Increase650by 14%. [iii Decrease3250by3.5%. 

[iii] Decrease £3650 by 64%. [iv ] Increase £46 by 5 t %. 

•6 Workout, giving your answers as fractions in their simplest form 

[ii 
3 2 5 
- + - x -
5 3 6 

[iii (±J + 4 liiil 3~-I 
5 4 



I 7 A bag contains blue, green and white beads. The ratio of blue beads to green 

beadsis4 :3. 

The ratio of green beads to white beads is 2: 7. 

Work out the smallest possible number of beads in the bag. 

8 [ii Work out, giving your answer to 3 significant figures 52.7 + 4.93 

[iii Work out, giving your answer to 2 significant figures 5.9 - 0.53 X 1.8 

[iii] Work out, giving your answer to I significant figure 0.23 x 0.14 + 0.092 

[iv) Work out, giving your answerto 2 decimal places 19 + 36 

144 - 52 

9 55% of teachers in a school are female. 36 teachers are male. 

Work out the number of teachers in the school. 

D A large ice cream costs 40p more than a small one. Two large ice creams cost the 

same as three small ones. What is the cost of each size of ice cream? 

This is an example of the type of question that you might find in a puzzle book 

or the puzzle section of a newspaper or magazine. How would you set about 

tackling it? 

0 You may think that the following question appears to be very similar. What 

happens when you try to solve it? 

A large ice cream costs 40p more than a small one. Five small ice creams plus 

three large ones cost 80p less than three small ice creams plus five large ones. 

What is the cost of each size of ice cream? 

Simplifying expressions 

EXAMPLE1 .1 

When you are asked to simplify an algebraic expression you need to write it in its 

most compact form. This will involve techniques such as collecting like terms, 

removing brackets, factorising and finding a common denominator (if the 

expression includes fractions). 

Simplify this expression. 

3a + 4b-2c + a - Jb - c 

SOLUTION 

Expression = 3a + a + 4b - 3b - 2c - c collecting like terms 

= 4a + b - 3c 



EXAMPLE 1.2 Simplify this expression. 

2(3x- 4y) - 3(x+ 2y) 

SOLUTION 

Expression = 6x- Sy- 3x- y removing the brackets 

= 3x- 14y 

==•M=P~L~E =' ·'-., Simplify this expression. 

EXAMPLE 1.4 

EXAMPLE 1.5 

3x2yz x 2xy3 

SOLUTION 

Expression = (3 x 2) x (x2 x x) x (yx y3) x z collecting like terms 

=6x3y'z 

Simplify this expression. 

6a 2b3c 
3ab4c3 

SOLUTION 

Look where the higher powers of a, band c occur. You may find that it helps if 

you split them up like this. 

6a 2b3c _ $x 2 x tfx ax~3 xc' 
3ab4c3 - $xtfxlflx bxc'x c2 

You can then cancel as indicated to give 

'" b2 

Factorise this expression. 

SOLUTION 

First you need to look for the highest common factor of the two terms, which is 

3abhere. 

3a2b+6ab2 = 3ab(a+2b) 

D Explain what the word factorise means. 

Since3a'b = 3<>bX<> 
and6<>b' = 3<>bx2b. 

I 
z 

I . , . 
1 



I EXAMPLE 1.6 

EXAMPLE 1.7 

Simplify this expression. 

2x2 . i!!'.:_ 
Jyz-:- Sz2 

SOLUTION 

. zxi 5z2 

Express10n = 3yz x 4xy2 

Sx, 

~ 

Simplify this expression. 

SOLUTION 

Expression = ~-~+~ 

_ 5x-8y+ !Oz 
- 20t 

G!Dilmllillll 1 Simplify the following expressions. 

[ii 12a+3b -7c-2a- 4b+5c 

[iii 4x - Sy+ 3z+ 2x+ 2y- 7z 

[iii] J(Sx- y) + 4(x + 2y) 

[iv ) 2(p+Sq)-(p-4q) 
(vl x(x +3)-x(x-2) 

[vii a(2a+3)+3(3a-4) 

[v iii 3p(q-p)-3q(p-q) 
(v iii) 5f{g+2h)-5g(,h-f) 

2 Factorise the following expressions by taking out the highest common factor. 

[ii 8 - 10x2 

[iii 6ab+ Sbc 
[iii] 2a 2 +4ab 

[iv ] pq3 - plq 

[vl Jx2y+ 6xy4 

[v ii 6p3q-4p2q2 + 2pq3 

[v iii 15/m2 - 9/lm3 + 12/2m4 

[v iii) 84a 5b4 -96a4b5 

3 Simplify the following expressions and factorise the answers. 

(ii 4(3x+2y) +B(x-3y) 

[iii x(x- 2) -x(x- 8) + 6 

[iii] x(y + z)-y(x + z) 



[iv) p()q- r) + r(p- 2q) 
[vl k(l+m+n)-km 

[vii a(a-2)-a(a+4)+2(a-4) 

[viii Jx(x+ y)-Jy(x-2y) 
[viii) a(a - 2) - a(a - 4) + 8 

4 Simplify the following expressions as much as possible. 

[ii 2a 2bx5ab3 

[iii 6p 3qx2q3r 
[iii] lmx mnx np 
[iv] Jr3 x6s2 x2rs 

"' abx2bcx4cdx8de 
[vii Jxy2 x 4yz2 x 5x2z 
[viii 2ab3 x 6a 4 x 7b6 

5 Simplify the following fractions as much as possible. 

[ii 
4a2b 

[iii p!_ 1:_ 
2ab q X p 

[iii] .§E_x§.t [iv) Mx:!£4 
3b2 4a 2 2c2 6a 2 

,,, ~ [vi) ~ _,_ 2a4 

12y, 9b3 "Ts1i 

[viii ?f.:9. -,- ~ 
8rs2 

"" 
6 Simplify the following expressions as single fractions. 

[ii ±f-+~ [iii ¥-i+?f 
!iii] it_ _~ 

3 4 

,,, ~-t+* 
[viii 

2._ _ _l_ 
2p lq 

Solving linear equations 

D What is an equation? 

What does solving an equation mean? 

[iv) ¥-}+~ 

[viii) ~-E: 
3y 2y 

I 
z 

I . , . 
1 



I 
EXA LE .8 

EXA LE . 

Since both sides of an equation are equal, you may do what you wish to the 

equation, provided that you do exactly the same thing to both sides. The 

examples that follow illustrate this in great detail. In practice you would expect to 

omit some of the working. 

Solve this equation. 

3(3x- 17) = 2(x- I ) 

SOLUTION 

Open the brackets =) 9x- 51 = lx- 2 

Subtract 2x from both sides =) 9x- 51 - 2x = 2x- 2- 2x 

Tidy up 
Add 51 to both sides 

Tidy up 
Divide both sides by 7 

Solve this equation. 

Jex+ 8) = lx+ {(4x - 5) 

SOLUTION 

=> 7x-51 = - 2 

=> ?x-51 +51 = -2 +51 

=> 7x = 49 ~, 

Start by clearing the fractions by multiplying by 6 (the least common multiple 

of2and3). 

Multiply both sides by 6 

Tidy up 
=> 6xf(x+8) = 6x2x+6x{(4x-S) 

=> 3(x+ 8) = 12x+ 2(4x - 5) 
Open the brackets => 3x + 24 = llx+ Bx- 10 

Tidy up =) 3x+24 = 20x-10 
Subtract3xfrombothsides =) 24 = 17x- 10 

Add 10 to both sides =) 34 = 17 x 

Divide both sides by 17 ~, 
0 Why have the variable and the number changed sides on the last line? 

Sometimes you will need to set up the equation as well as solve it. When you are 

doing this, make sure that you define any variables that you introduce. 

EXAM LE .10 Ina triangle, the largest angle is nine times as big as the smallest. The third angle is 60°. 

[ii Write this information in the form of an equation for a, the size in degrees of 

the smallest angle. 

(iii Solve the equation to find the sizes of the three angles. 



SOLUTION 

Let the smallest angle = a". 

So the largest angle is 9a 0
• 

The sum of all three angles is 180° 

~ a+9a+60 =1 80 
~ IOa =1 20 

= 12 

This gives 9a = 108, so the angles are 12°, 60° and 108°. 

, Solve the following equations. 

[ii 2x-3=x+4 (iii 5a+3 = 2a-3 

[iii] 2(x+S) = 14 (iv) 7(2y-5) = -7 ,,, 5(2c-8) = 2(3c-10) [vii 3(p+2) ~4(p-1) 

[viii J(2x- I) = 6(x+2) + 3x [viii] i+7 = 5 

[ix) ~ -
11 - J 

,,, 
~+~ = 35 

[xii ¥-¥=4 [xiii 5p;4_2p2+3 = 7 

[xiii] p+j(p+l ) +i(p+2) = ~ 

2 The length, I metres, of a field is 80 m greater than the width. The perimeter 

is600m. 

[ii Write the information in the form of an equation for I. 
[iii Solve the equation and so find the area of the field. 

3 Louise and Molly are twins and their brother Jonathan is four years younger. 

The total of their three ages is 17 years. 

[ii Write this information in the form of an equation inj, Jonathan's age in 
years. 

[iii Whatarealltheirages? 

4 In a multiple-choice examination of 20 questions, four marks are given for 
each correct answer and one mark is deducted for each wrong answer. There 

is no penalty for not attempting a question. A candidate attempts a questions 

andgetsccorrect. 
[ii Write down, and simplify, an expression for the candidate's total mark in 

termsofaandc. 
[iii A candidate attempts three-quarters of the questions and scores 40. 

Write down, and solve, an equation for the number of correct 

questions. 

I 
z 

I . , . 
1 
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5 John is three times as old as his son, Michael, and in xyears' time he will be 

twice as old as him. 

(ii Write down expressions for John's and Michael's age in xyears' time. 

[iii Write down, and solve, an equation in x. 

6 A square has sides of length la metres, and a rectangle has length 3a metres 

and breadth 3 metres. 

[ii Find, in terms of a, the perimeter of the square. 

[iii Find, in terms of a, the perimeter of the rectangle. 

!iii] The perimeters of the square and the rectangle are equal. Find a. 

7 The sum of five consecutive numbers is equal to 105. Let m represent the 

middle number. 
[ii Write down the five numbers in terms of m. 

[iii Form an equation in m and solve it. 

[iii] What are the five consecutive numbers? 

8 One rectangle has a length of (x+ 2) cm and a breadth of2cm, and another, of 

equal area, has a length of 5cm and a breadth of (x - 3)cm. 

[ii Write down an equation in x and solve it. 

[iii What is the area of each of the rectangles? 

Algebra and number 

Some algebra questions will involve using number skills. 

SOLUTION 

ais75%ofb a = _!1_b 
100 

a = .!__b ID 
4 

b:c = 3:2 b 3 

' 2 

b = I, "' 2 



Substitute <Zl in© a = ~ x ~c 
4 2 

9 
a = 8' 

8a = 9c 

AMPLE1 ,12 p:q =4 :5 

Work out p + 2q: 4q, giving your answer in the simplest form. 

SOLUTION 

Think in terms of parts. 

(ii JOo/oofb 

2 60%ofp =40%ofq 

pis4parts,qis5parts. 

p+ 2qis4+ 2 x 5 = 14 parts 

4qis20parts 

p+2q:4q= 14:20 

=7: 10 

!iii yo/oof450 [iiil co/oofd 

Work out pas a percentage of q. 

3 Write expressions for the following, giving your answers in the simplest form. 
[ii a increased by 20% (iii b increased by 5% 
[iii] kdecreased by 35% [iv] m decreased by 2% 

4 a increased by 80% is equal to b increased by 50%. 

Show that !!_ = 1.2. 

5 p increased by 25% is equal to q decreased by 25%. 

Work out pas a percentage of q. 

6 x:y = 2:3andy:z =4 :9 
Workout x: y: z, giving your answer in the simplest form. 

7 a:b = S:2 

(ii Writeaintermsofb. 

[iii Workout 2a + b: b,givingyour answer in the simplest form. 

[iii] Work out 7a - Sb: 4a, giving your answer in the simplest form. 

8 m:n = 3:8andris20%ofn. 
Workout m: r. 

I 
z 

I . , . 
1 
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Expanding brackets 

EXA LE .1 

A quadratic expression is one in which the highest power of its terms is 2. 

For example, 

x 2 +3 ,, 
2y2 -3y+5 

are all quadratic expressions. 

IJ Why is (x + 5)(2x-J) a quadratic expression? 

Expand (x + 5)(2x- 3). 

SOLUTION 

Expression = x(lx- 3) + 5(2x- 3) 

= 2x2 -3x+ IOx - 15 

= 2x2 +7x-15 

This method has multiplied everything in the second bracket by each term in the 

first bracket. An alternative way of setting this out is used in the next example. 

AMPLE 1.f4 Expand (Jx-5)2• 

SOLUTION 

Expression = (Jx- S)(Jx- 5) 
Jx-5 

Jx-5 

9x2 -15x 

- ISx+ 25 

Writotho squar.,asth< 
productoftwobracketsso)'UU 
dou'tforgctthemiddlotcrm. 



EXAMPLE 1.15 Multiply (x3 + 2x-4) by(x2-x+ 3). 

~ SOLUTION 

Multiply top line by x1 

Multiply top line by (-x) 

Multiply top line by 3 

xl + 2x - 4 
xl - X + 3 

x5 +2x3 -4x2 

-x4 -2x2 + 4x 

3x' + 6x-12 

x5 - x4 +5x3 -6x2+ IOx - 12 

A Keep a separate column for each power of x. Sometimes it is necessary to leave 
gaps. In arithmetic zeros are placed in the gaps. For example four thousand and 

five is written 4005. 

SOLUTION 

(a-2)3 = (a-2)(a-2)2 

Work out (a - 2)2 

(a -2) (a -2) = a(a -2) -2(a -2) 
= a2-2a-2a+4 
= a2-4a +4 

Multiply by (a - 2) 

[ii 

[iii) ,,, 

(a - 2)(a2 - 4a + 4) = a(a2 - 4a + 4) -2(a2 - 4a + 4) 
= a3-4a2 +4a -2a2+ Sa- 8 
= a3-6a2+ 12a -8 

(x+S)(x+ 4) [iii (x +3)(x + I) 

(a +5)(2a- 1) (iv) (2p +3)(3p-2) 

(x+3)2 [vii (2x+3)(2x-3) 

(viii (2- 3m)(m - 4) (vii ii (6 +5t)(2- r) 

(ix] (4-3x)2 ,,, (m-311)2 

2 [ii Multiply(x3 -x2 +x-2)by(x2 + ! ). 

[iii Multiply (x4- 2x2 + 3) by (x2 + 2x- ! ). 

[iii) Multiply(2x3 -3x+S)by(x2 -2x+ ! ). 

(iv) Multiply (x5 + x 4 + x 3 + x2 + x+ I) by (x- 1). 

I 
z 

I . , . 
1 
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(vl Expand(x+2)(x-l)(x+3). ~ 

(vii Expand (2x+ l)(x-2)(x+4). 

[viii Expand and simplify (x+ 1)3. 

[viii) Expand and simplify (p- 5)3. 

[ix] Expand and simplify (la + 3)3 • 

(xl Simplify(2x2 - i )(x +2)-4(x +2 )2. 

(xii Simplify (x2
- l )(x+ l )-(x2 + l )(x-1). 

Manipulating surds 

Simplifying expressions containing square roots 

In mathematics there are times when it is helpful to be able to manipulate square 
roots, rather than just find their values from your calculator. This ensures that 

you are working with the exact value, not just a rounded version. 

AMPLE 1. 17 Simplify the following. 

(ii Jg 

(iii] .Jii - ,JIS 

SOLUTION 

[ii Js =fi7w 
= .fi X .fi X .fi 

= (.fi)' X .fi 

= 2.fi 

[iii "6x../3 =~ 

(ii] Ji X Jj 

[;, ) (4+ Jj)(4 - Jj) 

=~ 

= (/j)' X .fi 

= 3.fi 

(iii] ./ii - Fis =~ - ~ 
= ,.fi _ ,.fi 

= .fi 
J;,J (4 + Jj)(4 - Jj) = 16 - 4Jj + ,J, -(Jj)' 

= 16 - 3 

= 13 

Startbylookingforthc 
largestsquarcnumb<r 
factorsof32andl8. 



Notice that in this last example there is no square root in the answer. 

In the next example, all the numbers involve fractions with a square root on the 

bottom line. It is easier to work with numbers if any square roots are only on the top 

line. Manipulating a number to that form is called mtionalising the denominator. 

D What is a rational number? 

AMPLE 1. 18 Simplify the following by rationalising their denominators. 

2 i Ji [ii T, [iii (iii] 

SOLUTION 

[ii 
2 2 Jj 
r,= T,XT, 

,Jj 
= (,{3)' 

2,/j 
3 

[ii i Ji -Jj -r, 
Jj .F, 

= Ts XTs 

Jj X -JS 
= (-JS)' 

./15 
5 

(ii i Ji -ll - ..fs 
Jj 

=w 
Jj .r, 

= 2./, XT,_ 

Jj X .r, 
= 2(./,)' 

-J6 
4 

I 
z 

I . , . 
1 

15 



I Do not use a calculator for this exercise. 

~ 
1 Simplify the following. . 

[ii Jii (iii ms ;; 
[iii] .J', X 05 [iv] .Js - fi ,,, 3,m-,.jj [vii 4(3+ fi) - 3(5- .Ji) 
[viii 4Fz - ,.Js [viii] 5(6 - .jjJ + 2(3+ 4JjJ 

[ix) 2-ms + ,.Js ,,, ,c,fi- ,..{,1 - 2(3.Ji - s..[,1 

2 Simplify the following. 

[ii (fi- I)' [iii (4 - F](2+fs) 

[iii] (2 - fi)(fi - I) (iv] (fs-..{,J(fs+..{,) ,,, (3+ fi)(S - 2.Ji) (vii cfi - ,1<2fi + 3J 

[viii (JJj - 2)(2Jj - 3) [viii] c.Js-JiJ' 

[ix) (5- J,h)(,./2 - I) ,,, c2Jz + 3>2 

J Simplify the following by rationalising their denominators. 

[ii * [iii Ts 
[iii] 

8 
(iv) l To 

,,, ,J, 
[vii 

J% Ts 
[viii 

21 
[viii] 

5 

T, ,Js 

[ix) fis ,,, 8 

Ti,; Tiis 

Rationalising denominators with two terms 

The next examples show how to rationalise denominators that have two terms. 

EXAMPLE 1. 19 Simplify the following by rationalising the denominator. 

16 



EXAMPLE 1.20 

1 

SOLUTION 

__J,/i_ _ 3.fi X 4 + ,[s 
4- ,/s - 4- ,/s 4+ ,/s 

12.fi +3.fi,[s 
= 16 + 4JS - ,J5 -(J5)' 

= 12.fi + 3,/10 
16 - 5 

= 12..fi. + 3.fw 
11 

. 2Fs - 4 . b.jj b . Wnte 
3
J3 + 

5 
m the form a+ 3 , where a and are mtegers. 

SOLUTION 

,.jj _ 4 ,.jj _ 4 3.jj _ 5 
3J3 +s = ,J3 + s x 313 - s 

"'.jj)' - 10.jj - 12.jj + 20 
= 9(F3)' - 1s.jj + 1s.jj - 2s 

= 1s - 22JJ° + 20 
27 - 25 

= 38 - 22,h 

2 

= 19 - 11,{3 

Do not use a calculator for this exercise. 

1 Simplify the following by rationalising the denominator. 

[ii 
2.jj 

[iii J'i (iii) 
3,{3 

s + fi. 4- fi. .jj + 1 

[iv] 
2+fi. 1, 1 J'i - 3 (vii 

10 + ,h 

~ ~ T,;T, 

I 
z 

I . , . 
1 

17 
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. 3..fi. + 6. W, b . 
2 Wnte~mtheforma + 2, whereaand aremtegers. 

. ,,r, . ,{s d d . 
J Wnte 

4
.Js + 

9 
m the form c 5 + , where c and are mtegers. 

4 Write~ in the formp + :1.-Jj, where p, qand rare integers. 
3+2>./3 r 

Each chapter in this book ends with KEY POINTS, a summary of the essential 

ideas that you should have understood in the chapter. Chapter I, however, is 
fundamental to mathematics and you will need to be confident on all of the 

techniques covered in this chapter if you are to understand the rest of your 

course. These are: 

1 Simplifying algebraic expressions by 
• collecting like terms 
• removing brackets 

• cancelling by common factors 
• expressing them as a single fraction. 

2 When simplifying expressions involving square roots you should 
• make the number under the square root sign as small as possible 

• rationalise the denominator. 



Factor ising 

EXA LE 2. 

Algebra II 

If A equals success, then the formula is A equals Xplus Yplus Z, with 

X being work, Yplay, and Z keeping your mouth shut. 
Albert Einstein 

Factorising an expression involves writing the expression as a product using 
brackets. Simple cases of this were seen in Chapter I in Algebra and number. 

Here, pairs of brackets will be needed. If you have already learnt another method, 
and use it quickly and accurately, then you should stick with it. With practice, you 

may be able to factorise some of these expressions by inspection. 

Factorise xa + xb + ya + yb. 

SOLUTION 

First take out a common factor of each pair of terms. 

xa+xb+ ya+ yb=x(a+ b) + y(a+ b) 

Next notice that (a+ b) is now a common factor. 

x(a+ b) + }{a+ b) = (a+ b)(x+ y) 

In practice this relates to areas of rectangles. 

Figure2.1 

--- x+y_____.. 

, ' 

+:1 :: I: I 
The idea illustrated in figure 2.1 can be used to factorise a quadratic expression 

containing three terms, but first you must decide how to split up the middle term. 

" 
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==•M=P~L~E '=·'~., Factorise x2 + 6x + 8. 

EXAM LE 2.3 

SOLUTION 

Splitting the 6x as 4x + 2x gives 

x2 + 6x + B= x2 + 4x+ 2x + 8 

= x(x+ 4) + 2(x + 4) 

= (x + 4)(x + 2). 

-<--- .t +4-------... 
4 

Figure 2.2 

The crucial step is knowing how to split up the middle term. 

D ls the illustration in figure 2.2 the only possibility? 

To answer this question, notice that 

• the numbers4 and 2 haveasumof6, which is the coefficientofx(i.e. the 

number multiplyingx) inx2 + 6x + 8 

• the numbers4 and 2 have a product of8 which is the comtant term in x2 + 6.x + 8. 

There is only one pair of numbers that satisfies both of these conditions. 

Factorisexl- - 7x - 18. 

SOLUTION 

Pairs of nwnbers with a product of (- 18) are: 

I and (-18) 

2 and (-9) 

3 and(- 6) 
6and (-3) 

9and (-2) 
!Sand (- 1) 

There is only one pair, 2 and (-9) with a sum of (-7), so use these. 

x2 - 7x - 18 = x2 + 2x - 9x - 18 

= x(x + 2)- 9(x + 2) 

= (x + 2)(x - 9) 

Notiathc signchange 
duc tothe - signin 

front of the 9. 



0 Do you get the same factors if the order in which you use the 2 and the (-9) is 
reversed so that you write it >2 - 9x + lx - 181 

NOTE Since the pair of numbers that you are looking for is unique, you can stop listing 
products when you find one that has the correct sum. 

EXAMPLE 2.4 

EXA E 2.5 

Factorise:'2 - 16. 

SOLUTION 

First write 

>2 - 16 = :'2 + 0x - 16. 

Pairs of numbers with a product of (- 16) are: 

1 and (-16) 

2and (-8) 

4 and (-4), .. (stop here) 

= x(x+ 4) - 4(x + 4) 

= (x + 4)(x - 4) 

This is an example of a special case called the difference of two sqriares since 
you have 

:'2 - 42 = (x + 4)(x - 4) 

In general 

a2 - b2 =(a + b)(a - b) 

Most people recognise this when it occurs and write down the answer straight away. 

D Does:'2 + 16 factorise to (x + 4) (x + 4)? 

Factorise4:'2 - 9f. 

SOLUTION 

4:'2 - 9/ = (2x)2 - (3y)2 

= (2x + 3y)(2x - 3y) 

I 
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==•M=P~L~E '=·•-., Factorise fully Y- 36f. 

EXAMPLE 2.7 

EXAMPLE 2.8 

SOLUTION 

The instruction to factorise fully tells you that there is likely to be more than one 

step involved. 

Take out the highest common factor of the two terms 

y' - 36/ = r'(l - 36) 

Use the difference of two squares 

/Cl - ,,1 = /(y+6)(y - 6J 

The technique for finding how to split the middle term needs modifying for 

examples where the expression starts with a multiple of x?-. The difference is that 

you now multiply the two outside numbers together to give the product you want. 

Factorise2x2 - llx + 15. 

SOLUTION 

Here the sum is (- 11) and the product is2 x 15 = 30. 

Options are: 

(- !) and (- 30) (- 5) and (- 6) 

(-2) and (- 15) (- 6) and (- 5) .. (repeats) 

(-3)and(- IO) 

2x?- - I Ix + 15 = 2x2 - 5x - 6x + 15 

= x(2x - 5) - 3(2x - 5) 

= (2x - S)(x - 3) 

FactoriseJx2 - IOxy- Bf. 

SOLUTION 

This expression can be factorised using the same method used in the previous 
example. 

Here the sum is (- 10) and the product is3 x - 8 =-24. 

Option needed is (-12 ) and 2. 

3x2 - 10xy - 8y2 = 3x2 - 12xy+ 2xy - 8y2 

= Jx(x - 4y) + 2y(x - 4y) 

= (3x + 2y)(x - 4y) 

l,. n~ tiwproductmran, 
thatonenumbcrispositive 
andtheotha is negative. 



, Factorise the following expressions. 

[ii ab - ac+ db - de (iii 2xy + 2X + "J' + W 
!iii] 2pq - 8p - 3rq + 12r (iv) 5 - 5m - 2n + 2nm 

2 Factorise the following expressions. 

[ii x 2 + 5x + 6 [iii y 2 - 5y + 4 
[iii] m 2 - 8m + l6 [iv) m 2 - 8m + l5 ,,, x 2 + 3x - lO [vii a2 + 20a + 96 
[viii x 2 - x - 6 [viii] y 2 - 16y+ 48 

[ix) k2 + 10k + 24 ,,, k2 - 10k - 24 

[xii x2 + 3xy+ 2y2 [xiii x 2 + 4xy - 5y2 

[xiii] a2 - ab - 12b2 [xiv) c2 - llcd + 24d2 

J Each of these is a difference of two squares. Factorise them. 

[ii x 2 - 4 (iii a2 - 25 

[iii] 9- p' (iv) i' - f ,,, t 2 - 64 [vii 4x2 - I 

[viii 4x2 - 9 [viii] 4x2-y2 

[ix) 16x2 - 25 ,,, 9a2 - 4b2 

[xii (2a + i )2- a2 [xiii (3x+ i)2- (x + 4)2 

[xiii] (2p - 3)2-(p + 1)2 [xiv) 16 -(Sy - 2)2 

4 Factorise the following expressions. 

[ii 2x2 + 5x+ 2 [iii 2a 2 + lla - 21 

[iii] 15p2 + 2p - I [iv) 3x2 + 8x - 3 ,,, Sa2- 9a - 2 (vii 2p2 + 5p - 3 
[viii 8x2+ IOx - 3 [viii] 2a 2- 3a - 27 

[ix) 9x2 - 30x + 25 ,,, 4x2 + 4x - 15 
(xii zx2+ Sxy + 2y2 (xiii 3x2 + Sxy - 2y2 

[xiii] 5a 2 - 8ab + 3b2 [xiv) 6c 2 + Scd - 4d2 

5 Factorise fully the following expressions. 

[ii x3 - 4x (iii a4 - 16a2 

[iii] 9f - >' [iv) 2x3 - 2x ,,, 4p4 - 9JJ (vii lOOx - K 

[viii 18~- 2, [viii] 8x3 - 50xy2 

(i] Workout92 and(a2
)

2
• ~ 

Rnnem~ rthat(al') • = d'I. 

[iii Show that a4 - 81 is the difference of two squares. 

[iii) Factorisefullya4 - 81. 

Rearranging formulae 

The circumference of a circle is given by 

C = 21tr 

where r is the radius. An equation such as this is often called a formula. 

I ,,. 

i 
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EXAMPLE 2.9 

EXA LE 2.1 

D C is called the subject of the formula. Explain what this means. 

In some cases, you want to calculate rdirectlyfrom C. You want rto be the 

subject of the formula. 

Make rthe subject ofC = 21tr. 

SOLUTION 

Divide both sides by 21t => ~ = r 

=> r=£ 
2n 

A Notice how the new subject should be on its own on the left-hand side of the 
new formula. 

Make x the subject of this formula. 

h= ~ (x' + y' ) 

SOLUTION 

Square both sides 

Subtract f from both sides 

Lead with the :.? term 

h' = x' + y 
=> h2- f = x2 

x' = h' - y' 
Take the square root of both sides => x = ±~(h' - y' ) 

0 What would you do with the ± sign in the case where h is the hypotenuse of a 

right-angled triangle with x and y as the other two sides? 

EXAMPLE 2. 11 Make a the subject of this formula. 

SOLUTION 

Subtract u from both sides => 

Divide both sides by t 

Write the answer with a 

on the left-hand side 

v - u 
=> - = a 

t 
V - 11 

a = -
t 



Ol!D:Elf.llllll In this exercise all the equations refer to real sifllations. How many of them can 

you recognise? 

1 Make [i) u liil a thesubjectofv = u + ar. 

2 Make b the subject of A = { bh. 

3 Make I the subject of P= 2(1 + b). 

4 Make rthe subject of A = xr2. 

5 MakecthesubjectofA = {(b + c)h. 

6 Make h the subject of A = rrr2 + 2xrh. 

7 Make I the subject of T = 3r-. 
8 Make [i) u [ii) a thesubjectofs = ut + fat 2

• 

9 Makexthe subjectofv2 = w2(al - .x2). 

The following examples show how to rearrange a formula when the letter that is 

to be the subject appears more than once. 

"'-"XAo,M,cPL"'E"2.,,.12._.. Make t the subject of this formula. 

at = 3(t + 2) 

SOLUTION 

Expand the brackets at = 3t+ 6 

Collect all the terms in ton one side => at - 3t = 6 

Factorise => t (a - 3)= 6 ~ 
6 The brachts ar~ notncc,dcd 

Dividebothsidesby (a - J ) ~ t = - inthedenominator. 
" - 3 

'="'""''"'""'''-""'-"' Make x the subject of this formula. 

x + 2 
y = T+"3x" 

SOLUTION 

Multiply both sides by ( I + 3x) 

Expand the brackets 

Collect all the terms in x on one side with 

all the other terms on the other side 

Factorise 

Divide both sides by (3y - I) 

-=> y(l + 3x) = x + 2 

y + 3xy= x + 2 

3xy - x = 2 - y 

~ x (3y - 1) = 2 - y 

X = 2.=..l._ 
3y - 1 

I 
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Gl!Dilmf.11. 1 Makemthesubjectof3m = x(m + 2). 

2 Makeythesubjectof5y - 2x = xy. 

3 Make bthe subject of 4(a + b)= 3(a - b). 

4 Make h the subject of S = 2n:r2 + 2rrrh. 

x + I 
5 Make x the subject of y = ~. 

6 Make cthe subject of d(2 + c) = I - Jc. 

7 [ii Maketthesubjectof x = t~J. 

(iii Hence, or otherwise, work out the value of twhen x = 3. 

8 [ii Make p the subject of r = Jp + 2 . 
2p + 3 

(iii Hence, or otherwise, work out the value of pwhen r= - 1. 

fMlkliifij ti1 

(iii 

Show that (x + 3)2 = x2 + 6x + 9. 

Hence, make xthe subject of y = x2 + 6x + 9. 

fMlkliifij ti1 

[iii 

Show that (x - 5)2 + 4 = :l- - IOx + 29. 

Hence, make xthe subject of p= x2 - I Ox + 29. 

Simplifying algebraic fractions 

0 What is a fraction in arithmetic? 

What about in algebra? 

Fractions in algebra obey the same rules as fractions in arithmetic. 
These cover two pairs of operations: x and +, and + and - . 

D When can you cancel fractions in arithmetic? 

What about in algebra? 

What is a factor in arithmetic? 
What about in algebra? 



EXAM LE2,1 Simplify the following. 

[ii_!! 
24 

SOLUTION 

[i] 18 
1
,6 X 3 3 

M=~ =4 
I 

[iii 2x + 2 

3x + 3 

[iii 2x + 2 2 y:.-+1} 2 
3x +3= 3J..l:--t'1) =J 

I 

A O Look at this calculation for [iii. 

Why is it wrong? 

a2 - a - 6 ~(a + 2) a + 2 
[iii) a 2 - 8a + 15 = J9.--f}(a - S)= --;;--=s 

A O Look at this answer to [iii]. 
Why is it wrong? 

EXAMPLE 2.15 Simplify the following. 

[iii) 
al - a - 6 

al - Sa + lS 

[ii ~x_!_ (iii ~_,__!_ [iii] 3a'b x~ 
3 14 4 · 16 2c 9ab 

[iv)~ + ~ 
n + 1 nl - I 

SOLUTION 

[i] ~X_!_ = ~ = ~ 
3 14 1 X 7 7 

(iii ~ + _!_ = ~ x ~ = ± 
4 16 4 9 3 

(iii) 3albx~ = 2a,2 
2c 9ab 3 1 1 

[iv) ~ + ~ - ~ (2n - 3) x..(P--f1J(n - 1) 
n + l 11 2 - 1 - .(p---1'1) ~ 

I I 
= (2n - 3)(n - 1) 

I 
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D A Look at this answer to [iv]. ~---- -----.__, 

Why is it wrong? 

D What is a common denominator? 

To add or subtract fractions it is first necessary to find a common denominator. 

EXAMPLE 2.16 Simplify the following. 

2 3 
(ii - + -

3 4 

2 5 
[iii]~+ ~ 

SOLUTION 

5x X 
(iii - + -

6 4 

" 2 
[iv)~ - ~ 

til 3- + I = ~ + ~ = !:_ 
3 4 12 12 12 

[iii ~ + ~ = ~+ ~ = ~ 
6 4 12 12 12 

A Notice that the common denominator is the lowest common multiple of 

the original denominators. 

[iii] -
2 - + - 5 - = ~ + ~ 

(x + I) (x - I) (x + l )(x - I) (x + l)(x - I) 

2x - 2 + 5x + 5 

(x + l)(x - 1) 

7x + 3 

(x + l)(x - 1) 

a 2 a 2 
(iv] ~ - ~ = (a - l )( a + l)- ~ 

a l (a-1) 

(a - l )( a + I) - (a - !)( a + I) 

a - 2a + 2 

(a - l )( a + I) 

2 - , 
(a - l )( a + l ) 



II What is the lowest common multiple of the following? 
(al 6and4 

[bi (x2 - I)and(x2 - 4x + 3) 

[ii 2(x + 3) 
4x + 12 

!iii] ~~x_+ ;> 
2p 

[vl 6p - 2p2 

[viii x2 - 4x + 3 
2x - 6 

, + 2 
[ix) 

ai - a - 6 

9x2 
- I 

[xii 
9x + 3 

2 Simplify the following. 

3a b1 

[ii - x -
bl 6a 

[iii] ~ + 4x2 _ 4 
2x x 2 

[vl x
2 

- 4x + 4 x ~ 
x 2 - 2x x 2 - 4 

[viii 4P
2

+ llx~ 
p - 3 p2 + 3 

J Simplify the following. 

[ii 3a a 
5 4 

2 1 
[iii]~ - ~ 

2 3 1,1 -- +-­
a2 + a a2 - a 

[viii p/_1 - p~I 

4x - 8 
(iii 

(x - 2)(x + 8) 

(iv) 
6xzy1 

~ 

(vii 
4abi 

IOa 3b 

x 2 + xy 
(viii] x 2 _ y2 

3x2 + 15x 1,1 
!Ox + 2x2 

Jx2 + Jxy 
[xiii 6xy + 6y2 

(ii) xy - y2 X ____!__ 
y x - y 

[iv) 3a
2 + a - 2 + 6a

2 
- a - 2 

2 8a + 4 

2x - 1 2x2 - x - l 
[vii 

x + 1 x1 + Jx + 2 

(viii] ~7x2 - 6x + 9 
x + l x 2 + x - 2 

[iii 5 4 

3, " 

4 3 
(iv) 

p - 2 lp + I 

[vii ~ + --2'.'_ 
x - y y - x 

[viii]!!....=!?_ + ~ 
a + b a - b 

I 
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D What is the difference between simplifying fractions and 50/vingan equation 

involving fractions? 

Solving equations involving fractions 

EXAM LE 2.1 

When you solved the equations in Chapter I, you used mathematical operations 

such as +,-, x and 7 to find the value of the variable. The same principle applies 

for solving equations involving fractions. 

Solve the following. 

x + 2 x - 6 
15 =~ 

SOLUTION 

The LCM of 6 and 2 is 6, so multiply by 6. 

1,e'x~ = 3tx (x - 6) 

1 { 

A O When you multiply a fraction, you only multiply its numerator 

(top line). Why? 

D How does this help? 

x + 2 = 3x - 18 
20 = 2x 

x = 10 

EXAMPLE 2. 18 Solve the following. 

x + 2 X 
- + 3 = -

6 5 

SOLUTION 

The LCM of 6 and 5 is 30, so multiply by 30. 

S (x + 2) 6 
X 

)0 x ~ + 30x3 = )0 xJi 



A O Look at this version of the first stage of the solution. 
Why is itwrnngl ,.-------) 

ij ,0,("'J,)+ s o30x;; I 
5x + l0 + 90 = 6x 

x = 100 

EXAMPLE 2. 19 Solve the following. 

5 la I 
~ - ~ =2 

SOLUTION 

First factorise (a2 - i ) as (a + l )(a - 1). 

0 How does this help? 

5 2a I 
~ - (a + l)( a - 1) =2 

Multiplyby2 (a + I)(a - 1) 

I 5 I I 2a 
2~(o - l) x ~

1
- 2~~x ~~ 

IO(a - 1)- 4a =(a+ l )( a - 1) 
10a - l0 - 4a = a2 - I 

0 = a2 - 6a + 9 
0 =(a - 3)( a - 3) 
a = 3 (repeated root) 

(ii x - ~ = ~ 
5 3 

(iii 

[iii] 1 2 
- = 3 - - [iv) 
X x + l 

2 1 1 
1,1 -- + - = - [vii 

3x - I x + S 2 

[viii 
1 13 
- + p + I = -
p 3 

[viii) 

= i (a + l)( a - l) x * 

2 3 
- - - = 2 
0 4o 

3x + 2 x - 1 
--- - = 3 

2 5 

2 5 
- - -- = 0 
0 la - I 

1 2x 
! + - = -

x - 1 x + l 

I 
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2 A formula used in physics is 

I I I 7= - + -

where f is the focal length of a mirror, u is the distance of the object from the 

mirror, and vis the distance of the image from the mirror. 

For a mirror with focal length 20cm, find the distance of the object from the 

mirror when the image is twice as far away from the mirror as is the object. 

Quadratic identities 

When considering a quadratic expression it will sometimes be useful to write it 

using (x- a)2, where a is a constant. Some uses of this approach will be seen later 

in sections on quadratic equations and quadratic graphs. 

NOTE The identity symbol(=) is used when two expressions are equal for all values of x. 

For example x + x = lx. 

EXAMPLE 2.20 Work out the values of p and qsuch that:? - 6x + 2 = (x- p)2 + q. 

SOLUTION 

Expand the bracket x?--6x+2= x?--2px + p2 + q ~~~~-~ 

Equate coefficients of x 

Equate constants 

- 6=-2p 

3 = p 

2 = p2+q 

2 = 9 + q 

- 7 = q 

p = 3 and q=- 7 

(x - p)' (x - p)( x - p) 
= x'- px - px+p' 
= x' - 2px+p' 

EquatecodJkirntsof x rneam 
makingequalchenurnberofxon 

eachsideoftheidrntity. 

EXAM PLE 2.21 Work out the values of a, band csuch that 2:?- + bx+ 5 = a(x - 3)2 + c. 

SOLUTION 

Expand the bracket 2x?- + bx+ 5 = a(x?- - 6x + 9) + c 

Equate coefficients of x?­

Equate coefficients of x 

Equate constants 

: ax?- - 6ax + 9a + c 

2= a 

b=-6a 
b=-12 

5 = 9a + c 
5 = IS + c 

- 13 =c 
a= 2, b=-12 and c=-13. 



AMPLEZ.22 Work out the values of a, band csuch that 3x2+ 5x - I : a(x + b)2 + c. 

SOLUTION 

Expand the bracket 

Equate coefficients of x1 

Equate coefficients of x 

Equate constants 

3x2 + Sx - 1 = a(x2 + 2bx+ Er )+ c 

= nx2 + 2abx + ab2 + c 

3 = a 

5 = 2ab 

5 = 6b 
5 
6 = b 

- J = ab2 + C 

-1=3x(ir+ , 
25 

- 1 = 3x - + c 
36 

25 
- 1 = - + c 

12 

_ E_ = C 

12 

a = 3, b = ~ and 
6 

C =-~ 
12 

1 Workout the values of a and bsuch that:?- + 8x + 10 = (x + a)2 + b. 

2 Workout the values of cand dsuch that x2 - ex + 7 = (x - 1)2 + d. 

3 Work out the values of p and q such that x2 - 12x - 4 = (x - p)2 + q. 

4 Work out the values of a and b such that x2 + Sx - 2 = (x + a)2 + b. 

5 Work out the values of p and q such that 5 + 4x - x2 : p- (x - q)2. 

6 Workout the values of cand dsuch that 2 - x - x2 = c- (x + d)2. 

7 Workout the values of a, band csuch that 2x2 + bx+ S = a(x + 2)2+ c. 

B Workout the values of a, band c such that 5x2 + 30x + 10 = a(x + b)2+ c. 

9 Workout thevaluesofp, qand rsuch that 3x2 - 12x + 14 = p(.x+ q)2 + r. 

10 Workout the values of a, band c such that 3x2 - bx+ I = a(x - 4)2+ c. 

11 Workout the values of a, band csuch that 6 + bx - 2x2 = c- a(x - 1)2. 

12 Workout thevaluesofp, qand rsuch that 5 - 12x - 2x2 = p- q(x+ r)2. 

13 [ii Workout the values of a and bsuch that x2 - Sx + 20 = (x - a)2 + b. 

(iii Hence, make x the subject of y = x2 - Sx + 20. 

14 (ii Workout the values of p, qand rsuch that 3x2 + 6x + I = p(.x+ q)2+ r. 

[iii Hence, makexthesubjectofy = 3x2 + 6x + I. 

I 
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I 1 Factorising quadratic expressions. 

2 Changing the subject of an equation. 
J When simplifying an algebraic fraction involving addition or subtraction you 

need to find a common denominator. 

4 When solving an equation involving fractions you start by multiplying 
through by the LCM of all the denominators to eliminate the fractions. 

5 Quadratic expressions can be written in the form a(x - b)2 + c. 



Algebra Ill 

Others have done it before me. I can, too. 
CorporalJohnFauncelAmericansoldier) 

Function notation 

EXAMPLE 3. 1 

Hereisaflowchart. 

Input Output 

FigureJ.1 

For an input of 5, 5 -+ 25 -+ 27 the output is 27. 

For an input of-2, -2-+ 4-+ 6 the output is 6. 

For an input of x, x-+ x1 -+ x1 + 2 the output is X" + 2. 

This leads to the use of function notation 

For an input of 5, 

f(x)=x2+2 

f(5)=52 +2 
=25+2 

=27 

For an input of-2, f(-2) = (-2)2 + 2 

f(x) = 10 - 4x and g(x) = x3 

[ii Workoutf(-l)andg(~J· 

(iii) Solve g(x) =-64. 

SOLUTION 

[ii f(-1) = 10 - 4(-1) 

= 10 + 4 
= 14 

•(±HH 

=4+2 

=6 

(iii Work out an expression for f(3x). 

35 
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[iii f(Jx)= 10 - 4(3x) 

= I0 - 12x 

[iii] g(x) =-64 

K=-64 

x=~ 
=-4 

Workout 

(ii f(-4) [iii f(0.6) [iii) g(J) [iv ] g(-1) [vl f(O) (vii g(O). 

2 f(x) =3.x2andg(x) = ~ 
Workout 

(ii f(2) (iii f(-5) (iii) g(2) (iv] g(-1.5) (v] s( ±) (vii s(-f). 
J f(x)= 8 -3xandg(x) = 4(x+3). 

Solve 

Iii f(x)= O !iii g(x)=20 (iii) f(x)=g(x). 

4 h(x)=3x -2 

Work out expressions, giving answers in the simplest form, for 

[ii h(2x) [iii h(x+ I) [iii] h(x2). 

5 f(x)=.x2+5x- I 

Work out expressions, giving answers in the simplest form, for 

(ii f(3x) [iii f(x- 2). 

6 g(x)= \:
6 

[ii Work out g(3). !iii Solve g(x) = 3. !iii Solve g(2x) = I. 

Domain and range of a function 

Domain of f(x) 

The set of input values is the domain off(x). 

When a function is defined it will include a domain. If a domain is not stated it 

can be assumed that the domain is all real values of x. 

f(x)=2x-3 x > I The domain is x > I. 

g(x) =-:; X '# 0 The domain is all real values of x apart from 0. 

IJ Why is it not possible for x= 0 to be in the domain of g(x) = _!_ ? 



EXA LE 3.2 

Range of fix) 

The set of output values is the range off(x). 

The range will always depend on the domain. 

The range is given as a set of f(x) values as shown in the following examples. 

f(x) = X- for all real values of x. 

Work out the range off(x). 

SOLUTION 

The value of X- is positive or zero for all real values of x. 

Range is f(x);;,, 0. 

NOTE Domain and range can be seen on a sketch graph off(x) = X-. 

\ ''') ) 
~ 

Figure J.2 

Cf·J!iiiilh~·Hii•lll•i•~ Sketch the graph of g(x) = -:; x ~ 0. 

Use the graph to work out the range of g(x). 

EXAMPLE 3.3 f(x)= 6 - 4x - 2 O!Six0Si3 

Work out the range off(x). 

SOLUTION 

A sketch of f (x) = 6 - 4x for the given domain is 

(-2, 14) 

FigureJ.3 

Rangeis - 6 OSi f(x) OSi 14. 

I 

37 



I 1 Work out the range off(x) in each of the following. 

[ii f(x) = 3x x < 2 [iii f(x)= x+4 x ;a. 1 
[iii] f(x) = 2x+4 x;;,, - J [iv) f(x) = 10 - x x.o;; 4 
1,1 f(x) = 2x I ""-x,.,;; 5 [vii f(x)=x-3 0 <x < 10 

(viii f(x) = 5 - 2x x;;,, - J [viii] f(x)=3- 4x - 2 O!Si x ,s;;J 

2 Work out the range of f(x) in each of the following. 

[ii f(x) = x2 - 2 o;;x.,; 2 [iii f(x) = x2 0 < x < 4 
[iii] f(x) = xl x;;.o (iv) f(x)=.0 - Jo;;xo;;J 

J In each of the following, a sketch of a function, f(x), is shown. 

Write down the domain and the range for f(x). 

(ii ,., 

/''' 
(1.3) 

[iii 

(-4.2) 

(4,0) 

[iii] 

(3,2) 

(- 2,l) 

38 



Graphs of functions 

Drawing a graph 

If asked to draw a graph you should use graph paper. The axes should be 

numbered. The graph should be drawn passing through the correct points. 

Here is a drawing of the graph of y = 2x+ I for values of xfrom - 2 to 4. 

Figure3.4 

Sketching a graph 

If asked to sketch a graph you should not use graph paper. Axes should be drawn 

and only certain numbers need to be marked on the axes (e.g. points where the 

graph crosses the axes). 

The correct shape of the graph should be shown and it should be in the correct 

position relative to the axes. 

This means that the main features of the graph are shown although there is no 

requirement to plot points accurately. 

I 
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,.. 

Here is a sketch of the graph of y= 2x+ I. 

Nodomain (xva lue)was 
givensoaxesshouldbedra"11 

10showallfourquadran1s. 

Figure3.5 

Graphs of linear functions 

The gradient of a line 

In mathematics the word line refers to a straight line. The slope of a line is 

measured by its gradient and the letter m is often used to represent this. 

D What information do you need to have in order to fix the position of a line? 

: (8,6) 

:~ 

Figure3.6 

gradient = change in y co-ordinate from P to Q 
change in x co-ordinate from P to Q 

6 - 3 3 I 
In figure 3.6, gradient = g-=z = 6 = 2. 



(l!lmiil:fllll On each line in figure 3.7, take any two points and use them to calculate 

the gradient of the line. 

Figure3.7 

You can generalise the previous activity to find the gradient m of the line joining 

(xt' Yi) to (x2, Yi). 

0 Does it matter which point you call (x1,y1) and which (-Xi,y2)? 

You can easily tell by looking at a line if its gradient is positive, negative, zero or infinite. 

FigureJ.8 

I 
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EXAMPLE3.4 

42 

The equation of a straight Lin e 

Find the equation of the straight line with gradient 2 through the point with 
co-ordinates(O, 1). 

SOLUTION 

(x,y) 

FigureJ.9 

Take a general point (x,y) on the line, as shown in figure 3.9. The gradient of the 

line joining (0, I) to (x,y) is given by 

gradient = 1'.__-=---!_ = 1:'...-=--!. 
X - 0 X 

Since you are given that the gradient of the line is 2, you have 

y - 1 -----;- =2 ~ y=2x+ I. 

Since (x, y) is a general point on the line, this holds for any point on the line and 

is therefore the equation of the line. 

This example can be generalised to give the result that the equation of the line 
with gradient m cutting they axis at the point (0, c) is 

~ = m 
x - 0 

y= mx+c. 

This is a well known standard form for the equation of a straight line. 



Drawing or sketching a Line given its equation 

There are several standard forms for the equation of a straight line. When 
you need to draw or sketch a line, look at its equation and see if it fits one of 

these. 

Equations of the form x= a 

Equations of the form y = mx 

Equations of the form px+ qy+ r= 0 

3x+4y 

FigureJ.10 

Equations of the form y = b 

' 
4 

parall<l tothcxaxis. 

y =3 

Equations of the form y = mx +c 

Graphs of equations in this form will usually be sketched by finding the 
co-ordinates of the points where the line crosses the x and y axes. 

I 
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I II [ii Rearrangetheequation3x + 4y - 12 = 0intotheform ~ +1'..= I. 
(iii What are the values of a and b? a b 

EXA LE 3.5 

I 

(iii] What do these numbers represent? 

Sketch the lines y= - 2, y= 3x- 2 and x+ 3y- 9 = 0 on the same axes. 

SOLUTION 

The line y = -2 is parallel to the xaxis and passes through (0,-2). 
The line y = 3x- 2 has gradient 3 and passes through (0, -2). 

To sketch the line x + 3y- 9 = 0 find two points on it. 

x =O ~ 3y-9 = 0 ~ y = 3 (0,3)isontheline 

y =O ~ x-9 =0 ~ x=9 (9,0)isontheline 

Figure 3.11 shows the triangle ABC formed by the three lines. 

Figure3.11 

, For each of the following pairs of points, A and B, calculate the gradient of the 

lineAB. 
[ii A(4,3) B(S, 11) [iii A(J,4) B(O, 13) 
[iii] A(S,3) B(I0, -8) [iv) A(-6, - 14) B(l, 7) 

1,1 A(6,0) B(S, 15) (vii A (-2,-4) B(J,9) 

[viii A(-3,-6) B(2,-7) [viii) A(4,7) B(7,-4) 



2 Sketch these lines. 

[ii x = S (iii y = -3 [iii] y = 4x 
!iv] y = -3x 1, 1 y = 2x+3 [v ii y = -x+ 2 

[v iii r=!x-1 [v iii] y = -lx- 1 [i x ) r=!x+i 
1, 1 y = 3x-2 [x ii y = lx-3 [x iii x+y-1 = 0 
[x iii] lx+y-4 = 0 [x iv) x- 3y+ 6 = 0 [xv i 2x-3y = 12 
[xv i] y-3x+9 = 0 (xvi ii 3x = 2y-6 [xv iii) 5x-4y+3 = 0 

If you have access to a graphic calculator, you can use it to check your results. 

Finding the equation of a line 

The simplest way of finding the equation of a straight line depends on what 

information you have been given. 

Given the gradient, m, and the co•ordinates (x1, y1) of one 

point on the line 

Take the general point (x, y) on the line, as shown in figure 3.12. 

~ 
(x,y) 

::: 
? 0 

Figure3.12 

The gradient m of the line joining (xl' y 1) to (x,y) is given by 

m = y-yt 
x-x

1 

=c> y-y
1 

= m(x-x
1
). 

This is a standard result, and one you will find very useful. 

==•M=P~L~E ='·'-., Find the equation of the line with gradient 2 which passes through the point (-1, 3). 

SOLUTION 

Usingy-yi = m(x-xi) 

~y-3=2(x-(-1)) 
~y-3=2x+2 
~y = 2x+5. 

In the formula 

y- Yi = m(x- x1) 

two positions of the point (x1, Yi) lead to results you have met already. 

I 
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I (x1,y1) isat (O,O) 

'11- ,J~ 
L__ t______ 

Q X Q X 

Figure3.13 

Given two points (x1, y 1J and (x2, y2) 

Figure3.14 

The two points are used to find the gradient 

m = Y2-Y1. 
x2-x1 

This value is then substituted in the equation 

This gives 

y- Yi = ;: = :: (x- x1). 

Rearranging this gives 

y-yl = ~ 
Y2-Y1 x2-x1 

y-y1 = Y2-Y1. 
x-x

1 
x

2
-x

1 



EXAM LE 3. 

EXA E 3.8 

Find the equation of the line joining(-!, 4) to (2, -3). 

SOLUTION 

gives ....l'...=..!.. - x- (-1) 
(-3)- 4 - 2- (-1) 

y- 4 x+ I 
(-7) ~ 3 

3 (y- 4) = (-7)(x+ I ) 

7x + 3y- 5 = 0. 

Applying the different techniques 

The following examples illustrate the different techniques, and show how these 

can be used to solve a practical problem. 

Find the equations of the lines [a l to [e l in figure 3. 15. 

Figure3.15 

SOLUTION 

Line [al is parallel to the x axis and passes 

though (0, 3) 

= equation of [a l is y = 3. 

' 
4 

y=J 

-] Q [ 2 J 4 X 

I 
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Line [bi is parallel to the yaxis and 

passes through (-1, 0) 

= equationof [b]isx = -1. 

Line [cl passes through (O, 0) and has 

gradient2 

~ equation of [c] is y = 2x. 

Line [di passes through (O, 2) and has 

gradient(-!) 

= equation of [d] is y =-x + 2. 

Line [el passes through (0,-4) and has 

gradienti 

equation of [el is y = 1 x- 4. 

This can be rearranged to give 

x-3y-12 = 0. 

' 
4 

' 
4 

' 
3 

] 2 3 X 

y=2x 

y=-x+2 

-[ Q [ 2 J 4 X 

Figure3.16 



2 Find the equations of these lines. 

(ii Gradient 3 and passing through (2,-1 ). 

(iii Gradient 2 and passing through (0, O). 
(iii] Gradient 3 and passing through (2,-7). 

(iv] Gradient 4 and passing through (4, 0). 

(vl Gradient -~ and passing through (1,-2). 

(vii Gradient-f and passing through (0, 6). 

I 
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J Find the equation of the line AB in each of these cases. 

Iii A(2,0) B(3, I ) 

!iii A(3,-1) B(0,4) 

[iii] A(2,-3) B(3,-2) 

[iv ] A(-1,3) B(4,0) 

[v l A(3,-5) B( I0,-6) 

[v ii A(-1,-2) B(-4, -8) 

Graphs of quadratic functions 

I 
I 

Copy and complete the table of values and draw the graph of y = x1- 5 for 
values of xfrom - 3 to 4. 

I X 1-J 1-, 1-l I ~5 1
1 

I ~I I 
3 

I 
4 

I 
Copy and complete the table of values and draw the graph of y = 4x -:.?- for 
values of xfrom - 2 to 6. 

The shape of the graph of y = ax1 + bx+ c is a parabola. 

The sign of the coefficient of x? determines the direction of the curve. 

P is the lowest point on the graph. 
P is the vertex. 

Q is the highest point on the graph. 
Qisthevertex. 

V 
p 

FigureJ.17 

(\ 
FigureJ.18 



EXAMPLE 3.9 

Symmetry 

Quadratic graphs will have a line of symmetry when drawn using an appropriate 
domain. 

Here is the graphofy= x2 -2x- 3 for domain -2,,;;: x,,;;: 4. 

@•11 
R _,-

Figure 3.19 

The line of symmetry has equation x = I and passes through the vertex. 

Here is a sketch of the graph of y = 9 - x2 for domain - 4 ,,;;: x,,;;: 4. 

Figure3.20 

~ 
~ 

The line of symmetry is they axis and passes through the vertex. 

The following example shows how completing the square can be used to find the 

vertex and the line of symmetry of a quadratic graph. 

Forthegraphofy = x2+6x+ !!,state 

[ii thevertex 

[ii i the equation of the line of symmetry 
[iii) the co-ordinates of the point where the graph intersects the yaxis. 

Sketch the graph. 

I 
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SOLUTION 

Write the quadratic expression in the form (x+ a)2 + b. 

x2+6x+ ll • (x+a)2+b 
• x2+2ax+a2 +b 

Equate coefficients of x 6 = 2a 
3 = a 

Equate constants 

[ii The vertex is (-3, 2). 

11 = a2 + b 
11 = 9+b 
l = b 

[iii The equation of the line of symmetry is x= - 3. 

[iii] When x = O,y= I !,co-ordinates of the point are (0, 11 ). 

Figure3.21 

GIIDilmEIJ. 1 Which equation fits each of the quadratic curves [al and [bi ? 

Choose from the equations shown. 

,,, 
y = x2-2x+ 4 
y = 5- x2 
y = 3x-x2 
y = x2-2x-3 



2 Which equation fits each of the quadratic curves [al and (bi ? 

Choose from the equations shown. 

\: 
[al [bl ', 

J For the graph of y = :?- + lx + 3, work out 
[ii thevertex 

[iii the equation of the line of symmetry 

y = :?- + 3x + 4 

y = 4-7x - 2x2 
y = :?-+lx 
y = 4x -x2 

[iii] the co-ordinates of the point where the graph intersects the yaxis. 

Sketch the graph. 

4 For the graph of y = :?- - 4x + 5, work out 
[ii the vertex 

[iii the equation of the line of symmetry 
[iii] the co-ordinates of the point where the graph intersects the yaxis. 

Sketch the graph. 

5 Forthegraphofy= :?--6x+7,workout 
[ii the vertex 

[iii the equation of the line of symmetry 
[iii] the co-ordinates of the point where the graph intersects the yaxis. 

Sketch the graph. 

6 [ii Showthat6-4x-x2= JO -(x+2)2• 

[iii Write down thevertexofthegraph ofy = 6-4x- :?-. 
[iii] Write down the equation of the line of symmetry of y = 6- 4x- :?-. 
[iv] Write down the co-ordinates of the point where the graph y = 6- 4x-x2 

intersectstheyaxis. 

[vl Sketchthegraphofy=6-4x-x2. 

I 
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Graphs of functions with up to three parts to their domains 

A function may be defined with more than one part to its domain. 

Here are two examples. 

f(x) = x+ I -2 ,S.x< I 

~ ~, I ,o;;;x..;; 4 

g(x) = 3 0 ,S.x<2 

~ = 7-lx 2 ,S.x<S 

= 3x+ 12 5 es;x..;;6 

EXAMPLE 3. 1 D Draw the graph of y = f(x) where 

f (x) = 4 - 4..;x <-2 
=X- -2 .o;;x<2 
= 8-lx 2 eSix,s;: 4 

SOLUTION 

The graph is drawn for each part of the given domain. 

y = 4 is a horizontal line. 

y = X- is a quadratic curve. 
y = 8- 2xis a straight line with gradient-2. 

Figure3.22 



EXAM LE 3. Here is the graph of y = f(x). 

Figure3.23 

[ii Define f(x), stating clearly the domain for each part. 

[ii i State the range off(x). 

SOLUTION 
[ii ForO .o:;;x< 2 

2 - 0 
gradient = z=o 

C I 

Line passes through (0, O) so y = x 

For 2 .;;x< 4 

For4 .;;x..:;; 8 

horizontal line so 
2-0 

gradient = ~ 

2 

- 4 

I 
- 2 

y = 2 

Line passes through (8, 0) so 

f(x) = x o .;;x<2 

2..:;; x <4 

4 .;;x.;;s 

y-0=-± (x-8) 

y=-±x+ 4 

[ii i The range is obtained by looking at the yvalues on the graph. 

0 o;;f(x).;; 2 

I 
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I Draw the graph ofy = f(x) where 
f(x) = 2 -2.;;x< I 

= 2x I o;;xo;; 3 

2 Draw the graph ofy = f(x) where 
f(x) = xl o.;;x<J 

= 9 3 o;;xo;; 5 

J Draw the graph ofy = g(x) where 

g(x) = x+J -J.;;x<O 

= 3-x O .;;xo;;J 

4 Draw the graph ofy = f(x) where 

f(x) = Jx-1 -2 .;;x< I 

= 3-x J .o;;x<4 

= - 1 4 o;;x.;; 6 

5 Draw the graph ofy = f(x) where 

f(x) = lx -2.;;x< O 

= _!_ x 
2 

= 5-2x 

0 eSix<2 

6 Draw the graph of y = g(x) where 
g(x) = -4 -J.o;;x<-2 

=-:?- -2 o;;x<2 

= Jx-10 2 es;x.;; 4 

7 ~ere is the graph of y = f(x). 

[ii Define f(x), stating dearly the domain for each part. 
[iii State the range off(x). 

[iii] Solve f(x) = 5. 



8 Here is the graph of y = f(x). 

-J -2 I I 2 3 4 5 _, 

-3 

(ii Define f(x), stating dearly the domain for each part. 
Iii) State the range off(x). 
liiil Solve f(x) = 3. 

9 The graph of y = f(x) is shown. 

-, 

3 2 I I 2 l 4 S 

- 2 

-3 

(ii Define f(x), stating dearly the domain for each part. 
Iii) Work out the area between the graph and the x axis. 

I 
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10 The graph of y = g(x) is shown. 

[ii Define g(x), stating dearly the domain for each part. 

[iii Workout the area between the graph and thexaxis. 

1 A function maps an input, x, to an output, f(x). 

2 The set of input values is the domain off(x). 

The set of output values is the range of f(x). 

J To draw a graph, use graph paper. 

4 To sketch a graph, do not use graph paper. 

5 The gradient of the straight line joining the points (x1, y1) and (x2, y2) is given 

by 

6 The equation of a straight line may take any of these forms. 
• line parallel to they axis: x = a 
• line parallel to the x axis: y = b 
• line through the origin with gradient m: y = mx 
• line through (0, c) with gradient m:y = mx+ c 
• line through (x1,y1) with gradient m:y-y

1 
= m(x-x

1
) 

• line through (xpy1) and (x2,y2): 

L=..li_ = ~ or 1'...=...li = 1i..=li 
Yi -yl X2 -Xi X-Xi X2 -Xi 

7 The shape of a quadratic graph is a parabola. 



Algebra IV 

Cogito ergo sum. (I think, therefore I am.) 

Quadratic equations 

Solving a quadratic equation by factorising 

"E"'X°'A=·, .,.,.-., Solvex1 +3x- 18 = 0. 

SOLUTION 

xl+Jx-18=0 
=> x2+6x-3x- lB = 0 
==> x(x+6)-3(x+ 6)= 0 

(x + 6)(x- 3) = 0 

Rene Oescartes(1596- 1650) 

The only way this expression can ever equal zero is if one of the brackets equals 

=> either (x+ 6) = 0 or (x- 3) = 0 
::c>x=-6 orx =3 

Figure4.1 

y= x2 +3x-l8 

NOTE The so/11tion of the equation is the pair of values x=-6 or x= 3. The roots of the 

equation are the individual values x= -6 and x= 3. 

A Before starting to solve a quadratic equation, you must make sure that all terms 

of the quadratic expression are on the left-hand side of the equation. 
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I EXAM LE A,2 

EXAMPLE4.3 

60 

Solve8x2 + 10x= J. 

SOLUTION 

First, rewrite the equation as 

Sometimes you need to solve a quadratic equation that does not factorise. 

Solving a quadratic equation by completing the square 

Solve x2 - Sx + 3 = 0. 

SOLUTION 

Subtract the constant term from both sides of the equation 

x2 - 8x=-3 

Add 16 to both sides of the equation 

Factorise the left-hand side 

Take the square root of both sides 

Add 4 to both sides 

Square the an"'" ' 

x2 - 8x + l6 =-3 + 16 

(x~~ 

~ 
(x - 4)=±.Ji'J 

x = 4 + ,/ii orx= 4 - Ju 

x = 7.6055 . .. or x = 0.3944 .. 

This technique is called completing the square. 



EXAMPLE 4.4 

Solving a quadratic equation using the quadratic formula 

Solve 2:2 + 3x - 7 = 0. 

SOLUTION 

2x2 + 3x - 7= 0 

The result 

-b ± ~ 

'" 

GENERALISATI ON 

a:.? + bx+ c= O 

~ x2 + ~x +~ = 0 

~ r + ~x=- ~ 

~ x' +b_x +(_b__ )' = -~ +(_b__l' 
a 2a a 2a 

~ ( x + __!,_ )i = ~ --=- = b
2 

- 4ac 
2a 4a' a 4a' 

~ X = _ __!,_ ±-Jb_' _- _4o_c = _-b_ ±~ Jb_' _- _4e_c 
2a 2a 2a 

is known as the quadratic form11/a. it allows you to solve any quadratic equation. 

One root is found by taking the + sign, and the other by taking the - sign. 
Figure 4.2 shows you the general curve and its line of symmetry. 

Figure 4.2 

b~ 
-~ --,,,-

: b 
-~ 

y =ax:l+bx+ c 

I 
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==•M=P~L~E '=·•-., Use the quadratic formula to solve 2x?- - 3x- 7 = 0. 

EXAMPLE 4.6 

SOLUTION 

Comparing 

2x2 - 3x - 7 = 0 

with 

ax2+bx+ c= O 

gives 
a = 2,b =-3,c=-7. 

Using these values in the formula 

gives 

-b±~ 

'" 
X = -(-3) ± J(-3) 2 

- 4 X 2 X (-7) 

2 X 2 

x = 3 ±./65 
4 

Whonyouus., tho quadraticformula 
andnol.evdofaccuracyisspccifad 

itiscommonpracticotogi,..,.tho 
rootsroundodto2dccimalplaccs. 

3 + 8.0623 J-8.0623 
x = ---= 2.77 or x = ---= -1.27. 

4 4 

The length of a carpet is Im more than its width. Its area is 9 m2• Find the 

dimensions of the carpet to the nearest centimetre. 

SOLUTION 

Let the length be x metres, so the width is 

(x- l ) metres. 

length x width = area 

=> x(x - 1)=9 
=> x?- - x = 9 Figure 4.3 

=> x?- - x - 9 = 0 (collect everything on the left-hand side) 

Substituting a = I, b=- 1, c=-9 into the formula 

- b ± ~ 

'" 
X = -(-1) ± J(- 1)2 

- 4 X I X (-9) 

2 X I 

x = 1 ± ,J37 
2 

~ x = 3.541 .. or x =-2.541.. 

Clearly a negative answer is not suitable here, so the dimensions are 

length = 3.54 m 
width = 2.54 m (to the nearest cm). 



Ol!DiEll!JIII 1 Solve the following equations by factorising. 
[ii x 2 - 8x + l2 = 0 [iii m2 - 4m + 4 = 0 

!iii] p 2 - 2p - 15 = 0 (iv) a2 + Ila + 18 = 0 

[vl 2x2 + 5x+ 2 = 0 (vii 4x2 + 3x - 7 = 0 

[viii !Sr2 + 2r - 1 = 0 
[ix) 3.il + 8x= 3 

2 Solve the following equations 

[al by completing the square 

[viii) 24r2 + 19r+ 2 = 0 

[xl 3f1" = 14p- 8 

(bi by using the quadratic formula. 

Give your answers correct to 2 decimal places. 
[ii x 2 - 2x - 10 = 0 (iii x2 + Jx - 6 = 0 

[iii] x 2 + x - 8 = 0 

[vl 2x2 + 2x - 9 = 0 

[viii x2 = 4x+ 1 

[iv) 2x2 + x - 8 = 0 

[vii x2 + x = 10 

[viii] 2x2 - 8x + 5 = 0 

3 Solve the following equations by using the quadratic formula. 

Give your answers correct to 2 decimal places. 
[ii 3x2 + 5x + l = 0 [iii 4x2 + 9x + 3 = 0 

[iii] 2x2 + llx - 4 = 0 

[vl Sx2 - 10x + l = 0 

[iv) 4x2 - 9x + 4 = 0 

[vii 3x2 + 11x + 9 = 0 

4 The sides of a right-angled triangle, in centimetres, are x, 2x - 2, and x + 2, 
where x + 2 is the hypotenuse. 

Use Pythagoras' theorem to find their lengths. 

5 A rectangular lawn measures 8 m by I O m and is surrounded by a path of 
uniform width xm. 

The total area of the path is 63 m 2• Find x. 

6 The difference between two positive numbers is 2 and the difference between 

their squares is 40. 
Taking x to be the smaller of the two numbers, form an equation in x and solve it. 

7 The formula h = I St - 5t2 gives the height h metres of a ball, t seconds after it 

is thrown up into the air. 

[ii Find the times when the height is !Orn. 
[iii After how long does the ball hit the ground? 

8 The area of this triangle is 68 cm 2. 

-----(h+l)----~ 

I 



I [ii Show that xsatisfies the equation 

2x2 + x - 136 = 0. 

[iii Solve the equation to find the length of the base of the triangle. 

9 Boxes are made by cutting 8cm squares from the corners of sheets of 

cardboard and then folding. The sheets of cardboard are 6cm longer than they 
are wide. 

---------~~ it,~· 
[ii For a sheet of cardboard whose width is xcm, find expressions, in terms 

ofx,for 

[a l the length of the sheet 

[bi the length of the finished box 
!cl the width of the finished box. 

[iii Show that the volume of the box is Sx2 - 208x + 1280 cm~. 

[iii] Find the dimensions of the sheet of cardboard needed to make a box 
with a volume of 1728 cml. 

Simultaneous equations 

The equations you have met so far have only involved one variable, for example 

2x+ 2 = x - 5 or a2 - 3a + 2 = 0. 

0 \Vhen an equation involves two variables, for example x + y = 4, how many 

possible pairs of values are there for x and y? 



Figure 4.4 shows the line x + y = 4. 

x +y =4 

Figure 4.4 

The co-ordinates of every point on that line give a pair of possible values for x 

and y. If you add the line y = 2x+ I, as in figure 4.5, you will see that the two lines 

intersect at a single point. 

Figure 4.5 

The co-ordinates of this point are the solution to the sim11/taneo11s equations 

x +y = 4 
and y= 2x+ I. 

There are several ways of solving simultaneous equations. You have just seen one 

method, that of drawing graphs. This is valid, but it has two drawbacks 

(ii itistedious 

(iii it may not be very accurate, particularly if the solution does not have 

integer values. 

Solving simultaneous equations by substitution 

=~••~•~L~E •~-'--i Solve the simultaneous equations 

x +y = 4 
y= 2x+ I 

by substitution. 

This mtthod isparti,ularly 
suitable when y i, already 
the subject ofoneofthe 

equations. 

I 
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SOLUTION 

Take the expression for y from the second equation and substitute it into the first. 

This gives 

x +(lx+ I) = 4 
3x = 3 

X = J. 
Since y = lx+ I, when x = l,y= 3, as before. 

==•M=P~L~• •=·•-., Figure4.6 shows thegraphsofy = x2 + xand 2x+ y = 4. 

Solve the simultaneous equations 

y = x2 + x 
and 2x+ y = 4 

using the method of substitution. 

Figure 4.6 

SOLUTION 

2x+ y =4 

A Notice from figure 4.6 that there are two points of intersection, A and B, so 

expect the solution to be two pairs of values for x and y. 

y = x2 + x 
lx+ y = 4 

Substitute for y from equation G) into equation ~ . 

2x + (x2 + x)= 4 
x2 + 3x - 4 = 0 

(x + 4)(x - 1)= 0 
x =-4orx = I 

ID 

"' 



EXAMPLE 4.9 

~ 
Substitutingin2x + y =4~ 

x =-4 => - 8 + y = 4 => y = 12 
x = I => 2+ y = 4 => y = 2 

The solution is x =-4, y = 12 (the point A) and x = I, y = 2 (the point B). 

Check your solution 

also fits equation©. 

A The solution must always be given as pairs of values. It is wrong to write x = -4 or I , 

y = 12 or 2, since not all pairs of values are possible. 

D Having found the values of x in the example above, the values of y were fow1d 
by substituting into the equation of the line. What would happen if, instead, you 

were to substitute into the equation of the curve? 

Solving linear simultaneous equations by elimination 

An alternative method that you may prefer to use when neither equation has y as 
the subject is called solution by elimination. 

Solve the simultaneous equations 

lx+ y= S 
Sx + 2y = 21 

SOLUTION 

G) 

"' 

Notice that multiplying throughout equation CD by 2 gives you another equation 

containing 2y. 

5x + 2y= 21 equation (2l 
4x + 2y= 16 2xequationCD 

Subtracting => = 5 

Substitute x = 5 into equation CD 

IO + y = S => y =-2 

The solution is x = 5, y = - 2. 

Sometimes you need to manipulate both equations to eliminate one of the 

variables, as in the following example. 

I 
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EXAM LE A.10 Solve the simultaneous equations 

2x + 3y=- I G) 

3x - 2y= 18 (Zl 

SOLUTION 

It is equally easy to eliminate x or y. It is up to you to choose which. The 

following method eliminates y. 

4x+ 6y = - 2 2 x equation G) 

9x - 6y = 54 3 x equation (Zl 

Adding I 3x = 52 
x = 4 

Substitute x = 4 into equation CD 

8 + 3y=-1 => y=-3 

The solution is x = 4, y = - 3. 

II In Example 4.9 the equations were subtracted; in Example 4.10 they were added. 

How do you decide whether to add or subtract? 

Simultaneous equations may arise in everyday problems. 

XAMPLE 4.11 Nisha has £2.20 to spend on fruit for a picnic and can buy either five apples and 

four pears or two apples and six pears. 

(ii Write this information as a pair of simultaneous equations. 

(iii Solve your equations to find the cost of each type of fruit. 

SOLUTION 

Let a pence be the cost of an apple 

and p pence be the cost of a pear. 

Iii Sa + ~ = DO © 

2a + 6p = 220 (2) 

!Sa + 12p = 660 3xequation © 

4a + I 2p= 440 2 x equation (2) 

Subtracting 11, = 220 

= 20 

Substitute a = 20 into equation © 

I00 + 4p = 220 
~ p = 30 

An apple costs 20 pence and a pear costs 30 pence . 



EXAM LE ~.12 A flag consists of a purple cross on a white background. Each white rectangle 

measures 2x cm by x cm, and the cross is y cm wide. 

:EI§ 
Figure4.7 

(ii Write down the total area of the flag in terms of xand y. 
[iii Show that the area of the cross is 6xy + y. 
(iii) The total area of the flag is 4500cm2 and the area of the cross is 1300cm2. 

Find xandy. 

SOLUTION 

(ii length = 4x + yand width = 2x + y. 

=> area = (4x + y) (2x+ y) 
= 8x2 + 6xy + y2 

(iii Each white rectangle has an area of 

2xxx= 2x2. 

[iii) 

area of cross = 8x2 + 6xy + Y - (4 x 2x2) 
= 6xy + Y 

8x2 + 6xy + y2 = 4500 
6xy + f = 1300 

Subtracting 8x2 = 3200 

x2 = 400 
x = 20 (positive answer only) 

Substitute x = 20 into equation 11) 

12oy+ Y = 1300 
y2 + 120y- 1300 = 0 
(y + 130)(y - 10) = 0 
y =- 130 (reject since yis a length) or y = 10 
x = 20andy= 10 

ID 

ID 
Ill 
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GIDilmlllJ. 1 Solve the following pairs of simultaneous equations using the substitution 

method. 

(ii y = x - 3 !iii y = lx - 9 

Jx + 2y = 19 4x - y = 17 

[iii] y = ll - 2x [iv] y = 3x + 3 
2x + 5y = 37 x - 2y = 4 ,,, y = 7 - 2x (vii y = Jx - 5 

2x+ 3y= 15 x + 3y=-20 

2 Solve the following pairs of simultaneous equations using the elimination 

method. 

(ii Jx + ly= 12 !iii 3x - ly= 6 

4x - y = 5 Sx + 6y= 38 

[iii] Jx + 2y= 22 [iv] 5x+ 4y= II 

4x - 3y = 18 2x+ 3y= 9 ,,, 4x+ 5y= 33 (vii 4x - 3y= 2 

Jx + 2y= 16 5x - 7y = 9 

J Solve the following pairs of simultaneous equations. 

Iii x + y = 5 [iii x - y+ I = 0 

x2 + Y= 17 3x2 - 4y= O 

[iii] x2 + xy= 8 (iv] 2x - y + 3 = 0 
x - y = 6 y2 - 5x2 = 20 

[vl x = ly 

x2 -y2+ xy= 20 
[vii x + 2y= - 3 

x2 - 2x + 3y2 = 11 

4 For each of the following situations, form a pair of simultaneous equations 

and solve them to answer the question. 

[ii Three chews and four lollipops cost 72p. Five chews and two lollipops 

cost 64p. Find the cost of a chew and the cost of a lollipop. 

[iii A taxi firm charges a fixed amount plus so much per mile.A journey 

of five miles costs £5.00 and a journey of seven miles costs £6.60. How 

much does a journey of three miles cost? 

[iii] Three packets of crisps and two packets of nuts cost £1.45. Two packets 

of crisps and five packets of nuts cost £2.25. How much does one packet 

of crisps and four packets of nuts cost? 

[iv] Two adults and one child paid £37.50 to go to the theatre. The cost for 

one adult and three children was also £37 .50. How much does it cost for 

two adults and five children? 



5 The diagram shows the circle >2 + y2 = 25 and the line x + y = 7. Find the 
co-ordinates of A and B. 

x+ y =7 

Factor theorem 

Examination questions that only involve using the factor theorem are likely to 
appear on the non-calculator paper (Paper I). It is therefore important to be able 

to factorise cubic expressions without using a calculator. 

The factor theorem is an important result which allows you to find factors 

of polynomials of any order (if they factorise ), and so to solve polynomial 

equations. 

Look at this quadratic equation. 

x 2 - 5x - 6 = 0 
Factorising ~ (x - 6)(x + l) = O 

~ (x - 6) = 0or(x + 1)= 0 
~ x = 6orx=- I 

D \.\That happens if you substitute x = 6 in x 2 - Sx - 6? 

\.Vhataboutx=-1? 

NOTE Iff(x) = x 2 - Sx- 6, you use the notation f(6) to mean thevalueoff(x) when x = 6. 

The factor theorem states this result in a general form. 

If (x - a) is a factor of the polynomial f(x), then 

• f(a) = O 
• x = a is a root of the equation f(x) = 0. 

Conversely, iff(a) = 0, then (x - a) is a factor off(x). 

I 
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EXAM LE A.13 Given that 

EXAM LE A.1 

f(x) = x 3 + 2x2 - x - 2 

Iii findf(- 2),f(- 1), f(O),f( l ), f(2) 
[iii factorisex3 + 2x2 - x - 2. 

SOLUTION 

[ii f(-2) = (-2? + 2(- 2)2 - (-2) - 2 
=- 8 + 8 + 2 - 2 

= 0 

f(- 1) = (-1?+ 2(- 1)2 -(-1)- 2 
=-1+ 2 + 1- 2 

= 0 

f (O) = 0 + 0 - 0 - 2 

=-2 

f(l) = 1+ 2 - 1- 2 
= 0 

f(2) = 8 + 8 - 2 - 2 

= 12 

=> (x+ 2) is a factor 

=> (x+ I ) is a factor 

=> (x- I ) is a factor 

(iii Since (x- l )(x+ I )(x+ 2) would expand to give a polynomial of order 3, you 

can say that 

x3 + 2x2 - x - 2 = k(x - l )(x+ l )(x + 2) 

where k is a constant. 

D The value of k is I. How can you show this? 

Given that 

f(x)=x3+3x2-x-3 

[ii show that (x+ I ) is a factor off(x) 

[iii suggest other values of xyou should try when looking for another factor 

[iii] solve the equation f(x) = 0. 

SOLUTION 

(ii (x+ l ) isafactoriff(- 1)= 0. 

f(- 1)=- 1+ 3 + 1-3 

= 0 

=> (x+ l ) isafactorofx3 + 3x2-x-3 

[iii Any other linear factor will be of the form (x- a) where a is a factor of the 
constant term (-3). 



This means that the only other values of x which are 

v.urth trying are l , 3 and -3. 

D Explain why. 

[iii) f(l) = 1+3- 1-3 

= 0 

f(3 ) = 27 + 27 -3- 3 

= 48 

f(- 3) =-27 + 27 +3- 3 

= 0 

(x- 1) is a factor 

(x+3) is a factor 

f(- 1) = 0, f( 1) = 0 and f(- 3) = 0 and the equation is a cubic, so has at most three 
roots. The solution is x =-1, 1 or - 3. 

Sometimes you may only be able to find one linear factor for the cubic and, in 

this case, you then need to use long division. 

EXAM LE !i.1 S Given that 

f(x)= xl-x2-3x-1 

[ii show that (x+ 1) is a factor 

[iii factorisef(x) 

(iii) solvef(x) = O. 

SOLUTION 

(ii f(- 1)=(- lf-(- 1)2 -3(-1)- 1 

=-1- 1+3- 1 
= 0 

=> (x+ 1) is afactorof:.? - x2 - 3x - 1 

D What happens when you try x = 11 

ls there any other value you should try? 

[iii Since (x+ 1) is a factor, divide f(x) by (x+ 1). 

:>2 - 2x - 1 
x + l~l 

x' + x' 

- 2:>2 - 3x 
- 2>2 - 2x 

- x - 1 
- x - 1 

I 
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So 

f(x) = (x + I)(x2 - 2x - 1) 

[iii] f(x) = O ~(x + l)(x2 - 2x - 1) = 0 

~ either x =-1 or x2 - 2x - I = 0 

Using the quadratic formula on 

x2 - 2x - 1= 0 

gives 

x 2 ± ~4- (4xl x (- I) ) 

2 

2 ±.Js 
2 

= 2.414 or --0.414 

The complete solution is x =- 1, - 0.414 or 2.414 (to 3 d.p. ). 

GIIDilmlll. 1 Determine whether the following linear functions are factors of the given 
polynomials. 
[ii x3 - 8x + 7 (x - 1) 
[iii] x3 + x2 - 4x - 5 (x + 2) 

[vl x3 + 27 (x + 3) 

[iii x3 - 7x2 - 5x+ I (x + I) 
[iv] x3 - 6x2 + IOx - 4 (x - 2) 

[vii x3 - ax2 + a2x- «3 (x - a) 

2 Factorise the following functions as a product of three linear factors. 
[ii x3 - 3x2 - x + 3 [iii x3 - 7x - 6 
[iii] x3 - x2 - 2x [iv) x3 - 2x2 - 13x- lO 

[vl x3 - x2 - 14x + 24 [vii x3 + 5x2 - x - 5 
[viii x3 + 2:?- - 4x - 8 
[ix) x3 + 3x2 - 9x + 5 

(viii) x3 + sx2 + 3x - 9 
[xl x3 + 7x2 + 14x+ 8 

J Solve the following equations. Any solutions that are not integers should be 

given to 3 significant figures. 
(ii x3 - 2x2 - Sx + 6 = 0 
[iii) x3 - 2x2 - 21x - 18 = 0 

[vl x3 + 2x2 - 4x + 1= 0 

4 f(x)= x3 + 2x2 + ax - 76 
(x - 4) is a factor off(x). 

Work out the value of a. 

5 f(x )= x3 + px2 + qx + 6 

[iii x3 + 3x2 - 6x - 8 = 0 
[iv) x3 - 3x2 - 4x+ 12 = 0 

[vii x3 - 9x - 10 = 0 

(x - I) and (x + 3) are both linear factors off(x). 

[ii Work out a third linear factor of f(x). 

[iii Work out the values of p and q. 

6 [ii Find the value of k for which x = 2 is a root of x3 + kx + 6 = 0. 
[iii Find the other roots when k has this value. 



7 The diagram shows an open rectangular tank whose base is a square of side 

x metres and whose volume is 8 m3• 

[ii Write down an expression in terms of x for the height of the tank. 

[iii Show that the surface area of the tank is (x2 + ¥ ) ml. 
[iii] Given that the surface area is 24 ml show that 

K - 24x+ 32 = 0. 

[iv] Solve K - 24x+ 32 = 0 to find the possible values of x. 

Linear inequalities 

D What is the difference between an equation and an inequality? 

D The radius of the Earth's orbit round the Sun is approximately 1.5 x 108 km; that 
of Mars is about 2.3 x 108 km. The Earth takes 365 days for one orbit and Mars 

takes687days. 

At some time the distance from Earth to Mars is x km. What can you say about x? 

Figure 4.8 

I 
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AMPLE 4, 16 Solve2y + 6 < Sy + 12. 

SOLUTION 

Method 1 

2y+ 6 < 5y+ 12 

Subtract2y 6 < 3y+ 12 

Subtract 12 - 6<3y 
Divide by 3 - 2< y 
Makey the subject y >- 2 

Method2 

2y+ 6<5y+ 12 

Subtract Sy - 3y+ 6< 12 

Subtract6 - 3y< 6 
Divide by (-3) y> - 2 

0 In what ways is solving an inequality like solving an equation? 

In what ways is it different? 

D Explain, with examples, why you need to reverse the inequality sign when you 

multiply or divide an inequality by a negative number. 

EXAMPLE 4.17 Solve the inequality 5 < Jx - 1 ,,;;;; 17. 

SOLUTION 

Add I throughout 

Divideby3 

6 < Jx,,;;;; 18 

2<x 0':i 6 

The following example, although algebraic, is solved by using knowledge of 

number operations and number facts. 

AMPL 4. 18 [ii Given that - 2 < x< 5, work out an inequality for xl. 

(iii Given that I ,>;; a ,,;;;; 4 and - 3 ,,;;;; b ,,;;;; 2, work out an inequality for a - b. 

SOLUTION 

[ii Squaring a negative number results in a positive number. 

So, 0 < x2 < 25 

[iii The least value for a - bwill occur when a takes its least value and btakes its 

greatest value. 

Least value = I - 2 

= - 1 



The greatest value for a - b will occur when a takes its greatest value and b takes 

its least value. 

Greatest value= 4 - (- 3) 

=4+3 

=7 

So, -1 ,.;;a - b,.;; 7 

Ol!Dimlllllilllll 1 Solve the following inequalities. 
[ii 2x-3<7 
[iii] 6y+ 1 ,.;;: 4y+ 9 

[vl 4x+ 1 ;;., 3x-2 

(viii x+S > 1 
2 

[ix) 5-3x ,.;;5 
4 

[xii 4,,;;: Sx-6-.;; 14 

(xiii] 5<7-2x< 13 

[iii 5+3x;;,, 11 
[iv) y- 4 > 3y-12 

!vii b-3 ,,;;:sb+9 

[viii] 2x- 3 <7 
3 

[xl 2-4x ;a,6 
3 

[xiii 11 es;3x+S,.;;: 20 

(xiv) 5>9-4x> 1 

2 Given that O ,.;;: p ,.;;: 3 and 2 ,.;;: q ,.;;: 5, work out the inequality for p - q. 

J Given that - 2 < x< 4 and 1 < y< 3, work out the inequality for x+ y. 

4 Given that 1 ,,;;: a ,,;;: 6 and - 3 ,.;;: b ,,;;: 3, work out inequalities for 
(ii a+b [iii a - b. 

5 Given that - 3 ,,;;: a ,>;; 0 and -1 ,,;;: b,.;;: 10, work out inequalities for 

[ii a+b [iii a- b [iii] 2a+3b. 

6 Given that x > 2 and y < 0, decide whether each of the following statements are 
ALWAYS TRUE, SOMETIMES TRUE or NEVER TRUE. 

(ii 4x >8 
[iv] x2> 10 

[iii 2y>O 

[vl y2< 0 
liiil x+y<2 
[vii x - y>2 

7 Given that O<x< 1 andy>O, decide whether each of the following statements 
are ALWAYS TRUE, SOMETIMES TRUE or NEVER TRUE. 

Iii _!_ > 1 
X 

[iv] xy>4 

!iii 1'..>o 
X 

[vl x2> 1 

liiil x+y<O 

[vii x - y<O 

8 The square and rectangle have dimensions in centimetres. 

The perimeter of the square is greater than the perimeter of the rectangle. 

Work out an inequality for x. 

I 
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Quadratic inequalities 

The quadratic inequalities in this section all involve quadratic expressions 

that factorise. This means that you can either find a solution by sketching 

the appropriate graph, or you can use line segments to reduce the quadratic 

inequality to two simultaneous linear inequalities. 

EXAMPLE 4. 19 Solve 

Iii x 2 - 2x - 3<0 

(iii x 2 - 2x -3;;,, 0. 

SOLUTION 

Method 1 

x 2
- 2x - 3= (x+ l )(x-3) 

So thegraphof y=x2 - 2x - 3 crosses the xaxiswhen x =-1 and x =J. 

Look at the two graphs in figure 4.9. 

[iJ 

Huc thccndpointsorencr 
indudMintheoolution,so 
~udrawopcncircles:O. 

Figure 4.9 

[ii) 

Herc thccndpointsore 
includMinthcoolution,so 
youdrawsolidcirclcs: e . 

(ii You want the values of x for which y < 0, that is where the curve is below the 

xaxis. The solution is - I < x< 3. 

[iii You want the values of xfor which y ;;.- 0, that is where the curve crosses or is 

above the x axis. The solution is x..;; - 1 or x ;;.- 3. 



An alternative method identifies the values of xforwhich each of the factors is zero 

and considers the sign of each factor in the intervals between these critical values. 

Method2 

x <- 1 x = - 1 - 1 < x < 3 x = 3 

signof (x + I) 

signof (x-3) 

sign of (x + l )(x - 3) (- )x(- ) (O)x(- ) (+)x(- ) (+)x(O) 

~o 

From the table the solution to (x + l )(x - 3) < 0 is - I < x< 3. 

The solution to (x+ l )(x-3);;. 0 isx,s; - J orx;;oJ. 

~o 

x > 3 

(+)x(+) 

NOTE If the inequality to be solved contains> or <, then the solution is described 
using > and<, but if the original inequality contains ;;. or,,;;, then the solution is 

described using ;;. and ,,;;. 

Both of these are valid methods, and you should decide which you prefer. This 

may depend on how easily you sketch graphs. 

A If the quadratic inequality has terms on both sides, you must first collect 
everything on one side, as you would do when solving a quadratic equation. 

EXAMPLE 4.20 Solve 2x + x 2 > 3. 

SOLUTION 

2x+ x 2 > 3 

Figure4.10 

x 2 +2x -3> 0 
(x- l )(x+3)> 0 

From figure4.10 the solution is x< - 3 or x> I. 

I 
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, Solve the following inequalities. 

[ii x 2 - 6x+5> 0 [iii a 2 +3a - 4 ,o;; Q 

!iii] 2y2 +y- 3<0 [iv ] 4 -yl;;,, Q ,,, x2 - 4x + 4 > 0 [v ii pl - Jp,s; - 2 

[v iii (a+2)(a- 1) > 4 [v iii) S - 2a ;;,, a2 

[i x ) 3y2 +2y - 1 > 0 ,,, y2 ;;,, 4y+S 

2 The square and rectangle have dimensions in centimetres. 

The area of the square is less than the area of the rectangle. 

Work out an inequality for x. 

J The triangle and parallelogram have dimensions in metres. 

/
p / ~-~Ip_._' ~ 

3p 

The area of the triangle is greater than the area of the parallelogram. 

Work out an inequality for p. 

Index laws for positive integers have already been used in Chapter 2. The three 

index laws are summarised below. 

a"'x a"= am+" 
am+ a"= a,,......,, 

(a"'Y= a""'" 

These laws apply for all values of m and n. 

Use the law a"' x a"= a"'+" to answer these. 

(ii Write a' x a0 as a single power of a. 

Hence state the value of rfl. 

(iii Write a2 x cr2 as a single power of a. 

Hence write a- 2 in the form ~ where p is a positive integer. 



[iii ) Write al x al as a single power of a. 

Hence '?PY a~d co
1
mplete the statement 

[iv) Write al x al x al as a single power of a. 

Hence copy and complete the statement 

The following facts should be known. 

a 0 = I 

EXAMPLE , .21 Expres.s as single powers of x. 

xl x xi 
(ii --

x' 
[iii ~ 

SOLUTION 

al isthe ................. root of a. 

a3 isthe ..................... rootofa. 

[iii] 

xl X xl XHl 
[ii -- = - [iii ~=~ [iii) 

JW 
JW=&r 

=g 
x9 x 9 

x' 

x' 
= x,;- 9 

= x-• 

=<ix' 
= (x')' 

=x ixf 

= xl 

=V° 
=«' 
= (x')' 

NOTE For fractional powers >!, improper fractions are used. ~ 

EXAMPLE 4.22 Solve [i) xl = 8 [ii) X l = JO. 

SOLUTION 

[ii Method1 

Square both sides ())' = 8' 
x1 = 64 

Cube root both sides X = efM 
x = 4 

I 
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Method2 

Take power f of both sides (,!)' =8' 
X = (8')' 

X = 64 3 

X = efM 
x = 4 

(iii Method 1 

, 

2 

Take the reciprocal of both sides (x-lf = 10-• 

Cube both sides 

Method2 

Cube both sides 

1 
x1 = -

10 

x = (i\J 
X = ___!_ 

1000 

x-1 = 1000 

Take the reciprocal of both sides X = JQQQ-l 

X = ___!_ 
10110 

Write as single powers of x. 

[ii 
XX X

6 

x' 
(iii x1xx3 7 X' [iii) 

[iv] x"i x xl x x 4 1,1 ()( [vii 

[viii Jo/ [viii] (~T · x~ [ix] 

Solve, giving solutions as exact values. 

[ii x 2 = 3 (iii xl = - 2 [iii) 

[iv] x -1. = 2 1,1 xl = 4 [vii 

~x7 + x 2 

~x7 x x -1 

gg ' 

1 
xi = -

3 

x-1 = 2 



[viii x 1 = 4 [viii] 
_.!. I 

x----2 = _!_ X l = - [ix] 
3 25 

,,, xl = 27 [xii 
_.!. 2 

X J = - [xiii x-4 = 10 OOO 
3 

J Expand. 

(ii xlU +xll [iii x- 2(r - x2) [iii) xl(xLxl) 

(iv] x-3 (x-2 + x-l ) ,,, x-f(J +xS) [vii ,\(xL xlJ 

Algebraic proof 

Any of the algebraic skills covered in previous sections may be needed in proofs. 

NOTE You should not assume the result you are being asked to prove is true. 

EXAMPL 4.23 Prove that 2a3 - a2(2a - 9) is a square number when a is a positive integer. 

SOLUTION 

Expand and simplify 2rr - a2(2a - 9) = 2a3 - 2rr + 9a2 

= 9fil. 

=(3a)2 

As a is a positive integer then 

3a is also a positive integer. is rompl~t~. 

EXAMPLE 4.24 [ii Expressx2 - Bx+ 18 in the form (x - a)2 + b where a and bare integers. 
[ii i Hence, prove that x2 - Bx + 18 is always positive. 

SOLUTION 

(ii x1 - 8x+ l8 • (x - a)2 + b 

x2 - 8x + l8 • x2 - 2ax+ a2 + b 

Equate coefficients of x 

Equate constants 

- 8 = -la 
4 = a 

18 = a2 + b 
18 = 16 + b 
2 = b 

x2 - 8x + 18 • (x - 4)2 + 2 

(iii (x - 4)2 isalwayspositiveorzero. 

Adding 2 means that (x - 4)2 + 2 will always be positive. 

I 
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I AMPLE 4.25 cand dare positive integers such that c> d. 

f(x)= ;;:~: x;t - 2 

Prove that f(x) > I. 

SOLUTION 

Factorise the numerator and denominator f(x) = c(l+x) 
d(2+ x) 

Divide numerator and denominator by (2 + x) 

As c> dand dis positive, "J > I. 

' d 

2 Prove that S(c - 3) + 3(c+ 7) is always even when c is a positive integer. 

J Prove that (y+ 6)(y+ 3) - Y is a multiple of9 when y is a positive integer. 

4 f(n ) = n2 for all positive integer values of n. 

[iJ Showthatf(n+ I)= n2+2n+ I. 
[iii Provethatf(n+ l )+ f(n - l ) isalwayseven. 

[iii) Prove that f(n+ I) - f(n - 1) is always a multiple of 4. 

5 [iJ Express x2+2x+ 5 in the form (x+ a)2+ bwhere a and bare integers. 

(iii Hence, prove that x2 + 2x+ 5 is always positive. 

6 Provethat f - 10y+26> 0forallvaluesof y. 

7 Prove that 9m2(3m - I)+ (3m)2 is a cube number when m is a positive integer. 

8 Prove that ~ is always a positive integer. 
2p- 6 

9 a is a positive number, bis a negative number. 

a # - b 

Prove that :: : :~ is negative. 

10 f(x)=x2+2x 

Prove that f( 4x) = kx(2x+ 1) where k is an integer. 



Sequences 

Here are the first few terms of some sequences. 

10 16 22 26 

The first term is 4. Each subsequent term can be obtained by adding 6 to the 

previous term. 

16 25 

This is the set of square numbers. 

nth terms 

The nth term of a sequence is an expression in terms of n. 

To find a particular term, a value for n is substituted into the expression. 

Linear sequences 

The nth term will be an expres.sion in the form an + b where a and bare 

EXAMPLE 4.2& Workoutthenthtermofthelinearsequence 3 12 21 JO 39 

SOLUTION 

Method 1 

When n = I the term is 3 

When n = 2thetermis 12 

Subtracting G) from (2) 

Substituting in © 

nthterm = 9n - 6 

nth term = an + b 

3 = a(l )+ b 

3 = a + b 

12 = a(2)+ b 

12 = 2a + b 

9 = a 

3 = 9 + b 
- 6 = b 

I 
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Method2 

nth term = an + b 

The common difference between the terms is 12 - 3 = 9 Similarly, 21 
This will be the coefficient ofn a = 9 and 30 - 2l 

When n = I the term is 3 

nthterm = 9n - 6 

NOTE For the linear sequence 15 13 11 
difference is 13-15 = - 2. 

3 = 9( l )+ b 

3 = 9 + b 
- 6 = b 

the common 

Gilil!ilmlJII. 1 Work out an expression for the 11th term for each of the following linear 

sequences. 

[ii 10 14 18 22 26 
[iii 2 9 16 23 

[iii] - 5 - 3 -1 1 3 

[iv] 0 25 50 75 

1,1 -11 - 3 5 13 

[vii 3 3.5 4 4.5 5 
[viii 40 30 20 10 0 -1 0 

(viii) 7 4 1 - 2 - 5 

[ix) I t O - t - f 
[xl -4 - 5.5 - 7 - 8.5 -10 

2 [ii Workout the I00111 termofthelinearsequence - 5 I 7 13 

[iii Workoutthe501htermofthelinearsequence 35 28 21 14 

[iii] Workoutthe2001htermofthelinearsequence -1 -10 -1 9 - 28. 

3 Here is a linear sequence. 

3 5.5 8 10.5 13 

Work out the value of the first term of the sequence that is greater than 250. 

4 Here are two linear sequences. 

Sequence A 

SequenceB 

7 5 3 I -1 

3 0 - 3 - 6 

Prove that the swn of the nth terms of the two sequences is 15 - Sn. 

5 Here is a linear sequence. 

p p + lq p + 4q p + 6q 

The third term of the sequence is 20. 

The fourth term of the sequence is 56 . 



[ii Work out the values of p and q. 
[iii Work out an expression for the nth term of the sequence. 

Quadratic sequences 

The nth term will bean expression in the form a1r1- + bn + cwhere a, band care 

EXAMPLE 4.27 Work out the nth term of the quadratic sequence 3 6 13 24 39 

SOLUTION 

Method 1 

nthterm = an2 + bn + c 

When n = 1 the term is 3 

When n = 2 the term is 6 

When n = Jthetermis 13 

Subtracting CD from (%) 

Subtracting (%) from ~ 
Subtracting © from (Si 

Substituting in © 

Substituting in © 

nthterm = 2ri1- - 3n + 4 

Method2 

nthterm = an2 + bn + c 

3 = a(12)+ b(l )+ c 

3 = a + b +c 

6 = a(22)+ b(2) + c 
6 = 4a + 2b + c 

13 = a(32)+ b(J )+ c 

13 = 9a + 3b +c 

3 = 3a + b 

7 = 5a + b 
4 = 2a 

2= a 

3 = 6 + b 
- 3 = b 

3 = 2 + - 3 + c 

3 = -l +c 

4 =c 

Work out up to the second differences 

3 6 13 24 39 

11 15 

Divide the second difference by 2 4 + 2 = 2 
This will be the coefficient of 112 a= 2 

For a quadratic 
scqu~nce, all th~s«ond 
diffr rmccs wiU bc the 

ID 
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Subtract 2112 from the sequence 

3 - 2(1)2 6 - 2(2)2 13 - 2(3)2 24 - 2(4)2 

- 2 - 5 - 8 

The nth term of this linear sequence is - 3n + 4. 

nth term = 2112 - 3n+4 

(ii 4 9 16 25 36 

[iii O 6 14 24 36 

[iii] 4 13 24 37 52 

!iv] 8 21 40 65 96 

[vl 4 13 26 43 64 

[vii -4 - 4 0 8 20 

[viii 11 10 7 2 - 5 

[viii) 98 92 82 68 50 

2 [ii Workout the nth term of the linear sequence 

I 5 9 13 17 
[iii Hence, work out the nth term of the quadratic sequence 

I 25 81 169 289 

Give your answer in the form an1-+ bn+ c. 

3 [ii Show that the nth term of the quadratic sequence 

2 7 14 23 34 
isn2 +2n -1. 

[iii Hence, work out the mh term of the quadratic sequence 

5 10 17 26 37 

Give your answer in the form an1-+ bn+ c. 

4 [ii Show that the nth term of the quadratic sequence 
- 5 - 6 - 5 - 2 3 

is 1i2 -4n - 2. 

[iii Hence, work out the nth term of the quadratic sequence 
-15 -1 8 - 15 - 6 9 

Give your answer in the form att"+ bn+ c. 
[iii] Hence, work out the nth term of the quadratic sequence 

0 - 3 0 9 24 

Give your answer in the form att"+ bn+ c. 

Other sequences 

39 - 2(5)2 

-11 

Some sequences have 111:h terms that are neither linear nor quadratic expressions . 



EXAMPLE 4.28 The nth term of a sequence is ~. 
"+4 

1 

[ii Work out the first three terms of the sequence. 

[iii Work out the position of the term that has value 2.8. 

SOLUTION 

[ii n = l lstterm ~ 
1 + 4 

5 

11 = 2 

11 = 3 

5 

= 1 

3(2) + 2 
2nd term = 2+4 

8 

6 
4 

3 

3rd term = 
3~~ +

4 

2 

11 

7 
The first three terms are l, .±, !!. 

3 7 

[iii Set up an equation 
311 + 2 
-- = 2.8 
" + 4 

Multiply both sides by n + 4 311 + 2 = 2.8(11 + 4) 

311 + 2 = 2.811 + 11.2 

311~2.811 = 11.2-2 

0.211 = 9.2 

The 461h term has the value 2.8. 

A sequence has nth term = ~. 
n + l 

n= ~ 
0.2 

11 = 46 

[ii Work out the first 15 terms of the sequence. 

Write down the value of each term to 3 decimal places. 

(iii Work out the 1 '1, 201h, 30th, 401h, so1h, 1001h, 2001h and sooth terms of the 

sequence. 

Write down the value of each term to 3 decimal places. 

(iii) Explain what is happening to the terms in the sequence as n increases. 

I 
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Limiting value of a sequence 

To find the limiting value, consider the nth term as n -t"" (n becomes very large). 

EXAMPLE 4.29 The nth term of a sequence is ~:: ~. 

Prove that the limiting value of the sequence as n -t oo is -f. 
SOLUTION 

Divide numerator and denominator by n 

1 2 
Asn-t<><> - -t Oand - -t O 

" n 

I 
2--;;-) 3_ 

3+2 3 

Limiting value is ~. 
3 

'" 1 
" n 
~ - + -
" " 
2- _1_ 

2 
3+ ­

n 

[ii Work out the first 3 terms of the sequence. 

[iii Work out the position of the term that has value 0.52. 

2 The nth term of a sequence is ~ . 
2n- 5 

[ii Work out the position of the term that has value 2.36. 

[iii Show that I is not a term in the sequence. 

J The nth terms of sequences are shown. 

Work out the limiting value of each sequence as n -t ""· 

[ii '" [iii 
n+2 

n+l n+3 

1,1 '" [vii 
1- n 

4n + I n+4 

4 The nth term of a sequence is ~. 
211- l 

[iii] " 
3n-l 

[viii '" 3- 4n 

5 
Prove that the limiting value of the sequence as n ~"" is 2. 

[iv] 
211 - 1 

4n + I 

[viii) 
2-6n 

5- 211 
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I0 -6n 
5 The nth term of a sequence is~· 

Prove that the limiting value of the sequence as n ~ "" is - 0.75. 

1 Quadratic equations can be solved by 

• factorising 

• completing the square 

• using the quadratic formula 

• drawing graphs. 

2 Simultaneous equations can be solved by 

• elimination 

• substitution 

• drawing graphs. 

J Linear inequalities are dealt with like equations but if you multiply or divide 
by a negative number you must reverse the inequality sign. 

4 When solving a quadratic inequality it is advisable to sketch the graph. 

5 The factor theorem states that if (x- a) is a factor of a polynomial f(x), then 

f(a) = 0 and x= a is a root of the equation f(x) = 0. Conversely iff(a) = 0, then 

(x- a) is a factor off(x). 

6 amx a"= a',..." 

a0 =1 

a-m= _!__ ,. 
/;, = {;i 

7 In an algebraic proof, show all your working. 

8 A linear sequence has nth term an+ bwhere a and bare constants. 

A quadratic sequence has nth term ari2+ bn+ cwhere a, band care constants. 

I 
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Co-ordinate geometry 

Most of the fundamental ideas of science are essentially simple, 

and may, as a rule, be expressed in a language comprehensible 

to everyone. 
Albert Einstein 

Parallel and perpendicular lines 

In Chapter 3 we used this fact. 

The line joining (xl' y1) to (Xi, y2 ) has gradient m, where m = ~ . 
Xi - X1 

If you know the gradients m1 and m2 of two lines, you can tell at once if they are 

parallel or perpendicular. 

7 )1, .,'°"'"~'"'""' 
~rpcnd,cular you 
mustusethe sam~ 
scale on both a=. 

Figure 5.1 

Parallel lines: m1 = m2 Perpendicular lines: m1 m2 = - 1 

D How would you explain the result for parallel lines! 

To illustrate the result for perpendicular lines try activity 5.1 on squared paper. 

[ii Draw two congruent right-angled triangles in the positions shown in 

figure 5.2. pand q can take any value. 

(iii Explain why LABC = 90°. 

[iii) Calculate the gradient of AB (m
1
) and the gradient of BC (m

2
). 



I 

.. 

Figure 5.2 

The distance between two points 

You can use Pythagoras' theorem to find the distance between two points if you 

know their co-ordinates. Look at figure 5.3. P is (3, 1) and Q = (6, 5). 

Q (6,5) 

I ~ 
~ 

PR= 6 - 3 

,/,, ·········~ 

Figure 5.3 

PQ = ff+41 = Jzs = 5 

This can be generalised. If P has co-ordinates (x1, y1) and Q has co-ordinates 

(x:i,y2),then 

The midpoint of a line joining two points 

Look at the line joining the points P(l, 2) and Q(7, 4) in figure 5.4. The point M 

is the midpoint of PQ. 



EXAMPLE 5.1 

P (U) 

Figure5.4 

The co-ordinates of M are the means of the co-ordinates of P and Q . 

..!.. (1 + 7)= 4 and ..!_ (2 + 4) = 3 
2 2 

Mis (4,3). 

Again, if P has co-ordinates (xpy1) and Q has co-ordinates (:s, y2), then the 

co-ordinates of the midpoint of PQ are given by 

midpoint =(~·l!..±...h_l · 
2 2 

A and Bare the points (- 4, 2) and (2, 5). Find 

[ii the gradient of AB 

[iii the gradient of the line perpendicular to AB 
[iii) the length of AB 

(iv) the co-ordinates of the midpoint of AB. 

8 (2.5) 

A(-4,2) 

Figure 5.5 

I 
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EXAMPL£ S.2 

" 

SOLUTION 

[ii Taking (-4, 2) as (xl'y1) and (2,5) as (x2,y2 ) 

gradient = 2 ~ ~~4) = i = ±· 
(iii m1 = ± andm1m2 =-1 

I 
2 m2=-l 

m2 =-2 

The line perpendicular to AB has gradient-2. 

(iii] length = J (2-(-4))2 + (5- 2)2 

= ,/36+9 

= ,/45 
= 6.71 (J s.f. ) 

. . (-4+2 2+5] [iv) m1dpomt = -
2

- ,2 
= (-1,3.5) 

P is the point (a, b) and Q is the point (J a, Sb). 

Find, in terms of a and b, 
[ii the gradient of PQ 

[iii the length of PQ 
[iii] the midpoint of PQ. 

SOLUTION 

Taking (a, b) as (x1,y1) and (Ja, Sb) as (Xi, y
2

) 

Sb-b 
[ii gradient=~ 

4b 2b 

'" 
(iii length = J (Ja- a) 2 +(5b -b)2 

= ..J4a2 + 16bi 

0 How can this result be simplified further? 

(iii] midpoint = (a ~Ja , b~Sb) 
= (la , Jb) 



==•M=P~L~E ='·'-., A, Band Care the points (1, 2), (5, b) and (6, 2). L ABC = 90°. 

1 

[ii Find two possible values of b. 
[iii Show all four points on a sketch and describe the shape of the figure you 

have drawn. 

SOLUTION 

(ii GradientofAB = t=i = b~l 

GradientofBC = ~=! = 2- b 

L ABC = 90° ~ AB and BC are perpendicular. 

,¥x(2- b)=-1 

(b - 2) (2 - b)=-4 

2b - b2 - 4 + 2b =-4 

4b - h2 = 0 

b(4 - b)= 0 

Sob = Oorb = 4. 

[iii SeefigureS.6. 

AB1 CB2 is a quadrilateral with diagonals that are perpendicular, since AC is 

parallel to the xaxis and B1B2 is parallel to the yaxis. 

This makesAB 1CB2 a kite. 

Bi(5. 4) 

Figure5.6 

1 For each of the following pairs of points A and B, calculate 

[al the gradient of the line perpendicular to AB 

[bi the length of AB 

!cl the co-ordinates of the midpoint of AB. 
[ii A(4,3) B(S, 11) (iii A(3, 4) 

!iii) A(S, 3) B(I0,-8) (iv] A(-6,-14) 

[v) A(6, 0) B(8, 15) [vii A(-2, - 4) 

[viii A(- 3, - 6) B(2, - 7) (viii] A(4, 7) 

B(O, 13) 

B(I, 7) 

B(3,9) 

B(7,-4) 

I 
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2 A(O, 5), B(4, I) and C(2, 7) are the vertices of a triangle. Show that the triangle 

is right-angled 

(ii by finding the gradients of the sides 

[iii by finding the lengths of the sides. 

3 A(3, 6), B(7, 4) and C(l, 2) are the vertices of a triangle. Show that ABC is a 

right-angled isosceles triangle. 

4 A(3, 5), B(3, 11 ) and C(6, 2) are vertices ofa triangle. 

[ii Find the perimeter of the triangle. 

[iii UsingAB as the base, find the area of the triangle. 

5 A quadrilateral PQRS has vertices at P(-2,-5), Q(l 1,- 7), R(9, 6) and S(- 4, 8). 

[ii Find the lengths of the four sides of PQRS. 

[iii Find the midpoints of the diagonals PR and QS. 

[iii] Without drawing a diagram, show why PQRS cannot be a square. 

What is it? 

6 The points A, Band C have co-ordinates (2, J), (6, 12) and (11, 7). 

[ii DrawthetriangleABC. 

[iii Show by calculation that the triangle is isosceles and name the two 
equal sides. 

[iii] Find the midpoint of the third side. 

[iv) By calculating appropriate lengths, find the area of triangle ABC. 

7 A parallelogram WXYZhasthreeofitsverticesatW(2, l ), X(-1,5) and Y(-3,3). 

[ii Find the midpoint of WY. 
[iii Use this information to find the co-ordinates ofZ. 

8 A triangleABC has vertices at A(3, 2), B(4, 0) and C(S, 2). 

[ii Show that the triangle is right-angled. 

[iii Find the co-ordinates of the point D such that ABCD is a rectangle. 

9 The three points P(-2, J), Q(l, q) and R(7, 0) are collinear (i.e. they lie on the 

same straight line). 
[ii Find the value of q. 
[iii Find the ratio of the lengths PQ: QR. 

10 A quadrilateral has verticesA(-2, 8), B(-5, 5), C(S, 3) and 0 (3, 7). 

[ii Draw the quadrilateral. 
[iii Show by calculation that it is a trapezium. 
[iii] Find the co-ordinates of E when ABCE is a parallelogram. 



Equation of a straight line 

In Chapter 3 we used these three facts. 

• The equation of the line with gradient m cutting the y-axis at the point (O, c) is 

y = mx+ c. 

• The equation of the line with gradient m passing through (x1, y1) is 

y - y1 = m(x - x1) . 

• The equation of the line pas.sing through (xl'y1) and (X:z,Ji) is 1'...-=._l'.!_ = l:'!...=.1'.!_. 
X - Xi X:i - Xi 

=~••~•~L~E •~-•--1 An isosceles triangle withAB = AC has vertices at A(2, 3), B(S, 5) and C(4, 9). 
Find the equation of the line of symmetry. 

EXAMPLE 5.5 

SOLUTION 

Figure 5.7 shows the triangle ABC with the line of symmetry joining A to the 

midpoint of BC. 

C(4,9) 

~-" 
A(2, 3) 

Figure 5.7 

. (8+ 4 5 + 9) Theco-ordmatesofDare 2 ' 2 = (6, 7). 

Let (xp y1) be (2, 3) and (X:z, y2 ) be (6, 7). 

~=~ 
ri - Yi X2 - X1 

I_-=2 = ~ 
7 - 3 6 - 2 
y - 3 x - 2 
~=~ 

y = x + I 

The straight line with equation Sx - 4y= 40 intersects the xaxis at P and the 

yaxisatQ. 

[ii Work out the area of triangle OPQ where O is the origin. 

I 

[iii Work out the equation of the line that passes through Q and is perpendicular 101 

to PQ. 
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SOLUTION 

[ii Find the co-ordinates of P and Q. 

Substitute y = 0 in equation ofline Sx - 0 = 40 

x = B P (S,O) 

Substitute x = 0 in equation of line 0 - 4y= 40 

Figure5.B 

Distance OP = 8 and distance OQ = 10. 

Area of triangle = } X base X height 

= }x Bx 10 

= 40units2 

[iii Work out the gradient of PQ 
0 - (- 10) 

8 - 0 

10 

8 
5 

4 

Gradient of line perpendicular to PQ = - ~ 

y =-10 

Line passes through (O, - 10) y=-± x - 10 
5 

Q(0, - 10) 

A sketch graph will 
often be useful. 

, By calculating the gradients oft he following pairs oflines, state whether they 
are parallel, perpendicular or neither. 

[ii x = l [iii y = lx [iii] x + 2y = l 
y= - 2 y = - 2x lx - y = I 

[iv] y= x - 3 1,1 y = 3- 4x [vii x + y= 5 
x - y +4 = 0 y = 4-3x x - y = 5 

[viii x - 2y= J [viii) x + Jy-4 = 0 [ix) ly= x 

y=}x- l y = 3x+ 4 2x + y = 4 
1,1 lx + Jy -4 = 0 [xii x + Jy= I [xiii 2x= 5y 

lx + Jy - 6= 0 y + Jx = I 5x + ly = O 



2 Find the equations of these lines. 

[ii Parallel toy= 3xand passing through (3,- 1). 

!iii Parallel toy= 2x+ 3 and passing through (0, 7). 
[iii) Parallel toy= 3x - 4 and passing through (3,-7). 

[iv) Parallel to 4x - y+ 2 = 0 and passing through (5, O). 

[vl Parallel to 3x+ 2y - 1 = 0 and passing through (3, - 2). 

[vii Parallel to 2x+ 4y - 5 = 0 and passing through (0, 5). 

3 Find the equations of these lines. 

[ii Perpendicular toy = 2xand passing through (O, 0). 

[iii Perpendicular toy= 3x- 1 and passing through (0, 4). 

[iii) Perpendicular toy + x = 2 and passing through (3,-1). 

[iv) Perpendicular to 2x - y + 4 = 0 and passing through ( 1,-1). 

[vl Perpendicular to 3x+ 2y+ 4 = 0 and passing through (3, 0). 

[vii Perpendicular to 2x + y- 1 = 0 and passing through (4, 1 ). 

4 Points P and Q have co-ordinates P(3,- 1) and Q(5, 7). 

[ii Find the gradient of PQ. 

[iii Find the co-ordinates of the midpoint of PQ. 

[iii) Find the equation of the perpendicular bisector of PQ. 

5 A triangle has vertices P(2, 5), Q(- 2, - 2) and R(6, 0). 

[ii Sketch the triangle. 

[iii Find the co-ordinates of L, Mand N , which are the midpoints of PQ, QR 

and RP respectively. 

[iii) Find the equations of the lines LR, MP and NQ (these are the medians of 

the triangle). 
[iv) Show that the point (2, 1) lies on all three of these lines. (This shows that 

the medians of a triangle are concurrent.) 

6 The straight line with equation 2x + 3y - 12 = 0 cuts thexaxis at A and the 

yaxisat B. 

[ii Sketch the line. 

[iii Find the co-ordinates of A and B. 

[iii) Find the area of triangle OAB where O is the origin. 

[iv) Find the equation of the line which passes through O and is 

perpendicular to AB. 
[vl Find the length of AB and, using the result in [iii), calculate the shortest 

distance from O to AB. 

7 A quadrilateral has vertices at the pointsA(-7, O), B(2, 3), C(5, O) and D(-1, -6). 

[ii Sketch the quadrilateral. 

[iii Find the gradient of each side. 

[iii) Find the equation of each side. 

[iv) Find the length of each side. 

[vl Find the area of the quadrilateral. 

I 
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The intersection of two lines 

EXA LE 5.6 

EXAMPLE 5.7 

You can find the point of intersection of any two lines (or curves) by solving their 

equations simultaneously. 

(ii Sketch the lines x + Jy - 6 = 0 and y = 2x - 5 on the same axes. 

[iii Find the co-ordinates of the point where they intersect. 

SOLUTION 

(ii The line x + Jy - 6 = 0 passes through (O, 2) and (6, 0). 

The line y = 2x - 5 passes through (0, - 5) and has a gradient of 2. 

Figure 5.9 

[iii x + Jy - 6 = 0 

y = 2x - 5 

© -i:zi 

2x+ 6y - 12 = 0 

lx - y - 5= 0 

7y - 7 = 0 

y= I 

y = h -5 

Substitutingy = I inG) gives 2x + 6 - 12 = 0 

:::) x = 3 

(multiplying by 2) 

The co-ordinates of the point of intersection are therefore (3, I ). 

(j) 

Ill 

An alternative method for solving these equations simultaneously would be to plot 

both lines on graph paper and read off the co-ordinates of the point of intersection. 

0 Graphical methods such as this will have limited accuracy. What factors would 

affect the accuracy of your solution in this case? 

(ii Plot the lines x + y - 2 = 0 and 4y - x = 4 on the same set of axes, for 
- 4 '!:i x '!:i 4, using I cm to represent I unit on both axes. 

(iii Read off the solution to the simultaneous equations 

x + y - 2 = 0 
4y - x = 4 



SOLUTION 

[ii For each line choose three values of xand calculate the oorresponding values of 

y. Then plot the lines and read off the co-ordinates of the point of intersection. 

x+ y-2 =0 4y-x =4 

Figure5.10 

(iii The point of intersection is (0.8, 1.2), so the solution to the simultaneous 

equations is 

x = 0.8,y = 1.2. 

0 Why should you plot three points for each line? 

0 Two lines may not intersect. When is this the case? 

You will need graph paper for this exercise. 

1 Solve these pairs of simultaneous equations by plotting their graphs. In each 

case you are given a suitable range of values of x. 

Iii x = 3y+ I o,,;;;x,,;;;3 

y = x - 1 
[iii 3x+ 2y = 5 - 2,,;;: x,,;;; 2 

x + y = 3 

[iii] y = 2x - 4 0 ,,;;;x,,;;;6 

3x+ 4y = 17 

[iv] 6x + y = I 0 ,,;;;x,,;;; 2 

4x - y = 4 

2 [ii Plot the lines x = 4, y = x + 4 and 4x+ 3y= 12 on the same axes for 

- 1 ,,;;;x,,;;; 5. 

I 
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I [iii State the co-ordinates of the three points of intersection, and for each 

point give the pair of simultaneous equations that are satisfied there. 

[iii] Find the area of the triangle enclosed by the three lines. 

3 [ii Using the same scale for both axes, plot the lines 2y+ x = 4 and 
2y+ x = 10 on the same axes, forO,,;; xo;.; 6,and say what you notice 

about them. Why is this the case? 

[iii Add the line y = 2xto your graph. What do you notice now? Can you 

justify what you see? 

[iii] State the co-ordinates oft he two points of intersection, and for each 

point give the pair of simultaneous equations that are satisfied there. 

Dividing of a line in a given ratio 

You can use similar triangles to work out the co-ordinates of a point that divides 

a line in a given ratio if you know the co-ordinates of the end points of the line. 

Look at figure 5.11.A is (4, 7) and Bis (19, 27). 

C divides line AB in the ratio 2: 3, i.e. AC: CB = 2: 3. 

Figure S.11 

AC = f AB AD =f AE 

= f ( 15) 

= 6 

Also CD = fBE 

= f (20) 

= 8 

The x co-ordinate of C is x co-ordinate of A + AD 

They co-ordinate of C is y co-ordinate of A + CD 
PointCis(IO, 15). 

This result can be generalised. 

i.e.4 + 6 = 10. 

i.e.7 + 8 = 15. 

IfCdivideslineAB in the ratio p:qwhereA is (x1,y1) and Bis (xl'y2 ) then 

. ( qx1 + PX2 qy1 + PYi J C1s , 
p + q p + q 



l 
EXAMPLE 5.8 

EXAMPLE S.9 

Show that the above result is true. 

Use figure 5.12.A is (xl' y1) and Bis (Xi,y2 ). CdivideslineAB in the ratio p:q. 

Figure S.12 

AB is a straight line.A is (- 3, 2) and Bis (4, - 19). 

C is a point on AB such that AC: CB is 4: 3. 

Work out the co-ordinates of C. 

SOLUTION 

x co-ordinate of C is 

yco-ordinate of C is 

Cis(l, - 10). 

J(- 3) + 4(4) - 9 + 16 ~ =- ,-
= I 

3(2) + 4(- 19) 6 - 76 - ,-+-,- = - , -
= - 10 

In figure 5.13, PQR is a straight line and PQ:QR is 2 :5. 

·~ 
P (2 ,-3) 

Figure 5.13 

Work out the co-ordinates of R. 

SOLUTION 

Take (2, - 3) as (x1,y1) and Ras (xl'y2) . To find the xco-ordinate 

_
2 

= 5(2) + 2(x2 ) 

2 + 5 

_
2 

= 10 + 2x2 

7 
(multiplying by 7) 

I 
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-1 4 = I0 + 2x2 (subtracting 10) 

- 24 = 2x2 

-1 2 = x
2 

To find they co-ordinate 

S = 5(-3) + 2(y1) 
2 + 5 

S = - 15 + 2y1 

7 

35 = -15 + 2yl 

50 = 2y2 

25 = Yi 

Ris (-1 2,25). 

(multiplying by 7) 

(adding 15) 

Gl!Dilmlililllll 1 In each part, AB is a straight line and C is a point on AB. Work out the 
co-ordinates of C. 

[ii Ais(8,3) Bis (3, 18) AC:CBis3:2 

Iii) Ais(12,-1 ) Bis (3,5) AC:CBisl:2 

[iii] Ais(- 2,4) Bis (14, -4) AC:CBis3:5 
[iv] Ais(ll,9 ) Bis (-1 , 19) AC:CBis4:1 ,,, Ais(0,-6) Bis (-18, -1 5) AC:CBisS:4 

2 In each part, DEF is a straight line. 
Iii Dis (4, 3) Eis (8, 5) DE: EF is 2 :3 Find the co-ordinates of F. 

(iii Dis ( l9,-5) Eis (7,3) DE:EFis4:3 

[iii] Eis(4,9) Fis ( l6,33) DE:EFis 1:4 
!iv] Eis(2 , - 8) Fis (7, -19) DE:EFis3:5 ,,, Dis (-15, - 8) Eis (- 3, - 2) DE:EFis6:5 

3 ABC is a straight line. AB is 25% longer than BC. 

Find the co-ordinates of F. 

Find the co-ordinates of D. 
Find the co-ordinates of D. 

Find the co-ordinates of F. 

A[-2, lO) ~ 

[ii Work out the ratio AB:BC in its simplest form. 

(iii Work out the co-ordinates of C. 

C 



4 PRQ is a straight line. 

PQ = 4PR 

P(--4.-1 ) 

~ ,.,, 

Work out the co-ordinates of R. 

5 ABC is a straight line. 

AC: BC = 8:5 

Work out the co-ordinates of B. 

Equation of a circle 

When you draw a circle, you open your compasses to a fixed distance (the radius) 

and choose a position (the centre) for the point of your compasses. These facts 

are used to derive the equation of the circle. 

Circles with centre (0, OJ 

Figure 5.14 shows a circle with centre O (0, 0) and radius 4. P (x, y) is a general 

point on the circle. 

Figure5.14 

I 
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OP = ~(x - 0)2 + (y - O)i = 4 

This simplifies to x2 + y1- = 16, which is the equation 

of the circle. 

This can be generalised.A circle with centre (O, 0), radius r has equation 

Circles with centre (a, bi 

Figure 5.15 shows a circlewithcentreC (4, 5) and radius 3. P (x,y) is a general 

point on the circle. 

Figure 5.15 

CP = ~(x - 4)i + (y - S)i = 3 

This simplifies to (x - 4)2 + (y - 5)2 = 9, which is the equation of the circle. 

This can be generalised.A circle with centre (a, b), radius r has equation 

(x - a)2 +(y - b)2 = r2. 

NOTE Multiplying out this equation gives 

x- - 2ax+ a2 + Y- 2by+ h2 = r. 
This rearranges to 

x2 + y2 - 2ax - 2by+ (a2 + b2 - r2)= 0. 

This form of the equation highlights some of the important characteristics of the 

equation of a circle. In particular 

• the coefficients of x2 and r are equal 

• there is no xy term. 



EXAM LES. 10 Find the centre and radius of the circle 

EXA LES. 

x 2 + (y+ 3)2 = 25. 

SOLUTION 

Comparing with the general equation for a circle with radius rand centre ( a, b), 

(x-a) 2 +(y-b)2=r2 

gives a= 0, b=-3 and r= 5 

=> the centre is (0, -3), the radius is 5. 

Figure 5.16 shows a circle with centre ( 1,-2), which passes through the point (4, 2). 

Figure5.16 

(ii Find the radius of the circle. 

[iii Find the equation of the circle. 

SOLUTION 

[ii Use the two points you are given to find the radius of the circle. 

r2=(4 - 1)2+(2-(-2))2 

= 25 
=> radius = 5 

(iii Now using (x- a)2 + (y- b)2 = ,2 

(x- 1)2+(y+2)2=25 

is the equation of the circle. 

I 

111 



I 

112 

EXA LE 5.12 Show that the equation x2 + y2 + 4x - 6y - 3 = 0 represents a circle. 

Hence give the co-ordinates of the centre and the radius of the circle. 

SOLUTION 

Using completing the square 

x 2 + 4x+ y2 - 6y = 3 

x 2 + 4x+ 4 + y2- 6y + 9 = 3 + 4 

(x + 2)2 + (y - 3)2 = 3 + 4 + 9 

(x + 2)2 + (y- 3)2 = 16 

This represents a circle with centre (- 2, 3), radius 4. 

Gl!DilmlDIIII 1 Find the equations of these circles. 

[ii centre (I,2),radius3 

[iii centre (4, - 3), radius 4 
[iii] centre(l , O),radiusS 

[iv) centre (-2, - 2), radius 2 

(vl centre (-4, 3), radius I 

2 For each oft he circles given below 

[al state the co-ordinates of the centre 

[bi statetheradius 

[cl sketch the circle, paying particular attention to its position in relation to 

the origin and the co-ordinate axes. 
[ii x2 + y2 = 25 
[iii (x - 3)2 + f = 9 

[iii) (x + 4)2 + (y - 3)2 = 25 

[iv) (x + 1)2 +(y + 6)2 = 36 

[v) (x - 4)2 + (y - 4)2 = 16 

3 Find the equation of the circle with centre (2, - 3) which pas.ses through (I, - 1 ). 

4 A and Bare (4, - 4) and (2, 6) respectively. Find 

[ii the midpoint C of AB 
[iii the distance AC 

[iii) the equation of the circle that hasAB as its diameter. 

5 Show that the equation:?- + Y- 4x - Sy + 4 = 0 represents a circle. 
Hence give the co-ordinates of the centre and the radius of the circle, and 

sketch the circle. 



Circle geometry facts 

Questions may use some of the circle geometry facts listed below. 

The angle in a semi-circle is 90° 

ABisadiameter. 

P is a point on the circumference. 

Angle APB = 90" 

FigureS.17 

The perpendicular from the centre to a dmrd bisects the chord 

Cisthecentre. 

RSisachord. 

M is the midpoint of RS. 

FigureS.18 

The angle between tangent and radius is 90° 

Cisthecentre. 

TQ is a tangent, touching the circle at Q. 

QC is a radius. 

Angle TQC = 90" 

FigureS.19 

I 
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EXAM LES. 13 The circle in figure 5.20 has centre C. 

PT is a tangent that touches the circle at P. 

T (-5, 6) 

Figure5.20 

Work out the value of p. 

SOLUTION 

Work out gradient of PT. 

Gradient of PT is 

2 - 6 - 4 
- I - (- 5) = -=T+5 

- 4 

4 
= - [ 

Lines PT and PC are perpendicular since the angle between tangent and radius is 

90°, so gradient of PC is I. 

~ = I 
3 -(- 1) 

~ = I 
4 

p - 2 = 4 

p = 6 



AMPLE 5. 14 A circle has centre C and passes through A (-2, 1) and B (4, 2). 

1 

Work out the equation of the line that is perpendicular toAB and passes through 

C. Give your answer in the form ax + by= c. 

SOLUTION 

Sketch the circle. 

Q 8 (4, 2) 

A (- 2, 

Figure5.21 

The perpendicular from the centre to a chord bisects the chord, so the required 

line will pass through the midpoint M of the chord AB. 

. (-2+4 1+2) ( 3) Co-ordmatesofMare -
2
- ,2 = l,z 

2 - 1 1 
Gradient of AB is 

4 - (- 2) = 6 
Lines CM and AB are perpendicular. 

Gradient of perpendicular = ; 
Gradient of required line is - 6. 

Using J - Ji = m( X - X1) 

y- %= - 6(x - l) 

3 y- z = - 6x + 6 

2y - J =-12x+12 

12x + 2y = 15 

If a diagram is not given, drawing a sketch may help. 

1 AB is a diameter of a circle. P is a point on the circumference of the circle. 

A is (2, 8) and P is (4, - 2). 

Work out the gradient of BP. 

2 A circle has centre C. 

RS is a chord of the circle and R is (- 1, 6). 

Y (2, 3) isa point on RS such that angle CYR = 90°. 
Work out the co-ordinates of S. 

I 
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I J AB is a diameter of the circle. 

A is (k, 5), P is (3, 8) and Bis (7, 2). 

Work out the value of k. 

4 AB is a chord of a circle, centre C. 

Dis a point onAB such that angle ADC is 90°. 

Work out the equation of the line that passes through A and C. 

5 T (3, - 4) is a point on the circumference of the circlet' + f = 25. 

Work out the equation of the tangent PTQ. 

Give your answer in the form y = mx+ c. 



6 The diagram shows a circle that intersects the xaxis at (- 2, 0) and (6, O). 

The centre of the circle is (a, 3). 

Work out the equation of the circle. 

1 Two lines are parallel when their gradients are equal. 

2 Two lines are perpendicular when the product of their gradients is - 1. 

J When the points A and B have co-ordinates (x1, y1) and (Xi,Y} respectively 

then 

midpointofABis (~.~i 
2 2 . 

4 The co-ordinates of the point of intersection of two lines are found by solving 

their equations simultaneously. 

5 IfC divides lineAB in the ratio p:q where A is (xpy1) and Bis (X:z,y2) then 

C is (qx1 + PX2 • qyl + Ph ) . 
p + q p +q 

6 The equation of a circle with centre (h, k) and radius ris 

(x-h)2+(y-k)2=r2. 

When the centre is at the origin (0, O) this simplifies to 

I 
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Mensuration 

Geometry I 

The difficulty lies, not in the new ideas, but in escaping the old ones, 

which ramify, for those brought up as most of us have been, into 

every corner of our minds. 
John Maynard Keynes 

Knowledge of geometry topics will be needed within many sections of the 

specification. 

This section provides a summary of the main facts that are required. 

Youneedtorecalltheseformulae. 

Area of triangle =t x base x height 

Area of parallelogram = base x height 

Circumference of circle = ,rd Area of circle = m1 

Volwne of prism = area of cross section x length 

Volume of pyramid = { x base area x height 

These formulae are given on the formula sheet. 

Volwne of cone = }ll"r2h Curved surface area of cone = ,rr/ 

Volwne of sphere =fJrt3 Surface area of sphere = 4Jrr2 

Pythagoras· theorem 

Figure6.1 

-~ 
b 

i1- = a2 + b2 
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Angle facts 

Write down the square of all the integers from I to 25 inclusive. 

Checkthat 52= 32+ 42. 

Write down as many other examples of 2 = a2 + b2 as you can find. 

How is each set of a, band clinked to a right-angled triangle? 

Pythagorean triples 

These are all Pythagorean triples as each set of three numbers satisfies c? = if + b2. 

3,4,5 5,12,13 8, 15,17 7,24,25 

By similar triangles, any multiple or fraction of each set will also be a 

Pythagorean triple. 

For example, 9, 12, 15 2.5,6,6.5 16,30,34 

Angle properties of parallel and intersecting lines should be known. 

1.4,4.8,5 

Angle properties of triangles, quadrilaterals and polygons should be known. 

Circle theorems 

The following angle properties should be known. 

Angles in the sam e segment are equal 

Figure6.2 

A, B, P and Qare points on the circumference. 

Also, 

AngleAPB = angle AQB 

angle QAP = angle Q BP 

Canaloobt refrrraltoas 
Anglessubt endcd by thc 

samcarc arccqual. 



Figure6.5 

Angle at the centre is double the angle at the circumference 

Cisthecentre. 
A, Band Dare points on the circumference. 

Figure6.3 

Angle ACB = 2 x angle ADB 

Sis the centre. 

P, Q and Rare points on the circumference. 

Figure6.4 

Reflex angle PSR = 2 x angle PQR 

Opposite angles of a cyclic quadrilateral add up to 180° 

P, Q, Rand Sare points on the circumference. 

Angle PQR + angle RSP = 180° 

Also, angle SPQ + angle QRS = 180° 

I 
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Alternate segment theorem 

PTQ is a tangent, 

touching the circle at T. 
A and B are points on 

the circumference. 

Figure6.6 

Angle ATP = angle TBA 

Also, angle QTB = angle BAT 

Theanglcbc,r..~ontho tang<nt 
PT andthc chordTA is cqualto 
tho anglc inthc othu s,,gm<nt. 

The anglcbc,r..~enthe tangent 
QTandthc chordTBisequalto 
the anglc inthc othu s,,gment. 

Circle theorems and other angle facts will be needed in the Geometric proof 

section (page 124). 

GIIDilmfD. 1 Work out angle x and/or angle yin each of the following. 

C is the centre of the circle. [;] @ 
620 

, C 

50° 

' 

'"(:) 



[;,) I 
0 

C 

J,,J 

0 

0 

Q 

T 

p 
PTQisatangent. 

AB is a tangent. 123 
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4 Work out x and y. 

Geometric proof 

XAMPLE6.1 

In this section you will need to construct formal proofs. 

Geometrical properties used must be stated using correct notation and 

vocabulary. 

In triangle BCD, BC = BD. 

ABC is a straight line. 

Figure6.7 

Prove that angle ABO = 2x. 

SOLUTION 

Method 1 

angle CDB = x (base angles of isosceles triangle) 

angle CBD = 180 - 2x (angle sum of triangle) 

angle ABO = 2x (adjacent angles on a straight line) 

Method2 

Abbuviationsmay 
~ used but the 

unambiguous. 

angle CDB = x 

angle ABO = 2x 

(base angles of isosceles triangle) than one m<1hod in a 

(exterior angle of triangle = 

sum of interior opposite angles) 

gcomdricproof.Youonly 
necd 1oprovidc one. 



EXAM LE 6.2 

EXAM LE 6.3 

AP is a tangent that touches the circle at P. 

AP is parallel to QR. 

Figure6.8 

Prove that triangle PQR is isosceles. 

SOLUTION 

Method 1 

angle APQ = angle PQR (alternate angles) 

angle APQ = angle PRQ (alternate segment theorem) 

Therefore, angle PQR = angle PRQ 

Triangle with two equal angles is isosceles. 

Method 2 

Let angle APQ = x 

angle PQR = x (alternate angles) 

angle PRQ = x (alternate segment theorem) 

Therefore, angle PQR = angle PRQ 

Triangle with two equal angles is isosceles. 

PQRS is a cyclic quadrilateral. 

C isthecentre. 

Angle QPS = y 

Figure6.9 

Prove that y = x + 40. 

Angle QCR = 2x Angle SQR = 40° 

I 
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I SOLUTION 

angle QSR = x (angle at circumference is half angle at centre) 

angle SRQ = 180 - y (opposite angles of cyclic quadrilateral) 

In triangleQRS, x + 180 - y + 40 = 180 (angle sum of triangle) 

Rearranging x + 40 = y 

NOTE The use of congruent triangles will not be required. 

The examples show the recommended way to present a proof. 

Prove that x = 90- y. 

2 ABCD is parallel to EFG. 

B C 

Prove that 3x + y = 180. 

J AB is a diameter. X and Y are points on the circumference. 

A 

,CJ?) 
B 

Prove that a + b = 90. 



4 CBE and DBF are straight lines. I 
CD is parallel to AB. 

BC = BD 

Prove that angle ABC = angle ABE 

5 PT is a tangent, touching the circle at T. C is the centre. 

M and N are points on the circwnference. 

' 

,e9_ 
Prove that angle TMN = 45 - y. 

6 AB is a tangent, touching the circle at B. 

ADC is a straight line. 

AB = BC 

Prove that triangle ABD is isosceles. 127 
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7 DEFG is a cyclic quadrilateral. 

Cisthecentre. 

~. 
Prove that x= 2y- 80. 

8 Cisthecentre. 

P, Q and Rare points on the circumference. 

Q. 
Q 

Prove that y= 2x. 

Trigonometry in two dimensions 

You have met definitions of the three trigonometrical functions, sin, cos and tan, 
using the sides of a right-angled triangle. 

sin is an abbreviation of sine, cos of cosine and tan of tangent. 

Figure&.10 

-~~ L__J"'""';" 
adjacen t 



Infigure6.10 

sin O = h;~:~~ese cos O = h;:~~:~~se 

II Do these definitions work for angles of any size? 

tan O = opposite 
adpcent 

=~••~•~L~E&~.•--1 Find the length of the side marked a in the triangle in figure 6.11. 

EXA E6.5 

Figure6.11 

SOLUTION 

12~~" 

L_J 

Side a is opposite the angle of 35", and the hypotenuse is 12cm, so we use sin 35". 

sin35° = ~ 
hypotenuse 

12 

a = 12sin 35" 

a = 6.9cm (I d.p. ) 

The diagram represents a ladder leaning against a wall. 

Figure6.12 

A LJ''· 
Work out the length of the ladder. 

Give your answer to 3 significant figures. 

SOLUTION 

The side of length 4.2 m is adjacent to the angle of 18", and we want the 

hypotenuse so use cos 18". 

I 
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cos!So = adjacent 
hypotenuse 

4.2 

hypotenuse 

hypotenuse = co:·~80 

= 4.42m(3s.f.) 

=~••~•~L~E&~.•--1 Find the size of the angle marked(} in the triangle in figure 6.13. 

EXA LE6. 

~,-

Figure6.13 

SOLUTION 

The sides whose lengths are known are those opposite and adjacent to (} so we 

use tan 0. 

tanO = opposite = ~ = 0.714285714 
adjacent 7 

tl = 35.5"(ld.p.) 

D The full calculator value for f has been used to find the value of 0. What is the 

least number of decimal places that you could use to give the same value for the 

angle (to I d.p.) in this example? 

A bird flies straight from the top of a 15 m tall tree, at an angle of depression of 
27°, to catch a worm on the ground. 

[ii How far does the bird fly? 
(iii How far was the worm from the bottom of the tree? 

SOLUTION 

First draw a sketch, labelling the information given and using letters to mark 

what you want to find. 

/'J,-
Figure6.14 

R~memb.er, ,mgbof dq,res,ion 
aremeasuttddownfromthc 

horizontal , andang/e,o/ 
deva/Wnaremnsurcd_!!11 

from the horizontal 



[ii 0+27' = 90" 

cos63° = ¥ 
h = - 15

- = 33.04033897 
cos63 ° 

The bird flies 33 m. 

[iii Using Pythagoras' theorem 

h2 = x 2 + 152 

~ x2 = 33.040338972 -152 = 866.663 999 
~ X = 29.43915758 
The worm is 29.4 m from the bottom of the tree. 

D If you used trigonometry for part (iii of this question, which would be the best 

function to use? Why? 

NOTE Examination questions involving right-angled triangles will involve applying 

trigonometry in a context. Examples and exercises include some questions without 

a context to provide practice at the skills needed in applications questions. 

Historical note The word for trigonometry is derived from three 

Greek words. 

Tria: three gonia: angle metron meas11re 
(•p1a) ("yovrn:) (µe,pov) 

This shows how trigonometry developed from 

studying angles, often in connection with 

astronomy, although the subject was probably 

discovered independently by a number of people. 

Hipparchus (150Bc) is believed to have produced 

the first trigonometrical tables which gave lengths 
of chords of a circle of unit radius. His work was 

further developed by Ptolemy in AD100 

1
1 Find the length marked x in each of these triangles. Give your answers correct 

to 1 decimal place. IU LJ WI ~ 
20cm x 

340 

0 

I 
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[;;;]~ [;,Jd 
[5cm X W 

"' 
,,. 1,1~1,nZJ ,,m 

S.5cm ,.. 

... 
2 Find the angle marked O in each of these triangles. Give your answers correct 

to !decimal place. J;JL,, .. 
(iii) ~

4
c /Am 

J In an isosceles triangle, the line of symmetry bisects the base of the triangle. 

Use this fact to find the angle O and the lengths x and yin these diagrams. mDrn,u,·[;;;Jp 
]4cm X ~ 

"= 
Y 5cm 

' 16cm 



4 A ladder 5 m long rests against a wall. The foot of the ladder makes an angle of 

65" with the ground. 

How far up the wall does the ladder reach? 

5 From the top of a vertical cliff 30 m high, the angle of depression of a boat at 
seais21". 

How far is the boat from the bottom of the cliff? 

6 From a point 120m from the base of an office block, the angle of elevation of 

the top of the block is 67". 

How tall is the block? 

7 A rectangle has sides of length 12 cm and 8 cm. 

What angle does the diagonal make with the longest side? 

8 The diagram shows the positions of three airports: 

E (East Midlands), M (Manchester) and L (Leeds). 

The distance from M to L is 65km on a bearing of 060°. 

Angle LME = 90" and ME = 100km. 

(ii Calculate, correct to three significant figures, the 

distance LE. 

[iii Calculate, correct to the nearest degree, the size of 

angle MEL. 

[iii) An aircraft leaves Mat 10.45 am and flies direct to 

N~L 

65km 
600 

M 

100km 

E 
E, arriving at 11.03 am. Calculate, correct to three 

significant figures, the average speed of the aircraft in 

kilometres per hour. 

Angles of 45°, 30° and 60° 

The sine, cosine and tangent of these angles have exact values. 

When working without a calculator, the exact values should be known or derived. 

Consider an isosceles right-angled triangle with AB = BC = I unit. 

A 

I ~ 

~ 
B C 

Figure6.15 

sin 45° = opp 
hyp 

Using Pythagoras' theorem 

AC = ,fi 

I 
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sin45°= * cos45°= i tan 45° = I 

II \.\That would the results be if you used AB = BC = 2 units? 

Consider an equilateral triangle of side length 2 (Figure 6.16(al). 

By adding an angle bisector we get two congruent triangles (Figure 6.16(b] ). 

'·',t>· '"· :K 
• 2 ~ 

Q ' 
Figure6.16 

Using Pythagoras' theorem 

QR" = 2i - 12 

QR = -J3 

Using the trig ratios this gives us 

sin 30° = _!_ cos 30° = Ji 
2 2 

sin 60° = Ji cos 60° = _!_ 
2 2 

==•M=P~L~E '=·•-., Do not use a calculator for this q11estion. 

Work out the exact value of y. 

tan30°= i 

tan 60° = Jj 

Give your answer in the form p + q./3 where p and q are integers. 

Figure6.17 



SOLUTION I 
cos30° = ~ 

.fj y 
2 = 8 + 6.ff, 

~!/- x (8 + 6.ff,) = .v 

4,/3 + 9 = y 

y = 9 + 4../j 

Useofacalculatoris notallowed. 

1 Work out the exact value of xin each of the following. 

Give answers in their simplest form. 

(ii [;;) tJ 
(2./3 + 4)cm x 

6W 

[iii) 

2 Show that y is an integer. 3 Show that p is an integer. 

~ 

Work out the area of triangle ABC. 

Give your answer in the form p + q/3 where p and q are integers. 

135 



I 5 Work out the exact value of CD. 

Give your answer in the form kJi where k is an integer. 

Problems in three dimensions 

Figure6.1B 

0 An aircraft flying between two places at the same latitude doesn't usually follow a 
route along the line of latitude. Why? 



When you are solving three-dimensional problems it is extremely important to 

draw good diagrams. There are two types: 

• representations of three-dimensional objects 

• true shape diagrams of two-dimensional sections within a three-dimensional 

object. 

Representations of three-dimensional objects 

Figures 6.19 and 6.20 illustrate ways in which you can draw a clear diagram. 

Figure6.19 

[al lb[ 

C C 

8 B 

gromasmuchaspos.,ible 

A~-------

D bychoosingasuitabledircctionfor)'Uur 
norrh- so11rhaxis; lal iscleattrthan[bl. D 

Figure6.20 

True shape diagrams 

In a two-dimensional representation of a three-dimensional object, right 

angles do not always appear to be 90°, so draw as many true shape diagrams as 

necessary. 

For example, if you need to do calculations on the triangular cross-section BCD 

in figure 6.21 [a], you should draw the triangle so that the right angle really does 

look 90° as in figure 6.2l (b ). 

I 
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I [a l lb[ 

D 

/1 
C 

Figure6.21 

Lines and planes in three dimensions 

A plane is a flat surface (not necessarily horizontal). 

A line of greatest slope of a sloping plane is a line of greatest gradient, i.e. the 

line that a ball would follow if allowed to roll down it. This is shown in 

figure6.22. 

Figure 6.22 

0 Give an example of a sloping plane from everyday life. 

Linc ofgrca!est 
slo~ 

In three-dimensional problems you need to be aware of the relationships between 

lines and planes. 

Two lines 

In two dimensions, two lines either meet (when extended if necessary), or they 

are parallel. 

In three dimensions, there is a third option: they are skew, as in figure 6.23. 



Figure6.2J 

A line and a plane 

In three dimensions there are three options. 

1 The line and the plane are parallel.A curtain rail is parallel to the floor. 

2 The line meets the plane at a single point. When you are writing, your pen 

meets the paper at a single point. 

J The line lies in the plane. When you put your pen down, your pen lies in the 

plane of the paper. 

(;i] [bi [cl 

m-- -~ ~---, c·-_ -- - "_ ! • . .· 

:_ ?·"'·.\ ; 
-_ -

Figure6.24 

Angle between a line and a plane 

Draw a perpendicular from the line to the plane. 

Line PQ meetstheplaneABCD at Q. 

PR is perpendicular to the plane. 

QR is in the plane. 

I 
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Figure6.25 

Angle between line and plane is angle PQR. 

Two planes 

In three dimensions there are two options. 

1 The two planes are parallel. Opposite walls of a room are parallel. 

2 The two planes meet in a line. The ceiling meets each wall of a room in a line. 
An open gate and a wall meet in a line. 

[al [bi 

Figure6.26 

D Give other examples of these cases. 

Angle be tween two planes 

Find the line where the planes meet. 

Draw a line in each plane that is perpendicular to the line where the planes meet. 

The angle between these two lines is the angle between the planes. 



EXA LE6.9 

Planes ABCD and APQD meet along AD. 

The dashed lines are each perpendicular 

to AD. 

x is the angle between the planes. 

Figure6.27 

Figure 6.28 shows a wedge ABCDEF with AB = 8 cm, BC = 6cm and CD = 2 cm. 

The angle BCD is 90". 

Figure6.28 

Find 

li1 AC [iii AD liiil the angle between DA and ABCF 
[iv) the angle between AH DE and ABCF 

SOLUTION 

[iJ Fromfigure6.29[al 

AC l = 32 + 62 (Pythagoras) 

AC = !Ocm 

C 

~6 

A 8 B 

D [iii Fromfigure6.29[bl 

AD 2 = AC 2 +22 

(Pythagoras) ~2 

AD = 10.2cm (I d.p.) 
lO C 

Figure6.29 

I 
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[iiil From figure 6.29(b] , the angle between DA andABCF is LDAC 

2 
tan L DAC = -

10 

~ LDAC = 11.3° ( I d.p.) 

[iv) From figure 6.29(c], the angle between ABDE andABCF is LDBC 

2 
tan L DBC = -

6 

LD BC = 18.4° ( I d.p.) 

D 

5:12 
6 C 

EXAM LE 6.10 Figure 6.30 shows a straight level road AB, 400 m long. A vertical radio mast XY 

stands some distance from the road and the bottom of the mast, X, is on the 

same level as the road. The angle of elevation ofY from A is 30°, LXAB = 25° and 

LAXB = 90°. Calculate 

[iJ the distance AX 

[iii theheightofthemast 

[iii) the distance of X from the road. 

Give your answers to 3 significant figures. 

Figure&.30 



SOLUTION 

[iJ Fromfigure6.31[a) 

AX = cos25° 
400 

AX =362.523 .. 

The distance AX = 363 m. 
[iii Fromfigure6.31[b) 

~ = tan30° 
362.523 ... 

XY = 209.302 .. 
The height of the mast XY = 209 m. 

[iiil Fromfigure6.31[c) 

~ = sin25° 
362.523 ... 

DX = 153.208 .. 
The distance of X from the road 

= 153m. 

EXAMPLE&.11 The right pyramid VABCD has square base ABCD. 

!al 

X 

~ A B 
400 

[bi y 

A~X 
362.52 ... 

Id 

X 

~ 
A~B 

Figure6.31 

The vertex, V, is directly above the centre, X, of the base. 

M is the midpoint of BC. 

AB = 8 metres and VX = 15 metres. 

' 

A , 
LV 

A S 

Figure6.32 

Work out the angle between the planesABCD and VBC. 

SOLUTION 

The planes meet along BC. 

MX and VM are both perpendicular to BC. 

AngleVXM is 90°. 

XM = 8 + 2 

= 4m '"Li 

I 

15 
tanVMX = -

4 
X 4m M 143 

angleVMX = 75.1° (I d.p.) Figure6.33 
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GIDilmfD. 1 The cube ABCDEFGH shown in the 

diagram has sides of length I O cm. 

Find 

(ii the length AC 

[iii the length AG 

[iii] the angle GAC 

2 The diagram represents a pyramid ABCD. 

:@: 
D ABC is an isosceles triangle with AB = AC = 5 cm 

andBC = 8cm. 

BCD isan isosceles triangle with BD = CD = 13cm. 

Dis vertically above A and LBAD = LCAD = 90". 

M is the midpoint of BC. 

Calculate 

[ii the length AM 

!iii the angle BCD 

[iii] the angle between the planes BCA and BCD. 

M 
,8c 

3 The diagram shows a wedge ABCDEF which has been made to hold a door open. 

AB = Scm,BC = 12cmandFC = 4cm. E F 

Find 

(ii theangleFBC 

[iii the length AC 

[iii] the angle between the line 

FA and the plane ABCD. 

There is a gap of 2 cm between the door and the floor. 

[iv] How far along BF will the base of the door meet the wedge? 

4 A, Band Care points on a horizontal plane. 

A is 75m from Con a bearingof210"and thebearingofB fromCis 120". The 

bearingofB from A is 075°. 

From A the angle of elevation of the top T of a vertical tower at C is 42". 

Find 

[ii the distance BC 

[iii the height of the tower 
[iii] the angle of elevation ofT from B. 

5 C is the foot of a vertical tower CT28m high. 

A and B are points in the same horizontal plane as C and CA = CB. 

P is the point on AB that is nearest to C. 

The angle of elevation of the top of the tower from P is 40" and LACB = 120". 

Calculate 

[ii the length CP 

[iii the length CB 

[iii] the length AB 

[iv] the angle of elevation of the top of the tower from B. 



6 The waste-paper basket shown in the diagram has a 

top ABCD that is a square of side 30cm and a base 

PQRS that is a square of side 20cm. 

The line joining the centres of the top and base is 

perpendicular to both and is 40 cm long. 

Find 

[ii the length PR 

[iii the length AC 
[iii] the length AP. 

7 In Egypt, pyramids were used as burial chambers for 

the Pharaohs. 

The largest of these, shown in the diagram and built 

about 2500BC for Cheops, is 146m high and has a 

square base of side 231 m. 

Eis the centre of the base and VE = 146m. 

Find 

[ii the angle between VA andABCD 

[iii the length VA 

[iii] the length VM where Mis the midpoint of AB 

[iv] the angle between VAB and ABCD. 

8 The tent shown in the diagram has a base that is 2.2 m wide and 3.6 m long. 

The ends are isosceles triangles, inclined at an angle of 80° to the base. 

L AEB = L DFC = 70"and Mis the midpoint of AB. 

,~' 
B 

Find 

[ii thelengthofEM 

[iii the height ofEF above the base 
[iii] the length ofEF. 

9 The right pyramid VABCD has rectangular base ABCD. 
The vertex, V, is directly above the centre, X, of the base. 

M is the midpoint of BC. 

AB = 12 metres, BC= 9 metres and VA = 18 metres. 
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Workout 
(ii AC [iii VX [iii) angle between VA and ABCD 

[iv] angle between VBC and ABCD. 

10 A new perfume is to be packaged in a box that is in the shape of a regular 

tetrahedron VABC of side 6cm standing on a triangular prism ABCDEF as 

shown in the diagram. 

The height of the prism is 12 cm. 

M is the midpoint of BC. 

Find 

[iJ the length AM 

(iii the length VM 

(iii) the angle VAM 

[iv) the total height of the box. 



1 In a right-angled triangle 

"~ 

b 

sinO = ~ cosO = ~ tanO = f; 

2 sin45° = * cos45 ° = * tan45° = I 

sin30 ° = i cos30° = 1/- tan30° = * 
sin60 ° = :ff cos60 ° = "i tan 60 0 = Ji 

J In a geometrical proof, show all your working and give unambiguous reasons 

for each stage. 

4 When solving three-dimensional problems always draw a clear diagram where: 

• vertical lines are drawn vertically 
• east-west lines are drawn horizontally 
• north-south lines are drawn sloping 
• edges that are hidden are drawn as dotted lines. 

I 
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Geometry II 

What is it that breathes fire into the equations and makes a universe 

for them to describe? 
StephenWHawking 

Trigonometrical functions for angles of any size 

Note that the specification only requires knowledge for angle; between O" and 360". 

However, negative angles may be obtained when using a calculator during the 

solution of a trigonometric equation. Also, the cyclic nature of the trigonometric 
graphs should be known. 

Positive and negative angles 

By convention, angles are measured from the positive x axis (figure 7.1 ). 

Anticlockwise is taken to be positive and clockwise to be negative. 

Figure 7.1 

' ---k' . . 
0 an angle 

of-40° 

The only exception is for compass bearings, which are measured clockwise from 
the north. 

II ls it possible to extend the definitions of trigonometrical functions to angles 
greater than 90", like sin 156", cos202" or tan320"? 

It is not difficult to extend these definitions, as follows. 

First look at the right-angled triangle in figure 7.2 which has a hypotenuse of 
unit length. 
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Figure 7.2 

This gives the definitions: 

L1
,,,.,, 
' 

' 0 

sinB = f = y cosB =T = x tanB = f 

Now imagine the angle 8 situated at the origin, as in figure 7 .3, and allow Oto 

take any value. The vertex marked P has co-ordinates (cos 6, sinB) and can now 

be anywhere on the unit circle. 

Figure 7.J 

You can now see that these definitions can be applied to any angle 0, whether it is 

positive or negative, and whether it is less than or greater than 90°. 

sinfl = y cosO = x tanB = f 

For some angles, x or y ( or both) will take a negative value, so the signs of sin 0, 

cosB and tanO will vary accordingly. 

The sine and cosine graphs 

Look at figure 7.4. There is a unit circle and angles have been drawn at intervals 

of 30°. The resulting y co-ordinates are plotted relative to the axes on the right. 



They have been joined with a continuous curve to give the graph of sinB for 

0 ,,;; 9 ,.-;;: 360°. 

P. "o P, 
Pu J8tl' ,, 

'~ -=' - ,,----- ,, 

p - ---------- - - - --

- - - ----- - - - - ~ - -
• - - - ----- - ---- P,,. 

Po -J 

Figure7.4 

Cf·:l:iiiilhlJ·Hii•ifl•j•• Continue this process for angles 390°, 420°, .. and angles - 30°, -60°, .. 

What do you notice? 

Since the curve repeats itself every 360°, as shown in figure 7.5, the sine function 

is described as periodic with period 360°. 

Figure7.5 

In a similar way you can transfer the x co-ordinates onto a set of axes to obtain 

the graph of cos 8. This is most easily illustrated if you first rotate the circle 

through 90° anticlockwise. 

Figure 7.6 shows this new orientation, together with the resulting graph. 

Figure7.6 

For angles in the interval 360° ,s; 8 ,,;; 720", the cosine curve will repeat itself. You 

can see that the cosine function is also periodic with a period of 360°. 

I 
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I Notice that the graphs of sinfJ and cosfJ have exactly the same shape. The cosine 

graph can be obtained by translating the sine graph 90" to the left, as shown in 

figure 7.7. 

Figure 7.7 

The tangent graph 

The value oftanO can be worked out from the definition tanO = f or by using 

tan8 = sinO 
cos9 

D The function tan 8 is undefined for O = 90". What does undefined mean? 

How can you tell that tan 90" is undefined? 

For which other values of O is tanfJ w1defined? 

The graph oftantl is shown in figure 7.8. The dotted lines 8 = ± 90° and 8 = 270° 

are asymptotes; they are not actually part of the curve. 

- 90° , 
I 
I 
I 
I 

Figure 7.8 

:~ 
I I 
I I 
I I ,/' 

0 9061 180". 270"1 360°' 
I I 
I I 
I 
I 

D How would you describe an asymptote to a friend? 

D The graph oftanfJ is periodic, like those for sinfJ and costl. What is the period of 

this graph? 

Show how the part of the curve for O" ,,;;;; 8 < 90" can be used to generate the rest 

of the curve using rotations and translations. 



Cf·J!iiiilh~·Hii•ifi~-,•• Draw the graphs of y = sin 0, y = cos() and y= tan() for values of() between - 180" 
and 360°. 

These graphs will be useful for solving trigonometrical equations, so keep them 

handy. It is also a good idea to learn them at this stage. 

The area of a triangle 

You are familiar with the use of capital letters to label the vertices of a triangle. 

In a similar way you can use lower case letters to name the sides. To do this you 

would use a to denote the length oft he side opposite angle A, bto denote the 

length of the side opposite angle B, etc. as in figure 7.9. 
B 

A~ 

C 

Figure 7.9 

Using this notation, for any triangle ABC the area is given by the formula 

area = ..!_ b,sinA. 
2 

Proof 

Figure 7.10 shows a triangle ABC. The perpendicular CD is the height h 
corresponding to AB as base. 

/L 
A B 

D 

Figure 7.10 

Using area of a triangle equals half its base times its height, 

area = _!_ ,h 
2 

In triangle ACD 

sinA"" !!. 
b 

h"" bsinA. 

(j) 

I 
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Subst ituting in © gives 

area = .!.. b,sinA. 
2 

NOTE Taking the other two points in turn as the top of the triangle gives equivalent 

results: 

EXAMPLE7.t 

and 

area = .!.. ,asinB 
2 

area = ..!.. absinC. 
2 

This can be remembered as half the product of two sides times the sine of the 

angle between them. 

Figure 7.11 shows a regular pentagon, PQRST, inscribed in a circle, centre C, 

radius 8 cm. Calculate the area of 

[ii triangleCPQ 

(iii the pentagon. 

SOLUTION 

[ii angle PCQ = 360° 7 5 

= 72° 

area PCQ = .!.. x Sx 8 x sin72" 
2 

= 30.4338 .. 

Figure 7.11 

area PCQ = 30.4cm2 (I d.p. ) 

(iii area PQRST = 5 x 30.4338 ... 

= 152.169 .. 

area PQRST = 152.2cm2 ( I d.p.) 



EXAM LE .2 Figure 7.12 shows an isosceles triangle with an area of24cm2 and one angle of 40". 

Calculate the lengths of the two equal sides. 

SOLUTION 

Let the equal sides be of length x cm. 

This gives 

24 = ..!.. X X X X X sin 40 ° 
2 

x2= ~ 
sin40° 

x = 8.64cm (3 s.f.) 

[ii [iii p 

24cm2 

Figure7.12 

G ' 
A C 7.9,m 370 

Q R 
8.2cm 

[iii) [iv) 

,,_/\,.. - ~em 51° 

LI 82° 
y z 7cm N 

2 A regular hexagon is made up of six equilateral triangles. Find the area of a 

regular hexagon of side 7 cm. 

3 A pyramid on a square base has four identical triangular faces which are 

isosceles triangles with equal sides 9cm and equal angles 72°. 

[ii Find the area of a triangular face. 

[iii Find the length of a side of the base. 
[iii] Hence find the total surface area of the pyramid. 

I 
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The sine rule 

4 A tiler wishes to estimate the 

number of triangular tiles needed 

to tile an area of !Om2• The 

dimensions of each tile are shown in 

the diagram. 
[ii Find the area of a tile. 
~ 40° 

The tiler then divides 10m2 by this area and rounds to the next whole number. 

[iii What result would this give? 
[iii] Explain what is wrong with this estimate. 

5 A regular tetrahedron has four sides, each of which is an equilateral triangle of 

side 10 cm. Find the total surface area of the tetrahedron. 

You can use trigonometry to find sides and angles in non-right-angled triangles. 

This involves two important rules, the sine rule and the cosine rule. 

A~ 

Figure 7.13 

You have already seen that for any triangle ABC 

area= !bcsinA = !casinB = ,tabsinC 

bcsinA casinB absinC 

abc abc abc 

sinA sinB sine 
- =b =-

C 

This is one form of the sine rule and is the version that is easier to use if you want 

to find an angle. 

Inverting this gives 

" b ' - = - = -
sinA sinB sine 

which is better when you need to find a side. 

D Why is the inverted form of the sine rule better when you want to find a side? 



EXAM LE .3 

EXAMPLE 7.4 

Find the side BC in the triangle shown in figure 7.14. 

A 
A~C 

Figure7.14 

SOLUTION 

Using the sine rule 

" b ' - = - = -
sinA sinB sinC 

" 8 -- =--
sin42° sin69° 

a = 8sin42° 
sin69° 

= 5.733887 ... 
side BC = 5.7cm (1 d.p. ). 

Dothecalculation entirclyon 
your calculator,andround 

only the final amw, r. 

A \.\Then using the sine rule to find an angle, you need to be careful because 

sometimes there are two possible answers, as in the next example. 

Find the angle Pin the triangle PQR, given that R = 32°, r= 4 cm andp = 7cm. 

SOLUTION 

The sine rule for l:,,. PQR is 

sin P = sinQ = sinR 

sin P sin32° 
7 =- . -

sinP = 0.927358712 

P = 68.0° (I d.p.) or P = (180° - 68.0") = 112°(1 d.p.). 

Both solutions are possible as indicated in figure 7.15. 

I 
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Figure7.15 

A You should always check to see if there is a second solution, but sometimes only one 

solution is possible since the second would give an angle sum greater than 180". 

D Figure 7.16 shows triangle XYZ with XY = 6cm, 

XZ = 8cm and L XYZ = 78°. What happens when 

you use the sine rule to calculate the remaining 

angles? 

GIIDilmiJllllll 1 Find the length x in each of these triangles. 

[ii [iii 

D 0 

X y 

z 

lJ 0 

X y 
6 , m 

Figure7.16 

[;;;\]] X 

z 

X 5.7 ,m 



2 Find the angle fJ in each of these triangles. 

: A . .... ~6.4,m 

~ 
C 

120° 

[;;;] A~6.7em B C 

2.8cm 

The cosine rule 

(} 24° ~~--~-~c 
B 

Sometimes it is not possible to use the sine rule with the information you have 

about a triangle. For example, you know all three sides but none of the angles. 

Like the sine rule, the cosine rule can be applied to any triangle, and again there 

are equivalent versions. 

a 2 = b2 + c2 - 2bccosA 

bi +c2 - a2 
cosA= ---

2b, 

Proof 

For the .l:..ABC, CD is the perpendicular from C to AB as shown in figure 7.17. 

Figure7.17 

I 
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In t::..ACD 

b2 =x2 +h2~ 

cosA = i-, so x = bcosA. 

In t:..BCD 

a2 =(c- x)2+h2 ~ 
a2 =,2- zcx+x2+ 1i2 

a2 =c2 - 2cx+ b2 

a2 = c2 - 2cbcosA + b2 

al = b2 + ,2 - 2bccosA 

Rearranging this gives 

2bccos A = b2 + ,2_ a2 

b2 +ci - ai 
cosA = ---

2b, 

using© 

using (2) 

as required. 

which is the second form of the cosine rule. 

NOTE Starting with a perpendicular from a different vertex would give the following 

EXAMPLE 7.5 

similar results. 

b2 = a2 + c2 
- 2accosB 

ai + ,1 _ b2 
cosB = ---

2oc 

c2 = a2 + b2 
- labcosC 

a2 + bi _ ,2 
cosC = --­

'"b 
Find the side AB in the triangle shown in figure 7 .18. 

A 

Figure 7.18 

SOLUTION 

c2 = a2 + b2-2abcosC 

= 92 + 82 - 2 x 9x 8cos37° 

AB = S.Scm(l d.p. ) 

ID 



EXAM LE .6 Find the angle Pin the triangle shown in figure 7.19. 
p 

~ . 
Q 12.lcm 

Figure7.19 

SOLUTION 

The cosine rule for this triangle can be written as 

cosP= qi+,i-pi 
2q, 

5.32 +8.2 2 - 12.ll 

2 X 5.3 X 8.2 
p = 126.0°(1 d.p. ) 

1 Find the length xin each of these triangles. 

m •=~'. j m, . '"·'=a);:) y ,,,,m 

,L_J '"°, 
'= y 

4.1cm z 74° 

y 9.7cm X 

2 Find the angle O in each of the following triangles . 

,,m S V- ,' 

I 

. 6 ·~-~ . ·u,'= '·"= 
R 1.25cm y 161 
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J The diagonals of a parallelogram have lengths of 12 cm and 18cm and the 

angle between them is 72°. Find the lengths of the sides of the parallelogram. 

4 The diagram shows a quadrilatera!ABCD withAB = 8cm, BC = 6cm, CD = 7cm, 

DA = Scmand L ABC = 90°. Calculate 
(ii AC 

[iii LADC. 

0
7,m C 

5c 6cm 

A 
8cm B 

5 The diagram shows two circles. One has centre A and a radius of 8cm. The 

other has centre Band a radius of 10cm. AB = 12cm and the circles intersect at 

P and Q. Calculate LPAB. 

Using the sine and cosine rules together 

EXA E7. 

Sometimes you need to use both the sine and cosine rules in the same problem, 

as in the next example. 

Figure 7.20 shows the positions of three towns, Aldbury, Bentham and Chorton. 

Bentham is 8km fromAldbury on a bearing of037' and Chorton is 9km from 
Bentham on a bearing of 150°. Find 



(ii the angle ABC 

[iii the distance ofChorton from Aldbury (to 0.1 km) 

[iii) the bearing ofChorton from Aldbury (to 1°). 

B 150° 

si 

Figure 7.20 

SOLUTION 

[ii LABS= 37° (alternate angles) 

and LSBC= 30" (adjacent angles) 

so LABC=67' 

[iii Using the cosine rule 

b2 = a2 + c2 - 2accosB 

=92+ 32_2 x 9 x 8 cos67 .6 
=88.7347 .. 

b=9.4199 .. 

Chorton is 9.4km fromAldbury (1 d.p.). 

[iii) Using the sine rule 

sinA sinB 
- =b 
sinA sin67° 

9 =9.4199 .. . 

sinA = 0.87947 .. . 

A= 61.57 ... 0 

The bearing of Chorton from Aldbury 

is 099°. 

Stonthi,nsultinyour 
calculator memory so 

thatyoucanuscitlater. 

NL· ' 
620 

A 

Figure7.21 

I 

C 

163 



I 
XAMPLE7.8 

164 

0 The other value of A that gives sinA = 0.879 47 ... is 118.42 ... 0 

Why does this not give an alternative solution to this problem? 

A triangular plot of land has sides of length 70 m , 80 m and 95 m. 

Find its area in hectares. ( I hectare (ha) is 10000 m2) 

SOLUTION 

First draw a sketch and label the sides. 

80m/\70m 
B~C 95m 

Figure7.22 

You can now see that the first step is to find one of the angles, and this will need 

the cosine rule. 

II How do you decide that it is the cosine rule you want to use? 

bi +c2 - a2 
Using cosA = --,b-, -

701 + 802 - 952 

gives cosA = 2x70x80 

A = 78.28 .. . 0
• 

Now using area = 'i bcsinA 

area = ± x 70 x 80 sin 78.28 

= 2741.625 ... m 2 

area = 0.27ha (2 d.p.). 

0.2031 .. 

1 The hands of a clock have lengths 6 cm and 8 cm. 

Find the distance between the tips of the hands at 8 pm. 

2 From a lighthouse L, a ship A is 4km away on a bearing of 340" and a ship Bis 

5km away on a bearing of 065°. 

Find the distance AB. 



J When I amat a pointX, the angle of elevation ofthetopofa tree T is 27', but 

if I walk 20m towards the tree, to point Y, the angle of elevation is then 47°. 
(ii Find the distance TY. 

[iii Find the height of the tree. 

4 Two adjacent sides of a parallelogram are of lengths 9.3 cm and 7.2 cm, and the 

shorter diagonal is of length 8.1 cm. 
[ii Find the angles of the parallelogram. 

(iii Find the length of the other diagonal of the parallelogram. 

5 A yacht sets off from A and sails for 5 km on a bearing of 067° to a point B so 

that it can clear the headland before it turns onto a bearing of 146°. It then 
stays on that course for 8km until it reaches a point C. 

[ii Find the distance AC. 

(iii FindthebearingofCfromA. 

6 Two ships leave the docks, D, at the same time. Princess Pearl, P, sails on a 
bearing of 160° at a speed of 18km/h, and Regal Rose, R, sails on a bearing of 
105°. After two hours the angle DRP is 80°. 

[ii Find the distance between the ships at this time. 

[iii Find the speed of the Regal Rose. 

7 The diagram represents a simplified drawing of the timber cross-section of a 

roof. Find the lengths of the struts BO and EG. 

8 Sam and Aziz cycle home from school. 
Sam cycles due east for 4km, and Aziz cycles due south for 3 km and then for 

2 km on a bearing of 125°. 

How far apart are their homes? 

I 
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Solution of trigonometrical equations 

Suppose that you want to solve the equation 

sin0 = 0.5. 

You start by pressing the calculator keys 

[;]~00 
and the answer comes up as 30°. 

NOTE The sin- 1 key may also be labelled invsin or arcsin. 

However, look at the graph of y = sine (figure 7.23). You can see that there are 

other roots as well. 

Figure 7.23 

D How many roots does the equation have? 

The root 30° is called the principal va/11e. 

Other roots can be found by looking at the graph. The roots for sin (J = 0.5 are 

seen (figure7.ll ) to be: 

0 = ... , - 330°, - 210",30°, 150°, .. 

Note that on this specification, you will only be asked to find solutions between 

0° and 360° inclusive. 

NOTE A calculator always gives the principal value of the solution. These values are in 

the range 

0° -..; (} ,,;; 180° (cos) 
- 9Q" ,o;; (} ,,;; 90° (sin) 
- 90" < 8 < 90" (tan) 

==•M=P~L~E ~' ·'-., Find values of 8 in the interval 0° ,,;,;: 8 ,,;,;: 360" for which cosB = 0.4. 

SOLUTION 

cos8 = 0.4 ~ 8 = 66.4" (principalvalue). 

Figure 7.24 shows the graph of y = cos 8. 



Figure7.24 

The values of B for which cosB = 0.4 are 

66.4°,293.6°. 

D How do you arrive at 293.6°? 

HereaUvaluesare 
giw nroundedtol 

decimal place. 

AMPLE 7. 10 Find values of (:l in the interval 0° ,,;; (} ,,;;: 360° for which tan 0 = -0.7. 

SOLUTION 

tanB = -0.7 B= - 35.0° (principal value) . 

Figure 7.25 shows the graph of y= tan e. 

/ 
Figure7.25 

ThevaluesofBforwhich tan 0 = -0.?are 

145.0°,325.0°. 

I 
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GIIDilmfDI. 1 Solve the following equations for 0° ,s;: (} ,s;: 360". Give answers to I decimal 

place where necessary. 

(ii cos0 = 0.5 [iii tanB = I 

[iv] sin0 = -0.5 

[viii tan0 = 0 

,,, cos0 = 0 
[viii] cos0 = -0.54 

[iiil sinO = f" 

[vii tanB =-5 

[ix) sinO = I 

2 Solve the following equations for 0° ,,;; (} ,,;; 360°. Give your answers to 

I decimal place where necessary. 

[ii Jcos0 = 2 (iii 7sin0 = 5 [iii] 3tan0 = 8 

[iv] 6sin0+5 = 0 (vl Scos0+2 = 0 [vii 5-9tan0 = 10 

J Solve the following equations for O",,;;;: (} ~ 360°. 

[ii sin2 0 = 0.75 [iii cos2 0 = 0.5 [iii] tan2 0 = I 

4 [ii Factorise 2x2 + x- I. 

[iii Hencesolve2~+x-1 = 0. 

[iii] Use your results to solve these equations for 0° ,,;; (} ,,;; 360°. 

[al 2sin2 0+sin0-1 = 0 

[bi 2cos2 0+cos0-1 = 0 

!cl 2tan2 0+tane- I = 0 

5 Solve the following equations for O ,s; x,,;; 360°. 

[ii tan2 x- 3 tanx = 0 [iii I - 2sin2 x = 0 

[iii] Jcos2 x + 2cosx- 1 = 0 [iv) 2sin2x = sinx + I 

6 Use of a calculator is not allowed in this question. 

Solve the following equations for O ,.;;: x,.;;: 360". 

[ii tan x = .fj [iii 2sinx = I 

[iii] Ji cosx- I = 0 [iv) 2sinx = .fj 
[vl tan2 x- tan x= 0 [iv) 4cosx = Ju 

Trigonometrical identities 

Remember the earlier definitions for trigonometrical functions of angles of any 

magnitude 

sintl = y cosO= x tantl = f 

where the angle O was defined by a point P(x, y) on a circle of unit radius 

(figure7.26 ). 



Figure 7.26 

Figure 7.27 

EXAMPLE 7. 11 Solve the equation 2cos2 B- sinB - I = 0 for values of Bin the range 0° to 360°. 

SOLUTION 

2cos2 B- sinB - 1= 0 
2(1 - sin2 B)- sinB - I = 0 

2 - 2sin2 B- sinB - I = 0 

0 = 2sin2 B+sinB - 1-----

Factorising 

(sinB+ 1)(2sinB - 1)= 0 

=> sinB = - 1 orsinB = 0.5 

sinB =-1 => B=- 90° or B= 270° 

B=-90° is the principal value but it is outside the required range. B= 270° is 

inside the required range. 

sinB = 0.5 => B= 30° (principal value) or B= 150° 

B = 30° and B = 150° are both inside the required range. The next value, 390°, is 
too big. 

The solution of the equation is therefore B= 30°, 150° or 270°. 

I 
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Using trigonometrical identities to solve equations 

The identity 

is particularly useful when solving equations which contain both sinB and cosB 

with one of the functions squared. You can rearrange it to get 

sin2 B = I - cos2B or cos2B = I - sin2B. 

Other uses 

Identities can also be used to simplify expressions and to prove other identities. 

tanxcosx 
[ii Show that ,Ji - cos"x simplifies to I. 

[iii Hence, solve cos2 x - sin2 x = 0.5 for Q0 ,,;; x ,.-;; 180°. 

SOLUTION 

(ii 

sinx cosx 
tanx cosx cosx 

J1 - cos 2x=~ 

sinx 

sinx 

= I 

Using part [iJ 

2cos2 x - 1 = 0.5 

2cos2 x = 1.5 

cos2 x = 0.75 

COS X = ±.Jo:is 

cos x = Jo:is so x = 30° (principal value) 

cos x = - Jo:is so x = 150° (principal value) 

The values of xfor which cos2 x - sin2 x = 0.5 are 30° and 150°. 



AMPLE 7.13 Prove that cos2 x - sin2 x • 2 cos2x- I. 

SOLUTION 

Start with the left hand side cos1 x-sin2 x • cos2 x-(1-cos2x) 

"" cos2x- I + cos2x 

"" 2cos2x-1 

Ol!Dimlllfllllllll 1 For each of the equations (ii-Iv]: 

[al use the identity sin2 (J + cos2 (J '"' I to rewrite the equation in a form 

involving only one trigonometrical function 
[bi factorise, and hence solve, the resulting equation for 0° ,,;;: 0 ,,;;: 360°. 

[ii 2cos2 B+ sinB-1 = 0 

(iii sin2 0+cos0+1 = 0 
[iii) 2sin2 0-cos0-1 = 0 

[iv) cos2 B+ sin0 = I 

[vl I + sin0-2cos2 0 = 0 

2 For each of the equations (iHiii): 

[al use the identity sin2 (J + cos2 (J ._ I to rewrite the equation in a form 

involving only one trigonometrical function 

[bi use the quadratic formula to solve the resulting equation for 
Q0 .s; (J ,s;: J80°. 

[ii sin2 0-2cos0+1 = 0 

[iii cos2 B-sinB = O 
(iii) sin2 B-3cosB = O 

3 [ii Use the identity 

tan(:l a. sin(:l 
cos(:l 

to rewrite the equation sin (:l = 2cos (:l in terms of tan B. 
[iii Hence solve the equation sinB = 2cos(:l for 0° ,s; (:l ,s; 180°. 

4 Use the identity 

tanB • sin(:l 
cos(:l 

to solve the following equations for O ,s; (:l ,s; 360". 

(ii 2sinB +cos B= O 

[iii F3tanB = 2sin(:l 

[iii) 4cosBtanB = I 

5 Write the following in terms of sin x. 
[ii cos2xtan2 x [ii)tanxcos3 x [iii) cosx (2cosx- Jtanx) 

6 Show that 3sinx (sinx + 2) - 3(2sinx - cos2 x) simplifies to an integer. 

I 
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7 Prove the following identities. 

[ii tanx J1 - sin1x -' sinx 

[iii I - cos1 x :- tan2 x 
1 - sin1x 

[iii] ( l + sinx) ( l -sinx) • coslx 

(iv] 2sinxcosx • l-lsinlx 
tanx 

1 For an angle (Jin a right-angled triangle 

sinO = ~ cosO = adjacent tanO= opposite 
hypotenuse hypotenuse adjacent 

2 The point (x, y) at angle (Jon the unit circle with centre (0, 0) has co-ordinates 

( cos B, sin 0) for all €1, i.e. cos B = x and sin (J = y. 

This also gives tan B = f. 
J The graphs of sin fJ, cos (J and tan Bare as shown below. 

I 
I 
I 
-90' 

sin8 

h ,/ 

lane 

,/ 

I 
I 



4 tanO• sinO 
cosB 

5 sin28+cos28 ... I 

6 For a triangle ABC 

area= ibc sin A 

a b , F si n A = sin B = sin C 
si n A sin B sin c thuin~ruk 
---;-=b= ~ 

bi+,1-ai ~ 
a

2 = b2 + c2 
- lbc cos A l 

cosA=--- '== 
2bc 

I 
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Calculus 

I do not know what I may appear to the world; but to myself I seem 

to have been only like a boy playing on the seashore, and diverting 

myself in now and then finding a smoother pebble or a prettier shell 

than ordinary, whilst the great ocean of truth lay all undiscovered 

before me. 
lsaacNewton(1642- 1727) 

The gradient of a curve 

FigureB.1 

In figure 8.1 the curve has a zero gradient at A, a positive gradient at Band a 

negative gradient at C. 

One way of finding these gradients is to draw the tangents and use two points on 

each one to calculate its gradient. This is time-consuming and the results depend 

on the accuracy of your drawing and measuring. If you know the equation of the 

curve, then differentiation provides another method of calculating the gradient. 

Differentiation 

Instead of trying to draw an accurate tangent, this method starts by calculating 

the gradients of chords PQ 1, PQ 2, •••• As the different positions ofQ get closer 

to P, the values of the gradient of PQ get closer to the gradient of the tangent at P. 

The first few positions of Q are shown in figure 8.2. 
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FigureB.2 

For Pat (3,9) 

chord 

PQ, 

PQ, 

PQ, 

PQ, 

PQ, 

y=x2 

Ql(4,16) 

Q2(3.5, 12.25) 

QJ(3.l,9.6l) 

p (3,9) 

co-ordinateofQ 

(4, 16) 

(3.5,12.25) 

(3.1,9.61) 

(3.01,9.0601 ) 

(3.001,9.006001 ) 

ThelinePQ1joining 
twopoint,onthocurvc, 

iscallcdachord. 

grnd ient ofPQ 

16- 9 
-- =7 
4-3 

12.25-9 
--=6.5 

3.5-3 

9.6 1 - 9 
--=6. 1 
3.1 -3 

9.0601 -9 
---=6.01 

3.01 -3 

9.00600 1- 9 = 6.001 
3.001 -3 

In this process the gradient of the chord PQ gets closer and closer to that of the 
tangent, and hence the gradient of the curve at (3, 9). 

Look at the sequence formed by the gradients of the chords. 

7,6.5,6.l,6.0l,6.00I, ... 

It looks as though this sequence is converging to 6. 

Q Do you think the limit will still be 6 if the points Q are positioned on the other 
sideof P! 



Cf·il!Jiiilh.:J·Hii•li:1•1•• Take points R1 to R5 on the curve y = x2 with x co-ordinates 2, 2.5, 2.9, 2.99, 

and 2.999 respectively and find the gradients of the chords joining each of these 

pointstoP(3,9). 

The calculations above show that the gradient of the curve y = x 2 at (3, 9) seems 

to be 6 or about 6 but do not provide conclusive proof of its value. To do that you 

need to apply the method in more general terms. 

Take the point P(3, 9) and another point Q dose to (3, 9) on the curve y= x 2
• Let 

the x co-ordinate of Q be (3 + h) where his small. Since y = x2 at all points on the 

curve, the yco-ordinateofQ will be (3 + h)2. 

A Figure 8.3 shows Qin a position where his positive. Negative values of h would 

put Q to the left of P. 

FigureB.3 

From figure 8.3, the gradient of PQ is (J + ht- 9 

9+6h+hl -9 
--h--

6h+ h2 

- h -

h(6+ h) 
- h-

= 6+h. 

For example, when h = 0.001, the gradient of PQ is 6.001 and when h = -0.001, 

the gradient of PQ is 5.999. The gradient of the tangent at P is between these 

two values. Similarly the gradient of the tangent at P would be between 6 - h and 

6 + h for all small non-zero values of h. 

For this to be true, the gradient of the tangent at (3, 9) must be exactly 6. 

In this case, 6 was the limit of the gradient values, whether you approached P 

from the right or the left. 

I 
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Using a similar method, find the gradient of the tangent to the curve at 
[ii (2,4) 

[ii i (-1, I ) 

(iii] (-3,9). 

What do you notice? 

The gradient function 

The work so far has involved finding the gradient of the curve y = x 2 at just one 
particular point. It would be very tedious if you had to do this every time and so 

instead you can consider a general point (x, y) and then substitute the value(s) of 

x and/or y corresponding to the point(s) of interest. 

Find the gradient of the curve y = x 3 at the general point (.x, y). 

SOLUTION 

Let P have the general value x as its x co-ordinate, so P is the point (x, x3) (since it 

is on the curve y = x3
). 

Let the xco-ordinate ofQ be (x + h) so Q is the point ((x + h), (x + h)3). 

y =x1 

Figure8.4 

The gradient of the chord PQ is given by 

_9! = (x+h)1-x:1 
PR (x+h)-x 

Q ((x+lt),(x +lr)1) 

x 1 +3x2h+3xh2 +h1 - x:1 

h(3x2 + 3xh + h2
) 

h 

= 3x2 + 3xh+h2 



I 

I 
As Q gets closer to P, h takes smaller and smaller values and the gradient 

approaches the value of 3x2, which is the gradient of the tangent at P. 

The gradient of the curve y = x 3 at the point (x, y) is equal to 3x2• 

1 [ii For the curve y = x4estimate the gradient at the point P(2, 16) by taking 

different positions of Q with xco-ordinates 2.1, 2.01 and 2.001 respectively. 

[iii Use a similar method to estimate the gradient at the points (3, 81 ) and(-!,!). 

2 Use the method in Example 8.1 to prove that the gradient of the curve y = x 2 at 

the point (x, y) is equal to 2x. 

An alternative notation 

So far, h has been used to denote the difference between the xco-ordinates of our 

points P and Q, where Q is dose to P. 

his sometimes replaced by Ox. The Greek letter O(delta) is shorthand for 'a small 

change in' and so OX represents a small change in x, Oya small change in y and so on. 

Figure8.5 

In figure 8.5 the gradient of the chord PQ is~. 

In the limit as OX tends towards 0, Ox and Oy both become infinitesimally small 

and the value obtained for ~ approaches the gradient of the tangent at P. 

Lim~ is written as ~. 
3x--->o 6x dx 

Using this notation, you have a rule for differentiation. 

y = x" => ¥x = nx,.._1 

The gradient function, ¥x , is sometimes called the derivative of ywith respect to 

x and when you find it you have differentiated y with respect to x. 

Because of the connection with gradient, ~ is also referred to as the rate of 

change of y with respect to x. dx 

I 
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11: (ii Plotthecurvewithequationy = :t2+2forvaluesofxfrom-2to+2. 

~ [iii On the same axes and for the same range of values of x, plot the curves 

:i y = x 2 -2,y = x 2 andy = x 2 +5. 

3 [iii] What do you notice about the gradients of this family of curves when x = O? 

What aboutwhenx = I andx = -1? 

[iv) Differentiate the equation y = x 2 + c, where c is a constant. How does this 

result help you to explain your finding in (iii!? 

Differentiation using standard results 

Finding the gradient from first principles establishes a formal basis for 

differentiation but in practice you would use the differentiation rule. This also 
includes the results obtained by differentiating (i.e. finding the gradient of) 

equations which represent straight lines. 

The gradient of the line y = x is I. 

The gradient of the line y = c is O where c is a constant, since this line is 

parallel tothexaxis. 

The rule can be extended further to include functions of the type y = kx" for any 

constant k, to give 

y = kx" =) ~ = nkx---1
• 

dx 

You may find it helpful to remember the rule as multiply by the power of x and 

reduce the power by I. 

==•M=P~L~E ='·'~., Find the gradient function for each of the following functions. 

[ii y= x7 [iii y= 4x3 (iii) y= Sx2 

SOLUTION 

[ii ~ = 7x6 [iii ~ = 12x2 [iii) ~ = !Ox 
dx dx dx 

Sums and differences of functions 

Many of the functions you will meet are sums or differences of simpler ones. 
For example, the function ( 4x3 + 3x) is the sum of the functions 4x3 and 3x. To 

differentiate a function such as this you differentiate each part separately and 
then add the results together. 



EXAM LE8.3 

EXA LEJ. 

Differentiate y = 4x3 + 3x. 

SOLUTION 

~ = 12x2 +3 
dx 

Given that y = 2x3 - 3x + 4, find 

[ii~ 
dx 

[iii the gradient of the curve at the point (2, 14) 

[iii) the rate of change of ywith respect to xwhen x = - 3. 

SOLUTION 

[ii ~ = 6x2 -3 
dx 

(iii ~~~::i:~::n::~ 2 in the expression for~ gives 
dx 

~ = 6x(2)1 - 3 = 21. 

[iii) ~ is the rate of change of ywith respect to x. 

S~stituting x = - 3 in the expression for ~ gives 
dx 

[ii y =x4 

!iv] y = 7x9 

[viii y = !Ox ,,, y =x3+4 

[xiii] y =4x 3 + 2x 

[iii ,,, 
[viii] 

[xii 

~ = 6 x(-3)1 -3 
dx 

= 51. 

y = 2x3 [iii) 

y = -3x6 [vii 

y = 2x5 +4x2 [ix) 

y = x-Sx3 [xiii 

[xiv) y = 2x+6 [xvi 

y = Sx2 

y = S 

y = 3x4 + Sx 

y = 3x5 +4x4 -3x2 +2 

y = x 5 + 12x3 +3x 
[xvi] y = 3x5+2 [xvii) r = ix1 [xviiil y = xl +42x2-5x+24 
[xixl y = 21tx [xxl y = 1tx2 

2 A rectangle has length 6x and width 3x. 

The area of the rectangle is y. 
[ii Write downy in terms of x. 

(iii Work out~. 
dx 

I 
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EXAMPLE 1.5 

J An expanding sphere has radius 2.x. 

(ii Show that the volume, y, of the sphere is given by the formula 
32 , 

[iii ~=k1u::h~ rate of change of y with respect to x when x = 2. 

Products and quotients of functions 

If a function is a product or quotient of simpler ones, you must manipulate them 

into a sum or difference before differentiating. 

Workout~. 
dx 

[ii y = x3(x2 -4) 

[iii y = x5: x 2 

SOLUTION 

[ii Expand y = x 5 
- 4x1 

~ =5x4 - 12x2 

dx 

[iii Make into two fractions y = ~ + f 
f = X 4 + X 

~ = 4x3 + 1 
dx 

(ii y = x(x2+2) [iii y = 2x2(3x -4) [iii] y = (x +3)(x+2) 

[iv] y = (x+S)(x+2) (vl y = x3(4+x - x2) 
x5 +x1 

[vii y= - , -

2 Work out an expression for the rate of change of ywith respect to xfor each of 

the following. 
x1 +x1 

[ii y = (x+ 2) (x - 5) [iii y = - x-, -

[iv] y = (3x + I) (x - 2) [vl y = x-l-(xf + x-l-) 

4x6 
- 2x2 

(iii) y = --,,-

[vii y = x+(xf + x-t) 

J Work out the gradient of the curve y = x3(x - 2) atthe point (3, 27). 

6x 4 + 2x~ 
4 Workouttherateofchangeofywithrespecttoxfor y = ~ whenx= -1 . 



1

5 ::r~
3

~ut the rate of change of ywith respect to x for y = xt(xl - x-i) when 

3x4 + xi - 5x 
6 Workoutthegradientofthecurve y = --x--atthepoint(l, - 1). 

Tangents and normals 

XAMPLE 8.6 

Now that you know how to find the gradient of a curve at any point you can use 

this to find the equation of the tangent at any particular point on the curve. 

(ii Find the equation of the tangent to the curve y = 3x2- Sx- 2 at the point (1,-4). 

[iii Sketch the curve and show the tangent on your sketch. 

SOLUTION 

[ii First find the gradient function* 

~ = 6x - 5 
dx 

Substitute x = I into this gradient function to find the gradient, m, of the 

tangent at ( I, -4) 

m = 6x l - 5 

= I 
The equation of the tangent is given by 

y - Yi = m(x - x 1 ) ~ 
y - (- 4)= 1(x - l ) ~ 

y = x - 5. 

[iii y = 3x2-5x-2 is au-shaped quadratic curve. 

It crosses the xaxis when 3x2 
- Sx - 2 = 0. 

(3x+ l )(x-2) = 0 
I 

x = -3 or x = 2 

It crosses the yaxis when y = -2. 

y=3i-5x-2 

Figure8.6 

y =x-5 

I 
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EXAMPLE 8.7 

The normal to a curve at a particular point is the straight line that is at 

right angles to the tangent at that point (see figure 8.7). Remember that for 

perpendicular lines m 1m2 = - 1. 

Figure8.7 

Figure 8.8 is a sketch of the curve y = x 3 
- 3x2 + 2xand the point P(3, 6). Find the 

equation of the normal to the curve y = x 3 - 3x2 + 2x at P. 

P(3,6) 

FigureB.8 

SOLUTION 

y=x3-3x2 +2x ~ ~ = 3x2 - 6x + 2 
dx 

Substitute x = 3 to find the gradient, m1, of the tangent at the point (3, 6) 

m1 = 3x(3)2 -6x3+2 = JI 

The gradient, m2 , of the normal to the curve at this point is given by 

I I 
1112 = - ~ =-11. 

The equation of the normal is given by 

y - Yi = m1(X - x1 ) 

y - 6 =-~ (x-3) 

ll y - 66 =-x + 3 

x + ll y - 69 = 0 



P(3,6) 

y =5x-x2 

The marked point, P, has co-ordinates (3, 6). Find 

[ii the gradient function~ 

[iii the gradient of the curve at P 

[iii] the equation of the tangent at P 

[iv] the equation of the normal at P. 

2 The sketch shows the graph of y = Jx2 - x~. 

y = 1-.2-x3 P (2,4) 

[ii The marked point, P, has co-ordinates (2, 4). Find 

[al the gradient function~ 

[bi the gradient of the curve at P 

!cl the equation of the tangent at P 

[di the equation of the normal at P. 

[iii The graph touche; the x axis at the origin O and crosses it at the point Q. Find 

[al the co-ordinates of Q 

[bi the gradient of the curve at Q 

!cl the equation of the tangent at Q. 

[iii] Without further calculation, state the equation of the tangent to the 

curve at 0. 

3 The sketch shows the graph of y = x 5 - x3. 

,;z') I 
~ · 

I 
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[ii Find the co-ordinates of the point P where the curve crosses the positive 

xaxis. 

[iii Find the equation of the tangent at P. 
[iii] Find the equation of the normal at P. 

The tangent at P meets they axis at Q and the normal meets the y axis at R. 

[iv] Find the co-ordinates ofQ and Rand hence find the area of triangle PQR. 

4 [ii Giventhat y = K-3x2+4x+l,find ~ . 
dx 

[iii The point P is on the curve y = :<- 3x2 + 4x+ I and itsxoo-ordinate is 2. 

[al Calculate the y co-ordinate of P. 

[bi Find the equation of the tangent at P. 

[cl Find the equation of the normal at P. 

[iii] Find the values of xfor which the curve has a gradient of 13. 

5 The sketch shows the graph of y = x~ - 9x2 + 23x - 15. 

The point P marked on the curve has its x co-ordinate equal to 2. Find 

[ii the gradient function~ 

[iii the gradient of the curve at P 
[iii] the equation of the tangent at P 
[iv] the co-ordinates of another point, Q, on the curve at which the tangent 

is parallel to the tangent at P 
[vl the equation of the tangent at Q. 

6 The point (2, -8) is on the curve y = x 3 - px + q. 

[ii Use this information to find a relationship between p and q. 

[iii Find the gradient function~. 

The tangent to this curve at the point (2,-8) is parallel to the xaxis. 

!iii] Use this information to find the value of p. 
[iv] Find the co-ordinates of the other point where the tangent is parallel to 

thexaxis. 



[vl State the co-ordinates of the point P where the curve crosses the yaxis. 

[vii Find the equation of the normal to the curve at the point P. 

7 The sketch shows the graph of y = x 2 - x - I. 

[ii Find the equation of the tangent at the point. 

The normal at a point Q on the curve is parallel to the tangent at P. 

[iii State the gradient of the tangent at Q. 

[iii] Find the co-ordinates of the point Q. 

8 A curve has the equation y = (x- 3)(7 - x). 

[ii Find the gradient function ~ . 

[iii Find the equation of the tangent at the point (6, 3). 
[iii] Find the equation of the normal at the point (6, 3). 
[iv] Which one of these lines passes through the origin? 

9 A curve has the equation y = l.5x3 - 3.5x1 + 2x. 
(ii Show that the curve passes through the points (0, O) and ( I, O). 

[iii Find the equations of the tangents and normals at each of these points. 
[iii] Prove that the four lines in [iii form a rectangle. 

Increasing and decreasing functions 

A function y = f(x) is 

increasing if ~ > 0 

decreasing if ~ < 0. 

Some functions are increasing or decreasing over their whole domain. 

For example, y = 3 - 2x is a decreasing function for all real values of x because 

~ = - 2whichis < O. 
dx 
Other functions are increasing over parts of their domain. 

I 
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EXAM LEI.I Work out the value of x for which the function y = x2 - 4x + I is an increasing 

function. 

SOLUTION 

Workout~ 
dx 

~ = lx - 4 
dx 

To be an increasing function ~ > 0 
dx 

[iii y = lx-3 

2x - 4 > 0 

2x > 4 

X > 2 

(iii) y = x2+2x-5 [ii y = x2+4 

[iv] r=f -3x 
[viii r =3 x3-2x2 

[vl y = 3x2+4x+7 (vii y = (x + 6)(x- 2) 
[ix] y=x'-Jx2-9x+ I [viii) y = x3+6x2-15x 

2 Work out the values of x for which the following functions are decreasing. 
[ii y =4x2 [iii y = x2-6.x+2 [iii) y = x(x+l) 

[iv] y =3+4x-x2 [vl y =1 2-x [vii y = (2x+ i )2 

[viii y =±x'+x2 [viii) y = 2x'-3x2-72x [ix] y = 27x-x3 

J Prove that y =± x3 + 2x2 + 7x + I is an increasing function for all values of x. 

4 Prove that y = x' - 6x2 + 27 x- 4 is an increasing function for all values of x. 

5 Prove that y = 12 - 2x - x3 is a decreasing function for all values of x. 

Stationary points 

t'l!imiilltllll (ii Plotthegraphofy= x4-3x3 -x2 + 3x, takingvaluesofxfrom-1.5 to +3.5 

instepsof0.5. 
You will need your yaxisto go from - JO to +20. 

(iii How many turning points are there on the graph? 
[iii] What is the gradient at each of these turning points? 
[iv) One of the turning points is a maximum and the others are minima. 

Which are of each type? 
[vl ls the maximum the highest point of the graph? 

[vii Do the two minima occur exactly at the points you plotted! 
(viii Estimate the lowest value that y takes. 

A stationary point on a curve is one where the gradient is zero. This means that 
the tangents to the curve at these points are horizontal. Figure 8.9 shows a curve 

with four stationary points A, B, C and D. 



FigureB.9 

As the curve passes through the points A and C it changes direction completely. 

At A the gradient changes from positive to negative and at C from negative to 
positive.A is called a maximmn point and C is a minimum point. 

NOTE Maximum and minimum points are turning points. Questions on this 
specification will not use the term 'turning points'. 

At B the curve does not turn. The gradient is negative both to the left and to the 

right of the point. B is a point of inflection. 

0 What can you say about the gradient to the left and to the right of D? 

NOTE Points where a curve just 'twists', but doesn't have a zero gradient are also called 

points of inflection, but only stationary points of inflection, ones where the 
gradient is zero, are included in this section. The tangent at a point of inflection 

both touches and intersects the curve. 

Describe the gradient of the curve, using the words 'positive', 'negative', 'zero', 
'increasing' and 'decreasing', as x increases from 0° to 360°. 

FigureB.10 

I 
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EXAMPLE 8.9 

Maximum and minimum points 

Figure 8.11 shows the graph of y = 4x - x 2• It has a maximum point at (2, 4). 

(2.4) 

y =4x-..-2 

FigureB.11 

You can see that 

• at the maximum point the gradient ¥x is zero 

• the gradient is positive to the left of the maximum and negative to the right of it. 

This is true for any maximum point (see figure 8.12). 

0 

Figure B.12 

In the same way, for any minimwn point (see figure 8.13) 

• the gradient is zero at the minimum 

• the gradient goes from negative to zero to positive. 

'\\ ~// 
-~+ 

--0--

FigureB.13 

Once you have found the position and type of any stationary points, you can use 

this information to sketch the curve. 

For the curve y = x 3 
- llx+ 3 

[ii find ~ and thevaluesofxforwhich ~= 0 
dx dx 

(iii classify the points on the curve with these xvalues 

[iii] find the correspondingyvalues 

[iv] sketch the curve. 



SOLUTION 

[ii * =3x
2

- 12 

When~ = O 
dx 

3x 1 - 12 = 0 

3(x 1 
- 4) = 0 

3(x +2)(x-2)= 0 

x=-2orx = 2 

(iii Forx = -2 

X = -3 ~ ~ = 3(-3)1- 12 = + 15 
dx 

X = - 1 =) ~ = 3(-1)1 - 12 = - 9. 

Gradient pattern + 0 -
=) maximum point when x = -2. 

Forx = +2 

x = I ~ ~ = 3(1)2 - 12 = -9 

X = 3 ~ * = 3(3)
1 

- 12 = + 15. 

Gradient pattern - 0 + 

=) minimumpoint whenx = +2. 

[iii) When x = -2,y = (-2)3 - 12(-2) +3 = 19. 

When x = +2,y = (2)3 - 12(2) + 3 = -13. 
There is a maximum at (-2, 19) and a minimwn at (2, -13). 

[iv) The only other information you need to sketch the curve is the value of y 
when x = 0. This tells you where the curve crosses they axis. 

When x = O,y = (0)3- 12(0) +3 = 3. 

The graph of y = x 3 - I 2x + 3 is shown in figure 8.14. 

(-2.19) 

(2,-13) 

FigureS.14 
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0 Why can you be confident about continuing the sketch of the curve beyond the x 

values of the stationary points? 

0 In Example 8.9 you did not find the co-ordinates of the points where the curve 

crossesthexaxis. 

[ii Why was this? 

[iii Under what circwnstances would you find these points? 

EXAMPLE 8. 10 Find all the stationary points on the curve of y = .0- 2x3+ :?- 2 and sketch 

the curve. 

SOLUTION 

~ = 4x 1 - 6x2 + 2x 
dx 

Stationary points occur when ~ = 0. 

2x(2x2 
- 3x + 1) = 0 

2x(2x - l)(x - I) = 0 

x = 0 or x = 0.5 or x = I 

You may find it helpful to summarise your working in a table. You can find the 
various signs,+ or-, by taking a test point in each interval, for example x = 0.25 

in the interval O < x< 0.5. 

x<O O<x<0.5 0.5 O.S < x<l 

sign of ~ 

turning point min 

When x = 0: y = (0)4 -2(0P+ (0)2- 2 = -2. 

Whenx = 0.5: y = (0.5)4
- 2(0.5)3+ (0.5)2

- 2 = - 1.9375. 
Whenx = 1: y = ( 1)4 -2( 1)3 + (1)2-2 = -2. 

x>I 

min 

Therefore (0.5,-1.9375) is a maximum stationary point and (0,-2) and ( 1, -2) 

are both minimum stationary points. 



The graph of y = x'- 2x3 + x2 - 2 is shown in figure 8.15. 

(0.5. l.9375) 

(l.-2) 

FigureB.15 

(lliDjl!llllliJllllll If you have access to a graphic calculator you will find it helpful to use it to check 

your answers. 

1 For each of the curves given below 

[al find* and the value(s) of x for which*= 0 

[bi classify the point(s) on the curve with these xvalues 

[cl find thecorrespondingyvalue(s) 
[di sketch the curve. 

[ii y =l +x-2x2 

[iii] y = x3-4x2+9 

[vl y =x4 -8x2 + 4 
[viii y = x3+6x2 -36x+25 

(iii y =1 2x+3x2 -2x~ 
[iv) y = x2 (x-1)2 

(vii y = x3-48x 
[viii] y = 2x~-15x2 +24x+8 

2 The graph of y = px+ qx2 passes through the point (3,-15) and its gradient at 

that point is - 14. 

[ii Find the values of p and q. 
[iii Calculate the maximum value of yand state the value of xat which it occurs. 

3 [ii Find the stationary points of the function f(x) = x2(3x2 - 2x - 3) and 

distinguish between them. 
[iii Sketchthecurvey = f(x). 

I 
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Points of inflection 

Stationary points of inflection also have their own gradient patterns that you can 

use to classify them. 

-~"""""'""'''""''"' ofthecurve on either 
sideofthepointhasthe 

0 1 
same sign. 

FigureB.16 

XAMPLE 8. 11 (ii Find the stationary values of the function y = 4x~ - x4 and dist inguish 

between them. 

(iii Sketch the curve. 

SOLUTION 

[ii ~ = 12x2- 4x3 

dx 
Stationary points occur when 12x2 - 4xl = Q 

=) 4x2(3- x) = O 

= x = Oorx = 3 

Forx = 0 

X = - J -=> ~ = 12(-1)2 
- 4(-1)1 = + 16 

x= I -=> ~ = 12( 1)2- 4(1)1 =+8 

Gradient pattern+ 0 + =} point of inflection when x = 0. 

Forx=3 

X = 2 * = 12(2)' - 4(2)1 = + 16 

X = 4 ~ = 12(4)2 
- 4(4)1 = -64 

dx 

Gradient pattern + 0 - -=> maximum point when x = 3. 

Substituting the x co-ordinates in the equation of the curve gives the 

stationary values of the function. 

x = O= y = 0 andx = 3 ~ y = 27 



4;;;; m;; 

(ii i The curve crosses the yaxis at (0, O). 

The graph of y = 4x~ - x4 is shown in figure 8.17. 

Figure8.17 

1 y=kx" => 

y=c = 
~ = nkx"- 1 

dx 

~ = 0 
dx 

(3,27) 

y =4x1-x4 

where n is a positive integer and k and care constants. 

2 y = f(x) + g(x) => ~ = f' (x) + g' (x) 
dx 

J For the tangent and normal at (x1, Yi) 

• the gradient of the tangent, 1111 = the value of ¥x 
• the gradient of the normal, 1112 = _ _!__ 

1111 

• the equation of the tangent is y- y 1 = m1(x- x 1) 

• the equation of the normal isy - Yi = mi(x-x/ 

I 
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4 Afunctiony=f(x)isincreasingif~ > 0. 

A functiony= f(x) is decreasing if*< 0. 

5 At a stationary point, ¥x = 0. 

The nature of the stationary point can be determined by looking at the sign of 

the gradient just either side of it. 
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Matrices 

Nothing tends so much to the advancement of knowledge as the 

application of a new instrument. 
SirHumphryDavt 

An arrangement of information presented in columns and rows is called a matrix. 

The numbers of male and female students in two tutor groups are shown in the 

following matrix. 

TutorgroupA (8 7
9

) 
Tutor group B 6 

The matrix has 2 rows and 2 columns and is called a 2 x 2 matrix. 

The matrix ( _: J has 2 rows and I column and is called a 2 x I matrix. 

NOTE A2x I matrixisalsoavector. 

The term vector will not be used in this specification but vectors will be referred 

to later when considering transformations (page 204). 

Multiplying matrices 

Multiplication of a matrix by a scalar 

A scalar is a constant value. 

All elements are multiplied by the scalar. 

EXA LE . ( 2 -3J A = . Work out 4A. 
- 1 5 

SOLUTION 

4(~1 -s3)=(~4 -2~2) 
Multiplication of a 2 x 2 matrix by a 2 x 1 matrix 

Each row of the 2 x 2 matrix is multiplied by the column of the 2 x I matrix. 

201 
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(-3-ll (3) ~ P = 
4 2 

·Q = 
2 

.WorkoutPQ.~ 

SOLUTION 

(-
4
3 ~IJ(~)=((-31:;:;-;;2) 

= ( ~~ll 

ltisnotpossibl<' tomuhiplyinthe 

bccau..,thenumb.rofcolumns 
inthe firstmatrixisdiffenm t 

tothe numb. rofrowsin 

Multiplication of a 2 x 2 matrix by a 2 x 2 matrix 

Each row of the first 2 x 2 matrix is multiplied by each column of the second 

2x2matrix. 

c-( 0 -IJ.o -(2 41) .workoutCD. - -2 3 - -3 

SOLUTION 

(0 -IJ(' ' l=(Ox2 +(-l)x(-3) Ox4 +(-l )x l l 
-2 3 -3 I (-2)x2+3x(-3) (-2) x4 +3x l 

= (_:3 =:J 
Equating elements 

If two matrices are equal, the elements can be equated. 

This is used in the following example. 

Given that ( 
3 "]( 2 -lJ = (12 2

0
] 

-2 I -2 b -7 

work out the values of a and b. 

SOLUTION 

Multiply out the left hand side (3 "](' -2J=(6-3, -6+obl 
-2 I -3 b -7 4 + b 

Put equal to the right hand side (6-3" -6+obl=(12 'l 
-7 4 + b -7 0 



Equate elements in row I column 1 

Equate elements in row 2 column 2 

A =(_23 ~) B =(: ~4) 

Work out AB and BA. 

6-Ja = 12 

6-12 = 3a 

-6 = 3a 

a = -2 

4 + b= O 

b=-4 

0 Can you find matrix P and matrix Q for which PQ = QP? 

1 A = ( : :J (-2 ~l C=(' -21 D=(O _05 ) B= 
3 -3 - 1 -3 

E= (:J F= [:J G= ( ~Jl H= (='.) 
Workout 

[ii 4A [iii 20 [iii) AF [iv) CE [vl DH [vii BH 

[viii AB (viii) BA [ix) BC [xl CB [xii DA (xiii BD 

(xiii) AC (xiv) DC. 

2 Work out the value of pin each of the following. 

[ii ( ~ ',](;) {!] (iii (: -,' )(',)=(:] 
[iii) (; ~l(:J=[i',J (iv) (p 4 P l'l{'l p -2p -I 0 

"' (: ~](; :)=(1: :J [vii (' -1](' 'PH' -14) 
0 0 - 1 p O 0 

3 Work out the values of x and yin each of the following. 

J;J ( '. ~J(;J=(::J rn, (2~ :,t:H~l 
(iii) (~J ~2)G ; )=(~ 1°0 ) 

J;,J ( x l )(2 4] = (-9 -SJ 
-J O X y -2 -4 

I 
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4 Given that(~ 't) = ( 
1

4
) 

[ii show that 5x + 3y= I 
[iii work out a different equation in xand y 
[iii] work out xand y by solving the pair of simultaneous equations. 

5 Work out the values of a and bin each of the following. 

(ii (: ~')(: l = (;:] Iii) (: :l(4i)=(~',2l 
('t'"){' "] (:a b:1JU ~iJ=C1

2 
[iii] 

0 2 I - 1 2 -2 
[iv ) :J 

Transformations 

EXAMPLE9.5 

A point P (x., y) can be transformed to an image point P' (X, y'). 

P is mapped to the image P'. 

For example, 

[ii when (4, 2) is transformed by reflection in the yaxis, the image point is 
(-4,2). (4, 2) is mapped to (- 4, 2). 

[ iii when (3, - 1) is transformed by rotation through 270°, centre 0, the 

image point is (-1,3). (3,-1) is mapped to (-1,3). 

Matrix transformations 

A transformation can be defined by a matrix. 

For a transformation that maps 

the transformation matrix is (: ! J. 
The point P (x, y) and the image point P' (X, y' ) are connected by 

(: !)(;]=(;'.} 
Work out the image of point (- 2, 5) for the transformation defined by matrix 

(~, :J 



SOLUTION 

Write the co-ordinates (-2,5) asa 2 x I matrix. 

Write the 2 x I matrix as co-ordinates. 

The image point is (11, 9). 

&lliiiiiilfl.l. (i I For the transformation defined by matrix ( ~ ~) , work out the image of each 

of the following points. 

(3,2) (- 1,5) (6,0) (- 3,-4) and (x,y) 

[iii ;o

0

r~h:~:::::~::~:~b:~::~:a::f:a::o(nl? O ) , work out the image of 

each of the following points. 0 - 1 

(2, I) (-4,3) (0,4) (-5, - 1) and (x,y) 

How would you describe the transformation? 

Identity matrix 

. (I Thematnx 
0 

~) is called the identity matrix I. 

When multiplied by another matrix A Al = IA = A 

When I is used as a transformation matrix, no movement occurs. 

G ~l 
2 Work out the image of point (I, - 3) for the transformation represented by 

mat<ix( O -'J. 
- 1 5 

3 Work out the image of point (- 2, - 3) for the transformation defined by matrix 

(-2 -3} 
4 Th!im~~e of point (4, 3) under the transformation matrix(: :J is ( 11, I). 

Work out the value of c. 

5 The image of point (a, I) under the transformation matrix (
1 

-lJ is (7, 17). 
Workoutthevalueofa. 2 - 1 

I 

6 The image of point (3, - 2) under the transformation matrix(~ 
2

3
a) is (b, b). 

Work out the values of a and b. 205 



I . 
·~ 
:,: 

206 

7 The transformat10n matnx maps the pomt (2, 5) to the pomt (-6, 12). . . ('' d) . . 
' - d 

Work out the values of c and d. 

8 Given that A= , show that A 2 = I. [ 0 -IJ 
- 1 0 

[ 5 - ' )[ ' ') 9 Given that = I, work out the value of p. 
- 7 3 7 p 

Transformations of the unit square 

The unit square has vertices O (0, O), A (I, 0), B (I, 1) and C (0, ! ). 

Figure 9.1 

The unit square is the only two-dimensional shape that you will be expected to 

transform in the examination. 

The following transformations of the unit square are the only ones that you will 

be expected to carry out. 

Reflections 

in the x axis in they axis in the line y= x intheline y=-x 

Rotations about the origin 

through 90° through 180" through 270° 

NOTE Rotations are anti-clockwise unless stated otherwise. ~ 
~ 

Enlargements, centre the origin 

with positive scale factors with negative scale factors 

You will need to be able to work out the matrix that represents any of the above 

transformations. A method that can be used is shown in the following example. 



EXAM LE .6 Work out the matrix that represents each of the following transformations. 

[ii Rotation through 270° about the origin. 
(iii Enlargement, centre the origin, scale factor 3. 

SOLUTION 

In both parts, consider the images of the vectors ( ~) and ( ~) . 

[ii 

(0, - l) 

(0,1) 

Figure9.2 

[ii i 

(l,O) 

(0,3) 

(O,l ) 

Figure9.3 

(l,O)x 

(l,O) 

(],Q)X 

Matrix is ( O 
1J. 

- 1 0 

[:J~ [:J 

(:J~ [:J 

Matrix is ( ~ :). 

I 
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The unit square OABC is transformed by the matrix ( ~ I 

Show the image on a diagram, labelling each vertex . 

O l to OA'B'C'. 
- 1 

SOLUTION 

Method 1 

Use the matrix to work out the image of each vertex 

(-ol -01)(00)-- (00) Image ofO (O,O) is O (0,0). 

(-01 _01)( 01)-- (-01] Image of A (1,0) is A' (- 1,0). 

(-ol -01)(11]-- (-_11] Image ofB ( !, I) is B' (-1, - 1). 

( - l O )(
0
)-( O J Image ofC (0, I) isC' (0, - 1). 0 -1 1 - -1 

A'( - l.0) 

Figure9.4 

Method2(alternativemethod) 

C'(O, - l ) 

If the matrix is recognised as representing rotation through 180", centre the 

origin, the unit square can be transformed and the above diagram is obtained. 



Ol!DiEll'.IIIII 1 Work out the matrix that represents each of the following transformations. 

(ii Reflection in the xaxis. 

[iii Rotation, centre 0, through 90°. 

[iii] Enlargement, scale factor 2, centre the origin. 

!iv] Reflection in the yaxis. 

[vl Reflection in the line y = x. 

[vii Rotation by 180°, centre the origin. 

[viii Reflection in the line y=-x. 
[viii) Enlargement, scale factor - 3, centre 0. 

[ix) Enlargement, centre 0, scale factor {. 

2 The unit square OABC is transformed by the matrix ( ~ ~) to OA'B'C'. 

Show the image on a diagram, labelling each vertex. 

3 TheunitsquareOABCistransformedbythematrix [-t -+) toOA'B'C'. 
-t -t 

Show the image on a diagram, labelling each vertex. 

4 The unit square OABC is transformed to OA'B'C'. 

OA'B'C' is shown on the diagram. 

B'( - l,l) A'(O, l) 

Work out the matrix for the transformation. 

5 TheunitsquareOABCistransformedbythematrix [ ~ ~l toOA'B'C'. 
Work out the area ofOA'B'C'. 

6 TheunitsquareOABCistransformedbythematrix (~ ~) toOA'B'C'. 

The area ofOA'B'C' is64 square units. 

Work out the two possible values of k 

I 
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Combining transfor mations 

Two transformations may be applied successively. 

The two transformations can be combined to a single transformation that maps 
point A to point A~. 

pointA -----~ poimA' ------ point A" 

combined single transfonna1ion 

Figure9.5 

When a transformation represented by matrix P is followed by a transformation 

represented by matrix Q, the matrix for the combined transformation is Q P. 

==•M=P~L~E •~·•-., Point L is transformed by the matrix ( ~ ~ J to the point M. 

EXAMPLE 9.9 

Point Mis then transformed by the matrix( ' - l ) to the pointN. 2 -1 
Work out the matrix that t ransforms point L to point N. Note that the matrix 

SOLUTION 

Multiply the mat rices in the correct order. 

( 0 -1)(1 ')=(' -3) 
2 - 1 0 3 2 I 

The unit square is transformed by the matrix ( ~ ~ I) followed by a further 

transformation by the matrix [ 
1 

O ) . 
0 - 1 

Work out the matrix for the combined transformation and interpret the result 

geometrically. 

SOLUTION 

Multiply the matrices in the correct order 

(1 ' )(O -1)=( 0 -1) 
0 - 1 1 0 - 1 0 

This is the transformation matrix for which 



(O,l ) 

( l,O) 

(-l,O) 0 

(0, - 1) 

Figure9.6 

The combined matrix represents reflection in the line y = - .x, 

GIIDim!lll'Jil. 1 Point P (3, - 2) is transformed by the matrix ( ~ ~ l ) followed bya further 

transformation by the matrix ( ~ ~). 

[ii Work out the matrix for the combined transformation. 

[iii Work out the co-ordinates of the image point of P. 

2 Point W (- 1,4) is transformed by the matrix ( 
3 

- l ) followed bya further 

transformation by the matrix ( 
1 

O l · -l 

2 

3 -2 

[ii Work out the matrix for the combined transformation. 
[iii Work out the co-ordinates of the image point ofW. 

J The unit square is reflected in the xaxis followed by a rotation through 180°, 

centre the origin. 

Work out the matrix for the combined transformation. 

4 The unit square is enlarged, centre the origin, scale factor 2 followed by a 

reflection in the line y = x. 

Work out the matrix for the combined transformation. 

5 The unit square is rotated by 90°, centre the origin, followed by a reflection in 
theyaxis. 

Work out the matrix for the combined transformation. 

6Matrix P = (-
0

1 
~) 

[ii Describe the transformation that this matrix represents. 
Iii) Workout P2• 

[iii] Use transformations to interpret your answer to [iii. 

I 
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(0 -lJ 7 MatrixD = I O (
- 1 0 l MatrixE = 
0 - 1 

(ii Describe the transformation that matrix D represents. 
[iii Describe the transformation that matrix E represents. 
[iii] Work out DE. 
[iv] Describe the transformation that matrix DE represents. 

[vl Use transformations to interpret your answer to [iv). 

[vii Use transformations to explain why ED = DE. 

8 Use transformation matrices to prove that an enlargement, centre the origin, 
scale factor 3, followed by an enlargement, centre the origin, scale factor - 2, 

is equivalent to an enlargement, centre the origin, scale factor k, where k is an 
integer. State the value of k. 

1 To multiply a 2 X 2 matrix by a 2 X I matrix, each row of the 2 X 2 matrix is 
multiplied by the column ofthe2 X I matrix. To multiply a 2 X 2 matrix by a 

2 X 2 matrix, each row of the first 2 X 2 matrix is multiplied by each column 
of the second. 

2 If two matrices are equal, the elements can be equated. 

J A point P (x,y) can be transformed to an image point P' (x',y'). 

If the transformation matrix is (: : J then 

(: !)(;)=(;.} 
4 A transformation using matrix A followed by a transformation using matrix B 

is a combined transformation. The matrix for the combined transformation 

is BA. 



Keywords 

Solve 

Expand 

Expand and simplify 

Factori se 

Show that 

Prove 

Ex plain 

Workouttheexact va lu e 

Giveyour answe rinits 

simplest form 

Draw [a graph ) 

Sketch [ag raph) 

State 

Work out all solutions to an equation 

Remove brackets 

Remove brackets and collect like terms 

Write as a product 

Show all relevant steps 

Show all relevant steps (include explanations of facts used in 

geometrical proofs) 

Give reasons, either in words or using mathematical symbols, or both 

Give the answer as an integer, fraction , exact decimal, recurring decimal, 

in terms of 1t or as a surd 

Cancel ratio or fraction answers 

Use axes on graph paper, plotting points accurately 

Do not use graph paper. Use axes and show the correct shape in 

each quadrant. Label appropriate points ( e.g. intersections with axes, 

stationary points) 

Write the answer down (showing working is not necessary) 
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Exam-style paper 
Paper I Calcu lator NOT allowed 

1 Match each graph with the correct equation. 

I Straight line of gradient - 3 I x =-3 

y = Jx2 

I Curve passing through (3, O) I 7y+4x = 12 

y+3x= I 

I Straight line passing through (3, 0) I ~ y~~-x_' _--" ~ 

Work out the value of p. 

J Work out the value of x. 

[al m5 x m" = m~ 

[bi (w)6 = w3 
(cl ef;u = t 4 

4 [al Expand 3x(Sx + 7). 
(bi Expand andsimplify(4 - 2x)(l + 2x). 
[cl Whenx= - 1,workoutthevalueof Jx(Sx+?) . 

5 f(x) is a quadratic function. 

Here is a sketch of y = f(x). 

o..;.; f(x) ..;; s 

(4 - 2x)(l + 2x) 

if hours 

(3 marks) 

(3 marks) 

( !mark) 
(!mark) 

(I mark) 

(I mark) 
(J marks) 
(2 marks) 

I 
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I [al Statethedomainoff(x). (I mark) 

[bi Work out the co-ordinates of the maximum point of y = f(x). (2 marks) 

[cl Write down the number of solutions there are to f(x) + 2 = 0. ( I mark) 

6 The nth term of sequence A is 9811 + 5. 
The nth term of sequence B is 112 - 94. 

Which term has the same value in each sequence? ( 4 marks) 

7 A, B and C lie on a circle. 

BO is a tangent. 

AC is parallel to BO. 

accurately 

Prove that triangle ABC is isosceles. (Jmarks) 

8 Work out the equation of the line that is perpendicular to 2x + 3y = 5 
and crosses the xaxis at (- 5,0). (3 marks) 

9 The diagram shows a cyclic quadrilateral. 

accurately 

Work out x and y. (S marks) 

10 Showthatthetwosolutionsof~ - 6x+2 = 0 add to make an integer. (5 marks) 



11 A circle has centre Candpasses through A (- 7,3) and B (5,3). 

AC=BC=IO 

Work out the equation of the circle. 

12 [al Use the factor theorem to show that (y+ 4) isa factor 

ofyl+4y2 -4y -16. 
[bi Factorisefullyyl+4y2 -4y -16. 

13 (al FactorisefullyP-t2• 

(bi Solvefor 0°..;;x.;;270° tan3x-tan2x =O 

14 (al What is the exact value of sin 60°? 
lb) 

60" 

.Ji +4 

Not drawn 
accurately 

Use your answer to (al to work out the exact value of DE 

Give your answer in the form a + b Ji 

accurately 

(4marks) 

(2marks) 

(3marks) 

( !mark) 

(3marks) 

(!mark) 

(S marks) 

I 
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15 ThelineJy+ x= 10 and thecirclex2 + f = 20 intersect at P and Q. 

Work out the co-ordinates of P and Q. 

16 Work out the co-ordinates of the stationary points on the curve 

y = ..!.. .0 - i x3+2x2. 
4 3 

Determine the nature of each stationary point. 

You must show your working. 

(6marks) 

(6marks) 



Exam-style paper 
Paper2 Calculator a llowed 

1 f(x) = x2 - 3 for all values of x. 

[al Workout f( - 2). 

[bi Sketch the graph of y = f(x). 

le] Write down the range of f(x). 

2 a:b = 2:3 
(al Write a in terms of b. 

2 hours 

(!mark) 
(2 marks) 

(I mark) 

(I mark) 

(bi Work out Sa+ 2b: 4b, giving your answer in the simplest form. (2 marks) 

J P is(2a,8)andQis(6,4b). 

The midpoint of PQ is M. 

x co-ordinate of M = y co-ordinate of M 

Show that a = lb+ I. 

4 f(x) = ax2 + bx+ cfor all xvalues. 

,;Q 

Tick the correct statement for the graph of y = f(x) 

[al The graph intersects 

theyaxisat (O,c). 

(bi The graph intersects 

the xaxis at two points. 

[cl The graph has a 
minimum point. 

[di The graph has a 
point of inflection. 

5 y =4x3+x2-7x 

[al Work out ~ . 
dx 

Always Sometimes 

D D 
D D 
D D 
D D 

(3marks) 

Never 

D 
D 
D 
D 

(4marks) 

(2marks) 

[bi Work out the rate of change of ywith respect to xwhen x = 1.5. (2 marks) 

I 
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6 Cisthecentreofthecircle. 

P is a point on the circumference. 

Work out the value of x. 

7 h increased by 50% is equal to 60% of m. 

Express m in terms of h. 

8 A ship travels for 25 km on a bearing of 065" from A to B. 

It then travels for 18km from B to C. 

Angle ABC = 90° 

(al Work out the distance AC. 

[bi Work out the bearingofC from A. 

9 PQR is a straight line. 

PR =3PQ 

P(-6,4) 

Work out the co-ordinates of Q. 

(J marks) 

(2 marks) 

accurately 

(Jmarks) 

(4marks) 

R (3, 7) 

accurately 

(4marks) 



10 Work out the matrix that represents a rotation through 180", 

centre the origin. 

11 Draw the graph ofy=g(x) where 
g(x)=3x Qes;x<2 

= 6 2 es;x<S 
=16-2x ses;x""-8 

12 [al Writeasasinglepowerofx 

[bi Solvex -i = f. 
13 (al Factorisefully(a-b)2+ (a - b)(a+2b). 

[bi Simplify fully 2c• - Sc' 
4c1 - 25 · 

14 Here is an L-shape. 
All lengths are in centimetres. 

The shape has area A cm2• 

[al ShowthatA = w2+xy - wy. 

(bi Rearrange the formula to make ythe subject. 

(2marks) 

(3 marks) 

(3marks) 

(2 marks) 

(2 marks) 

(3marks) 

(2marks) 

I 
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15 Work out the xco-ordinates of the points on the curve y = x5 - xwhere the 

gradient is 79. (4 marks) 

16 (x +4)2 +p = x2+qx+28 

Work out the values of p and q. 

17 [al Sketch the curve y = cos xfor 0°.;; x.;; 360°. 

[bi Solvecosx =Jifor cr.;;x,,;;:360°. 
2 

18 A paperweight is in the shape of a square-based pyramid. 

The base ABCD has edge 5 cm. 

The vertex V is directly above the centre of the base, E. 

VE = 7cm 

(al Work out VA. 

[bi Work out the angle between VA andABCD. 

[cl Work out the angle between VAB andABCD. 

19 [al Here is a quadratic sequence. 

3 6 13 24 39 

Work out an expression for the nth term. 

[bi A different sequence has nth term=~. 
1- 611 

(J marks) 

(2marks) 

(2marks) 

(Jmarks) 

(Jmarks) 
(2marks) 

(4marks) 

Prove that the limiting value of the nth term as n--i, "" is-}. (J marks) 

20 A triangle and a rectangle are shown. 

All dimensions are in centimetres. 

~ ~'="'' 

··~~ 
3, 



[a l Show that the area of the triangle is 6x2 cm2 (2 marks) 

[bi Work out the range of values of xfor which 

area of triangle < area of rectangle (5 marks) 

21 Work out the equation of the tangent to the curve y= (x+ S)(x - 3) 

at the point where x = - 3. Give your answer in the 

formy = mx+c. (Smarks) 

. . . (' I) 22 Pomt P 1s transformed by the matnx 
6 3 

, followed by a further 

transformat10n by the matnx . . . (-2 I l 
0 - 1 

[a l Work out the matrix for the combined transformation. 

[bi The image of point P after the combined transformation 

is (2, 3). Work out the co-ordinates of P. 

I 
23 Prove that sinx tan x :a cos x - cos x. 

24 f(n ) = n3 for all positive integer values of n. 

Prove that f(n + I ) - f(n - I ) is always even. 

(2marks) 

(3marks) 

(3marks) 

(Smarks) 

I 
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Answers 

Chapter1 

Exercise 1A [Page JI 

1 [ii 

[iii 

[iii) 

(jy) ,,, 
2 [ii 

[iii 

[iii) 

J [ii 

[iii 

[iii) 

4 [ii 84 

[iii) 

5 [ii 

[iii 

[iii) 

(jy) . [ii 
[iii 

[iii) 

8 [iJ 

[iii) 

ll 

L 

* 

0tPage4) 

[ii) 

[iv) 12 

[ii] 

(jy) 

Asmallicecreamoosts80p,alarge 
icecreamcosts£1.20. 

0tPage4) 

224 YoujustgetO = O. 

OtPageSl 

ExpressasapI'OOuctoffuctors. 
FactorisefulJymeansthatyou cannot 

splitanyofthefactorsintoyetmore 
factors. 

Exercise1B[Page6) 

1 [iJ IOa - b - 2c 

[iii 6x - 3y - 4z 

[iii) 19x + 5y 

(jyJ p + l4q 

[v) Sx 

[vii 2a2 + !2a - 12 

[viii Jq2 - Jp2 

[viii] IO}g + 10fh - 5gh 

2 [ii 2(4 - Sx2) 

3 

[ii] 2/,(3a +4c) 

[iii) la(a + lb) 

(jy) p4,_<f - p2) 

[v) Jxy(x + 2yl) 

[vii 2pq(3p2 - 2pq + tf) 

[viii J/ml(S - 3Fm + 41ml) 

[viii] 12a•lf(7a - 8b) 

[iJ 4(5x - 4y) 

[ii) 6(x + I ) 

[iii) z(x - y) 

(jy) 2q(p - r) 

[v) k<.l + n) 

[vii --4{a + 2) 

[viii J(x2 + 2y2} 

[viii) 2(a + 4) 

4 [ii !Oallr 

[ii] 12/Ytfr 

[iii) lm2nlp 

(jy) 36~s1 

[v) 64alr.:ld1e 

[vii 60xly1z1 

[v iii 84a5b'I 

[viii) 42p1<ff 

5 [iJ [ii) pq 

[iii) 
,,, 

[iv) M 

,,, 2xy'z 
[vii 

_,_ ----, 2a'b' 

[v iii 
7p'r' 

6q•s'-. [iJ !.!!! [ii) lli 
12 20 

[iii) '-"- [iv) 
12 

,,, 5b [vii '" Ti 3b 

[viii 
5q - 3p [viii) s, 
----,-,;;, - 6y 

01Page7J 

Anequationishowyouusealgebra 
toshowthattwoexpressionsor 
numbersareequal,forexample 
5x + 2 = 3x + 8.An equation must 
contain an equals sign. 

\Vhenyousolveanequationyou 
findvaluesforanyvariablesinthe 
equation. 

01Page8) 

Itisthevalueof thevariablethatis 

required. 

Exercise 1C [Page 9) 

, [iJ 

[iii) 

[v) c= S 

[viii 

[ix) y = 7 

(xi) 

!xiii] p = O 

[ii) 

[iv) y = 2 

[vii p = 10 

[viii) x = --6 

[x) k=42 

[xiii p =-55 



2 [ii 21 + 2{1 - 80) = 600 7 [iJ a =~ Exercise1F(Pilge16] I [ii] I= J9();Area = 20900ml 
2 ,Ji [iii 

, [ii 

J [ii 2U +4l +i = t7 [iii] [ii] 5,/5 ~ 
[ii) LouiseandMolly,7years; 

[iii) sJi ~ Jonathan,3years 

4 [ii 0(Pilge12l 
(jy) Ji 

[ii) 5c- 15 =40;c = 11 "' ,Ji 
\Vhenthebracketsareremoved 

[vii 7,fi _ 3 
5 [iJ John(Jm + x)years; therearetermsin:r?andxanda 

10Ji 
Michael {m + x)years number,butnootherterms [viii 

whereMichaelismyears (e.g.noxl,no ..{x,no ~ ). [viii) 36 + 3./J 

old now. [ix] 16..[s 

[ii) 3m + x = 2(m + x);x = m "' Ji 
6 [ii 

Exercise 1E [Page 13) 
2 [iJ 3 - 2Ji 

[ii) 
, [iJ x2 + 9x + 20 

[ii) 3 + 2./s 

[iii] 
[iii x2 +4x + 3 

[iii) J./i - 9 
[iii] a2 + 9a - 5 

(jy) 2 7 [iJ m - 2,m - 1,m,m + l, 
m + 2 

[iv) 6p2+ sp - 6 ,,, 11 - Ji 

[ii] m - 2 + (m - l ) + m + 
,,, x2 + 6x +9 [vii 5 - J,/7 

{m + l ) + {m + 2} = 105; [vii 4xl - 9 
[viii 24- 13.Jj 

[viii \4m - Jml - 8 
[viii) 8 - 2,JIS 

[iii) 19,20,21,22,23 [viii) 12 + 4t-St2 
[ix) IJ,fi - 17 

' [iJ 2(x + 2) = 5(x - 3);x = 6t [ix) \6 - 24x + 9x1 

"' 17 + 12,fi ,,, ,IT' - 6mn + 9tr 
[ii) 16 -}cm' 

3 [iJ Ji [ii) Ji 2 [iJ X' - .xA + 2x3 - 3x2 + x - 2 
3 

Exercise 1D [Page 11) 
(ii) r' + 2x5 - 3x~ - 4xl + 5x1 

±Ji Ji [iii) [iv) 
3 3 

1 [iJ 0.3bor Jk [iii) 2x1- 4x4- x3 + ilx2- ,,, 1 [vii m 10 7 
[ii) 

9y 
[iv) 

,.._, 
Ji 2 [viii J-J7 [viii) 

[iii) _fQ_ 
,,, x3 + 4xl + x - 6 3 

100 [vii 2x1+ Sx2- t4x - 8 [ix) ./15 
"' .Ji 

5 2 
2 66-}% [viii x3 + Jx2 + 3x + I 

[viii) Jr - i5fr + 75p - l25 
Exercise 1G [Page 171 

J [iJ 

[ii] 1.05b 
[ix) Sa1+ 36a2 + 54a + 27 , [iJ ~ 

23 

[iii) 0.65k 
,,, zxl - J?x - 18 

4,{7 + ,Jl4 
(jy) 

[xii 2x2 - 2x [ii) 
14 

4 I.Sa = I.Sb [iii) 9 - J./J 

!&= k. 01Page15l 2 

LS 
A number of the form f where a and (jy) ~ 

1.2 = ! 7 
bareintegers. Soarationalnwnber "7 - 2 
canbeafractionoraninteger 

,,, 
3 

(whenb = l ); itcanbepositiveor 

negative. [vii 10.jj + J - 10../2 - ,/6 225 



I 

226 

2 12 + 9.fi 

J 1aJs - 40 

4 , _]__ .[J 
3 

Chapter2 

0tPage20l 

Yes,exceptthattherowsandcolwnns 
could be interchanged. 

0tPage21l 

Yes,butthebracketswillbeinthe 
reverseorder.(Workitthroughto 

check for yourself.) 

0tPage21l 

No.ltdoesnotfactorise. 

Exercise2A [Page 23) 

1 

2 

J 

[ii (a + d)(b - c) 

[iii {2x + w)(y + I) 

[iii] (2p - 3r)(q - 4) 

[iv) {5 - 2n}(l - m) 

[ii (x + 2)(x + J) 

[iii {y - l )(y - 4) 

[iii] {m - 4)l 

(jy) {m - 3l{m - 5) ,,, (x + S}(x - 2) 

[vii (a + ll )(a + 8) 

[viii (x - 3)(x + 2} 

[viii) (y - 12){y - 4) 

[ix) {k + 6){k +4) 

[x) {k -1 2)(k + 2} 

[xii {x + y}(x + 2y) 

[lliil (x + Sy)(x - y) 

[lliiil (a - 4b)(a + 3b) 

[xiv) (c - 3dj(c- 8dj 

[ii {x + 2)(x - 2} 

[iii {a + S)(a - 5) 

[iii] (J + p}(3 - p) 

[iv) {x + y)(x - y) 

4 

[vJ (t + S)(t - 8) 

[vii (2x + 1){2x - l} 

[viii (2x + J)(2x - J) 

[viii] (2x + y)(2x - y) 

[ix) (4x + 5){4x - 5) 

[x) (3a + 2b)(Ja - 2b) 

[xii (3a + l)(a + I ) 

[xiii (4x + 5){2x - 3) 

[xiii) (3p - 2)(p - 4) 

[xiv) (2 + 5y)(6 - Sy) 

[iJ (2x + l)(x + 2) 

[iii (2a - 3)(a + 7) 

[iii) (Sp - l )(Jp + l ) 

[iv] (Jx - l ){x + J) 

[v) (Sa + i)(a - 2) 

[vii (2p - l)(p + 3) 

[viii (4x - 1}(2x + 3) 

[viii] (2a - 9}(a + 3) 

[ix) (Jx - S)l 

[x) (2x + 5){2x - 3) 

[xii (2x + y){x + 2y} 

[xiii (3x - y)(x + 2y) 

[xiii) (Sa - Jb)(a - b) 

[xiv) (3c + 4dj(2c- dj 

5 [iJ x(x + 2)(x - 2) 

[iii al(a + 4){a -4) 

[iii) yl(J + y)(J - y) 

[iv] 2x(x + l){x - 1) 

[v) p1(2p + 3)(2p - 3) 

[vii x(lO + x)(IO - x) 

[viii] 2x(2x + Sy)(2x - Sy) 

Activity2.1 (Pilge23) 

[iJ 81 and a• 

[iii (al)l - <>2 

[iii) (al + 9)(al - 9) 

= {a2 + 9)(a + J)(a - 3) 

0(Pilge24) 

Thesubjectappearsonlyonceina 

formula,onitsownontheleft-hand 
side. 

0tPage241 

Omititsincelengthmustbepositive. 

Exercise2B (Pilge25) 

1 [ii u = v- at 

(ii] a = Y ~ U; 

an equation of motion 

2 b = lf; areaofatriangle 

J I = P~ 2b;perimeterofa 

rectangle 

4 r = -Jf;areaofacircle 

5 c = 2A",;bh;areaofatrapez.iwi1 

6 h = A - 1rr'; surface area of a 
2m 

cylinderwithabasebutnotop 

7 I = 4/-;tensionofaspringor 

string 

8 [ii u = l1...::....lll! 

" 
[ii] a - ~-

- t' ' 
an equation of motion 

Jw 1a' - v' 
9 x = -w - ;speedofa 

particleonanoscillatingspring 

Exercise2C (Pilge 26) 

1 m=--1L 
3 - " 

2 r= 5 ~\ 

J b = - ~ 

4 h=~ 
2m 

5 x=~ 
Y - I 

6 c = L=.....M 
d + 3 

7 [ii 

[ii] 

B [ii 
2 - Jr 

p =~ 

[ii] - 1 



ActiYity2.2 IP•ge2&) 

Iii (x+J)(x+3)=xl+3x+3x +9 
=x2 + 6x+9 

[iii y = xl +6x+9 
y = {x + 3)2 

Jr c:c (x+3) 

Jr -3 c: X 

Activi ty 2.3 IP.ige 2&1 

[I] (x - S){x-5)+4 

=x2 - sx-Sx+25+4 

=xl-10x +29 

liil p = x2-IOx+29 

p = (x - 5)1 +4 

p -4= (x-5)1 

~ c:x-5 

~+S =x 

01Po1ge2&) 

Afractionin arithmetkisone 
numberdividedbyanothernumber. 

Thedefinitionofafractioninalgebra 
isthesamebutwith'number' 
replacedby'expression'. 

01Po1ge2&) 

You cm cancel a fraction in arithmetic 
when the numerator and denominator 

h.aveaoommonfactor. 

ltisthesameforfractions inalgebra. 

A factor in arithmetic is a number 
that divides exacllyintothegiven 
number, i.e. there is no remainder. 

The definiti011o( afactorinalgebra is 
thesamebutwith'number'replaced 
by'expression'. 

OtPo1ge27) 

x is not a factor of the numerator 
(2x+2) or the denominator (3x + 3). 

Theoorrectam;werinvolves 
factorisingboththenumeratorand 

the denominator: 
2{x + I) 
3(x +I) 

Cancelling (x+ l )gh-est-

01Page27l 

Neitheranora2isafactorofthe 
numer.itoranddenominator. 

The correct answer involves 
factorising to get 

(a-J)(a + 2) 11+2 
(11-3)(11 - S) ""n=s 

0 1Page281 

lndividualtermshavebeen cancelled 
rather than factors . 

The correct answer is 

(2n+3)(2n-3) x (n+ l ){n- 1) 
(n+t) (2n+ 3) 

={2n -3)(n- l) 

0tPage28l 

Adenominatorthatisthes.amefor 
both fractions. For example in 

l.+-1 = .....L+..2.. 
2 x 2x 2x 

= ~ 

thecommondenominatoris2x. 

01P.111129) 

[al 12 

lbl (x- l )(x+ J)(x- J) 

ExerclH 20 (Po1ge 29 1 
I 

1 (I] 
2 

[iii 

um 

(lvl 2x 
3y 

I 
[vJ 3-p 

2b' 
lvll ~ 

[viii 
2 

(viii]-

Ur.I 

x - y 

I 

"' 
lxil Jx- l 

' 
!xiii .!.... 

2y 

2 Iii 
b 
2 

liil 
X 

liiil ~ 

[iv) 2(11+ I) 

[v l M 

!,O (2x-1}(xn) 
~ 

[viii 4(p+3) 

1,;;;J ,(,-1}(x' - J) 

~ 
3 Iii 

tHI _!._ ,, 
rno (m- ,,) 

(m+,)(m - ,) 

IHI 5 p+ 2) 
p-2 {2p+ I 

lvl (Sa+ 1) 
~ 

[vii 2 

[viii ~ 

2 11 2 +b1 

lviiil 
o+b)l,-b) 

OtPo1g1JO) 

Whenafractionissimplified,the 
answerisanexpres.sion,butwhenan 
equation issolved theansweristhe 
value of the variable. 

OIP.igeJOJ 

Ifyoumultiplied boththenumerntor 
andthedenominator,themultiplier 
wouldcancelandthefractionwould 

I 

be unchanged. 227 



I 0tPage30l 

ltallowsyoutocanceloutallthe 
fractions. 

0tPage31) 

Notalloftheleft"handsidehasbeen 

multiplied by JO. 

0tPage31l 

It enablesyou toseewhatisbestto 
multiplythroughby;inthiscase 

2(a + i)(a - 1),ratherthan 

2{a + i) (a2 - i) . 

Exercise2E(Page31] 

, [ii x = i 
6 

[iii a=} 

[iii] x=±Jj 
[iv) x = t"fJ 
[v) x = 2orx = ---6 ! 

[vii 

[viii p = }orp = 3 

[viii) x = Oorx = J 

2 30cm 

Exercise2F [Page 33) 

b= ---6 

2 c= l d = 6 

3 p = 6 q=-40 

4 a=i b =-11 
2 4 

5 p = 9 q = 2 

6 c = 2. d = j_ 
4 2 

b = 8 c=-J 

b= J c=-35 

3 

9 p = 3 q=-2 r = 2 

b=-24 c=-47 

b= 4 c= S 

12 p = 23 q= l r = J 

13 [ii a = 4 b= 4 

228 [ii) X = ~ + 4 

14 [iJ p = J q= I r =-2 

[iii x=W -1 
ChapterJ 

Exercise JA (Page36) 

1 [iJ 

[iii) 15 ,,, - ] 

2 [iJ 

[iii) 3 ,,, 12 

3 [iJ 8 
3 

[iii 2 

[iii) 
_, 

7 
4 [iJ 

[iii 

[iii) Jx" - 2 

5 [iJ 9x" + !Sx - l 

[iii x2 + x- 7 

6 [iJ 

[iii 

[iii) J 

IJ(Page36] 

-fiisnotarealnumber 

Activity3.1 (Page37) 

g(x) 

[iii 

[iv) 

[vii 

[iii 

[iv) 

[vii 

0 

75 

~\r~-
g(.t) *- 0 

Exercise 38 [Page 38) 

1 [iJ f(x)<6 

[iii f(x);;;.s 

[iii) f(x);;;.2 

[iv) f(x);;;.6 

2 

3 

[v) 2..;;f(x)..;;10 

[vii - J<f(x)<7 

[viii f(x)"'ll 

[viii) - 9..;;f(x)"' ll 

[ii o..;;f(x)"'4 

[ii] O<f(x}<16 

[iii) f(x);;;. o 

[iv) - 1 ..;;f(x)..;;27 

[ii Domain 1 ..;;x ..;; s 

Range J..;;f(x) ,,;; s 
[ii] Domain -4 ,,;; x..;;4 

Range o ,,;; f(x) ,,;; 2 

[iii) Domain - 2,,.;x..;;J 

Range o ..;; f(x) ,,;; 2 

0tPage40) 

Twopointsonthelineoronepoint 

andthegradientoftheline. 

Activity3.2 [Page41) 

LineA: J 

LineB: 

LineC: -

LineD: oo 

01Page41) 

No,since 

1'.c..22 = - (y, - y.) = 1:'!...=l'!_ 
x, - x, - (x, - x,) x, - x, 

0tPage44) 

[iJ .!. +1'.= I 
4 3 

[iii a =4,b = J 

[iiil ais theintercept onthexaxisand 

bistheinterceptontheyaxis. 

Exercise3C (Page44l 

1 [ii 2 [ii) 

[iii) - il [iv) 3 
5 

,,, 7l 
2 

[vii ,, 
5 

[viii - [viii] _32 
3 



2lil Ml !xii I 
L :th , - :z. ~l ~ 

~ 

: , . _., ' • ~ •l , • 

[iii [viii !xiii 

~ µ .. -··.1 ,,., ~ _, 

[iii) lvllll lxiiil 

~i·, . 
l<•,-, -0 

-4 0 i 

-I r • -Z. - 1 0 l i 

Ovl [ill! lxivl 

g~ r•tH+ ,. 
{ ? i- Jo,•6 • f 

- l O i 

, . , 
[v) (ll) !xvi 

~Jz 
, - i. - 2 

' 

• l • ~ • . ,, . • : , 

o -l 229 



I ,~n th . 
~ .,2 O J X 

---l> F-3.T H • O ,~mx 
J lx•2y-6 

a • ' ,~y·m, C 
; ,_,,,, _, 

{ 0 X 

Exercise3D [Page49) 

, [al 

[bi y = 5 

'" y = 2x 

[d[ 2x + y =4 ,,, 2x + Jy = 12 

[I[ ,,, y =-3 

[hi x + ly = O 

[iJ y = x + 4 

[j] y = 2x-6 

2 [ii y = Jx - 7 

[iii y = lx 

[iii] y = Jx-13 

(jy) 4x - y - 16 = 0 ,,, Jx +ly + l = 0 

[vii x + ly -1 2 = 0 

' [ii y = x - 2 
230 [iii Sx + Jy- 12 = 0 

[iii) y = x - 5 

[iv) Jx + Sy - 12 = 0 

Iv) x + 7y + 32 = 0 

[vii y = 2x 

Activity3.4 (Page 50) 

Exercise3E(Page52] 

, [al y = x2 - 2x- 3 

[bi y = 5 - x1 

2 [al y = 4 - 7x - 2xl 

[bi y = 4x - x2 

' [ii (- 1,2) 

[ii) 

[iii) (O,J) 

4 [iJ (2, 1) 

!iii x = 2 

[iii) (0,5) 

}J ' 
5 [ii (J, - 2) 

[ii) x = J 

[iii) (0,7) 

+L 
6 [iJ --{x1 + 4x - 6) 

=-((x + 2)2- !0) 
= 10 - (x + l)l 

!iii H,to) 
[iii) 

[jy) (0,6) 



Exerc:iselF[Page 56) I 
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I 7 Iii f(x):x o c.x<J 

3"'-x<S 

= 2:x-7 5C.x"'7 

[iii 

[iii) 

8 li1 

O llo f(x) "'7 

f(x):5 -J<x< I 

= 1-b: 1 ..:x<J 

= x-2 J.;x,o;;s 

[iii 

[iii] 

9 [ii 

I ..:f(xJor;;;S 

x = 1,x=5 

f(x)=x+J -J< x<O ~, O< x<J 
=-lx+.li J..:x,o;; 5 

2 2 

(iii -"-
2 

10 [ii g(x) =Sx + 15 -3.;;; x< - 2 

- 2 "' x<2 

= -fx+\O l<x.;;;4 

rn1 n 
2 

Chilpter4 

Exercise4A [Pilgl &31 

1 Iii X"'2orx =6 

2 

Iii] m=2(repeated) 

liiil p=Sorpz-J 

livl a= -2ora =-9 

[vl X"'-2orx=-t 

[vii x = 1 orx = - 1~ 
4 

(viii t= } orr=-t 

Miil r= -{- orr=-{ 

IO:I X"'! orx=-3 

"' P"'{ orp=4 

[ii x:4,J2orx =-2.32 

[iii x = l.37orx = -4.37 

!iii) x:2.37orx=-3.37 

IHI X"' L77orx=-2.27 

"' x= l.68or x=-2.68 

[vii x=2.70orx=-3.70 

[viii x:4.24orx = -0.24 

[viii) X""3.22orx = 0.78 

3 Iii x=-0.2Jorx =-l.43 

Iii] X"'-0.4 lorx=- l.84 

liiil x :0.34 orx:-5.84 

IM x:cl.64orx:0.61 

M x"'l.89orx=O.ll 

[vl) x: -1.23orx =-2.43 

4 3cm,4cm,5cm 

5 x= L.S 

6 x=9 

7 Iii r= I sand t =2s 

tlil ]seconds 

8 [I) 0.5 x (2x + I) x x= 68 

Iii! 

x2+0.5x =68 

2.x2+x= 136 

2.r+x-136=0 

9 111 [al (x + 6)cm 

[bi (x -J O)cm 

[cl {x-l6)cm 

Uil (x -16)x(x- lO)x8 

= 8(.x2 - \Ox - 16x + 160) 

=8(x2 - 26x+ 160) 

=8x1 - 208x+ 128-0 

[111) Length= J 4 cm, 

width = 28crn 

D1P.rige64I 

lnfinitelynuny.xcantakeanyv.tlue 
and.in this example, the corresponding 
va lueofyis4 - x. 

D1P.rige67l 

In thisexarnplethecorrect solution 
would be foun d, but in some cases, 
e.g.ifthecurvehadequationf-=4x, 
additional va lues thatarenotp3rtof 
the so]utioncan beobtained.Always 
substituteintotheeqwtionofthe 
line.For ex.ample 

y=x-2 

r .. 4x-8 

has x= 2,y= Oand x = 6,y = 4 as its 
solution. 

OIP.rig , &81 

You subtract if the coefficients of the 

variabletobediminatedhavethesarne 
sign.Youadd ifthcyhaveoppositesigns. 

Exercise4BIPage70l 

1 Iii X'"5,y= 2 

!iii x=4,y=- I 

liiil x= 27, r= 6} 
[iYI x=-2,y= - 3 

M x=l},y: 4 

Ml x=-1,yc::c --6} 

2 Iii x•2,y=3 

ml x•4,y=3 

liiil x=6,y=2 

[iYI x= -t,Y"' 3f 

(\,) x=2,y=S 

Ml x=-1,y= - 2 

3 Iii x= J, y= 4orx = 4, y= L 

IHI x=2,y=3 

orx=-t,r=t 

liiil x = 4,y = -2 

orx =-1,y =-7 

liYI x= 1,y=S 

or x= ll ,y= 25 

M x=4,y=2 

orx=-4,y =-2 

[vii x= l,y = -2 

orx= -2t, r = -f 
4 Iii 3c+41=72,Sc+21"'64; 

achewcosts8panda 
lollipop costs 12p. 

\iii x+S m=500, x + 7m= 
660;m:80,x = 100;£3.40 

[iiil 3c+ 2tr = 145,2, + Sn = 
225;n=35,, = 25;£.1.65 

liYI 2a+c=37S0,a+3c= 
37S0;c=750,a = 1500; 

£67.50 

5 A(J,4),8(4,3) 

Substitutinginto theequationofthe IJ[P.rige711 
curvewouldaOOgivethepairofva-
lues x= 6,y= ---4. The answer is zero in both cases. 



0tPage72l 

Thex3 termontheleft-handsideisx3 
andontheright-handsideiskxl. 

0tPage7Jl 

± land ±Jaretheonlyfactorsof - 3. 

0tPage7Jl 

f(i) =-4 

No,sinceyou=uldonlytryfactors 
oftheoonstantterm-1. 

Exercise4C(Page74l 

1 [ii Factor 

2 

!iii No 

liiil No 

[iv] Factor 

[v] Factor 

[vii Factor 

[ii {x-l )(x + i )(x - J) 

[ii] {x + l ){x + 2){x-3) 

[iii] x(x + l )(x - 2) 

[iv] {x + l}{x + 2}{x- 5} 

[v] (x - 2){x + 4)(x- J} 

[vii (x + i )(x - i )(x + S) 

[viii {x - 2)(x + 2)2 

[viii] (x - i )(x + J)l 

[ix] {x - i)l{x + S) 

Ix] {x + l ){x + 2)(x + 4) 

3 [ii 

5 . 
7 

[ii] 2 

[iii] 

[iv] 2 

[v] I 

[vii 

[ii (x- 2) 

[ii] p =O 

[ii k=-7 

q =-7 

[ii] x = 1,x =-3 

[ii 8 
7 

[iii 

= x? + ¥ 

[iiil x2 + ¥ = 24 

x3 + 32 = 24x 

x3 - 24x + 32 = 0 

[iv] x =4,x = 1.46 

0(Page75l 

Anequationcontainsan = sign 
andanyso\utionwilloonsistofone 
ormoreparticularvaluesofany 
variables involved. 

Aninequalitycontainsanyofthe 
signs<,,.;;;,>,;;..andanysolution 

willoonsistofarangeofvaluesofits 
variable(s) . 

0(Page75l 

8x!o7 ,s;x,s;J.8x!O& 

0(Page76l 

An inequality maybe rearranged 
usingaddition,subtraction, 
multiplication byapositiwnumber 
anddivisionbyapositivenumberin 
thesamewayasanequation. 

Multiplicationordivisionbyanegative 
number reverses the inequality. 

0(Page76l 

2 < 3, but - 2 > - 3; 5 > I, but - 5 < -1. 

Exercise40 [Page 77) 

' [ii 

[iii 

[iii] y ~ 4 

[iv] y<4 ,,, 
[v ii b ;;.. - J 

[viii 

[viii] x< 12 

[ix] 

"' !xii 

!xiii 

!xiii] - J <x< I 

!xiv) l <x<2 

2 - 5<p - q<l 

3 - 1 <x +y<7 

4 [ii - 2,;;a + b,;;9 

[ii] - 2,;;a - b,;;9 

5 [ii - 4 ..;a + b,s; 10 

[ii] - 1J o;;a - b,s; I 

[iii] - 9""2a + Jb,s;Jo . [ii always 

[ii] 

[iii] sometimes 

[iv) sometimes ,,, ,~ff 

[vii always 

7 [ii always 

[ii] always 

[iii] 

[iv) sometimes 

[v) never 

[vii sometimes 

Exercise4E(Page80) 

1 [ii 

[ii] 

liiil - 1} < r < 1 

livl - 2 ""r""2 
[v] x<2orx>2 

[vii J o;;p,;;2 

[viii 

[viii] -4 ,;;a,.;;;2 

[ix] y < - I or y > t 
lxl r"" - lory ;;..s 

2 x? - 5x>O 

3 p2 - p>O 

I 

233 



I Activity4.1 [Page BO) 5 [iJ (x + 1)2+ 4 2 [iJ 

[iJ ,, a6 = ] 
[iii (x+ 1}2;.,.oforallvalue:sofx [ii] 16n2 - 24n + 9 . [iii ,f a-'=7 Adding 4 means always > 0 

3 [iJ Other methods are possible. 

~ 
6 (y- 5)l + l (y- 5)2 ;.>0forall nthterm = an2 + bn + c 

[iiil a1 a"tisthesquarerootofa. valuesofy whenn= l,theterrnis2 ., 
[iv) ,, ai- isthecuberootofa. Addinglmeansalways >O 2 = a + b + c ( ! } 

7 27nf - 9m2 + 9m1= 27m3 whenn= 2,thetemiis7 
Exerci se4F [Page82l = (Jm)l 7 = 4a + 2b + c (2) 

1 [ii ,,. [iii , -, 6(p - 3) = J 
when n = 3, the tennis 14 

8 14 = 9a + Jb + c (3) 
[iii] ,, (jy) X' l(p - 3) 

a(a + b) a subtracting(i)from{2) ,,, ,,. [vii .c b<,a + b) = b 5 = Ja + b (4) 

[viii , -, [viii) .c' Positive+negative = negative 
subtracting(2}from(3) 

7 = 5a + b (5) 
[ix) ,' 10 f(4x) = {4x)1+ 2(4x) subtracting(4)from(5) 

2 [ii 9 [iii = 16x2 + 8x 2 = 2a 00 a = \ 
[iii) 1 (jy) = 8x(2x + I ) k = 8 Substitutein (4} 

9 
b= 2 ,,, _l_ [vii Exercise4H [Page86] 

substitute in{! ) 64 
[viii 8 [viii] 9 1 [iJ 

[ix) "' 9 [iii mhterm = lr + 2n - l 

27 _l_ [iii) [ii] lr + 2n + 2 
[xii 8 !xiii 

10 [iv) 4 [iJ Othermethodsarepossible. 

3 [ii h, ,,, Bn - 19 
mhterm = ,:mi + bn + c 

[iii [vii 
workoutuptothesecond 

differences 
[iii] , - x' [viii 

[iv) x -'i + x -• [viii] 10 - Jn ,,, .+x' [ix) '1 - }n Divide the second 

[vii .c - 1 
,,, - 2.5 - \.5n differenceby2 

2+2 = I 
2 [iJ 

Thiswillbethecoeflicientof 
Exercise4G [Page841 

[iii lr :a = I 
1 2m + 14 - 10 - 2m = 4 [iii) subtractlrfromthe 

2 5c - 15 + 3c + 21 = 8c + 6 sequence 

= 8(c + 6) Multiplcof2son-rn 
4 9 - 2n +6 - Jn = 15 - 5n 

--6 - 10 - 14 - 18 - 22 

3 y + Jr+ 6y+ 18 - y = 9y + 1s 
Thenthtermofthislinear 

5 [iJ p =-52 q = 18 sequence is -4 n- 2 
= 9(y + 2) 

[iii J6n - 88 mhterm = lr - 4n - 2 
4 [ii {n + 1)2 = (n + l )(n + I) 

[ii] Jn2 - 12n - 6 
= n2 + n + n + l Exercise4t [Page 88) 
= lr + 2n + I [iii) Jn2 - 12n + 9 

[iii {n + l )l + (n - l)l 
1 [iJ lr + 2n + l 

= n2 + 2n + l + n2 - 2n + I [iii n2 + Jn - 4 Activity4.2 [Page89) 

= 2rr2 + 2 [iii) lr +6n - 3 [iJ 0.75 2 
= 2{fr + I ) Multipleof 2 [iv) Jn2 + 4n + I ,,, 21r + Jn - l 

[iii] (n + i)2- (n - 1)2 
[vii 2n2 - 6n 

= n2 + 2n + 1- (n2 - 2n + I ) [iii 2.857 

= lr + 2n + l - lr + 2n - l 
[viii - fr + 2n + IO 2.941 

234 [viii] - 2nl + 100 



[iii] Termsareincreasinginsizeand 
01Page 98l 

3 Gradient AB = - } ; I getting closer to 3. gradientAC=2; 
J4a' + 16b' AB"'AC=..fio ~ Exercise 4J [Page 90) CJ,(,' + 4b') 4 [iJ 19.73units 

~ 1 [ii 
, ' = 2~ [ii] 9units1 
3 5 

[ii] 12th 5 [iJ PQ = .Ji"?J;QR = .Ji"?J; 

2 [iJ 15th Exerci s e SA [Page 99) RS = .Ji"?J;PS = .Ji?J 

[ii] .i!:!...=..!= I 1 [iJ ,,, I [ii] (3 \ ,l) 2n - 5 -, 
[bi Jao = 4.fs 

[iii) Gradient PQ = -fj' 

'" (6,7) gradient QR =- lf",so 

nhastobeapositiveinteger [iii ,,, 1 PQisnotperpendicularto 3 
3 [iJ 2 [iii I 

[bi -./90 = 3,/fo 
QR;rhombus 

[iii] [ iv ) 
(1 t,8t) 

6 [iJ 

'" 'f,~:''', ,,, [vii [iii] ,,, -'-

i.P""" 
II 

[viii - [viii] 3 [bi )146 

s +; '" (7 j ,- 2j) 

2 - ! [iv) ,,, _ l 0 2 4 6 g 10 12 • 

3 

~-+0 [bi ,/490 = 7,/fo 
[ii] AB = AC = ..ffei; 

~--,1 '" (- 2, ,-,;) BC = Jso 

2 - ! 2 2 
[iii) (8 f ,9 t ) 

~ 
,,, ,,, - 15 [ iv ) J2.Sunits2 

5 
8 - -! [bi .fm 7 [iJ (- l,2) 

1* -+ 0 '" (7,7)) [ii] (0, - 1) 

and~--;O [vii ,,, --'-
8 [iJ GradientAB =-2; 

13 gradient BC = } 
1ll._6 --6 J [bi ,/194 [ii] i- ; -+3 =-4 (7, 4) 

'" (t,2t) 

Chapters [viii ,,, 5 ' [iJ q= 2 

0tPage9 5) 
[bi ./26 [ii] 

Whentheincreaseinxisthesame '" (-l,-•l) 10 [iJ 

forbothlines,thentheincreaseinyis [viii) ,,, -"-
alsothesameforbothlines. 

II 

[bi .JITo 
Activ ity S.1 [Pag e 95) 

'" (s j,1j) 
[iJ AsfigureS.2 2 [iJ GradientAB =-1; 
[iii L'.ABE = LBCDand gradient AC = I; 

LBCD + LCBD = 90" 
product =- ] [ii] GradientAD = gradient 

=>LABE = LCBD = 90" 

i.e. LABC = 90" [iii AB = ./fi;AC = ,/s; BC =- };Gradient 

[iii] Dependsontheindividualsketch. BC = J.io; ABc1cgradientDC. 

[iv) Followsfrom liiil. BC1 = AB1 + AC2 [iii) (8,6) 235 
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236 

[iii y= 2x 

[iii] y = 3x - l3 

[ iv) 4x - y - l6 = 0 

[v) 3x + 2y + l = 0 

[vii x + 2y - 12 = 0 

3 [ii x + 2y = O 

::::) ;::~~12=0 
[ iv ) x + 2y + l = 0 

:: :) ~~~~~6==00 

4 [ii 4 

[iii (4,3) 

5 :::u x + 4y - 16 = 0 

:Ji~ . 
'~ 

[iii L(O, lt ), M{2, - 1), 

[iii] 

N(4,2 ! ) 

LR: x + 4y - 6= 0 

MP:x= Z 

NQ:Jx- 4y- 2 = 0 

[iv ) s i;~:~:~x-2 andy= 1 

6 [iJ 

LR x +
4
y_r;~equations 

MPx = 2 - 2 + 4 - 6 = 0 

NQ 3x - 4y- 2 = 6 - 4 - 2 

c 2 

0tPage 10S) 

Youcanal .. strai~t lin~::;~::poi~ts with a 
: 0::;.e of your cakula~:t;:~:ts 
0tPage10Sl 

Theymm'tintersoctiftheyareparallel. 

, ' ' Em, ;., SCIPa g, 1D5) . 

::::I A(6,0J,B(0, 4) 

1 
:::I ::

1
/;:, 

(;, ) ;:":;•:, :~: <

0

3,yc2 

,, , : c .{s, =;s;,hoc<~, 2 m ' " t,rc-2 

7[i) tance = 3.33WJits{2d.p.)~, ·+ ·., .. ,_;,,, ,.. '' ' 

[ii) (48} . 4x+ly • l2 

~, a <~ 4 :::;~"::"t"" of 
[iii AB, :~,;~-:

4
)attheintersection 

co\~~A- 1; - ,ad4HJyc12 

(;;;( AB,- 3y + 7 c 0 ;'~;:~·~;o"="looof 
BCH y - 5 c O (;;;) 18f=l>' 4H3y c l2 

CD:x - y - 5= 0 3 [iJ 

[iv) DA: x + y + 7 = 0 
AB:./9o units 

BC:J,/i. units 

CD: 6 ,fi units 

DA: 6 ..fi llllits 

[v) 54llllitsl 

0(Pilge104) 

You need to eh 
it easy to plot 1~~ scale that makes 
theco-onlin porntsandreadoff 

intersection.~::;::: point of 
getanaocurate 

1
. ularlydifficultto 

represented by ;;;:::::
1

;~.not 



liiil ( t ,1 f )a11heintersection 
ofy=2.i:and2y+.i:= 4 
(2, 4)attheintersect ionof 

r=2.i:and 2y+.i:= 10 

Activity 5.2 IPage lO?I 

AE =xi-.i:1 BE =rl-r1 

~ = ....L. 
AB p +q 

Triangle$ ACD and ABE are similar. 

~- AC AD 
AE - AB so~= p:q 

AD = p:/xi-.i:1) 

xco-ordinateofCis 

Xi +i;h(xi - .i:1 ) 

= (P + 11).i:1 + p(.i:2 .i:,) 

p+ q 

= (px, + q.i:1 + P.t'i - px, ) 
p+ q 

p+q 

~ - AC CD 
BE -ABso,;-=-;= p:q 

CD= p: q(Yi - yi) 

yco-ordinateofCi.s 

r,+ p:/ri- r1> 

= ( p+ q)r1 + P(ri rd 
p+q 

= (py, + qy, + PYi - PY,) 
p+q 

= qy, + PYi 
p+q 

ExerciH SD(Pag e lOBJ 

, m (S, 12) 

tiil (9, 1) 

um (4, 1) 

Uvl (t,11) 

"' (- 10, - 11 ) 

2 [iJ (14,8) 

[iii (- 2,9) 

[iiil ( 1,3) 

[ivl (- I.-l) 
M (7,3) 

3 m 5:4 

liil (7, --8) 

' (- t,2) 
S ('f ,4) 

ExerciseS E[Pagell 2l 

1 lit (.i:-1 }2 + {y - 2)2 = 9 

liil (x-4)2 + {y +J)2= 16 

liiil (.i:- l )l + yl = lS 

fjy] l• l (-1.-6} 
[bi 6 ,,, 

M !al (4,4) 
[bJ 4 ,,, 

livl {.i: + 2)l + (y + 2)l =c4 

[,[ (H4)' + (y - J)' oJ D 
2 lil [al {0,0) 

[bi 5 
[cl ~ • 

. 

. ''." 

liil lal (3, 0) 

lbl 3 

J (.i:- 2Jl+(y+J)l=c5 

4 hi (3. 1) 

IHI Ju 
liiil (x-J)l+ (y- l fcc 26 

5 Cfflr re(2,4),radius 4 

f.? ' 0 
'"" ~ 
'" 

@ 
Eurcl HSF[Page 1151 

, t 
2 (5,0) 

3 - t 
4 ycc-.i:+7 

s r = f.i: - J/-

6 (.t'- 2)l + (y- 3)l = 25 

I 

237 
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Chilpter6 

Activity 6.1 [Page 120) 

1 I 4 9 16 25 36 

81 100 121 144 169 196 

225 256 289 324 361 400 

441 484 529 576 625 

102 = 62 + 82 152 = 92+ !21 

202= 122+ 162 2s2= 1s2+ 2<>2 

132= 51+ !21 172= 81+ \52 

Right·angledtrianglescanbe 
madewithsidesthelengthsof 
the numbers used. 

Exerci se6A [Page 122) 

1 [ii x = 28° y = 25° 

[iii x = 113° 

[iii] x = 62° y = 48" 

[iv) x = 118" y = 18" 

[v) x = 57.5° 

(vi) 19" 

4 x = 36 y = 18 

Exercise6B[Page126) 

Thesesolutionsmaynotbeunique. 

1 AngleABC = 90(angleina 

semicin:le) 

x + y + 90 = \80 (anglesumof 

triangle) 
x = 90 - y 

2 AngleCBF= x(alternateangles) 
x + lx + y = 180 {anglesumof 

triangle) 
3x + y = 180 

J AngleYAB = b{anglesinthe 

same segment) 

angleAYB = 90 (angle in a 

semicircle) 

a + b +90 = l80 {anglesumof 

triangle} 

a + b = 90 

4 AngleCDB = a(baseanglesof 
isosceles triangle) 

angleABF= a(corresponding 
angles) 

5 Angle vrc = 90 {tangent is 

perpendicular to radius) 

angle PCT + 90 + 2y = 180 

(angle sum of triangle) 
angle PCT = 90 - 2y 

angleTMN = 45 - y(angleat 

circwnferenceishalfangleat 

centre) 

6 Angle ACB = angle DBA 
(al ternatesegmenttheoren1) 

angle ACB = angle BAD (base 

angles of isosceles triangle) 

angle DBA = angle BAD 

TriangleABDisisoscelesasbase 
angles are equal 

7 Angle EDG=1 80 - y(opposite 

angles of cyclic quadrilateral) 

angleCDG = l30 - y 
angle CGD = 130 - y (base 

angles of isosceles triangle) 

x + 130 - y + 130 - y = 180 

(angleslll11oftriangle) 

x + 260 - 2y = 180 
x = 2y- 80 

8 ReflexanglePCR = 2y{angleat 

centreisdoubleangleat 

circumference) 

angle PCR = 360 - 2y(angles at 
a point) 

x + x + y + 360 - ly = 360 

(anglesumofquadrifateral ) 

2x = y 

0(Page129l 

No:sincetheyaredefinedusingthe 

sides of aright-angled triangle they 

arerestrictedto0<9<90". 

0(Page130l 

Youneedatleast3decimalplaces: 
tan-1 0.714 = 35.5°,but 

tan-1 0.71 = 35.4°. 

0(Page131) 

ThebestfimctionwouldbetanO, 
since thisdoesnotusethevalueofh 

thatyou cakulatedearlier. 

Exercise 6C [Page 131] 

angleABC = a(alternateangles) 1 [iJ 

angleABC = angleABF (iii 7.7cm 

[iii) 12.1cm 

[iv) 15.1cm 

[v) 6.8cm 

[vii 7.7cm 

2 [iJ 30.6° 

[ii) 50.4° 

[iii) 55.7" 

[iv) 41.4° 

[v) 45.0" 

[vii 64.2° 

3 [iJ 63.6° 

[ii) 14.9cm 

[iii) 9.1 cm 

7 33.7" 

8 [iJ 119km 

[ii) 33° 

liiil 333kmh- 1 

0tPage134) 

Theresultswouldbeunchanged 

Exercise6D (Page 135) 

, m 5 + .Jj 

[ii) 3 + 2,/3 

[iii) 5 

[iv) 

9 = y 

3 sin45° = .[s +Ji. 
p 

i =.[s;Ji. 

p C -12(./i +-12) 
p = ,Jl6 + 2 

p = 4 + 2 

p = 6 



4 9 + 6../3 
[iii Translating this branch through I [iii) multiplesof180"totherightorleft 

5 2./i 
[iv ) 51.7" 

givestherestofthecurve. ~ 
0tPage136) . [iJ Activity7.2 [Page 153) ~ OnthesurfaceoftheEarth(orjust [iii 'h ,--above it) thelinesoflatitudedo [iii] 

notrepresenttheshortestdistance ' [iJ 

betweentwopoints{unlessthose [iii '""CJ]' '"''CY' 
pointsareontheequator}.ln general, 

aircraftflylongdistancesalongthe [iii) 65.4° 

most economical route. [iv) 69.9" + ,-~ 0tPage1JBI 
10 [iJ 

[iii -li:,ioo~·v10• J.60•' 9 
Onepossibleexampleisarampused [iii] 54.7° 
fordisabledaccesstoabuilding. 

[iv) l~: 1 ,-,-0tPage140) Chapter? l 
Possible answers 01Page149l "'~iT "('T(' The shelves of a bookcase are pamllel. 

Yes,itispossibleprovidedthatthe 
Thesideofafilingcabinetmeetsthe 

definitionsarechangedtoonesthat 
floor in a line. donotrequirethattheangleisina Exercise 7A [Page 155) 

Exercise6E(Page144l 
right-angled triangle. Answersgivento3significantfigures. 

, [ii Activity7 .1 (Page 151) 
, [ii 9.85cm2 

[ii] 19.5cm2 
[ii] Thecurvecontinuesinthesame 

[iii) 15.2cm2 
[iii] 35.3° mannerrepeatingthewavepattern 

every3(:l.'fbo1htotherightandtheleft. (jy) 20.5cm2 
2 [ii 

2 127cm1 
[ii] 72.1 ° 0(Page152l 

3 [ii 23.8cm2 
[iii] 76.0" Undefinedmeansthatyoucannot [ii] 

3 [ii 18.4° findavalueforit.When0 = 90", 
[iii) 126cm1 

[ii] x = Oandcostl = O,soneither 
308cnil 

[iii] 17.1° definitionworkssinceyoucannot 4 [ii 

(jy) 
dividebyzero.tantl isalsoundefined [ii] 

Halfway along for0 = 9<.'f' ± anymultipleof180". [iii) Thereislikelytobealot 
4 [ii 

ofwastagewhentilesare 
[ii] 0(Page152l cutfortheedges,sohe 

[iii] lt isalinethatisverydosetotheshape will need more tiles. 

5 [ii ofthecurveforlargevaluesofxory. 5 173cm1 

[ii] 

[iii] 
0(Page152l 0tPage156J 

(jy) 22.8° Theperiodis180°sinceitrepeats Itiseasiertosolveanequation . [ii itselfevery180". involvingfractionsifthellllknown 
quantityisinthenumerator. 

[ii] 
For - 90,.;,;IJ,.;,;Q",rotatethepartof 

[iii] 
thecurvefor()",o;,; e,,:;; 90"through 0tPage15Bl 
180"abouttheorigin.lhisgivesone 

sinz = sin78° =i-Z= 47_20 7 [ii 41.8° completebranchofthecurve. 6 8 239 



I orz =1 32.8°,but 132 .8° istoolarge 4 [iJ 57.! 0 ,57.! 0 ,!22.9",122.9° kl 0= 26.6°,135°, 

tofitintoatrianglewhereoneofthe [iii 206.6°or 315° 

other angles is 78°. . 5 [iJ 10.2km 5 [ii ('f'\8(1'3«!'71.6"251.6" 

~ Exercise7B[Page158) 
[iii 117° [ii) 45° 135°225°3!5° 

., 6 [iJ 29.9km [iii) 70.5°289.5"180° 
1 [ii 

[iii \2.9kmh-1 (jy) 90"210"330" 
[iii 

7 BD = 2.1 m, EG = 2.1 m 6 [ii @240" 
[iii] 

8 4.8km [ii) 3<1' 15<1' 
2 [iJ 57.7" [iii) 45°315° 

[iii 16.5° 
01Page166l 

(jy) "" 120° 
[iii) 103.3° 1,1 ('f\80"360"45°225° 
(Reject76.7"sincetheanglein Theequationwillhaveinfinitely 

[vii 30"330" 
thediagramisobtuse.) manyrootssincethecurvecontinues 

tooscillateandtheliney = 0.5 
Exercise7F[Page171l 

Exercise7C (Page 161) crossesitinfinitelymanytimes. 

1 [iJ Ja) 2 sin10-sin0 - 1 = O 
1 [iJ 

lb) 0 = 90",210"or330° 
[iii 01Page167l 

[ii) Ja) oos20- oos0- 2 = 0 
[iii) 293.6° =- 66.4° + 360" 

lb) 0 = 180" 
2 [ii 41.4° 

[iii) Ja) 2cos20 + cos0 - 1 = 0 
[iii 107.2° 

[iii] 9<1' 
Exercise 7E [Page 168) )bi 0 = 60",IB0"or300° 

J 1 [iJ 60",300" 
(jy) Ja) sin20 - sin0 = 0 

9.l cm,12.3cm 

4 [ii [iii 45°,225° 
)bi 0 = 0",90",180"or3&' 

[iii 111.8" [iii) 60",120" "' Ja) 2 sin10 + sin0 - 1= O 

5 55.8° [iv) 210°,330° 
)bi 0 = 30",150"or270° 

1,1 90",270" 2 [ii Ja) oos10 + 2oos0- 2 = 0 

01Page164) [vii \Ol.3°,281.3° 
)bi 0 = 42.9" 

[viii 0",180" 
[ii] Ja) sin10 + sin0 - 1 = 0 

Youknowthelengthsofallthree 
[viii] 122.7°,237.3° 

)bi 0 = 38.2°or141.8" 
sidesof triangleABCsothereisonly 

[iii) Ja) cos10 + 3cos0 - 1 = 0 
onepossiblevalueforLA.Usingthe [ix) 90" 

cosineruleconfirms thatLA = 62°. 2 [iJ 0 = 48.2°or311.8" 
)bi 0 = 72.4° 

[iii 0 = 45.6°or134.4° J [iJ tan0 = 2 

01Page164) [iii) 0 = 69.4°or249.4° 
[ii] 0 = 63.4° 

Theoosineruleinvolvesthree [iv) 0 = 236.4°or 303.6° 4 [iJ 0 = \53.4°or333.4° 

sidesandoneangleandyouwantto 1,1 0 = 113.6°or246.4° 
[ii] 0 = 0",30",180",330" 

fmdanangleandknowthreesides.The 
[vii 0= 150.9"or330.9" or360" 

sineruleinvolvestwoanglesandrn.u 
[iii) 0 = 14.5°or165.5° 

sidesandyoudonotknow anyangles. J [iJ 0 = 60", l20",240"or300" 

[iii 0 = 45°,135°,225°or3!5° 5 [iJ sin1x 

Exerci se7D [Page 164) [iii) 0 = 45°, 135°,225°or3!5° 
[ii] l - sin1x 

4 [iJ (2x - i)(x + I) [iii) 2 - 3sinx - 2sin 2x 

2 6.1km [iii 6 3sin2x + 6sinx - 6sinx + 3cos1x 

= 3sin1x + 3coslx 
J [ii [iii) Ja) 0 = 30",150"or270° 

= 3(sin1x + cos1x) ,,.. [iii 19.4m )bi 0 = 60°,!80°or300" ~, 



7 [ii 

tanx~ = tanx~ 

= ~cosx 

= sinx 

[ii) I - cos'x = sin'x 
I - sm'x cos'x 

= tan'x 
[iii) {l + sinx}(i - sinx} 

= 1 - sinx + sinx - sin1x 

[iv) 2sinxcosx 2sinxcosx 

Chilpter8 

01Pilge178) 

= 2cos'x 

= 2(1 - sin'x) 

= 2 - 2sin'x 

Yes:drawingchordsfromPtopoints 

totheleftofPwillagaingivea 
sequencethateventuallygivesthe 

gradientofthetangent. Activity8.l 

doesthisingreaterdetail . 

Activ ity8. 1 [Page 179) 

TakingR1 = (2, 4),R.i = (2.5,6.25), 
R.; = (2.9,8.41), R• = (2.99,8.9401) 

andR.; = (2 .999,8.99400l)givesthe 

gradientsequence5,5.5,5.9,5.99, 

5.999. Again the sequence seems to 

converge to 6. 

Activity8.2 [Page 180) 

[iJ Thegradientofthechonlis4 + h. 

Thegradientofthetangentis4. 

[iii Thegradientofthechonlis - 2 + h. 
Thegradientofthetangentis - 2. 

[iii) Thegradientofthechonlis--6 + h. 

Thegradientofthetangentis--6. 

In eachcasethegradientofthe 

tangentistwicethevalueofthex 

co-ordinate. 

Exercise SA (Page 181) 

1 [iJ Gradient34.481,32.241 ... 

32 .024 ... ,approachinga 
limit of 32. 

[iii Gradient llJ.521, 

\08.541 ... ,108.054 ... , 

approaching a limit of 
108. 

- 3.439, - 3.940 ... , 

- 3.994 ... ,approachinga 

limitof-4. 

2 Thegradientofthechordis 

2x + h,withalimitof2x. 

Activity8.3(Pilge 182) 

[i),[ii) 

[iii) When x = 0, the gradients of all 

three curves are zero. 

Whenx = l,thetangentstothe 

threecurvesareparallel,sothe 
gradients are the same. 

Whenx =-1,thetangentstothe 

threecurvesareparallel,sothe 

gradients are the same. 

[iv) Wheny = il + c,wherecisa 

constant,~ = 2x,sothevalue 

ofcdoesnotaffectthevalueof 

~.Thisshowsthatthevalue 
d, 

of~forallthreecurvesin 
d, 

[i) and [iil willbethesamefor 

anyparticularvalueofx. 

Exercise SB [Page 183] 

1 [iJ 31:'. = 4xl 
d, 

[iii 31:'. = 6:c' 
d, 

[iii) ~= !Ox 
d, 

[iv) it= 6Jx' 
d, 

(v) it=-!8x5 
d, 

[vii it= o 
d, 

[viii it= 10 
d, 

[viii) it= 10x' +8x 
d, 

[ix) *- = 12xl + 8 

"' 1i'.. = 3x1 
d, 

[xi] *- = l - 15x1 

!xiii *- = 15x4 +16xl - 6x 

!xiii) it= 12x1 + 2 
d, 

!xiv) it= 2 
d, 

""' it= 5x' + J6x1 + 3 
d, 

[xvi) it= 15x4 
d, 

lxviil *- =1p1 

!xviiil it= 3x2 + 84x-5 
d, 

lxix] *- = 211" 

[u] it= 21TX 
d, 

2 m r = 18x1 

[ii) J6x 

3 m r = f11"(2x)' 

[ii) 

= i ll"x8x' 
3 

= llll"x' 
3 

Exercise SC [Page 184) 

1 [iJ Jx1 + 2 

[ii) 18x2 - 16x 

[iii) 

I 
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I (jy) [iv) (4, - 3) 3 x2 + 4x + 7 = (x + 2)2 + 3 ,,, 12x2 + 4xl - 5~ ,,, x + y = I (x + 2)2 ,J,Oforallxvalues. 

sx• + Jx' 6 [iJ 2p - q = 16 
Adding3meansalwayspositiw, . [vii - ,- so increasing function. 

~ 2 [ii 
[iii ~ = Jx2 -p 4 JX° - 12x + 27 = J(x2 - 4x + 9) ., 
[iii) p= 12 

= J((x - 2)2+ 5} 
[iii Sx4' + I = 3(x - 2)l + 15 
[iii] 16x' [iv ) (- 2,24) J (x - 2)2 ,3,0forallxvalues. 

(jy) 
,,, (0,8} Adding IS means always ,,, [vii x - 12y + 96 = 0 positive,so increasingfimction. 

[vii 4x' 7 [iJ y = Jx - 5 5 - 2 - Jx1 

[iii _l - Jx"..;oforallxvalues. 
3 

Subtracting - 2meansalways 
[iii) (i,-1{) negative,sodecreasingfunction. 

8 [iJ ¥x = I0-2x ActivityB.4 [Page 190) 

[iii 2x + y - 15 = 0 [iJ 

Exercise BO [Page 1871 
[iii) x - ly = O 

\fJ 1 [ii ~ = 5 - 2x [iv) The normal dx 
[iii - 1 ' [iJ Substitutingx = O 

[iii] x + y -9=0 y = 0 - 0 + 0 = 0 

(jy) x - y + 3 = 0 
Substitutingx = l 

" 
, 

~=6x - 3x" 
y = l.5 - J .5 + 2 = 0 

2 [iJ [al 
d, (iii At (O,O) thetangentis 

[bi 0 y = 2xandthenormalis [iii Tom 

kl y = 4 x + 2y = O. [iii] Zero 

[d[ At ( l ,O} the tangentis [iv) Minimumnear (--0.5, - 1.3), 

[iii [al (3,0) 
x + 2y - l = Oandthe maximwnnear (0.5,0.9), 
normal is 2x - y - 2 = 0. minimum near (- 2.3, - 6.9) 

[bi 

kl 9x + y = 27 Exercise BE [Page 190) 
,,, No,forexamplex =-1.Sand 

x = J .5givehigherpoints. 
[iii] y = O 1 [iJ 

[vii No. ~=4xl - 9xl - 2x + Jand 
3 [iJ (1,0) [iii Alix values ,, 

[iii) thisdoesnotequalzeroatthe 
[iii y = 2x - 2 points plotted. 

[iv) x> f [iii] x + 2y- 2 = 0 [viii About--6.9 

[iv) Q(0, - 2), R(o,t); 
,,, x> - 1 
[vii x> - 2 0tPage190) 

1t unitsl [viii x<Oorx>4 

~ = 3xl - 6x +4 
[viii] x< - 5orx> I Thegradientispositivebothtothe 

4 [iJ ,, [ix) \eftandtotherightofD. 

[iii [al 5 2 [iJ 
Activity8.5 [Page 191) 

[bi y = 4x - 3 
[iii 

kl 
[iii) \Vhenx = rfthegradientiszero.ltthen 

x + 4y-22 = 0 [iv) decreasesthroll!!hnegativevaluesand 
[iii] x =- l ,x = 3 ,,, Alix values isleastwhenx = 9<.'f.ltincreasestoz.ero 

5 [iJ ~= 3xl - 18x + 23 [vii x< -t whenx = 180"andoontinuestoincrease ,, 
[viii - 2<x<O throughpositivevalueswuilitis 

[iii - 1 [viii] - 3<x<4 greatest when x = 27Cf. The gradient 

"' [iii] x + y = 5 [ix) x< - 3 o, thendecreasestozerowhenx = 360". 



0tPage194) 

Therearenomorevalueswhen 

! = 0,sotherearenomoreturning 

points.Asxincreasesbeyondthe 

pointwherex = 2,! takespositive 

valuesandsothecurvewillcrossthe 

xaxisagain.Totheleftofx =-2the 

gradientisalwaysnegative,givinga 

furtherpointofintersectionwith 

thexa.Us. 

0tPage194] 

[ii Thecurvecrossesthexaxis 

when x1 - 12x + 3 = 0. This does 
notfactorise,sothevaluesofx 

cannot be found easily. 

[iii Onlywhentheequation 

obtainedwheny = Ofactorises. 

Exercise SF [Page 195] 

1 [ii [al ! = l -4x;x =t 

[bi Max 

kl y = ,f 
[d) 

[ii) [al ! = 12+6x- 6xl; 

x =-1,x = l 
[bi Minwhenx =-1, 

maxwhenx = 2 

kl x =-1,y =-7; 
x = 2,y = 20 

)di 

(2.10) 

. 'Ii\ 
~ 

[iii) [al ! = 3xl - 8x;x = O, 

x = l f 

[bi Maxwhenx = O, 

minwhenx = 2f 

kl x = O,y = 9; 

x = lf,r =-# 

)di 

)di , I 
W ~ 

I ~ 
(--1.12) ( . ) Ill 

[vii [al ! = Jxl - 48;x =-4,x = 4 

[bi Maxwhenx =-4, 
~ nun when x = 4 

kl , ~ --4 y ~ 128 
x = 4,y = -128 

)di 

)m) Grnd,eo,sofihelm~are ~ 
2 - t - }and2 

Twolineseachw1th x 

grad1ent2w1Ubeparallel 

Twolmeseachwith (4- 1 
gradient - }willbeparallel 

Pairs of links with 

gradient2and - }willbe 

perpendicular,soforma 

rectangle. 

[iv) [al ¥x- = 4x1 - 6xl + 2x;x = O, 

x =t ,x = I 

[bi Minwhenx = O, 

maxwhenx =f , 

minwhenx = I 

kl x = O,y = O;x = f,y ="fr; 
x = 1,y = O 

)di 

[v) [al ¥x- = 4x1 - 16x;x =-2, 

x = O,x = 2 

[bi Min when x = - 2, 

maxwhenx = O, 

minwhenx = 2 
kl x =-2,y=-ll;x = O, 

y = 4;x = 2,y =-12 

[viil[a) 1!'..= 3x2 + 12x-36; 
d, 

x = --6,x = l 

[bi Maxwhenx = --6, 

minwhenx = 2 

kl x = --6,y = 241; 

x = 2,y = -15 

1(1 ' . 
~ 

[viii) [al ¥x = 6xl - 30x + 24; 

x = l,x = 4 

[bi Maxwhenx = l, 

minwhenx = 4 

kl x = l,y = 19; 

x = 4,y =-8 

)di 

Iv
"'" 

, 
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I 2 [ii p = 4,q =-3 
[4,J 

[iii {2, - 1) (- 4, - 3) (0,---4 ) (- 5,1 } 

[iii r= l{,x = f [vii and (x, - y) 

J [ii Minat (- f, -+. ), maxat Rrllectioninthexaxis . 
[: :J ~ 

{O,O),minat(l, - 2} [viii Exerci se9 B (Pi1ge2D5l ., [iii 

~ 
[-,4 -6J 1 (20,8) 

[viii) 10 2 {9, - 16) 

_', l 
J (13, - 1) 

[ix) [-12 15 
' ,,, (-~8 -2J b = 3 

-1 d =-2 
Chapter9 

(_:I _:4) [01 -T ~H: :J [xii 8 0 -1 Activity 9.1 [Page 203) 

Af :J B= G '4] [xiii [o, o,J 
- J 

[14 -12] Exercise9C (Page 209) 

AB= O [xiii) [: -71 [: 01] -10 - J 1 [iJ 

[-4 :J BA= [o, i°,) [: -oll 18 [xiv) [ii) 

0tPage203) 
2 [iJ -1 [iii) [: :J Thereareaninfinitenumberofan- [iii 6 

[iii) 
(jy) [-,1 :J The answer to PQ and QP will always [iv ) 

be ( ~ :J 
,,, 7 ,,, [: :J [vii 

e .g. P= C :J Qf -,5J J [iJ y = 2 
[vii [-ol 01] -1 [iii y =-2 

[iii) y =-5 
[viii [01 ~ll Exercise9A [Page 203) 

[iv) y = 7 

1 [ii [: ':) 4 [iii 2x - y =-4 
[viii] [-,' o,J 

[iii) y = 2 

[o, _:a) 
5 [iJ b =5 [; ;J [iii [iii b= 4 [ix) 

[::] 
[iii) b =-5 

[iii] [iv) b = l 

[',] 
A' B' (l.l) 

(jy) 
Activity9.2 (Page2D5l (0,1) 

[ii (3,2} (- 1,5) {6,0) (- J, - 4) 

[i'1) 
and (x,y) ,,, 
No transformation has occurred C (l.O) ' 
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A'(-H 

B'(-j:,-1) C' (o-J) 

4 (~ ~') 

5 16sqllllits 

Exercise9D [Pag e 211l 

1 [ii [: 'i] 
[ii) (- 4,5) 

2 [ii [ 3 -IJ 
IJ - 7 

(iii (- 7,---41) 

[-,! :J 
4 (: ~) 

5 (~ ~) . [ii Rrllectionintheyaxis 

[ii) [: :J 
[iii) Two successive reflections 

intheyaxistakesyou 

back to the original 

position. 

7 [ii Rotation through90", 

centreO 

[ii) Rotation through 180°, 
centreO 

[iii) ['1 :J 
(jy ) Rotation through 270°, 

centreO 

[v) Rotation through 180", 

centreOfollowedby 

rotation through 90°, 

centreOisequivalentto 
rotationthrough27lf, 

centre 0. 

[vii ED is a rotation through 

90",centreOfollowedby 
rotation through 180", 

centre 0. 

Thisisalsoequivalentto 
a rotation through270", 

centreO,thesameas DE. 

[-2 0 l[J 'le [-6 0 l 
0 - 2 0 3 0 - 6 

[
--6 'J,eprese"<sa" 
0 - 6 

enlargement,centreO,scale 

factor---6 k=-6 

Exam- style papers 

Pape r 1 (Page 215l 

1 Box I-+ y + Jx = I 

Box2---+y = x3 - 27 

Box3---+7y + 4x = 12 

2 4.5 

3 [a l 

lb) 

[cl 3 

4 [a l 15x" + 21x 

[bi 4 + 6x - 4x2 

[cl I 

5 [a l 

lb) (J,8) 
[cl 0 

6 99thterm = 9707 

7 Angle DBC = angle ACB 

alternate angles 

angle DBC = angle CAB 
alternate segment theorem 

triangleABCisosceles 

base angles equal 

B y = !x + .lf 

9 x = 54 y = 18 

12 

13 

14 

x =-- 6 ± ~ 
2 

6 ± Jis 

2 

Sum = 6+,J28 + 6 - Jis 
2 2 

J + 3 = 6,whichisan inteqes 

Ja) (---4 )1 + 4(---4 )l - 4{- 4) - 16 

= --64 + 64 + 16 - 16 = 0 

lb) (y + 4)(y + 2)(y- 2) 

Ja) t2{t - \) 

lb) ('/'45°180°225° 

Ja) Ji 
2 

[bi 2 + f,/3 

15 P (- 2,4) Q(4,2) 

16 {O,O)minimum 

(2,f )pointofinflection 

Pap er 2 [Page 21 9) 

1 [a l I 

lb) 

kl f(x);,;. - J 

2 [a l a = 2f-
lb) 

2a + 6 8 + 4b 
~=~ 

2a + 6 = 8 + 4b 
2a = 8 +4b - 6 

2a = 4b + 2 

a = 2b + I 

4 [a l Alwaystrue 

[bi Sometin1estrue 

kl Sometin1estrue 

[di Nevertrue 

5 [a l 12x2 + 2x - 7 

[bi 23 

I 
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I 6 x= 18 

1 m= 2lL 
2 

8 l• I 30.8km 

lb! 100.8" 

9 (-J,5) 

10 [-· 0 l 0 _ , 

12 [I ] X T 

[bJ x= 1¥-
13 (1) (11-b)(la + b) 

lbl 2/:s 

1' l• I w(w-y)+xy= w1-wy+xy 

A - w1 

lb] y: --;=-;;-

15 h nd -2 

16 p= 12 q = 8 

17 l•I 

lbl JO"and330" 

11 l• I 

lbl 63.2" 

!cl 70.JO 

19 (a l 2n2 - Jn+4 

Asn ----Jo "" 

;----Jo0and; ----Jo0 

~---Jo_!_:_.!. 
-! - 6 - 6 2 

20 l• I }x4x x 3x=6x1 

lbl 0< x < t 
21 y=---4x- 20 

[ o ' ] ,,, 
- 6 - 3 

lb[ (-p) 

23 sinx tanx = sinx~
0
~; 

sin'x 

_!_ _cos1.r 
cosx cos;r 

= colsx -cos.i: 

24 (n +i )1= n1+ 3,i2+3n+ J 

(n-1}1 = W-Jn2+3n - J 
(n + 1)1- (n - 1)1 "' 6n2 + 2 

=2(3n2 +1 ) 

Multipleof2,soalw:1Y5even. 
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